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Abstract

A hallmark of neocortical architecture is recurrent connectivity both within and between
local sub-networks (cortical areas). Within a cortical area, excitation-inhibition balance
(balanced positive and negative connections) shapes neural activity dynamics (1; 2; 3; 4),
while reciprocal connections between areas are excitatory. How this multi-area structure
shapes neural dynamics remains largely unknown (but see (5; 6)). We present an analytical
framework for balanced multi-area networks, revealing key features of cortical computation;
we find that local connectivity within an area determines its responses to inputs received
locally (extra-cortical), but not to inputs relayed from other cortical areas. Local responses
to these relayed inputs are instead primarily driven by long-range inter-area connections.
Moreover, we find that the asymmetry of inter-area connections (feedforward vs feedback
strength) can modulate the joint dynamics across areas and implement a tradeoff between
regimes that promote similarity or divergence of activity across areas.

Keywords: excitation—inhibition balance, recurrent networks, cortical dynamics, multi-
area networks, asymmetry, amplification

1. Introduction

The mammalian neocortex is composed of many coupled sub-networks (cortical areas) that
are heavily interconnected. While there are clear signatures of hierarchy in this multi-
area network—such as feedforward projections from lower to higher areas, which has led
to them being traditionally modeled as deep feedforward architectures—there also exist
extensive lateral connections that recur between areas at similar hierarchical levels (7).
These recurrent pathways challenge the notion of purely feedforward processing, and the
question remains: how do computations unfold within the recurrent, multi-area architecture
of the cortex?

Within a cortical area, local excitation-inhibition (E/I) balance (balanced positive and
negative connections) tightly constrains neural activity dynamics, placing the circuit in a
regime of balanced amplification (2). In this regime, activity is described by an effective
feedforward motif in which E/I unbalanced modes drive E/I balanced modes. Cortical in-
hibition, however, is predominantly local, while E neurons project long-range and to other
areas. These reciprocal excitatory inter-area connections produce characteristic dynami-
cal motifs, notably, they give rise to slow dynamical modes that promote similar activity
patterns across areas (6). Here, we build on these findings and introduce a general analyt-
ical framework for understanding computation in multi-area, cortical-like networks. This
framework smoothly interpolates between purely feedforward and fully recurrent architec-
tures and reveals key principles governing the dynamics of distributed cortical computation.

© 2025 J. Casco-Rodriguez & M. Javadzadeh.
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2. Background

We examine minimal linear recurrent networks with E/I  connectivity.
At time t, network ac-

A 2 .
tivity r(t) evolves accord- Ce./jﬂ‘) C.::‘) Uy — b, 7 C‘::‘) e — b2 u,— b2

ing to recurrent weights O Y - ><1T \l
W,; and external input u— b7 C‘;:‘) Uy — by C‘:/“) u, — b, RTINS
s(t): 7r(t) = —r(t) +

(
Weir(t) + s(t),. where  Pigure 1: (A) Recurrently connected E-I network (top) and
W, = [e _q and its feedforward equivalence from unbalanced (u) to balanced (b)
7 modes (bottom). (B) Symmetric two-area E-I networks (left)
r— [Te . E/I connectiv- and its feedforward equivalence (right), showing independent
i u — b amplification in agree (a) and disagree (d) subnetworks.
(C) The general two-area network (left) and its equivalent cir-

Wei do mnot lend them-  cyits in the quasi-Schur (. middle) and Schur (right) bases.
selves well to diagonaliza-

tion (they have non-orthogonal eigenvectors and incur non-normal dynamics). Our objective
is to find an orthonormal basis Q which transforms W,; into an upper triangular matrix
(Schur form; Wei = QT"W,_;Q), such that the connectivity can be interpreted as an effective
feedforward motif, with more interpretable information flow (see appendix A.1).

e —1

ity matrices of the form

2.1. Balanced amplification

Previous work (2) has described a straightforward interpretation of simple E-I networks in a
Schur basis of W,;, where an E/I unbalanced mode, u? = % [1 —l], feeds an E/I balanced

