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Abstract

To understand sensory coding, we must ask not only how much information neurons
encode, but also what that information is about. This requires decomposing mutual
information into contributions from individual stimuli and stimulus features—a fun-
damentally ill-posed problem with infinitely many possible solutions. We address
this by introducing three core axioms—additivity, positivity, and locality—that any
meaningful stimulus-wise decomposition should satisfy. We then derive a decom-
position that meets all three criteria and remains tractable for high-dimensional
stimuli. Our decomposition can be efficiently estimated using diffusion models,
allowing for scaling up to complex, structured and naturalistic stimuli. Applied to
a model of visual neurons, our method quantifies how specific stimuli and features
contribute to encoded information. Our approach provides a scalable, interpretable
tool for probing representations in both biological and artificial neural systems.

1 Introduction

A central question in sensory neuroscience is how much, but also what information neurons transmit
about the world. While Shannon’s information theory provides a principled framework to quantify the
amount of information neurons encode about all stimuli, it does not reveal which stimuli contribute
most, or what stimulus features are encoded [25} 2 8]. As a concrete example, it is known that
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neurons in the early visual cortex are ‘sensitive’ to stimuli in a small region of space (their receptive
field). However, it is not clear how such simple intuitions carry to more complex scenarios, €.g. with
large, noisy & non-linear population of neurons and high-dimensional stimuli.

Several previous measures of neural sensitivity have been proposed. For example, the Fisher
information quantifies the sensitivity of neural responses to infinitesimal stimulus perturbations
[23L 131131} 18} 19]. However, as the Fisher is not a valid decomposition of the mutual information
it cannot say how different stimuli contribute to the total encoded information. On the other hand,
previous works have proposed stimulus dependent decompositions of mutual information, which
define a function I(z) such that I(R; X) = E[I(x)] [8l 4,5, [I7]. However, this decomposition is
inherently ill-posed: infinitely many functions I(x) satisfy the constraint, with no principled way
to select among them. Further, different decompositions behave in qualitatively different ways,
making it hard to interpret what are they are telling us. Finally, most proposed decompositions are
computationally intractable for the high-dimensional stimuli and non-linear encoding models relevant
for neuroscience.

To resolve these limitations, we propose a set of axioms that any stimulus specific and feature-specific
information decomposition should satisfy in order to serve as a meaningful and interpretable measure
of neural sensitivity. These axioms formalize intuitive desiderata: that the information assigned to
each stimulus, and stimulus feature, should be non-negative, and additive with respect to repeated
measurements. We also require the decomposition to respect a form of locality: changes in how a
neuron responds to a stimulus x should not affect the information attributed to a distant stimulus
2'. Finally, the attribution must be insensitive to irrelevant features, which do not contribute to the
total information. Together, these constraints ensure that the decomposition is both interpretable and
theoretically grounded.

We show that existing decompositions violate one or more of these axioms, limiting their inter-
pretability and use as information theoretic measures of neural sensitivity. We then introduce a
novel decomposition that satisfies all of our axioms. It generalizes Fisher information by capturing
neural sensitivity to both infinitesimal and finite stimulus perturbations. Moreover, it supports further
decomposition across individual stimulus features (e.g., image pixels), enabling fine-grained analysis
of neural representations.

Beyond satisfying our theoretical axioms, our decomposition is computationally tractable for large
neural populations and high-dimensional naturalistic stimuli, through the use of diffusion models. We
demonstrate the power of our method by quantifying the information encoded by a model of visual
neurons about individual images and pixels. Our approach uncovers aspects of the neural code that
are not picked up by standard methods, such as the Fisher information, and opens the door to similar
analyses in higher-order sensory areas, and artificial neural networks.

2 Desired properties of stimulus-specific decomposition of information

We aim to decompose the mutual information I(R; X ) between a stimulus X and a neural response
R into local attributions I (z), assigning to each stimulus = a measure of its contribution to the total
information. By construction, such a decomposition must satisfy:

* Axiom 1: Completeness. The average of local attributions must recover the total mutual
information:
I(R: X) = Ex[I(z)]. ()

This constraint alone does not uniquely determine the function I(x), as many decompositions satisfy
completeness. To further constrain the attribution, we impose additional desiderata that reflect
desirable properties of local information measures.

First, for I(z) to serve as an interpretable, stimulus-specific measure of neural sensitivity, it should
satisfy a locality principle: perturbations to the likelihood &/or prior in a neighbourhood of 4 should
have a vanishing influence on I(x) for distant stimuli x # x¢. Without this property, changes in I (x)
may reflect changes in neural sensitivity to any stimuli, undermining interpretability.

* Axiom 2: Locality. Let p(R, X) and p(R, X) be two joint distributions over the response,
R, and stimulus, X. Suppose there exists finite € > 0 and z such that:

p(R,xz) = p(R,z) forallz ¢ B.(x), 2)



where B.(zg) is the open ball of radius € centered at 2. Assuming X has infinite support
on an unbounded or semi-infinite domain, we require that, for every 6 > 0 there should exist
some finite value d, such that:

|I(z) —I(z)| <6 forallz & By(xo), 3)

where I(z) and I(z) denote the corresponding information decompositions derived from
p(R,x) and p(R, X), respectively. That is, local perturbations to the likelihood or prior
near xg should not affect the information assigned to distant stimuli, x.

Mutual information is globally non-negative: I(R; X) > 0. To preserve this property in our
decomposition, we require the pointwise contributions I(z) to be non-negative as well. Intuitively,
observing a neural response can only refine our beliefs about the stimulus—it cannot undo information.
In addition, negative attributions can harm interpretability, since they can cancel out, obscuring how
different stimuli contribute to the total information.

* Axiom 3: Positivity. Local information attributions must be non-negative:

I(x) >0 forall ze X. 4

Finally, Shannon 1948 posited additivity as a fundamental property of mutual information: the total
information from multiple sources should equal the sum of their individual contributions. We extend
this principle pointwise, requiring that information combine additively across measurements.

« Axiom 4: Additivity. For two responses R and R’, the local attribution should decompose
as:
Ip p(x) = Ir(z) + Ig (), forall ze X )

where we have renamed I () as I () here, to make explicit its dependence on the response,
R. I/ r(x) is the conditional pointwise information from R’ given R, and I r/(x) denotes
the pointwise information from observing both responses. By construction, we require:
I(R; X|R) = E, [IR/|R(:E)] and I(R,R; X) = E, [Ir r (2)].

