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Abstract

The concentration of measure inequalities serves
an essential role in statistics and machine learn-
ing. This paper gives unbounded analogues of
the McDiarmid-type exponential inequalities for
three popular classes of distributions, namely sub-
Gaussian, sub-exponential and heavy-tailed distri-
butions. The inequalities in the sub-Gaussian and
sub-exponential cases are distribution-dependent
compared with the recent results, and the inequali-
ties in the heavy-tailed case are not available in the
previous works. The usefulness of the inequalities
is illustrated through applications to the sample
mean, U-statistics and V-statistics.

1. Introduction

Concentration-of-measure inequalities are studied in order
to understand the fluctuations of complicated random ob-
jects. These inequalities have made great progress over
the years, playing a significant role in various fields which
include functional analysis, high-dimensional geometry,
high-dimensional probability and statistics, information the-
ory, machine learning, statistical physics, stochastic anal-
ysis, and theoretical computer science (Wainwright, 2019;
Ledoux, 2001; Boucheron et al., 2013; Raginsky & Sason,
2018). Specifically, concentration-of-measure inequalities
provide upper bounds on the probability that a random vari-
able deviates from its mean, median or any other typical
value by a given amount.

Among these concentration inequalities, McDiarmid’s in-
equality is a classical benchmark one, which works not only
for sums but for general functions of independent random
variables. It has proved to be useful in a number of applica-
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tions, such as algorithmic stability (Bousquet & Elisseeff,
2002; Bousquet et al., 2020) and suprema of empirical pro-
cesses (Bartlett & Mendelson, 2002; Maurer & Pontil, 2021;
Maurer, 2006). McDiarmid’s inequality (McDiarmid, 1998),
also called bounded difference inequality, states that
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where f is a real-valued function of the sequence of inde-
pendent random variables X = (X7, ..., X},), such that

[f(z) = f(2")] < e

whenever z and 2’ differ only in the k-th coordinate. Some
extensions of McDiarmid’s inequality to non-independent
variables have also been considered (Marton, 1996; Cha-
zottes et al., 2007; Kontorovich & Ramanan, 2008; Zhang,
2022; Paulin, 2015). Recently, a line of work by Maurer &
Pontil (2019); Maurer (2019) has also introduced inequali-
ties for general functions of independent random variables,
which is Bernstein-type inequality and capable of estimating
nonlinear statistics. These inequalities are pretty attractive
and useful, however, unfortunately, they require the bound-
edness of functions, imposing inherent limitations on their
applicability to unbounded loss functions.

The concentration properties of unbounded functions be-
come important in many settings, such as signal pro-
cessing (Bakhshizadeh et al., 2020b;a), neural networks
(Vladimirova et al., 2020; 2019; Torralba et al., 2008),
stochastic optimization (Gurbuzbalaban et al., 2021; 2022;
Barsbey et al., 2021; Simsekli et al., 2019), sample bias
correction (Dudik et al., 2005), domain adaptation (Cortes
& Mohri, 2014; Ben-David et al., 2006; Mansour et al.,
2009), boosting (Dasgupta & Long, 2003), and importance-
weighting (Cortes et al., 2019; 2021). To counter this diffi-
culty, some concentration inequalities for general functions
of unbounded random variables have been proposed (Kutin,
2002; Combes, 2015; Meir & Zhang, 2003; Kontorovich,
2014; Maurer & Pontil, 2021). Among these works, Kutin
(2002); Kutin & Niyogi (2002) prove two extensions of
McDiarmid’s inequality for strongly and weakly difference-
bounded functions. However, their approach entails com-
plex statement and proof, and their conditions are too re-
strictive in practice, see a discussion in (Kontorovich, 2014).
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Then, Meir & Zhang (2003); Kontorovich (2014) give exten-
sions of McDiarmid’s inequality for sub-Gaussian distribu-
tions. Combes (2015) proposes a somewhat different exten-
sion of McDiarmid’s inequality for functions with bounded
differences on a high probability set and no restriction out-
side this set. Very recently, Maurer & Pontil (2021), the
most related work to this paper, provide a more applicable in-
equality than the ones in (Meir & Zhang, 2003; Kontorovich,
2014) in the sub-Gaussian case and further study the heavier
sub-exponential distributions, whose results can be seen as
unbounded analogues of the McDiarmid’s inequality under
the sub-Gaussian and sub-exponential conditions.

Although very powerful, the results of Maurer & Pontil
(2021) suffer from the worst-case value of the sample space.
Specifically, their variance proxy term depends on the worst-
case choice of the configuration of sample space, refer to
Egs. (1) and (2); we will elaborate upon this in Section 3.
In this paper, we propose distribution-dependent concen-
tration inequalities by replacing the worst-case value (i.e.
supremum) in Maurer & Pontil (2021) with an expectation.
This replacement is possible if the sum of conditional vari-
ance proxies has the suitable properties of concentration
around its mean, refer to Lemmas A.6 and A.7. To this end,
we should control the interaction functional, which indi-
cates that the variation of f in any given argument must
not depend too much on other arguments, refer to Def-
inition 2.3. This paper’s principal contributions include
providing such concentration inequalities for sub-Gaussian,
sub-exponential and heavy-tailed distributions, where the
McDiarmid-type exponential inequalities of heavy-tailed
distributions haven’t been studied before to our knowledge.
Not only that, we give corresponding refined inequalities
for sub-Gaussian, sub-exponential and heavy-tailed distribu-
tions by considering a weaker interaction functional, refer
to Definition 5.1. Some interesting applications, the sample
mean, U-statistics and V-statistics, are provided to illustrate
the usefulness of the inequalities.

The paper is organized as follows. In Section 2 the prelimi-
naries relevant to our discussion are presented. In Section 3
we provide our concentration inequalities, separated by sub-
Gaussian, sub-exponential and heavy-tailed distributions.
Section 4 is devoted to concrete applications (the sample
mean, U-statistics and V-statistics). In Section 5 we derive
refined concentration inequalities. Section 6 concludes this
paper. Finally, all the proofs are given in the Appendix.

2. Preliminaries

We use uppercase letters to present random variables and
vector of random variables, and lowercase letters to present
scalars and vector of scalars. Let X = (Xy,...,X,,) be a
vector of independent random variables with values in a
space X, and the vector X' = (X7, ..., X,,) is independent

and identically distributed (i.i.d.) to X. We consider that f
is a function f : X" — R. In this paper, we are interested
in studying the concentration of the random variable f(X)
with respect to (w.r.t.) its expectation, i.e.,

P(f(X)-E[f(X)] >1t), Vt>0.

To proceed, we need some notations to characterize the
fluctuations of f in the k-th variable X}, when the other
variables (x; : ¢ # k) are given.

Definition 2.1. (Maurer, 2019) For fixed & € {1,...,n}
and y,y’ € X define the substitution operator S;j and the
difference operator D’;_’ by

(S’;jf)(ach vy @) = f(T1, ey T 13 Yy Ty ooy T
and

k ok gk
Dy, =S, — Sy

We also give a definition on the centered conditional version
of f.