. — —i e+t 11
[1 1] (fig. 1A, appendix A.1): W,; = [e 0 Loe Z] , Q= % L } =

T _
mode, b' = 0 1

L

Sl

2.2. Consensus building between areas

This decomposition was later extended to the case of two identical E/I networks (X and Y)
Wei L o T o {0

I Wei]’ = [ry , where L = ¢ ol

and rl = [rge rii], ryT = [7’5 . ri ;] are local activity within the areas (fig. 1B). They

showed that these networks exhibit two separate feedforward motifs: (a) an agree subnet-

work, characterized by similar patterns of activity across the areas, where, the unbalanced

coupled via excitatory connections (6): W = {

agree mode uzgree = [uz; ] feeds the balanced agree mode bagree = [bz; bg], and (b) a
disagree subnetwork, Characterlzed by opposite patterns across areas, where unbalanced dis-
agree mode uzl;sagme = [ug —u ] feeds the balanced disagree mode bdlsagree = [bf —bg]:
—~  |\wW..+ LT
W: W€Z+L . 0 . 7 Q:[Zx uac _bg _ul‘ (1)
0 Wei — L V2 [by uy y Uy

Long—range connections contribute positively to the connectivity of the agree subnetwork
(WeZ + L7), increasing both feedforward strengths and time constants, while weakening the
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weights of the disagree subnetwork (ﬁ\/’ez — LT). As a result, the agree subnetwork will
dominate, leading to activity converging dynamically towards similar cross-area patterns.

3. Methods

Here, we generalize this framework to explain activity dynamics of two asymmetrically
coupled, non-identical E/I networks. For simplicity, we assume each network is perfectly
balanced, e = i. We consider two networks X,Y with different weights and asymmetric
excitatory connections: X feeds Y with strength ¢, and vice versa with strength k, W =
Weei K |k O
[ I Wyﬂ], where K = [k 0
that can provide insights into these networks.
The first is a quasi-Schur single-area basis consisting of E-I balanced /unbalanced modes
in each area. In this basis, the balanced modes of each area, b,,b,, are fed by each other
and the unbalanced modes of each area, uz, u, (fig. 1C middle):

} (fig. 1C left). We introduce two orthonormal bases

= | We=W; W+ W, ‘ _|by O u, O
Wsingle - |: 0 0 :| ) Qszngle - |:0 by 0 uy:| (2)
where W, = [eg; :‘l and W; = [Zg 10} . As Wsingle is still recurrent (b, and b, feed each
Y Y

other), we also provide a Schur multi-area basis Q.11; to establish a feedforward equiva-
lence for the whole system, where the basis describes patterns of generalized agreements or
disagreements across the two areas (fig. 1C right). In this basis, the resulting W' is W1

/77 aN Vk VEF Ve VIG
Wmuzﬁ _ —V kb 7]\/'21 k—7/ 7]\/15]\[2 2 |:1:| Qmulti _ Wlbx Ny Uy Wlbx No U,
0 0 vkt % 0] _Nifby —*{szuy %by \/J\Efuy

(3)
where N1 = Vk + €, No = VEF2 + (G2, F =y + Vkl, G = e, + VKU, a = (egey — kl), B =
VEl(e2 + k- 63 —02) + (k— ) (el +eyk), and ® is the Kronecker product. The columns of
Qi are asymmetrically-weighted (generalized) agree/disagree modes; in order, general-
ized balanced disagree (bgisqgree), unbalanced disagree (gisagree), balanced agree (bggree),
and unbalanced agree (wqgree). Decomposing the network in the above bases allow us to
analytically characterize network dynamics as a function of model parameters.