Remark 1: Local data processing inequality. Any decomposition that fulfils both additivity and
positivity, as stated above, also obeys a local form of the data processing inequality. That is, post-
processing should not increase information, even at the level of the individual attributions. Formally,

If X—>R— R, then Ig(z)>Ir(z) forall ze€X (6)
To prove this we use additivity to write I/ g (z) in two ways:
Ir(x) + Ip () = Ir/(2) + I (2) @)
Positivity gives Ig g/ (x) > 0 for all z, so:
Ir(z) + Ipr(z) > Ip/(2) ®)

Now, if R’ is independent of X given R, then I(R'; X|R) = Ex [Ir/|r(x)] = 0. Since if Ir/|g(x) >
0 pointwise, this implies I/ r(x) = 0 for all . Substituting into the inequality above yields the
desired result: Ig(x) > Ip/ (x).

Remark 2: Invariance to invertible transformations. The data processing inequality implies that local
information attributions are invariant under invertible transformations of the response variable. That
is, for any invertible function ¢(R), we have:

Iyr)(2) = Ir(2). )

This follows from the fact that I(R; X) = I(¢(R); X), and hence Ex [I4r)(7)] = Ex[Ir()].
Supposing, for contradiction, that I4(g)(x) < Ir() for some x, equality of expectations would
require /() () > Ir(x) for some other x, violating the pointwise data processing inequality. This
highlights why our axioms are important for interpretability: they imply that I (z) quantifies how
information is transmitted through the system X — R, independently of how the responses are
parameterized.



Table 1: Satisfaction of axioms by different information-theoretic measures of neural sensitivity. Only
our proposed decomposition, I;,.4;, fulfils all the axioms.

Axiom j((L’) Isp(x) ISSI(x) Isurp(x) ICiSSI(x) Ilocal(x)
Completeness X v v v v v
Locality v X X X X v
Positivity v X X v v v
Additivity v v v v v v

Table 2: Satisfaction of axioms by different information-theoretic measures of neural sensitivity. Only
our proposed decomposition, I;,.q;, fulfils all the axioms.

Axiom JFisher(x) Isp(x) ISSI(x) Isurp(x) IC"L'SSI(:E)
Completeness X v v v v
Locality v X X X X
Positivity v X X v v
Additivity v v v v v

3 Previous stimulus-dependent decompositions

Several previous works have proposed decompositions of mutual information into stimulus-specific
contributions, such as the stimulus-specific information Iggy 4], the specific information I, the
stimulus-specific surprise Is,,p, (8], and the coordinate-invariant stimulus-specific information

Icissr [11):

Lp(x) = H(R)— H(R|z) (10)
Issi(z) = H(X)—Eg, [H(X|R=r) (11)
Lourp(z) = Dxu (p(R|z)|lp(R)) (12)

Icissi(z) = Egp [Dxn (p(X|R =7)|lp(X))]. (13)

While these decompositions satisfy some of our proposed axioms (Table [2)), none satisfy locality.
This is because they all depend on global terms such as the marginal response distribution p(r) =
[ p(r|z")p(x") da’, or the posterior p(z|r) = p(r|z)p(z)/ [ p(r|z’)p(z") dz’, both of which can be
influenced by changes to the likelihood &/or prior for any stlmulus Further, the requirement that
Icissi(z) is invariant to invertible transformations of z is incompatible with locality; both axioms
can’t be fulfilled simultaneously. As discussed above, this limits the interpretability of previous
decompositions as measures of neural sensitivity, since a non-zero attribution at x could be due to
changes in neural sensitivity anywhere in the stimulus space.

Unlike the above decompositions, the Fisher information is inherently local. However, while pre-
vious authors found a relation between the Fisher and mutual information [3} 29]], this only holds
approximately, and in certain limits (e.g. low-noise). Therefore, the Fisher information cannot be
used to quantify how different stimuli contribute to the total encoded information (i.e. it fails the
completeness axiom).

Recently Kong et al. 2024|used diffusion models to decompose the mutual information into contribu-
tions from both the stimulus, x, and the response, . Two different decompositions, I(r, ), were
proposed. However, averaging these over p(R|z) does not give stimulus-wise decompositions that
fulfil our axioms (Appendix B). In one case, we obtain I, (z) (Eqn , which is non-local; in the
other case, the decomposition is not additive, which is a fundamental information theoretic constraint.

In the following we propose a new stimulus-wise decomposition of the mutual information which
fulfils all our axioms, combining the advantages of the Fisher information (locality, positivity &
additivity) while being a valid decomposition of the mutual information.



4 Diffusion-based information decomposition

We first derive an expression for the mutual information, I (R; X), that can be used to construct a
stimulus-dependent decomposition that fulfils all of the above axioms.

4.1 Exact relation between Shannon information and Fisher information

We consider a population of neurons which show a response, R, to a stimulus, X, with probability
p(R|X). We then consider a noise-corrupted version of the stimulus, X, = X + ,/7Z, where
Z ~ N (0, I). From the fundamental theorem of calculus we can write:

> dI(X,; R) .
_/y di:;d’y =I(R; Xy,) — ,Ylgrolc I(R; Xy) = I(R; X,), (14)

0

since in the limit v — oo, X is just noise, and thus I(R; X.,) — 0. It follows that,

o [TAIX;R) [ dh(X,Ir)]  dh(X,)
I(R; X)) = /70 —a Ch_/w (EP(R)[ = )& 1)

where h (X)) = —E,x ) [logp(X,)] and h (X, |r) = —Epx_|r) [logp (X,[r)]. Assuming that
p(X) and p(X|R) have finite second order moments, we can apply de Bruijn’s identity for all v > 0,
to obtain,

1 oo
I(R; X,,) = — 5 Trace / Ep(x., R) [Vf‘w logp (X,|R) — V3 _logp(X,)| dy
Y

0

1 oo
—2ﬂaceL Epx,.R) [Viw IOgP(R|X7>} dy

0

1 oo
QTrace/ Eyx.) [T (X5)] dy (16)
g

0

where J () is the Fisher information with respect to a noise-corrupted stimulus, X . Finally, since
lim, 50 I(R; X,,) = I(R; X), and Trace(E,x_[/(X,)]) is always non-negative, monotone
convergence yields:

1 [ee)
I(R; X) = §Trace/0 Eyx.) [T (X5)] dy. (17

This is a general result that holds for both discrete and continuous X and R, so long as p(X) and
p(X|R) have finite first and second moments.