Definition 2.2 (Definition 1 in (Maurer & Pontil, 2021)).
Iff:x" >R z = (x1,...,2,) € X" and X =
(X4,...,X,) is a random vector with independent compo-
nents in X', then the k-th centered conditional version of f
is the random variable

(X)) (x) = f (21,0 1, Xiy Thg1s s Tn)
—E[f (x1, s The1, Xpys Thot 15 -5 Tn)] -

fx(X) can be seen as a random-variable-valued-function
Je(X) :z € X" = fi(X)(x). Itis clear that SJ, Dlyiy,
and f;(X) does not depend on the k-th coordinate of «. For
instance, consider the summation function f(z) = Y .| @,
then f(X)(x) = X, — E[X}] is independent of .

We also introduce some notations of the norm. If || - ||, is
any given norm on random variables, then || fx.(X)||(z) :=
| fx(X)(2)||. defines a non-negative real-valued function
I /5(X)]la on X™. Thus || fx(X)|.(X) is also a random
variable. If X' is i.i.d. to X then || fx(X)||, is the same
function as ||fx(X")|ls and || frx(X)|lo(X’) is iid. to
£ (X) (). Note that

(X)) = f(X) =E[f(X)| X1, .o, Xio1, Xbt1s e X

The L, norms of any real random variable Z is || Z||, =
1

E[[Z[*])>.

Finally, we introduce the interaction functional of f, which

represents the extent to which the variation of f in any given
argument depends on other arguments.



Distribution-dependent McDiarmid-type Inequalities for Functions of Unbounded Interaction

Definition 2.3. The interaction functional I, of f : ™ —
R is defined by

L.(f)
7 ! 2
=2 zseu)?Z:gg Z fe(X) = S, fe(X)|5(2)

kik#£l

From the above discussion on the summation function, one
can verify that the functional I, (f) vanishes for sum. The
formalism in Definition 2.3 is similar to Definition 1 in
(Maurer, 2019) who defines

I(f) =2 N |,

sup
reX™

Zsup Z (f - Sl

ZEX LAl

where o2(f) = Ei[(f — Exf)?] and where E;, =
Ey~.[Sh f]. The two definitions are similar but different
in that Maurer (2019) focuses on the conditional variance,
while this paper studies the norms.

3. Main Results

This section presents our main results, organized by sub-
Gaussian, sub-exponential and heavy-tailed distributions.
Successively, the latter has a heavier tail than the former.

3.1. Sub-Gaussian Distributions

We define a sub-Gaussian random variable, which is a pop-
ular sub-class of unbounded random variables. This class
of distributions subsumes the Gaussian random variables,
as well as all the bounded ones (such as Bernoulli, uniform,
and multinomial).

Definition 3.1. (Vershynin, 2018) A random variable Z is
sub-Gaussian if there exists o > 0 such that

t2
B(1Z] > 1) < 2exp (—20) ,

for every t > 0, where the quantity o2 is named as the
sub-Gaussian variance proxy.

We consider norms to present our concentration inequal-
ities. For this purpose, we use the following equivalent
sub-Gaussian norm (Buldygin & Kozachenko, 2000; Lei &

Zhang, 2020)
p EZ% 1%
= Su S ——— .
121 =500 | 1y

which is equal to || Z]|y, = sup,s; [2PP'EZ2P} z since

(2p)!
(2p— 1= (221,—’;)!! for any p > 1, please refer to page 6 and

Theorem 1.3 in (Buldygin & Kozachenko, 2000) for details
of this sub-Gaussian norm.

We show the first concentration inequality, which assumes
that fi(X) follows a sub-Gaussian distribution.

Theorem 3.2. Let f : X" — Rand X = (X4,..., X,,) be
a vector of independent random variables with values in the
space X. Then for any t > 0, we have

P(f(X) - E[f(X")] > t)
—42

16E |0 (03, ()] +2v21, (1)t

< exp

We give some remarks.

(1): If f is a sum of independent random variables, we
recover the general Hoeffding’s inequality, i.e.,

—t2
PN X—E[Y Xi|>t) <en | o
(% LB K ) b (16& ||Xk||32)
refer to Theorem 2.6.2 in (Vershynin, 2018). The constant
16 present in this bound is not optimal. Theorem 1.5 in
(Buldygin & Kozachenko, 2000) gives a better bound with
a constant 2, but this result is provided for the sum of inde-
pendent sub-Gaussian random variables.

(2): Theorem 3 in Maurer & Pontil (2021) shows

P (f(X) - E[f(X)] > 1)

—42
Sexp n )
(32€|| > ket ”fk(X)Hié 00)

where the sub-Gaussian norm in (Maurer & Pontil,
2021) is defined as |[|Z|ly, = sup,s; ”Zf”’), and

where || f(X)|7, |l is the essential supremum of

[1£r (X117, (X). ER ke (XI5, (X)) <
1> (X)) H?pé |loo- Thus, the variance proxy term in
(1) can never be small than what we get in Theorem 3.2.
Indeed, the supremum can be very large in some extreme
cases, and we successfully replace it with an expectation,
giving a distribution-dependent inequality.

)

Clearly,

(3): The bound has two tails. The sub-Gaussian tail is of
course expected from the sub-Gaussian distribution. The
sub-exponential tail is produced by the concentration prop-
erty of weakly self-bounded functions, refer to (9) in Lemma
A.6, where a? corresponds to the interaction functional
Iy, (f) in Theorem 3.2. In the applications to U-statistics
and V-statistics respectively, we show that the interaction
functional I, (f) is only of order m?/n and m(m — 1)/n,
which will approach to 0 as n — oo, where m is the degree
of the two statistics.
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3.2. Sub-Exponential Distributions

The second class of random variables that we treat in this pa-
per are sub-exponential. Although the class of sub-Gaussian
distributions is natural and quite large, it leaves out some
important distributions whose tails are heavier than Gaus-
sian. For instance, all sub-Gaussian random variables are
sub-exponential. Products and squares of sub-Gaussian vari-
ables are sub-exponential, no more sub-Gaussian. Apart
from that, sub-exponential distributions include the expo-
nential, chi-squared and Poisson distributions.

Definition 3.3. (Vershynin, 2018) A random variable Z is
sub-exponential if there exists ¢ > 0 such that

P(Z] > t) < 2exp(—ct),
for every t > 0.

Here, we use the following equivalent sub-exponential norm
(Buldygin & Kozachenko, 2000; Yang et al., 2022)

E|Z|p]:’
Z = su ,
[ pﬁ[ ol

please refer to page 23 and Remark 3.2 in (Buldygin &
Kozachenko, 2000) for details of this sub-exponential norm.

We now show the concentration inequality assuming that
fx(X) follows a sub-exponential distribution.

Theorem 3.4. Let f : X" — Rand X = (X1,..., X,,) be
a vector of independent random variables with values in the
space X. Then for any t > 0, we have

P(f(X)-E[f(X")] > 1)
_t2
4B [y I3, ()] + 2 (22 0)

where M = maxy, [|[| f(X)l, lloo and ||| fx(X) |, [|oo is
the essential supremum of || fr.(X)|| 4, (X).

