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Abstract

Building explainable machine learning models is crucial for human users to be able
to interpret the proposed statistical relationship obtained from the training data.
Mixed integer optimization formulations are often used to train such models with
explicit sparsity constraints, aiming to hit the right trade off between sparsity and
prediction accuracy. Existing methods to find the right choice of sparsity —e.g.,
via cross-validation — are computationally expensive. For convex model training
formulations, recent advances in distributionally robust optimization (DRO) provide
strong generalization while sidestepping this computational burden. We describe
an extension of such regularization via DRO to mixed integer sparse programs,
providing statistical guarantees as a function of an associated sparsity parameter
of the formulation. We illustrate the use of this approach in the case of building
explainable binary classification models using sets of feature value rules.

1 Introduction

The need for machine learning (ML) models to be easily understandable to humans is critically
important in many application domains, whereas many popular ML methods are hard to interpret and
analyze. In applications having societal impact, such as criminal justice, medicine and pharmacology,
ML models that are not interpretable may not be satisfactory [24,25]. These trends have led in recent
years to a considerable emphasis on explainability and interpretability in ML models, including
methods such as LIME [23] that explain the predictions of a classifier by approximating it locally
with an interpretable model. Such trends have also led to revisiting rule sets [7, 26], rule lists [16]],
and decision trees [14] for interpretable classification, as well as constructing interpretable ensembles
of models hand-picked for explainability [9].

The need for interpretable ML models has resulted in many sparse problem formulations in the
literature; refer to, e.g., [1} 27.[13]. For an integer n € N, define [n] := {1, ..., n}. In this paper we
consider stochastic problems of the form:

Lj = min L(o,w) = Egoprl(v,0,€) st g;(v,0) <0, j € )i h(w) <0, m € [M], (1)

where v € R? and w € ZP are real and integer-valued variables, respectively, and d, p, J, M € N.
The constraints h,,, may include constraints enforcing sparsity. We assume I(-,w, §) and g; (-, w) are
convex for fixed w and &.

The only information provided to the user on the true distribution P of ¢ (which models, for
example, a data generation process) is a dataset of observations 7 := {£,, n € [N]}. A natural
counterpart to (I)) is then to replace the expectation with its empirical average taken over 7. One
of the foundational concerns of statistical learning is to ensure that the optimal model parameters
obtained by solving the empirical counterpart does not overfit the dataset of observations 7. For the
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version of (I) with only continuous variables, methods such as LASSO regularization add a weighed
regularization term to the objective in order to penalize solutions with many components of v that
take non-zero values. Sparse formulations explicitly encode this using the deterministic constraints
h.m, on w. For instance, setting d = p and imposing w € {0, 1}, one can ensure that each v; is
non-zero only if w; is 1, and then sparsity is controlled via a constraint ). w; < C. While sparsity
constraints provide more direct control on regularization, the issue of hyperparameter tuning is not
alleviated since, as in the continuous case with the weight of the penalty term, the parameter C' needs
to be well tuned. Following the standard procedure of cross-validation can be expensive with the
need to repeatedly solve the integer program (IP) ().

Our Contributions: We present a general framework to regularize the mixed-integer convex program
(MICP) () based on a distributionally robust optimization (DRO) reformulation. We give statistical
guarantees in Section [2] and show that solutions to the DRO program provide adequate coverage
of the optimal performance under the true (unknown) distribution in (I, where we relate the key
parameters of the DRO formulation to the corresponding parameters of the sparsity formulation
in (I). Of equal importance is the computationally challenge that arises in finding good candidate
solutions to the DRO formulation of the typically expensive to solve original MICP (T). Unlike DRO
formulations of convex programs that have generic meta-heuristic prescriptions [12]], the DRO-MICP
version requires case-dependent attention. In Section 3] we describe an MICP formulation for sparse
explainable binary classification, the implications of our results on the statistical guarantees for DRO
formulations of MICPs, and our algorithm to solve its DRO reformulation. We conclude with a small
set of results illustrating the computational savings of using the DRO regularization.

