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Abstract

The log-linear model has received a significant amount of theoretical attention in previous
decades and remains the fundamental tool used for learning probability distributions over
discrete variables. Despite its large popularity in statistical mechanics and high-dimensional
statistics, the vast majority of related energy-based models only focus on the two-variable
relationships, such as Boltzmann machines and Markov graphical models. Although
these approaches have easier-to-solve structure learning problems and easier-to-optimize
parametric distributions, they often ignore the rich structure which exists in the higher-
order interactions between different variables. Using more recent tools from the field of
information geometry, we revisit the classical formulation of the log-linear model with a
focus on higher-order mode interactions, going beyond the 1-body modes of independent
distributions and the 2-body modes of Boltzmann distributions. This perspective allows us
to define a complete decomposition of the KL error. This then motivates the formulation
of a sparse selection problem over the set of possible mode interactions. In the same
way as sparse graph selection allows for better generalization, we find that our learned
distributions are able to more efficiently use the finite amount of data which is available in
practice. We develop an algorithm called MAHGenTa which leverages a novel Monte-Carlo
sampling technique for energy-based models alongside a greedy heuristic for incorporating
statistical robustness.  On both synthetic and real-world datasets, we demonstrate our
algorithm’s effectiveness in maximizing the log-likelihood for the generative task and also
the ease of adaptability to the discriminative task of classification.

1 Introduction

Distribution learning is an absolutely fundamental task in machine learning and statistics, with nearly all
learning problems being able to be recast as distribution learning, ranging from density estimation and
generative modeling all the way to clustering and regression. This fundamental problem remains at the
heart of many supervised decision problems and as a cornerstone of unsupervised learning and knowledge
discovery. Probability distributions parametrized by exponential families cover a wide variety of classical
distributions for continuous variables (Gaussian, exponential, gamma, etc.); however, for discrete variables,
the exponential family defined by the hierarchical log-linear model adequately covers all positive probability
distributions over a finite space. Also called an energy-based model, it has remained the de facto choice
of model for learning over a discrete feature space for decades and has amassed considerable attention over
those years |Ackley et al.| (1985); [Sejnowski| (1986)); [Lee et al.| (2006)); Wainwright et al.| (2006); Shpitser et al.
(2013); [Van Haaren & Davis| (2012); [Lowd & Davis| (2010)); Nyman et al.| (2014)); Hgjsgaard| (2004).

Despite this significant amount of work to date, the vast majority of existing approaches only deal with
bivariate correlations or two-body interactions, prototypical examples being Boltzmann machines and Markov
graphical models |Ackley et al.| (1985); Dempster| (1972); Buhl| (1993). Although this assumption is naturally
forced onto continuous variables after making a simplifying Gaussian assumption, this restriction is too
severe for most real-world data distributions, and it is moreover unnecessary for dealing with the case of
discrete variables. Many existing amendments to these approaches like maximal cliques, chordal graphs, and
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stratified graphical models Shpitser et al.| (2013)); Nyman et al.| (2014)); Hgjsgaard, (2004)) are still only graph-
based or two-body structure approximations, remaining limited in their ability to describe the underlying
higher-order structures which can exist within data. In this work, we instead offer a more unified perspective
which further includes the hypergraphical structure encoded by higher-order interactions.

By replacing the (two-dimensional) edge graph between features with the higher-order hypergraph, we in-
troduce a structure learning problem which is seemingly even more challenging than the usual graphical
approaches. Despite this, recent developments in the field of information geometry |Ghalamkari et al.| (2023));
Sugiyama et al| (2018) allow us to construct a complete decomposition of a distribution’s information con-
tent, instead providing greater insights overall. By associating the hypergraph of the hierarchical log-linear
model with the partially-ordered set ‘poset’ of mode interactions and then converting a discrete distribution
into its probability tensor, we are able to devise a higher-order definition of non-negative information which
provides a complete decomposition of the KL error of a probability distribution.

Altogether, we demonstrate that this alternate perspective is theoretically well-supported, allowing us to
define more fine-grained measurements of the information between variables and opening up opportunities
for the study of higher-order structure, as well as practically useful, providing learning algorithms for both
the combinatorial structure and the parametric value of the distribution. We summarize our contributions
as the following:

e We first define the ‘refined information’ of a set of two or more variables, generalizing the mutual
information of a set of two variables in a way which always returns a positive quantity measuring the
information content. We show that this yields a complete decomposition of the KL error with applications
in structure discovery.

e We provide the first theoretical underpinnings for the better generalization properties of higher-order
Boltzmann machines via the problem of ‘mode interaction selection’ showing how to yield better
sample complexity for real-world scenarios with finite datasets. We then show how the combinatorially
large space of all possible interaction hierarchies can be effectively tackled by a greedy approach.

e We finally develop our model called the Mode-Attributing Hierarchy for Generating Tabular data
(MAHGenTa) which implements a GPU-based gradient descent algorithm to efficiently learn the hi-
erarchical log-linear model on both synthetic and real-world datasets. We further demonstrate how such
energy-based models trained to achieve good generative performance will have automatically emergent
capabilities in discriminative tasks like classification.

2 Background

Before focusing on introducing our main task of distribution learning, we first quickly review the modern
approaches from feature selection and tensor decomposition which we will ultimately apply to make further
developments on the task of distribution learning.

2.1 Feature Selection and Feature Interaction Selection

Feature selection (FS) has long been a staple of machine learning for dealing with high-dimensional data,
prescreening all features to remove both irrelevant and redundant features from the input before the train-
ing a predictive model. This provides many benefits like reducing overfitting, faster training, and better
understanding of the data structure. Historical approaches determine relevant, irrelevant, as well as redun-
dant features by understanding the mutual information between the inputs and the target variable [Shannon
(1948); McGill| (1954) and modern feature selection approaches mainly concern themselves with paying the
proper credence to these higher-order interactions and correlations while selecting, generally called ‘feature-
interaction-aware feature selection’ (FIA-FS) [Zeng et al. (2015); Nakariyakul (2018); |Chen et al.| (2015));
Bennasar et al.| (2015)).

In recent years, however, there has also been parallel interest in feature interactions via a more general
problem than feature selection called feature interaction selection (FIS) [Fan et al.| (2016); [Sugiyama &
Borgwardt| (2019); [Enouen & Liu| (2022); [Lyu et al.| (2023). Instead of using interactions to eliminate
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redundancies, the procedure not only selects individual features but the procedure is used to select specific
combinations (interactions) of features. For example, in a random forest model, feature interaction selection
would dictate how each different tree can only use a specific interaction subset, rather than any possible subset
out of the selected features. Although FIS increases the combinatorial complexity of the search problem by
selecting an entire collection of subsets, the learned structure further amplifies the typical benefits of feature
selection: reduced overfitting, faster training, and better understanding. We will apply these same methods
to the generative task of distribution learning instead of the discriminative task of classification.

