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Abstract
STOchastic Recursive Momentum (STORM)-
based algorithms have been widely developed to
solve one to K-level (K ≥ 3) stochastic optimiza-
tion problems. Specifically, they use estimators
to mitigate the biased gradient issue and achieve
near-optimal convergence results. However, there
is relatively little work on understanding their gen-
eralization performance, particularly evident dur-
ing the transition from one to K-level optimiza-
tion contexts. This paper provides a comprehen-
sive generalization analysis of three representative
STORM-based algorithms: STORM, COVER,
and SVMR, for one, two, and K-level stochastic
optimizations under both convex and strongly con-
vex settings based on algorithmic stability. Firstly,
we define stability for K-level optimizations and
link it to generalization. Then, we detail the sta-
bility results for three prominent STORM-based
algorithms. Finally, we derive their excess risk
bounds by balancing stability results with opti-
mization errors. Our theoretical results provide
strong evidence to complete STORM-based al-
gorithms: (1) Each estimator may decrease their
stability due to variance with its estimation tar-
get. (2) Every additional level might escalate the
generalization error, influenced by the stability
and the variance between its cumulative stochas-
tic gradient and the true gradient. (3) Increasing
the batch size for the initial computation of esti-
mators presents a favorable trade-off, enhancing
the generalization performance.
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1. Introduction
In stochastic optimization problems, variance reduction tech-
niques (Fang et al., 2018; Zhou et al., 2020; Wen et al., 2018;
Qi et al., 2021; Liu et al., 2019; 2024) can significantly mit-
igate the negative impact of inherent variance due to the
stochastic gradients. In particular, Stochastic Recursive Mo-
mentum (STORM) (Cutkosky & Orabona, 2019) stands out
for its simple implementation and near-optimal convergence
results. STORM carefully designs momentum-based estima-
tors for model updating, which can dynamically adapt to the
optimization challenge without a large batch or checkpoint
gradient computations. Due to these advantages, STORM
has been extensively used in various practical applications:
reinforcement learning (Hu et al., 2019; Mao et al., 2022),
model-agnostic meta-learning (Ji et al., 2022; Qu et al.,
2023a), risk-averse portfolio optimization (Tran Dinh et al.,
2020; Jiang et al., 2022), and deep AUC maximization (Yuan
et al., 2021; Liu et al., 2024).

Subsequently, various STORM-based algorithms (Hu et al.,
2019; Yuan et al., 2021; Chen et al., 2021; Jiang et al., 2022;
Li et al., 2023a) have extended this methodology to address
stochastic two-level and K-level (where K ≥ 3) optimiza-
tion problems. In their definitions, two-level stochastic
optimizations are equivalent to stochastic compositional op-
timizations and similar to K-level stochastic optimizations
(Wang et al., 2017; Ghadimi et al., 2020; Chen et al., 2021),
which pose a challenge in obtaining a biased estimate of the
objective function and gradients (Dann et al., 2014; Wang
et al., 2017). By leveraging the high-precision estimations,
STORM-based algorithms have successfully addressed the
corresponding challenge.

In particular, in two-level optimizations, one of the most
popular STORM-based algorithms COVER (Qi et al., 2021)
employs estimators for both the value of the inner function
and the value of the gradient. When increasing to K-level
optimizations, inherent variances can be magnified, leading
to significant gradient deviations and potential explosions.
To mitigate this, the near-optimal algorithm SVMR (Jiang
et al., 2022) employs estimators for all function values and
gradients, except the outer function value, and applies gradi-
ent projection techniques to the function gradient estimator.
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Although STORM-based algorithms have achieved many
breakthroughs in algorithmic convergence, their effect on
generalization performance is less understood (Hardt et al.,
2016; Yang et al., 2023), i.e., how the model trained by the
training samples would generalize to test samples, especially
for optimizations with higher levels. To clearly understand
the generalization of these algorithms, we consider the fol-
lowing two key questions.

(1) Compared to SGD-based Algorithms, do these
estimators prove weaker or stronger generaliza-
tion performance in STORM-based algorithms?
(2) As escalating to the K-level optimization, how
does this increased complexity impact the gener-
alization performance of the estimators?

Specifically, as the success of STORM lies in leveraging es-
timators to tackle biased gradient issues, exploring the influ-
ence of these estimators on generalization performance en-
riches the study (Yuan et al., 2019; Hu et al., 2019; Ghadimi
et al., 2020; Balasubramanian et al., 2022; Qu et al., 2023b).
Additionally, in K-level optimization, the gradient estimator
at each level is influenced by the function value estimator
at the preceding level, which, in turn, indirectly affects the
function value estimator at the subsequent level (Chen et al.,
2021; Jiang et al., 2022). Therefore, addressing the second
question can offer guidance for designing corresponding
estimators in more complex and general scenarios.

To answer the above two questions, this paper leverages the
algorithmic stability to systematically explore the general-
ization of STORM-based algorithms from one to K-level
stochastic optimizations. We believe that this exploration
is important to gain insights into STORM’s scalability and
effectiveness across different tiers of stochastic optimization.
In particular, our contributions are summarized as follows.

1. To achieve our goal, we first introduce a novel definition
of uniform stability, specifically for K-level optimizations.
Leveraging this definition, we establish a quantitative rela-
tionship between generalization error and stability in the
context of K-level optimization. Then, we analyze the sta-
bility and optimization errors for three distinct algorithms:
STORM, COVER, and SVMR, corresponding to one, two,
and K-level stochastic optimizations in both convex and
strongly convex settings. Finally, by analyzing the interplay
between stability and optimization errors, we ascertain their
excess risks in these settings.

2. Our theoretical results indicate that fewer iterations
and proper step sizes will improve algorithm stability of
stability in the convex setting. For the excess risk, our
results demonstrate that we need about T ≍ max(n

5/2
k ),

∀k ∈ [1,K], iterations to achieve the ideal excess risk rate.
In the strongly convex setting, a proper step size will not

necessarily make the algorithm stable enough, which must
be combined with expanding the batch size to ensure stabil-
ity. Moreover, T ≍ max(n

7/6
k ) iterations should be used,

which is fewer than the convex setting.

3. Based on our analysis, we can successfully address the
above questions. Firstly, we find that the stability of the
algorithm can be compromised by each estimator, due to
the variance between the estimator and its estimated target,
which degrades the generalization performance. Moreover,
as the number of levels increases, two main factors impact
the algorithm’s generalization error: the first is the influence
of the new level on the algorithm’s stability, and the second
is the variance between the combined stochastic gradient
and the true gradient across all levels. There is one more
observation in our analysis: employing more samples for the
initial computation of estimators may enhance performance
without significantly increasing computational costs. This
strategy presents a viable approach to improve the efficiency
of STORM-based algorithms.

2. Related Work
Algorithmic stability and Generalization. In learning the-
ory, the stability of an algorithm shows that small changes
in the training data result in only minimal differences in
the predictions made by the model (Kearns & Ron, 1997;
Vapnik & Chapelle, 2000; Cucker & Smale, 2002). The
landmark work (Bousquet & Elisseeff, 2002) introduces the
notion of uniform stability and establishes the generaliza-
tion of ERM based on stability, and it has a deep connec-
tion with (Cesa-Bianchi et al., 2004; Rakhlin et al., 2005;
Kutin & Niyogi, 2012). Furthermore, (Bartlett & Mendel-
son, 2002; Poggio et al., 2004; Shalev-Shwartz et al., 2010)
discuss the relationship between algorithmic stability and
complexity measures, and use it on general conditions for
predictivity. (Hardt et al., 2016) contribute significantly to
the understanding of algorithmic stability in optimization
algorithms, particularly gradient descent. More recently, (Li
et al., 2023b) presents in-context learning, showing its ef-
fectiveness and stability in different data scenarios. (Sakaue
& Oki, 2023) demonstrates that coordinate estimation leads
to tighter generalization bounds.

Stochastic Compositional Optimization. Extensive stud-
ies have mitigated the issue of bias in gradient estimation
due to combination functions. (Wang et al., 2017) uses
stochastic gradients for internal function value computation.
Variance reduction techniques can accelerate the efficiency
of Stochastic Compositional Gradient Descent (SCGD). Al-
gorithms such as SAGA (Zhang & Xiao, 2019), SPIDER
(Fang et al., 2018), and STORM (Cutkosky & Orabona,
2019) have been integrated into SCGD. Later, some stud-
ies (Yuan et al., 2019; Zhang & Xiao, 2021; Tarzanagh
et al., 2022) have successfully linked stochastic two-level or
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K-level optimization challenges. In K-level optimization,
(Yang et al., 2019) leads to the creation of an accelerated
technique (A-TSCGD). Subsequently, (Balasubramanian
et al., 2022) introduces the NLASG method, which expands
the scope of the NASA (Ghadimi et al., 2020) algorithm to
broader applications. In a similar vein, (Chen et al., 2021;
Jiang et al., 2022) extend STORM for estimating function
values to K levels. However, all the above works only focus
on convergence analysis.

3. Preliminaries and Warm Up
In this section, we begin by introducing three optimization
problems that we address, accompanied by three popular
STORM-based algorithms designed for these specific prob-
lems. Then, we will present the concept of stability as
applied in statistical learning theory (James et al., 2013). To
this end, we present the first theorem in this paper.

3.1. One to K-level Stochastic Optimziations

In this paper, we extend algorithmic stability analysis
to the most popular STORM-based algorithms: STORM
(Cutkosky & Orabona, 2019), COVER (Qi et al., 2021),
and SVMR (Jiang et al., 2022) for stochastic optimization
problems with levels 1, 2, and K ≥ 3, respectively. De-
tailed update rules for these algorithms are presented in
Appendix A, Algorithms 1-3. Their optimization formula-
tions are introduced subsequently.

One-level optimization. Typically, the one-level stochas-
tic optimization problem (Hardt et al., 2016; Cutkosky &
Orabona, 2019; Bousquet et al., 2020; Levy et al., 2021) can
be formulated as follows

min
x∈X

{
F (x) = Eν [fν(x)]

}
, (1)

where f : Rd → Rd1 on a convex domain X ∈ Rd, ν is
an independent random data sample, and F is the empirical
risk minx∈X {FS(x) := fS(x) = 1

n

∑n
i=1 fνi

(x)}. Let
S = {ν1, · · · , νn} be a dataset from which the samples are
drawn independently and identically (i.i.d.). To facilitate the
expansion below, we give more symbol definitions: S′ is
the i.i.d copy of S, where S′ = {ν′1, · · · , ν′n}, and Si is the
i.i.d. copy of S where only i-th data point νi in S in change
to ν′i. Compared with SGD which directly uses stochastic
gradients for updates, the main part of STORM (Cutkosky
& Orabona, 2019) is to leverage the corrected momentum
variance reduction estimator for updates.

Two-level optimization. We consider the two-level stochastic
optimization problem (Yuan et al., 2019; Yang et al., 2019;
Balasubramanian et al., 2022) as follows

min
x∈X

{
F (x) = f ◦ g(x) = Eν [fν(Eω[gω(x)])]

}
, (2)

where f : Rd1 → Rd2 and g : Rd → Rd1 on
a convex domain X ∈ Rd, ν and ω are independent
random variables. Let S = Sν ∪ Sω, where Sν =
{ν1, · · · , νn} and Sω = {ω1, · · · , ωm}, and the empir-
ical risk is defined as minx∈X {FS(x) := fS(gS(x)) =
1
n

∑n
i=1 fνi

( 1
m

∑m
j=1 gωj

(x))}. In this scenario, altering a
single data point can affect either Sν or Sω . For ∀i ∈ [1, n]
and ∀j ∈ [1,m], Si,ν denotes the version of S where
only the i-th point in Sν is replaced by ν′i, with Sω re-
maining unchanged. Sj,ω is defined similarly. The i.i.d.
copied dataset S′ is represented as S′ = S′

ν ∪ S′
ω, where

S′
ν = {ν′1, . . . , ν′n} and S′

ω = {ω′
1, . . . , ω

′
m}. Note that the

two-level optimization problem in (2) can also be consid-
ered as the compositional optimization (Yuan et al., 2019;
Yang et al., 2019; Balasubramanian et al., 2022; Hu et al.,
2023). Among the STORM-based algorithms for two-level
stochastic optimization, we will analyze the stability and
generalization of the most popular algorithms, COVER (Qi
et al., 2021). Specifically, COVER utilizes two estimators
for both the function and gradient values of the inner func-
tion, namely ut and vt.

K-level optimization. The K-level stochastic optimization
problem (Chen et al., 2021; Jiang et al., 2022) can be formu-
lated as follows

min
x∈X

{
F (x) = fK ◦ fK−1 ◦ · · · ◦ f1(x)

= Eν(K) [fν(K)

K (· · ·Eν(1) [fν(1)

1 (x)])]
}
,

(3)

where fk : Rdk−1 → Rdk on a convex domain X ∈ Rd,
k ∈ [1, k] and d0 = d. ν(k) are independent random vari-
ables, where k ∈ [1,K]. Similarly, let S = ∪K

k=1Sk,
where Sk = {ν(k)1 , · · · , ν(k)nk }, the empirical risk is de-
fined as minx∈X {FS(x) := fK,S ◦ fK−1,S · · · f1,S =

1
nK

∑nK

iK=1 f
ν
(K)
iK

K (· · · ( 1
n1

∑n1

i1=1 f
ν
(1)
i1

1 (A(S))))}. In the
K-level optimization, where changing one sample data can
occur in any layer of the function, we define: Sl,k be the i.i.d.
copy of S where only the l-th data point νkl in Sk is replaced
with νk

′

l , where k ∈ [1, k] and l ∈ [1, nk]. Moreover, we
denote S′ = ∪K

i=1S
(i), where S(i) = {ν(i)

′

1 , · · · , ν(i)
′

ni }. In
this scenario, we consider SVMR (Jiang et al., 2022) with
multiple estimators, which obtains the best convergence re-
sult. In particular, u(k) represents the estimate of the k-th
layer function value and v(k) represents the estimate of the
k-th layer function’s gradient value.

3.2. Concept of Excess Risk

As we all know, excess risk is an evaluation for the gener-
alization performance (Bousquet & Elisseeff, 2002; James
et al., 2013; Charles & Papailiopoulos, 2018), which is used
to analyze the three tackled STORM-based algorithms in
this paper. For a randomized algorithm A, denote by A(S)
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its output model based on the training data S. By denot-
ing F (x∗) = infx∈X F (x) and F (xS

∗ ) = infx∈X FS(x),
then the excess risk is ES,A[F (A(S)− F (x∗)]. According
to the decomposition in (Bousquet & Elisseeff, 2002) and
FS(x

S
∗ ) ≤ FS(x∗) by the definition of xS

∗ , we can obtain
the excess risk as follows

ES,A[F (A(S))− F (x∗)] ≤ ES,A[F (A(S))− FS(A(S))]

+ ES,A[FS(A(S))− FS(x
S
∗ )]. (4)

We refer to the term ES,A[F (A(S))−FS(A(S))] as the gen-
eralization error, as it quantifies the generalization shift from
training to testing behavior. Similarly, ES,A[FS(A(S)) −
FS(x

S
∗ )] is termed the optimization error, measuring how

effectively the algorithm minimizes empirical risk. The
generalization error in this paper is informed by analyses
from prior studies (Cutkosky & Orabona, 2019; Qi et al.,
2021; Jiang et al., 2022). Unlike these works, which pri-
marily focus on convergence analysis, our main objective is
to estimate the generalization error through the algorithmic
stability approach (Bousquet & Elisseeff, 2002). Next, we
provide the definitions of stability.
Definition 1 (Uniform Stability). The uniform stability of
the three stochastic optimizations is defined as follows

(i) In the one-level optimization, an algorithm A is uni-
formly stable for (1) if ∀i ∈ [1, n], there holds
EA[∥A(S)−A(Si)∥] ≤ ϵ.

(ii) In the two-level optimization, an algorithm A is uni-
formly stable for (2), if ∀i ∈ [1, n] and ∀j ∈
[1,m], there holds EA[∥A(S) − A(Si,ν)∥] ≤ ϵν and
EA[∥A(S)−A(Sj,ω)∥] ≤ ϵω .

(iii) In the K-level optimization, an algorithm A is uni-
formly stable for (3), if ∀k ∈ [1,K] and ∀l ∈ [1, nk],
there holds EA[∥A(S)−A(Sl,k)∥] ≤ ϵk.

The expectation EA[·] is taken w.r.t. the internal randomness
of A not the data points for the above definition.

We aim to elucidate the connection between uniform stabil-
ity (as outlined in Definition 1) and the generalization error,
a relation applicable across all randomized algorithms. To
achieve this, we state the following assumption.
Assumption 1 (Lipschitz Continuity). The Lipschitz conti-
nuity of our focused problems is proposed as follows

(i) In the one-level optimization problem, there exists a
constant Lf , such that fν is Lipschitz continuous with
parameters Lf , i.e., supν ∥fν(x)− fν(x̂)∥ ≤ Lf∥x−
x̂∥, for all x, x̂ ∈ Rd.

(ii) In the two-level optimization problem, there exist two
constants Lf and Lg, such that fν and gω are Lip-
schitz continuous with parameters Lf and Lg, re-
spectively, i.e., supν ∥fν(y) − fν(ŷ)∥ ≤ Lf∥y −

ŷ∥ for all y, ŷ ∈ Rd1 , and supω ∥gω(x) − gω(x̂)∥ ≤
Lg∥x− x̂∥ for all x, x̂ ∈ Rd.

(iii) In the K-level optimization problem, there exists a
constant Lf , such that ∀k ∈ [1,K], fν(k)

k are Lips-
chitz continuous with parameter Lf , respectively, i.e.,
supν(k) ∥fν(k)

k (y)−fν(k)

k (ŷ)∥ ≤ Lf∥y− ŷ∥, ∀ y, ŷ ∈
Rdk−1 .

3.3. Generalization of the K-level Optimization

Although existing studies have established relationships
between the generalization error and the stability under one-
level (Hardt et al., 2016) and two-level (Yang et al., 2023)
stochastic optimizations, the more complex and general
K-level stochastic optimization remains unexplored. There-
fore, by integrating the stability concept, we specifically
define the following theorem for the K-level optimization,
which aims to show the quantitative relationship between
the generalization error and the stability.
Theorem 1. If Assumption 1 (iii) holds true and the ran-
domized algorithm A is uniformly stable, then for K ≥ 3,
ES,A[F (A(S))− FS(A(S))] is bounded by

LK
f ϵK +

K−1∑
k=1

(
4LK

f ϵk + Lf

√
ES,A[Vark(A(S)]

nk

)
,

where Vark(A(S)) = Ev(k) [∥fk ◦ fk−1 ◦ · · · ◦ f1(A(S)−
fv(k)

k ◦ fk−1 ◦ · · · ◦ f1(A(S)∥2].
Remark 1. Theorem 1 establishes the quantitative relation-
ship between the generalization and the uniform stability
for any randomized algorithm applied to K-level stochastic
optimizations. In particular, when K = 1, i.e., the one-
level stochastic optimization, where F (x) = Eν [fν(x)]
and FS(x) = 1

n

∑n
i=1 fνi(x), we can see the absence

of randomness with respect to ϵk, ∀k ∈ [2,K]. Conse-
quently, we derive ES,A[F (A(S)) − FS(A(S))] ≤ Lf ϵ,
consistent with the findings in (Hardt et al., 2016). For
the two-level scenario, i.e., k = 2, we obtain L2

f ϵ2 +

4L2
f ϵ1 + Lf

√
ES,A[Var1(A(S))]/n1. Here, the variance

term ES,A[Var1(A(S))] arises from the estimator used for
the inner function values. We only need to alter the nota-
tions in Assumption 1 (iii) to obtain results consistent with
(Yang et al., 2023).
Remark 2. In Theorem 1, we can find the generalization
error depends not only on stability but also on the variance
term, i.e.,

√
ES,A[Vark(A(S)]/nk due to the estimators.

An interesting observation is that the variance term is not
only determined by the current layer function but also by
the combined function of the total number of layers, i.e., for
Vark(A(S)), which is determined by fk ◦ fk−1 ◦ · · · ◦ f1,
instead of fk. This implies that with an increasing number
of levels, we should enlarge the sample size in order to
achieve a better generalization error.
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After establishing the quantitative relationship between the
generalization error and the stability bound, the next goal is
to establish stability bounds for these corresponding algo-
rithms, i.e., STORM, COVER, and SVMR. In next section,
we will introduce how to approach this in detail.

4. Stability and Generalization
In this section, we present the main results for various op-
timization problems, which include stability bounds and
optimization errors, and ultimately derive the excess risks.
Different results for the convex and strongly convex settings
will be shown in separate subsections. Before giving the
theoretical results, we state the following assumptions to
facilitate our proofs.

Assumption 2 (Empirical Variance). With probability 1
w.r.t. S, there exist constants to bound the following:

(i) In the one-level optimization problem, there
exist two constants σf and σJ , such that
supx∈X

1
n

∑n
i=1[∥fνi

(x) − fS(x)∥2] ≤ σ2
f and

supx∈X
1
n

∑n
i=1[∥∇fνi

(x)−∇fS(x)∥2] ≤ σ2
J .

(ii) In the two-level optimization problem, there
exist three constants σg, σ′

g and σf , such that
supx∈X

1
m

∑m
j=1[∥gωj (x) − gS(x)∥2] ≤ σ2

g ,
supx∈X

1
m

∑m
j=1[∥∇gωj (x)−∇gS(x)∥2] ≤ σ2

g′ and
supy∈Rd

1
n

∑n
i=1[∥∇fνi

(y)−∇fS(y)∥2] ≤ σ2
f .

(iii) In the K-level optimization problem, there exist two
constants σf and σJ , such that for 1 ≤ k ≤ K, there
holds supy∈Rdk−1

1
nk

∑nk

j=1[∥fν(j)

k (y)− fk,S(y)∥2] ≤

σ2
f and supy∈Rdk−1

1
nk

∑nk

j=1[∥∇fν(j)

k (y) −
∇fk,S(y)∥2] ≤ σ2

J .

Assumption 3 (Smoothness and Lipschitz continuous gra-
dient). With probability 1 w.r.t. S, there exist constants to
make following conditions hold true.

(i) In the one-level optimization, the problem fS(·) is
L-smooth, i.e., ∥∇fν(x) − ∇fν(x

′)∥ ≤ L∥x − x′∥,
∀x, x′ ∈ X .

(ii) In the two-level optimization, the problem
fS(gS(·)) is L-smooth, i.e., ∥∇gS(x)∇fS(gS(x)) −
∇gS(x

′)∇fS(gS(x
′))∥ ≤ L∥x − x′∥, ∀x, x′ ∈ X .

Also, fS(·) has Lipschitz continuous gradients,
i.e.,∥∇fS(y) − ∇fS(ȳ)∥ ≤ Cf∥y − ȳ∥ for all
y, ȳ ∈ Rd.

(iii) In the K-level optimization, the problem FS(·) is L-
smooth, i.e., ∥ΠK

i=1∇Fi,S(x) − ΠK
i=1∇Fi,S(x

′)∥ ≤
L∥x − x′∥, ∀x, x′ ∈ X , where ∇Fk,S(x) =
∇fk,S(fk−1,S(· · · (f1,S(x))))) and ∇F1,S(x) =

∇f1,S(x). Additionally, ∀k ∈ [1,K], the k-level
function has Lipschitz continuous gradients, i.e.,
∥∇fk,S(y) −∇fk,S(ȳ)∥ ≤ Lf∥y − ȳ∥ for all y, ȳ ∈
Rdk−1 .

Assumptions 2-3 are widely used in convergence and
generalization analysis (Charles & Papailiopoulos, 2018;
Cutkosky & Orabona, 2019; Zhang et al., 2021; Qi et al.,
2021; Jiang et al., 2022; Yang et al., 2023), which ensure
the convergence and stability. It is important to note that
Assumption 2 in generalization analysis shows the differ-
ence between the stochastic gradient and the empirical risk
gradient ∇fS(x). We also present the following definition
for our focused settings, i.e., convex and strongly convex.

Definition 2. A function F is µ-strongly convex if for all
x, x′ ∈ X , we have F (x) ≥ F (x′) + ⟨∇F (x′), x − x′⟩ +
µ
2 ∥x− x′∥2, and if µ = 0, we say that F is convex.

4.1. Convex setting

Stability Results. The following theorems establish the uni-
form stability for the three optimizations under the convex
setting, i.e., convex FS . All the theoretical results in this
subsection are under Assumptions 1-3.

Theorem 2 (One-level, Stability, Convex). Consider
STORM in Algorithm 1 with ηt = η ≤ 2

3L and βt = β ∈
(0, 1), ∀t ∈ [0, T − 1]. Then, the outputs A(S) = xT at
iteration T are uniformly stable with

ϵ = O
(
sup
S

η

T−1∑
j=0

Var(vj) +
LfηT

n

)
,

where Var(vj) = (EA[∥vj −∇fS(xj)∥2])1/2.

Remark 3. We can find that in (Hardt et al., 2016), the
uniform stability for SGD with the same setting is of the
order O(

LfηT
n ). However, using STORM adds another term

supS η
∑T−1

j=0 Var(vj) caused by the estimator. This new
term is determined by the difference between the estimate
vj and the gradient of the empirical risk ∇fS(xj). In other
words, STORM may not be as stable as SGD.

Theorem 3 (Two-level, Stability, Convex). Consider
COVER in Algorithm 2 with ηt = η ≤ 1

4L and βt = β ∈
(0, 1), ∀t ∈ [0, T − 1]. Then, the outputs A(S) = xT at
iteration T are uniformly stable with

ϵν + ϵω =O
(
LgCf sup

S
η

T−1∑
j=0

(Var(uj) + Var(vj))

+ Lfσfη
√
T +

LgLfηT

m
+

LgLfηT

n

)
.

where Var(uj) = (EA[∥uj−gS(xj)∥2])1/2 and Var(vj) =
(EA[∥vj −∇gS(xj)∥2])1/2
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Remark 4. When comparing the stability of COVER in
Theorem 3 with STORM, particularly under the condition
where n = m, COVER in the two-level stochastic optimiza-
tion is characterized by two additional terms: Lfσfη

√
T

and LgCf supS η
∑T−1

j=0 Var(vj). The first term emerges
due to the empirical error of the outer function. The second
term is generated by the provided estimator from COVER
for the inner function values, which accounts for the differ-
ence between the inner function estimator and the empirical
risk of the inner function value.

Theorem 4 (K-level, Stability, Convex). Consider SVMR
in Algorithm 3 with ηt = 2

LK(K+2) and βt = β ∈ (0, 1),
∀t ∈ [0, T − 1]. Then, the outputs A(S) = xT at iteration
T are uniformly stable with

K∑
k=1

ϵk = O
(
sup
S

η

T−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+

(i−1)i
2

f Varj,s(u)

+ sup
S

η

T−1∑
s=1

K∑
i=1

L
K+

(i−3)i
2

f Vari,s(v) +

K∑
k=1

ηLK
f T

nk

)
,

where Varj,s(u) = (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2 and

Vari,s(v) = (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2.

Remark 5. Compared to the stability of COVER, es-
pecially when nk is equal ∀k ∈ [1,K], SVMR in-
troduces additional terms due to its estimators. Let
us discuss the term introduced by the function gradi-

ent estimator supS η
∑T−1

s=1

∑K
i=1 L

K+
(i−3)i

2

f Vari,s(v), ac-
cumulating an extra factor of K due to the need for
K estimators to estimate the function gradient at each
level. As for the term from the function value estimator
supS η

∑T−1
s=1

∑K
i=1

∑i−1
j=1 L

K−j+
(i−1)i

2

f Varj,s(u), it be-
comes more complex in K-level optimization, involving
three cumulative summations. This complexity arises from
interactions between multiple levels, where estimators at
different levels have influence instead of them at the same
level. The derivatives of the function at the each level are
affected by the function value estimator at the previous level
and, in turn, impact the function value estimator at the next
level, indicating their increased importance. The omitted
term relates to the use of the gradient value estimator for
the outer function and is equal to Lfσfη

√
T in Theorem 4.

This omission transforms the empirical variance of the outer
function into a discrepancy between the gradient estimator
and the empirical gradient value of the outer function.

Remark 6. Regardless of any algorithm, i.e., SGD or
STORM-based, or any number of levels, the choice of step
size η will affect the stability bound, which indicates proper
selection of η. In addition, we can find that using fewer
iterations can make the algorithms more stable, which may
be a potential approach to enhance the generalization of
STORM-based algorithms.

Combining Theorems 1 and 5, we have established gen-
eralization results for the three algorithms. To get excess
risk bounds, we also need the optimization error results, i.e.,
E[FS(A(S)− FS(x

S
∗ )].

Generalization results. Before giving the theorems, we
give some clarification. We use the assumption that the
X domain is bounded in Rd to give the upper bound, i.e.,
EA[∥xt−xS

∗ ∥2] ≤ Dx, ∀t ∈ [0, T−1]. Let c be an arbitrary
constant, the following three theorems hold.

Theorem 5 (Optimization, Convex). Let A(S) =
1
T

∑T
t=1 xt be the solution produced by STORM, COVER,

and SVMR in Algorithms 1-3, respectively. The following re-
sults bound the optimization error E[FS(A(S))− FS(x

S
∗ )].

(One-level). For the problem in (1), by selecting ηt = η and
βt = β, then it holds

O
(Dx

ηT
+(Dx+σ2

J)β
1
2 +L2

fη+V (Tβ)−cβ− 1
2 +

L2
fη

2

β3/2

)
,

where EA∥v0 −∇fS(x0)∥2 ≤ V .

(Two-level). For the problem in (2), by selecting ηt = η and
βt = β, then it holds

O
(Dx

ηT
+Φ1β

1
2 +Φ2η +Φ3(Tβ)

−cβ− 1
2 +

Φ4η
2

β3/2

)
,

where Φ1 = LgCfσ
2
g + Lfσ

2
g′ + (Lf + LgCf )Dx, Φ2 =

L2
gL

2
f , Φ3 = LgCfU + LfV , Φ4 = L5

gL
2
fCf + L4

gL
3
f ,

EA∥u0 − gS(x0)∥2 ≤ U , and EA∥v0 −∇gS(x0)∥2 ≤ V .