2 Distributionally Robust Regularization

As an alternative to address the costs of cross-validation, techniques from DRO have become
popular for improved generalization in efficiently selecting models with continuous-valued variables.
There is a rich literature on parameterizing the DRO formulation of the convex model selection
program appropriately to provide statistical guarantees without needing expensive hyperparameter
tuning [2} 18}, 20]. The out-of-sample performance of stochastic optimization formulations has been
analyzed [3, (10,17, 18] utilizing the empirical likelihood methodology [21]. Moreover, [12] prescribe
a general procedure that solves these concave-convex formulations efficiently to produce models of
similar or higher generalization quality on a significantly lower computational budget. Denote by P°
the equal-weight distribution over 7 and let e be the vector of all ones. The robust loss R(v, w) is:
R(v,w) := Pm%f) Epl(v,w,£), whereP(p):= {P | D(P,P°) < p, e'P=1, P> 0}. @
EP(p
If p is clear from the context, we denote P(p) by P. The set P is centered at the empirical
probability mass function (pmf) P° and includes all pmfs P that are within a distance D(P, P°) of
p from P°, where the distance is measured by the Kullback-Leibler (KL) divergence: D(P, P%) =
— =% >, log(N P,). The DRO procedure selects the model that solves for the minimizer R* :=
min, , R(v,w) subject to all the constraints present in (I). In the case we only have continuous-
valued variables v in (I)) and (-, §) is convex for fixed &, it is broadly true [2, 18] 20] that if p is
well-chosen the robust formulation provides a good statistical proxy for the performance under the
true distribution PT. In particular, the optimal robust loss value R* is an asymptotically (in N) valid
upper bound on the optimal loss L under the true (unknown) distribution. Moreover, typically we
need to set p = O(€)/N, where € is a measure of the explanatory power of the model class.

Our main result similarly relates the radius p of the probability ball P to an asymptotic statistical
coverage guarantee on the performance at the true distribution P under two assumptions on the
MICP formulation (I). First, the residual program upon fixing integral w is convex in v and has J(w)
active constraints g;(-,w). Second, the set 7{ of unique values for w admitted by the constraints
in (D) is finite. Let |#| stand for the cardinality of .

Theorem 1 Let J = maxyey J(w). Choose an o € (0,1) and let & = a [H|. Set p = x% | _./N,
the (1 — d)-tfz quantile of the x? distribution with J degrees of freedom. Then, we have that
p < % max{J, log|H|} and limNHOOIF’(L}‘ <R)=(1-a).

This result indicates, broadly, that results of DRO for convex programs can be extended to MICPs
of the form (1) that satisfy our additional assumptions. Our proof employs the tool of likelihood



maximization given estimating equations [21, Chapter 3.4], which traces back to [22]. The main
proof is set up as a union bound over the finite collection H of all possible configurations of integral
w. For each fixed configuration w, our assumptions yield a convex program with J(w) constraints,
and the DRO regularization of this constrained convex program is analyzed following [18]]. The
values of & and the x? quantile set as p to regulate each convex program are carefully chosen to yield
the result above following upper bounds on the tail of x? distributions from [[13].

Thm [I| shows that the optimal solution of the DRO regularized version of a MICP in form
asymptotically provides a good upper bound to the best performance achievable under the unknown
true distribution. This is inline with the DRO theory for convex programs. The power of Thm|[I]lies in
relating the p necessary to achieve this to key formulation parameters J and |H|. The J < J clearly,
but often J < J. In the next section, we explain how a sparse formulation for binary classification
is DRO regularized with the aid of Thm[I} yielding Corollary [T|below. Importantly, it provides an
outline of the specific heuristic used to generate good candidate robust solutions.

3 Sparse Ruleset Classification

Binary classification is the problem of finding a model that correctly classifies a data point x as
having label y € {0, 1}. We assume that data x is as an ordered set of ¢ binary-valued features, i.e.,
x € {0,1}*. Data with integral or categorical features can be transformed into this setting by using,
for instance, one-hot encoding. Real-valued features can be encoded by binning the range of all
observed values. The true distribution P that generates the data pair £ := (z, ) is seldom known,
and model fitting is done based on a (finite) training dataset 7 = {&,...,&n } of size N.