4. Results

First, we asked how local computation within a cortical area is modulated by other inter-
connected areas (fig. 2A top). Our derivations show that, when area X receives input, its
response is modulated by k/, the strength of connections between X and Y, but not by e,
the connectivity within area Y (b, = ﬁsb’z + 2?”_4,;];[ Sy at steady-state, see appendix D
and fig. 2 red). This finding explains how, despite dense inter-area connectivity, specialized
processing within an area is not corrupted by the recurrent dynamics of connected areas.
A signature of cortical architecture is the existence of parallel pathways: External in-
puts reach a cortical area both indirectly, via other cortical areas, and directly through

extra-cortical routes (e.g. higher visual areas recieve input from both primary visual
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Figure 2: Response of area X to inputs received either by itself (red; A top) or through area
Y (blue; A bottom), for varying the product of long-range weights vkl (B), asymmetry of
long-range weights k/¢ (C), X’s local connectivity ey (D), and Y’s local connectivity e, (E).

cortex and directly from higher-order thalamus). This raises the question of whether
cortically relayed and direct inputs are processed differently. To probe this, we ana-
lyzed how area X responds to input arriving through a connected area Y (fig. 2 A bot-
tom). Our analytical framework shows that area X’s response to Y’s input depends on
all connectivity strengths (ey,k,l), except, surprisingly, X’s own connectivity e, (b, =
T _kusby + k(}jizy)su,y at steady-state; appendix Dj; fig. 2 blue). Thus, recurrent dynamics
in X are effectively invisible to cortically relayed inputs. Together, these results suggest that
local, single-area recurrent computations can only be recruited by direct inputs (fig. 2, red),

while cortically relayed inputs primar- :

ily engage long-range connections, bypass-
10¢U= 0.45,k/t=1.0 10¢U= 0.45,k/f=5.0

ing local processing in intermediate areas

1.50
(fig. 2, blue). Bl C s B 20
Finally, our analytical framework re- 2 ' SN ‘/c y . 100 2 15
veals how multi-area dynamics act on E 00 / ARSS BE E 4G
shared inputs received by both areas X and § _os mAN | fose § o
Y. Prior work (6) showed that in symmet- © ” 025 S '

ric networks, the balanced agree and dis- st Boress
agree modes form orthogonal eigenvectors

of W, with agree modes having the longest
time constant, such that inputs along the

Generalized Agree

Figure 3: Flow field of network dynamics pro-
jected on the generalized agree (bagree) and dis-

agree mode (similar to both areas) remain
aligned to it (fig. 3 left). Our general re-
sults extend this finding: Asymmetry in
long-range connections rotates the slow-
est eigenvector, thereby rotating the flow
field. As a result, inputs along the agree
mode can evolve into disagree activity (op-
posite across areas; fig. 3 right). Our work
therefore provides a general framework for
understanding computation in multi-area

agree (bgisagree) modes for a network with sym-
metric long-range weights (k = £; left) and
asymmetric weights (k/¢ = 5; right). Dashed
lines are the eigenvectors of the dynamics. The
color indicates the magnitude of velocity. Tra-
jectories (blue) show the network response to
an input to the generalized agree mode (white
arrows). The red and yellow points mark the
stimulus onset and offset accordingly.

networks, where inter-areal asymmetries control the trade off between regimes that pro-
mote similarity or divergence of activity across areas.
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Future directions. The above results were derived in tightly balanced (e = i) networks
with one E and one I unit per area. We are now extending this work to (1) examine how
local E/I imbalance alters our findings, (2) generalize to networks of N neurons, where scalar
connections strengths become (circulant) N x N matrices (see appendices B and C).

References

1]

2]

Yashar Ahmadian, Daniel B Rubin, and Kenneth D Miller. Analysis of the stabilized
supralinear network. Neural computation, 25(8):1994-2037, 2013.

Brendan K Murphy and Kenneth D Miller. Balanced amplification: a new mechanism
of selective amplification of neural activity patterns. Neuron, 61(4), 2009.

Nicolas Brunel. Dynamics of sparsely connected networks of excitatory and inhibitory
spiking neurons. Journal of computational neuroscience, 8(3):183-208, 2000.

Carl Van Vreeswijk and Haim Sompolinsky. Chaos in neuronal networks with balanced
excitatory and inhibitory activity. Science, 274(5293):1724-1726, 1996.

Madhura R Joglekar, Jorge F Mejias, Guangyu Robert Yang, and Xiao-Jing Wang.
Inter-areal balanced amplification enhances signal propagation in a large-scale circuit
model of the primate cortex. Neuron, 98(1):222-234, 2018.