The above identity provides a direct relation between the mutual information I (R; X') and the Fisher
information, 7 (). Further, it also admits a natural interpretation in terms of de-noising diffusion
models trained to predict X from a noisy observation X,. To see this, first we use an alternative
formulation of the Fisher information, in terms of the mean-squared score:

1 oo
18X) = 5 [ By [V, logp (81
1

= 5/ Ep(x..R) [HVIWlogp(X”R)—VM logp(Xv)HQ} dy (18)
0

Next, from Tweedie’s formula [20} [14] we have:
o0 1 R R
18X) = [ 5By (1606, B) =500 ] o, (19)

where &(z,) = E[X|z,] and &(x.,, ) = E[X |z, r]. These conditional means can be approximated
using denoising diffusion models trained to sample from the prior, p(X), and posterior p(X | R),
respectively [26]].
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Figure 1: Demonstration of locality. (A) A neuron responds to a 1D stimulus x with tuning curve
f(x). We compare two cases: (i) tuning changes only near + = —3 (black), and (ii) additional
changes near © = 6 (red dashed). (B-C) The Fisher information, 7 (z) and local information
Tiocal () converge as we go far from the region where the two tuning curves differ. (C-F) For other
decompositions (Egs. 10-13), local changes in the tuning curve result in non-local changes to the
information attribution, for all z.

4.2 Local stimulus-specific information

Building on the integral representation of mutual information in Eqn[I7] we define a stimulus-specific
decomposition:

1 (o)
Ilocal(x) = 5 Z/O EP(X.ylm) [\ZZ(X’Y)] d7a (20)

where X, = x + /7 Z, with Z ~ N(0, 1), and Jii(2) = Ep(gja.,) —V%mw) logp(R | xw)} is the

i*" diagonal element of the the Fisher information matrix, evaluated at 2. This expression parallels
Eq.[T7] with the key distinction that the expectation is now conditioned on a fixed stimulus z, rather
than averaging over the full stimulus distribution’| Consequently, the decomposition satisfies the
completeness axiom, since by construction, I(R; X) = E [Ijpca ()] -

Next we outline why our decomposition fulfils the locality axiom (for the formal proof, see Appendix
A). Recall that the Fisher information matrix J(x) characterizes the local curvature of the log-
likelihood, log p(R | ), and thus quantifies the local sensitivity of the response to changes in the
stimulus [23]. The term Ex_|,. [7 (X )] generalizes this notion, measuring neural sensitivity when
we only observe noise-perturbed versions of the stimulus, X, ~ N (z,yI). For finite ~, this term is
dominated by values of X, close to x, and thus, it depends only on the local shape of the likelihood
and prior around x. It receives a vanishingly small contribution from changes to the likelihood and/or
prior for distant stimuli ', if |2’ — || > /7. Meanwhile, as v — oo, X, becomes pure noise and
thus E x|y [J (X)] — 0 for all . Taken together, this implies that our decomposition, obtained
by integrating E),(x_|2) [ (X,)] over all v > 0, satisfies the locality axiom: local perturbations to
p(R, x) affect [jpcq () only for nearby ', while their influence vanishes as ||z’ — x| — oo.

The remaining axioms follow directly from standard properties of the Fisher information matrix.
Positivity follows from the fact that the Fisher information is positive semi-definite. Additivity
follows from the identity Jr' r(7+) = Jr(7+) + Jr/|r(2) [32]. Both properties are preserved
when we average the Fisher information over p(X,|z) and integrate over v > 0, to obtain Ijocq ().

3Note that the exchange of integrals over y and ., to go from Eqnto Eqnis justified by the fact that
the integrand, J;;(z~ ), is Lebesgue integrable, since it is always positive and integrates to a finite value.
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Figure 2: Effect of prior. (A) A gaussian prior (top) with a neuron responding as » = z + noise.
Middle and bottom: posterior p(X | ) given r ~ p(R | z1) (blue) or r ~ p(R | x2) (red), for
stimuli x1, x5 separated by §. The posterior is equally sensitive to = near 0 (middle) than near 1
(bottom). (B) Same as A, but with bimodal prior (top). The posterior is more sensitive to z near 0
(middle) than near 1 (bottom). (C) The local information peaks near = 0 for the bimodal prior (red
dashed), where the posterior is most sensitive, and is flat for a Gaussian prior (black), where posterior
shape is constant. (D-F) Other decompositions behave differently: (D) I, is flat for both priors; (E)
Issy is minimal near x = 0 for the bimodal prior; (F) Icissi is quadratic under a Gaussian prior. g
(not shown) behaves similarly to Icjss.

4.3 Feature-Wise Decomposition

We assume the stimulus z is a vector of image features x; (e.g. image pixels). Given that the local
stimulus information (Eqn.[20) is expressed as a sum over diagonal elements of the Fisher information
matrix, it is natural to decompose Ij,.q; () into feature-wise contributions I; ().

As with the stimulus-wise decomposition, this problem is ill-posed: infinitely many decompo-
sitions exist in theory. However, the same axioms constrain the feature-wise decomposition.
To satisfy additivity, I;(x) must be a linear combination of Fisher diagonal terms: I;(x) =
32505 Jy Ex2[J55(X5)] dy. Completeness requires Y, a;; = 1, while pesitivity enforces
a;; > 0. Finally, to fully specify the weights, a;;, we need to introduce one further axiom, which
ensures that the attribution I; () is zero for irrelevant stimulus features, X;, which are independent
of the response, R.

» Axiom 5: Insensitivity to irrelevant features. If X; is independent of R, then I;(z) =0
Ve e X.

For this axiom to hold, we need to set a;; = d;5, so that I;(z) = § [° Ex_|,[Jii(X,)] dv. If, on the
contrary, a;; # 0;;, then a neuron’s sensitivity to other features (i.e. J;;(z) > 0) could ‘leak over’ to
make I;(z) > 0 even when Xj; is independent of R, violating the axiom.