<exp

We give some remarks.

(1): If f is a sum, we recover Bernstein’s inequality for
sub-exponential random variables, refer to Theorem 2.8.1
in (Vershynin, 2018).

(2): Theorem 4 in Maurer & Pontil (2021) shows

P(f(X) - E[f(X)] > 1)

—¢2
= ex " E)
P (462| D k=1 ka?(X)”igHoo +2eMt>

where M = maxy, ||| fx(X) ||y [loo and ||| f(X) g4 [loo is
the essential supremum of || fx(X)|| 4 (X), and where the
sub-exponential norm in (Maurer & Pontil, 2021) is defined

1211,

as || Z||y; = sup,>q . As a comparison, we improve
the supremum variance proxy | > ,_, ||f;C(X)||21||Oo in
(2) to an expectation E[Y ), || fx(X)||7, (X)), giving a
distribution-dependent McDiarmid-type inequality.

(3): The bound exhibits a mixture of two tails, a
sub-Gaussian tail governed by the variance-proxy
E[> p—y | f(X)]I7, (X)] for small deviations, and
a sub-exponential tail governed by the scale-proxy
maxy, ||| fx (X)) |y, [loo + Ly, (f) for large deviations.

(4): We now discuss the improvement of the constants in
our bound from two perspectives, one is giving proofs and
the other is providing some examples.

(1) We first consider the sub-Gaussian case. In Theorem 1.3

of (Buldygin & Kozachenko, 2000), it states that: suppose

that Z is a zero-mean random variable, in order for Z to be

sub-Gaussian, it is necessary and sufficient that || Z || 4, < oo

Er 1|(|jZ s, < co. And in this case, the following inequality
0

1211y, < €101 Z ]y 3)

Substituting the above inequality (3) into our Theorem 3.2,
we get

P(f(X) -E[f(X")] >1t) <
—¢2
1669/5E [, I ()13, (X)] + 231, (1)t
“4)

Now the definition of the sub-Gaussian norm in (4) is equal
to the one in (Maurer & Pontil, 2021). Comparing (4) with
(1), since 16e%/8 < 32e, our bound gives an improvement
in the constant.

exp

We then consider the sub-exponential case. In Theorem
3.2 and Remark 3.2 of (Buldygin & Kozachenko, 2000), it
states that: suppose that Z is a zero-mean random variable,
in order for Z to be sub-exponential, it is necessary and
sufficient that || Z]|4, < co. And in this case, a similar
inequality to (3) is

121y < ®)

e
—||1Z ]|y -
Z= 12l
We now give the proof. By the Stirling formula
1
n! =V2mnn"e "0 10, < —,n > 1,
12n
we obtain the inequality
g eP=% 7P
[p!] - [x/%pp”]
e 1 1 e e
< = - <
= (2mp)t/erp w2 (2p)2P p T 2mp
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for all positive integers p, giving || Z||y, < \/627||Z||¢,1.
Substituting the above inequality (5) into our Theorem 3.4,
we get

P(f(X)—E[f(X)] > 1) <
—t2
exp i
S B D 1 fk( )||2/1(X)} +2(M+ L\/(if))t
©)
where M = —£ max || f ()| |lso. Now the defini-

tion of the sub-exponential norm in (6) is equal to the one
in (Maurer & Pontil, 2021). Comparing (6) with (2), since
% < 4e? and i
ment in the constants. These proofs confirm our improve-
ments in the constants compared to (Maurer & Pontil, 2021).

(i1) We now list some examples to support the improvement
in the constants. For example, the constant in Theorem 3 in
(Maurer & Pontil, 2021) for Gaussian distribution (i.e. r.v.
X ~ N(u,o?) with mean y and variance o) is

(1+p) P 2
32en (supaxfW)

[F(L;p) V2P B 64eno?

=64enc? sup

p>1 prt/p ™

Note that the moments of the normal dlSt)I'lbutiOl’l X ~
N(u,0?) are E[|X — plp] = oP2p/? (f and E[| X —

2p] — 520 (2p)!
ul?P] = o°P Sopr As a comparison, in Gaussian distribu-

tion, our Theorem 3.2 improves the constants as

2
2rpl , (2p)1]"/ )
16n | sup —pazp( ) = 16n0>.
»>1 | (2p)! 2pp!

The constant in Theorem 4 in (Maurer & Pontil, 2021) for
Laplace distribution (i.e. r.v. X ~ Laplace(p, A) with
mean p and | X — | ~ exponential(A~1) are

ni/ey 2 Ni/p
4e’n (sup A(p)) + 2e (Sup )\(p))

p>1 p p>1 p
Ni/p
=4e’n)\? sup ~——— (p ) + 2eAsup ——— (p!)
p>1 p p>1 p

=4e*n A% + 2e.
Note that the moments of the exponential distribution
|X — p| ~ exponential(\71) is E[|X — ulP] = p!)P.
As a comparison, in Laplace distribution, our Theorem 3.4
improves the constants as

A(ph /P
(ph)1/P )

A(ph)*/P
(P

These examples confirm our improvements in the constants
compared to (Maurer & Pontil, 2021).

an (sup

p>1

+ 2 (sup ) =4n)\? + 2.

3.3. Heavy-tailed Distributions

The previous two sections give concentration inequalities of
magnitude P (f(X) —E[f(X")] > t) = O (exp(—ct®)),
t — oo, where a € {1,2} and ¢ > 0 is a constant. It
is natural to ask under what condition we have the following
exponential decay rate

P (f(X) - E[f(X")] > 1)

= O (exp(—ct®)) t— oo,

)

where a € (0,1) is given and ¢ > 0 is a constant. We
should mention that distributions satisfying (7) fall under the
broad class of heavy-tailed distributions (see (Vladimirova
et al., 2020; Kuchibhotla & Chakrabortty, 2022)), such as
Weibull distributions. The standard technique, i.e. finding
upper bounds for the moment generating function, fails for
the heavy-tailed distributions whose moment generating
functions do not exist. In this paper, we give a sufficient
condition in order that (7) holds. Specifically, for any real
random variable Z, we give the following moment condition

E[exp ((25)7F)] <, ®)
where Z+ = max{Z,0}. Clearly, E[fexp((Z*)T-%)] <
Elexp(|Z] 1%)] The result in this section also holds for
this condition E[exp(]Z| 7% )] < c.

We now show the concentration inequality assuming that
fx(X) satisfies the moment condition (8).

Theorem 3.5. Let f : X" — Rand X = (X4, ..., X,,) be
a vector of independent random variables with values in the
space X. Then for any t > 0, we have

P (f(X) = E[f(X")] > t) < ncexp(—t*)+
—¢2

P <2E o, (X3

We give some remarks.