Mitra Javadzadeh, Marine Schimel, Sonja B Hofer, Yashar Ahmadian, and Guillaume
Hennequin. Dynamic consensus-building between neocortical areas via long-range con-
nections. bioRxiv, 2024.

Daniel J Felleman and David C Van Essen. Distributed hierarchical processing in the
primate cerebral cortex. Cerebral cortex (New York, NY: 1991), 1(1):1-47, 1991.

Pat Vatiwutipong and Nattakorn Phewchean. Alternative way to derive the distribution
of the multivariate Ornstein—Uhlenbeck process. Advances in Difference Equations,
2019(1), 2019.



CASCO-RODRIGUEZ JAVADZADEH

Appendix A. Math Preliminaries

A.1. Schur decomposition

Throughout the text, we make use of Schur decompositions of matrices. These entail finding
an orthonormal basis ) such that a matrix W becomes upper triangular: W = QWQ",
where W is upper triangular. Unlike some other matrix decompositions, Schur decompo-
sitions are not unique. Previous work (2) has proposed Schur decomposition to analyze
recurrent E /I networks, expressing them as feedforward via a basis (). For example, an ex-
citatory neuron excites itself and an inhibitory neuron with strength e, and the inhibitory

neuron inhibits itself and the excitatory neuron with strength —i (W = [Z :ﬂ ). Using

1 } that

a Schur basis, it becomes visible that there is an unbalanced mode of activity [_ 1

ﬂ that feeds itself with strength e —i (fig. 1):

N |1 1fe —¢| |1 1| |e—i e+i| <>
ewe=[; L]t ZI[ A=l )=
Notably, the Schur decomposition of this example weight matrix is able to handle the case
e = i, whereas eigendecomposition cannot (when e =i, W is not diagonalizable).

feeds, with strength e 4 i, a balanced mode [

A.2. Upper triangularization via block-Hadamard matrices

We are interested in upper-triangularizing matrices with particular structures. To this end,

1

7o I} are useful:

the following properties of block-Hadamard matrices H = [

I R R 2

A1 | R R AP g

A.3. Orthogonality of a 2 x 2 matrix of diagonal blocks

Later in the text, we will be decomposing matrices using orthogonal bases composed of
diagonal blocks. Specifically, we are interested in matrices with four square diagonal blocks
of the same shape, A, B, C, D, arranged into a 2 x 2 real block matrix. We seek the conditions
on A, B,C, D that ensure the block matrix is orthogonal:

ool ol=[5 blle o <]
[A2+Bz AC+BD]:[A2+CZ AB+CD]:[I 0}

AC+BD C?+D? AB+CD B+ D? 0 I (6)

eq. (6) must be satisfied to ensure orthogonality. Inspecting its diagonal reveals the
conditions A? = D? and B? = C? = I — A%, To satisfy the assumption that A, B,C, D
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are real, I — A% must be nonnegative: A must have a spectral radius no greater than 1.
Assuming A is given and satisfies this constraint, our matrix of diagonal blocks must take
this form:
A b(I — A%)1/?
c(I — A%)1/? dA ’

where b, ¢,d € {—1,1}. From inspection of the anti-diagonal of Equation (6), we can deduce
the constraints on b, ¢, d assuming that A and I — A? are invertible (if either A or I — A?
are zero, then b, ¢, d are unconstrained):

CA(I — AHY2 L bdA(I — A%)Y2 = bA(T — ADY? 1 cdA(I — AH)YV2 =0
c+bd=b+cd=0

The second equation simplifies to ¢+ bd = 0, since multiplying the second set of terms b+ cd
by d produces ¢ + bd because d?> = 1. Therefore, ¢ = —bd: either ¢ = 1 and b = —d, or
¢ = —1 and b = d. We rewrite this constraint as d = —bc to produce our final expression
with unconstrained b,c € {—1,1}.