We consider the model class of convex ensembles of rulesets for binary classification. A simple rule
takes the form r(x) := I(x? = 0) or r(x) := I(2? = 1) for data z and j € [¢]. A rule is a conjunction
t(z) of simple rules and has the form ¢(z) = ngl ry(x). The conjunction ¢(x) checks if a subset

of components of = have certain desired values. For a fixed C, there are (206) such rules. A ruleset, or
disjunctive normal form (DNF) classifier, takes the form h(z) :=¢1(x) Vta(z) V... V iy (z). It
assigns x a label of 1 if any rule ¢, is satisfied. This form allows the classifier to capture non-linear
relationships between the features x and the label y. For example, the loan default risk classification
problem from [[11]] applies label ‘high risk’ to a disjunction of two conjunction terms ( #Loans > 7
) V ((#Loans < 5) A (Total Amount > $10,000) ). A convex ensemble of rule sets takes the form
F(x) =", vihi(x) where the non-negative vy, satisfy ), v = 1. The convex ensemble predicts
labels by applying a threshold, setting § = I(F'(x) > 1/2). The quality of the convex ensemble F is
determined by the misclassification loss at data £, and takes values in [0, 1] with a piecewise-linear
convex form I(v, §) = max {0, (1 —2y)(2>, vihk(xz) — 1)}

To score the explanatory power of a rule set, we define its complexity based on the number of rules
and the number of terms in each rule. We associate with a conjunction ¢(x) of C' simple rules a cost

¢(t) = C + 1. The cost of a DNF term £ is then given by ¢(h) = Z% 1c(tm) =M+ Zm 1 C
The ensemble of rulesets similarly bear a cost of the sum of the individual costs ¢(F') =, ¢ (hk).
We follow [[7] and construct sparse rule sets with a constraint on their complexity, This is modeled by

introducing {0, 1}-integer variables w, one for each disjunction hy, in F, and solving:

L} = min E¢.pil(v,€) LY o =15 vp S wp, Vhysand Y wpe(hy) <€ (3)
k k

For each fixed configuration w, the complexity constraint implies at the most € constraints of form
v < 1. Let H denote the space of all ruleset ensembles satisfying the constraints in (3).

Corollary 1 For the sparse ruleset MICP (3), we have that log |H| = O(€). The DRO formulation

studied in Thmsets radius p < O(C) to obtain asymptotically valid upper bounds R* on L*

Solving the DRO-MICP: The set of feasible rulesets hy, that obey c(hy) < € is of size O(exp(C))
and thus a straightforward DRO reformulation of the MICP (1) over all such rulesets is cuambersome
to solve. We follow the column generation approach studied in [[7] for iteratively selecting rulesets to
include in the ensemble. This is interleaved with the inner maximization in the robust objective
that optimizes for the worst pmf P assigned to the training dataset 7. The ¢-th iteration of the
procedure consists of: (a) using column generation to identify a ruleset iy, of stricter cost bound



¢’ < € that minimizes the misclassification loss at the data pmf P*; (b) constructing the optimal
ensemble from all rulesets identified up until iteration ¢ that minimizes the loss at P! without imposing
the max-complexity € bound; and (c) updating the data pmf to P*! via maximization (2). The
procedure stops when no significant progress is being made in the robust loss objective in (c). At the
end, a sparse ensemble is selected from all the generated rulesets that minimizes training loss over
PP while satisfying the max complexity bound €.

Following the numerical experiments of Dash et al. [7]], we conduct numerous tests on classification
datasets from the UCI repository [[19] and the dataset from the FICO Explainable Machine Learning
Challenge [11]]. Each input dataset is split uniformly at random into two datasets — the training subset
that contains 90% of the data and the testing subset that contains the other 10%. A total of 10 such
permutations are considered to produce the reported means and confidence intervals (CIs). In addition
to our DRO-based rule set induction approach (DR) and the sparse rule set algorithm (CG) of Dash et
al. [7], we consider the CART [5] method as an alternative to creating rules-based explainable models
whose complexity can be calculated using our cost model. The random forest [4] (RF) method is
included as representative of the state-of-the-art in producing models that generalize well, while
at the same time its dense ensembles of decision trees are not appropriate for explainability. A
representative sample of our empirical results is presented in Table [1| where we set ¢’ = 5 since this
low value grants more generalization flexibility. We refer the reader to [6] for additional details.