(1): If f is a sum of independent random variables, we get

P (ZX’“ — E[ZX,’C] > t) < ncexp(—t%)
k

k

—42
+ ex o s
P <2 D onet Xkl + 4t2‘“/3>

which exhibits a mixture of two tails. One is the sub-
Gaussian tail for small deviations, which is of course ex-
pected from the central limit theorem, and the other has the
tail of magnitude O (exp(—ct®)) for large deviations.

(2): For concentration inequalities of general functions, we
haven’t seen related results of heavy-tailed distributions.

)]+ 202t /3+ I(f)/2)t

).
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(3): Theorem 3.5 gives a distribution-dependent McDiarmid-
type inequality and exhibits a tail of magnitude
O(exp(—ct®)) for large deviations.

(4): Similar motivation and techniques to this paper have
been used in (Maurer, 2019) exploring Bernstein-type in-
equalities with bounded functions. We first consider the
sub-Gaussian case to compare the technical difference. Ac-
cording to the entropy method, the proof techniques can be
divided into four steps. Central to the entropy method is the
entropy and the sub-additivity of entropy. The first step is to
give a bound of the entropy S(vf(X)) in terms of the sum
of the conditional entropies

S(1f(X)) < 49°Eqf(x) [Z ||fk(X)ig(X)] :

k=1

In bounding the entropy, the techniques of unbounded
random variables are different from the bounded one,
refer to Lemma 2 in (Maurer, 2019) for the bounded
case and our Lemma A.8 for the sub-Gaussian case.
After the entropy bound, the second step is to use a
decoupling technique to decouple the expectation func-

tional E. 7 |3, [£:(0I13, (X0)].
give a bound on the entropy S(vf(X)) in terms of the
InE [69 2= ”f"(X)”iz(X)}. In this proof, the techniques
of unbounded random variables are also different from
the bounded one. The third step is to prove the weakly
self-boundedness of >, _, || fx(X)||2(X), where a =
{12,191, 2}. Since we deal with norms, the proof here is
different from (Maurer, 2019) that deal with real-valued
functions, refer to the proof of Lemma A.7 and the proof of
Proposition 2 in (Maurer, 2019). After the three steps, we
obtain the entropy bound. The forth step is use standard log-
Laplace transform argument (Theorem 7 in (Maurer, 2012))
to give the concentration inequality. The above analysis of
sub-Gaussian variables hold for the sub-exponential case,
while for the heavy-tailed variables, an clipping argument
on random variables is additionally introduced.

The aim is to

4. Applications

This section applies our concentration inequalities to the
sample mean, U-statistics and V-statistics.

4.1. Sample Mean

The sample mean is f(z) = 13" ;. In this case,
fe(X)(x) = (X}, — E[X}]) is independent of z, and thus
I,(f) = 0. The sample mean is the most natural choice of
a mean estimator and, particularly, is closely related to em-
pirical risk in learning theory (Mobhri et al., 2018). We now
give its results, which would be useful in the generalization
error analysis in learning theory.

Theorem 4.1. Let f(x) be as defined above and X =
(X1,...,Xy) be a vector of independent random variables
with values in the space X. Then for any t > 0, we have

(1) for the sub-Gaussian case

P(f(X) - E[f(X")] > 1)

—t2
<exp .
w2 Lk 1,

(2) for the sub-exponential case

P(f(X) - E[f(X)] > 1)

2
<exp .
(}ﬁ Sk [ XklIZ, + 3 maxy, ||Xk||w1t>

(3) for the heavy-tailed case

P(f(X) = E[f(X")] > 1)

—t2
<ncexp(—t®) + exp ( - ) .
nz e | Xkl + 427 /3
4.2. U-statistics

Let f be a measurable, symmetric kernel f : XY™ — R with
1 < m < n. Then, we define U-statistics as

o)L 2

1<ji < <jm<n

G

7x]m)

We introduce some notations. If B is a set and m € N, then
let ST denote the set of all those subsets of B which have
cardinality m. Also, if S C {1,...,n} and x € X", we
use g to denote the vector (z;,, ..., xj‘s‘) € XI51, where
{j1, -, 415/} = S and the jj, are increasingly ordered. For
y,z € X weuse (y,xg) and (y, z,x5) to denote the vec-
tors (y, zj,, ..., xj,5) € X5 and (y,z,2;,...,25,,) €
X151+ respectively. With these notations, we have

Let fi(X)(zs) := f(zs, Xi) — E[f(zs, Xk)], where S €
SE’{:_l_m}\k. We assume maxg maxy || fx(X)|lo(zs) <
b, which is weaker than the boundedness of f, and
E|lfx(X)|?(Xs) < o2 for any k = {1,...,n}. Note that
the two assumptions are intended to present the following
results in a concise form. The results allow for weaker and

fine-grained assumptions.

Theorem 4.2. Let U(x) be as defined above and X =
(X1,...,Xy) be a vector of independent random variables
with values in the space X. Then for any t > 0, we have
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(1) for the sub-Gaussian case

P(U(X) - E[U(X")] > 1)

—$2
SGXP < 16m202 4 8\/§nm2bt> ’

n

(2) for the sub-exponential case

P (U(X) — E[U(X")] > t)

—t2
<ex .
- (4’2202 +2(7b+ ff?%b)t>

(3) for the heavy-tailed case
P(U(X)—E[UX")] > t) < ncexp(—t*)+

—¢2
P <27fa2 +2(2t1 - /3 4 22 b)t) '

U-statistics are closely relevant to ranking (clémencon
et al., 2008) and pairwise learning (U-statistic of order
2), where the latter instantiates many well-known machine
learning tasks, for instance, similarity and metric learning
(Cao et al., 2016; Maurer et al., 2021), AUC maximization
(Cortes & Mohri, 2003; Ying et al., 2016), bipartite rank-
ing (clémengon et al., 2005), gradient learning (Mukherjee
& Wu, 2006), minimum error entropy principle (Hu et al.,
2013), multiple kernel learning (Kumar et al., 2012), and
preference learning (Fiirnkranz & Hiillermeier, 2010).

4.3. V-statistics

V-statistics is introduced in (Mises, 1947). Let f : ™ — R
with 1 < m < n. The V-statistic is defined by

V(z) = nim >

{1, dmE{L,...on}™

JICTREE

V() receives contributions from multi-indices with multi-
ple occurrences of individual indices, different from U (z)
that avoids multi-indices with multiple occurrences of in-
dices. We then introduce some notations. If multi-index
S = {j1,-Js1} € {1,...,nM5 and = € X", we
use zg to denote the vector (z;,, ...,les‘) € xI5I. For
y,z € X we also use (y,zs) and (y,z,x5) to denote
respectively, the vectors (y,z;,,...,;,,) € X571 and
(Y, 2,5, ..., T5,4,) € X!51T2. With these notations, we have

va=(1) X s

Se{l,...,n}™

Let fr(X)(zs) := f(zs, Xi) — E[f(xs, Xi)], where S €
{1,...,n}™ L. We assume maxg maxy, || fx(X)|lo(zs) <

b, which is weaker than the boundedness of f, and
Ellfx(X)|?(Xs) = o for any k = {1,...,n}. We give
results of the V-statistics, which also allows for weaker and
fine-grained assumptions.