Lemma 1 Any block 2x2 matriz composed of equally sized real diagonal blocks must assume
the following form (up to multiplication by —1), where b,c € {—1,1} and the spectral radius
of A can be no larger than 1:

A b(I — A%)Y/2
c(I — A%)1/? —bcA

Appendix B. Single-area basis Qgingie

Now we will consider a vector of activity from two groups of neurons, x and y; each group
has separate excitatory and inhibitory populations. We aggregate all neurons’ activities as

a vector r, which evolves over time via 77(t) = —r(t) + Wr(t) + s(t), for some stimulus
EI —Ix Lk 0 (%

s(t) and weight matrix W = %: _le é’; _(}y , where 7 = ;Z . Every weight block
L 0 E, —I, iy

E., By, I;,1,, L, L; consists of positive entries, and all four blocks of 7 are vectors in RN,
Without any additional assumptions, we can already make an initial decomposition
W = QinitW Qinit of W via basis Qinit (see Section A.2):

Ey—1, E,+1, Ly Ly I 1 0 0
— 0 0 0 0 1 (I =T 0 0
Winit = 1, L, E,~I, E,+1,|" Qinit = V2o o 1 I (™)
0 0 0 0 0 0 I —I

Next, we will assume: (1) that all aforementioned weight blocks are mutually diagonal-
izable by some real orthogonal P (for example, PE,PT is diagonal), and (2) E, = I, and
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E, = I,. Then, we can obtain a further decomposed decomposed matrix W41, where the
basis Qsingle is composed of single-area activations:

0 2PE,PT PL,PT PL,PT 0 Ap Ap Ay
W 0 0 0 0 A0 0 0 0 ®)
single =\ pr, pT  prL,PT 0 2PE.PT| ~ |A, Ay O A,
0 0 0 0 0 0 0 0
P P 0 0
1 |P -P 0 0
Qsingle—ﬁ 0 0 P P (9)
0 0 P -P

One straightforward way to ensure mutual diagonalizability of all weight blocks is for them
to all be circulant. For our results, we will generally assume that all elements of Wjgie
are non-negative and real; the latter entails that all weight blocks are circulant, while the
forme/r\, in the circulant case, places additional constraints on the values of each A block.
The Wingie, Qsingle used in the main text can be obtained through a simple re-ordering of
Qsingle'

Note that in the main text, networks consist of one E and one I unit (N = 1), so,
connectivity matrices reduce to scalars (e.g. E, = ey)
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Appendix C. Multi-area basis Q.
C.1. Problem statement

From the previous section, we have a partially decomposed weight matrix of diagonal blocks.
For convenience, we name each unique diagonal block and also rewrite the partially decom-
posed weights as a 2 x 2 block matrix of 2 x 2 upper-triangular block matrices (the names
of block matrices here are not always consistent with the main text):

0 Ar Ap Ay

o0 0 0 0 A[X K]

single = VA A, 0 Ay| |L Y
0 0 0 0

We seek a Schur decomposition of the partially decomposed matrix Wsingle = Qg;n gl W Qsingle:

a real orthogonal matrix (Qgiqq such that Wmulti = ng g( STm ol W Qsingle)Qdiag is upper tri-

angular. Since the Schur decomposition basis (Qgiqg is not unique, we impose constraints on
Qdiag that satisfy a subjective notion of simplicity:

L. Qdiag = [é g] is a 2 x 2 matrix of real diagonal blocks.

2. A, B,C, D should be non-negative.
3. When A, = Ay and A, = Ay, A, B,C, D should be proportional to +1.

C.2. Conditions for upper triangularity

Now we write Wmulti = QZl;agWsmgledeg to find constraints on A, B, C, D that ensure its
upper triangularity:

_ _ A Cl[x K|[A B
Wmulti = angWSingleQdiag = |:B D:| |:L Y:| |:C -D:|

AX+CL AK+CY||A B
BX+DL BK+DY||C D

| AXA+CLA+AKC+CYC AXB+CLB+AKD+CYD
 |BXA+DLA+BKC+DYC BXB+ DLB+ BKD+ DYD

(10)

Since A, B,C, D are diagonal and X, K, L,Y are upper triangular, each of the four blocks
of eq. (10) is already upper-triangular. Therefore, we need only set the bottom-left block
to zero to ensure upper triangularity.