5 Results

5.1 Locality

To illustrate the implication of the locality axiom, we analyzed the responses of a model neuron to a
one-dimensional stimulus drawn from a Gaussian prior. The neuron’s response was modeled as a
Gaussian random variable with mean f(z) and fixed standard deviation. We compared two tuning
curves: one with a single peak at x = —3 (Fig. 1A, black), and another with an additional peak at
r = 6 (Fig. 1A, red).

With gaussian noise, Fisher information scales with f’()?, and thus peaked where the tuning curves
were steepest (Fig. 1B). Similar qualitative behaviour was observed for Ijoca () (Fig 1C). Crucially,



A B C
1 [O]
2
o) S
~ Q ~
= a S
= 05 [0) <
e = L
c ~
[\
O -
0 IS
2 0 2
X
Eus —R
Qos ‘/l\‘\\----R:|R| Q
N~ 04 / k \.?L
& d =
~ 7 3
02 / <
.
of -

o

Figure 3: Local data processing inequality. (A) Bimodal prior. (B) Neural responses: r =
2 + noise; transformed response r’ = |r|. The non-invertible transform reduces information. (C) Our
decomposition satisfies the pointwise data processing inequality (DPI): I/ (z) (red) is always less
than or equal to Ir(z) (black). (D-F) I also satisfies pointwise DPI, while Issr and I, do not.
Icissr (not shown) behaves similarly to Jgyp.

the difference in Ijocq () between the two tuning curves vanished outside the region where they differ,
consistent with the locality axiom. In contrast, existing attribution methods (Fig. 1D-G) showed
global sensitivity: adding a second peak at x = 6 altered the attributed information across the entire
stimulus space, including far from the added feature.

5.2 Effect of Prior

We next examined how [j,.q;(x) responds to changes in the shape of the stimulus prior. For this,
we considered two different stimulus priors: a zero-mean gaussian, and a bimodal mixture of two
gaussians with peaks at x = —1 and x = 1 (Fig. 2A-B, upper panels). To isolate the effect of the
prior, we used a simple linear-Gaussian likelihood model: 7 ~ N(z,0?). Under this model, the
neuron’s sensitivity is uniform across all stimuli, so any variation in attributed information must arise
solely from the prior.

Intuitively, one can assess neural sensitivity by measuring how much the posterior distribution
p(X | r) changes, on average, in response to small perturbations in the stimulus z. With the bimodal
prior (Fig. 2B), the posterior is highly sensitive near x = 0, where the two modes compete (Fig. 2B,
middle panel), and relatively stable near the modes themselves, e.g., around z = 1 (Fig. 2B, lower
panel). Our attribution measure iy, () reflects this structure, peaking at x = 0, and decaying
elsewhere (Fig. 2C). For the Gaussian prior, where posterior sensitivity is constant, Ijocy () is flat.
In contrast, previously proposed attribution methods behave inconsistently: some remain constant
across both priors (Fig. 2D), others respond in the opposite direction (Fig. 2E), and some varied
strongly even under a Gaussian prior, where the posterior sensitivity is uniform (Fig. 2F).

5.3 Data Processing Inequality

Next we illustrate how I;,.q; () respects the data processing inequality while certain other attribution
methods do not. For this, we used a bimodal prior (Fig. 3A) and compared a linear-Gaussian neuron
(r ~ N(z,0?)) to a downstream neuron with response r’ = |r|. Since this transformation is non-
invertible, information must be lost. Consistent with the inequality, [joca1 (%) decreased at every x (Fig
3C). In contrast, both Iss; and I, increased at some x and decreased at others, violating the pointwise
data processing inequality (Fi 3D-E). Iy, by comparison, respected the inequality (Fig 3F).

5.4 Scaling to high-dimensions

We can use Eqn[20]to write the feature-wise decomposition in terms of the outputs of an unconditional
and conditional diffusion model, trained to output &(z,) = E [X|z,] and &(z.,7) = E [X|z, 7],



respectively:

<1
Li(z) = /0 292 Bl RIX, [(ji(Xw R) — #:(X))?| dv (1)
To obtain a Monte-carlo approximation of this expression, we need to sample from z., ~ p (X, |x),
followed by, r ~ p (R|x.). Sampling from p (R|x.,) is prohibitively expensive (since it requires
first sampling from x ~ p(xo|z,), which requires a full backward pass of the diffusion model).
To get around this, we adopt an approximation used by Chung et al. 2023| instead approximating
I;(z) using samples r ~ p(R|& (x)), which can be computed efficiently using one pass through the
de-noising network. The integral over v was approximated numerically with evenly spaced 7y (see
Appendix C). Since the Fisher decays to zero for large -, truncating the integral has little effect on
our approximation of the integral.

5.5 Pixel-wise decomposition of encoded information

We applied our method to identify which regions of an image contribute most to the total information
encoded by a population of visual neurons. For illustrative purposes, we used stimuli from the MNIST
dataset and modelled a simple population of neurons with mean responses given by Af(w - x + b),
where A and b are constants, f(-) is a sigmoid nonlinearity, and w is a linear filter representing the
neuron’s receptive field (RF). Neural responses were corrupted by Poisson noise. We simulated 49
neurons with RFs arranged in a uniform grid (Fig. 4A).

As a baseline, we first evaluated neural sensitivity using the diagonal of the Fisher information matrix
(Fig. 4B—C, E-F). In this model, the Fisher information reduces to a weighted sum of squared RFs,
where each neuron’s contribution is scaled by its activation level. This yields characteristic “blob-like”
patterns, with each blob centered on the neuron’s RF.

We then used a diffusion model trained on MNIST to estimate the pixel-wise information decomposi-
tion, Tjocal(x) (Fig 4D, G; additional images are shown in Supp Fig 2). This decomposition revealed
that information was concentrated along object edges—regions where the decoded images (i.e. sam-
ples form the posterior) are most sensitive to small changes in the presented stimulus (cf. Fig. 2A).
Unlike the Fisher information, our measure integrates how both the local sensitivity of neurons (via
their RFs) and the statistical structure of the input (captured by the diffusion model), contribute
towards the total encoded information.