Theorem 4.3. Let V(x) be as defined above and X =
(X4,..., Xp) be a vector of independent random variables
with values in the space X. Then for any t > 0, we have

(1) for the sub-Gaussian case

P(V(X) - E[V(X')] > 1)

—¢2
< .
< exXp ( 16m202 + Sﬂrnglm—l)bt>

n

(2) for the sub-exponential case
P(V(X) - E[V(X')] > 1)
—t2

4m? m 4m(m—1)

<exp

(3) for the heavy-tailed case

P (V(X) - E[V(X')] > t) < ncexp(—t*)+

42
exp .
(27;2 o2 + 2(2t1—a /3 4 2m(m=1) b)t>

V-statistics reveal some interesting machine learning appli-
cations, such as auto-encoding variational Bayes (Lopez
et al., 2018), off-policy evaluation in reinforcement learning
(Feng et al., 2020), and kernel learning (Shen et al., 2020).

Next, we take the sub-exponential case as an example to dis-
cuss how these bounds can be compared to the inequalities
of (Maurer & Pontil, 2021).

(1) We first consider the application to the sample
mean. In this case, fp(X)(z) = 1(Xp — E[X}]) is

n
independent of x. Following the proof in Appendix

B.1, we can deduce ||||fk(X>||12/1’1||00 < %”X’“Hii and

maxj ||||fk(X)||¢/1 lloo < 2 maxy |\Xk||w/1. Plugging these

—_n

bounds into Theorem 4 of (Maurer & Pontil, 2021) gives

P(f(X) = E[f(X)] > 1)

—¢2
<exp 2 .
(fszalmm%+%meWNwJ

By comparison, our bound in Theorem 4.1 has an improve-
ment in the constants.

(2) We then consider the application to U-statistics. Since
the variance proxy term in (Maurer & Pontil, 2021) de-
pends on the worst-case choice of the configuration of
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sample space, the upper bound of their variance proxy
term would be very large. Following the proof in Ap-
pendix B.2, we can deduce max, ||[|Ux(X)||y; [loc < %0

and || 325 1U(X)[I7, o <
assumption maxg maxy || fx.(X)|y; (rs) < b. Plugging
these bounds into Theorem 4 of (Maurer & Pontil, 2021)
gives

mTZbQ, where b is from the

—¢2
P(U(X) - E[U(X/)} >t) < (46:”2 b2 + 2@2”()15) .

In the regime of sub-Gaussian tail, our variance proxy term
4’: o2 in Theorem 4.2 is sharper than the result of (Maurer
& Pontil, 2021) since b? depends on the worst case and may
be very larger than 2. In the regime of sub-exponential
tail, our scale-proxy term 2( b + fb) would have sim-
ilar performance to the bound 2e7*b of (Maurer & Pontil,
2021), especially for the widely studied pairwise learning

in machine learning (i.e., m = 2).

(3) We further consider the application to V-
statistics.  Following the proof in Appendix B.3, we
can deduce that maxy ||[[Vi(X)[lyllec < b and
I roy VA2, e < 2507, where b is from the
assumption maxg maxy, || fx.(X)|y; (rs) < b. Plugging
these bounds into Theorem 4 of (Maurer & Pontil, 2021)
gives

P(V(X) —E[V(X')] > 1) < (42’”252_: Qembt> .

Since b? depends on the worst-case choice of the configu-
ration of sample space and may be very larger than o2, in
the regime of sub-Gaussian tail, our variance proxy term
%02 is sharper than the result of (Maurer & Pontil, 2021).
In the regime of sub-exponential tail, our scale-proxy term
2(7b + %ﬁgl)b) would also have similar performance
to the bound 2¢”*b of (Maurer & Pontil, 2021), especially
for the widely studied pairwise learning (i.e., m = 2).

5. Refined Results

This section gives refined concentration inequalities by
considering a weaker interaction functional, inspired from
(Maurer, 2017). Let p be a probability measure defined
on the sample space X'. The definition of this interaction
functional is introduced below.

Definition 5.1. The interaction functional I, of f : X" —

R is defined by

Il (f) —2<supz

zeX™

[N

Bz | Y 15(X) = SEAXIE(@)1a (D) | |

k:k#£l

where £z, denotes the expectation w.r.t. the random vari-
able Z drawn from p, 4, (Z) is the indicator function, and
Ay is the subset of X’ defined by

Al:{ZGX:

SZZ | fe(X Z LI -

Clearly, we have I’ (f) < I,(f) for any f. By this weaker
interaction functional, we get improved concentration in-
equalities with I, (f) replaced by I.,(f).

Theorem 5.2. Let f : X" — Rand X = (X1,...,X,,) be
a vector of independent random variables with values in the
space X. Then for any t > 0, we have

(1) for the sub-Gaussian case
P(f(X) - E[f(X)] > )
—¢2

£ (XI5, (X)| +2v21, ()t

<exp

168 [,
(2) for the sub-exponential case
P (f(X) —E[f(X")] > 1)

42
1 ka(X)HZl(X)} +2 <M+ ;\1[(1‘))

<exp

4E [
(3) for the heavy-tailed case
P (f(X) = E[f(X")] > t) < ncexp(—t*)+

—¢2
P <2E s, 17O + 220 /3 + Ié(f)/2)t) '

6. Conclusion

This paper gave distribution-dependent McDiarmid-
type concentration inequalities for sub-Gaussian, sub-
exponential and heavy-tailed distributions. The results
sharpen existing inequalities by replacing the supremum
with an expectation. This paper then illustrated these in-
equalities with applications to the sample mean, U-statistics
and V-statistics.
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A. Proof of Main Results

The proof of our main results uses the entropy method. We introduce some necessary tools useful to our proof, which are
collected from (Maurer, 2012; Maurer & Pontil, 2021).

The entropy S(Z) of a real valued random variable Z is defined as
S(Z) =Eyz[Z] — nE[e?],

where the expectation functional E is defined as Ez[Y] = E[Y e?]/E[e?]. Note that the meaning of this notation E is
different from the notation E 7., in Definition 5.1. Besides, we have the following fluctuation representation of the entropy.

Lemma A.1 (Theorem 3 in (Maurer, 2012)). For v > 0, we have

S(vZ) = /; (/t7 Esz[(Z - Esz[Z])2]ds> dt.

We present an important Lemma that shows how bounds on the entropy can lead to concentration results.
Lemma A.2 (Theorem 1 in (Maurer, 2012)). Forany f : X™ — R and B > 0, we have

InE {eﬁ(f(X)fE[f(X’)])] _ B/B SOAX)) 4
0

v? ’

and, for any t > 0,

B
P (7(X) ~ E[f(X')] > 1) < oxp (5 PR EE ﬁt>
The following is an important lemma which shows the sub-additivity of entropy and states that the total entropy is no greater
than the thermal average of the sum of the conditional entropies. Before presenting it, we introduce the conditional entropy.
If f: A" — R, X and f}, are as in Section 2 then the conditional entropy is the function Sy : X — R defined by
Syr(x) = S(fiu(X)(z)) forx € X
Lemma A.3 (Theorem 6 in (Maurer, 2012)). The sub-additivity of entropy is

> Sf,k(X)] .

k=1

S(F(X)) < Epx)

In our proofs, we also use the following decoupling technique.
Lemma A.4 (Lemma 5 in (Maurer, 2019)). We have for any function g : X™ — R that

Eyrlgl < S(vf) + InElef)].