2.2 Non-Negative Tensor Decomposition

Recent works in tensor decomposition have been able to avoid the optimization difficulties associated with
the common low-rank decompositions by instead focusing on non-negative tensors and replacing the squared
error loss with the KL divergence error |Aswani| (2016); |Sugiyama et al.| (2018); |Ghalamkari et al| (2023).
Original works assuming that a full decomposition is feasible [Sugiyama et al.| (2018) or that a tensor’s modes
can be partitioned into independent components/Aswani (2016)) have recently been replaced by specific control
over the ‘many-body interactions’ within the tensor (Ghalamkari et al. (2023). In this notation, one-body
tensor mode interactions correspond to independent distributions and two-body tensor mode interactions
correspond to Boltzmann machines.

There is a clear correspondence with the problem of learning a discrete distribution via minimizing the same
KL-divergence objective. Accordingly, we will adopt the language ‘mode interaction’ to describe variables in-
teracting in the generative distribution, instead of the more popular ‘feature interaction’ of Section which
focuses on the discriminative distribution. Accordingly, we call the developed procedure mode interaction
selection (MIS), paralleling the same higher-order selection problem of FIS but applied to the interactions
between variable modes rather than the interactions between predictive features.

2.3 Distribution Learning

The Log-Linear Model The log-linear model has always been a fundamental tool of statistics, with its
use dating as far back as the historical works of Fisher [Fisher| (1934). In continuous variables, focusing on
exponential families of distributions may limit us to certain types distributions (Gaussians, Poissons, etc.);
however, in the case of finite variables, there are no such limitations. Accordingly, the log-linear model has
been a staple of describing any categorical distribution, being the focus of many Bayesian optimal inference
frameworks as well as a central tool of statistical physics.

In the previous decade, this method received a significant amount of attention alongside the wave of spar-
sity methods enabled by LASSO |Tibshirani (1996|). This primarily led to an abundance of graph-based
approaches which perform selection over the pairs of 2-body correlators between features, such as Markov
graphs with L1 regularization [Lee et al.| (2006); Wainwright et al.| (2006); Lowd & Dayvis| (2010); Van Haaren
& Davis| (2012). This was later followed up with specific types of graphical assumptions which can further
simplify the learning problem [Shpitser et al.| (2013)); Nyman et al.| (2014); [Hgjsgaard| (2004); |[Massam et al.
(2009). These graphical models have allowed for more fine-grained control over the structure of the learned
distribution compared with previous approaches, receiving the benefits of sparsity which allows for easier
generalization with fewer data samples. However, in the same way that FS alone does not allow for the full,
higher-order control of FIS, Markov graphs alone do not give the higher-order control of MIS.

Higher Order Boltzmann The fully-visible higher-order Boltzmann machine, extending 2-body correla-
tions to all higher order interactions, was formulated long before it could be made practical. Early works
focus on binary variables with very small event spaces Sejnowskil (1986); |/Amari| (2001); Nakahara & Amari
(2002); |(Ganmor et al.| (2011)), mainly interested in biological applications like neuronal activity and protein
interactions. These older works mainly ignored the computational issues associated with scaling to more
serious sizes and accordingly remained limited in their application. The most related work to ours is the
few works that have extended the sparse graphical modeling formulation to higher-order interactions like
Schmidt & Murphy| (2010) and Min et al|(2014). These works attempt scalability by properly formulating
the hierarchical structure learning problem and try to overcome the same challenges as we do in scaling
higher-order Boltzmann machines to learning real-world data distributions.
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Although these two works make strides towards defining the problem and attempting to scale beyond syn-
thetic datasets, they still apply only to binary variables and there are still many challenges which remain
even in medium-scale datasets. Moreover, a deeper theoretical understanding had yet to be developed. We
push further what is possible in practice by leveraging a theoretical grounding from tools in information ge-
ometry and efficient GPU-based training methods for modern applications. However, it must be mentioned
that even after our work there is still a significant gap in capability between the visible-only hierarchical
log-linear models we explore and the latent variable models originating from restricted Boltzmann machines
and making significant progress over the last decade.

SOTA Generative Models It is reminded that most recent work in distribution learning has shifted
entirely away from having direct control over the distribution at all. Instead, enabled by and enabling deep
learning, recent models have been developed to instead reshape a large set of hidden or latent variables
towards the distribution of the data, following the trail blazed by RBMs and DBMs |Hinton & Salakhutdinov
(2006)); [Salakhutdinov & Hinton| (2009) and extending into the modern day VAEs, GANs, and ultimately
diffusion models [Kingma & Welling| (2014); |Goodfellow et al.| (2014); Ho et al.| (2020).

In contrast to these methods, this work directly learns the hierarchical log-linear model on the data features.
For tabular datasets with interpretable variables, there is the great benefit of having specific insights into
the data structure compared to what is available from latent approaches. It is also imagined that this
work’s revisiting of the theoretical foundations for the generalization properties of Boltzmann machines may
eventually have downstream impacts on better understanding the generalization of latent variable extensions.

3 Refined Information

Notation Consider the set of distributions over finite spaces of d € N variable dimensions, with each

feature k € [d] := {1,...,d} having I € N discrete (disjoint) possibilities or events. We write indices as
i € [I1] X -+ x [I4] and index distributions as p(i). When we deal with subsets of the features S C [d] and
their conjugates —S := [d] — S (where we use + and — as shorthand for set union and set difference), we

write the subindices i € I's := @ g[;] and the marginal distributions p®(is) := > ser g Plis,j—s). We
write the powerset as P([d]) := {S C [d]} and a collection of interaction subsets as Z C P([d]), or equally
Z e P(P([d])).

To reiterate, we will write: k € [d], S € P([d]),Z € P(P([d])) and hence k € S, S € .

Every distribution will be considered simultaneously as a discrete distribution and as a finite tensor, meaning
that we interpret the tensor product as (p? ® pB)(iarp) := p?(ia) - pP(ip). We write u to represent the
uniform distribution and we write py., and pya to represent the empirical training and validation distribu-
tions.