(K-level). For the problem in (3), by selecting ηt = η and
βt = β < max

(
1

8K
∑K

i=1(2L
2
f )

i , 1
)

, then it holds

O
(Dx

ηT
+Φ5β

1
2 + LK

f η +Φ6(Tβ)
−cβ− 1

2 +
Φ7η

2

β3/2

)
.

where Φ5 = Lm
f (σ2

f + σ2
J + σ2

f

∑K
i=1 L

2i
f + Dx) +

Dx, Φ6 = Lm
f (

∑K
i=1 Ui + Vi), Φ7 = Lm

f

∑K
i=1 L

2i
f ,

Lm
f = max(L

K−j+
(i−1)i

2

f , L
K+

(i−3)i
2

f ) for any i, j ∈
[1,K], EA∥u(i)

1 − fi,S(u
(i−1)
0 )∥2 ≤ Ui, and EA∥v(i)1 −

∇fi,S(u
(i−1)
0 )∥2 ≤ Vi, ∀i ∈ [1,K].

Remark 7. In Theorem 5, we can see that various factors
affect optimization errors. Note that selecting βt and ηt
should be tailored to the specific requirements of different
problems. In particular, when adjusting ηt to minimize the
optimization error in one-level optimizations, ηt impacts
Dx

ηT , LK
f η, and

L2
fη

2

β3/2 . Unfortunately, the unknown value of
Lf during training complicates determining the optimal η.
In addition, each theorem features a term influenced by the
first estimation error, i.e., V (Tβ)−cβ− 1

2 ,Φ3(Tβ)
−cβ− 1

2 ,
and Φ6(Tβ)

−cβ− 1
2 , where V,Φ3, and Φ6 all include the
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discrepancy between the estimators and the empirical risk
at the first iteration. This suggests that employing a larger
batch size to compute the estimators in the first iteration
could effectively reduce the optimization error of the algo-
rithm without significantly increasing computational costs.

By combining Theorems 1-4, we obtain the generalization
error. Further, integrating this with the optimization error
outlined in Theorem 5 allows us to derive the following
excess risk bounds.

Theorem 6 (Excess Risk Bound, Convex). Let A(S) =
1
T

∑T
t=1 xt be the solution produced by STORM, COVER,

and SVMR in Algorithms 1-3, respectively.

(One-level). For the problem in (1), by selecting T ≍
n

5
2 , η = T− 4

5 , and β = T− 4
5 , we can obtain that

ES,A[F (A(S))− F (x∗)] = O
(

1√
n

)
.

(Two-level). For the problem in (2), by selecting T ≍
max(n5/2,m5/2), η = T− 4

5 , and β = T− 4
5 , we can obtain

that ES,A[F (A(S))− F (x∗)] = O
(

1√
n
+ 1√

m

)
.

(K-level). For the problem in (3), by selecting T ≍
max(n

5/2
k ), ∀k ∈ [1,K], η = T− 4

5 , and β = T− 4
5 , we can

obtain that ES,A[F (A(S))− F (x∗)] = O
(∑K

k=1
1√
nk

)
.

Remark 8. Theorem 6 demonstrates that STORM, by
choosing T ≍ n

5
2 and appropriately selecting iteration num-

ber T and parameters η, β, achieves a generalization error
rate of O( 1√

n
) in a convex setting. This is in contrast to

SGD, which requires fewer iterations (T ≍ n) to reach
the same bound (Hardt et al., 2016). This difference may
be caused by the estimator in STORM, potentially lead-
ing to increased generalization error and excess risk due to
reduced algorithm stability. This contrast is further high-
lighted when comparing with Theorem 6, where each addi-
tional level, denoted as K+1, requires reassessing iterations
and selecting the maximum sample size T ≍ max(n

5/2
k ),

∀k ∈ [1,K+1], which results in an incremental excess risk
increase of O( 1√

nK+1
) with each level while maintaining

constant settings for η and β relative to T .

Remark 9. It should be noted that in Theorems 2-4, we
discuss the stability of the final iterate A(S) = xT . Con-
versely, in Theorem 5, we address the generalization bound
of A(S) = 1

T

∑T
t=1 xt, representing the average of the in-

termediate iterates x1, . . . , xT . This distinction arises from
the understanding that generalization encompasses both sta-
bility and optimization. In the convex setting, the primary
focus of optimization is often on the average of intermedi-
ate iterates, as exemplified in sources such as (Wang et al.,
2017; Yang et al., 2023).

4.2. The Strongly Convex Setting

Note that we follow a similar process in the convex setting
to analyze the generalization performance in the strongly
convex setting.

Stability Results. The following theorem establishes the
uniform Stability in the strongly convex setting. Before pro-
ceeding, we assume that Assumptions 1-3 and Definition 2
apply to FS , which is strongly convex at the corresponding
level, as outlined in Section 4.2.

Theorem 7 (One-level, Stability, Strongly Convex). Con-
sider STORM in Algorithm 1 with ηt = η ≤ 2

3(L+µ) and
βt = β ∈ (0, 1), ∀t ∈ [0, T − 1]. Then, the outputs
A(S) = xT at iteration T are uniform stable with

ϵ = O
(
η

T−1∑
j=0

(1− 2ηLµ

L+ µ
)T−j−1 Var(vj) +

Lf (L+ µ)

Lµn

)
.

Theorem 8 (Two-level, Stability, Strongly Convex). Con-
sider COVER in Algorithm 2 with ηt = η ≤ 1

4L+4µ and
βt = β ∈ (0, 1), ∀t ∈ [0, T −1] and the output A(S) = xT .
Then, the outputs A(S) = xT at iteration T are uniform
stable with

ϵν + ϵω = O
(
LgCfη sup

S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1 Var(uj)

+ Lfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1 Var(vj)

+
(L+ µ)LgLf

Lµm
+

(L+ µ)LgLf

Lµn
+ Lgσf

√
L+ µ

Lµ

√
η
)
.

Theorem 9 (K-level, Stability, Strongly Convex). Consider
SVMR in Algorithm 3 with ηt = η ≤ 2

(L+µ)K(K+2) and
βt = β ∈ (0, 1), ∀t ∈ [0, T −1] and the output A(S) = xT .
Then, the outputs A(S) = xT at iteration T are uniform
stable with

K∑
k=1

ϵk

= O
( T−1∑

s=1

K∑
i=1

(
1− 2ηLµ

L+ µ

)T−s

ηL
K+

(i−3)i
2

f Vari,s(v)

+

T−1∑
s=1

K∑
i=1

i−1∑
j=1

(
1− 2ηLµ

L+ µ

)T−s

ηL
K−j+

(i−1)i
2

f Varj,s(u)

+

K∑
k=1

LK
f (L+ µ)

Lµnk

)
.

Remark 10. Many conclusions from the strongly convex
setting align with the convex setting, and we analyze them

7
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individually. First, in the one-level stochastic optimiza-
tion, the stability of SGD is of the order O( 1

µn ) in (Hardt
et al., 2016). Compared to SGD, our results include an ad-
ditional term, η

∑T−1
j=0 (1−

2ηLµ
L+µ )T−j−1 Var(vj), which is

the same as in the convex setting. This implies that STORM
may also be less stable under the strongly convex setting
than SGD. Second, in the two-level scenario, considering
m = n, COVER introduces two additional terms. The
reasons for these terms are the same as under the convex
setting, stemming from the additional estimator used and the
empirical variance of the outer function. Lastly, in K-level
optimization, SVMR includes only one additional coeffi-
cient, (1− 2ηLµ

L+µ )T−s, due to the strongly convex property.

Remark 11. Note that there are some significant differ-
ences in the strongly convex setting compared to the convex
setting. Under the strongly-convex setting, each situation

includes an item, such as
∑K

k=1

LK
f (L+µ)

Lµnk
, that is indepen-

dent of the step size but depends on the sample size used by
each layer function. Therefore, in strongly convex settings,
achieving satisfactory stability may require more than just
selecting an appropriate step size; it becomes imperative to
increase the sample size simultaneously to improve stability.

Generalization results. Let c be an arbitrary constant, the
following theorems hold, which aim to show the optimiza-
tion errors in the strongly convex setting.

Theorem 10 (Optimization, Strongly Convex). Let A(S) =

(
∑T

t=1(1−
µη
2 )T−txt)/(

∑T
t=1(1−

µη
2 )T−t) be the solution

produced by STORM, COVER, and SVMR in Algorithms 1-3,
respectively. The following results bound the optimization
error E[FS(A(S))− FS(x

S
∗ )].

(One-level). For the problem in (1), by selecting ηt = η ≤
2

3(L+µ) and βt = β ∈ (0, 1), then it holds

O
(Dx + Uη

(ηT )c
+ L2

fLη +
V

(βT )c
+ σ2

Jβ +
L2
fη

2

β

)
.

(Two-level). For the problem in (2), by selecting ηt = η,
and βt = β < min

(
1

8C2
f
, 1
)

, then it holds

O
(Dx +Ψ1η

(ηT )c
+ LL2

gL
2
fη +

Ψ2

(βT )c
+Ψ3β +

Ψ3η
2

β

)
,

where Ψ1 = L2
gC

2
fU +L2

fV , Ψ2 = L2
gC

2
fσ

2
g +L2

fσ
2
g′ , and

Ψ3 = L6
gC

2
fL

2
f + L4

fL
4
g .

(K-level). For the problem in (3), by selecting ηt = η and
βt = β < max

(
1

8K
∑K

i=1(2L
2
f )

i , 1
)

, then it holds

O
(Dx +Ψ4η

(ηT )c
+ ηLK

f +
Ψ5

(βT )c
+Ψ6β +

Ψ7η
2

β

)
.

where Ψ4 = Lm
f

∑K−1
j=1 (Ui + Vi), Ψ5 = Lm

f

∑K
i=1(Ui +

Vi), Ψ6 = Lm
f (σ2

f + σ2
J + σ2

f (
∑K

i=1(L
2
f )

i)), and Ψ7 =

Lm
f

∑K
i=1(L

2
f )

i.

Now, we come to derive the following excess risk bounds
for the strongly convex setting.
Theorem 11 (Excess Risk Bound, Strongly Convex). Let
A(S) = (

∑T
t=1(1 − µη

2 )T−txt)/(
∑T

t=1(1 − µη
2 )T−t) be

the solution produced by STORM, COVER, and SVMR in
Algorithms 1-3, respectively.

(One-level). For the problem in (1), by selecting T ≍
n

7
6 , η = T− 6

7 , and β = T− 6
7 , we can obtain that

ES,A[F (A(S))− F (x∗)] = O
(

1√
n

)
.

(Two-level). For the problem in (2), by selecting T ≍
max(n7/6,m7/6) and η = β = T− 7

6 , we can obtain that

ES,A[F (A(S))− F (x∗)] = O
(

1√
n
+ 1√

m

)
.

(K-level). For the problem in (3), by selecting T ≍
max(n

7/6
k ), ∀k ∈ [1,K] and η = β = T− 7

6 , we can obtain

that ES,A[F (A(S))− F (x∗)] = O
(∑K

k=1
1√
nk

)
.

Remark 12. Theorem 11 demonstrates that, in the case of
strong convexity, the generalization error for STORM can
attain a rate of O( 1√

n
) by carefully choosing the iteration

number T , along with constant step sizes η and β. We
can find that under the strongly convex setting, we only
need iteration T ≍ n

7
6 , however, under the convex setting,

we need more iteration T ≍ n
5
2 . Summarizing these three

theorems, we can easily discern the relationship between the
excess risk bound and the number of levels. This conclusion
is very similar to that in the convex setting. Specifically,
for each additional level, denoted as K + 1, it is necessary
to reassess iterations and select the maximum sample size
T ≍ max(n

7/6
k ), ∀k ∈ [1,K + 1]. This results in an

incremental excess risk increase of O( 1√
nK+1

) with each
level, while η and β remain constant relative to T .

To make our paper easy to understand, Table 1 lists all of
our theoretical results in Appendix A.

5. Experiments
In this section, we carried out a series of experiments using
simulated data to validate our theoretical findings, consisting
of four separate tests.

First, we examined the performance of STORM versus SGD
in fitting a univariate quintic polynomial. We generated
2000 data points based on this polynomial and introduced
Gaussian noise with a mean of 0 and variance of 3. The
data was divided into a training and testing split of 60/40.
Throughout 500 iterations, using a step size of 0.001 and
a batch size of 128, we monitored both training and test-
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ing losses using the mean squared error metric. Although
STORM demonstrated poorer generalization, indicated by
a larger discrepancy between training and testing losses, it
outperformed SGD in overall loss metrics.

Second, we investigated how varying the number of lev-
els, k, affects generalization error within a two-level opti-
mization framework. We represented our target function as
F (x) = f(g(·)), creating two sets of data points, S1 and S2,
each contaminated with Gaussian noise (mean 0, variance
3). The dataset was split into a 60/40 train-test ratio. The
goal was to optimize g(·) to fit S1 and f(·) to fit S2 using
SVMR as the optimizer, with a step size of 0.01, a projec-
tion operation Lf set at 50, and a batch size of 128 over
500 iterations. We recorded the average generalization error
during the last 10 iterations while incrementally increasing
the level count from 1 to 50. Our results showed a steady
rise in generalization error as the number of levels increased,
particularly intensifying beyond 35 levels.

Figure 1. SGD VS STORM. Figure 2. Effect of Level.

Third, we explored the impact of the initial iteration batch
size on generalization. In this experiment, we maintained a
fixed number of levels k = 10, with other parameters con-
sistent with above, and varied only the batch size during the
first five iterations before stabilizing it at 128. We observed
that when the initial batch size is smaller than the standard
value of 128, the generalization error is higher than at 128.
Conversely, setting the initial batch size to 256 and 512
significantly improved the generalization error. This finding
supports our observation that under the same initial condi-
tions, increasing the batch size in the initial few iterations
can enhance the generalization performance of SVMR.

Fourth, we investigated the impact of noise on generaliza-
tion. In this experiment, while keeping the settings con-
sistent with Experiment 2, we set k = 10 and maintained
the batch size at 128. However, we varied the variance of
Gaussian distribution noise. Specifically, we incrementally
increased the Gaussian noise variance from 0.1 to 3 in steps
of 0.1 to observe its effects on generalization. Noise can
improve generalization by 1) aiding the model in escaping
local minima to find lower values, and 2) preventing the
model from overfitting the training data. The drawback
of noise in terms of generalization is that it challenges an

algorithm’s stability; excessive noise can compromise this
stability, thereby diminishing generalization performance.
Our results indicated that when the noise variance does
not exceed 1.5, it positively impacts generalization. How-
ever, beyond a variance of 1.5, the detrimental effects on
algorithm stability outweigh the benefits, leading to poorer
generalization outcomes.

Figure 3. Effect of batch size. Figure 4. Effect of noise.

6. Conclusion
This paper conducts a thorough generalization analysis of
STORM-based algorithms: STORM, COVER, and SVMR,
for one, two, and K-level stochastic optimizations. Firstly,
for the K-level optimization, we introduce a tailored sta-
bility notion, paving the way for deeply understanding the
relationship between generalization error, stability, and the
number of levels. We further investigate their stability and
excess risk bounds in both convex and strongly convex set-
tings. Based on our analysis, we have found three observa-
tions for STORM-based algorithms: (1) Individual estima-
tors can compromise algorithm stability due to target vari-
ances, harming generalization performance. (2) Increasing
the number of levels also affects the algorithm’s generaliza-
tion error through stability and gradient variances. (3) Using
more initial samples for estimation can boost performance
without significantly raising computational costs.

Impact Statement
This paper contributes to the advancement of the Machine
Learning field. While recognizing the potential societal
consequences of our work, we believe it is unnecessary to
specifically highlight any particular implications here.
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A. Results Summary and Corresponding Algorithms
A.1. Summary of Results

Table 1. Summary of our results.

Setting Bound Level Reference Result

Generation

1 (Hardt et al., 2016) Lf ϵ

2 (Yang et al., 2023) L2
f ϵ2 + 4L2

f ϵ1 + Lf

√
ES,A[Var1(A(S))]/n1

K Theorem 1 LK
f ϵK +

∑K−1
k=1

(
4LK

f ϵk + Lf

√
ES,A[Vark(A(S)]/nk

)

C

Stability

1 Theorem 2 O
(
η
∑T−1

j=0 Var(vj) +
LfηT

n

)
2 Theorem 3 O

(
η
∑T−1

j=0 (Var(uj) + Var(vj)) + η
√
T + ηT

m + ηT
n

)
K Theorem 4 O

(
L̃K,i
f

∑i−1
j=1 L

i−j
f VarT (u, v) +

∑K
k=1

ηLK
f T

nk

)

Excess Risk

1 Theorem 6 O( 1√
n
), T ≍ n5/2

2 Theorem 6 O
(

1√
n
+ 1√

m

)
, T ≍ max(n5/2,m5/2)

K Theorem 6 O
(∑K

k=1
1√
nk

)
, T ≍ max(n

5/2
k ), ∀k ∈ [1,K]

SC

Stability

1 Theorem 7 O
(
η
∑T−1

j=0 L̃T−j−1 Var(vj) +
Lf (L+µ)

Lµn

)
2 Theorem 8 O

(
η
∑T−1

j=0 L̃T−j−1(Var(uj) + Var(vj)) +
(L+µ)LgLf

Lµm +
(L+µ)LgLf

Lµn

)
K Theorem 9 O

(
η
∑T−1

s=1 L̃T−sL̃K,i
f

∑i−1
j=1 L

i−j
f VarT (u, v) +

∑K
k=1

LK
f (L+µ)

Lµnk

)

Excess Risk

1 Theorem 11 O
(

1√
n

)
, T ≍ n7/6

2 Theorem 11 O
(

1√
n
+ 1√

m
), T ≍ max(n7/6,m7/6)

K Theorem 11 O
(∑K

k=1
1√
nk

)
, T ≍ max(n

5/2
k ), ∀k ∈ [1,K]

We use the following parameters to simplify the notations: VarT (u, v) =
∑T−1

s=1 (Varj,s(u) + Vari,s(v)), L̃ = (1− 2ηLµ
L+µ ),

and L̃K,i
f =

∑K
i=1 L

K+
(i−3)i

2

f

A.2. Description of Algorithms

Algorithm 1 STORM.
Inputs: Training data S = {νi : i = 1, · · · , n}; Number of iterations T ; Parameter ηt, βt

1: Initialize x0 ∈ X , v0 ∈ Rd

2: Draw a sample j0 ∈ [1, n], obtain ∇fνj0
(x0).

3: for t = 0 to T − 1 do
4: xt+1 = xt − ηtvt
5: Draw a sample jt+1 ∈ [1, n], obtain ∇fνjt+1

(xt)

6: Compute estimators vt+1 = ΠLf
[∇fνjt+1

(xt+1) + (1− βt+1)(vt −∇fνjt+1
(xt))]

7: end for
8: Outputs: A(S) = xT or xτ ∼ Unif({xt}Tt=1)
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Algorithm 2 COVER.
Inputs: Training data Sν = {νi : i = 1, · · · , n}, Sω = {ωj : j = 1, · · · ,m}; Number of iterations T , Parameter ηt, βt

1: Initialize x0 ∈ X , u0, v0 ∈ Rd

2: Draw a sample j0 ∈ [1, n] and , i0 ∈ [1,m], obtain ∇gωj0
(x0) and ∇fνi0

(u0).
3: for t = 0 to T − 1 do
4: xt+1 = xt − ηtvt∇fνit

(ut)
5: Draw a sample jt+1 ∈ [1,m], obtain gωjt+1

(xt+1) and gωjt+1
(xt)

6: Compute estimators ut+1 = gωjt+1
(xt+1) + (1− βt+1)(ut − gωjt+1

(xt))

7: Draw a sample jt+1 ∈ [1,m] , obtain ∇gωjt+1
(xt+1) and ∇gωjt+1

(xt)

8: Compute estimators vt+1 = ΠLf
[∇gωjt+1

(xt+1) + (1− βt+1)(vt −∇gωjt+1
(xt)]

9: Draw samples it+1 ∈ [1, n], obtain ∇fνit+1
(ut+1)

10: end for
11: Outputs: A(S) = xT or xτ ∼ Unif({xt}Tt=1)

Algorithm 3 SVMR.

Inputs: Training data S = {ν(1)1 , · · · , ν(1)n1 , · · · , ν
(K)
1 , · · · , ν(K)

nK }.; Number of iterations T ; Parameter ηt, βt

1: Initialize x0 ∈ X , u(i)
0 , v

(i)
0 ∈ Rd for all i ∈ [0,K]

2: Draw a sample j0 ∈ [1, n] and , i0 ∈ [1,m], obtain ∇gωj0
(x0) and ∇fνi0

(u0).
3: for t = 0 to T − 1 do
4: xt+1 = xt − ηt

∏K
i=1 v

(i)
t and set u(0)

t = xt

5: for level i = 1 to K do
6: Draw a sample ν

(i)
t+1 ∈ [1, ni], obtain f

ν
(i)
t+1

(u
(i−1)
t+1 ), f

ν
(i)
t+1

(u
(i−1)
t ), ∇f

ν
(i)
t+1

(u
(i−1)
t+1 ) and ∇f

ν
(i)
t+1

(u
(i−1)
t )

7: Compute estimators u(i)
t+1 = f

ν
(i)
t+1

(u
(i−1)
t+1 ) + (1− βt+1)(u

(i)
t − f

ν
(i)
t+1

(u
(i−1)
t ))

8: Compute estimators v(i)t+1 = ΠLf
[∇f

ν
(i)
t+1

(u
(i−1)
t+1 ) + (1− βt+1)(u

(i)
t −∇f

ν
(i)
t+1

(u
(i−1)
t ))]

9: end for
10: end for
11: Outputs: A(S) = xT or xτ ∼ Unif({xt}Tt=1)
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B. Useful Lemmas
Before giving the detailed proof, we first give some useful lemmas.

Lemma 12 (Lemma 4 in (Yang et al., 2023)). Let {ai}Ti=1, {bi}Ti=1 be two sequences of positive real numbers such that

ai ≤ ai+1 and bi ≥ bi+1 for all i. Then we have
∑T

i=1 aibi∑T
i=1 ai

≤
∑T

i=1 bi
T .

Lemma 13. Consider a sequence {βt}t≥0 ∈ (0, 1] and define Υt =
∏t

i=1(1 − βi), then we can get for any qt ≤
(1− βt)qt−1 + pt, qt ≤ Υt(q0 +

∑t
i=1

pi

Υi
).

Proof. We divide both side of qt ≤ (1 − βt)qt−1 + pt by Υt, then we have qt
Υt

≤ qt−1

Υt−1
+ pt

Υt
, t ≥ 1. Summing up the

above inequalities, we have qt ≤ Υk(q0 +
∑t

i=1
pi

Υi
).

Lemma 14 (Lemma 2 in (Yang et al., 2023)). Assume that the non-negative sequence ut : t ∈ N satisfies the following
recursive inequality for all t ∈ N,

u2
t ≤ St +

t−1∑
τ=1

ατuτ .

where {Sτ : τ ∈ N} is an increasing sequence, S0 ≥ u2
0 and ατ for any τ ∈ N. Then, the following inequality holds true:

ut ≤
√

St +

t−1∑
τ=1

ατ .

C. One-level Stochastic Optimizations
Lemma 15 (Theorem 3.7 in (Hardt et al., 2016)). If Assumption 1(i), 2 (i) and 3 (i) holds true and the randomized algorithm
A is ϵ-uniformly stable then

ES,A[F (A(S))− FS(A(S))] ≤ Lf ϵ.

Lemma 16 (Lemma 2 in (Cutkosky & Orabona, 2019)). Let Assumption 1(i), 2 (i) and 3 (i) holds hold for the empirical
risk FS , and xt, vt is generated by Algorithm 1, then we have

EA[∥vt −∇fS(xt)∥2|Ft] ≤ (1− βt)∥vt−1 −∇fS(xt−1)∥2|+ 2β2
t σ

2
J + 2L2

f∥xt − xt−1∥2.

Lemma 17. Let Assumption 1(i), 2 (i) and 3 (i) holds hold for the empirical risk FS , and xt, vt is generated by Algorithm
1, then for any c > 0, we have

EA[∥vt −∇fS(xt)∥2] ≤ (
c

e
)c(tβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2
fη

2

β
.

proof of lemma 17. According to Lemma 16, and note that EA[∥xt − xt−1∥2] ≤ L2
fη

2
t−1 we have

EA[∥vt −∇fS(xt)∥2] ≤ (1− βt)EA[∥vt−1 −∇fS(xt−1)∥2] + 2β2
t σ

2
J + L2

fη
2
t−1.

Telescoping the above inequality from 1 to t, according to Lemma 13, we have

EA[∥vt −∇fS(xt)∥2] ≤
t∏

j=1

(1− βj)EA[∥v0 −∇fS(x0)∥2] +
t∏

j=1

(1− βj)(

t∑
j=1

2βjσ
2
J∏j

i=1(1− βi)
)

+

t∏
j=1

(1− βj)(

t∑
j=1

L2
fη

2
j−1∏j

i=1(1− βi)
).

Setting βt = β and ηt = η, we have

EA[∥vt −∇fS(xt)∥2] ≤
t∏

j=1

(1− βj)EA[∥v0 −∇fS(x0)∥2] +
t∑

j=1

(1− β)t−j(2β2σ2
J + L2

fη
2).
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Note that for all K ≤ N and βi > 0, we have

N∏
i=K

(1− βi) ≤ exp(−
N∑

i=K

βi), (5)

then we have

EA[∥vt −∇fS(xt)∥2] ≤ exp(−βt)EA[∥v0 −∇fS(x0)∥2] +
t∑

j=1

(1− β)t−j(2β2σ2
J + L2

fη
2).

According to the fact that for any c > 0, we have

e−x ≤ (
c

e
)cx−c, (6)

then we can get for any c > 0

EA[∥vt −∇fS(xt)∥2] ≤ (
c

e
)c(tβ)−cEA[∥v0 −∇fS(x0)∥2] +

t∑
j=1

(1− β)t−j(2β2σ2
J + L2

fη
2).

Moreover, according to the fact that
t∑

j=1

(1− β)t−j ≤ 1

β
, (7)

we have EA[∥vt −∇fS(xt)∥2] ≤ ( ce )
c(tβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2

fη
2

β .

We first give some notations used in the one-level optimization to simplify our proof.

For any k ∈ [1, n], let Sk = {ν1, . . . , νk−1, ν
′
k, νk+1, . . . , νn} be formed from S by replacing the k-th element.

Let {xt+1}, and {vt+1} be generated by Algorithm 1 based on S. Similarly, {xk
t+1} and {vkt+1} be generated by Algorithm

1 based on Sk. Set x0 = xk
0 as starting points in X .

Next, we give the detailed proof of Theorem 2.

proof of Theorem 2 . We will consider two cases, i.e., it ̸= k and it = k.

Case 1 (it ̸= k). We have

∥xt+1 − xk
t+1∥2 = ∥xt − ηtvt − xk

t + ηtv
k
t ∥2

≤ ∥xt − xk
t ∥2 − 2ηt⟨vt − vkt , xt − xk

t ⟩+ η2t ∥vt − vkt ∥2.
(8)

For the second term on the RHS of (8), we have

− 2ηt⟨vt − vkt , xt − xk
t ⟩

= −2ηt⟨vt −∇fS(xt), xt − xk
t ⟩ − 2ηt⟨∇fS(xt)−∇fS(x

k
t ), xt − xk

t ⟩ − 2ηt⟨∇fS(x
k
t )− vkt , xt − xk

t ⟩.

Smoothness generally suggests that the gradient update of F is constrained from being excessively large. Additionally, the
convexity and L-smoothness of F indicate co-coercivity in the gradients, leading to the following conclusion〈

∇F
(
x
)
−∇F

(
x′), x− x′〉 ≥ 1

L
∥∇F

(
x
)
−∇F

(
x′)∥2.

Then using Assumption 3 (i), i.e., the smoothness of fS(·), we can get

− 2ηt⟨vt − vkt , xt − xk
t ⟩

≤ 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk
t ∥ −

2ηt
L

∥∇fS(xt)−∇fS(x
k
t )∥2 + 2ηt∥vkt − fS(x

k
t )∥ · ∥xt − xk

t ∥.
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For the third term on the RHS of (8), we have

η2t ∥vt − vkt ∥2 ≤ 3η2t ∥vt −∇fS(xt)∥2 + 3η2t ∥∇fS(xt)−∇fS(x
k
t )∥2 + 3η2t ∥vkt − fS(x

k
t )∥2.

Putting above two inequalities into (8), we have

∥xt+1 − xk
t+1∥2 ≤ ∥xt − xk

t ∥2 + 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk
t ∥+ 2ηt∥vkt − fS(x

k
t )∥ · ∥xt − xk

t ∥

+ (3η2t −
2ηt
L

)∥∇fS(xt)−∇fS(x
k
t )∥2 + 3η2t ∥vkt − fS(x

k
t )∥2.

By setting ηt ≤ 2
3L , we have

∥xt+1 − xk
t+1∥2

≤ ∥xt − xk
t ∥2 + 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk

t ∥+ 2ηt∥vkt − fS(x
k
t )∥ · ∥xt − xk

t ∥+ 3η2t ∥vkt − fS(x
k
t )∥2.

Case 2 (it = k). We have

∥xt+1 − xk
t+1∥ = ∥xt − ηtvt − xk

t + ηtv
k
t ∥

≤ ∥xt − xk
t ∥+ ηt∥vt − vkt ∥ ≤ ∥xt − xk

t ∥+ ηtLf .

Then we can get
∥xt+1 − xk

t+1∥2 ≤ ∥xt − xk
t ∥2 + 2ηtLf∥xt − xk

t ∥+ η2tL
2
f .

Combining Case 1 and Case 2 we have

∥xt+1 − xk
t+1∥2 ≤ ∥xt − xk

t ∥2 + 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk
t ∥+ 2ηt∥vkt − fS(x

k
t )∥ · ∥xt − xk

t ∥
+ 3η2t ∥vkt − fS(x

k
t )∥2 + 2ηtLf∥xt − xk

t ∥1it=k + η2tL
2
f1it=k.