The following Lemma considers the weakly self-boundedness of f. We first give a definition, and then show the Lemma.
Definition A.5. Define an operator D of f : X — R as

Df = Z — 1nf SEF)

Lemma A.6 (Theorem 19 in (Maurer, 2012)). Suppose that

Df < d®f.
Then for B € (0,2/a?)

Ef
Bf < B
InEle?’] < =252’
and for any t > 0,
—$2
P(f-—E t) < —_— |
(7 =B > 0 < o0 (oo ) ©

12
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We then show the weakly self-boundedness of »_,_, || fx(X)||2(X), where a = {42, 1, 2}. For brevity, we denote the
sum of conditional variance proxies Y, _, || f5(X)||2(X) as 3~ (f)?, which together with Lemma A.6 shows that the sum
of conditional variance proxies has the suitable properties of concentration around its mean.

Lemma A.7. We have D(>_(f)?) < I2(f) S_(f)? forany f : X™ — R, where a = {12, 11,2}.

Proof. Forl € {1,...,n} let z; € X be a minimizer in 2 of S, Z(f)Q, so that

inf SLY ()7 =54 (=D SLIf(X = > SUAEOIZX) + 1AX)]E(X),

ekl

where the last step uses the fact that S || f;(X)[|2(X) = || fy(X)||2(X), because for [ € {1,...,n}, the substitution operator
S! is homomorphism (linear and multiplicative) w.r.t. f and the identity w.r.t. the I-th coordinate.

Thus we get

=S (-8 Y wR)

=5 (X (A0 - SIAXEO?)
(
(

(X 20X) — 18 £ () [20))?)

l k:k#l

=5 (3 O — 18 £ [ ()) x (1Ol + 1185 (X o (X)))
1 k:kl

<3 (15O ~ 184 A1) % 32 (IOl + 184 f(X) ()
1 k:k#l kik#l

where the third step uses the fact that S’ || f(X)||2(X) = ||S%, fx(X)||2(X) and the last inequality uses the Cauchy-
Schwarz inequality. Then, we can get

S (IO + 185 A COL)) <2 3 1AEIZ0 + 18, A2

ikl ikl
<20 (174552 (N <4 ()
where the first inequality uses (a + b)? < 2(a? + b?).

Now we obtain that

DY (1)?)
2
<43 3 (IO (X) = IS5 A (X)lla(X)) " D)2
1 kik#l
<A (X)) = S AR Y ()
1 kik#l
<4Z sup > [[fe(X) = SLAX)IZ(X) Y ()
zeXk Tt
<4 sup Zsup > (X)) = SLACOIE @) D ()
reX™ zeEX k£l
<I3(f) Z(f)2,
where the second inequality uses the norm’s triangle inequality. The proof is complete. O
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A.1. Proof of Theorem 3.2

We first give a bound on the entropy of a sub-Gaussian random variable.

Lemma A.8. For any centered random variable Z, if Z is sub-Gaussian and {3 is real, then we have S(8Z) < 43°|| Z||7 ..

Proof. We have

S(Z) =Ez[Z] —mE[e?] =E4 {m

Z 4

e e
— | <InEy | =—=
]Eez} =mbz [Eez

] =InE[e*’] — 2InE[e”] < InE[e*/],

where the first and second inequalities use the Jensen’s inequality. We next focus on the bound of E[e?#] for all 3 € R. By

Cauchy’s inequality and arithmetic-geometric mean inequality, we have

E|BZ|>™! < (E|BZ " E|BZ)*"?)3 <

which gives

2

= BmEZ™ 1
E[eBZ]:HZLm, <1+(+

m=2

m 2m

< Z g8 EZT < exp(B*(|1Z][2,)-

Thus, we get

The proof is complete.
We begin to prove Theorem 3.2.

Proof. By Lemma A.8, we have

Sypr(X) =

Together with Lemma A.3, we get

S(yf(X

! 3!) B°EZ? + 522 <(21)'

S(BZ) < 48%||1 2|13,

[Z vtk ] < 4y°Eqp(x) [
k=

Again, denote > || fu(X)[17,(X) as 3(f)* Let0 <y < B < 75

Now, using Lemma A.4, we have

0S(1/(X)) < 9By [0 ()2

2
0 < —

a?

where the last inequality follows from Lemma A.6.

Thus, we have

S(vf(X

which implies that

1 49EYS(f)?

and 6 > 472

1

2

1
5 (BQWEZ2m + ﬂ2m+2EZ2m+2),

S f(X)(X)) < 42 fe (X7, (X).

> If(X

k=1

_ HPEY()?

- 9 4v2 1 —a?0/2

C(1—av2y)?’

_ BAEY(f)?

/‘* S(vf(X))

To proceed, we need an optimization Lemma.

dy _ [P 4AEY(f)?
= /0 (1 —av/2y)?

14

1—av23’

} <4y (S(Vf(X)) +InE [ef’zw]) <4y*S(vf(X)) +

1 1 9 9
[(2m— it (2m+1)!D p
O
)|z, (X )]
~ and take 6 := 12v/27, we can get
4y20E Y (f)?
1—a20/2 ~’
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Lemma A.9 (Lemma 14 in (Maurer & Pontil, 2021)). Let C' and b denote two positive real numbers, t > 0. Then

52 7t2
inf —pt < .
Bel01/b) < B+ 1= bﬁ) =220 + bt)
Now, by Lemma A.2, we get

5
P(/(X) - E[f(X')] > £) < inf exp (5/ W —ﬁt)

0
1P Y (f)? 2
avas t> P <2(8E[Z(f)2] +mt>) ’

where the last inequality uses Lemma A.9. According to Lemma A.7, by substituting I, (f) for a, we finally get

< inf ex
B>0 p <

/ _t2
PUX) —Ef(X0] > ) < exp (2(8E[Z(f)2] I <f>ﬁt>>

—¢2
=exp (2(8E[ZZ_1 11 (X112, (X)] +Iw2(f)\/§t)> )

The proof is complete. O

A.2. Proof of Theorem 3.4

We first give a bound on the entropy of a sub-exponential random variable.

Lemma A.10. For any centered random variable Z, if Z is sub-exponential and ||Z||, < 1, then we have S(Z) <
1Z)2,
A=11Z1lyy)*"

Proof. According to Lemma A.1, we have

S(vZ) = /; (/t7 Esz[(Z - Esz[Z])Z]ds> dt.