However, Lemma 1 proves that our diagonal matrices A, B,C, D are themselves con-
strained if Qgjqq is orthogonal (theorem 1), so we update Qgiqq and eq. (10) accordingly:

Qdiag = [c% —bbfA] ., where b,c € {—1,1} and B = (I — A%)/? (11)
W AXA+cBLA+cAKB+ BYB bAXB +bcBLB —bcAKA —bBY A
multi = 1 hBX A — bcALA + bcBK B — bAY B BXB —cALB —cBKA+ AY A

(12)
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Now we set the bottom-left block of Wmulti (eq. (12)) to zero, and assume B is invertible

so that A= MB = BM, where M = [Ml is also diagonal:

0 M,

bBXA — bcALA+bcBKB —bAYB =0
BXA—-cALA+cBKB—-AYB =0
BXMB —cBMLMB+ cBKB - BMYB =0
XM —cMLM +cK — MY =0

Next we write out each term and add or subtract them appropriately:

N N e

MLM — ]\gl ]\(4]2} [cf)&z cé\z] [1\041 ]\22] _ [CMSQAZ chéWgAl
cK = Cgk Cgk]
we= 1l B = Y

(13)

[—chAl + A MaAy — eMyMoA + cAy — MlAy} 0
0 0 -

C.3. Solving for My, M>, A, and B

First, we solve the top-left block of eq. (13):

My =s\/AAY, s € {-1,1}, (14)

and then we solve the top-right block for M:

MoA, — cM{MoA; = —cAy + MlAy
M2 = (MlAy — CAk)(Az — CMlAl)_l

s\/ARATTAy — Ay,
Ay —esv/ARA;
VAN — eV
AoV = esvVARA,
\//Tk:(SAy - C\/M)
VAI(Ay — esv/ARAY)

My =

(15)

10
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Having solved for M = [Ml 0 } , we solve for A and B. They must satisfy A = BM

0 M,
(from the definition of M) and B = (I — A?)'/2 (from the orthogonality of our basis Qgiag):

A=(I-AHVM
A? = (I — A>)M>?
A%(T + M?) = M?
A=aM(I+M*»7V2 ae{-1,1}
B =a(I+ M?)~'/?

Since a affects both A and B, it is simply a scalar in front of Qgiqg, S0 We set a = 1 without
loss of generality. Substituting A, B into eq. (11) produces an initial expression of Qgiqg
(eq. (16)), where the elements of M are given by eq. (14) and eq. (15):

a2 0 M bl
Quiag = 0 (I+M?)7Y2] el —beM (16)

C.4. Final expression for g, and Qi

Since each nonzero element of M is a fraction, each non-zero element of Qgjqy in eq. (11)
1

o/u
takes the form N or V1+(o/u)?

it more simple and minimize the number fractional terms. First, we define O,U as the
numerators and denominators of every non-zero term in M:

M, — \/Ak A 01 - \/Ak(Ay—C\/AkAl) AM F A 02
1 — —~— T == 1> — 7

VA U 27 VMM, — eV/ARA)) G U

-1
o Ol O Ul 0 N -1
u=[3 o) [0 5] 2o

, for some o,u. Here, we re-write QQg;oy to make

Next, we define a matrix of normalization constants N, which we use to simplify A, B:

A+ Ay 0 Y2
— 2 2
N=vOoi+U _[ 0 AkF2+AlGQ]
_ U _ U U _ [\//T, 0 }N‘l
VI+M?2 UVI+0—2 Oo?*+U? N 0 VAG
ou-'u 0 O [VA, 0 ] 1
A=MB=BM = = === N
VO2+ U2 JO2+U2 N [ 0  VARF

Finally, we substitute our new expressions of A, B into Qgiqg (eq. (11)):

(
Ouian = ON-' wWN-1] [O U ][Nt 0
diag = 1 .UN-1  —beON~'| ~ |cU —bcO|| 0 N1

VA 0 bW, 0 NP0 0 0
0 VARF 0 WA G 0 Ny' 0 0 17
Quiag = /A, 0 —bey/Ay 0 0 0 N' o0 (17)
0 /ANG 0 ~bev/AkF[ L O 0 0 Nyt