3.1 Information Theory

Information theory was born out of the fundamental contributions of Shannon [Shannon| (1948) defining the
entropy over a set of variables and the mutual information (MI) between a set of two variables. Shortly
after, an extension to three or more variables was constructed with the multiple mutual information (MMI)
McGill| (1954). We write the definitions of entropy, H (ps), and MI/MMI, I(pg), as:

H(ps) := —Zps(is) log{ps(is)}, (1)
I(ps) ==Y (=)' H(pr), (2)

TCS

J(ps) == 3 (~1) 17 Dyt (pri ur). (3)
TCS

We additionally write the definition of J(pg), which is closely related to the original MI and MMI via
J(ps) = (=1)I8!I(pg) for |S| > 2. As we will later see in the definitions to follow, this simple rephrasing is
born out of our information geometric viewpoint rather than the original communication theory viewpoint.
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Figure 1: Three types of higher-order information (H(ps), I(ps), J(ps)) defined for each S C [3].

In Figure [I, we can see their different properties on a simple distribution over three binary variables. In
particular, take X; and X5 to be Bernoulli and the third X3 to be the XOR of the first two, X3 = X1 & Xo.
All three variables are symmetric and any one or two of them is indistinguishable from a pair of random
bits. Accordingly, there is no mutual information between any of the pairs. However, despite one or two of
the three variables seeming like totally independent variables, knowing all three variables at once is instead
completely different from the case of three independent variables. Accordingly, this distribution exemplifies
the need to discuss ‘purely third-order’ types of information.

Unfortunately, the currently existing I(pg) and J(pg) may return positive or negative values whenever
|S| > 3, diminishing the ability to interpret MMI as ‘information content’ as is possible for the original
mutual information. This inspires our new definition in Section which generalizes mutual information
but still returns a non-negative quantity for higher-order interactions.

3.2 Information Geometry

It is fairly well known that we can model any discrete distribution by an exponential family:

qo(i) == exp { ng[d] 0;95}

for some continuous parameters #° € Rs. It is lesser known that when combined with the canonical
KL divergence and imbued with the poset structure of P([d]), this results in a dually flat or Bregman
flat manifold, allowing for a rich theory developed over the space [Rao| (1992); |Amari & Nagaoka; (2000));
Amari| (2016)); Nielsen et al|(2017). The dual parameters of the natural § parameters are the expectation n
parameters ;. = E;_q,;)[1(is = js)] = ¢§ (is). This 6-n parametrization obeys the Legendre transform or
Bregman duality with divergences that correspond to the forward and backwards KL and Bregman functions
of free energy and total entropy, respectively. Further discussion is available in the appendix.

Of particular importance for our work is the projection theorem Nagaoka & Amari| (1982), which implies
the uniqueness of the distribution projected onto a flat submanifold of the distribution space as well as the
convexity of the corresponding optimization problem. In particular, we will choose a collection of interactions
Z C P([d]) and will learn a hierarchical log-linear model from the space of parametrized models which only
have non-zero 6 for the collection Z we selected (Mz) allowing a unique projection (pr) to be defined as:

Mz = {qg :qo(i) = exp {ZSEI Hiss}}, Pz = Tpm,(p) = a;égj\lzlizn {DKL(p§ Q)}7 (4)

where I, denotes the projection onto that submanifold. In particular, the solution to our optimization
problem is hence guaranteed to have a unique solution.

3.3 Definition of Refined Information

Let us say that a collection Z is hierarchical if it is downwards closed with respect to subsets (S € Z and T C
S = T €Z). We can define a chain of collections such that:

(CLCci & CIr S P([d)).
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We will say that a chain is complete whenever Ty = {0} and Zr = P([d]) and is hierarchical whenever each
7, is hierarchical. We will hereafter restrict our attention to complete and hierarchical chains. Moreover,
we will almost always considered mazimally-refined chains, which is equivalent to saying Z; = (Z;_1 + St)
for some subset S, for all choices of t. Any shorter chain can be extended into a maximal chain by further
refining the sequence.

We use our chain of hierarchical collections in conjunction with the information geometry projection to
construct in parallel a chain of distributions pz,,...,pz,. These can be seen as the repeated projection onto
submanifolds which slowly approach our target distribution: Iz, (p),...,Hz,.(p). Accordingly, we know that
each drop in divergence defines a unique and positive quantity which we will call the refined information:
RIz_, 7(p) := DxL(p7;pz) = Dki(p; pz) — Dkr(p; Py). From this definition, it is clear that:

T
Dy (p;u) = Zt:l Rlz, \—1,(p),

where we recall that the uniform distribution u is the null model in the space of finite distributions. Similarly,
we may consider maximally-refined chains and define the refined information for S given Z as RIz s(p) :=
RIz_.(74+5)(p), which leads to the full decomposition of the KL error as:

Dii(piu) =Y, Rlz, s,(p). (5)

Accordingly, after fixing a chain, this formula attributes each positive drop in KL error to a single interaction
set S. Since the goal of distribution learning is to reduce the KL divergence to zero, this decomposition allows
for extremely fine-grained control by directly corresponding each effective parameter #° we may choose to
include to a decrease in error. We discuss the implications of this for generalization performance in the
coming Section

4 MAHGenTa

Here we introduce the Mode-Attributing Hierarchy for Generating Tabular data (MAHGenTa) to tackle
this doubly-exponential combinatorial problem and efficiently learn an arbitrary probability distribution.
Our procedure consists of two major components: (1) a mode interaction selection algorithm in conjunction
with an early stopping procedure to guarantee a low gap between the train and test performances; and (2) an
efficient gradient descent training algorithm which overcomes the challenges of the normalizing constant with
energy-based modeling and a GPU-enabled pytorch implementation which extends existing Gibbs samplers
to higher-order tensors.

argmin <DKL(pmz; G7) where § = argmin (DKL(ptm; qu))) (6)
7,0z qpEMz

We write our learning objective as a bilevel optimization problem in Equation [} Further details justifying
this choice under the theoretical framework decomposing the KL error are provided in the Appendix.

4.1 Mode Interaction Selection

Even when ignoring the difficulties associated with learning the continuous 6 parameters, there are major
practical challenges in applying this theoretical framing to real-world data distributions. Particularly, the
question of how to select a good collection of mode interactions which accurately describe the distribution
without overfitting to the training set. In order to select an appropriate set of interactions from the combina-
torially explosive set of available choices, we must leverage an appropriate heuristic for choosing interacting
modes amongst the 2¢ possible choices leading to an ultimate 22" candidates for the final collection.

We follow similar greedy heuristics as have been explored in previous literature based on the strong or
weak ‘heredity’ assumption |Peixoto| (1987)); Bien et al.[ (2013]) which allows us to only consider a polynomial
number of candidate interactions. Based on our theoretical developments in Equation , we would like to
add the §° parameter which corresponds to the greatest amount of refined information, continuing until our
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validation KL error stops decreasing alongside our training KL error. Early stopping in this way is justified
because every parameter of the log-linear model is an effective parameter, and sequential projections along
the statistical manifold will cause our model to obey the classical underfitting-overfitting curve.