Table 1: Classification Performance, Complexity of Models, and Time Ratio Between CG and DR over Unseen
Test Data of Models Created by Competing Methods for Seven UCI Repository Datasets and the FICO Dataset.
Mean Rank of Competing Methods given in Last Row. All Results shown as Mean (95% CI Width).

Dataset Test Performance (%) Model Complexity Time ratio
Name DR CG CART RF DR CG CART CG/DR
heart 78.6(4.3) | 78.9(4.7) | 81.6(4.7) | 82.5(1.4) 15.8(1.9) | 11.3(3.5) 32.0(15.9) 3.6
ILPD 71.5(1.5) | 69.6(2.4) | 67.4(3.1) | 69.8(1.0) 14.5(1.4) | 10.9(5.3) 56.5(21.4) 6.4
FICO 72.1(0.8) | 71.7(1.0) | 70.9(0.6) | 73.1(0.2) 14.92.6) | 13.3(8.0) 155.0(53.9) 1.9
ionosphere 92.6(4.3) | 90.0(3.5) 87.2(3.5) | 93.6(1.4) 15.0(1.5) | 12.3(5.9) 46.1(8.2) 1.5
liver 59.1(4.3) | 59.7(4.7) | 55.9(2.7) | 60.0(1.6) 12.8(1.0) 5.2(2.4) 60.2(30.6) 43
pima 76.2(3.7) 74.1(3.7) | 72.1(2.5) 76.1(1.6) 14.5(1.5) 4.5(2.5) 34.7(11.4) 4.2
transfusion 77.5(1.7) 77.92.7) | 78.7(2.2) 77.3(0.6) 10.7(1.3) 5.62.4) 14.3(4.5) 1.1
WDBC 94.9(0.8) | 94.0(2.4) | 93.3(1.8) | 97.2(0.4) 16.2(2.0) | 13.9(4.7) 15.6(4.3) 3.6
Mean Rank 2.000 2.714 3.571 1.714 2.143 1.000 2.857

For both the test accuracy and model complexity results in Table[T} the method with the best average
outcomes among the interpretable models is highlighted in bold and the best average outcome overall
is underlined. Any method with average outcomes within the CI of the overall best outcome is
highlighted in italics. We also report the mean rank of each method following [8]].

The leftmost set of columns in Table [I| shows that DR provides the best overall generalization
performance among all methods in two of the eight cases (ILPD, pima) and among all interpretable
methods in all but three of the eight cases (heart, liver, transfusion), as well as either performing best
or statistically identical to the best method in all but three of the eight cases (heart, FICO, WDBC).
This helps to explains why the solution quality of DR yields the second best mean rank among all
methods across all datasets, relatively close to the best mean rank of the non-interpretable RF method
and significantly better than the mean rank of the competing explainable methods of CG and CART.

The middle set of columns in Table |1| shows that the complexity of the estimated models from
DR is within a reasonable range of CG, even statistically identical to CG in half of the cases. As
reflected in the mean rank, CG has the lowest model complexity with DR consistently providing
better complexity than CART in all but one case (WDBC). The DR method is able to produce sparse
convex mixtures of rulesets of complexity of only €’ = 5 that maintain a low generalization error
with a slightly higher complexity. In contrast, the individual rule sets produced by CG use higher
complexity than 5 to obtain a reasonable balance between reduced training error and lower test
efficacy, but overall do not perform well on test data. Increasing the model complexity in CG may
improve training power but leads to a higher generalization gap, and it is not readily clear that the
gap in test performance can be closed for any value of € by the CG method. The last column of
Table[I] presents the computational savings of DR over CG as a multiplicative factor ranging from
1.1 to 6.4 with an average factor of 3.3. This is caused by the repeated calls to solve the IPs needed
in the cross-validation procedure to tune the complexity bound € in CG. The DR method, in stark
contrast, significantly economizes on the calls to column generation to produce additional rulesets to
add to the ensemble, thus efficiently generalizing better and achieving the main goal in introducing
the DRO-based regularization procedure.
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