11
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To arrive at our final basis Quiti, Wwe multiply Qgingie

(eq' (9>) by Qdiag (eq' (17))

Ny WAL 10 bNT VA, 10
Qmulti :QsingleQdiag :Qsingle ch—(l)\/E N2 \O/EF —ch?l\/Tk bN2 O\/EG
0 Ny, WA G 0 —beNy 'WALF
PN{'WA, PNy'WAF  bPN{'WA,  bPN,'WAG
1 | PNy'WA, —PN;'WAF  bPN;YA, —bPNy;'WAG
V2 |ePNyYWA,  ¢PNy'WWANG  —bePNyYWAL  —bePNy 'WALF

¢cPN;'WA, —cPNy'WVAG —bePN;7YWA,

To obtain the Q. used in the main text, we set b

1

always positive), and condense 7

C.5. Triangularized dynamics

Now we express the triangularized dynamics W, =

ultt = |:

and write out several terms that appear therein. A

Win 0 (by definition of M)

j 6 {x? y’ l? k:}'

CTAL O] A Ay [AALA,
ar=[ 1o -1
i 2A . .
AJA = | M AIAQAJ}, BJB:[
0 0
AJB = -)\AlBlAj AlBQAj:| ’ BJA —
0 0
A
2 _ A2 k
A
2 AT2A. l
9 VAN
A1By = Ny */ A = At A
A1 Ay = (NlNQ)flAkF
AyBy = (N1 No) YW ARNF
A1 By = (N1 No) '/ A A G
BBy = (N1N2)71AZG
NNy = ((Ag + ) (AR F2 4+ A,G2))

Next, we express each nonzero block of Wp,.iti.

12

AXA+cBLA+cAKB+ BYB bAXB+bcBLB —bcAKA—bBY A
BXB —cALB —cBKA+ AY A

bePNy AL F
= 1,¢ = —1 (so that F and G are

P . .
[ N P} terms into “balanced” and “unbalanced” matrices.

QZl;agWSiRQZEQdiag from €q. (12)

E

s a shorthand, J = Ay Ay for
0 0
A1A;
0
AB%Aj B1B3A;
0 0
)\AlBlAj AgBlA]'

| |

0 0



MULTI-AREA BALANCED NETWORKS

C.5.1. TOP-LEFT BLOCK: AXA -+ c¢BLA+ cAKB + BY B

AXA+cBLA+cAKB + BYB
{0 A1 AN, I A1B1A; A3BiA " A1B1A, A1BoAg 0 BlBQAy
“lo 0 ‘| o 0 ‘o 0 0 0
. [CAlBl (Al + Ak) A1AsA, + cAsBi A + cA1Bo Ay, + BlBgAy:|
- 0 0
_ |:C\/ AR\ (NINQ)fl ((AxAk + cAjv/ AkAl)F + (CAk\/AkAl + AyAl)G):|
0 0

VKR (NiNo) ™ ((Aei + eAiy/BRBD) (A, — ev/Arhy)
= F(AyA; + cApy/ARA) (A — cm>)
0 0
VAR, (NiNp)~! (AxAyAk + (eAyA; — cAgAp)VARA — AZA ),
= FAGAYAL + (cApAy — cAyA)VAGA; — AzAl)

0 0

. |:C\/ AR\ (NlNg)il (AxAyAk - A?Ak + AmAyAl — AiAl):|
N 0 0

_ C\/AkAl (NlNQ)_l(Ak + AZ)(AIAy — AkAl)
0 0
B |:C\/AkAl Ny 'WA + Aj(AgA, — AkAl)]
N 0 0
_ [c\/rkl\l (A — AkAl)]

0 0

C.5.2. BOTTOM-RIGHT BLOCK: BXB — cALB —cBKA + AY A

AYA—-cBKA—-cALB+ BXB
—cv/ AR (NlNg)il ((AyAk — cAp/ AkAl)F + (—CAZ\/AkAl + AxAl)G)