Later, we investigated the behavior of our information decomposition on a diffusion model trained
on natural images, with a model of recorded ganglion cell responses from the retina [[15)] (Appendix
section C.6, and supplementary Figure 3). We observed qualitatively similar behavior to before, with
I},cqi peaking in regions of high local spatial contrast, around the edges of objects.

6 Discussion

We introduced a principled, information-theoretic measure of neural sensitivity to stimuli. This
measure satisfies a core set of axioms that ensure interpretability and theoretical soundness. Crucially,
the measure can be estimated using diffusion models, making it scalable to high-dimensional inputs
and complex, non-linear neural populations. We empirically demonstrated how each axiom shapes
interpretability through simple, illustrative examples. Finally, we show how the method can be
applied in a high-dimensional setting to quantify the information encoded by a neural population
about visual stimuli.

Kong et al.[2024|recently proposed two decompositions of the mutual information between visual
stimuli  and text prompts y, I(z,y), which can be efficiently estimated using diffusion models.
These were used to identify image regions most informative about accompanying text. Dewan et
al. 2024 extended this approach to assess pixel-wise redundancy and synergy with respect to the
prompt. However, these frameworks do not directly yield a stimulus-wise neural sensitivity measure
I(z), which was our goal (Appendix B). Moreover, simply averaging the decompositions of Kong
et al. over neural responses does not produce stimulus-wise and feature-wise decompositions that
satisfy our axioms: in one case the resulting decomposition is non-local and can be negative; in the
other case, the decomposition is not additive, and thus violates a key information theoretic property
pointwise.
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Figure 4: Pixel-wise information decomposition with MNIST stimuli. (A) Simulated population
of linear—nonlinear—Poisson (LNP) neurons with circular receptive fields arranged in a grid. (B)
Presented visual stimulus. (C) Diagonal of the Fisher information, given by a weighted sum of neural
receptive fields. (D) Pixel-wise decomposition of mutual information, l1oca1(2). E-G Same as panels
A-B, but for a different stimulus.

Our work extends a classical result from Brunel & Nadal 1998 who showed that mutual information
can be approximated in the low-noise limit using Fisher information [29]]. This approximation
was later used by Wei & Stocker 2015/ to explain a wide range of perceptual phenomena under
the efficient coding hypothesis [21]. However, their approximation, which depends on the log
determinant of the Fisher, becomes very inaccurate in certain cases, such as at high noise, or where
there are more stimulus dimensions than neurons (in which case it returns minus infinity) [[1} 31} [13].
Here, we instead identify an exact relation between mutual information and Fisher information with
respect to a noise-corrupted stimulus. This opens new potential to test theories of efficient coding of
high-dimensional stimuli, and in the presence of noise.

In the future, we will use our method to investigate more realistic neural models, fitted on biological
data, as well as diffusion models trained on natural image datasets. Here, to further improve
efficiency we could use zero-shot methods that sample directly from the posterior, without requiring
a trained conditional diffusion model [22,|6]. Such approaches have recently achieved state-of-the-art
performance in decoding visual scenes from retinal ganglion cell responses [30], and could enable
rapid assessment of how changes to the neural model affect encoded stimulus information.

Finally, our axiomatic framework has close parallels with integrated gradients [26], a method
developed to attribute the output of deep neural networks to individual input features. Both our
method and integrated gradients address ill-posed attribution problems by enforcing natural axioms.
However, one limitation of our method, in contrast to integrated gradients, is that we do not prove
the uniqueness of our attribution method, as following from our axioms. This will be interesting to
investigate in the future. There are also key differences between both approaches: for example, our
attribution explicitly accounts for noisy responses and does not require specification of an arbitrary
baseline. These distinctions make our method particularly well-suited to neural data, and suggest
potential utility as a principled attribution tool for analyzing deep networks—identifying which
stimuli, or stimulus features, different units or layers are sensitive to.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: In the abstract and introduction we claim that we derive a new information
theoretic decomposition based on principled axioms, We then illustrate its behavior on toy
examples, as well as a high-d neural model. This is exactly what we do.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We describe the limitations in the discussion. For example, one limitation
is that we currently only consider simple neural models, and diffusion models of MNIST
digits. In the future we will extend to more complex neural models and diffusion models
trained on natural images. Another limitation is that we don’t prove the uniqueness of our
decomposition in fulfilling are axioms. This is also discussed.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The main theoretical results are described in main body of the paper. Where
space was limited we have included additional theoretical results in Appendix A and B.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The information needed to reproduce the main results in the paper are described
in the paper. Additional details, required to reproduce the neural model and diffusion model
to reproduce figure 4 are provided in Appendix C. We also share our code on an anoymised
github repository.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We are sharing our code on an anonymised github repository, here:
https://anonymous.4open.science/r/neural-info-decompo-5BAF/.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so "No" is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The diffusion model used to reproduce the final figure was taken directly from
a previous paper without modification. Training details are described in Appendix C, along
with the neural model.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]

Justification: The simulations used in the paper were used to illustrate simple concepts, and
did thus not require error bars.
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Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We specify the computing resources required for the diffusion model in
Appendix C.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The authors have reviewed the NeurIPS Code of Ethics and confirmed that
their paper, which includes mostly theoretical results, does not violate the code.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
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Answer: [NA]

Justification: The authors could not envisage a direct or indirect path to negative applications
from this research.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We used a diffusion model in the paper which was fully cited.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.
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15.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: while we share our code, there is not really a new asset emerging from this
paper.
Guidelines:
* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects

Guidelines:
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* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Proof of locality axiom

Let p(R, X) and p(R, X) be two joint distributions, defined over the response, R, and a stimulus, X
with infinite support in an unbounded (e.g. X € R%) or semi-bounded domain (e.g. [0, 00)?).

We restrict p(R, X) to only differ from p(R, X) locally, in the vicinity of x(. Formally, we suppose
there exists finite ¢ > 0 and xq such that:

p(R,z) = p(R,x) forall z ¢ B.(zo), (22)
where B, (xg) is the open ball of radius e centered at z.