E[Z%e%7] 2 &7

L E—— s
EeZ] = E[Z=e*“]

s™ m+2)'||Z||m+2

Next, we show
ESZ[(Z - ]EGZ[ZDQ] S ]E5222 =

IR E R

m=0 m=0

mzm+2
=E

= > M (m+2)(m+1)||Z) 7,
m=0

where the first inequality follows from the variational property of variance, the second from Jensen’s inequality and EZ = 0,
and the third from the definition of the sub-exponential norm. Together with this inequality gives

so-[ ([ 5

(m +2)(m + 1)Z|m+2ds> dt

m=0
> 2 _ - m 12113,
m=0 m=0 ¥1
The proof is complete. U

We begin to prove Theorem 3.4.
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Proof. By Lemma A.10, we first show that

IECOW, ) IOl (X)
(=X (X)) = (L= M)?

Syrk(X) = S(1fu(X) (X)) <

By Lemma A.3, we get

] PEypx) | S 1 (O3, (X)]
< .

S(F(X)) < Eqpix) [Z Snra(X) (1 —yM)?

k=1

Again, denote Y || fe(X)[17, (X) as Y2(f)* Let 0 <y < B < m and take 6 := a(l\g'YM), we can get

2 72
0 < — d 0> ———.
< 2 an > (1 5 )2
Now, using Lemma A.4, we have

Y Eqpx)[0 32()?]
(1 —yM)?

05(vf(X)) <

2

T (SGI(X)) + B[ =01))

o § 0E > (f)?
“(1—M)

~
A= 01)? (S(’Yf(X)) + 1—0129/2> )

IN

where the last inequality follows from Lemma A.6.

We now get

2 2 R
<9‘ i —VM)Q) SOIX) < T=3an2 1 - a20)2

which implies that

ay EY () PEY()?
ST S B 0y — a3 1= a26/2 ~ (1= M — av/ V3

Thus we get

/ﬂ S(f(X))dy _ /5 EX()P 4 - PEXU)
0 7 “Jo (1—My—ay/V2)? 1—MB—aB/v2

Further, by Lemma A.2, we obtain

R > < Sy
P(F(X) ~EIf(X)] > ) < jnf exp (/3 / 5 m)

BFPEY(f)? N —t?
1—MB—aB/V2 ﬁt) = oxp (2(21EZ(f)2 + (M+a/ﬁ)t)>’

where the last inequality uses Lemma A.9. According to Lemma A.7, by substituting I, ( f) for a, we finally get

< inf ex
< int exp (

/ _t2
PUR) B X > ) < exp <2<2E SR I¢1(f)/\/§)t)>

—¢2
= (2(21&[22_1 17 COIR, (O] + (M + L, (f) /ﬁm) :

The proof is complete.
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A.3. Proof of Theorem 3.5
We first give a bound on the entropy of a bounded random variable.

Lemma A.11. For any centered random variable Z, if Z < b where b > 0, then we have S(vZ) < (%e’”’y — et 4+

b2
)1Z13
Proof. By Lemma A.1, we have

s02) = [ ([ Bz - Bzl2)its) o

Next,
E.z[(Z - Esz[2))%] < E[Z%e*7] < "E[Z2°] = || Z] 5.

Together with this inequality gives

7 v bs 2 1 by 1 by 1 2
S(vZ) = U e”’E[Z*%]|ds | dt = (Ee T e +b7)\\Z\\2
The proof is complete. U
We begin to prove Theorem 3.5.
Proof. Given u > 0, set
Z’ = Z]IZSU and Z// = Z]Iz>u.

Then, we define three events E; : f(X) — E[f(X')] > t, Es : Tk, f1(X)(X) > uand Ej3 as the mutually exclusive event
of 1. We decude

P(E1) < P(E1E3) + P(E2).

We first focus on P(E4 E3). The proof follows the proof of Theorem 1 in (Maurer, 2019). Without losing generality, we
consider the case u = 1. Then, by Lemma A.11,

Syre(X) = S(rfr(X)(X)) < (77 — & + D fu(X)3(X).

Using Lemma A.3, we get

SO (X)) < Eqypx)

> Swf,k<X>] < (77— e’ + DEpx) [Z IIfk(X)H%(X)] :
k=1

k=1

Again, denote >, || f(X)|I3(X) as (f)?. Let0 < v < B < I/Tla/Q and take 0 := 7W, according to
Lemma 6 in (Maurer, 2019), we have

2
0<— and 60> (e"y—¢€ +1).
a

Now, using Lemma A.4, we have
OS(1f (X)) < (77 = € + DBy [0 D(F)] <(€7 = € + DS (X)) + I Efe”=07))
<ty -+ 1) (S0 + T

17
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where the last inequality follows from Lemma A.6.

We now get

0E 3 (f)

(0 —("y ="+ 1))S(Vf(X)) < (77— + )1_a29/2

which implies that

oE 2 ely—e’+E ’
S((X)) < (My— e +1)7 Ez(g/)z B (1(_ J¢<ew+ = ) ﬂ%

Thus we get

/3 SOf(X))dy _ /ﬁ (= + DEY(f)’dy  _ /5 EX(f)*dy  _EX(f)? 8
0 2 “Jo 21 —ay/(ery —er+1)/2)2 o 2(1—=(1/3+a/2)y)? 2 1-(1/3+a/2)B

where the second inequality uses Lemma 6 in (Maurer, 2019). Further, by Lemma A.2, we obtain the following inequality
for the case u =1

B 2 2
P(E1Bs) < inf exp (5/ W —ﬂt> < jnf e (EZ(f) B _ﬁt)

0 2 1-(1/3+4a/2)p

—¢2
<
= <2<E P+ A3+ a/2>t>> ’
where the last inequality uses Lemma A.9. According to Lemma A.7, by substituting I(f) for a, we finally get

—t? —t?

2EX(f)2 + (1/3+ Iz(f)/2)t)) = oxp (2(1@[22_1 1 (X)B] + (1/3 + Iz(f)/2)t)) '

By rescaling, we get the following inequality for the general case of u

P(E1E5) < exp (

—¢2

2(B[ k= 1 (OIF(X)] + (2u/3 + fz(f)/Q)t)) '

P (ElEg) S exp <

We then focus on P(E5). Using the exponential Markov’s inequality and the condition Eexp((Z1)™a) < ¢ for a € (0,1)
and some constant ¢ € (0, +00), we get

e

< ZIP’(fk( ZEGXp( (X)(X)F)™= 7u1‘a> < ncexp (—uF).
k=1

k=1

Combining the inequalities of P(E; E5) and P(Es), we obtain

—¢2

2B 5 I (XNEXO] + (2u/3 + Io(£) /2)t)

P(7CX) ~ BLACX) > 1) < o )+ neespl-urs).