Note that

EA[∥xt − xk
t ∥1[it=k]] = EA[∥xt − xk

t ∥1[it=k]] =
1

n
EA[∥xt − xk

t ∥] ≤
1

n
(EA[∥xt − xk

t ∥2])1/2. (9)

Then using Cauchy-Schwarz inequality, we can get

EA[∥xt+1 − xk
t+1∥2] ≤ EA[∥xt − xk

t ∥2] + 2ηt(EA[∥vt −∇fS(xt)∥2])1/2(EA[∥xt − xk
t ∥2])1/2

+ 2ηt(EA[∥vkt −∇fS(x
k
t )∥2])1/2(EA[∥xt − xk

t ∥2])1/2 + 3η2tEA[∥vkt − fS(x
k
t )∥2]

+
2Lfηt
n

(EA[∥xt − xk
t ∥2])1/2 +

η2tL
2
f

n
.

Telescoping the above inequality from 0 to t, and combining with x0 = xk
0 , we have

EA[∥xt+1 − xk
t+1∥2] ≤ 2

t∑
j=1

ηj(EA[∥vj −∇fS(xj)∥2])1/2(EA[∥xj − xk
j ∥2])1/2

+ 2

t∑
j=1

ηj(EA[∥vkj −∇fS(x
k
j )∥2])1/2(EA[∥xj − xk

j ∥2])1/2 + 3

t∑
j=1

η2jEA[∥vkj − fS(x
k
j )∥2]

+

t∑
j=0

2Lfηj
n

(EA[∥xj − xk
j ∥2])1/2 +

t∑
j=0

η2jL
2
f

n
.

Denote ut = (EA[∥xt − xk
t ∥2])1/2, then we can get

u2
t ≤ 2

t−1∑
j=1

ηj(EA[∥vj −∇fS(xj)∥2])1/2uj + 2

t−1∑
j=1

ηj(EA[∥vkj −∇fS(x
k
j )∥2])1/2uj

+ 3

t−1∑
j=1

η2jEA[∥vkj − fS(x
k
j )∥2] +

t−1∑
j=0

2Lfηj
n

uj +

t−1∑
j=0

η2jL
2
f

n
.
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Define

St ≤ 3

t−1∑
j=1

η2jEA[∥vkj − fS(x
k
j )∥2] +

t−1∑
j=0

η2jL
2
f

n
,

and
αj = 2ηj(EA[∥vj −∇fS(xj)∥2])1/2 + 2ηj(EA[∥vkj −∇fS(x

k
j )∥2])1/2 +

2Lfηj
n

.

using Lemma 13 we can get

ut ≤
√
St +

t−1∑
j=1

αj

≤ 2(

t−1∑
j=1

η2jEA[∥vkj −∇fS(x
k
j )∥2])1/2 + (

t−1∑
j=0

η2jL
2
f

n
)1/2 + 2

t−1∑
j=1

ηj(EA[∥vj −∇fS(xj)∥2])1/2

+ 2

t−1∑
j=1

ηj(EA[∥vkj −∇fS(x
k
j )∥2])1/2 +

t−1∑
j=1

2Lfηj
n

.

Furthermore, setting ηt = η, we can get
∑t−1

j=1 ηj(EA[∥vj −∇fS(xj)∥2])1/2 ≤ supS η
∑t−1

j=1(EA[∥vj −∇fS(xj)∥2])1/2

and
∑t−1

j=1 ηj(EA[∥vkj −∇fS(x
k
j )∥2])1/2 ≤ supS η

∑t−1
j=1(EA[∥vj −∇fS(xj)∥2])1/2. Consequently, with T iterations, we

obtain that

uT ≤ 6 sup
S

η

T−1∑
j=0

(EA[∥vj −∇fS(xj)∥2])1/2 +
ηLf

√
T√

n
+

2LfηT

n
. (10)

Because often we have T ≥ n, and EA[∥xT − xk
T ∥] ≤ uT = (EA[∥xT − xk

T ∥2])1/2, then we can get

EA[∥xT − xk
T ∥] ≤ O(sup

S
η

T−1∑
j=0

(EA[∥vj −∇fS(xj)∥2])
1
2 +

LfηT

n
).

This completes the proof.

Corollary 1. Consider STORM in Algorithm 1 with ηt = η ≤ 2
3L , and βt = β ∈ (0, 1), for any t ∈ [0, T − 1]. With the

output A(S) = xT , ϵ satisfies

O

(
ηT

(
(βT )−

c
2 + β1/2 + ηβ−1/2

)
+ ηT

1

n

)
.

Next, we give the proof of Corollary 1.

proof of Corollary 1. Combining (10) and Lemma 17, we can get

ϵ ≤ 6 sup
S

η

T∑
j=0

((
c

e
)c(tβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2
fη

2

β
)

1
2 +

ηLf

√
T√

n
+

2LfηT

n

≤ 6 sup
S

η
(
(
c

e
)cEA[∥v0 −∇fS(x0)∥2]β− c

2

T∑
j=0

t−
c
2 + 2σJ

√
βT + Lfηβ

− 1
2T

)
+

3LfηT

n
.

Then according to
T∑

t=1

t−z = O(T 1−z),∀z ∈ (−1, 0) ∪ (−∞,−1),

T∑
t=1

t−1 = O(log T ), (11)

we have
ϵ = O(η(βT )−

c
2T + ηβ1/2T + η2β−1/2T + ηTn−1)

17
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Before giving the proof of Theorem 5, we first introduce a useful lemma.

Lemma 18. Suppose Assumption 1(i), 2 (i) and 3 (i) holds for the empirical risk FS . By running Algorithm 1, we have for
any γt > 0

EA[∥xt+1 − xS
∗ ∥2|Ft]

≤ (1 + ηtγt)EA[∥xt − xS
∗ ∥2|Ft]− 2ηt(FS(xt)− FS(x

S
∗ )) + η2tL

2
f +

ηt
γt
EA[∥∇fS(xt)− vt∥2|Ft],

where Ft is the σ-field generated by {vi0 , · · · , vit−1
}.

proof of Lemma 18. According to the update rule of Algorithm 1, we have

∥xt+1 − xS
∗ ∥2 = ∥xt − ηtvt − xS

∗ ∥2

= ∥xt − xS
∗ ∥2 − 2ηt⟨vt, xt − xS

∗ ⟩+ η2t ∥vt∥2

= ∥xt − xS
∗ ∥2 − 2ηt⟨∇fS(xt), xt − xS

∗ ⟩+ η2t ∥vt∥2 + 2ηt⟨∇fS(xt)− vt, xt − xS
∗ ⟩.

Let Ft be the σ-field generated by {vi0 , · · · , vit−1
}, we have

EA[∥xt+1 − xS
∗ ∥2|Ft]

= EA[∥xt − xS
∗ ∥2|Ft]− 2ηt(FS(xt)− FS(x

S
∗ )) + η2tL

2
f + EA[2ηt⟨∇fS(xt)− vt, xt − xS

∗ ⟩|Ft]

≤ EA[∥xt − xS
∗ ∥2|Ft]− 2ηt(FS(xt)− FS(x

S
∗ )) + η2tL

2
f + 2ηtEA[

1

2γt
∥∇fS(xt)− vt∥2 +

γt
2
∥xt − xS

∗ ∥2|Ft]

= (1 + ηtγt)EA[∥xt − xS
∗ ∥2|Ft]− 2ηt(FS(xt)− FS(x

S
∗ )) + η2tL

2
f +

ηt
γt
EA[∥∇fS(xt)− vt∥2|Ft].

This complete the proof.

Then we give the proof of Theorem 5.

proof of Theorem 5. Setting ηt = η, βt = β and γt =
√
β, putting Lemma 17 into 18 we have

EA[∥xt+1 − xS
∗ ∥2] ≤ EA[∥xt − xS

∗ ∥2] + η
√

βEA[∥xt − xS
∗ ∥2]− 2ηEA[FS(xt)− FS(x

S
∗ )] + η2L2

f

+
η√
β
((
c

e
)c(tβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2
fη

2

β
).

Re-arranging above inequality and telescoping from 1 to t we have

2η

T∑
t=1

EA[FS(xt)− FS(x
S
∗ )]

≤ Dx +Dxηβ
1/2T + L2

fη
2T + (

c

e
)cV β− 1

2−cη

T∑
t=1

t−c + 2σ2
Jηβ

1/2T + L2
fη

3β−3/2T.

(12)

Then From the choice of A(S), according to (11), as long as c > 2, we have

EA[FS(A(S))− FS(x
S
∗ )] = O(Dx(ηT )

−1 +Dxβ
1/2 + L2

fη + V T−cβ−1/2−c + σ2
Jβ

1/2 + L2
fη

2β−3/2).

This complete the proof.

Next we give the proof of Theorem 6.

18
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proof of Theorem 6. Combining Lemma 17 and (10), we have

EA[∥xt − xk
t ∥] ≤ 6η

t−1∑
j=0

((
c

e
)c(tβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2
fη

2

β
)1/2 +

ηLf

√
t√

n
+

2Lfηt

n

≤ 6(
c

e
)c/2V ηβ−c/2

t−1∑
j=0

t−c/2 + 12σJηβ
1/2t+ 6Lfη

2β−1/2t+
ηLf

√
t√

n
+

2Lfηt

n
.

Then according to Theorem 15, we have

ES,A[F (xt)− FS(xt)] ≤ Lf (6(
c

e
)cV ηβ−c/2

t−1∑
j=0

t−c/2 + 12σJηβ
1/2t+ 6Lfη

2β−1/2t+
ηLf

√
t√

n
+

2Lfηt

n
).

Combining above inequality with (12), and according to FS(x
S
∗ ) ≤ FS(x∗) we have

T∑
t=1

ES,A[F (xt)− F (x∗)]

≤ (Dx +Dxηβ
1/2T + L2

fη
2T + (

c

e
)cV β− 1

2−cη

T∑
t=1

t−c + 2σ2
Jηβ

1/2T + L2
fη

3β−3/2T )/2η

+ Lf

T∑
t=1

(6(
c

e
)cV ηβ−c/2

t−1∑
j=0

t−c/2 + 12σJηβ
1/2

T∑
t=1

t+ 6Lfη
2β−1/2

T∑
t=1

t+

T∑
t=1

3Lfηt

n
).

According to (11), we have

T∑
t=1

T∑
j=1

j−
c
2 = O(

T∑
t=1

t1−
c
2 (log t)1c=2) = O(T 2− c

2 (log T )1c=2). (13)

Combining above two inequalities, we have

T∑
t=1

ES,A[F (xt)− F (x∗)]

= O
(
η−1 + β1/2T + ηT + (βT )−cβ−1/2T + β1/2T + η2β−3/2T + ηβ−c/2T 2− c

2 (log T )1c=2

+ ηβ1/2T 2 + η2β−1/2T 2 + ηT 2n−1
)
.

Setting η = T−a and β = T−b, dividing both sides of above inequality with T , then from the choice of A(S) we get

ES,A[F (A(S))− F (x∗)]

≤ O
(
T a−1 + T−b/2 + T−a + T 1/b−c(1−b)+T−b/2−1

+ T−b/2 + T 3b/2−2a + T 1−a+c/2(b−1)(log T )1c=2

+ T 1−a−b/2 + T 1−2a+b/2 + T 1−an−1
)
.

As long as c > 4, the dominating terms are O(T 1−a− b
2 ), O(T 1+ b

2−2a), O(n−1T 1−a), O(T a−1), and O(T
3
2 b−2a).

Setting a = b = 4/5, then we have

E[F (A(S))− F (x∗)] = O(T− 1
5 +

T
1
5

n
).

Choosing T = O(n2.5), we have the following bound

E[F (A(S))− F (x∗)] = O(
1√
n
).

This completes the proof.
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C.1. Strongly-convex-setting

proof of Theorem 7. Similar to the proof for convex setting, we use the same notations.

We will consider two cases, i.e., it ̸= k and it = k.

Case 1 (it ̸= k). We have

∥xt+1 − xk
t+1∥2 = ∥xt − ηtvt − xk

t + ηtv
k
t ∥2

≤ ∥xt − xk
t ∥2 − 2ηt⟨vt − vkt , xt − xk

t ⟩+ η2t ∥vt − vkt ∥2.
(14)

For the second term on the RHS of (14), we have

− 2ηt⟨vt − vkt , xt − xk
t ⟩

= −2ηt⟨vt −∇fS(xt), xt − xk
t ⟩ − 2ηt⟨∇fS(xt)−∇fS(x

k
t ), xt − xk

t ⟩ − 2ηt⟨∇fS(x
k
t )− vkt , xt − xk

t ⟩.

Note that if F is µ strongly convex, then φ
(
x
)
= F

(
x
)
− σ

2 ∥x∥
2 is convex with

(
L− µ

)
-smooth. Then, applying above to

φ yields the following inequality

⟨∇F (x)−∇F (x′), x− x′⟩ ≥ Lµ

L+ µ
∥x− x′∥2 + 1

L+ µ
∥∇F (x)−∇F (x′)∥2.

Then using Assumption 3 (i), i.e., the smoothness, and combining with the strong convexity of fS(·) we can get

− 2ηt⟨vt − vkt , xt − xk
t ⟩

≤ 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk
t ∥ − 2ηt(

1

L+ µ
∥∇fS(xt)−∇fS(x

k
t )∥2 +

Lµ

L+ µ
∥xt − xk

t ∥2)

+ 2ηt∥vkt − fS(x
k
t )∥ · ∥xt − xk

t ∥.

For the third term on the RHS of (14), we have

η2t ∥vt − vkt ∥2 ≤ 3η2t ∥vt −∇fS(xt)∥2 + 3η2t ∥∇fS(xt)−∇fS(x
k
t )∥2 + 3η2t ∥vkt − fS(x

k
t )∥2.

Putting above two inequalities into (14), we have

∥xt+1 − xk
t+1∥2

≤ (1− 2ηtLµ

L+ µ
)∥xt − xk

t ∥2 + 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk
t ∥+ 2ηt∥vkt − fS(x

k
t )∥ · ∥xt − xk

t ∥

+ (3η2t −
2ηt

L+ µ
)∥∇fS(xt)−∇fS(x

k
t )∥2 + 3η2t ∥vkt − fS(x

k
t )∥2.

By setting ηt ≤ 2
3(L+µ) , we have

(1− 2ηtLµ

L+ µ
)∥xt+1 − xk

t+1∥2 ≤ (1− 2ηtLµ

L+ µ
)∥xt − xk

t ∥2 + 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk
t ∥

+ 2ηt∥vkt − fS(x
k
t )∥ · ∥xt − xk

t ∥+ 3η2t ∥vkt − fS(x
k
t )∥2.

Case 2 (it = k). We have

∥xt+1 − xk
t+1∥ = ∥xt − ηtvt − xk

t + ηtv
k
t ∥

≤ ∥xt − xk
t ∥+ ηt∥vt − vkt ∥ ≤ ∥xt − xk

t ∥+ ηtLf .

Then we can get
∥xt+1 − xk

t+1∥2 ≤ ∥xt − xk
t ∥2 + 2ηtLf∥xt − xk

t ∥+ η2tL
2
f .
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Combining Case 1 and Case 2 we have

∥xt+1 − xk
t+1∥2 ≤ (1− 2ηtLµ

L+ µ
)∥xt − xk

t ∥2 + 2ηt∥vt −∇fS(xt)∥ · ∥xt − xk
t ∥+ 2ηt∥vkt − fS(x

k
t )∥ · ∥xt − xk

t ∥

+ 3η2t ∥vkt − fS(x
k
t )∥2 + 2ηtLf∥xt − xk

t ∥1it=k + η2tL
2
f1it=k.

According to (9), we have

EA[∥xt+1 − xk
t+1∥2] ≤ (1− 2ηtLµ

L+ µ
)EA[∥xt − xk

t ∥2] + 2ηt(EA[∥vt −∇fS(xt)∥2])1/2(EA[∥xt − xk
t ∥2])1/2

+ 2ηt(EA[∥vkt −∇fS(x
k
t )∥2])1/2(EA[∥xt − xk

t ∥2])1/2 + 3η2tEA[∥vkt − fS(x
k
t )∥2]

+
2Lfηt
n

(EA[∥xt − xk
t ∥2])1/2 +

η2tL
2
f

n
.

According to Lemma 13, setting ηt = η and βt = β, we can get

EA[∥xt+1 − xk
t+1∥2] ≤ 2η

t∑
j=1

(1− 2ηLµ

L+ µ
)t−j(EA[∥vj −∇fS(xj)∥2])1/2(EA[∥xj − xk

j ∥2])1/2

+ 2η

t∑
j=1

(1− 2ηLµ

L+ µ
)t−j(EA[∥vkj −∇fS(x

k
j )∥2])1/2(EA[∥xj − xk

j ∥2])1/2

+

t∑
j=1

(1− 2ηLµ

L+ µ
)t−j 2Lfη

n
(EA[∥xj − xk

j ∥2])1/2 +
η2L2

f

n

t∑
j=0

(1− 2ηLµ

L+ µ
)t−j

+ 3η2
t∑

j=0

(1− 2ηLµ

L+ µ
)t−jEA[∥vkj − fS(x

k
j )∥2].

Denote ut = (EA[∥xt − xk
t ∥2])1/2, then we can get

u2
t ≤ 2η

t−1∑
j=1

(1− 2ηLµ

L+ µ
)t−j−1(EA[∥vj −∇fS(xj)∥2])1/2uj

+ 2η

t−1∑
j=1

(1− 2ηLµ

L+ µ
)t−j−1(EA[∥vkj −∇fS(x

k
j )∥2])1/2uj +

2Lfη

n

t−1∑
j=0

(1− 2ηLµ

L+ µ
)t−j−1uj

+ 3η2
t−1∑
j=1

(1− 2ηLµ

L+ µ
)t−j−1EA[∥vkj − fS(x

k
j )∥2] +

η2L2
f

n

t−1∑
j=0

(1− 2ηLµ

L+ µ
)t−j−1.

Define St = 3η2
∑t−1

j=1(1 − 2ηLµ
L+µ )t−j−1EA[∥vkj − fS(x

k
j )∥2] +

η2L2
f

n

∑t−1
j=0(1 − 2ηLµ

L+µ )t−j−1 and αj = 2η(1 −
2ηLµ
L+µ )t−j−1(EA[∥vj −∇fS(xj)∥2])1/2 + 2η(1− 2ηLµ

L+µ )t−j−1(EA[∥vkj −∇fS(x
k
j )∥2])1/2 +

2Lfη
n (1− 2ηLµ

L+µ )t−j−1.

using Lemma 14, we can get

ut ≤
√
St +

t−1∑
t=1

αj

≤ 2η(

t−1∑
j=1

(1− 2ηLµ

L+ µ
)t−j−1EA[∥vkj − fS(x

k
j )∥2])1/2 +

√
(L+ µ)ηL2

f

2Lµn

+ 2η

t−1∑
j=1

(1− 2ηLµ

L+ µ
)t−j−1(EA[∥vj −∇fS(xj)∥2])1/2

+ 2η

t−1∑
j=1

(1− 2ηLµ

L+ µ
)t−j−1(EA[∥vkj −∇fS(x

k
j )∥2])1/2 +

Lf (L+ µ)

Lµn
,
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where the last inequality holds by (7). Consequently, with T iterations, because of the inequality EA[∥xT − xk
T ∥] ≤ uT , we

have

EA[∥xT − xk
T ∥] ≤ 2η(

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1EA[∥vkj − fS(x

k
j )∥2])1/2 +

√
(L+ µ)ηL2

f

2Lµn

+ 2η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vj −∇fS(xj)∥2])1/2

+ 2η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vkj −∇fS(x

k
j )∥2])1/2 +

Lf (L+ µ)

Lµn
,

Then we analyze which one of (
∑T−1

j=1 (1−
2ηLµ
L+µ )T−j−1EA[∥vkj − fS(x

k
j )∥2])1/2 and

∑T−1
j=1 (1−

2ηLµ
L+µ )T−j−1(EA[∥vkj −

∇fS(x
k
j )∥2])1/2 is the dominant term.

For the first term, according to Lemma 17 we have

(
T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1EA[∥vkj − fS(x

k
j )∥2])1/2

≤ (

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1((

c

e
)c(jβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2
fη

2

β
))1/2

≤ (
c

e
)

c
2 β− c

2

√
V (

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1j−c)

1
2 + σJ

√
(L+ µ)β

ηLµ
+ Lf

√
η(L+ µ)

2βLµ
,

where the last inequality holds by (7), as for
∑T−1

j=1 (1−
2ηLµ
L+µ )T−j−1j−c, according to Lemma 12, we have

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1j−c ≤

∑T−1
j=1 (1−

2ηLµ
L+µ )T−j−1

∑T−1
j=1 j−

c
2

T
≤

(L+ µ)
∑T−1

j=1 j−c

2TηLµ
, (15)

then according to (11) we can get

(

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1EA[∥vkj − fS(x

k
j )∥2])1/2

≤ (
c

e
)

c
2

√
V (L+ µ)

2ηLµ
(Tβ)−

c
2 + σJ

√
(L+ µ)β

ηLµ
+ Lf

√
η(L+ µ)

2βLµ
.

For the second term, according to Lemma 17 we have

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vkj −∇fS(x

k
j )∥2])1/2

≤
T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1((

c

e
)c(tβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2
fη

2

β
)

1
2 .

Similar to the first term, we can get

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vkj −∇fS(x

k
j )∥2])1/2 ≤ (

c

e
)

c
2

√
V
L+ µ

ηLµ
(Tβ)−

c
2 + σJ

√
β
L+ µ

ηLµ
+ Lf

L+ µ

2
√
βLµ

. (16)
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It’s easily to get the dominating term is the second term
∑T−1

j=1 (1−
2ηLµ
L+µ )T−j−1(EA[∥vkj −∇fS(x

k
j )∥2])1/2. Therefore

EA[∥xT − xk
T ∥] ≤ 2η(

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1EA[∥vkj − fS(x

k
j )∥2])1/2 +

√
(L+ µ)ηL2

f

2Lµn

+ 2η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vj −∇fS(xj)∥2])1/2

+ 2η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vkj −∇fS(x

k
j )∥2])1/2 +

Lf (L+ µ)

Lµn

≤ 6η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vj −∇fS(xj)∥2])1/2 +

√
(L+ µ)ηL2

f

2Lµn
+

Lf (L+ µ)

Lµn

≤ 6η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vj −∇fS(xj)∥2])1/2 +

2Lf (L+ µ)

Lµn
,

(17)

where the last inequality holds since often we have η ≤ 1
n . Then we get the final result

ϵ ≤ O(η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vj −∇fS(xj)∥2])1/2 +

Lf (L+ µ)

Lµn
).

This completes the proof.

Corollary 2 (One-level Optimization). Consider STORM in Algorithm 1 with ηt = η ≤ 2
3(L+µ) , and βt = β ∈ (0, 1) for

any t ∈ [0, T − 1] and the output A(S) = xT . Then, we have the following results

ϵ ≤ O((Tβ)−
c
2 + β

1
2 + ηβ− 1

2 + n−1).

Next, we give the proof of Corollary 2.

proof of Corollary 2. Combining Theorem 10 and (16), we have

ϵ ≤ O((Tβ)−
c
2 + β

1
2 + ηβ− 1

2 + n−1).

This complete the proof.

Before give the detailed proof of Theorem 10, we first give a useful lemma.

Lemma 19. Let Assumption 1(i), 2 (i) and 3 (i) holds, as FS is µ-strongly convex. By running Algorithm 1, we have

EA[FS(xt+1)|Ft] ≤ FS(xt)−
ηt
2
∥∇FS(xt)∥2 +

Lη2tL
2
f

2
+ 2ηt∥vt −∇FS(xt)∥2.

where Ft is the σ-field generated by {vi0 , · · · , vit−1
}.

proof of Lemma 19. According to the smoothness of FS(·), then we have

FS(xt+1) ≤ FS(xt) + ⟨∇FS(xt), xt+1 − xt⟩+
L

2
∥xt+1 − xt∥2

≤ FS(xt)− ηt∥∇FS(xt)∥2 +
Lη2tL

2
f

2
− ηt⟨∇FS(xt), vt −∇FS(xt)⟩

≤ FS(xt)− ηt∥∇FS(xt)∥2 +
Lη2tL

2
f

2
+

ηt
2
∥∇FS(xt)∥2 + 2ηt∥vt −∇FS(xt)∥2,
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where the last inequality holds by Cauchy-Schwartz. Then we can get

EA[FS(xt+1)|Ft] ≤ FS(xt)−
ηt
2
∥∇FS(xt)∥2 +

Lη2tL
2
f

2
+ 2ηt∥vt −∇FS(xt)∥2.

This complete the proof.

Now we move on the proof of Theorem 10.

proof of Theorem 10. Satisfying strong convexity also satisfies Polyak-Łojasiewicz (PL) inequality, then we can get for all x

1

2
∥∇FS(x)∥2 ≥ µ(FS(x)− FS(x

S
∗ )).

According to Lemma 19, we have

EA[FS(xt+1)− FS(x
S
∗ )] ≤ (1− µηt)EA[FS(xt)− FS(x

S
∗ )] +

Lη2tL
2
f

2
+ 2ηt∥vt −∇FS(xt)∥2.

Setting ηt = η and βt = β, using Lemma 17, we have

EA[FS(xt+1)− FS(x
S
∗ )] ≤ (1− µη)EA[FS(xt)− FS(x

S
∗ )] +

Lη2L2
f

2

+ 2η((
c

e
)c(tβ)−cEA[∥v0 −∇fS(x0)∥2] + 2βσ2

J +
L2
fη

2

β
).

Telescoping the above inequality from 1 to T , according to Lemma 13, we can get

EA[FS(xT )− FS(x
S
∗ )]

≤ (1− µη)T−1EA[FS(x1)− FS(x
S
∗ )] +

Lη2L2
f

2

T−1∑
t=1

(1− µη)T−t−1

+ 2ηV (
c

e
)cβ−c

T−1∑
t=1

t−c(1− µη)T−t−1 + 2σ2
Jηβ

T−t−1∑
t=1

(1− µη)T−t−1 +
2L2

fη
3

β

T−t−1∑
t=1

(1− µη)T−t−1.

For t = 0, we have

EA[FS(x1)− FS(x
S
∗ )] ≤ (1− µη)EA[FS(x0)− FS(x

S
∗ )] +

Lη2L2
f

2
+ 2ηV.

Combining the above two inequalities, we have

EA[FS(xT )− FS(x
S
∗ )]

≤ (1− µη)TEA[FS(x0)− FS(x
S
∗ )] +

Lη2L2
f

2

T∑
t=1

(1− µη)T−t + 2ηV (1− µη)T−1

+ 2ηV (
c

e
)cβ−c

T−1∑
t=1

t−c(1− µη)T−t−1 + 2σ2
Jηβ

T−t−1∑
t=1

(1− µη)T−t−1 +
2L2

fη
3

β

T−t−1∑
t=1

(1− µη)T−t−1.

According to (5), (6) and (7), we have

EA[FS(xT )− FS(x
S
∗ )] ≤ (

c

eµ
)c(ηT )−cDx +

LηL2
f

2µ
+ 2η(

c

eµ
)c(ηT )−cV

+ 2ηV (
c

e
)cβ−c

T−1∑
t=1

t−c(1− µη)T−t−1 +
2σ2

Jβ

µ
+

2L2
fη

2

βµ
.
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Then according to (15) we have

EA[FS(xT )− FS(x
S
∗ )] ≤ (

c

eµ
)c(ηT )−cDx +

LηL2
f

2µ
+ 2η(

c

eµ
)c(ηT )−cV

+
2V (c/e)c(βT )−c

µ
+

2σ2
Jβ

µ
+

2L2
fη

2

βµ
.

Then we can get

EA[FS(xT )− FS(x
S
∗ )] = O(Dx(ηT )

−c + L2
fLη + V η(ηT )−c + V (βT )−c + σ2

Jβ + L2
fη

2β−1).

This completes the proof.

Next, we move on to the proof of Theorem 11

proof of Theorem 11. Combining (17) and Theorem 15, we have

ES,A[F (xT )− FS(xT )] ≤ Lf (6η

T−1∑
j=1

(1− 2ηLµ

L+ µ
)T−j−1(EA[∥vj −∇fS(xj)∥2])1/2 +

2Lf (L+ µ)

Lµn
).

Then according to (16), we have

ES,A[F (xT )− FS(xT )] ≤ 6Lfη((
c

e
)

c
2

√
V
L+ µ

ηLµ
(Tβ)−

c
2 + σJ

√
β
L+ µ

ηLµ
+ Lf

L+ µ

2βLµ
) +

2L2
f (L+ µ)

Lµn
.

Combining with Theorem 10, and using the fact that FS(x
S
∗ ) ≤ FS(x∗) we have

ES,A[F (A(S))− F (x∗)] ≤ 6Lfη((
c

e
)

c
2

√
V
L+ µ

ηLµ
(Tβ)−

c
2 + σJ

√
β
L+ µ

ηLµ
+ Lf

L+ µ

2
√
βLµ

) +
2L2

f (L+ µ)

Lµn

+ (
c

eµ
)c(ηT )−cV +

LηL2
f

2µ
+ 2η(

c

eµ
)c(ηT )−cV

+
2V (c/e)c(βT )−c

µ
+

2σ2
Jβ

µ
+

2L2
fη

2

βµ
.

Setting η = T−a and β = T−b with a, b ∈ (0, 1], we have

ES,A[F (A(S))− F (x∗)]

= O(T
c
2 (b−1) + T− b

2 + T
b
2−a + T−c(1−a) + T−a + T−c(1−a)−a + T−c(1−b) + T−b + T b−2a).

Setting c = 3, the dominating terms are O(T
b
2−a), O(T− b

2 ), O(T
3
2 (b−1)), O(T− a

2 ), O(T 3(a−1)).

Setting a = b = 6
7 , we have

ES,A [F (A(S))− F (x∗)] = O
(
T− 3

7

)
.

Setting T = O(n
7
6 ), we have the following

ES,A [F (A(S))− F (x∗)] = O

(
1√
n

)
.