Recall that our stimulus-wise decomposition of information is defined as:
1 oo
Ia) = Trace [ By [705,)] d, (3)

where X, = & + /72, Z ~ N(0,), and J () = Ey(ja,) [~ V2 logp(R | xv)} is the Fisher
information matrix at .
We will consider the absolute difference between the stimulus-wise information, computed with

p(r, ) and p(r, ) respectively, |I(z) — I(z)|. To prove the locality axiom, we separate the integral
over +y into two parts as follows,

_ 1 o0 N
1(@) = I(@)] = |Trace /0 By, o) [T(Xy) = T (X)) dv’ (24)
< f@m) + 9@, m), (25)
where
1 Yh B
fam) = g [trace [" By o [706) - 706)] 26)
1 > -
g(z,vn) = 5 Trace/ Ep(x, o) [j(X.y) fj(X,y)} d’y’. 27
Yh
In sections[A.1] and [A.2] we show that f(z,~;,) and g(z,~;) have the following limiting behavior:
fl@,m) = O (e*ﬁHPIOIF) as [|lz — xo|* = oo (28)
1
g(x,vm) = O <7> uniformly over x as y, — oo. (29)
h

Thus, for any § > 0, we can first pick 7, large enough so that g(z,~,) < ¢/2, for all z. Then, for
fixed 7y, we choose d such that f(z,~,) < §/2 whenever ||z — x| > d.

This guarantees that for any § > 0, there exists a finite constant d such that,
[I(z) —I(z)| <& forall ||z — x> >d, (30)
completing our proof of the locality axiom.

A.1 Integral fromy=0toy =,

Here, we prove the limiting behavior of f(x,74), as ||z — x| — oc.

We start by writing out the Fisher information as a function of the noise-corrupted stimulus, x:
1 . N
Trace(J (z+)) = ?ER\% (||:c(:c.y) —Z(zy,7) Hz) 3D
Writing out & (z,) = E[X |z, explicitly,
 Jap) o2 ) daf

B(z) = , (32)
v fp(w/)(b(x%x )d.’l?l
g o TP (T ) 8 Lo 7P 67 ) b (33)

Jor¢B.(wy) @) (b(zljw) Az’ + [o1ep, (2g) P(') d)(zlx;?) '

3
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2 . . .
where ¢(x) = \/%e_ z171° and we have separated the integrals in the numerator and denominator

into contributions from inside and outside the region B.(z) . Taking just the second term in the
numerator of Eqn[33]

! /
'p(z') ¢ (W> dx’ sup ¢ (H’) / 2'p(x') da’
/zfeBe(xo) val @/ €Bc(z0) VT J JareB.(ao)
H‘TO — xWH —€ / / /
= ¢ ( z'p (') dx
val @/ €B. (x0)

- 0 (e—%“xo—%“Q) as ||zo — 2|2 = 0o (34)

IN

since, by construction, p(z) has finite moments. The same logic also applies to the second term in
the denominator of Eqn[33]
/ —
/ p(x') ¢ <HY> dz' = O(e_%”“"_“”z) as  |lzo — 24| = 00.  (35)
2/ €Be (o) el

Substituting this asymptotic behaviour back into Eqn[33] we have

, / / @' —xy dz’
I, ¢Be(wo)zp(x)¢( Nl ) * + O Fwo—w1?) (36)
Lorg. ooy p@) 0 () do’

where the first term only depends on x in the region outside the region B, ().

& (zy) =

Using the same arguments for #(x.,, ), we can write:

B (@) = 82, 7) = alwy, 7, w0) + O(e” 7071, (37)
where
fxlng(l‘O) z'p(x’) ¢ (93\;%37) da’ j;y/gBE(;co) a'p(r,a’) ¢ (w\;?> dz’
a(xﬁ,,r, CE(]) = 2 —x - i (38)
Jorgn g P (T2 ) A [ oy plra) & (V72 dar,
only depends on p(r, x) in the region x & B¢(xg).
Taking the square, and averaging over p(r|z.), we have
1 2 — 2 llzo—a- |1
Trace (7 (24)) = 5 Brje, [lla(ay,rzo)|P] + 072710 7T) (39)

Jop P(rlz)p(2)0 (%) a(zy, 7, x0)||2dz
[, p(@)o (“5 ) do

Note that if R is discrete, the above integral over R is simply replaced by a sum. We then follow the
exact same procedure as before, separating the integrals over x into parts that are inside and outside
of B.(xg), to obtain

1 — L ro—x 2
— ? + Ole 37l Il ) (40)

Trace (T (24)) = %Hb(xm z0)||? + O(e™ 77 107l (41)
where b(zg, z) is a function that only depends on p(r, z) in the region x ¢ B.(xo).
Since, by construction p(r, z) = p(r, x) in the region = & B (x(), we can then write:
Trace (7 (27) = F(w5)) = O3 170 7521), as || — 4| = oo 42)
where 7 (z) is the Fisher information obtained with (7, z).

~— T

Averaging over p(X,,|z) = ¢ (Xﬁ ) gives:

Ep(x, o) |Trace(T (@,) = T (@,))| = O(e” F1071)as o — agl? » 00, @3)
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Finally, integrating from v = 0 to y;,, we have:

fam) = ) [ Trace (Bx 1o [706) - T ) o 44)
< % /0 " Mrace (EW [](XV) —j(XW)D dy 45)
< %% GS(lép ) Trace (EX.Y\z [j(Xv) - j(Xv)D | (46)
ol sYh
= 0 (efﬁ“zfxow) as ||z — xo]|*> = oo, 47)

as stated in Eqn 28]

A.2 Integral from v = v to oo

Next, we show the limiting behaviour of g(z, ).

We know from Eqnthat for any given v < oo, | Trace(J () — J (2,))| — O as || — co. Thus

the maximum of | Trace(7 (z,) — J (2-))| must be obtained for some finite z7,. As aresult

[ Trace(J (24) — J (z+))| < sup |Trace(J (z4) — J (2))] (48)
= |Trace(J (z%) — J(23))|, where |27] < oo (49)
1

= 3| Botriey (1) = & (a3,7) IP)

= Ej(rlaz) ([12(z) — 2 (23, 7) 1%)
with Z(x.) and Z(z~, r) defined as the expectations over X obtained with the perturbed distribution,
p(R, X). Now since, by construction, p(x), p(x | r), p(z), and p(x | r) all have finite first and

second moments, then for finite :v; all the expectations in the above expression are finite, and we
have:

,  where [27| < oo (50)

C
|Trace(J (z+) — T (x+))| < po for all z., (51)
where C' < oo is some finite constant, independent of x.,.