Taking u = t1 %, we get

—¢2

2B % I (OIBXO] + (2t17/3 + L(f)/2)t)

The proof is complete. O

P (f(X) — E[f(X')] > 1) < exp ( ) T neexp(—t%).
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B. Proof of Applications
B.1. Sample Mean

Proof. For any given k, we have

1 2 , 1 4
(X —EX)| = 5 (X~ E[X])ll, < (2 Xklla)? < EHX/CHZv

n2

AL = |

a

where the first inequality uses Lemma 6 (ii) in (Maurer & Pontil, 2021). And with a similar proof, we have
2
M = max |[[[f(X)lly, loo < — max [ Xy,
n k
Plugging these inequalities into the concentration inequalities gives the results of Theorem 4.1. O

B.2. U-Statistics
We have the following lemma.
Lemma B.1. (i) L(U) < 42, (ii) maxy ||1Ux(X) s oo < 20, and (i) B[, |U(X)2(X)] < 20

- - n - n

Proof. (i) For any given k, we have a decomposition

Sesgj}w}\k Sesy; .y .kgS
Thus, we get
—1
n
G = (1) S s X~ Elfes X0l (10)
SeST L
‘We deduce that
—1
n
G = (1) X s x) - Elfes x|
Sesﬁi.l.,n}\k

a

(1) Y resxo-mexal < (1) X 0= (ay

where the second inequality uses the assumption maxg maxy, || fx(X)||a(zs) < b.

Further, for k£ # [ we have

SLURX)(x) = SLUW(X)(2)

-1
:(n> Z f(Z/7xS7Xk) - E[f(zl’xS’Xk)] - [f(za$57Xk) - E[.f(zv*TS;Xk)H

SEST T mpna
This gives
1U(X) = SLU(X)la(2) < jlélg(llSQUk(X) — SLUk(X)la(2)
n\ " n\ ' m(m — 1)
< sup <m) > 2lf(z 25, Xi) — Elf (2,25, Xi)llla < <m> > 2s< 1) 2
SES 2 ks CEH
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where the second inequality uses the norm’s triangle inequality and the third inequality uses the assumption
maxg maxy || fx(X)||«(zs) < b. Thus,

_ 2
4m(m 1)b < 4m b
n(n —1) n

1
1,(U) =2( sup >osup 3 UX) = SO ) <
vexn T zex S
(ii) With a proof similar to (11), max, ||[|U (X)) ¢, [leo < 2*b.
(iii) According to (10), we deduce

-1
U (X)(X) = (”) S F(Xs Xi) — E[f(Xs. X))
SESH..l..n}\k

This gives

GOOLE < (L) X A,

m—1
SESLI L ank

Thus, using the assumption E|| fx(X)||?(Xs) < o? forany k = {1,...,n},

E ZnUk(X)ni(X)] <ot
k=1

The proof is complete. U

Plugging Lemma B.1 into the concentration inequalities gives the results of Theorem 4.2.

B.3. V-Statistics

We have the following lemma.
2

Lemma B.2. (i) I,(V) < =D i) maxy, ||[|[Vi(X) |l oo < b, and (iii) B[ p_, [|[Vi(X)||2(X)] < ™02

Proof. The proof follows the proof of Lemma B.1.

(i) The index k can appear with m possibilities and the remaining indices can assume all values in {1, ...,n}. Thus, we get

ViX)(@)=n""Y " > flws,Xx) —E[f(xs, Xx)],

k=1Se{1,...n}m—1

which implies that

Ve@lla(@) <n ™ > ST [1fa(X)]a WZ > b=, (12)

k=1Se{1,...,n}m1 k=1Se{1,...,n}m~1
where the second inequality uses the assumption maxg maxy, || fx(X)||a(zs) < b
Further, for k& # [ we have a decomposition

m(m — 1)

IVi(X) = SLVi(X) la(2) < supl|SLVi(X) = SLVA(X)[la(x) <n7™ ) Y > 2= 2b.

2
n
U kk#lSe{l,..n}m—2

Thus,

1) =2( sup s 3 G - SVO0IEw)” <4 gt =)y,

n
zeka#
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(ii) With a proof similar to (12), max ||[|Vi(X)y, [leo < 0.

(iii) Similar to the proof of Lemma B.1, we deduce

m2
n

E a2

NI
k=1
The proof is complete. O

Plugging Lemma B.2 into the concentration inequalities gives the results of Theorem 4.3.

C. Proof of Refined Results
C.1. Proof of Theorem 5.2

To proceed, we first introduce an operator.
Definition C.1. Define an operator V* of f : X" — R as

VI = Ezuulf = S5,
k

where Z = max{Z,0}.
The following Lemma also considers the weakly self-boundedness of f in terms of V.
Lemma C.2 (Corollary 4 in (Maurer, 2017)). Suppose that
VT <ad’f.
Then for 3 € (0,2/a?)
E
InE[e?f] < 1—ﬁa2f6/2'

For brevity, we denote >, _, || fx(X)[|2(X) as > (f)*.
Lemma C.3. We have V' (3"(f)?) < (IL(f))? >.(f)? forany f : X" — R.

Proof. This proof follows the proof of Lemma A.7 and Proposition 6 in (Maurer, 2017). Forl € {1,...,n} and any z € X
SLY (NP =D SUIACOIZE) + AN (X),

k:k#£l

where we use the fact that SL|| f;(X)[|2(X) = ||fi(X)|>(X), because for I € {1,...,n}, the substitution operator S’ is
homomorphism (linear and multiplicative) w.r.t. f and the identity w.r.t. the [-th coordinate.

Thus we get

VH(0) = S B [(007 - 55 3(0?) 1 (2)]
l
= SB[ X RO - SLIAOIZ0)) Ta(2)]
l

T kik£l

= S B [ AR — IS5 A(X)RX))?) 1, (2)]
l

T kik£l

= S B [ A () — 18 A (X)) x (L () (X) + 18351 (X) (X)) L, (2)]
l

T kik£l
< SB[ 2 (1 CO1) ~ 185 O1)) xS (I CO1(X) + IS5 (0)1(X)) L, (2)].
l T kik£l ikl
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where the third step uses the fact that S% || fx(X)||2(X) = ||SL fx(X)||2(X) and the last inequality uses the Cauchy-Schwarz
inequality. Using Holder inequality, we have

VL)
<3 Bz [ ¥ (10RO ~ ISACO10) Ta(2)] x sup 3 (IACOIX) + [SLACO1())
1 k:k#£l ZEAL gz

Then, we can get

2
sup D (ka 2(X) + 1% £ (X) (X))
Z€M 1t
<2 37 IAOIRX) + sup 18% A (X))
ikl

§2<Z(f)2 + sup Sy Z(f)Q)
<4y (f)°

where the first inequality uses (a + b)? < (a? + b?), and the last uses the definition of A;.

Now we obtain that

VEQ ()

<43 Eeu 3 (||fk<X>||a<X> IS0 Ta, (2)] 3092
Kkl

<4ZEM[ > 1) = SE A2, (2)] D)2
Kkl

<4 sup ZEM[ S I(X) = SL AN (), (2)] S ()2

zEXT Kkl
SUANGDE
where the second inequality uses the norm’s triangle inequality. The proof is complete. O

Following the proof in Section 3 and then replacing I,, by I/, we get the results in Theorem 5.2.
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