Unfortunately, exactly computing the refined information is difficult because for degree three and higher as
there is no closed form available and one must resort to the continuous optimization approaches leveraged
herein. Instead, we must a priori choose some heuristic measurement of the refined information gain from
including a specific mode interaction within the log-linear model. Accordingly, we use the absolute value
of Jg as introduced in Section [3.1] as an easy-to-compute alternative to RIg. We present our search and
learning algorithm in Algorithm [T] which continuously alternates between adding new mode interactions to
the model and using gradient descent to train with the new parameters. Each subroutine is presented in full
detail in the appendix.

Algorithm 1: MAHGenTa Algorithm
MAHGENTA(T, o, K, T')
Errpesy < 00, I + {0}, © « {0}
while Error(©) < Errpest do
Errpest <+ Error(©)
J <+ NEXTAVAILABLEINTERACTIONS(Z, T)
K < TOPINTERACTIONS(J, K)
for S € K do
0% « 0 e Rs
0« ou{s’}
© <+ GRADIENTDESCENT(O, o, T")

return ©

4.2 Gradient Descent Learning

As mentioned in previous sections, the optimization of {§°}gc7 is always a convex problem. Accordingly,
for a small enough learning rate, we can always guarantee the convergence of the gradient descent algorithm.
Nevertheless, we find there are still multiple challenges to overcome for fast training of log-linear models
when attempting to scale to real-world datasets.

We first reiterate the gradient of a log-linear model when optimizing for forward KL divergence is
Vs [ Dkr(ptm; q0)] = —ntsm + 7795 when evaluated on the empirical training distribution py.,. However,
because the parameter space of the hierarchical model is invariant under constant shifts along any parameter
tensor (so long as another parameter absorbs the negative shift), we will restrict each 6° such that its sum
across every mode/fiber is equal to zero. Practically, this leads to the use of the purified gradient:

Vos [Dxr(pum; g0)] =), (DT =i + ) @ w7 (7)
To facilitate the modern applicability of our algorithm, we implement a GPU-based gradient descent training
algorithm in Pytorch [Paszke et al.| (2019)). The major challenge of any gradient implementation for energy-
based models is the calculation of the partition function or normalizing constant. Even after implementation
tricks and virtualization of the tensor, exact computation is simply too slow to handle the billions of events
which are possible in even medium-dimensional tabular datasets, and we must resort to a new variant of the
classical Gibbs sampling approach |(Geman & Geman)| (1984]); |Gelfand| (2000)) in conjunction with the annealed
importance sampling technique [Neal (2001)).

Higher-Order Block Sampling Typical Gibbs sampling constitutes resampling a single coordinate at
a time by calculating the conditional distribution of a single variable given all others, gg(ix|i_x). This has
been found to be extremely slow for learning higher-order energy models|Min et al.| (2014]), mainly due to the
inability to simultaneously activate all entries of a higher-order energy parameter 6°. Accordingly, we instead
resample according to the conditional distribution of a particular subset of the variables gg(is|i—g), decidedly
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choosing S which are already included in our model’s collection Z. We find that this provides significant
speedups over the coordinate-based approach which requires repeatedly sampling from the separate k € .S
coordinates before becoming close to the distribution gg(isli—s).

Upsampling Active Interactions In addition to sampling uniformly across the set of included interac-
tions in the model, we additionally upweight those #° parameters which have only recently been included
into the model. This is inspired by the fact that the more recently included parameters are likely to move
more quickly during training whereas the older parameters will have already been mostly trained and less
mobile. In practice, we use a 50/50 split between the old and new #° parameters, with each round of Gibbs
sampling updating the full set of new parameters once and then updating an equal amount of the old, existing
parameters.

Annealed Importance Sampling Another critical component of our framework is the usage of annealed
importance sampling Neal| (2001). This allows for the approximation of the normalizing constant 8y without
requiring the sum over billions of elements in the distribution space. This approach also significantly benefits
from our development of higher-order Gibbs sampling used during the intermediary steps. We find that this
is a critical method for being able to adequately track the progress of the model over time which allows the
use of our early stopping procedure during interaction selection.

5 Experiments

To first get a glimpse into the theoretical properties of refined information and the sample complexity of
MAHGenTa we generate a suite of synthetic distributions by choosing random 6° and sampling data from
the induced distribution, details in the appendix. We demonstrate the impact of structure learning and the
value of refined information in this setting where we have full control over the structure in the ground truth.
We next apply our method to three real-world distributions from UCI machine learning datasets. The three
datasets used are shown in Table [I| with their numbers of samples, features, and total possible events.

KL Error v. Sample Size (log)

low (train)
medium (train)
high (train)

-- low (test)

-- medium (test)
-- high (test)

Figure 2: KL Error vs. Number of Training Samples. Performance of low/medium/high complexity models
when used on low/medium/high complexity data.

5.1 Synthetic Results

In Figure 2] we show the sample complexity of training when the underlying four-dimensional distribution
has low complexity, medium complexity, or high complexity (top to bottom). For each of the three data
distribution, we then train models of three different complexities and evaluate their train-time and test-time
KL error. In the bottom row, we see how the underspecified, low-complexity model leads to underfitting
which peaks at subpar performance. In the top row, we see how the overspecified, high-complexity model
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leads to overfitting which learns more slowly and less efficiently than the low-complexity model (even with
multiple thousands of samples). In addition to showing the importance of matching the correct structure
to achieve optimal performance, these experiments also show how achieving good generation performance
automatically generalizes to classification performance.

Refined Information (log) v. Mode Interaction
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Figure 3: Synthetic four-dimensional data with all possible values of refined information plotted.

In Figure [3] we plot all different values of refined information for our high complexity distribution. This
gives some preliminary insights into the properties of refined information and the range of values a single
interaction S can take depending on the context Z. We additionally plot the 2D marginal refined information
which corresponds to the classical definition of mutual information. Further discussion of its properties and
applications to structure learning and generalization are saved for Appendices [B] and [C]

Table 1: Statistics for real-world datasets.

n d |I[d] |
mushroom 8,124 23 2.4el4
adults 32,561 14 6.5ell

breast cancer 286 10 6.0e05

5.2 Real-World Results

For the real-world datasets, we first demonstrate the tuning of our hyperparameters on a small subset of the
real-world dataset. By using only the first ten dimensions of the mushroom dataset, we work in a regime
where the exact gradients can be readily calculated and we perform our algorithm with collections of up to
size 300.