Integrating over y and averaging over p(X,|x) gives

1 > -
slom) = g[trace [ Ex b [70,) - T00)] 52
Th

1 [ -

< 2/% )EXW [Trace (j(Xv)fj(XWDde (53)

< i, for all = (54)
29,

= O<1>, uniformly in z, (55)

Th
as stated in Eqn

B Comparison with previous decompositions using diffusion models

Recently Kong et al. [2024| proposed two different decompositions of the mutual information into
terms that depend on both the response and stimulus, which can be computed using diffusion models.
Their decompositions take the following form:

o0 1 ~ R
Ikong1(z,7) = /0 55 Ex o [lo = @y, n)|* = [l — 2(a)|1?] dvy (56)

22
IKong,2('T7T) = /
0

* 1
32Xl [1(zy) — &2y, 7)|1%] dy (57)
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Figure 5: Additivity, with respect to measurements from multiple neurons. (A) We considered
two neurons, with sigmoidal tuning curves, f(z), and a 1-d stimulus with gaussian prior. (B) We
confirmed that I},.q; () satisfies additivity, by checking that the point-wise information from both
neurons together (/g g, (), red) equals Ig, (z) + Ig, g1 (). (C) For the measure derived from the
work of Kong et al., which does not satisfy additivity, the curves are non-overlapping.

To obtain stimulus-wise decompositions from these expressions, that we can compare with our
work, we averaged both of these decompositions with respect to p(R|x), to obtain: Ixong1(z) =
ER|1; [IKong,l (xa R)] and IKong,Q (LII) = ER\I [IKong72($7 R)]

Despite the apparent similarity with our proposed decomposition, neither I ong,1(x) OF I ong,2(x)
fulfill our axioms, limiting their potential use as principled & interpretable measures of neural
sensitivity.

In their paper, Kong et al. show that I ong,1(z,7) = log % Taking the average over p(R|x),
gives: Ircong,1(2) = ERrjz [[Kong,1(7,7)] = Drr(p(R|z)||p(R)). This is identical to the expression
for the specific surprise, Iswp(x), in the main text (Eqn 3). As shown in the main text (Fig 1E),
this measure does not fulfill our locality axiom. This is because I, () depends on p(r) =
J p(r|z")p(r")dz’, which can be influenced by changes to the likelihood or prior with respect to any
stimulus, z’. Further, following the same prescription as in the main text to obtain a feature-wise

decomposition of Ixong.1(x), results in feature-wise attributions that can be negative.

To understand the second decomposition, we use Tweedie’s law to write:

1 oo
tons @) = e [long (5,0 = 5 [ B o [IV2, ogp(RIG)P dy (59
0

This differs from our expression, due to the fact that it involves taking the average over p(R|z), rather
than p(R|x.,). However, while this difference may seem subtle it has important consequences for the
resulting stimulus-wise decomposition.

To see that there are large qualitative differences between I ong 2() and Ijocqi(x) we first consider
their behavior in the case where p(R, X) is jointly gaussian. Here, Ij,cq; () is constant across x (Fig
2B, black), reflecting that the fact that the posterior is also independent of x (up to a linear translation).
In contrast, Ixong,2(x) scales quadratically with the distance of « from the mean (similar to Zgyyp (),
Fig 2E).

More importantly, Ikong,2(2) violates additivity point-wise. Supp Fig 1 illustrates this in a simple
1-d example. To see why it is the case, we can expand the expression for the local information from
two neurons, R and R’:

on 1 o
TR G92(0) = 2 /O Ex, nje [IVa, logp(R R, X,) + V.. logp(RIX,) |2 dv  (59)

Now when we expand the square we see that the cross-terms don’t cancel out. As aresult, I opg 2 18
not linear in log p(R’|R, X) and log p(R| X ), violating additivity.
This contrasts with the behaviour of I;,.4;, Which can be expressed as follows:
a 1 [
I (@) = -3 /0 Ex, e, {Er mix, | V2 logp(RR, X,) + V2 logp(RIX,)| }dy  (60)

This equation is linear in log p(R'| R, X) and log p(R| X ), and thus we can easily confirm that it is
additive with respect to repeated measurements.
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Additivity is a fundamental property that underpins the definition of mutual information [25]. It
requires that information from multiple measurements (e.g., different neurons) combine linearly, such
that their individual contributions sum to the total local information (Fig. [5). A point-wise measure
that doesn’t respect additivity could thus lead to misleading attributions as they don’t respect how
different measurements (or neurons) combine additively to generate the total mutual information.

C Diffusion model details

C.1 Dataset Preparation

We utilized the MNIST dataset [19]], which consists of 60,000 grayscale images of handwritten digits
for training and 10,000 for testing. Each image, originally 28 x 28 pixels, was preprocessed by
normalizing to the range [—1, 1] and then rescaled to 32 x 32 pixels to align with the architectural
requirements of our diffusion models.

C.2 Neural Encoding Model

We simulated a population of 49 neurons with spatially localized receptive fields (RFs) arranged in a
7 x 7 grid, mimicking the retinotopic organization of early visual cortex. Image pixels were mapped
to 2D coordinates in visual space, (z,y) € [—1, 1]%, forming a uniform grid. Each neuron’s RF was
modeled as a 2D Gaussian filter centered at (x;, y;):

(x_xi)2+(y_yi)2> 7 ©61)

o) = o (~EZ5
where o = 0.1 defines the spatial extent of the RF, and (x;, y;) specifies the center of the i-th neuron’s
RF. These centers were evenly spaced across the image grid.

Neural firing rates were computed by projecting the input image I onto the receptive field weights
w;, followed by a sigmoid nonlinearity:

1

fi:A.1—|—exp(g-w;r(f—|—1—0))7 62)

where A = 40 is the amplitude, ¢ = 0.4 is the gain and § = 0.9 is the threshold. This yields the
mean firing rate of neuron ¢ in response to image I.

To capture neural variability, we modeled spike counts as samples from a Poisson distribution with
mean f;.

C.3 Diffusion Models
We trained two denoising diffusion probabilistic models (DDPMs) based on the UNet-2D architecture
[24]], using the implementation provided by the HuggingFace diffusers library [27].