The proof is completed.
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D. Two-level Stochastic Optimizations
Lemma 20 (Theorem 1 in (Yang et al., 2023)). If Assumption 1 (ii) holds true and the randomized algorithm A is ϵ-uniformly
stable then

ES,A[F (A(S))− FS(A(S))] ≤ LfLgϵν + 4LfLgϵω + Lf

√
m−1ES,A[Varω(gω(A(S)))],

where the variance term Varω(gω(A(S))) = Eω[∥gω(A(S))− g(A(S))∥2].
Lemma 21 (Lemma 7 in (Qi et al., 2021)). Let Assumption 1(ii), 2 (ii) and 3 (ii) hold for the empirical risk, and xt, ut are
generated by Algorithm 2 2, then we have

E[∥ut − gS(xt)∥2] ≤ (1− βt)E[∥ut−1 − gS(xt−1)∥2] + 2β2
t σ

2
g + 2L2

g∥xt − xt−1∥2.

Lemma 22 (Lemma 7 in (Qi et al., 2021)). Let Assumption 1(ii), 2 (ii) and 3 (ii) hold for the empirical risk, and xt, vt are
generated by Algorithm 2, then we have

E[∥vt −∇gS(xt)∥2] ≤ (1− βt)E[∥vt−1 −∇gS(xt−1)∥2] + 2β2
t σ

2
g′ + 2L2

g∥xt − xt−1∥2.

Lemma 23. Let Assumption 1(ii), 2 (ii) and 3 (ii) hold and xt, ut are generated by Algorithm 2, let 0 < ηt = η < 1 and let
0 < βt = β < 1, for any c > 0, we have

E[∥ut − gS(xt)∥2] ≤ (
c

e
)c(tβ)−cE[∥u0 − gS(x0)∥2] + 2σ2

gβ +
2L4

gL
2
fη

2

β
.

Proof. According to the rule of update we have E[∥xt − xt−1∥2] ≤ L2
fL

2
gη

2
t−1, then using Lemma 21 and 13, we have

E[∥ut − gS(xt)∥2] ≤
t∏

i=1

(1− βi)E[∥u0 − gS(x0)∥2] + 2σ2
gΥt

t∑
i=1

β2
i

Υi
+ 2L4

gL
2
fΥt

t∑
i=1

η2i−1

Υi
.

For the term Υt

∑t
i=1 β

2
i /Υi, according to the setting that βt = β, we have

Υt

t∑
i=1

β2
i

Υi
= β(Υt

β1

Υ1
+Υt

t∑
i=2

βi

Υi
) = β(Υt

β1

Υ1
+Υt

t∑
i=2

(
1

Υi
− 1

Υi−1
)) = β(1−Υt) = β.

Then according to the setting that ηt = η, we have

E[∥ut − gS(xt)∥2] ≤
t∏

i=1

(1− βi)E[∥u0 − gS(x0)∥2] + 2σ2
gβ +

2L4
gL

2
fη

2

β
.

Then using (5) and (11), we can get

E[∥ut − gS(xt)∥2] ≤ (
c

e
)c(tβ)−cE[∥u0 − gS(x0)∥2] + 2σ2

gβ +
2L4

gL
2
fη

2

β
.

And the proof of E[∥vt −∇gS(xt)∥2] is similarly to Lemma 23, we won’t repeat it.
Lemma 24. Let Assumption 1(ii), 2 (ii) and 3 (ii) hold and xt, vt are generated by Algorithm 2, let 0 < ηt ≤ η < 1 and let
0 < βt ≤ β < 1, for any c > 0, we have

E[∥vt −∇gS(xt)∥2] ≤ (
c

e
)c(tβ)−cE[∥v0 −∇gS(x0)∥2] + 2σ2

g′β +
2L4

gL
2
fη

2

β
.

We first give some notations used in the two-level optimization to simplify our proof.

For any k ∈ [n], let Sk,ν = {ν1, . . . , νk−1, ν
′
k, νk+1, . . . , νn, ω1, . . . , ωm} be formed from Sν by replacing the k-th element.

Similarly, for any l ∈ [m], define Sl,ω = {ν1, . . . , νn, ω1, . . . , ωl−1, ω
′
l, ωl+1, . . . , ωm} as formed from Sω by replacing

the l-th element. Let {xt+1}, {ut+1} and {vt+1} be generated by COVER based on S, {xk,ν
t+1}, {uk,ν

t+1} and {vk,νt+1} be
generated by COVER based on Sk,ν , {xl,ω

t+1}, {ul,ω
t+1} and {vl,ωt+1} be generated by COVER based on Sl,ω. Set x0 = xk,ν

0

and x0 = xl,ω
0 as starting points in X .
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D.1. Convex-setting

Proof of Theorem 3. Since a change in one sample data can occur in either Sν or Sω , we estimate EA[∥xt+1 − xk,ν
t+1∥] and

EA[∥xt+1 − xl,ω
t+1∥] as follows.

Estimation of EA

[
∥xt+1 − xk,ν

t+1∥
]

We first give the estimation of EA[∥xt+1 − xk,ν
t+1∥]. For this purpose, we will consider two cases, i.e., it ̸= k and it = k.

Case 1 (it ̸= k). We have

∥xt+1 − xk,ν
t+1∥2

≤ ∥xt − ηtvt∇fνit
(ut)− xk,ν

t + ηtv
k,ν
t ∇fνit

(uk,ν
t )∥2

≤ ∥xt − xk,ν
t ∥2 − 2ηt⟨vk,νt ∇fνit

(uk,ν
t )− vt∇fνit

(ut), x
k,ν
t − xt⟩+ η2t ∥v

k,ν
t ∇fνit

(uk,ν
t )− vt∇fνit

(ut)∥2.

(18)

We begin to estimate the second term in (18).

− 2ηt⟨vk,νt ∇fνit
(uk,ν

t )− vt∇fνit
(ut), x

k,ν
t − xt⟩

= −2ηt⟨vk,νt ∇fνit
(uk,ν

t )− vk,νt ∇fνit
(gS(x

k,ν
t )), xk,ν

t − xt⟩

− 2ηt⟨vk,νt ∇fνit
(gS(x

k,ν
t ))− vk,νt ∇fS(gS(x

k,ν
t )), xk,ν

t − xt⟩

− 2ηt⟨vk,νt ∇fS(gS(x
k,ν
t ))−∇gS(x

k,ν
t )∇fS(gS(x

k,ν
t )), xk,ν

t − xt⟩

− 2ηt⟨∇gS(x
k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt)), x

k,ν
t − xt⟩

− 2ηt⟨∇gS(xt)∇fS(gS(xt))− vt∇fS(gS(xt)), x
k,ν
t − xt⟩ − 2ηt⟨vt∇fS(gS(xt))− vt∇fS(ut), x

k,ν
t − xt⟩

− 2ηt⟨vt∇fS(ut)− vt∇fνit
(ut), x

k,ν
t − xt⟩.

(19)

Now we estimate the terms on the right hand side of (19) one by one.

For the first term of the RHS, we have

− 2ηt⟨vk,νt ∇fνit
(uk,ν

t )− vk,νt ∇fνit
(gS(x

k,ν
t )), xk,ν

t − xt⟩

≤ 2ηt∥vk,νt ∇fνit
(uk,ν

t )− vk,νt ∇fνit
(gS(x

k,ν
t ))∥ · ∥xk,ν

t − xt∥ ≤ 2LgCfηt∥uk,ν
t − gS(x

k,ν
t )∥ · ∥xk,ν

t − xt∥.
(20)

For the second term of the RHS, according to Ejt [v
k,ν
t ∇fνit

(gS(x
k,ν
t ))] = vk,νt ∇fS(gS(x

k,ν
t )), we have

− 2ηtEjt [⟨v
k,ν
t ∇fνit

(gS(x
k,ν
t ))− vk,νt ∇fS(gS(x

k,ν
t )), xk,ν

t − xt⟩] = 0. (21)

For the third term of the RHS, we have

− 2ηt⟨vk,νt ∇fS(gS(x
k,ν
t ))−∇gS(x

k,ν
t )∇fS(gS(x

k,ν
t )), xk,ν

t − xt⟩

≤ 2ηt∥∇fS(gS(x
k,ν
t ))(vk,νt −∇gS(x

k,ν
t ))∥ · ∥xk,ν

t − xt∥ ≤ 2ηtLf∥vk,νt −∇gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥
(22)

Then according to Assumption 3, for the fourth term of the RHS, we have

2ηt⟨∇gS(x
k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt)), x

k,ν
t − xt⟩

≥ 2ηt
L

∥∇gS(x
k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt))∥2.

(23)

Analogous to the above four terms, we can easily get

− 2ηt⟨∇gS(xt)∇fS(gS(xt))− vt∇fS(gS(xt)), x
k,ν
t − xt⟩ ≤ 2Lfηt∥vt −∇gS(xt)∥ · ∥xk,ν

t − xt∥, (24)

− 2ηt⟨vt∇fS(gS(xt))− vt∇fS(ut), x
k,ν
t − xt⟩ ≤ 2LgCfηt∥ut − gS(xt)∥ · ∥xk,ν

t − xt∥, (25)

− 2ηtEjt [⟨vt∇fνit
(gS(xt))− vt∇fS(gS(xt)), x

k,ν
t − xt⟩] = 0. (26)
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Putting (20) - (26) into (19) we have

− 2ηtEjt [⟨v
k,ν
t ∇f(uk,ν

t )− vt∇f(ut), x
k,ν
t − xt⟩]

≤ 2LgCfηt∥uk,ν
t − gS(x

k,ν
t )∥ · ∥xk,ν

t − xt∥+ 2Lfηt∥vk,νt −∇gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥

− 2ηt
L

∥∇gS(x
k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt))∥2

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xk,ν
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xk,ν

t − xt∥.

(27)

Now we begin to bound the third term of the RHS in (18).

∥vk,νt ∇fνit
(uk,ν

t )− vt∇fνit
(ut)∥

≤ ∥vk,νt ∇fνit
(uk,ν

t )− vk,νt ∇fS(u
k,ν
t )∥+ ∥vk,νt ∇fS(u

k,ν
t )− vk,νt ∇fS(gS(x

k,ν
t ))∥

+ ∥vk,νt ∇fS(gS(x
k,ν
t ))−∇gS(x

k,ν
t )∇fS(gS(x

k,ν
t ))∥+ ∥∇gS(x

k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt))∥

+ ∥∇gS(xt)∇fS(gS(xt))− vt∇fS(gS(xt))∥+ ∥vt∇fS(gS(xt))− vt∇fS(ut)∥+ ∥vt∇fS(ut)− vt∇fνit
(ut)∥.

Now because of the fact that (
∑k

i=1 ai)
2 ≤ k

∑k
i=1 a

2
i , we have

η2t ∥v
k,ν
t ∇f(uk,ν

t )− vt∇f(ut)∥2

≤ 7η2tL
2
g∥∇fνit

(uk,ν
t )−∇fS(u

k,ν
t )∥2 + 7η2tL

2
gC

2
f∥u

k,ν
t − gS(x

k,ν
t )∥2 + 7η2tL

2
f∥v

k,ν
t −∇gS(x

k,ν
t )∥2

+ 7η2t ∥∇gS(x
k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt))∥2

+ 7η2tL
2
f∥∇gS(xt)− vt∥2 + 7η2tL

2
gC

2
f∥ut − gS(xt)∥2 + 7η2tL

2
g∥∇fνit

(ut)−∇fS(ut)∥2.

(28)

Putting (27) and (28) into (18), we have

Ejt [∥xt+1 − xk,ν
t+1∥2]

≤ ∥xt − xk,ν
t ∥2 + 2LgCfηt∥uk,ν

t − gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥+ 2Lfηt∥vk,νt −∇gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xk,ν
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xk,ν

t − xt∥

+ 7η2tL
2
g∥∇fνit

(uk,ν
t )−∇fS(u

k,ν
t )∥2 + 7η2tL

2
gC

2
f∥u

k,ν
t − gS(x

k,ν
t )∥2 + 7η2tL

2
f∥v

k,ν
t −∇gS(x

k,ν
t )∥2

+ 7η2tL
2
f∥∇gS(xt)− vt∥2 + 7η2tL

2
gC

2
f∥ut − gS(xt)∥2 + 7η2tL

2
g∥∇fνit

(ut)−∇fS(ut)∥2.

where we use ηt ≤ 2
7L in the inequality.

Case 2 (it = k). We have

∥xt+1 − xk,ν
t+1∥ = ∥xt − ηtvt∇fνit

(ut)− xk,ν
t + ηtv

k,ν
t ∇fνit

(uk,ν
t )∥

≤ ∥xt − xk,ν
t ∥+ ηt∥vk,νt ∇fνit

(uk,ν
t )− vt∇fνit

(ut)∥ ≤ ∥xt − xk,ν
t ∥+ 2ηtLgLf ,

(29)

where the first inequality holds by Assumption 1, then we have

∥xt+1 − xk,ν
t+1∥2 ≤ ∥xt − xk,ν

t ∥2 + 4ηtLgLf∥xt − xk,ν
t ∥+ 4η2tL

2
gL

2
f .

Combining above Case 1 and Case 2, we can get

∥xt+1 − xk,ν
t+1∥2

≤ ∥xt − xk,ν
t ∥2 + 2LgCfηt∥uk,ν

t − gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥+ 2Lfηt∥vk,νt −∇gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xk,ν
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xk,ν

t − xt∥

+ 7η2tL
2
g∥∇fνit

(uk,ν
t )−∇fS(u

k,ν
t )∥2 + 7η2tL

2
gC

2
f∥u

k,ν
t − gS(x

k,ν
t )∥2 + 7η2tL

2
f∥v

k,ν
t −∇gS(x

k,ν
t )∥2

+ 7η2tL
2
f∥∇gS(xt)− vt∥2 + 7η2tL

2
gC

2
f∥ut − gS(xt)∥2 + 7η2tL

2
g∥∇fνit

(ut)−∇fS(ut)∥2

+ 4ηtLgLf∥xk,ν
t − xt∥ · 1it=k + 4η2tL

2
gL

2
f · 1it=k.
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According to Cauchy-Schwarz inequality, we can get

EA[∥xt+1 − xk,ν
t+1∥2] ≤ EA[∥xt − xk,ν

t ∥2] + 2LgCfηt(EA[∥uk,ν
t − gS(x

k,ν
t )∥2])1/2 · (EA∥xk,ν

t − xt∥2])1/2

+ 2Lfηt(EA[∥vk,νt −∇gS(x
k,ν
t )∥2])1/2 · (EA∥xk,ν

t − xt∥2])1/2

+ 2LgCfηt(EA[∥ut − gS(xt)∥2])1/2 · (E[∥xk,ν
t − xt∥2])1/2

+ 2Lfηt(EA[∥vt −∇gS(xt)∥2])1/2 · (EA[∥xk,ν
t − xt∥2])1/2

+ 7η2tL
2
gC

2
fEA[∥uk,ν

t − gS(x
k,ν
t )∥2] + 7η2tL

2
fEA[∥vk,νt −∇gS(x

k,ν
t )∥2]

+ 7η2tL
2
fEA[∥∇gS(xt)− vt∥2] + 7η2tL

2
gC

2
fEA[∥ut − gS(xt)∥2] + 14η2tL

2
fσ

2
f

+ 4ηtLgLfEA[∥xk,ν
t − xt∥ · 1it=k] + 4η2tL

2
gL

2
f · EA[1it=k].

Besides, according to

EA[∥xk,ν
t − xt∥1[it=k]] = EA[∥xk,ν

t − xt∥Eit [1[it=k]]] =
1

n
EA[∥xk,ν

t − xt∥] ≤
1

n
(EA[∥xk,ν

t − xt∥2])1/2, (30)

we can get

EA[∥xt+1 − xk,ν
t+1∥2]

≤ 2LgCf

t∑
j=0

ηj((EA[∥uk,ν
j − gS(x

k,ν
j )∥2])1/2 + (EA[∥uj − gS(xj)∥2])1/2) · (EA∥xj − xk,ν

j ∥2])1/2

+ 2Lf

t∑
j=0

ηj((EA[∥vk,νj −∇gS(x
k,ν
j )∥2])1/2 + (EA[∥vj −∇gS(xj)∥2])1/2) · (EA∥xj − xk,ν

j ∥2])1/2

+ 7

t∑
j=0

η2jL
2
gC

2
fEA[∥uj − gS(xj)∥2] + 7

t∑
j=0

η2jL
2
gC

2
fEA[∥uk,ν

j − gS(x
k,ν
j )∥2]

+ 7

t∑
j=0

η2jL
2
fEA[∥vk,νj −∇gS(x

k,ν
j )∥2] + 7

t∑
j=0

η2jL
2
fEA[∥vj −∇gS(xj)∥2] + 14L2

fσ
2
f

t∑
j=0

η2j

+
4LgLf

n

t∑
j=0

ηj(EA[∥xj − xk,ν
j ∥2])1/2 +

4L2
gL

2
f

n

t∑
j=0

η2j .

For notational convenience, we denote by ut = (EA[∥xt − xk,ν
t ∥2])1/2, define

αj = 2LgCfηj(EA[∥uk,ν
j − gS(x

k,ν
j )∥2])1/2 + 2LgCfηj(EA[∥uj − gS(xj)∥2])1/2

+ 2Lfηj(EA[∥vj −∇gS(xj)∥2])1/2 + 2Lfηj(EA[∥vk,νj −∇gS(x
k,ν
j )∥2])1/2 + 4LgLf

n
ηj ,

and

St = 7

t−1∑
j=0

η2jL
2
gC

2
fEA[∥uk,ν

j − gS(x
k,ν
j )∥2] + 7

t−1∑
j=0

η2jL
2
gC

2
fEA[∥uj − gS(xj)∥2] + 14L2

fσ
2
f

t−1∑
j=0

η2j

+ 7

t−1∑
j=0

η2jL
2
fEA[∥vk,νj −∇gS(x

k,ν
j )∥2] + 7

t−1∑
j=0

η2jL
2
fEA[∥∇gS(xj)− vj∥2] +

4L2
gL

2
f

n

t−1∑
j=0

η2j .
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Using Lemma 14, we can get

ut ≤
√
St +

t−1∑
j=1

αj

≤ (7L2
gC

2
f

t−1∑
j=0

η2jEA[∥uk,ν
j − gS(x

k,ν
j )∥2])1/2 + (7L2

gC
2
f

t−1∑
j=0

η2jEA[∥uj − gS(xj)∥2])1/2 + (14L2
fσ

2
f

t−1∑
j=0

η2j )
1
2

+ (7L2
f

t−1∑
j=0

η2jEA[∥vk,νj −∇gS(x
k,ν
j )∥2])1/2 + (7L2

f

t−1∑
j=0

η2jEA[∥∇gS(xj)− vj∥2])1/2 + (
4L2

gL
2
f

n

t−1∑
j=0

η2j )
1/2

+ 2LgCf

t−1∑
j=1

ηj(EA[∥uk,ν
j − gS(x

k,ν
j )∥2])1/2 + 2LgCf

t−1∑
j=1

ηj(EA[∥uj − gS(xj)∥2])1/2

+ 2Lf

t−1∑
j=1

ηj(EA[∥vj −∇gS(xj)∥2])1/2 + 2Lf

t−1∑
j=1

ηj(EA[∥vk,νj −∇gS(x
k,ν
j )∥2])1/2 + 4LgLf

n

t−1∑
j=1

ηj

Then according to the inequality that (
∑k

i=1 ai)
1/2 ≤

∑k
i=1(ai)

1/2 we can get

ut ≤ 5LgCf

t∑
j=0

ηj(EA[∥uk,ν
j − gS(x

k,ν
j )∥2])1/2 + 5LgCf

t−1∑
j=0

ηj(EA[∥uj − gS(xj)∥2])1/2

+ 5Lf

t∑
j=0

ηj(EA[∥vk,νj −∇gS(x
k,ν
j )∥2])1/2 + 5Lf

t−1∑
j=0

ηj(EA[∥vj −∇gS(xj)∥2])1/2

+ (14L2
fσ

2
f

t−1∑
j=0

η2j )
1
2 + (

4L2
gL

2
f

n

t−1∑
j=0

η2j )
1/2 +

4LgLf

n

t−1∑
j=1

ηj .

By setting ηt = η, with T iterations, we have

uT ≤ 10LgCf sup
S

η

T−1∑
j=0

(EA[∥uj − gS(xj)∥2])1/2 + 10Lf sup
S

η

T−1∑
j=0

(EA[∥vj −∇gS(xj)∥2])1/2

+ 4Lfσfη
√
T +

2LgLfη
√
T√

n
+

4LgLfηT

n

≤ 10LgCf sup
S

η

T−1∑
j=0

(EA[∥uj − gS(xj)∥2])1/2 + 10Lf sup
S

η

T−1∑
j=0

(EA[∥vj −∇gS(xj)∥2])1/2

+ 4Lfσfη
√
T +

6LgLfηT

n
,

where the first inequality holds by
∑t

j=1 ηj(EA[∥uk,ν
j − gS(x

k,ν
j )∥2])1/2 ≤ supS η

∑t
j=1(EA[∥uj − gS(xj)∥2])1/2 and∑t

j=1 ηj(EA[∥uj − gS(xj)∥2])1/2 ≤ supS η(EA[∥uj − gS(xj)∥2])1/2. The other terms to the RHS are treated similarly.

And the second inequality follows by the fact that we often have n ≤ T , therefore
√

T
n ≤ T

n . We further get

EA[∥xT − xk,ν
T ∥] ≤ uT

≤ 10LgCf sup
S

η

T−1∑
j=0

(EA[∥uj − gS(xj)∥2])1/2 + 10Lf sup
S

η

T−1∑
j=0

(EA[∥vj −∇gS(xj)∥2])1/2

+ 4Lfσfη
√
T +

6LgLfηT

n
.

(31)
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Then we can get the following result

EA[∥xT − xk,ν
T ∥] = O

(LgLfηT

n
+ Lfσfη

√
T + LgCf sup

S
η

T−1∑
j=0

((EA[∥uj − gS(xj)∥2])1/2

+ (EA[∥vj −∇gS(xj)∥2])1/2
)
.

Estimation of EA

[
∥xt+1 − xl,ω

t+1∥
]

Next we give the estimation of EA[∥xt+1 − xl,ω
t+1]. Similarly, we consider two cases, jt ̸= l and jt = l.

Case 1 (jt ̸= l). We have

∥xt+1 − xl,ω
t+1∥2

≤ ∥xt − ηtvt∇fνit
(ut)− xl,ω

t + ηtv
l,ω
t ∇fνit

(ul,ω
t )∥2

≤ ∥xt − xl,ω
t ∥2 − 2ηt⟨vl,ωt ∇fνit

(ul,ω
t )− vt∇fνit

(ut), x
l,ω
t − xt⟩+ η2t ∥v

l,ω
t ∇fνit

(ul,ω
t )− vt∇fνit

(ut)∥2.

(32)

Similarly to the process of (18), we have

Ejt [∥xt+1 − xl,ω
t+1∥2]

≤ ∥xt − xl,ω
t ∥2 + 2LgCfηt∥ul,ω

t − gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥+ 2Lfηt∥vl,ωt −∇gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xl,ω
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xl,ω

t − xt∥

+ 7η2tL
2
g∥∇fνit

(ul,ω
t )−∇fS(u

l,ω
t )∥2 + 7η2tL

2
gC

2
f∥u

l,ω
t − gS(x

l,ω
t )∥2 + 7η2tL

2
f∥v

l,ω
t −∇gS(x

l,ω
t )∥2

+ 7η2tL
2
f∥∇gS(xt)− vt∥2 + 7η2tL

2
gC

2
f∥ut − gS(xt)∥2 + 7η2tL

2
g∥∇fνit

(ut)−∇fS(ut)∥2.

where we use ηt ≤ 2
7L in the inequality.

Case 2 (jt = l). We have

∥xt+1 − xl,ω
t+1∥ = ∥xt − ηtvt∇fνit

(ut)− xl,ω
t + ηtv

l,ω
t ∇fνit

(ul,ω
t )∥

≤ ∥xt − xl,ω
t ∥+ ηt∥vl,ωt ∇fνit

(ul,ω
t )− vt∇fνit

(ut)∥ ≤ ∥xt − xl,ω
t ∥+ 2ηtLgLf ,

(33)

where the first inequality holds by Assumption 1, then we have

∥xt+1 − xl,ω
t+1∥2 ≤ ∥xt − xl,ω

t ∥2 + 4ηtLgLf∥xt − xl,ω
t ∥+ 4η2tL

2
gL

2
f .

Combining Case 1 and Case 2 we have

∥xt+1 − xl,ω
t+1∥2

≤ ∥xt − xl,ω
t ∥2 + 2LgCfηt∥ul,ω

t − gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥+ 2Lfηt∥vl,ωt −∇gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xl,ω
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xl,ω

t − xt∥

+ 7η2tL
2
gC

2
f∥u

l,ω
t − gS(x

l,ω
t )∥2 + 7η2tL

2
f∥v

l,ω
t −∇gS(x

l,ω
t )∥2 + 7η2tL

2
f∥∇gS(xt)− vt∥2

+ 7η2tL
2
gC

2
f∥ut − gS(xt)∥2 + 14η2tL

2
gσ

2
f + 4ηtLgLf∥xl,ω

t − xt∥ · 1jt=l + 4η2tL
2
gL

2
f · 1jt=l.

Besides, according to the fact that

EA[∥xl,ω
t − xt∥1[jt=l]] = EA[∥xl,ω

t − xt∥Ejt [1[jt=l]]] =
1

m
EA[∥xl,ω

t − xt∥] ≤
1

m
(EA[∥xl,ω

t − xt∥2])1/2.

Then similarly to the estimation of EA[∥xt+1 − xk,ν
t+1∥], we have
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EA[∥xT − xl,ω
T ∥] ≤ uT

≤ 10LgCf sup
S

η

T−1∑
j=0

(EA[∥uj − gS(xj)∥2])1/2 + 10Lf sup
S

η

T−1∑
j=0

(EA[∥vj −∇gS(xj)∥2])1/2

+ 4Lfσfη
√
T +

6LgLfηT

m
.

(34)

Then we can get the following result

EA[∥xT − xl,ω
T ∥] = O

(LgLfηT

n
+ Lfσfη

√
T + LgCf sup

S
η

T−1∑
j=0

((EA[∥uj − gS(xj)∥2])1/2

+ (EA[∥vj −∇gS(xj)∥2])1/2
)
.

Now we combine the above two estimations, we can conclude that

ϵν + ϵω =O
(
Lfσfη

√
T + LgCf sup

S
η

T−1∑
j=0

((EA[∥uj − gS(xj)∥2])1/2 + (EA[∥vj −∇gS(xj)∥2])1/2

+
LgLfηT

m
+

LgLfηT

n

)
.

This completes the proof.

Corollary 3 (Two-level Optimization). Consider Algorithm 2 with ηt = η ≤ 1
4L and βt = β < min {1/8C2

f , 1}, for any
t ∈ [0, T − 1]. With the output A(S) = xT , then ϵν + ϵω satisfies

O
(
ηT

(
(βT )−

c
2 + β1/2 + ηβ−1/2

)
+ ηT (

1

m
+

1

n
)
)
.

Proof of Corollary 3. Considering the upadte rule of Algorithm 2, according to Lemma 23 and 24 we have

ϵν + ϵω = O
(
ηTm−1 + ηTn−1 + η

√
T + η

T−1∑
j=0

((jβ)−c +
√

β +

√
η2

β
)

= O
(
ηTm−1 + ηTn−1 + η

√
T + ηT−c/2+1β−c/2 + ηTβ1/2 + η2β−1/2T

)
.

This complete the proof.

Before giving the detailed proof of Theorem 5, we first give a useful lemma.

Lemma 25. Let Assumption 1(ii), 2 (ii) and 3 (ii) hold for the empirical risk FS , for Algorithm 2 and any γt > 0, we have

EA[∥xt+1 − xS
∗ ∥2|Ft] ≤ (1 +

ηt(Lf + LgCf )

γt
)∥xt − xS

∗ ∥2 + L2
gL

2
fη

2
t − 2ηt(FS(xt)− FS(x

S
∗ ))

+ ηtγtLfEA[∥vt −∇gS(xt)∥2Ft] + ηtγtLgCfEA[∥ut − gS(xt)∥2Ft].

where Ft is the σ-field generated by {ωj0 , · · · , ωjt−1
, vi0 , · · · , vit−1

}.

Proof. According to the update rule of Algorithm 2, we have

∥xt+1 − xS
∗ ∥ ≤ ∥xt − ηtvt∇fνit

(ut)− xS
∗ ∥2

= ∥xt − xS
∗ ∥2 + η2t ∥vt∇fνit

(ut)∥2 − 2ηt⟨xt − xS
∗ , vt∇fνit

(ut)⟩
= ∥xt − xS

∗ ∥2 + η2t ∥vt∇fνit
(ut)∥2 − 2ηt⟨xt − xS

∗ ,∇gS(xt)∇fνit
(gS(xt))⟩+ θt,
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where
θt = 2ηt⟨xt − xS

∗ ,∇gS(xt)∇fνit
(gS(xt))− vt∇fνit

(ut)⟩.
Let Ft be the σ-field generated by {ωj0 , · · · , ωjt−1 , vi0 , · · · , vit−1}. Taking expectation to the above inequality and using
Assumption 1, we have

EA[∥xt+1 − xS
∗ ∥2|Ft] ≤ ∥xt − xS

∗ ∥2 + L2
gL

2
fη

2
t − 2ηtEA[⟨xt − xS

∗ ,∇gS(xt)∇fνit
(gS(xt))⟩Ft] + EA[θt|Ft]

≤ ∥xt − xS
∗ ∥2 + L2

gL
2
fη

2
t − 2ηt⟨xt − xS

∗ ,∇FS(xt)⟩+ EA[θt|Ft]

≤ ∥xt − xS
∗ ∥2 + L2

gL
2
fη

2
t − 2ηt(FS(xt)− FS(x

S
∗ )) + EA[θt|Ft],

where the last inequality holds by the convexity of FS . As for the term EA[θt|Ft], we have

θt = 2ηt⟨xt − xS
∗ ,∇gS(xt)∇fνit

(gS(xt))− vt∇fνit
(ut)⟩

= 2ηt⟨xt − xS
∗ ,∇gS(xt)∇fνit

(gS(xt))− vt∇fνit
(gS(xt))⟩+ 2ηt⟨xt − xS

∗ , vt∇fνit
(gS(xt))− vt∇fνit

(ut)⟩
≤ 2ηtLf∥xt − xS

∗ ∥ · ∥vt −∇gS(xt)∥+ 2ηtLgCf∥xt − xS
∗ ∥ · ∥ut − gS(xt)∥

≤ ηt(Lf + LgCf )

γt
∥xt − xS

∗ ∥2 + ηtγtLf∥vt −∇gS(xt)∥2 + ηtγtLgCf∥ut − gS(xt)∥2,

where the last inequality holds by Cauchy-Schwartz inequality.