30% Weak Heredity with Normalization Strong Heredity with Normalization
Sovee, e 1-body

Soton, e 1-body
® 2-body ® 2-body
® 3-body ® 3-body
® 4-body " ® 4-body
5-body ® 5-body

10t

10t

2
5

KL Error (log)

KL Error (log)

H
H

Size of Collection (log) Size of Collection (log)
102 102

Figure 4: Comparison of the training (dark) and validation (light) error as we continue to add interaction
subsets to our collection. On the log-log plot, we see clear distinction of the underfitting phase and the
overfitting phase. We also see how assuming strong heredity can lead to ‘discontinuities’ in the performance,
caused by important higher-order interactions being blocked in the greedy algorithm.
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Table 2: KL divergence across all real-world datasets.

mushroom adults breast cancer
independent (1D) 15.477 £+ 0.056 8.692 + 0.047 5.991 + 0.210
boltzmann (2D) 4.472 £+ 0.069 6.444 + 0.042 5.652 + 0.105

mahgenta (3D+) 2.212 + 0.062 5.832 + 0.012 5.176 + 0.052

Table 3: Class-wise accuracy across all real-world datasets.

mushroom adults breast cancer
poison odor habitat income race gender recurrence malignance
mahgenta 99.7 79.7 66.0 85.2 86.5 84.5 80.2 51.6
boltzmann 98.2 78.5 63.4 84.2 84.9 83.6 72.1 50.4
logistic 100.0 N - 85.6 N - _
regression - 80.6 65.8 - 88.0 84.4 L3 42.7
i 94.8 o - 81.6 - - _
naive *. L
bayes - 86 63.3 - 853 82.1 2.0 44.1

Figure [4 shows the performance in terms of the capacity curves, plotting the training and validation errors
as a function of the size of the interaction collection, which is a measure of the log-linear model’s capacity.
We train significantly beyond the point of early stopping to help fully illustrate the underfitting-overfitting
behavior of the log-linear model. This provides empirical support for our theoretically principled approach
of early stopping as soon as the validation error stops improving alongside the training error. Further
hyperparameters are provided in the appendix. Overall, we find that using the weak hierarchy of 30%
strength was the most effective choice for achieving minimal validation error for our MAHGenTa algorithm
and we keep this choice consistent throughout.

We then apply these hyperparameters to our two large-scale datasets where we cannot directly calculate
the KL divergence and resort to the AIS approximation discussed in Section [£:2] For our third real-world
dataset, exact KL gradients are still calculable with an event space smaller than one million. We compare
against a Boltzmann machine and an independent distribution also trained with gradient descent on the same
objective. In Table [2] we compare our approach which has the capacity to learn sparse and higher-order
structures against both the 1-body and 2-body log-linear models. We find that our MAHGenTa approach
is able to consistently deliver improvements in generation performance in terms of the KL divergence or
log-likelihood.

5.3 Discussion

In Table [3] we see how the training of a generative model automatically leads to emergent capabilties in
classification via the mode interactions simplifying into feature interactions. In particular, the energy-based
MAHGenTa and Boltzmann machine are able to simultaneously predict across multiple classes, unlike the
discriminative approaches which must be retrained for each task. Although the discriminative approaches
have the advantage of reusing the dataset to learn only one of the conditional distributions at a time,
the generative approaches nevertheless yield a comparable accuracy performance across a variety of tasks
simultaneously.

In the adults dataset, we can clearly see how a single generative model trained to adequately model the
data easily obtains good accuracy not only for the original target of income level, but also sensitive features
like race and gender. In the classification setting, it may be unclear that a model is biased using sensitive
features to predict income; however, in our energy model working directly on the observed variables, it is
made explicit the learned connections between variables. This could have implications for algorithm fairness
approaches, where removing sensitive feature labels from the training data is not sufficient to remove the
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fundamental bias which exists within the dataset. In contrast, biased energy terms in the log-linear model
could be directly inspected, analyzed, and removed.

6 Conclusion

Overall, we find that refined information opens up many directions for further exploration of higher-order
information and that mode-interaction-selection for hierarchical log-linear modeling is an effective tool in
reducing the number of parameters to be learned in a principled way. Theoretical developments allow for a
complete decomposition of the KL error in terms of the refined information content. The regularizing effect
of choosing simpler structure is made clear on both synthetic and real-world datasets, with an easy-to-use
early stopping heuristic to achieve optimal performance. The benefits of generative distribution learning as
a general pretraining objective for multiple downstream tasks are also reinforced.
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A Additional Results

In Figures[5land [6] we show the capacity curves across all sets of hyperparameters chosen for the experiments
with the 10-dimensional subset of the 23-dimensional mushroom datasets.
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Figure 5: All hyperparameters of heredity strength and parameter count renormalization. Top 8: Full

likelihood training.
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Figure 6: All hyperparameters of heredity strength and parameter count renormalization. Bottom 8: Pseu-
dolikelihood training (masking turned off to avoid —o0).

Table 4: Best validation KL error from all MIS hyperparameters and all many-body solutions.

Heredity
Likelihood Type | Param Count Renorm || 30% Weak ‘ 50% Weak ‘ Semi ‘ 100% Strong
True Likelihood with 0.2359 0.2466 0.2445 0.2559
True Likelihood without 0.2372 0.2489 0.2472 0.2555
Pseudolikelihood with 0.3659 0.3533 0.3659 0.3817
Pseudolikelihood without 0.3589 0.3498 0.3519 0.3583
Many-Body (no sparsity)

Likelihood Type 1D 2D 3D

True Likelihood 4.6062 | 0.8281 0.2644

Pseudolikelihood 4.6062 | 1.5005 0.6579

The search over these hyperparameters can be seen as a comparison to previous works |Schmidt & Murphy|
(2010); Min et al|(2014) because of their use of other types of stronger hierarchical assumptions. Moreover,
the stagewise-selection procedures can also be seen as a special case of this mode interaction selection
framework. Accordingly, the only missing component of a full comparison to these previous works would
be tuning over the L1 regularization parameter. We find unlike those works, tuning an L1 parameter is not
as necessary in our work due to our LO selection with the MIS algorithm and our theoretically supported
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early-stopping procedure. It is moreover emphasized that both previous works have no available code and
regardless were only designed for binary variables, making them inapplicable to any of our datasets used

herein.

B Experimental Details

B.1 Synthetic Datasets

We generate small synthetic distributions by first drawing 6° from a Gaussian distribution with unit covari-
ance. We then center each 6° such that the sum across any mode is equal to zero. Afterwards, if there are
any S we have not yet zeroed out from the model, then we do this now. Finally, we compute the probability
distribution as the exponential of the sum of the # parameters and compute the renormalization constant if
necessary. Synthetic training datasets are then drawn iid from this final distribution.