The first model was trained to generate MNIST digits from standard Gaussian noise Z ~ N(0, I).
Following the DDPM framework [12], we simulated a forward diffusion process that progressively
adds Gaussian noise to an image z, producing a sequence of noisy images {z;}. The process is

defined as:
rp =1 =Br-x1+ Bz, z~N(OI), (63)
where (3; denotes the noise schedule. By recursively applying this equation, one obtains:

t

2y ~ N (Vag - xo, (1= a)I), with a = [J(1-B.). (64)

s=1

Although this differs from the isotropic Gaussian noise model used in the main text, z; = xo + /772,
the two formulations are equivalent up to reparameterization, with v = 1;—?” Thus, both can be used
interchangeably to estimate the information decomposition [1o¢a) ().
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We used a linear noise schedule with (3; increasing from 1 x 10~* to 0.02 over 1,000 time steps.
Given a noisy image x;, the model was trained to predict the noise component Z; (), which can be
used to reconstruct an estimate of the clean image:

Ty — \/1 — dt . ét(l't)
. 65
Var ©

&(xy) =

A second DDPM was trained using the same architecture, but conditioned on simulated neural
responses 1 (see previous section). This model learned to predict the noise given both the noisy image

and response:
xy — T — @y 5 (g, 7) (66)
Vay .

We used these models to estimate the pixel-wise information decomposition described in the main
text (Eq. 9). To approximate the integral over v, we applied additive Gaussian noise according
to the diffusion schedule and evaluated Z(x;) and Z(z,r) over 24 diffusion steps (indexed as
[40:40:1000]) using 50 noisy samples of x; and r at each ¢. On average, approximating I;,cq; ()
for one image took approximately 1 minute on an NVIDIA GeForce RTX 4080 GPU.

&(xe,r) =

C.4 Training Details

Both models were implemented in PyTorch (version 2.7.0) with Cuda 12.6 and trained using the
HuggingFace Diffusers library [27] and Accelerate library [11]] for distributed training on 7 NVIDIA
A100 GPUs (40 GB VRAM).

The training procedure for both models was as follows:

* Optimizer: AdamW with learning rate 1 x 10~4, 3; = 0.9, 2 = 0.999

* Learning rate scheduler: Cosine schedule with warmup (500 steps)

* Batch size: 256

¢ Training duration: 150 epochs

* Loss function: Mean squared error (MSE) between predicted and true noise
* Precision: Mixed precision training with bfloat16

* Training Time: 25/30 minutes per model

C.5 Decomposition for additional digits

We repeated the analysis described in Figure 4 originally performed for two digits on six additional
digits using exactly the same linear-nonlinear Poisson (LNP) model, receptive field configuration,
and information decomposition procedure. For each new digit, we computed the Fisher information
and the pixel-wise information I}, () following identical preprocessing, stimulus presentation,
and estimation steps as in the main analysis.

C.6 Decomposition for natural images

To demonstrate that our approach generalizes to more complex and biologically realistic neural
encoder models as well as natural images, we trained the diffusion models on 60,000 64x64 natural
images from Hugging Face’s Tiny ImageNet dataset and trained a deep neural network model of the
retina [15] to replicate the responses of 41 retinal ganglion cells (RGCs) from [10]. We extended
the model by tiling the stimulus space with a 7x7 square lattice mosaic of receptive fields, where
the resulting 49-field mosaic reproduced the response pattern of one of the fitted cells. As with the
MNIST digits, we then applied pixel-wise information decomposition to natural images (Fig. [7).
Consistent with our findings for the MNIST stimuli, the resulting local information maps, Ijoca1 (),
exhibited the highest values in regions of high spatial contrast, particularly along object boundaries,
indicating that these areas contribute most strongly to the encoded information about the stimulus.
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Figure 6: Information decomposition across additional digits. In the main text, we present

pixel-wise information decomposition for two example digits. Here, we provide several additional
examples to illustrate the decomposition patterns across other digits.

B j(x) Ilncu](x)
E

.C.
F —

Figure 7: Pixel-wise information decomposition with natural image stimuli. (A) Presented visual
stimulus. (B) Fisher information was computed as the sum of each neuron 7’s pointwise contribution,
(f!(z))?/ fi(x), quantifying the local neural sensitivity to infinitesimal changes in the intensity of
pixel z. (C) Pixel-wise decomposition of mutual information, Ijoca1 (). D-I Same as panels A-B, but
for different stimuli.
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Figure 8: Illustration of the locality of ioc.1(z) compared to I, (z). (A) The visual stimulus
is a MNIST digit positioned on the center-left side of the visual field. (B) Receptive field of LNP
model neuron 21 in the unperturbed condition, located on the center-left side of the visual field (the
remaining 48 receptive fields are unperturbed and not shown). (C) The receptive field of neuron
21 is modified by adding a sharp 2D Gaussian perturbation (highlighted by a red circle) on the
opposite side of the stimulus. (D) Difference in Jioca1(«) and (E) difference in Iy, () between the
original and perturbed receptive field conditions. Ijoca1(x) remained confined near the stimulus and
the perturbed receptive field, reflecting its local nature, while I, () exhibited broader, spatially
distributed changes.

C.7 Demonstration of locality for MNIST stimuli

To further illustrate the locality properties of the information decomposition, we examined how a
small, spatially localized perturbation to a single receptive field affects Ijocai(z) and Igyp(z). We
used the same linear—nonlinear—Poisson (LNP) model described in the main text, with receptive
fields arranged across the visual field (Supplementary Figure [8B). In the perturbed condition, we
introduced a sharp two-dimensional Gaussian bump to the receptive field of a single neuron, located
on the opposite side of the visual stimulus (Figure [§[C).

We then computed the pixel-wise differences in Ijoca) () and Is,p(x) between the perturbed and
unperturbed conditions. As shown in Figure —E, Toca1(2) remained confined to the vicinity of the
stimulus and the affected receptive field, reflecting its inherently local nature. In contrast, Is,p ()
exhibited broader, spatially distributed changes, highlighting its global dependence on the overall
structure of the neural population code.

The code repository to reproduce figure 4, 6, 7 and 8 can be found at neural-info-decomp.
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