Combining above two inequalities, we have

EA[∥xt+1 − xS
∗ ∥2|Ft] ≤ (1 +

ηt(Lf + LgCf )

γt
)∥xt − xS

∗ ∥2 + L2
gL

2
fη

2
t − 2ηt(FS(xt)− FS(x

S
∗ ))

+ ηtγtLfEA[∥vt −∇gS(xt)∥2Ft] + ηtγtLgCfEA[∥ut − gS(xt)∥2Ft].

This complete the proof.

Proof of Theorem 5. Now we begin to proof the Theorem 5. According to Lemma 25, setting ηt = η, βt = β and let
γt =

1√
β

, by rearranging and adding up, we get

2η

T∑
t=1

EA[FS(xt)− FS(x
S
∗ )] ≤ EA[∥x1 − xS

∗ ∥2] + η
√
β

T∑
t=1

(Lf + LgCf )∥xt − xS
∗ ∥2 + L2

gL
2
fη

2T

+
η√
β

T∑
t=1

(Lf∥vt −∇gS(xt)∥2 + LgCf

T∑
t=1

∥ut − gS(xt)∥2).

Then according to the definition that E[∥xt − xS
∗ ∥2] is bounded by Dx, and Lemma 23 and Lemma 24, we have

2η

T∑
t=1

EA[FS(xt)− FS(x
S
∗ )]

≤ Dx + η
√
β(Lf + LgCf )DxT + L2

gL
2
fη

2T

+
η√
β
LgCf (

c

e
)c

T∑
t=1

(tβ)−cEA[∥u0 − gS(x0)∥2] + 2σ2
gηβ

1/2LgCfT + 2L5
gL

2
fCf

η3

β3/2
T

+
η√
β
Lf (

c

e
)c

T∑
t=1

(tβ)−cEA[∥v0 −∇gS(x0)∥2] + 2σ2
g′ηβ1/2LfT + 2L4

gL
3
f

η3

β3/2
T.

(35)

According to (11), without losing generality, let c ̸= 1, we have

EA[FS(A(S))− FS(x
S
∗ )]

≤ O
(
Dx(ηT )

−1 + (LgCfU + LfV )(βT )−cβ− 1
2 + (LgCfσ

2
g + Lfσ

2
g′ + (Lf + LgCf )Dx)β

1/2

+ L2
gL

2
fη + (L5

gL
2
fCf + L4

gL
3
f )η

2β− 3
2

)
,
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where E[∥u0 − gS(x0)∥2] ≤ U and E[∥v0 −∇gS(x0)∥2] ≤ V .

This complete the proof.

proof of Theorem 6. Putting Lemma 23 and 24 into (31) and (34), for any c > 0, we have

EA[∥xt − xk,ν
t ∥]

≤ 10LgCf sup
S

η

√
(
c

e
)cUβ− c

2

t−1∑
j=0

√
j−c + 10LgCfη

√
2σ2

gβ +
2L4

gL
2
fη

2

β
t

+ 10Lf sup
S

η

√
(
c

e
)cV β− c

2

t−1∑
j=0

√
j−c + 10Lfη

√
2βσ2

g′ +
2L4

gL
2
fη

2

β
t+

6LgLfηt

n
+ 4Lfσfη

√
t.

Similarly, we can get

EA[∥xt − xl,ω
t ∥]

≤ 10LgCf sup
S

η

√
(
c

e
)cUβ− c

2

t−1∑
j=0

√
j−c + 10LgCfη

√
2σ2

gβ +
2L4

gL
2
fη

2

β
t

+ 10Lf sup
S

η

√
(
c

e
)cV β− c

2

t−1∑
j=0

√
j−c + 10Lfη

√
2βσ2

g′ +
2L4

gL
2
fη

2

β
t+

6LgLfηt

m
+ 4Lfσfη

√
t.

Combining above two inequalities, we have

EA[∥xt − xk,ν
t ∥] + 4EA[∥xt − xl,ω

t ∥]

≤ 24LgLfηt

m
+

6LgLfηt

n
+ 50LgCf sup

S
η

√
(
c

e
)cUβ− c

2

t−1∑
j=0

√
j−c + 50LgCfη

√
2σ2

gβ +
2L4

gL
2
fη

2

β
t

+ 50Lf sup
S

η

√
(
c

e
)cV β− c

2

t−1∑
j=0

√
j−c + 50Lfη

√
2βσ2

g′ +
2L4

gL
2
fη

2

β
t+ 20Lfσfη

√
t.

Putting above inequality into Lemma 20, we have

ES,A[F (xt)− FS(xt)] ≤ 50L2
gLfCf sup

S
η

√
(
c

e
)cUβ− c

2

t−1∑
j=0

√
j−c + 50L2

gLfCfη

√
2σ2

gβ +
2L4

gL
2
fη

2

β
t

+ 50LgL
2
f sup

S
η

√
(
c

e
)cV β− c

2

t−1∑
j=0

√
j−c + 50LgL

2
fη

√
2βσ2

g′ +
2L4

gL
2
fη

2

β
t

+
24L2

gL
2
fηt

m
+

6L2
gL

2
fηt

n
+ Lf

√
m−1ES,A[Varω(gω(A(S)))].

(36)

Due to

T∑
t=1

ES,A[F (xt)− F (x∗)] ≤
T∑

t=1

ES,A[F (xt)− FS(x∗)] =

T∑
t=1

ES,A[F (xt)− FS(xt) + FS(xt)− FS(x
S
∗ )],
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then combining (36) and (35), we have

T∑
t=1

ES,A[F (xt)− F (x∗)]

≤ 1

2
√
β
LgCf (

c

e
)c

T∑
t=1

(tβ)−cE[∥u0 − gS(x0)∥2] + σ2
gβ

1/2LgCfT + L5
gL

2
fCf

η2

β3/2
T

+
1

2
√
β
LgLf (

c

e
)c

T∑
t=1

(tβ)−cE[∥v0 −∇gS(x0)∥2] + σ2
g′β1/2LgLfT + L5

gL
2
fCf

η2

β3/2
T

+
Dx

2η
+
√
β(LgLf + LgCf + Lg)DxT/2 + L2

gL
2
fηT/2 +

24L2
gL

2
fη

m

T∑
t=1

t+
6L2

gL
2
fη

n

T∑
t=1

t

+ 50L2
gLfCf sup

S
η

√
(
c

e
)cUβ− c

2

T∑
t=1

t−1∑
j=0

√
j−c + 50L2

gLfCfη

√
2σ2

gβ +
2L4

gL
2
fη

2

β

T∑
t=1

t

+ 50LgL
2
f sup

S
η

√
(
c

e
)cUv̇β

− c
2

T∑
t=1

t−1∑
j=0

√
j−c + 50LgL

2
fη

√
2βσ2

g′ +
2L4

gL
2
fη

2

β

T∑
t=1

t

+ LfT
√
m−1ES,A[Varω(gω(A(S)))].

Using (13) we have, for any c > 0,

T∑
t=1

ES,A[F (xt)− F (x∗)] ≤ O
(
β− 1

2−cT 1−c(log T )1c=1 + β
1
2T +

η2T

β
3
2

+
1

η
+ ηT + T 2η(

1

n
+

1

m
)

+ ηβ− c
2T 2− c

2 (log T )1c=2 + T 2η
√

β +
η2T 2

√
β

+
T√
m

)
.

Dividing both sides of the above inequality, setting η = T−a and β = T−b, and from the choice of A(S), we have

ES,A[F (A(S))− F (x∗)]

≤ O
(
T−(1−b)c+ b

2 (log T )1c=1 + T− b
2 + T

3
2 b−2a + T a−1 + T−a + T 1−a(

1

n
+

1

m
)

+ T 1−a− c
2 (b−1)(log T )1c=2 + T 1−a− b

2 + T 1+ b
2−2a +

1√
m

)
.

Since a, b ∈ (0, 1], as long as we have c > 4, the dominating terms are the following O(T 1−a− b
2 ), O(T 1+ b

2−2a),
O(n−1T 1−a), O(m−1T 1−a), O(T a−1), and O(T

3
2 b−2a). Setting a = b = 4/5, then we have

ES,A[F (A(S))− F (x∗)] = O(T− 1
5 +

T
1
5

n
+

T
1
5

m
+

1√
m
).

Choosing T = O(max{n2.5,m2.5}), we have the following bound

ES,A[F (A(S))− F (x∗)] = O(
1√
n
+

1√
m
).

This complete the proof.

D.2. Strongly-convex-setting

proof of Theorem 8. Similar to the proof for convex setting, we use the same notations. Since changing one sample data can
happen in either Sν or Sω , we estimate E[∥xt+1 − xk,ν

t+1∥] and E[∥xt+1 − xl,ω
t+1∥].
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Estimation of EA

[
∥xt+1 − xk,ν

t+1∥
]

we will consider two cases: it ̸= k and it = k.

Case 1 (it ̸= k). We have

∥xt+1 − xk,ν
t+1∥2

≤ ∥xt − ηtvt∇fνit
(ut)− xk,ν

t + ηtv
k,ν
t ∇fνit

(uk,ν
t )∥2

≤ ∥xt − xk,ν
t ∥2 − 2ηt⟨vk,νt ∇fνit

(uk,ν
t )− vt∇fνit

(ut), x
k,ν
t − xt⟩+ η2t ∥v

k,ν
t ∇fνit

(uk,ν
t )− vt∇fνit

(ut)∥2.

(37)

We begin to estimate the second term in (37).

− 2ηt⟨vk,νt ∇fνit
(uk,ν

t )− vt∇fνit
(ut), x

k,ν
t − xt⟩

= −2ηt⟨vk,νt ∇fνit
(uk,ν

t )− vk,νt ∇fνit
(gS(x

k,ν
t )), xk,ν

t − xt⟩

− 2ηt⟨vk,νt ∇fνit
(gS(x

k,ν
t ))− vk,νt ∇fS(gS(x

k,ν
t )), xk,ν

t − xt⟩

− 2ηt⟨vk,νt ∇fS(gS(x
k,ν
t ))−∇gS(x

k,ν
t )∇fS(gS(x

k,ν
t )), xk,ν

t − xt⟩

− 2ηt⟨∇gS(x
k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt)), x

k,ν
t − xt⟩

− 2ηt⟨∇gS(xt)∇fS(gS(xt))− vt∇fS(gS(xt)), x
k,ν
t − xt⟩ − 2ηt⟨vt∇fS(gS(xt))− vt∇fS(ut), x

k,ν
t − xt⟩

− 2ηt⟨vt∇fS(ut)− vt∇fνit
(ut), x

k,ν
t − xt⟩.

(38)

Changing the setting from convex to strongly convex will only affect the fourth item on the RHS of (19), and the other items
will remain the same as before. Now we estimate the fourth term on the RHS of (38).

⟨∇gS(x
k,ν
t )∇fS(gS(x

k,ν
t )−∇gS(xt)∇fS(gS(xt)), x

k,ν
t − xt⟩

≥ Lµ

L+ µ
∥xk,ν

t − xt∥2 +
1

L+ µ
∥∇gS(x

k,ν
t )∇fS(gS(x

k,ν
t ))−∇gS(xt)∇fS(gS(xt))∥2.

Then substituting above inequality into (37) we have

∥xt+1 − xk,ν
t+1∥

≤ (1− 2Lµηt
L+ µ

)∥xt − xk,ν
t ∥2 + 2LgCfηt∥uk,ν

t − gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥+ 2Lfηt∥vk,νt −∇gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xk,ν
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xk,ν

t − xt∥

+ 7η2tL
2
g∥∇fνit

(uk,ν
t )−∇fS(u

k,ν
t )∥2 + 7η2tL

2
gC

2
f∥u

k,ν
t − gS(x

k,ν
t )∥2 + 7η2tL

2
f∥v

k,ν
t −∇gS(x

k,ν
t )∥2

+ 7η2tL
2
f∥∇gS(xt)− vt∥2 + 7η2tL

2
gC

2
f∥ut − gS(xt)∥2 + 7η2tL

2
g∥∇fνit

(ut)−∇fS(ut)∥2.

where the inequality holds by ηt ≤ 2
7(L+µ) .

Case 2 (it = k). We have

∥xt+1 − xl,ω
t+1∥ = ∥xt − ηtvt∇fνit

(ut)− xl,ω
t + ηtv

l,ω
t ∇fνit

(ul,ω
t )∥

≤ ∥xt − xl,ω
t ∥+ ηt∥vl,ωt ∇fνit

(ul,ω
t )− vt∇fνit

(ut)∥ ≤ ∥xt − xl,ω
t ∥+ 2ηtLgLf ,

(39)

where the first inequality holds by Assumption 1, then we have

∥xt+1 − xl,ω
t+1∥2 ≤ ∥xt − xl,ω

t ∥2 + 4ηtLgLf∥xt − xl,ω
t ∥+ 4η2tL

2
gL

2
f .
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Combining above two cases, we have

EA[∥xt+1 − xk,ν
t+1∥2] ≤ (1− 2Lµηt

L+ µ
)EA[∥xt − xk,ν

t ∥2] + 2LgCfηtEA[∥uk,ν
t − gS(x

k,ν
t )∥ · ∥xk,ν

t − xt∥]

+ 2LfηtEA[∥vk,νt −∇gS(x
k,ν
t )∥ · ∥xk,ν

t − xt∥]

+ 2LgCfηtEA[∥ut − gS(xt)∥ · ∥xk,ν
t − xt∥] + 2LfηtEA[∥ut − gS(xt)∥ · ∥xk,ν

t − xt∥]

+ 7η2tL
2
gC

2
fEA[∥uk,ν

t − gS(x
k,ν
t )∥2] + 7η2tL

2
fEA[∥vk,νt −∇gS(x

k,ν
t )∥2]

+ 7η2tL
2
fEA[∥∇gS(xt)− vt∥2] + 7η2tL

2
gC

2
fEA[∥ut − gS(xt)∥2] + 14η2tL

2
gσ

2
f

+ 4ηtLgLfEA[∥xt − xk,ν
t ∥1[it=k]] + 4η2tL

2
fL

2
gEA[1[it=k]].

By setting ηt = η, we have

EA[∥xt+1 − xk,ν
t+1∥2]

≤ 2LgCfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA[∥uk,ν

j − gS(x
k,ν
j )∥2])1/2 + (EA[∥uj − gS(xj)∥2])1/2)(EA[∥xj − xk,ν

j ∥2])1/2

+ 2Lfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA∥vk,νj −∇gS(x

k,ν
j )∥2)1/2 + (EA∥vj −∇gS(xj)∥2)1/2)(EA[∥xj − xk,ν

j ∥2])1/2

+ 7η2L2
gC

2
f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uk,ν

j − gS(x
k,ν
j )∥2] + 7η2L2

gC
2
f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uj − gS(xj)∥2]

+ 7η2L2
f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥vk,νj −∇gS(x

k,ν
j )∥2] + 7η2L2

f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥∇gS(xj)− vj∥2]

+
4ηLgLf

n

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥xj − xk,ν

j ∥] +
4η2L2

fL
2
g

n

t∑
j=1

(1− 2Lµη

L+ µ
)t−j + 14η2L2

gσ
2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−j ,

where the inequality holds by Lemma 13, Cauchy-Schwarz inequality, and the fact that x0 = xk,ν
0 . Define ut = (EA[∥xt −

xk,ν
t ∥2])1/2, we have

u2
t ≤ 2LgCfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA[∥uk,ν

j − gS(x
k,ν
j )∥2])1/2 + (EA[∥uj − gS(xj)∥2])1/2)uj

+ 2Lfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA∥vk,νt −∇gS(x

k,ν
j )∥2)1/2 + (EA∥vj −∇gS(xj)∥2)1/2)uj

+ 7η2L2
gC

2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uk,ν

j − gS(x
k,ν
j )∥2] + 7η2L2

gC
2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uj − gS(xj)∥2]

+ 7η2L2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥vk,νj −∇gS(x

k,ν
j )∥2] + 7η2L2

f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥∇gS(xj)− vj∥2]

+
4ηLgLf

n

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥xj − xk,ν

j ∥] +
4η2L2

fL
2
g

n

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−j + 14η2L2

gσ
2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−j ,
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Furthermore, define

αj ≤ 2LgCfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA[∥uk,ν

j − gS(x
k,ν
j )∥2])1/2 + (EA[∥uj − gS(xj)∥2])1/2)

+ 2Lfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA∥vk,νt −∇gS(x

k,ν
j )∥2)1/2 + (EA∥vj −∇gS(xj)∥2)1/2)

+
4ηLgLf

n
(1− 2Lµη

L+ µ
)t−j−1,

and

St ≤ 7η2L2
gC

2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uk,ν

j − gS(x
k,ν
j )∥2] + 7η2L2

gC
2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uj − gS(xj)∥2]

+ 7η2L2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥vk,νj −∇gS(x

k,ν
j )∥2] + 7η2L2

f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥∇gS(xj)− vj∥2]

+
4η2L2

fL
2
g

n

t∑
j=1

(1− 2Lµη

L+ µ
)t−j−1 + 14η2L2

gσ
2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−j ,

using Lemma 14, we have

ut ≤ 3ηLgCf (

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uk,ν

j − gS(x
k,ν
j )∥2]) 1

2 + 3ηLgCf (

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uj − gS(xj)∥2])

1
2

+ 3ηLf (

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥vk,νj −∇gS(x

k,ν
j )∥2]) 1

2 + 3ηLf (

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥∇gS(xj)− vj∥2])

1
2

+ 2LgCfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA[∥uk,ν

j − gS(x
k,ν
j )∥2])1/2 + (EA[∥uj − gS(xj)∥2])1/2)

+ 2Lfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA∥vk,νj −∇gS(x

k,ν
j )∥2)1/2 + (EA∥vj −∇gS(xj)∥2)1/2)

+
2LgLf (L+ µ)

n
+

√
2L2

fL
2
gη(L+ µ)

Lµn
+

√
14L2

gσ
2
fη(L+ µ)

Lµ
,

where we use the inequality that (
∑k

i=1 ai)
1/2 ≤

∑k
i=1(ai)

1/2 and (7). Then, with T iterations, we have

EA[∥xT − xk,ν
T ∥] ≤ 6LgCfη sup

S
(

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1EA[∥uj − gS(xj)∥2])1/2

+ 6Lfη sup
S

(

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1EA[∥vj −∇gS(xj)∥2])1/2

+ 4LgCfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥uj − gS(xj)∥2])1/2

+ 4Lfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥vj −∇gS(xj)∥2])1/2

+
2LgLf (L+ µ)

n
+

√
2L2

fL
2
gη(L+ µ)

Lµn
+

√
14L2

gσ
2
fη(L+ µ)

Lµ
.
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Estimation of EA

[
∥xt+1 − xl,ω

t+1∥
]

Similarly, we will consider two cases: jt ̸= l and jt = l.

Case 1 (jt ̸= l).

Similarly, we have

∥xt+1 − xl,ω
t+1∥

≤ (1− 2Lµηt
L+ µ

)∥xt − xl,ω
t ∥2 + 2LgCfηt∥ul,ω

t − gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥+ 2Lfηt∥vl,ωt −∇gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xl,ω
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xl,ω

t − xt∥

+ 7η2tL
2
g∥∇fνit

(ul,ω
t )−∇fS(u

l,ω
t )∥2 + 7η2tL

2
gC

2
f∥u

l,ω
t − gS(x

l,ω
t )∥2 + 7η2tL

2
f∥v

l,ω
t −∇gS(x

l,ω
t )∥2

+ 7η2tL
2
f∥∇gS(xt)− vt∥2 + 7η2tL

2
gC

2
f∥ut − gS(xt)∥2 + 7η2tL

2
g∥∇fνit

(ut)−∇fS(ut)∥2.

where the inequality holds by ηt ≤ 2
7(L+µ) .

Case 2 (jt = l). We have

∥xt+1 − xl,ω
t+1∥2 ≤ ∥xt − xl,ω

t ∥2 + 4ηtLgLf∥xt − xl,ω
t ∥+ 4η2tL

2
gL

2
f .

Combining the above two cases, we have

EA[∥xt+1 − xl,ω
t+1∥2]

≤ (1− 2Lµηt
L+ µ

)∥xt − xl,ω
t ∥2 + 2LgCfηt∥ul,ω

t − gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥+ 2Lfηt∥vl,ωt −∇gS(x
l,ω
t )∥ · ∥xl,ω

t − xt∥

+ 2LgCfηt∥ut − gS(xt)∥ · ∥xl,ω
t − xt∥+ 2Lfηt∥ut − gS(xt)∥ · ∥xl,ω

t − xt∥

+ 7η2tL
2
g∥∇fνit

(ul,ω
t )−∇fS(u

l,ω
t )∥2 + 7η2tL

2
gC

2
f∥u

l,ω
t − gS(x

l,ω
t )∥2 + 7η2tL

2
f∥v

l,ω
t −∇gS(x

l,ω
t )∥2

+ 7η2tL
2
f∥∇gS(xt)− vt∥2 + 7η2tL

2
gC

2
f∥ut − gS(xt)∥2 + 7η2tL

2
g∥∇fνit

(ut)−∇fS(ut)∥2

+ 4ηtLgLfEA[∥xt − xl,ω
t ∥1[jt=l]] + 4η2tL

2
fL

2
gEA[1[jt=l]].

Setting ηt = η, telescoping above inequality from 1 to t we have

EA[∥xt+1 − xl,ω
t+1∥2]

≤ 2LgCfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA[∥ul,ω

j − gS(x
l,ω
j )∥2])1/2 + (EA[∥uj − gS(xj)∥2])1/2)(EA[∥xj − xl,ω

j ∥2])1/2

+ 2Lfη

t−1∑
j=0

(1− 2Lµη

L+ µ
)t−j((EA∥vl,ωj −∇gS(x

l,ω
j )∥2)1/2 + (EA∥vj −∇gS(xj)∥2)1/2)(EA[∥xj − xl,ω

j ∥2])1/2

+ 7η2L2
gC

2
f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥ul,ω

j − gS(x
l,ω
j )∥2] + 7η2L2

gC
2
f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥uj − gS(xj)∥2]

+ 7η2L2
f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥vl,ωj −∇gS(x

l,ω
j )∥2] + 7η2L2

f

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥∇gS(xj)− vj∥2]

+
4ηLgLf

m

t∑
j=1

(1− 2Lµη

L+ µ
)t−jEA[∥xj − xl,ω

j ∥] +
4η2L2

fL
2
g

m

t∑
j=1

(1− 2Lµη

L+ µ
)t−j + 14η2L2

gσ
2
f

t−1∑
j=1

(1− 2Lµη

L+ µ
)t−j ,
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Then with T iterations, we have

EA[∥xT − xl,ω
T ∥] ≤ 6LgCfη sup

S
(

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1EA[∥uj − gS(xj)∥2])1/2

+ 6Lfη sup
S

(

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1EA[∥vj −∇gS(xj)∥2])1/2

+ 4LgCfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥uj − gS(xj)∥2])1/2

+ 4Lfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥vj −∇gS(xj)∥2])1/2

+
2LgLf (L+ µ)

m
+

√
2L2

fL
2
gη(L+ µ)

Lµm
+

√
14L2

gσ
2
fη(L+ µ)

Lµ
.

(40)

Now we combine the above results for estimating EA[∥xT − xk,ν
T ∥] and EA[∥xT − xl,ω

T ∥], we have

ϵν + ϵω ≤ 20LgCfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥uj − gS(xj)∥2])1/2

+ 20Lfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥vj −∇gS(xj)∥2])1/2 +

√
2L2

fL
2
gη(L+ µ)

Lµm

+
2(L+ µ)LgLf

Lµm
+

√
2L2

fL
2
gη(L+ µ)

Lµn
+

2(L+ µ)LgLf

Lµn
+ 8

√
L2
gσ

2
fη(L+ µ)

Lµ
.

(41)

Now we will illustrate why the second inequality of above holds true. According to Lemma 23, we have

(

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1EA[∥uj − gS(xj)∥2])1/2

≤ (

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1((

c

e
)c(jβ)−c)E[∥u0 − gS(x0)∥2] + 2σ2

gβ +
2L4

gL
2
fη

2

β
)1/2

≤ (

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(2σ2

gβ +
2L4

gL
2
fη

2

β
))

1
2 + ((

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(

c

e
)c(jβ)−c)E[∥u0 − gS(x0)∥2])

1
2

≤
2σg

√
β(L+ µ)√
Lµη

+
2L2

gLfη
√
L+ µ

√
Lµηβ

+ (
c

e
)

c
2

√
Uu(L+ µ)

Lµ
T− c

2 β− c
2 .

Likewise,

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥uj − gS(xj)∥2])1/2

≤
T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1((

c

e
)c(jβ)−c)E[∥u0 − gS(x0)∥2] + 2σ2

gβ +
2L4

gL
2
fη

2

β
)

1
2

≤
T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(σg

√
2β +

L2
gLfη

√
2

√
β

) + (
c

e
)

c
2

√
Uu

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(jβ)−

c
2

≤ (L+ µ)σg

√
2β

2Lµη
+

(L+ µ)
√
2L2

gLf

2Lµ
√
β

+ (
c

e
)

c
2

√
Uu(L+ µ)

Lµη
T− c

2 β− c
2 .

(42)
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According to the above two inequalities, we can get the dominating term is
∑T−1

j=0 (1−
2Lµη
L+µ )T−j−1(EA[∥uj−gS(xj)∥2])1/2,

then the inequality (41) holds true. The treatment of the other items is similar, so we won’t go into details. Since often we
have η ≤ min( 1n ,

1
m ), then we have

ϵν + ϵω ≤ O
(
LgCfη sup

S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥uj − gS(xj)∥2])1/2

+ Lfη sup
S

T−1∑
j=0

(1− 2Lµη

L+ µ
)T−j−1(EA[∥vj −∇gS(xj)∥2])1/2

+
(L+ µ)LgLf

Lµm
+

(L+ µ)LgLf

Lµn
+ Lgσf

√
L+ µ

Lµ

√
η
)
.

(43)

This completes the proof.

Corollary 4 (Two-level Optimization). Consider Algorithm 2 with ηt = η ≤ 1/
(
4L+ 4µ

)
, and βt = β < min {1/8C2

f , 1}
for any t ∈ [0, T − 1] and the output A(S) = xT . Then, we have the following results

ϵν + ϵω ≤ O((Tβ)−
c
2 + β

1
2 + η

1
2 + ηβ− 1

2 + n−1 +m−1).

proof of Corollary 4. Next, we move on to the Corollary 4. Combining (42) and (43) we have

ϵν + ϵω ≤ O(n−1 +m−1 + β1/2 + η1/2 + ηβ−1/2 + T− c
2 β− c

2 ).

The proof is completed.

Before giving the detailed proof, we first give a useful lemma.

Lemma 26. Let Assumption 1(ii), 2 (ii) and 3 (ii) hold for the empirical risk FS , and FS is µ-strongly convex, for Algorithm
2, we have

EA[FS(xt+1)|Ft] ≤ EA[FS(xt)|Ft]−
ηt
2
∥∇FS(xt)∥2 + L2

fηtEA[∥vt −∇gS(xt)∥2|Ft]

+ L2
gC

2
fηtEA[∥ut − gS(xt)∥2|Ft] +

LL2
gL

2
fη

2
t

2
.

where EA denotes the expectation taken with respect to the randomness of the algorithm, and Ft is the σ-field generated by
{ωj0 , . . . , ωjt−1 , νi0 , . . . , νit−1}.

Proof. According to the smoothness of FS , we have

FS(xt+1) ≤ FS(xt) + ⟨∇FS(xt), xt+1 − xt⟩+
L

2
∥xt+1 − xt∥2

≤ FS(xt)− ηt⟨∇FS(xt),∇gS(xt)∇fS(gS(xt))⟩+
Lη2t
2

∥vt∇fνjt
(ut)∥2 + θt,

where θt = ηt⟨∇FS(xt), gS(xt)∇fS(gS(xt))− vt∇fνjt
(ut)⟩. As for the term θt, we have

EA[θt|Ft] = ηtEA[⟨∇FS(xt),∇gS(xt)∇fS(gS(xt))− vt∇fνjt
(ut)⟩|Ft]

= ηt⟨∇FS(xt),∇gS(xt)∇fS(gS(xt))− vt∇fS(gS(xt))⟩|Ft]

+ ηtEA[⟨∇FS(xt), vt∇fS(gS(xt))− vt∇fS(ut)⟩|Ft] + ηtEA[⟨∇FS(xt), vt∇fS(ut)− vt∇fνjt
(ut)⟩|Ft]

≤ ηt∥∇FS(xt)∥ · ∥∇fS(gS(xt))∥ · ∥vt −∇gS(xt)∥+ ηt∥∇FS(xt)∥ · ∥vt∥ · ∥∇fS(gS(xt))−∇fS(ut)∥
≤ ηtLf∥∇FS(xt)∥ · ∥vt −∇gS(xt)∥+ ηtLgCf∥∇FS(xt)∥ · ∥ut − gS(xt)∥

≤ ηt
2
∥∇FS(xt)∥2 + L2

fηt∥vt −∇gS(xt)∥2 + L2
gC

2
fηt∥ut − gS(xt)∥2,
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where the last inequality holds by Cauchy-Schwarz inequality. Combining above two inequalities, let Ft be the σ-field
generated by {ωj0 , . . . , ωjt−1 , νi0 , . . . , νit−1}, we have

EA[FS(xt+1)|Ft] ≤ EA[FS(xt)|Ft]−
ηt
2
∥∇FS(xt)∥2 + L2

fηtEA[∥vt −∇gS(xt)∥2|Ft]

+ L2
gC

2
fηtEA[∥ut − gS(xt)∥2|Ft] +

LL2
gL

2
fη

2
t

2
.