In our experiments, we use d = 4 dimensional distributions inside Ijg = [5] x [5] x [5] x [5]. For the low,
medium, and high complexity distributions, we use the following sparsity patterns:
low complexity Z ., = {0,1,2,3,4,12,14, 23}

medium complexity 7.4 =1{0,1,2,3,4,12,13,14,23,123}
high complexity T, = {0, 1,2,3,4,12,13, 14,23, 24, 34,123, 124, 134,234, 1234}

We use sample sizes of [10,20,40,80,160,320,640,1280,2560,5120,10240] and plot from 10 to 10,000

on a logarithmic scale.

KL Error v. Sample Size (log) Class Score v. Sample Size (log)
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Figure 7: Model Performance vs. Number of Training Samples. Performance evaluated across three different
model complexities. Each row correspond to an underlying data distribution which from top to bottom has low com-
plexity, medium complexity, and high complexity. The top row demonstrates the high complexity model overfitting.
The bottom row demonstrates the low complexity model underfitting. Left hand side is the KL error objective de-
creasing; right hand side is the class-wise performance (which is automatically gained from generative performance).

Error bars are with respect to 5 different resampling of the synthetic training dataset.

In Figure |8] we show the sample complexity of training when the underlying four-dimensional distribution
has low complexity, medium complexity, or high complexity (top to bottom). On the left-hand side, we see
the KL error optimized during training, whereas on the right-hand side, we see the calibrated classification
score for each of the four dimensions (predicted using the other three features), automatically rising alongside
improved generative performance. In the bottom row, we see how the underspecified, low-complexity model
leads to underfitting which peaks at subpar performance. In the top row, we see how the overspecified,
high-complexity model leads to overfitting which makes less efficient use of the finite dataset (even with
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multiple thousands of samples). In addition to showing the importance of matching the correct structure
to achieve optimal performance, these experiments also show how achieving good generation performance
automatically generalizes to classification performance.

KL Error v. Sample Size (log)

Class Score v. Sample Size (log)
low (train) - o
medium (train)
high (train)
mahgenta (train)
low (test)

medium (test)
high (test)
mahgenta (test)

feature feature! feature
#1 #2 #3
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— high
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— high

— mahgenta
L
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Figure 8: Model Performance vs. Number of Training Samples. Also with Mahgenta automatic selection
performance (black) compared against oracle structure performance. As discussed in our theoretical section about
overfitting, for low sample sizes, Mahgenta actually outperforms the oracle structure. In most cases, mahgenta very

nearly matches oracle performance for larger sample sizes.

B.2 Real-world Datasets

We next apply our method to the real-world distribution of three different UCI machine learning datasets.
Testing split is generated from 50% of the data and kept fixed throughout. The remaining data is split
70%/30% into the training and the validation set. Experiments are run on a Tesla V100 32GB GPU. The
three datasets used are shown in Table [I] with their numbers of samples, features, and total possible events.
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B.3 Algorithm Details

In Algorithm [2] we give a full description of the subroutines used by our main algorithm.

Algorithm 2: Full Details of the Mode Interaction Selection Algorithm

NEXTAVAILABLEINTERACTIONS(collection Z, heredity strength T)
T+ 0
for S € P([d]) do
ns « {T€Z:|T|+1=|S|,T C S}
if ng/|S| > 7 then
| T+« Ju{s}

B return J

TOPINTERACTIONS(J, K)
scores < ||
for S € J do

L scores[S] + SCORE(SS)

| return (argsort(scores))[l : K]

GRADIENTDESCENT (parameters O, learning rate o, epochs T')
fort=1to T do
for ° € © do
| 0% 0% —a(—nin +15)

| return (C]

MODEINTERACTIONSELECTION(T = 30%, o = 0.50, K = 10,7 = 10)
Errpest + o0
T+ {0}
0+ {0}
while Error(©) < Errpes; do
Errpest «— Error(©)
J <+NEXTAVAILABLEINTERACTIONS(Z, T)
K +TOPINTERACTIONS(J, K)
for S € K do

0%« 0 eR's

0+ U {#}

© <+ GRADIENTDESCENT(O, o, T")

return ©

19



Under review as submission to TMLR

C Further Theoretical Discussion

C.1 Globally calculatable values

Since there is an abundance of complete, supported chains on the lattice of P([d]), we may still be interested
in some canonical information of a mode-interaction, without too much consideration of its supporting
information set. Accordingly, let us define two canonical values of the information of a set S not associated
with a specific chain or interaction set. That will be the ‘marginal refined information’; given by using the
minimal supporting information set and the ‘conditional purified information’, given by using the maximal
supporting information set.

nglarg = RIIg,‘i",S Ié'nin = P(S> - S
RIE™ = RIzges s T3 = P(d)) — {T: T 2 5}

We note that the mutual information corresponds to the marginal information in the case that |S| = 2 and
discuss further connections in the sections that follow.

C.2 Relation to Causal Structure Learning

We further make clear the relationship to structure learning with a simple example in causal structure
learning. Suppose we have the distribution as induced by the causal graph depicted in Figure [0] Although
there is mutual information between the variables B and C, there is no direct causal information between
them. In fact, they are both controlled by the variable A and the correlations between them are thereafter
induced.

In the case of d = 3 and |S| = 2, the refined information only takes two values (which correspond to the
marginal and conditional values). In Figure E[, we have these values calculated for all three pairs of variables.
If we take a look at the mutual information between B and C, we can indeed see there is a positive amount
of information; however, in the presence of conditioning on A, there is no refined information between these
two variables.

1 RItp a,p,cy,ap = 0.1308

pla,b,c) = P exp { log(3) - 64, + log(3) - 5a‘c} Rl ap.c.ac.50),a0 = 0.0992
Rl a.p.cy.ac = 0.1308

A wop. A wp. RItp A,5.c.AB.Boy.Ac = 0.0992

b= {ﬁA w.p. ¢= {—'A W.p. Rl.a.p.cy.pc = 0.0316

Rl A B.c.aB.acy,Be = 0.0000

LN N[N

o
I
—
- O
= =
—
A
(SIS

EN N[N

Figure 9: Simple causal graph to help illustrate refined information.

Although the traditional tools of causal structure learning, namely a set of conditional independence tests,
are sufficient to identify the causal structure in this case (or at least the Markov equivalence class), the tool
of refined information is imagined as an even more powerful tool which may distinguish additional higher
order interactions between variables and various hypergraphical extensions to existing graphical models.
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C.3 Structure of Mode Interactions

Here we provide some additional figures to more quickly provide intuition about the algebraic structures we
introduce. In Figure we depict a possible chain which is maximally refined for d = 3.