0 0
eV AR (NlNg)_l (AkFQ + AZGZ)
- 0 0
_ [—c\/AkAl Ny 'WARF? + AZGQ}
0 0

0 0

13



CASCO-RODRIGUEZ JAVADZADEH

C.5.3. TOP-RIGHT BLOCK: bAXB + bcBLB —bcAKA —bBY A

= —bcAKA - bBY A+ bAXB+ bcBLB

_ AN, A1AsAg 0 AxBiA, 0 A1BoA, BiA;, Bi1BoA,
_—bc[o 0 =bl, 0 +b], 0 +be| TG 0

_ [bC(B%Al — A%Ak) —bcA1 A\ — bAQBlAy + bA1BoA, + bCBlBQAl:|
B 0 0

2_ A2
_ [bc?\lk AL (NLNg) ™ (—b(eA2 + Ay ARAD F + b(Au/ARA; + cA?))
0 0

bC(Al — Ak> b(NlNQ)il <(6Ai + Ay\/AkAl)(—Ay + ¢/ AkAl)
(Mg VAR + cAZ)(Ag — c\/iAkAl))
0 0
be(A — Ag) (N1 No)~! ( — A2y + (—A2 + A2)VRLA, + cAy Ay,

+eAZA, + (A2 — A2)/AGA; — cAIAkAZ)
0 0

. bC(Al — Ak) b(NlNg)_l (VA]CAZ(A% + Az — A?QJ - Al2) + C(Al - Ak)(AmAl + AyAk)):|
N 0 0

C.5.4. FINAL EXPRESSION

The final expression for I//I\/multi, again setting b =1,c = —1, is:

VR RE(AGAy — AA) A — A 5

N1 N2
= 0 0 0 0
Wonaiti = 18
multi 0 0 \/m % ) ( )
0 0 0 0

where 3 = /ApAj(A2 + Az — AZ — Al2) + (Ax — Ay)(AgA; + AyAy). To obtain the ﬁ\fmulti

used in the main text, we simply condense /Wmulti by writing it as a Kronecker product.
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Appendix D. Steady-State Activity

We seek to characterize dynamical systems of the form 77(t) = —r(t) + Wr(t) + s(t). If we
assume s(t) = s is constant, define § = I — W, define p = 6~ !s, and set 7 = 1 (without
loss of generality), such that 7 = 0(u — r(t)), then we can easily examine the mean of r(t)
according to (8):

r(t) =e r(0)+ (I —e pu

lim 7(t) = 6~'s since @ is positive definite
t—r00

Jim QTr(t) = Q(I— W) s
= Q" QU-W)Q") s
=Q"QU-W)'Q"s
= (I -W)"'Q"s
In the main text, we are interested in the steady-state values of r(t) when projected via
Qsingle- This requires calculating (1 — Wsmgle)_l, which we do by leveraging the property
A Bl7' [A' —a'BCc]
o cl |0 Cc1 ’
(1 —k 2, k]

= _ —¢ 1 - —2e
(I - Wsingle) ! = 0 1 O Y

0
0 0 0 1
0

rl k 1 k
[1121% 111{@} [1(1@@ 11k€] [2% k}
= | L1k 1=ke Tkl  T1-Kf € 2ey
L I
1 k e, 4kt Kk(14+2ey)
Tkl 1k 1kl 1—kf
) 1 0(142e,)  2ey+ke
= | Tk T-FK¢ T—kf Tkl
0 0 1 0
00 0 1

We can use the above result to write the steady-state values of Q% gl .7(t) as a function

of a constant input Qg;ngles :
b 1 k 2ep+ke  k(142ey)
. R TR TH, oz
. b ¢ 1 +2ey €y+ S
lim | Y| = |1kt Tkt ~—1-ke 1—k( by
bl 0 0 1 0 Su,x
u, 0 0 0 1 P

We can immediately see that the output b, of area x amplifies the inputs s, , of area x
depending only on k,1, e,, and amplifies the inputs sy, s, , depending only on k, [, e,,.

b 1 +2e$+FB N B +B(1—|—2ey)
= S S S S
e 1—FB T 1_FRB “w* 1—FB ™ " 1_FB °w¥
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