Then we complete the proof.

proof of Theorem 10. We begin to give the detailed proof of Theorem 10. Note that strong convexity implies the Polyak-
Łojasiewicz (PL) inequality

1

2
∥∇FS(x)∥2 ≥ µ(FS(x)− FS(x

S
∗ )), ∀x.

Then according to Lemma 26 and PL condition, subtracting both sides with FS(x
S
∗ ) we have

EA[FS(xt+1)− FS(x
S
∗ )] ≤ (1− µηt)EA[FS(xt)− FS(x

S
∗ )] + L2

fηtEA[∥vt −∇gS(xt)∥2|Ft]

+ L2
gC

2
fηtEA[∥ut − gS(xt)∥2|Ft] +

LL2
gL

2
fη

2
t

2
.

Setting ηt = η and βt = β, using Lemma 23 and 24 , we have

EA[FS(xt+1)− FS(x
S
∗ )]

≤ (1− µη)EA[FS(xt)− FS(x
S
∗ )] +

LL2
gL

2
fη

2

2
+ L2

gC
2
fη((

c

e
)cU(tβ)−c + 2σ2

gβ +
2L4

gL
2
fη

2

β
)

+ L2
fη((

c

e
)cV (tβ)−c + 2σ2

g′β +
2L4

gL
2
fη

2

β
).

Telescoping the above inequality from 1 to T − 1 we have

E[FS(xT )− FS(x
S
∗ )]

≤ (1− µη)T−1E[FS(x1)− FS(x
S
∗ )] +

LL2
gL

2
fη

2

2

T−1∑
t=1

(1− µη)T−t−1

+ (
c

e
)cβ−c(L2

gC
2
fηU + L2

fηV )

T−1∑
t=1

t−c(1− µη)T−t−1

+ (2L2
gC

2
fσ

2
gβη + 2L2

fσ
2
g′βη +

2L6
gC

2
fL

2
fη

3

β
+

2L4
gL

4
fη

3

β
)

T−1∑
t=1

(1− µη)T−t−1.

For t = 0, we have

EA[FS(x1)− FS(x
S
∗ )] ≤ (1− µη)EA[FS(x0)− FS(x

S
∗ )] + L2

gC
2
fηU + L2

fηV +
LL2

gL
2
fη

2

2
.

Then combining the above two inequality we have

E[FS(xT )− FS(x
S
∗ )]

≤ (1− µη)TEA[FS(x0)− FS(x
S
∗ )] +

LL2
gL

2
fη

2

2

T∑
t=1

(1− µη)T−t + (L2
gC

2
fηU + L2

fηV )(1− µη)T−1

+ (
c

e
)cβ−c(L2

gC
2
fηU + L2

fηV )

T−1∑
t=1

t−c(1− µη)T−t−1

+ (2L2
gC

2
fσ

2
gβη + 2L2

fσ
2
g′βη +

2L6
gC

2
fL

2
fη

3

β
+

2L4
gL

4
fη

3

β
)

T−1∑
t=1

(1− µη)T−t−1.
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According to the fact that
∑T

t=1(1− µη)T−t ≤ 1
µη , using Lemma 12, we have

T−1∑
t=1

(1− µη)
T−t−1

t−c ≤
∑T−1

t=1 (1− µη)
T−t−1

T − 1

T−1∑
t=1

t−c ≤ 1

Tµη

T−1∑
t=1

t−c.

Then we can get

E[FS(xT )− FS(x
S
∗ )] ≤ (

c

eµ
)c(ηT )−cDx +

LL2
gL

2
fη

2µ
+ (L2

gC
2
fηU + L2

fηV )(
c

eµ
)c(ηT )−c

+ (
c

e
)cβ−c(L2

gC
2
fηU + L2

fηV )T−1µ−1
T−1∑
t=1

t−c

+
2L2

gC
2
fσ

2
gβ

µ
+

2L2
fσ

2
g′β

µ
+

2L6
gC

2
fL

2
fη

2

βµ
+

2L4
gL

4
fη

2

βµ
.

(44)

According to
∑T

t=1 t
−z = O(T 1−z) for z ∈ (−1, 0) ∪ (−∞,−1) and

∑T
t=1 t

−1 = O(log T ), as long as c ̸= 1 we have

E[FS(xT )− FS(x
S
∗ )] ≤ O

(
Dx(ηT )

−c + LL2
gL

2
fη + (L2

gC
2
fU + L2

fV )(ηT )−cη

+ (L2
gC

2
fηU + L2

fηV )(βT )−c + (L2
gC

2
fσ

2
g + L2

fσ
2
g′)β + (L6

gC
2
fL

2
f + L4

fL
4
g)η

2β−1
)
.

The proof is completed.

proof of Theorem 11. Putting (42) into (41), we have

EA[∥xT − xk,ν
T ∥] + 4EA[∥xT − xl,ω

T ∥]

≤ 50LgCfη sup
S

(
(L+ µ)σg

√
2β

2Lµη
+

(L+ µ)
√
2L2

gLf

2Lµ
√
β

+ (
c

e
)

c
2

√
U(L+ µ)

Lµη
T− c

2 β− c
2 )

+ 50Lfη sup
S

(
(L+ µ)σg′

√
2β

2Lµη
+

(L+ µ)
√
2L2

gLf

2Lµ
√
β

+ (
c

e
)

c
2

√
V (L+ µ)

Lµη
T− c

2 β− c
2 )

+ 4

√
2L2

fL
2
gη(L+ µ)

Lµm
+

8(L+ µ)LgLf

Lµm
+

√
2L2

fL
2
gη(L+ µ)

Lµn
+

2(L+ µ)LgLf

Lµn
.

From Theorem 20 we have

E[F (xT )− FS(xT )]

≤ 50CfLfL
2
gη sup

S
(
(L+ µ)σg

√
2β

2Lµη
+

(L+ µ)
√
2L2

gLf

2Lµ
√
β

+ (
c

e
)

c
2

√
Uu(L+ µ)

Lµη
T− c

2 β− c
2 )

+ 50L2
fLgη sup

S
(
(L+ µ)σg′

√
2β

2Lµη
+

(L+ µ)
√
2L2

gLf

2Lµ
√
β

+ (
c

e
)

c
2

√
Uv̇(L+ µ)

Lµη
T− c

2 β− c
2 )

+ 4L2
fL

2
g

√
2η(L+ µ)

Lµm
+

8(L+ µ)L2
gL

2
f

Lµm
+ L2

fL
2
g

√
2η(L+ µ)

Lµn
+

2(L+ µ)L2
gL

2
f

Lµn

+ Lf

√
m−1ES,A[Varω(gω(A(S)))].

Combining (44) and above inequality, using FS(x
S
∗ ) ≤ FS(x∗) we have
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ES,A [F (A(S))− F (x∗)]

≤ 50CfLfL
2
gη sup

S
(
(L+ µ)σg

√
2β

2Lµη
+

(L+ µ)
√
2L2

gLf

2Lµ
√
β

+ (
c

e
)

c
2

√
Uu(L+ µ)

Lµη
T− c

2 β− c
2 )

+ 50L2
fLgη sup

S
(
(L+ µ)σg′

√
2β

2Lµη
+

(L+ µ)
√
2L2

gLf

2Lµ
√
β

+ (
c

e
)

c
2

√
Uv̇(L+ µ)

Lµη
T− c

2 β− c
2 )

+ 4L2
fL

2
g

√
2η(L+ µ)

Lµm
+

8(L+ µ)L2
gL

2
f

Lµm
+ L2

fL
2
g

√
2η(L+ µ)

Lµn
+

2(L+ µ)L2
gL

2
f

Lµn

+ Lf

√
m−1ES,A[Varω(gω(A(S)))] + (

c

eµ
)c(ηT )−cDx +

LL2
gL

2
fη

2µ
+ (L2

gC
2
fηU + L2

fηV )(
c

eµ
)c(ηT )−c

+ (
c

e
)cβ−c(L2

gC
2
fηU + L2

fηV )T−1µ−1
T−1∑
t=1

t−c +
2L2

gC
2
fσ

2
gβ

µ
+

2L2
fσ

2
g′β

µ
+

2L6
gC

2
fL

2
fη

2

βµ
+

2L4
gL

4
fη

2

βµ
.

Setting η = T−a, β = T−b, since often we have η ≤ min( 1n ,
1
m ), then we have

ES,A [F (A(S))− F (x∗)] ≤ O(T− b
2 + T

b
2−a + T

c
2 (b−1) +m− 1

2 +m−1 + T−c(1−a) + T−c(1−b)

+ T−a + T−b + T b−a + T b−2a +m− 1
2T− a

2 + n− 1
2T− a

2 ).

Setting c = 3, the dominating terms are O(T
b
2−a),O(T− b

2 ), O(T 3(b−1)),O(T− a
2 ), andO(T 6(a−1)).

Setting a = b = 6
7 , we have

ES,A [F (A(S))− F (x∗)] = O
(
T− 3

7

)
.

Setting T = O(max{n7/6,m7,6}), we have the following

ES,A [F (A(S))− F (x∗)] = O

(
1√
n
+

1√
m

)
.

The proof is completed.

E. K-level Stochastic Optimizations

Lemma 27 (lemma 6 in (Jiang et al., 2022)). Let Assumption 1(iii), 2 (iii) and 3 (iii) hold for the empirical risk. xt, u
(i)
t and

v
(i)
t are generated by Algorithm 3 for any i ∈ [1,K], then we have

E[∥v(i)t −∇fi,S(u
(i−1)
t )∥2] ≤ (1− βt)E[∥v(i)t−1 −∇fi,S(u

(i−1)
t−1 )∥2] + 2β2

t σ
2
J + 2L2

fE[∥u
(i−1)
t − u

(i−1)
t−1 ∥2] (45)

Lemma 28 (lemma 6 in (Jiang et al., 2022)). Let Assumption 1(iii), 2 (iii) and 3 (iii) hold for the empirical risk. xt, u
(i)
t and

v
(i)
t are generated by Algorithm 3 for any i ∈ [1,K], then we have

E[∥u(i)
t − fi,S(u

(i−1)
t )∥2] ≤ (1− βt)E[∥u(i)

t−1 − fi,S(u
(i−1)
t−1 )∥2] + 2β2

t σ
2
f + 2L2

fE[∥u
(i−1)
t − u

(i−1)
t−1 ∥2] (46)

Lemma 29 (lemma 7 in (Jiang et al., 2022)). Let Assumption 1(iii), 2 (iii) and 3 (iii) hold for the empirical risk. xt, u
(i)
t and

v
(i)
t are generated by Algorithm 3 for any i ∈ [1,K]. Then for any P ∈ [1,K], we have

P∑
i=1

E[∥u(i−1)
t+1 −u

(i−1)
t ∥2] ≤ (

P∑
i=1

(2L2
f )

i−1)(E[∥xt+1−xt∥2]+2β2
t+1σ

2
fP +2β2

t+1P

P∑
i=1

E[∥u(i)
t −fi(u

(i−1)
t )∥2]). (47)
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Lemma 30. Let Assumption 1(iii), 2 (iii) and 3 (iii) hold for the empirical risk. xt, u
(i)
t and v

(i)
t are generated by Algorithm

3 for any i ∈ [1,K], let 0 < ηt = η < 1 and let 0 < βt = β < max {1, 1/(4K
∑K

i=1(2L
2
f )

i} we have

K∑
i=1

E[∥u(i)
t − fi,S(u

(i−1)
t )∥2]

≤
K∑
i=1

(
c

e
)c(

tβ

2
)−cE[∥u(i)

1 − fi,S(x0)∥2] + 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β
.

proof of Lemma 30. Now we give the detailed proof of Lemma 30. According to Lemma 28 and 29, we have

K∑
i=1

E[∥u(i)
t − fi,S(u

(i−1)
t )∥2]

≤
K∑
i=1

(1− βt)E[∥u(i)
t−1 − fi,S(u

(i−1)
t−1 )∥2] + 2β2

t σ
2
fK

+ (

K∑
i=1

(2L2
f )

i)(E[∥xt − xt−1∥2] + 2β2
t σ

2
fK + 2β2

tK

K∑
i=1

E[∥u(i)
t−1 − fi(u

(i−1)
t−1 )∥2]).

(48)

According to the setting that βt ≤ max {1, 1/(4K
∑K

i=1(2L
2
f )

i}, we have

K∑
i=1

E[∥u(i)
t − fi,S(u

(i−1)
t )∥2]

≤
K∑
i=1

(1− βt

2
)E[∥u(i)

t−1 − fi,S(u
(i−1)
t−1 )∥2] + 2β2

t σ
2
fK + (

K∑
i=1

(2L2
f )

i)(E[∥xt − xt−1∥2] + 2β2
t σ

2
fK)

≤
K∑
i=1

(1− βt

2
)E[∥u(i)

t−1 − fi,S(u
(i−1)
t−1 )∥2] + 2β2

t σ
2
fK((

K∑
i=1

(2L2
f )

i) + 1) +

K∑
i=1

(2L2
f )

iη2tL
K
f .

(49)

Then using Lemma 14, setting ηt = η and βt = β, similar to the proof of Lemma 23, we have

K∑
i=1

E[∥u(i)
t − fi,S(u

(i−1)
t )∥2]

≤
K∑
i=1

t∏
j=1

(1− βj

2
)E[∥u(i)

1 − fi,S(x0)∥2] + 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β
.

(50)

Note that
∏N

i=K ≤ exp(−
∑N

i=K βi) for all K ≤ N and βi ≥ 0, then we have

K∑
i=1

E[∥u(i)
t − fi,S(u

(i−1)
t )∥2]

≤
K∑
i=1

exp(−βi

2
)E[∥u(i)

1 − fi,S(x0)∥2] + 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β

≤
K∑
i=1

(
c

e
)c(

tβ

2
)−cE[∥u(i)

1 − fi,S(x0)∥2] + 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β
.

(51)

Then we finish the proof.
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Lemma 31. Let Assumption 1(iii), 2 (iii) and 3 (iii) hold for the empirical risk. xt, u
(i)
t and v

(i)
t are generated by Algorithm

3 for any i ∈ [1,K], let 0 < ηt = η < 1 and let 0 < βt = β < max {1, 1/(8K
∑K

i=1(2L
2
f )

i} we have

K∑
i=1

E[∥v(i)t −∇fi,S(u
(i−1)
t )∥2]

≤
K∑
i=1

(
c

e
)c(

tβ

2
)−c(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2]) +
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β

+ 4βK(σ2
f + σ2

J + 2σ2
f (

K∑
i=1

(2L2
f )

i)).

proof of Lemma 31. Now we give the detailed proof of Lemma 31. According to Lemma 28, 29 and 27, we have

K∑
i=1

(E[∥v(i)t −∇fi,S(u
(i−1)
t )∥2] + E[∥u(i)

t − fi,S(u
(i−1)
t )∥2])

≤
K∑
i=1

(1− βt)E[∥u(i)
t−1 − fi,S(u

(i−1)
t−1 )∥2] + 2β2

t σ
2
fK +

K∑
i=1

(1− βt)E[∥v(i)t−1 −∇fi,S(u
(i−1)
t−1 )∥2] + 2β2

t σ
2
JK

+ 2(

K∑
i=1

(2L2
f )

i)(E[∥xt − xt−1∥2] + 2β2
t σ

2
fK + 2β2

tK

K∑
i=1

E[∥u(i)
t−1 − fi(u

(i−1)
t−1 )∥2]).

According to the setting that 0 < ηt = η < 1 and let 0 < βt = β < max {1, 1/(8K
∑K

i=1(2L
2
f )

i} we have

K∑
i=1

(E[∥v(i)t −∇fi,S(u
(i−1)
t )∥2] + E[∥u(i)

t − fi,S(u
(i−1)
t )∥2])

≤
K∑
i=1

(1− βt

2
)E[∥u(i)

t−1 − fi,S(u
(i−1)
t−1 )∥2] +

K∑
i=1

(1− βt)E[∥u(i)
t−1 − fi,S(u

(i−1)
t−1 )∥2]

+ 2(

K∑
i=1

(2L2
f )

i)η2LK
f + 2β2

tK(σ2
f + σ2

J + 2σ2
f (

K∑
i=1

(2L2
f )

i)).

Using Lemma 14, we have

K∑
i=1

(E[∥v(i)t −∇fi,S(u
(i−1)
t )∥2] + E[∥u(i)

t − fi,S(u
(i−1)
t )∥2])

≤
K∑
i=1

t∏
j=1

(1− βj

2
)(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2]) +
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β

+ 4βK(σ2
f + σ2

J + 2σ2
f (

K∑
i=1

(2L2
f )

i)).

Then we have
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K∑
i=1

E[∥v(i)t −∇fi,S(u
(i−1)
t )∥2]

≤
K∑
i=1

(
c

e
)c(

tβ

2
)−c(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2]) +
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β

+ 4βK(σ2
f + σ2

J + 2σ2
f (

K∑
i=1

(2L2
f )

i)).

This complete the proof.

proof of Theorem 1.

ES,A[F (A(S))− FS(A(S))]

= ES,A[Eν(K) [fν(K)

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])]

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (
1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 · · · ( 1

n1

n1∑
i1=1

f
ν
(1)
i1

1 (A(S))))]

= ES,A[Eν(K) [fν(K)

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])]

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])

+ ES,A[
1

nK

nK∑
iK=1

f
ν
(K)
iK

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (
1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 · · ·Eν(1) [fν(1)

1 (A(S))])]

...

+ ES,A[
1

nK

nK∑
iK=1

f
ν
(K)
iK

K (
1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 · · ·Eν(1) [fν(1)

1 (A(S))])

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (
1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 · · · ( 1

n1

n1∑
i1=1

f
ν
(1)
i1

1 (A(S))))].

(52)

Now we estimate the terms of the RHS. Define S(i) = {ν(1)1 , · · · , ν(1)n1 , · · · , ν
(i)′

1 , · · · , ν(i)
′

ni , · · · , ν(K)
1 , · · · , ν(K)

n1 }, where
i ∈ [1,K].

For the first term, we have

ES,A[Eν(K) [fν(K)

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])]

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])

≤ ES,A,S(K)

[ 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(Si,K))])

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])
]

≤ LK
f ∥A(Si,K)−A(S)∥

≤ LK
f ϵK
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For the second term, we have

ES,A[
1

nK

nK∑
iK=1

f
ν
(K)
iK

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (
1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 · · ·Eν(1) [fν(1)

1 (A(S))])]

≤ LfES,A[∥fK−1(fK−2 ◦ · · · ◦ f1(A(S)))− 1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 (fK−2 ◦ · · · ◦ f1(A(S)))∥].

Besides,

fK−1(fK−2 ◦ · · · ◦ f1(A(S)))− 1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 (fK−2 ◦ · · · ◦ f1(A(S)))

=
1

nK−1

nK−1∑
j=1

E
v(K−1),v

(K−1)′
j

[fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(S)))− fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]

+
1

nK−1

nK−1∑
j=1

E
v
(K−1)′
j

[Ev(K−1) [fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]

− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]

+
1

nK−1

nK−1∑
j=1

E
v
(K−1)′
j

[f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(S)))].

Note that S and Sj,(K−1) differ by a single example. By the assumption on stability and Definition 1, we have

ES,A[∥fK−1(fK−2 ◦ · · · ◦ f1(A(S)))− 1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 (fK−2 ◦ · · · ◦ f1(A(S)))∥]

≤ 2LK−1
f ϵK−1 + ES,A[

1

nK−1
∥
nK−1∑
j=1

E
v
(K−1)′
j

[Ev(K−1) [fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]

− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]∥].

(53)

Next step, we need to estimate the second term of above inequality. We denote

ξj(S) = E
v
(K−1)′
j

[Ev(K−1) [fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))].

Notice that

ES,A[∥
nK−1∑
j=1

ξj(S)∥2] = ES,A[

nK−1∑
j=1

∥ξj(S)∥2] +
∑

j,i∈[nK−1]:j ̸=i

ES,A[⟨ξj(S), ξi(S)⟩].
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Using Cauchy-Schwartz inequality, we have

ES,A[

nK−1∑
j=1

∥ξj(S)∥2]

= ES,A[

nK−1∑
j=1

∥E
v
(K−1)′
j

[Ev(K−1) [fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]

− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]∥2]

≤ ES,A[

nK−1∑
j=1

∥Ev(K−1) [fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))]− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))∥2]

= ES,A[

nK−1∑
j=1

∥Ev(K−1) [fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(S))]− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(S))∥2]

= nK−1ES,A[VarK−1(A(S)],

where VarK−1(A(S) = Ev(K−1) [∥fK−1(fK−2 ◦ · · · ◦ f1(A(S))− fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(S))∥2].

Next, we will estimate the term
∑

j,i∈[nK−1]:j ̸=i ES,A[⟨ξj(S), ξi(S)⟩]. We first define

Si,K−1 = {ν(1)1 , · · · , ν(1)n1
, · · · , ν(K−1)

i−1 , ν
(K−1)′

i , ν
(K−1)
i+1 , · · · , ν(K−1)

nK−1
, ν

(K)
1 , · · · , ν(K)

nK
}

Si,j,K−1 = {ν(1)1 , · · · , ν(1)n1
, · · · , ν(K−1)

i−1 , ν
(K−1)′

i , ν
(K−1)
i+1 , · · · , ν(K−1)

j−1 , ν
(K−1)′

j , ν
(K−1)
j+1 , · · · , ν(K)

nK
}.

Due to the symmetry between ν(K−1) and ν
(K−1)
j , we have

E
ν
(K−1)
j

[ξj(S)] = 0,∀j ∈ [1, nK−1].

If j ̸= i, then we have

ES,A[⟨ξj(Si,K−1), ξi(S)⟩] = ES,AEν
(K−1)
i

[⟨ξj(Si,K−1), ξi(S)⟩]

= ES,A[⟨ξj(Si,K−1),E
ν
(K−1)
i

[ξi(S)]⟩] = 0,

In a similar way, we can get for any j ̸= i

ES,A[⟨ξj(S), ξi(Sj,K−1)⟩] = ES,AEν
(K−1)
j

[⟨ξj(S), ξi(Sj,K−1)⟩]

= ES,A[⟨Eν
(K−1)
j

[ξj(S)], ξi(S
j,K−1)⟩] = 0,

and
ES,A[⟨ξj(Si,K−1), ξi(S

j,K−1)⟩] = ES,AEν
(K−1)
j

[⟨ξj(Si,K−1), ξi(S
j,K−1)⟩]

= ES,A[⟨Eν
(K−1)
j

[ξj(S
i,K−1)], ξi(S

j,K−1)⟩] = 0,

Combining the above identities, we have for any i ̸= j

ES,A[⟨ξj(S), ξi(S)⟩]
= ES,A[⟨ξj(S)− ξj(S

i,K−1), ξi(S)− ξi(S
j,K−1)⟩]

≤ ES,A[∥ξj(S)− ξj(S
i,K−1)∥ · ∥ξi(S)− ξi(S

j,K−1)∥]

≤ 1

2
ES,A[∥ξj(S)− ξj(S

i,K−1)∥2] + 1

2
ES,A[∥ξi(S)− ξi(S

j,K−1)∥2].
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Then

ES,A[∥ξj(S)− ξj(S
i,K−1)∥2]

= 2ES,A[∥fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))− fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(Si,j,(K−1))))∥2]

+ 2ES,A[∥f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Si,j,(K−1))))− f
v
(K−1)
j

K−1 (fK−2 ◦ · · · ◦ f1(A(Sj,(K−1))))∥2]
≤ 4LK−1

f ϵ2K−1.

In a similar way, we can have
ES,A[∥ξi(S)− ξi(S

j,K−1)∥2] ≤ 4LK−1
f ϵ2K−1.

According to the above inequalities, we have∑
j,i∈[nK−1]:j ̸=i

ES,A[⟨ξj(S), ξi(S)⟩] ≤ 4(nK−1 − 1)nK−1L
K−1
f ϵ2K−1,∀j ̸= i.

Then we have

ES,A[∥
nK−1∑
j=1

ξj(S)∥2] ≤ 4(nK−1 − 1)nK−1L
K−1
f ϵ2K−1 + nK−1ES,A[VarK−1(A(S)].

Therefore

ES,A[∥
nK−1∑
j=1

ξj(S)∥] ≤ 2nK−1L
K−1
f ϵK−1 +

√
nK−1ES,A[VarK−1(A(S)]. (54)

Combining (53) and (54) we have

ES,A[∥fK−1(fK−2 ◦ · · · ◦ f1(A(S)))− 1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 (fK−2 ◦ · · · ◦ f1(A(S)))∥]

≤ 4LK−1
f ϵK−1 +

√
ES,A[VarK−1(A(S)]

nK−1
.

Then the second term

ES,A[
1

nK

nK∑
iK=1

f
ν
(K)
iK

K (Eν(K−1) [fν(K−1)

K−1 ] · · ·Eν(1) [fν(1)

1 (A(S))])

− 1

nK

nK∑
iK=1

f
ν
(K)
iK

K (
1

nK−1

nK−1∑
iK−1=1

f
ν
(K−1)
iK−1

K−1 · · ·Eν(1) [fν(1)

1 (A(S))])]

≤ 4LK
f ϵK−1 + Lf

√
ES,A[VarK−1(A(S)]

nK−1
,

where VarK−1(A(S) = Ev(K−1) [∥fK−1(fK−2 ◦ · · · ◦ f1(A(S))− fv(K−1)

K−1 (fK−2 ◦ · · · ◦ f1(A(S))∥2].

Similarly, we can get, for any t ∈ [2,K], the t-th term of (52) is bounded by

4LK
f ϵK−t+1 + Lf

√
ES,A[VarK−t+1(A(S)]

nK−t+1
,

where VarK−t+1(A(S) = Ev(K−t+1) [∥fK−t+1(fK−t ◦ · · · ◦ f1(A(S))− fv(K−t+1)

K−t+1 (fK−t ◦ · · · ◦ f1(A(S))∥2].

Then we can conclude that

ES,A[F (A(S))− FS(A(S))] ≤ LK
f ϵK + 4LK

f

K∑
t=2

ϵK−t+1 + Lf

K∑
t=2

√
ES,A[VarK−t+1(A(S)]

nK−t+1
,

50



Stability and Generalization for Stochastic Recursive Momentum-based One to K-Level Stochastic Optimizations

where VarK−t+1(A(S) = Ev(K−t+1) [∥fK−t+1(fK−t ◦ · · · ◦ f1(A(S))− fv(K−t+1)

K−t+1 (fK−t ◦ · · · ◦ f1(A(S))∥2].

This completes the proof.

E.1. Convex setting

proof of Theorem 4. Since changing one sample data can happen in any layer of the function, we define

Sl,k = {ν(1)1 , · · · , ν(1)n1
, · · · , ν(k)1 , · · · , ν(k)l−1, ν

(k)′

l , ν
(k)
l+1, · · · , ν

(k)
nk

, · · · , ν(K)
1 , · · · , ν(K)

nK
}.

Let {xt+1}, {u(i)
t+1} and {v(i)t+1} be produced by SVMR based on S, where i ∈ [1,K] and represents an estimator of the

function of layer i. {xl,k
t+1}, {u(i),l,k

t+1 } and{v(i),l,kt+1 } be produced by SVMR based on Sl,k. For any l ∈ [1, nk], k ∈ [1,K],
let x0 = xl,k

0 be starting points in X .

We begin with the estimation of the term EA[∥xt+1 − xl,k
t+1∥]. For this purpose, we will consider two cases, it ̸= l and

it = l.

Case 1(it ̸= l ). We have

∥xt+1 − xl,k
t+1∥2 ≤ ∥xt − ηt

K∏
i=1

v
(i)
t − xl,k

t + ηt

K∏
i=1

v
(i),l,k
t ∥2

≤ ∥xt − xl,k
t ∥2 − 2ηt⟨

K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t+1⟩+ η2t ∥
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t ∥2.

(55)

Now we estimate the second term of above inequality.

− 2ηt⟨
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t ⟩

= −2ηt⟨
K∏
i=1

v
(i)
t −∇f1,S(xt) ·

K∏
i=2

v
(i)
t , xt − xl,k

t ⟩

− 2ηt⟨∇f1,S(xt) ·
K∏
i=2

v
(i)
t −∇f1,S(xt) ·

K∏
i=3

v
(i)
t · ∇f2,S(u

(1)
t ), xt − xl,k

t ⟩

− 2ηt⟨∇f1,S(xt) ·
K∏
i=3

v
(i)
t · ∇f2,S(u

(1)
t )−∇f1,S(xt) ·

K∏
i=3

v
(i)
t · ∇f2,S(f1,S(xt)), xt − xl,k

t ⟩

...

− 2ηt⟨
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t ), xt − xl,k

t ⟩

− 2ηt⟨
K∏
i=1

∇Fi,S(x
l,k
t )−

K∏
i=2

∇Fi,S(x
l,k
t ) · v(1),l,kt , xt − xl,k

t ⟩

− 2ηt⟨
K∏
i=2

∇Fi,S(x
l,k
t ) · v(1),l,kt −

K∏
i=3

∇Fi,S(x
l,k
t ) · v(1),l,kt · ∇f2,S(u

(1),l,k
t ), xt − xl,k

t ⟩

...

− 2ηt⟨
K−1∏
i=1

v
(i),l,k
t · ∇fK,S(u

(K−1),l,k
t )−

K∏
i=1

v
(i),l,k
t , xt − xl,k

t ⟩.
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From the above inequality, we decompose it to K(K + 1) + 1 ≤ K(K + 2) terms, where K is the number of layers of the
function. Using Assumption 3 (iii) we can get

− 2ηt⟨
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t ⟩

≤ 2ηtL
K−1
f ∥v(1)t −∇f1,S(xt)∥ · ∥xt − xl,k

t ∥

+ (2ηtL
K−1
f ∥v(2)t −∇f2,S(u

(1)
t )∥+ 2ηtL

K
f ∥u(1)

t − f1,S(xt)∥) · ∥xt − xl,k
t ∥

...