Lo (1,23 Ty (1,23 Iy (1,23 I3y (1,23
N N N N
{124 {1,3} {2,3} {124 {1,3} {2,3} {12} {1,3} {2,3} {1,2} {2,3}
< < | < < | < < | < < |
{1y {2y {3} {2 {3} {2} {2}
N7 N7 N7 N7

Ly 12,3 Is (1,23} L (1,2,3) 1y
N N N PR
(1,2} (2,3} (1,2}
< < < < < < < <
N7 N7 N7 N7

Figure 10: Example of a possible chain of mode interaction collections.

In Figure we depict the algebraic structure representing all possible hierarchical chains which could be
selected. Each mode interaction S C [d] is represented by a different color and all arrows are drawn which
are possible to add while still obeying the hierarchical condition. Horizontally sorted by the size of each
collection Z, although redundancies are suppressed (e.g. {0,{1},{2},{1,2}} = {0,1,2,12} is written as

{12}).

{1} {1,2}
{3} {2,3}
{12} 3,12} —— {12,13}
{13} {2,13} {12,23} — {12,13,23}
S ={1} {23} —{1,23} 4—>{13,23}
S =1{1,3)

S = {3}

Figure 11: Algebraic structure of all hierarchical collections of mode interactions.
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C.4 Information Geometry and Parametrization Details

We write our parametrization as:
. . S
w(i) =ep {3, 65}

Because our parametrization is mildly different from the textbook parametrization for the log-linear model,
we repeat the standard calculations from the information geometry literature about the natural parameters
and natural gradient. Before going into greater detail, we first summarize how the textbook parametrization
can be recovered with only two simple changes. The first change is only a change in perspective by either
considering the normalizing constant as a function of the other parameters rather than a free parameter
which is constrained to be equal to that function. We adopt the latter formulation because the free energy
function, as written below, is a sum over trillions of events or more, making it intractable to compute exactly
in our context. Accordingly, in practice, we indeed modeled the 6” term as a specific parameter which must
be approximated via Monte Carlo techniques.

The second change is a shift in constraints on the remaining parameters. The textbook parametrization,
similar to how logistic regression uses only one value to represent the probability of two outcomes, uses a
single one of the discrete events (typically the first one) as a base rate and only parametrizes the other
(I, — 1) events (with their likelihood ratios compared to the base event). Unfortunately, the textbook choice
of setting many entries of #° equal to zero again faces major shortcomings in practical scenarios. The
greatest shortcoming is the resulting numerical instability which is mostly resolved by the use of a balanced
constraint, centering the #° parameters around zero. We discuss these choices and calculations in greater
detail in what follows.

C.4.1 Probability Distribution Space

We first restrict our attention to the space of probability distributions rather than the space of all positive
measures. In the language of tensors, it means we restrict from the space of all positive tensors, to the set of
positive tensors whose entries sum to one in total. The condition that all entries sum to one can immediately
be translated into the requirement that the free constant in 6% is set equal to the free energy:

| —— log { ;exp { Z(})gsg[d] 9?5}}

As mentioned, we can envision the parameter 6? either as a function of the other ° or as a parameter which
is then constrained by the other parameters. Although we will mostly take the latter perspective, it will be
equivalent to take either perspective. For simplicity, however, we will for now take the former perspective
and look at the derivative of #? or the free energy taken as a function of the other parameters (but can also
be thought of as the derivative of the constraining equation).

{0} = g o { e {Ecoca 2}

Ao {Creac ]} (S e (o}

Ao {0 (g e {Eicecu})

o A e { Eiceig ) dorar )

At o {02 })

L AU R DL P D) DU AL 2 Birie Wi = W

iT G_T
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Now it will be easy for us to take the derivative of the objective function, the forward KL-divergence:

ptrn(i)
DKL p T ’q9 D rn : ( . >
trn Z t (Jo(%)

Let us write:

0 . .
89T -DKL (ptrna qG) 89T Zptrn IOg(ptrn( )) — Ptrn (Z) 10%(979 (Z))

=0~ 89T 2P logla() = =3 8(,Tp“""ulog( ¢ (1))

S YL 622 og(a?(9) = = 00 g { 02}

=370 gr {9@+0T} S0 g P} - T 0 g {01}
=g {9} - S0 e

5 ™n, rn,T
:7{777]?} pt T( )777]T 77];T )

This completes the calculation of the gradient for the parametrization of the probability distribution. We
reiterate that this is the derivative with the free energy constraint, but without any additional constraints to
enable identifiabilty of the parameters. In particular, this means that multiple § parameters can correspond
to the same probability distribution. Accordingly, some authors believe this cannot yet be considered a
valid parametrization of the underlying manifold. In the section that follows, we look at multiple choices of
identifiability constraints which further restrict the #° parameters and ensure a valid parametrization of the
manifold of discrete probability distributions.

C.4.2 Additional Constraints

Textbook Constraints The textbook method of providing additional constraints is to zero out all of the
unnecessary parameters for the probability distribution. This is typically done by zeroing out the ‘corners’
of each #° parameter via:

95520 if i;=1 forany s € S.

We omit the exact details of showing this will represent each probability distribution with a unique set of
parameters; however, we note that this leaves each 6 with [, ¢(|L;| — 1) parameters out of the original
[Tes(/Zs]) = |Is|. Accordingly, all of the §° parameters together have |Ij4| degrees of freedom, and after
the sum-to-one constraint from the last section on °, there are the required |1, (@] — 1 degrees of freedom.

In the textbook formulation, these zeroed out coefficients are usually completely dropped from consideration.
After additionally considering the #? as a function of the other parameters rather than another parameter
itself, we are left with a parametrization of the manifold which has the same number of parameters are there
are intrinsic dimensions in the manifold.

We could come to an equivalent such parametrization with any set of choices for the ‘base events’ i, € [I]
instead of simply choosing the first event. However, some choices can be arbitrarily worse than others and
searching over all possible choices of base events is much more work than it is worth. We will briefly introduce
the concerns of numerical stability in some small, low-dimensional distributions. On a one-dimensional
distribution with four outcomes, this would become:

0 (1] 1 0 1 (1] 1
p() =",  p@2)=e"T%  p@)=e"Th p4) =’ T
In this case, we can write the closed form solution as:

_ 1 _ p(2) 1 _
6" =log(p(1)), 63 = log(y): 05 = loa(

p(3
p(1

~

) el log<§§‘1‘>>.

~—
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Fortunately, this seems to mean that as long as p(1) is not extremely large or extremely small compared to
the other probabilities, there will not be a huge amount of issues with our arbitrary choice of base event for
the exponential distribution. However, the risks associated with this arbitrary choice will only continue to
grow and compound as we increase the dimensionality and the number of events.