+ (2ηtL
m2

f ∥v(K)
t −∇fK,S(u

(K−1)
t )∥+ · · ·+ 2ηtL

K−1+(K−1)K/2
f ∥u(1)

t − f1,S(xt)∥) · ∥xt − xl,k
t ∥

− 2ηt
L

∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥

+ (2ηtL
K−1+(K−1)K/2
f ∥u(1),l,k

t xl,k
t ∥+ · · · 2ηtL(K−1)K/2

f ∥∇fK,S(u
(K−1),l,k
t )−∇v

(K),l,k
t ∥) · ∥xt − xl,k

t ∥
...

+ (2ηtL
K
f ∥u(1),l,k

t − f1,S(x
l,k
t )∥+ 2ηtL

K−1
f ∥v(2),l,kt −∇f2,S(u

(1),l,k
t )∥) · ∥xt − xl,k

t ∥

+ 2ηtL
K−1
f ∥v(1),l,kt −∇f1,S(x

l,k
t )∥ · ∥xt − xl,k

t ∥.

(56)

Conclude above inequality, we have

− 2ηt⟨
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t ⟩

≤ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f (∥u(j)
t − fj,S(u

(j−1)
t )∥+ ∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥) · ∥xt − xl,k

t ∥

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (∥v(i)t −∇fi,S(u
(i−1)
t )∥+ ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥) · ∥xt − xl,k

t ∥

− 2ηt
L

∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥.
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Now we consider the third term of (55). Similar to the (56), we have

∥
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t ∥

≤ LK−1
f ∥v(1)t −∇f1,S(xt)∥ · ∥xt − xl,k

t ∥

+ (LK−1
f ∥v(2)t −∇f2,S(u

(1)
t )∥+ LK

f ∥u(1)
t − f1,S(xt)∥) · ∥xt − xl,k

t ∥
...

+ (Lm2

f ∥v(K)
t −∇fK,S(u

(K−1)
t )∥+ · · ·+ L

K−1+(K−1)K/2
f ∥u(1)

t − f1,S(xt)∥) · ∥xt − xl,k
t ∥

+ ∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥

+ (L
K−1+(K−1)K/2
f ∥u(1),l,k

t xl,k
t ∥+ · · ·L(K−1)K/2

f ∥∇fK,S(u
(K−1),l,k
t )−∇v

(K),l,k
t ∥) · ∥xt − xl,k

t ∥
...

+ (LK
f ∥u(1),l,k

t − f1,S(x
l,k
t )∥+ LK−1

f ∥v(2),l,kt −∇f2,S(u
(1),l,k
t )∥) · ∥xt − xl,k

t ∥

+ LK−1
f ∥v(1),l,kt −∇f1,S(x

l,k
t )∥ · ∥xt − xl,k

t ∥.

Taking square on both sides of the above inequality, we have that

η2t ∥
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t ∥2

≤ L2K−2
f K(K + 2)η2t ∥v

(1)
t −∇f1,S(xt)∥2

+ L2K−2
f K(K + 2)η2t ∥v

(2)
t −∇f2,S(u

(1)
t )∥2 + L2K

f K(K + 2)η2t ∥u
(1)
t − f1,S(xt)∥2

...

+ Lm
f K(K + 2)η2t ∥v

(K)
t −∇fK,S(u

(K−1)
t )∥2 + · · ·+ L

K−1+(K−1)K
f K(K + 2)η2t ∥u

(1)
t − f1,S(xt)∥2

+K(K + 2)η2t ∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥2

+ L
2K−2+(K−1)K
f K(K + 2)η2t ∥u

(1),l,k
t xl,k

t ∥2 + · · ·L(K−1)K
f K(K + 2)η2t ∥∇fK,S(u

(K−1),l,k
t )−∇v

(K),l,k
t ∥2∥

...

+ L2K
f K(K + 2)η2t ∥u

(1),l,k
t − f1,S(x

l,k
t )∥2 + L2K−2

f K(K + 2)η2t ∥v
(2),l,k
t −∇f2,S(u

(1),l,k
t )∥2

+ L2K−2
f K(K + 2)η2t ∥v

(1),l,k
t −∇f1,S(x

l,k
t )∥2.

where we have used the fact that (
∑K

i=1 ai)
2 ≤

∑K
i=1 Ka2i . Then we can conclude that

η2t ∥
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t ∥2

≤ η2t

K∑
i=1

i−1∑
j=1

L
2K−2j+(i−1)i
f (∥u(j)

t − fj,S(u
(j−1)
t )∥2 + ∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥2)

+ η2t

K∑
i=1

L
2K−2i+(i−1)i
f (∥v(i)t −∇fi,S(u

(i−1)
t )∥2 + ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥2)

+ (K + 2)Kη2t ∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥.
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Putting above inequality into (55), according to ηt ≤ 2
LK(K+2) , we have

∥xt+1 − xl,k
t+1∥2

≤ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f (∥u(j)
t − fj,S(u

(j−1)
t )∥+ ∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥) · ∥xt − xl,k

t ∥

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (∥v(i)t −∇fi,S(u
(i−1)
t )∥+ ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥) · ∥xt − xl,k

t ∥

+ η2t

K∑
i=1

i−1∑
j=1

L
2K−2j+(i−1)i
f (∥u(j)

t − fj,S(u
(j−1)
t )∥2 + ∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥2)

+ η2t

K∑
i=1

L
2K−2i+(i−1)i
f (∥v(i)t −∇fi,S(u

(i−1)
t )∥2 + ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥2) + ∥xt − xl,k

t ∥2.

Case 2 (it = l ). We have

∥xt+1 − xl,k
t+1∥ = ∥xt − ηt

K∏
i=1

v
(i)
t − xl,k

t + ηt

K∏
i=1

v
(i),l,k
t ∥

≤ ∥xt − xl,k
t ∥+ ηt∥

K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t ∥ ≤ ∥xt − xl,k

t ∥+ 2ηtL
K
f .

(57)

Therefore, we have

∥xt+1 − xl,k
t+1∥2 ≤ ∥xt − xl,k

t ∥2 + 4ηtL
K
f ∥xt − xl,k

t ∥+ 4η2tL
2K
f .

Combining above two cases, we have

∥xt+1 − xl,k
t+1∥2

≤ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f (∥u(j)
t − fj,S(u

(j−1)
t )∥+ ∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥) · ∥xt − xl,k

t ∥

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (∥v(i)t −∇fi,S(u
(i−1)
t )∥+ ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥) · ∥xt − xl,k

t ∥

+ η2t

K∑
i=1

i−1∑
j=1

L
2K−2j+(i−1)i
f (∥u(j)

t − fj,S(u
(j−1)
t )∥2 + ∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥2)

+ η2t

K∑
i=1

L
2K−2i+(i−1)i
f (∥v(i)t −∇fi,S(u

(i−1)
t )∥2 + ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥2) + ∥xt − xl,k

t ∥2

+ 4ηtL
K
f ∥xt − xl,k

t ∥ · 1[it=l] + 4η2tL
2K
f · 1[it=l].

According to

EA[∥xt − xl,k
t ∥1[it=l]] = EA[∥xt − xl,k

t ∥Eit [1[it=l]]] =
1

nk
EA[∥xt − xl,k

t ∥] ≤ 1

nk
(EA[∥xt − xl,k

t ∥2])1/2,
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note that ∥x0 − xl,k
0 ∥2 = 0, we have

EA∥xt+1 − xl,k
t+1∥2

≤ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f (EA∥u(j)
t − fj,S(u

(j−1)
t )∥2)1/2 · (EA∥xt − xl,k

t ∥2)1/2

+ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f (EA∥u(j),l,k
t − fj,S(u

(j−1),l,k
t )∥2)1/2 · (EA∥xt − xl,k

t ∥2)1/2

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (EA∥v(i)t −∇fi,S(u
(i−1)
t )∥2)1/2 · (EA∥xt − xl,k

t ∥2)1/2

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (EA∥v(i),k,lt −∇fi,S(u
(i−1),k,l
t )∥2)1/2 · (EA∥xt − xl,k

t ∥2)1/2

+ η2t

K∑
i=1

i−1∑
j=1

L
2K−2j+(i−1)i
f (EA∥u(j)

t − fj,S(u
(j−1)
t )∥2 + EA∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥2)

+ η2t

K∑
i=1

L
2K−2i+(i−1)i
f (EA∥v(i)t −∇fi,S(u

(i−1)
t )∥2 + EA∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥2)

+ EA∥xt − xl,k
t ∥2 +

4ηtL
K
f

nk
(EA∥xt − xl,k

t ∥2)1/2 +
4η2tL

2K
f

nk
.

Telescoping from 0 to t− 1, according to ∥x0 − xl,k
0 ∥2 = 0, we have

EA∥xt − xl,k
t ∥2

≤ 2

t−1∑
s=1

K∑
i=1

i−1∑
j=1

ηsL
K−j+ 1

2 (i−1)i

f (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2 · (EA∥xs − xl,k

s ∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

i−1∑
j=1

ηsL
K−j+ 1

2 (i−1)i

f (EA∥u(j),l,k
s − fj,S(u

(j−1),l,k
s )∥2)1/2 · (EA∥xs − xl,k

s ∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

ηsL
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 · (EA∥xs − xl,k

s ∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

ηsL
K−i+ 1

2 (i−1)i

f (EA∥v(i),k,ls −∇fi,S(u
(i−1),k,l
s )∥2)1/2 · (EA∥xs − xl,k

s ∥2)1/2

+

t−1∑
s=1

K∑
i=1

i−1∑
j=1

η2sL
2K−2j+(i−1)i
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2 + EA∥u(j),l,k

s − fj,S(u
(j−1),l,k
s )∥2)

+
t−1∑
s=1

K∑
i=1

η2sL
2K−2i+(i−1)i
f (EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2 + EA∥v(i),k,ls −∇fi,S(u

(i−1),k,l
s )∥2)

+

t−1∑
s=1

4ηsL
K
f

nk
(EA∥xs − xl,k

s ∥2)1/2 +
t−1∑
s=1

4η2sL
2K
f

nk
.
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Similarly, for notational convenience, denote ut = (EA∥xt − xl,k
t ∥2)1/2, and letting

St =

t−1∑
s=1

K∑
i=1

i−1∑
j=1

η2sL
2K−2j+(i−1)i
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2 + EA∥u(j),l,k

s − fj,S(u
(j−1),l,k
s )∥2)

+

t−1∑
s=1

K∑
i=1

η2sL
2K−2i+(i−1)i
f (EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2 + EA∥v(i),k,ls −∇fi,S(u

(i−1),k,l
s )∥2)

+

t−1∑
s=1

4η2sL
2K
f

nk
,

αs =
4ηsL

K
f

nk
+ 2

K∑
i=1

i−1∑
j=1

ηsL
K−j+ 1

2 (i−1)i

f (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2

+ 2

K∑
i=1

i−1∑
j=1

ηsL
K−j+ 1

2 (i−1)i

f (EA∥u(j),l,k
s − fj,S(u

(j−1),l,k
s )∥2)1/2

+ 2

K∑
i=1

ηsL
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2

+ 2

K∑
i=1

ηsL
K−i+ 1

2 (i−1)i

f (EA∥v(i),k,ls −∇fi,S(u
(i−1),k,l
s )∥2)1/2.

According to Lemma 14, we have

ut ≤
√
St +

t−1∑
s=1

αs

≤
t−1∑
s=1

K∑
i=1

i−1∑
j=1

ηsL
K−j+(i−1)i/2
f ((EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2 + (EA∥u(j),l,k

s − fj,S(u
(j−1),l,k
s )∥2)1/2)

+

t−1∑
s=1

K∑
i=1

ηsL
K−i+(i−1)i/2
f ((EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2)1/2 + (EA∥v(i),k,ls −∇fi,S(u

(i−1),k,l
s )∥2)1/2)

+ (

t−1∑
s=1

4η2sL
2K
f

nk
)1/2 +

t−1∑
s=1

4ηsL
K
f

nk
+ 2

t−1∑
s=1

K∑
i=1

i−1∑
j=1

ηsL
K−j+ 1

2 (i−1)i

f (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

i−1∑
j=1

ηsL
K−j+ 1

2 (i−1)i

f (EA∥u(j),l,k
s − fj,S(u

(j−1),l,k
s )∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

ηsL
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

ηsL
K−i+ 1

2 (i−1)i

f (EA∥v(i),k,ls −∇fi,S(u
(i−1),k,l
s )∥2)1/2,

where the inequality holds by (
∑K

i=1 ai)
1/2 ≤

∑K
i=1(ai)

1/2. Besides, if we let ηt = η, then it’s easy to get

t−1∑
s=1

K∑
i=1

i−1∑
j=1

ηsL
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

≤ sup
S

η

t−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2,

56



Stability and Generalization for Stochastic Recursive Momentum-based One to K-Level Stochastic Optimizations

and
t−1∑
s=1

K∑
i=1

i−1∑
j=1

ηsL
K−j+ 1

2 (i−1)i

f (EA∥u(j),l,k
s − fj,S(u

(j−1),l,k
s )∥2)1/2

≤ sup
S

η

t−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2.

This inequality is also true for v(j)s and v
(j),l,k
s . Consequently, with T iterations, we obtain that

uT ≤ 6 sup
S

η

T−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+ 6 sup
S

η

T−1∑
s=1

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 + (

T−1∑
s=1

4η2sL
2K
f

nk
)1/2 +

4ηLK
f T

nk

≤ 6 sup
S

η

T−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+ 6 sup
S

η

T−1∑
s=1

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 +

6ηLK
f T

nk
,

where the last inequality holds by the fact that we often have T ≥ nk, for any k ∈ [1,K]. Besides

EA[∥xT −X l,k
T ∥] ≤ uT = (EA[∥xT −X l,k

T ∥]2)1/2.

Then we can get the result for the k-th layer

EA[∥xT −X l,k
T ∥] = O

(
sup
S

η

T−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+ sup
S

η

T−1∑
s=1

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 +

ηLK
f T

nk

)
,

where k ∈ [1,K]. Then we have

K∑
k=1

EA[∥ϵk∥] = O(sup
S

η

T−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+ sup
S

η

T−1∑
s=1

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 +

K∑
k=1

ηLK
f T

nk
).

(58)

This completes the proof.

Corollary 5 (K-level Optimization). Consider SVMR in Algorithm 3 with 0 < ηt = η < 2/LK(K + 1) and let
0 < βt = β < max

{
1, 1

(4K
∑K

i=1(2L
2
f )

i

}
for any t ∈ [0, T − 1]. With the output A(S) = xT , then we have

K∑
k=1

ϵk = O

(
ηT

(
(βT )−

c
2 + β1/2 + ηβ−1/2

)
+ ηT

K∑
k=1

1

nk

)
.

Now we give the proof of Corollary 5.
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proof of Corollary 5. According to (58), we have

K∑
k=1

ϵk = O(sup
S

η

T−1∑
s=1

K∑
i=1

i−1∑
j=1

(EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2

+ sup
S

η

T−1∑
s=1

K∑
i=1

(EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 +

K∑
k=1

6ηLK
f T

nk
).

According to Lemma 30 and 31, we can get

K∑
k=1

ϵk = O(

K∑
k=1

ηT

nk
+ η

T−1∑
s=1

((sβ)−c/2 +
η√
β
+

√
β))

= O(

K∑
k=1

ηT

nk
+ ηT−c/2+1β−c/2 + η2β− 1

2T + ηβ1/2T ).

This complete the proof.

Before give the detailed proof of Theorem 5, we first give a useful lemma.

Lemma 32. Let Assumption 1(iii), 2 (iii) and 3 (iii) hold for the empirical risk FS , for SVMR, we have for any γt > 0 and
λt > 0 we have

EA[∥xt+1 − xS
∗ ∥2|Ft]

≤ ∥xt − xS
∗ ∥2 + LK

f η2t − 2ηt(FS(xt)− FS(x
S
∗ )) + γtηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f ∥xt − xS
∗ ∥2

+
ηt

∑K
i=1

∑i−1
j=1 L

K−j+ 1
2 (i−1)i

f EA[∥u(j)
t − fj,S(u

(j−1)
t )∥2|Ft]

γt

+
ηt

∑K
i=1 L

K−i+ 1
2 (i−1)i

f EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥2|Ft]

λt
+ λtηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f ∥xt − xS
∗ ∥2.

Proof. According to the update rule of SVMR, we have

∥xt+1 − xS
∗ ∥2 = ∥xt − ηt

K∏
i=1

v
(i)
t − xS

∗ ∥2

≤ ∥xt − xS
∗ ∥2 + LK

f η2t − 2ηt⟨xt − xS
∗ ,

K∏
i=1

∇Fi,S(xt)⟩+ ut,

where ut = 2ηt⟨xt − xS
∗ ,

∏K
i=1 ∇Fi,S(xt) −

∏K
i=1 v

(i)
t ⟩. Let Ft be the σ field generated by S. Taking expectation with

respect to the internal randomness of the algorithm and using Assumption 1 (iii), we have

EA[∥xt+1 − xS
∗ ∥2∥Ft]

≤ ∥xt − xS
∗ ∥2 + LK

f η2t − 2ηtEA[⟨xt − xS
∗ ,

K∏
i=1

∇Fi,S(xt)⟩|Ft] + EA[ut|Ft]

= ∥xt − xS
∗ ∥2 + LK

f η2t − 2ηt⟨xt − xS
∗ ,∇FS(xt)⟩+ EA[ut|Ft]

≤ ∥xt − xS
∗ ∥2 + LK

f η2t − 2ηt(FS(xt)− FS(x
S
∗ )) + EA[ut|Ft],
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where the last inequality comes from the convexity of FS . Now we handle the term EA[ut|Ft].

ut = 2ηt⟨xt − xS
∗ ,

K∏
i=1

∇Fi,S(xt)−
K∏
i=1

v
(i)
t ⟩

= 2ηt⟨
K∏
i=1

∇Fi,S(xt)−
K∏
i=2

∇Fi,S(xt) · v(1)t , xt − xS
∗ ⟩

+ 2ηt⟨
K∏
i=2

∇Fi,S(xt) · v(1)t −
K∏
i=3

∇Fi,S(xt) · v(1)t · ∇f2,S(u
(1)
t ), xt − xS

∗ ⟩

+ 2ηt⟨
K∏
i=3

∇Fi,S(xt) · v(1)t · ∇f2,S(u
(1)
t )−

K∏
i=3

∇Fi,S(xt) · v(1)t · v(2)t , xt − xS
∗ ⟩

...

+ 2ηt⟨
K−1∏
i=1

v
(i)
t · ∇fK,S(u

(K−1)
t )−

K∏
i=1

v
(i)
t , xt − xS

∗ ⟩.

Conclude above inequality, we have

− 2ηt⟨
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t ⟩

≤ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f ∥u(j)
t − fj,S(u

(j−1)
t )∥ · ∥xt − xl,k

t ∥

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f ∥v(i)t −∇fi,S(u
(i−1)
t )∥ · ∥xt − xl,k

t ∥.

Conclude above inequality, for any γt > 0 and λt > 0 we have

2ηt⟨xt − xS
∗ ,

K∏
i=1

∇Fi,S(xt)−
K∏
i=1

v
(i)
t ⟩

≤ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f ∥u(j)
t − fj,S(u

(j−1)
t )∥ · ∥xt − xS

∗ ∥

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f ∥v(i)t −∇fi,S(u
(i−1)
t )∥ · ∥xt − xS

∗ ∥

≤
ηt

∑K
i=1

∑i−1
j=1 L

K−j+ 1
2 (i−1)i

f ∥u(j)
t − fj,S(u

(j−1)
t )∥2

γt
+ γtηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f ∥xt − xS
∗ ∥2

+
ηt

∑K
i=1 L

K−i+ 1
2 (i−1)i

f ∥v(i)t −∇fi,S(u
(i−1)
t )∥

λt
+ λtηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f ∥xt − xS
∗ ∥2.
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Then we can get

EA[∥xt+1 − xS
∗ ∥2|Ft]

≤ ∥xt − xS
∗ ∥2 + LK

f η2t − 2ηt(FS(xt)− FS(x
S
∗ )) + γtηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f ∥xt − xS
∗ ∥2

+
ηt

∑K
i=1

∑i−1
j=1 L

K−j+ 1
2 (i−1)i

f EA[∥u(j)
t − fj,S(u

(j−1)
t )∥2|Ft]

γt

+
ηt

∑K
i=1 L

K−i+ 1
2 (i−1)i

f EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥2|Ft]

λt
+ λtηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f ∥xt − xS
∗ ∥2.

This completes the proof.

Then we give the detailed proof of Theorem 5.

proof of Theorem 5. According to Lemma 32, setting ηt = η, βt = β and λt = γt =
√
β, we have

EA[∥xt+1 − xS
∗ ∥2]

≤ EA[∥xt − xS
∗ ∥2] + LK

f η2 − 2ηEA[FS(xt)− FS(x
S
∗ )] + η

√
β

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f EA[∥xt − xS
∗ ∥2]

+
η
∑K

i=1

∑i−1
j=1 L

K−j+ 1
2 (i−1)i

f EA[∥u(j)
t − fj,S(u

(j−1)
t )∥2]

√
β

+
η
∑K

i=1 L
K−i+ 1

2 (i−1)i

f EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥2]

√
β

+
√
βη

K∑
i=1

L
K−i+ 1

2 (i−1)i

f EA[∥xt − xS
∗ ∥2]

≤ EA[∥xt − xS
∗ ∥2] + LK

f η2 − 2ηEA[FS(xt)− FS(x
S
∗ )]

+
ηKLm1

f

∑K−1
j=i EA[∥u(j)

t − fj,S(u
(j−1)
t )∥2]

√
β

+
ηLm2

f

∑K
i=1 EA[∥v(i)t −∇fi,S(u

(i−1)
t )∥2]

√
β

+ η
√
β(K2Lm1

f +KLm2

f )EA[∥xt − xS
∗ ∥2],

where Lm1

f = max{LK−j+ 1
2 (i−1)i

f } for any i, j ∈ [1,K] and Lm2

f = max{LK−i+ 1
2 (i−1)i

f } for any i ∈ [1,K]. Using
Lemma 30 and 31 we have

EA[∥xt+1 − xS
∗ ∥2]

≤ EA[∥xt − xS
∗ ∥2] + LK

f η2 − 2ηEA[FS(xt)− FS(x
S
∗ )]

+ ηKLm1

f

( K∑
i=1

(
c

e
)c(

tβ

2
)−cE[∥u(i)

1 − fi,S(x0)∥2]

+ 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β

)
/
√

β

+ ηLm2

f

( K∑
i=1

(
c

e
)c(

tβ

2
)−c(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2])

+
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β
+ 4βK(σ2

f + σ2
J + 2σ2

f (

K∑
i=1

(2L2
f )

i))
)
/
√

β

+ η
√

β(K2Lm1

f +KLm2

f )EA[∥xt − xS
∗ ∥2].
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Rearranging and telescoping the above inequality from 1 to T we have

T∑
t=1

2ηEA[FS(xt)− FS(x
S
∗ )]

≤ Dx + LK
f η2T +

T∑
t=1

ηKLm1

f

( K∑
i=1

(
c

e
)c(

tβ

2
)−cE[∥u(i)

1 − fi,S(x0)∥2]

+ 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β

)
/
√

β

+

T∑
t=1

ηLm2

f

( K∑
i=1

(
c

e
)c(

tβ

2
)−c(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2])

+
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β
+ 4βK(σ2

f + σ2
J + 2σ2

f (

K∑
i=1

(2L2
f )

i))
)
/
√

β

+ η
√

β(K2Lm1

f +KLm2

f )DxT.

Then denote Lm
f = max{Lm1

f , Lm2

f } we can get

EA[FS(xT )− FS(x
S
∗ )]

≤ O
(
Dx(ηT )

−1 + LK
f η + (

K∑
i=1

Ui)L
m
f β−1/2−cT−1

T∑
t=1

t−c + Lm
f σ2

f ((

K∑
i=1

(L2
f )

i) + 1)β1/2

+ Lm
f

K∑
i=1

(L2
f )

iη2β−3/2 + (

K∑
i=1

Ui + Vi)L
m
f β−1/2−cT−1

T∑
t=1

t−c + Lm
f (

K∑
i=1

(L2
f )

i)η2β−3/2

+ Lm
f (σ2

f + σ2
J + σ2

f (

K∑
i=1

(L2
f )

i))β1/2 +DxL
m
f β1/2

)
.

(59)

Noting that
∑T

t=1 t
−z = O(T 1−z) for z ∈ (0, 1) ∪ (1,∞) and

∑T
t=1 t

−1 = O(log T ), as long as c > 2 we get

EA[FS(xT )− FS(x
S
∗ )]

≤ O
(
Dx(ηT )

−1 + LK
f η + Lm

f (

K∑
i=1

Ui + Vi)β
−1/2−cT−c

+ (Lm
f (σ2

f + σ2
J + σ2

f (

K∑
i=1

(L2
f )

i)) +DxL
m
f )β1/2 + Lm

f (

K∑
i=1

(L2
f )

i)η2β−3/2
)
.

This complete the proof.

proof of Theorem 6. According to (58), we have
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K∑
k=1

∥xt − xl,k
t ∥ ≤ 6K sup

S
η

t−1∑
s=1

K∑
i=1

i−1∑
j=1

L
K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+ 6K sup
S

η

t−1∑
s=1

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 +

K∑
k=1

6ηLK
f t

nk

≤ 6K2Lm
f sup

S
η

t−1∑
s=1

K−1∑
j=1

(EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2

+ 6KLm
f sup

S

t−1∑
s=1

K∑
i=1

(EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2 +

K∑
k=1

6ηLK
f t

nk

Then using Lemma 30 and 31 we have

K∑
k=1

∥xt − xl,k
t ∥

≤ 6K2Lm
f sup

S
η

t−1∑
s=1

(

K∑
i=1

(
c

e
)c(

sβ

2
)−cE[∥u(i)

1 − fi,S(x0)∥2] + 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1)

+
2
∑K

i=1(2L
2
f )

iη2LK
f

β
)1/2 +

K∑
k=1

6ηLK
f t

nk

+ 6KLm
f sup

S

t−1∑
s=1

(

K∑
i=1

(
c

e
)c(

sβ

2
)−c(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2])

+
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β
+ 4βK(σ2

f + σ2
J + 2σ2

f (

K∑
i=1

(2L2
f )

i)))1/2.

Thus we get

K∑
k=1

∥xt − xl,k
t ∥

≤ 6K2Lm
f η

√√√√ K∑
i=1

Ui(
2c

e
)cβ−c/2

t∑
s=1

s−c/2 + 6K2Lm
f

√√√√2

K∑
i=1

(2L2
f )

iLK
f · η2β−1/2t+

K∑
k=1

6ηLK
f t

nk

+ 12K2Lm
f

√√√√((σ2
f + σ2

J) + 2(

K∑
i=1

(2L2
f )

i) + σ2
f )K · β1/2tη + 6KLm

f η

√√√√ K∑
i=1

(Ui + Vi)(
2c

e
)cβ−c/2

t∑
s=1

s−c/2.

According to Theorem 1, we have
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ES,A[F (xt)− FS(xt))]

≤ LK
f ϵK + 4LK

f

K−1∑
k=1

∥xt − xl,k
t ∥+ Lf

K−1∑
k=1

√
ES,A[Vark(A(S)]

nk

≤ 24K2Lm+K
f η

√√√√ K∑
i=1

Ui(
2c

e
)cβ−c/2

t∑
s=1

s−c/2 + 24K2Lm+K
f

√√√√2

K∑
i=1

(2L2
f )

iLK
f · η2β−1/2t+

K∑
k=1

24ηL2K
f t

nk

+ 48K2Lm+K
f

√√√√((σ2
f + σ2

J) + 2(

K∑
i=1

(2L2
f )

i) + σ2
f )K · β1/2tη

+ 24K2Lm+K
f η

√√√√ K∑
i=1

(Ui + Vi)(
2c

e
)cβ−c/2

t∑
s=1

s−c/2 + Lf

K−1∑
k=1

√
ES,A[Vark(A(S)]

nk
.

According to (59), we have

T∑
t=1

ES,A[F (xt)− FS(x
S
∗ ))]

≤ Dxη
−1 + LK

f ηT +

T∑
t=1

KLm
f (

K∑
i=1

(
c

e
)c(

tβ

2
)−cE[∥u(i)

1 − fi,S(x0)∥2]

+ 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β
)/
√

β

+

T∑
t=1

Lm
f (

K∑
i=1

(
c

e
)c(

tβ

2
)−c(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2])

+
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β
+ 4β((σ2

f + σ2
J) + 2(

K∑
i=1

(2L2
f )

i) + σ2
f )K)/

√
β

+
√

βK2Lm
f DxT + 24K2Lm+K

f η

√√√√ K∑
i=1

Ui(
2c

e
)cβ−c/2

t∑
s=1

s−c/2

+ 24K2Lm+K
f

√√√√2

K∑
i=1

(2L2
f )

iLK
f · η2β−1/2t+

K∑
k=1

24ηL2K
f t

nk

+ 48K2Lm+K
f

√√√√((σ2
f + σ2

J) + 2(

K∑
i=1

(2L2
f )

i) + σ2
f )K · β1/2tη

+ 24K2Lm+K
f η

√√√√ K∑
i=1

(Ui + Vi)(
2c

e
)cβ−c/2

t∑
s=1

s−c/2 + Lf

K−1∑
k=1

√
ES,A[Vark(A(S)]

nk
.

Noting that
∑T

t=1 t
−z = O(T 1−z) for z ∈ (−1, 0) ∪ (−∞,−1) and

∑T
t=1 t

−1 = O(log T ), we have

T∑
t=1

T∑
j=1

j−
c
2 = O(

T∑
t=1

t1−
c
2 (log t)1c=2) = O(T 2− c

2 (log T )1c=2).

Setting η = T−a and β = T−b we can get
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T∑
t=1

ES,A[F (xt)− FS(x
S
∗ ))]

≤ O(T a + T 1−a + T 1−(1−b)c+ b
2 (log T )1c=1 + T−b/2 + T 1+3b/2−2a + T 2−a

K∑
k=1

n−1
k + T 1−b/2 + T 2−a−b/2

+ T 2−a−c/2(1−b)(log T )1c=1 + T 2−2a+1/2b + T

K∑
k=1

n
−1/2
k ).