In two dimensions, we can see:
p(1,1) =, p(1,2) = e 9%, p(1,3) = e %5,

p(2,1) = ' +05 p(2,2) = e/ TOs 00 p(2,

w

) = o0 +05+05+057

w

Again, we may write a closed form solution as:

6" = log(p(1, 1)), 03 = log (zg f;) 03 = log (1128 i’g)
2 _ p(152) 12 p(272) ~p(1, 1) 12 _ p(273) p(l, 1)
0y =log (p(l, 1))’ 022 = log (p(1,2) (2, 1))’ 023 = log (p(173) (2, 1))

It can be imagined how increasingly high dimensional distributions would only exacerbate the issues of
potentially imbalanced events within the space, especially the high dependence on the probability p(1,...,1).
It is important to also remember that for our main application, there does not exist a closed form solution for
the 6 parameters and we must use gradient-based learning approaches, necessitating an adequate handling
of these potential numerical issues.

Balanced Parametrization Given these concerns of significant and unnecessary challenges in the
gradient-based learning process for the 6 parameters, we instead leverage an alternative identifiability con-
straint which is more compatible with initialization at the all zeroes vector. In particular, we balance the
6° tensor around zero by assuming that each fiber sums to zero:

205575)% =0 for any s € S for any i(g_g) € l(g_s). (8)
Js

It is again relatively straightforward to verify that this gives a unique parametrization for every probability
distribution in the manifold. We can also see that this condition can be written in a more tensorial form as:

Zei:6 for any s € S,
Js

where 0 refers to the zero tensor 0 € R’s—. Let us also recall the n parameters defined as nfs =
Ejnqp[1(is = js)] = ¢°(is) = >i o dlis,j—s). We may immediately see that the n parameters auto-
matically obey a similar tensorial constraint as:

Zni = for any s € S.
Js

Both the 6 and the 7 sets of parameters form a tower structure made of tensors. We may immediately try to
purify the n tower in a similar way to our #’s via the principle of inclusion-exclusion (related to the mobius
inversion of the zeta function), namely let us write:

7= Z(_l)\SHTl T ousT. (9)
TCS

It is fairly straightforward to see that these new 7 parameters obey the centralized condition:

Zﬁizﬁ for any s € S
Js
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and that moreover the n variables are recoverable in the opposite direction via:

5= ZWT®US_T.

TCS

More importantly, we may write the purified gradient of Equation[7]in terms of 7 which further corresponds
to the constrained gradient of the KL divergence:

Vs [DKL(Pom; @0)] = T + 75 -

Although this is already sufficient for the purposes of our work, but let us proceed slightly to round out the
discussions about our parametrization as it relates to the typical topics of information geometry. First, we
recall that the typical Bregman divergences are forward and backwards KL with Bregman functions of free
energy and total entropy. We have already computed the 6 derivatives for free energy when looking at the
derivative of forward KL, but let us also take a look at the backwards case with entropy.

— Zp(i) log (p(i))

First recall that

and also that 5
5, los(f) =[f-1/f +1-log(f)]- fr=[1+1log(N)]f,

g Hl) = 5o Z(st@uz 3ee (Lm0
=3 [ (St 0w o (St i)
=32 [t 10w (w)] - (30 gt )
-3 D ](mT'u:TT)
IR [HZSCM o] 1
=3[+ 3 o] T
_ @Z DD AN S A
o] X5 W B} SUI) S APV
=1+ )

Continuing on,

_affTDKL(%;ptrn) = aaTT (go) T o T ZZ: (st ®u; S) log (ptm( ))
{ - ZSCT JS} a Z (5”7” iy SCld] ‘92?5)
[ ] e ]
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Using again the purification of the tower of §’s leaves us only with the top of the sum of 8’s, meaning that
the purified derivative of the free energy is only left with the corresponding HJ-TT parameter. Finally, we can
write:

@ﬂ—s [DKL (q@;ptrn)] = 9S ets;n

C.5 Detailed Problem Formulation

In its simplest form, distribution learning is about modeling a distribution ¢ which accurately matches the
true distribution p*. In this work, we use the objective of forward KL divergence which is equivalent to the
maximum likelihood approach.

Dkr(p*;q) Zp (f(gé>)=zp*( -log (p Zp log (q(1)),

mqin{DKL(p* q }—maX{Zp -log (g ))}-

Importantly, as discussed throughout the paper, we reframe this objective via the choice of a sparse set
of mode interactions in order to achieve better generalization properties from the learned distribution. In
particular, we may write that:

Dxr(p;4z) = Drr(p;pz) + Drr(pz; dz)-

This means that, after a choice of interactions Z, our KL error decomposes orthogonally into an estimable
part and an inestimable part. This means that a choice of small Z will have a large inestimable error but
will very accurately predict the estimable part of the distribution, whereas a choice of large Z will have a
small inestimable residual but will have a much more challenging distribution to estimate directly.

Accordingly, we may write our complete objective as the following bilevel optimization problem with an
outer combinatorial search over the space of Z and an inner continuous optimization over the 07 = {6} ez
parameters:

min { min {DKL(p; @91)}} = min {DKL(p;pz) + min {DKL(pI; @91)}}-
T 91 T GI

As discussed, the inner optimization is handled via a gradient descent algorithm which leverages multiple nec-
essary Monte Carlo approaches in order to learn the distribution parameters while handling the intractability
of the normalizing constant. The outer combinatorial optimization is handled with a simple greedy heuristic.
The major benefit of using a greedy heuristic is the fact that our search across the space of Z will proceed
along a single hierarchical chain. It follows that the inestimable portion will be monotonically decreasing
along our chain and the remaining error from the estimable part will only increase as we continue to increase
the complexity of the learned distribution with our fixed and finite number of samples. This allows us to fit
snugly within the ‘classical’ regime of overfitting where we have at our disposal the simple rule of stopping
as soon as our validation error no longer improves.

This results in our final approach of using

argmin <DKL(pwl;(jGI) where %I = argmin (DKL(p“,n; q%)))
Z,0z qeEM<

to validate the learned distribution on a subset of data which is different from the training samples which
are used to fit the continuous 6 parameters.

26



	Introduction
	Background
	Feature Selection and Feature Interaction Selection
	Non-Negative Tensor Decomposition
	Distribution Learning

	Refined Information
	Information Theory
	Information Geometry
	Definition of Refined Information

	MAHGenTa
	Mode Interaction Selection
	Gradient Descent Learning

	Experiments
	Synthetic Results
	Real-World Results
	Discussion

	Conclusion
	Additional Results
	Experimental Details
	Synthetic Datasets
	Real-world Datasets
	Algorithm Details

	Further Theoretical Discussion
	Globally calculatable values
	Relation to Causal Structure Learning
	Structure of Mode Interactions
	Information Geometry and Parametrization Details
	Probability Distribution Space
	Additional Constraints

	Detailed Problem Formulation