Dividing both side of above inequality with T , then from the choice of A(S) we have

ES,A[F (A(S))− F (x∗))]

≤ O(T a−1 + T−a + T−(1−b)c+ b
2 (log T )1c=1 + T−b/2−1 + T 3b/2−2a + T 1−a

K∑
k=1

n−1
k + T−b/2 + T 1−a−b/2

+ T 1−a−c/2(1−b)(log T )1c=1 + T 1−2a+1/2b +

K∑
k=1

n
−1/2
k ).

As long as we have c > 4, the dominating terms are O(T 1−a− b
2 ), O(T 1+ b

2−2a), O(T 1−a
∑K

k=1 n
−1
k ), O(T a−1), and

O(T
3
2 b−2a). Setting a = b = 4

5 , we have

ES,A

[
F (A(S))− F (x∗)

]
= O(T− 1

5 + T
1
5

K∑
k=1

n−1
k +

K∑
k=1

n
−1/2
k ).

Letting T = O(max{n2.5
1 , · · · , n2.5

K }) we have the following

ES,A

[
F (A(S))− F (x∗)

]
= O(

K∑
k=1

n
−1/2
k ).

This complete the proof.

E.2. Strongly Convex setting

Similarly, since changing one sample data can happen in any layer of the function, we keep the same notations as in Section
E.1.

Case 1(it ̸= l ). We have

∥xt+1 − xl,k
t+1∥2 ≤ ∥xt − ηt

K∏
i=1

v
(i)
t − xl,k

t + ηt

K∏
i=1

v
(i),l,k
t ∥2

≤ ∥xt − xl,k
t ∥2 − 2ηt⟨

K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t+1⟩+ η2t ∥
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t ∥2.

(60)

Now we estimate the second term of above inequality. we decompose it to K(K + 2) terms. According to the strongly
convexity of FS(·), we have

⟨
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t ), xt − xl,k

t ⟩

≥ Lµ

L+ µ
∥xt − xl,k

t ∥2 + 1

L+ µ
∥

K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥2.
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Using Assumption 3 (iii) and strong convexity, similar to convex setting we can get

− 2ηt⟨
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t ⟩

≤ 2ηtL
K−1
f ∥v(1)t −∇f1,S(xt)∥ · ∥xt − xl,k

t ∥

+ (2ηtL
K−1
f ∥v(2)t −∇f2,S(u

(1)
t )∥+ 2ηtL

K
f ∥u(1)

t − f1,S(xt)∥) · ∥xt − xl,k
t ∥

...

+ (2ηtL
m2

f ∥v(K)
t −∇fK,S(u

(K−1)
t )∥+ · · ·+ 2ηtL

K−1+(K−1)K/2
f ∥u(1)

t − f1,S(xt)∥) · ∥xt − xl,k
t ∥

− 2ηtLµ

L+ µ
∥xt − xl,k

t ∥2 − 2ηt
L+ µ

∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥2

+ (2ηtL
K−1+(K−1)K/2
f ∥u(1),l,k

t xl,k
t ∥+ · · · 2ηtL(K−1)K/2

f ∥∇fK,S(u
(K−1),l,k
t )−∇v

(K),l,k
t ∥) · ∥xt − xl,k

t ∥
...

+ (2ηtL
K
f ∥u(1),l,k

t − f1,S(x
l,k
t )∥+ 2ηtL

K−1
f ∥v(2),l,kt −∇f2,S(u

(1),l,k
t )∥) · ∥xt − xl,k

t ∥

+ 2ηtL
K−1
f ∥v(1),l,kt −∇f1,S(x

l,k
t )∥ · ∥xt − xl,k

t ∥.

(61)

Conclude above inequality, we have

− 2ηt⟨
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t , xt − xl,k

t ⟩

≤ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f (∥u(j)
t − fj,S(u

(j−1)
t )∥+ ∥u(j),l,k

t − fj,S(u
(j−1),l,k
t )∥) · ∥xt − xl,k

t ∥

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (∥v(i)t −∇fi,S(u
(i−1)
t )∥+ ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥) · ∥xt − xl,k

t ∥

− 2ηtLµ

L+ µ
∥xt − xl,k

t ∥2 − 2ηt
L+ µ

∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1

∇Fi,S(x
l,k
t )∥2.

Changing the assumption of convexity to strong convexity does not affect the third term on the right side of (60), so we have

η2t ∥
K∏
i=1

v
(i)
t −

K∏
i=1

v
(i),l,k
t ∥2

≤ η2t

K∑
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i−1∑
j=1

L
2K−2j+(i−1)i
f (∥u(j)

t − fj,S(u
(j−1)
t )∥2 + ∥u(j),l,k
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+ η2t

K∑
i=1

L
2K−2i+(i−1)i
f (∥v(i)t −∇fi,S(u

(i−1)
t )∥2 + ∥v(i),k,lt −∇fi,S(u

(i−1),k,l
t )∥2)

+ (K + 2)Kη2t ∥
K∏
i=1

∇Fi,S(xt)−
K∏
i=1
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t )∥.
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By setting ηt ≤ 2
(L+µ)(K+2)K we have

∥xt+1 − xl,k
t+1∥2

≤ (1− 2ηtLµ

L+ µ
)∥xt − xl,k

t ∥2

+ 2ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f (∥u(j)
t − fj,S(u

(j−1)
t )∥+ ∥u(j),l,k
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+ 2ηt
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i=1

L
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f (∥v(i)t −∇fi,S(u
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f (∥u(j)
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(i−1)
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Case 2 (it = l ). We have

∥xt+1 − xl,k
t+1∥ = ∥xt − ηt

K∏
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v
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K
f .

(62)

Therefore, we have

∥xt+1 − xl,k
t+1∥2 ≤ ∥xt − xl,k

t ∥2 + 4ηtL
K
f ∥xt − xl,k

t ∥+ 4η2tL
2K
f .

Combining above two cases, and taking the expectation w.r.t. A we have
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L
K−j+ 1
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t )∥) · ∥xt − xl,k

t ∥

+ 2ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f (∥v(i)t −∇fi,S(u
(i−1)
t )∥+ ∥v(i),k,lt −∇fi,S(u
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Then setting ηt = η and using Lemma 13 we can get

EA∥xt − xl,k
t ∥2
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Similarly, setting ut = (EA∥xt − xl,k
t ∥2)1/2,
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i=1

(1− 2ηLµ

L+ µ
)t−sη2L

2K−2i+(i−1)i
f (EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2 + EA∥v(i),k,ls −∇fi,S(u

(i−1),k,l
s )∥2)

+

t−1∑
s=1

(1− 2ηLµ

L+ µ
)t−s

4η2L2K
f

nk
,

and

αs = 2

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+ 1
2 (i−1)i

f (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2

+ 2

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+ 1
2 (i−1)i

f (EA∥u(j),l,k
s − fj,S(u

(j−1),l,k
s )∥2)1/2

+ 2

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sηL

K−i+ 1
2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2

+ 2

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sηL

K−i+ 1
2 (i−1)i

f (EA∥v(i),k,ls −∇fi,S(u
(i−1),k,l
s )∥2)1/2 +

t−1∑
s=1

(1− 2ηLµ

L+ µ
)t−s

4ηLK
f

nk
.
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Then according to Lemma 14, we have

ut ≤
√

St +

t−1∑
s=1

αs

≤ (

t−1∑
s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sη2L

2K−2j+(i−1)i
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2 + EA∥u(j),l,k

s − fj,S(u
(j−1),l,k
s )∥2))1/2

+ (

t−1∑
s=1

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sη2L

2K−2i+(i−1)i
f (EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2 + EA∥v(i),k,ls −∇fi,S(u

(i−1),k,l
s )∥2))1/2

+ 2

t−1∑
s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+ 1
2 (i−1)i

f (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+ 1
2 (i−1)i

f (EA∥u(j),l,k
s − fj,S(u

(j−1),l,k
s )∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sηL

K−i+ 1
2 (i−1)i

f (EA∥v(i)s −∇fi,S(u
(i−1)
s )∥2)1/2

+ 2

t−1∑
s=1

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sηL

K−i+ 1
2 (i−1)i

f (EA∥v(i),k,ls −∇fi,S(u
(i−1),k,l
s )∥2)1/2

+

√
2ηL2K

f (L+ µ)

nkLµ
+

2LK
f (L+ µ)

nkLµ
,

where the last inequality holds by

t−1∑
s=1

(1− 2ηLµ

L+ µ
)t−s

4ηLK
f

nk
≤

4ηLK
f

nk
· L+ µ

2ηLµ
=

2LK
f (L+ µ)

nkLµ
.

Next, we will discuss which one is the dominant one, (
∑t−1

s=1

∑K
i=1

∑i−1
j=1(1 − 2ηLµ

L+µ )t−sη2L
2K−2j+(i−1)i
f EA∥u(j)

s −

fj,S(u
(j−1)
s )∥2)1/2 or

∑t−1
s=1

∑K
i=1

∑i−1
j=1(1 − 2ηLµ

L+µ )t−sηL
K−j+ 1

2 (i−1)i

f (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2. According to

Lemma 30 we have

(

t−1∑
s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sη2L

2K−2j+(i−1)i
f EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

≤
√
KηLm

f (

t−1∑
s=1

K−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sEA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

≤
√
KηLm

f (

t−1∑
s=1

(1− 2ηLµ

L+ µ
)t−s(

K∑
i=1

(
2c

e
)c(sβ)−cE[∥u(i)

1 − fi,S(x0)∥2]

+ 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β
)1/2

≤
√
KLm

f

√√√√(
2c

e
)c

K∑
i=1

Ui

√
(L+ µ)η√
2Lµ

T− c
2 β− c

2 + 2σfK

√
Lm
f (

∑K
i=1(2L

2
f )

i) + 1)(L+ µ)η

2Lµ
· β1/2

+

√
KLm

f

∑K
i=1(2L

2
f )

iLK
f (L+ µ)

Lµ
η3/2β−1/2,
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where the inequality holds by Lemma 12. As for the later,

t−1∑
s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+ 1
2 (i−1)i

f (EA∥u(j)
s − fj,S(u

(j−1)
s )∥2)1/2

≤ KηLm
f

t−1∑
s=1

K−1∑
j=1

(1− 2ηLµ

L+ µ
)t−s(EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

≤ KηLm
f

t−1∑
s=1

(1− 2ηLµ

L+ µ
)t−s(

K∑
i=1

(
2c

e
)c(sβ)−cE[∥u(i)

1 − fi,S(x0)∥2]

+ 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β
)1/2

≤ KLm
f

√
(
2c

e
)c

K∑
i=1

Ui
(L+ µ)

2Lµ
T− c

2 β− c
2 + 2σfK

2Lm
f

√√√√(

K∑
i=1

(2L2
f )

i) + 1) · (L+ µ)

2Lµ
β1/2

+KLm
f

√√√√2

K∑
i=1

(2L2
f )

iLK
f

(L+ µ)

2Lµ
ηβ−1/2.

(63)

Comparing the above results, we can find the dominant term is
∑t−1

s=1

∑K
i=1

∑i−1
j=1(1−

2ηLµ
L+µ )t−sηL

K−j+ 1
2 (i−1)i

f (EA∥u(j)
s −

fj,S(u
(j−1)
s )∥2)1/2. Take a similar action for several other items and we can get

ut ≤
√
St +

t−1∑
s=1

αs

≤ 6

t−1∑
s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+ 6

t−1∑
s=1

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sηL

K−i+(i−1)i/2
f (EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2)1/2

+

√
2ηL2K

f (L+ µ)

nkLµ
+

2LK
f (L+ µ)

nkLµ
.

(64)

Since often we have η ≤ min 1
nk

for any k ∈ [1,K]. Therefore, we have

ϵk ≤ O
( T−1∑

s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+

T−1∑
s=1

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sηL

K+(i−3)i/2
f (EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2)1/2 +

LK
f (L+ µ)

Lµnk

)
.

Moreover, we have

K∑
k=1

ϵk ≤ O
( T−1∑

s=1

K∑
i=1

i−1∑
j=1

(1− 2ηLµ

L+ µ
)t−sηL

K−j+(i−1)i/2
f (EA∥u(j)

s − fj,S(u
(j−1)
s )∥2)1/2

+ (

T−1∑
s=1

K∑
i=1

(1− 2ηLµ

L+ µ
)t−sη2L

K+(i−3)i/2
f (EA∥v(i)s −∇fi,S(u

(i−1)
s )∥2)1/2 +

K∑
k=1

LK
f (L+ µ)

Lµnk

)
.

This completes the proof.

69



Stability and Generalization for Stochastic Recursive Momentum-based One to K-Level Stochastic Optimizations

Corollary 6 (K-level Optimization). Consider Algorithm 2 with 0 < ηt = η < 2/(L + µ)K(K + 2) and let 0 < βt =

β < max {1, 1/(4K
∑K

i=1(2L
2
f )

i} for any t ∈ [0, T − 1] and the output A(S) = xT . Then, we have the following results

K∑
k=1

ϵk ≤ O((Tβ)−
c
2 + β

1
2 + ηβ− 1

2 +

K∑
k=1

n−1
k ).

Next, we give the proof of Corollary 6.

proof of corollary 6. Putting the result (63) into (64), since often we have η ≤ min 1
nk

for any k ∈ [1,K]. Therefore, we
have

K∑
k=1

ϵk ≤ O(T− c
2 β− c

2 + β1/2 + ηβ−1/2 +

K∑
k=1

n−1
k ).

This complete the proof.

Before giving the proof of Theorem 10, we first give a useful lemma.

Lemma 33. Let Assumption 1(iii), 2 (iii) and 3 (iii) hold, FS is µ-strongly convex, then for SVMR, we have for any x

EA[FS(xt+1)|Ft] ≤ EA[FS(xt)|Ft]−
ηt
2
∥∇FS(xt)∥2 +

η2tL
K
f

2

+ 4K4Lm
f ηt

K−1∑
j=1

EA[∥u(j)
t − fj,S(u

(j−1)
t )∥2]|Ft]

+ 4K2Lm
f ηt

K−1∑
i=1

EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥2)|Ft].

where EA A denotes the expectation taken with respect to the randomness of the algorithm, and Ft is the σ-field generated
by S.

proof of Lemma 33. According to the Assumption 3 (iii) we have

FS(xt+1) ≤ FS(xt) + ⟨∇FS(xt), xt+1 − xt⟩+
1

2
∥xt+1 − xt∥2

≤ FS(xt)− ηt⟨∇FS(xt),

K∏
i=1

v
(i)
t ⟩+ 1

2
∥xt+1 − xt∥2

= FS(xt)− ηt⟨∇FS(xt),

K∏
i=1

∇Fi,S(xt)⟩+
1

2
∥xt+1 − xt∥2 − ut,

where ut = ηt⟨∇FS(xt),
∏K

i=1 v
(i)
t −

∏K
i=1 ∇Fi,S(xt)⟩.

Let Ft be the σ-field generated by S. Taking expectation with respect to the randomness of the algorithm conditioned on Ft,
we have

EA[FS(xt+1)|Ft] ≤ EA[FS(xt)|Ft]− ηt∥∇FS(xt)∥2 +
η2tL

K
f

2
− EA[ut|Ft].
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Now we bound the term EA[ut|Ft].

−EA[ut|Ft] = EA[ηt⟨∇FS(xt),

K∏
i=1

∇Fi,S(xt)−
K∏
i=1

v
(i)
t ⟩|Ft]

= EA[ηt⟨
K∏
i=1

∇Fi,S(xt)−
K∏
i=2

∇Fi,S(xt) · v(1)t ,∇FS(xt)⟩|Ft]

+ EA[ηt⟨
K∏
i=2

∇Fi,S(xt) · v(1)t −
K∏
i=3

∇Fi,S(xt) · v(1)t · ∇f2,S(u
(1)
t ),∇FS(xt)⟩|Ft]

+ EA[ηt⟨
K∏
i=3

∇Fi,S(xt) · v(1)t · ∇f2,S(u
(1)
t )−

K∏
i=3

∇Fi,S(xt) · v(1)t · v(2)t ,∇FS(xt)⟩|Ft]

...

+ EA[ηt⟨
K−1∏
i=1

v
(i)
t · ∇fK,S(u

(K−1)
t )−

K∏
i=1

v
(i)
t ,∇FS(xt)⟩|Ft].

Concluding the above inequality, using Assumption 1 (iii) we have

−EA[ut|Ft] ≤ ηt

K∑
i=1

i−1∑
j=1

L
K−j+ 1

2 (i−1)i

f EA[∥u(j)
t − fj,S(u

(j−1)
t )∥ · ∥∇FS(xt)∥|Ft]

+ ηt

K∑
i=1

L
K−i+ 1

2 (i−1)i

f EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥ · ∥∇FS(xt)∥|Ft]

≤ KLm
f ηt

K−1∑
j=1

EA[∥u(j)
t − fj,S(u

(j−1)
t )∥ · ∥∇FS(xt)∥|Ft]

+ Lm
f ηt

K−1∑
i=1

EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥ · ∥∇FS(xt)∥|Ft].

According to Cauchy-Schwartz inequality, we have

−EA[ut|Ft] ≤ KLm
f ηt

K−1∑
j=1

(
∥FS(xt)∥2

γt
+ γtEA[∥u(j)

t − fj,S(u
(j−1)
t )∥2]|Ft]

+ Lm
f ηt

K−1∑
i=1

(
∥FS(xt)∥2

λt
+ λtEA[∥v(i)t −∇fi,S(u

(i−1)
t )∥2)|Ft].

Therefore we have

EA[FS(xt+1)|Ft] ≤ EA[FS(xt)|Ft]− ηt∥∇FS(xt)∥2 +
η2tL

K
f

2

+KLm
f ηt(K

∥FS(xt)∥2

γt
+

K−1∑
j=1

γtEA[∥u(j)
t − fj,S(u

(j−1)
t )∥2]|Ft]

+ Lm
f ηt(K

∥FS(xt)∥2

λt
+

K−1∑
i=1

λtEA[∥v(i)t −∇fi,S(u
(i−1)
t )∥2)|Ft].
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Setting γt = 4K2Lm
f and λt = 4KLm

f , we have

EA[FS(xt+1)|Ft] ≤ EA[FS(xt)|Ft]−
ηt
2
∥∇FS(xt)∥2 +

η2tL
K
f

2

+ 4K4Lm
f ηt

K−1∑
j=1

EA[∥u(j)
t − fj,S(u

(j−1)
t )∥2]|Ft]

+ 4K2Lm
f ηt

K−1∑
i=1

EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥2)|Ft].

This complete the proof.

Next, we will give the detailed proof of Theorem 10.

proof of Theorem 10. Note that strong convexity implies the Polyak-Łojasiewicz (PL) inequality

1

2
∥∇FS(x)∥2 ≥ µ(FS(x)− FS(x

S
∗ )), ∀x.

Then according to Lemma 33 and PL condition, subtracting both sides with FS(x
S
∗ ) we have

EA[FS(xt+1)− FS(x
S
∗ )] ≤ (1− µηt)EA[FS(xt)− FS(x

S
∗ )] +

η2tL
K
f

2

+ 4K4Lm
f ηt

K−1∑
j=1

EA[∥u(j)
t − fj,S(u

(j−1)
t )∥2]] + 4K2Lm

f ηt

K−1∑
i=1

EA[∥v(i)t −∇fi,S(u
(i−1)
t )∥2)].

By setting ηt = η, βt = β, according to Lemma 30 and Lemma 31 we have

EA[FS(xt+1)− FS(x
S
∗ )]

≤ (1− µη)EA[FS(xt)− FS(x
S
∗ )] +

η2LK
f

2

+ 4K4Lm
f η(

K∑
i=1

(
c

e
)c(

tβ

2
)−cE[∥u(i)

1 − fi,S(x0)∥2] + 4βσ2
fK((

K∑
i=1

(2L2
f )

i) + 1) +
2
∑K

i=1(2L
2
f )

iη2LK
f

β
.)

+ 4K2Lm
f η(

K∑
i=1

(
c

e
)c(

tβ

2
)−c(E[∥u(i)

1 − fi,S(x0)∥2] + E[∥v(i)1 −∇fi,S(x0)∥2]) +
4(
∑K

i=1(2L
2
f )

i)η2LK
f

β

+ 4βK(σ2
f + σ2

J + 2σ2
f (

K∑
i=1

(2L2
f )

i))).

Telescoping the above inequality from 1 to T − 1, we have

EA[FS(xT )− FS(x
S
∗ )]

≤ (1− µη)T−1EA[FS(x1)− FS(x
S
∗ )] +

η2LK
f

2

T−1∑
t=1

(1− µη)T−t−1 + 4K4Lm
f (

2c

e
)cηβ−c(

K∑
i=1

Ui)

T−1∑
t=1

t−c(1− µη)T−t−1

+ 16K5Lm
f σ2

f ((

K∑
i=1

(2L2
f )

i) + 1)ηβ

T−1∑
t=1

(1− µη)T−t−1 +
8K4Lm

f

∑K
i=1(2L

2
f )

iη3

β

T−1∑
t=1

(1− µη)T−t−1

+ 4K2Lm
f (

2c

e
)cηβ−c(

K∑
i=1

(Ui + Vi))

T−1∑
t=1

t−c(1− µη)T−t−1 +
16K2Lm

f

∑K
i=1(2L

2
f )

iη3

β

T−1∑
t=1

(1− µη)T−t−1

+ 16K3Lm
f (σ2

f + σ2
J + 2σ2

f (

K∑
i=1

(2L2
f )

i))ηβ

T−1∑
t=1

(1− µη)T−t−1.
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For t = 0, we have

EA[FS(x1)− FS(x
S
∗ )]

≤ (1− µη)EA[FS(x0)− FS(x
S
∗ )] +

η2LK
f

2
+ 4K4Lm

f η

K−1∑
j=1

Ui + 4K2Lm
f η

K−1∑
j=1

(Ui + Vi).

Then combining above two cases, we have

EA[FS(xT )− FS(x
S
∗ )]

≤ (1− µη)TEA[FS(x0)− FS(x
S
∗ )] +

η2LK
f

2

T∑
t=1

(1− µη)T−t + 4K4Lm
f (

2c

e
)cηβ−c(

K∑
i=1

Ui)

T−1∑
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t−c(1− µη)T−t−1

+ 16K5Lm
f σ2

f ((

K∑
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(2L2
f )

i) + 1)ηβ

T−1∑
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(1− µη)T−t−1 +
8K4Lm

f

∑K
i=1(2L

2
f )

iη3

β

T−1∑
t=1

(1− µη)T−t−1

+ 4K2Lm
f (

2c

e
)cηβ−c(

K∑
i=1

(Ui + Vi))

T−1∑
t=1

t−c(1− µη)T−t−1 +
16K2Lm

f

∑K
i=1(2L

2
f )

iη3

β

T−1∑
t=1

(1− µη)T−t−1

+ 16K3Lm
f (σ2

f + σ2
J + 2σ2

f (

K∑
i=1

(2L2
f )

i))ηβ

T−1∑
t=1

(1− µη)T−t−1

+ (4K4Lm
f η

K−1∑
j=1

Ui + 4K2Lm
f η

K−1∑
j=1

(Ui + Vi))(1− µη)T−1.

Then from Lemma 12, we have

T−1∑
t=1

(1− µη)T−t−1t−c ≤
∑T−1

t=1 (1− µη)T−t−1

T − 1

T−1∑
t=1

t−c ≤ 1

Tµη

T−1∑
t=1

t−c

Therefore,

EA[FS(xT )− FS(x
S
∗ )]

≤ (
c

eµ
)c(ηT )−cDx +

ηLK
f

µ

+
4K4Lm

f ( 2ce )
cβ−c(

∑K
i=1 Ui)

Tµ

T−1∑
t=1

t−c +
16K5Lm

f σ2
f ((

∑K
i=1(2L

2
f )

i) + 1)β

µ

+
8K4Lm

f

∑K
i=1(2L

2
f )

iη2

βµ
+

4K2Lm
f ( 2ce )

cβ−c(
∑K

i=1(Ui + Vi))

Tµ

T−1∑
t=1

t−c

+
16K2Lm

f

∑K
i=1(2L

2
f )

iη2

βµ
+

16K3Lm
f (σ2

f + σ2
J + 2σ2

f (
∑K

i=1(2L
2
f )

i))β

µ

+ (4K4Lm
f

K−1∑
j=1

Ui + 4K2Lm
f

K−1∑
j=1

(Ui + Vi))(
c

eµ
)cη(ηT )−c.

Moreover, note that
∑T

t=1 t
−z = O(T 1−z) for z ∈ (0, 1) ∪ (1,∞) and

∑T
t=1 t

−1 = O(log T ). As long as c ̸= 1 we get

73



Stability and Generalization for Stochastic Recursive Momentum-based One to K-Level Stochastic Optimizations

EA[FS(xT )− FS(x
S
∗ )] = O

(
(ηT )−cDx + ηLK

f + Lm
f (

K∑
i=1

Ui)(βT )
−c + Lm

f σ2
f ((

K∑
i=1

(L2
f )

i) + 1)β

+ Lm
f

K∑
i=1

(L2
f )

iη2β−1 + Lm
f (

K∑
i=1

(Ui + Vi))(βT )
−c

+ Lm
f

K∑
i=1

(L2
f )

iη2β−1 + Lm
f (σ2

f + σ2
J + σ2

f (

K∑
i=1

(L2
f )

i))β

+ (Lm
f

K−1∑
j=1

Ui + Lm
f

K−1∑
j=1

(Ui + Vi))η(ηT )
−c

)
.

By rearranging the above inequality, we can obtain

EA[FS(xT )− FS(x
S
∗ )] ≤ O

(
(ηT )−cDx + ηLK

f + Lm
f

K∑
i=1

(Ui + Vi)(βT )
−c

+ Lm
f (σ2

f + σ2
J + σ2

f (

K∑
i=1

(L2
f )

i))β

+ Lm
f

K∑
i=1

(L2
f )

iη2β−1 + Lm
f

K−1∑
j=1

(Ui + Vi)η(ηT )
−c

)
.

The proof is completed.

proof of Theorem 11. Combining Theorem 1, and Theorem 10 we have

ES,A[F (xT )− FS(xT )]

≤ LK
f ϵK + 4LK

f

K−1∑
t=1

ϵt + Lf

K∑
t=2

√
ES,A[VarK−t+1(A(S)]

nK−t+1

≤ 12LK
f

√√√√KLm+K
f (

2c

e
)c

K∑
i=1

Ui
(L+ µ)

Lµ
T− c

2 β− c
2 + Lf

K∑
t=2

√
ES,A[VarK−t+1(A(S)]

nK−t+1

+ 24σfKLK
f

√√√√Lm+K
f (

K∑
i=1

(2L2
f )

i) + 1) · (L+ µ)

Lµ
β1/2 + 12LK

f

√√√√KLm+K
f 2

K∑
i=1

(2L2
f )

iLK
f

(L+ µ)

Lµ
ηβ−1/2

+ 12LK
f

√√√√Lm+K
f (

2c

3
)c(

K∑
k=1

(Ui + v
(i)
1 ))

L+ µ

Lµ
T− c

2 β− c
2 + 24LK

f

√√√√KLm+K
f

K∑
i=1

(2L2
f )

iLK
f

(L+ µ)

Lµ
ηβ−1/2

+ 24LK
f

√√√√(σ2
f + σ2

J + 2σ2
f (

K∑
i=1

(2L2
f )

i))
(L+ µ)

Lµ
β1/2 +

K∑
k=1

√
2ηL2K

f (L+ µ)

nkLµ
+

K∑
k=1

2LK
f (L+ µ)

nkLµ
,
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Then according to Theorem 10, we have

EA[F (A(S))− F (x∗)]

≤ 12LK
f

√√√√KLm+K
f (

2c

e
)c

K∑
i=1

Ui
(L+ µ)

Lµ
T− c

2 β− c
2 + Lf

K∑
t=2

√
ES,A[VarK−t+1(A(S)]

nK−t+1

+ 24σfKLK
f

√√√√Lm+K
f (

K∑
i=1

(2L2
f )

i) + 1) · (L+ µ)

Lµ
β1/2 + 12LK

f

√√√√KLm+K
f 2

K∑
i=1

(2L2
f )

iLK
f

(L+ µ)

Lµ
ηβ−1/2

+ 12LK
f

√√√√Lm+K
f (

2c

3
)c(

K∑
k=1

(Ui + v
(i)
1 ))

L+ µ

Lµ
T− c

2 β− c
2 + 24LK

f

√√√√KLm+K
f

K∑
i=1

(2L2
f )

iLK
f

(L+ µ)

Lµ
ηβ−1/2

+ 24LK
f

√√√√(σ2
f + σ2

J + 2σ2
f (

K∑
i=1

(2L2
f )

i))
(L+ µ)

Lµ
β1/2 +

K∑
k=1

√
2ηL2K

f (L+ µ)

nkLµ
+

K∑
k=1

2LK
f (L+ µ)

nkLµ

+ (ηT )−cDx + ηLK
f + Lm

f (
K∑
i=1

Ui)(βT )
−c + Lm

f σ2
f ((

K∑
i=1

(2L2
f )

i) + 1)β

+ Lm
f

K∑
i=1

(L2
f )

iη2β−1 + Lm
f (

K∑
i=1

(Ui + Vi))(βT )
−c

+ Lm
f

K∑
i=1

(L2
f )

iη2β−1 + Lm
f (σ2

f + σ2
J + σ2

f (

K∑
i=1

(L2
f )

i))β

+ (Lm
f

K−1∑
j=1

Ui + Lm
f

K−1∑
j=1

(Ui + Vi))η(ηT )
−c.

Setting η = T−aβ = T−b, we have

EA[F (A(S))− F (x∗)]

≤ O(T
c
2 (b−1) + T− b

2 + T
b
2−a +

K∑
i=1

n−1
k + T−c(1−a) + T−a ++T−c(1−b) + T−b + T b−2a + T−c(1−a)−a).

Setting c = 3, then the dominating terms are O(T
b
2−a), O(T− b

2 ), O(T
c
2 (b−1)), O(T− a

2 ), and O(T−c(1−a)).
Then setting a = b = 6

7 we have
EA[F (A(S))− F (x∗)] = O(T− 3

7 ).

Then setting T = O(max{n
7
6
1 , · · · , n

7
6

K}), we have

EA[F (A(S))− F (x∗)] = O(

K∑
k=1

1
√
nk

).

Then we complete the proof.
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