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Abstract

This paper presents a convergence analysis and trajectory comparison of the gradient descent
(GD) method for overparameterized deep linear neural networks with different random ini-
tializations, demonstrating that the GD trajectory for these networks closely matches that
of the corresponding convex optimization problem. This study touches upon one major
open theoretical problem in machine learning—why deep neural networks trained with GD
methods are efficient in many practical applications? While the solution of this problem is
still beyond the reach of general nonlinear deep neural networks, extensive efforts have been
invested in studying relevant questions for deep linear neural networks, and many interest-
ing results have been reported to date. For example, recent results on loss landscape show
that even though the loss function of deep linear neural networks is non-convex, every local
minimizer is also a global minimizer. We focus on the trajectory of GD when applied to deep
linear networks and demonstrate that, with appropriate initialization and sufficient width
of the hidden layers, the GD trajectory closely matches that of the corresponding convex
optimization problem. This result holds regardless of the depth of the network, providing
insight into the efficiency of GD in the training of deep neural networks. Furthermore, we
show that the GD trajectory for an overparameterized deep linear network automatically
avoids bad saddle points.

1 Introduction

Deep linear neural networks, as a class of toy models, are frequently used to understand loss surfaces and
gradient-based optimization methods related to non-convex problems. [Dauphin et al. (2014) and |Choro-
manska et al.| (2015a)) explored the loss function of deep non-linear networks based on random matrix theory
(such as a spherical spin-glass model). This theory essentially converts the loss surface of deep nonlinear
neural networks into that of deep linear neural networks under certain assumptions, some of which are un-
realistic. (Choromanska et al.| (2015b)) suggested an open problem to establish a connection between the loss
function of neural networks and the Hamiltonian of spherical spin-glass models under milder assumptions.
Later, [Kawaguchi| (2016)) successfully discarded most of these assumptions by analyzing the loss surface of
the deep linear neural networks.

The landscape for deep linear neural network (Kawaguchil, 2016} Kawaguchi & Lul [2017; |Laurent & Brecht),
2018) focuses on several properties of the critical points: (i) every local minimum is a global minimum; (ii)
every critical point that is not a local minimum is a saddle point; and (iii) there exists a saddle such that all
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eigenvalues of its Hessian are zeros if the network is deeper than three layers. Thus, for deep linear neural
networks, convergence to a global minimum is impeded by the existence of poor saddles.

Lee et al| (2016) showed that the gradient method almost surely never converges to a strict saddle point,
although the time cost can depend exponentially on the dimension (Du et al.;[2017). Gradient descent (GD)
with perturbations (Ge et al., [2015} Jin et al. [2017)) can find a local minimizer in polynomial time. Thus,
the trajectory approach combined with random initialization or random algorithm circumvents the obstacle
of existence of poor saddles. According to studies on continuous time dynamics of a gradient flow (Du et al.,
2018; |Arora et al., |2018b), the balance property of deep linear network is preserved if the initialization is
balanced. |Arora et al.| (2018ajb), Du & Hu/ (2019)), and [Hu et al.| (2020)) successfully proved that GD with its
corresponding initialization schemes converges to a global minimizer of deep linear neural networks with high
probability. Furthermore, the rate of convergence is linear, and behaves like GD for a convex optimization
problem.

Hu et al.| (2020)) established that the convergence for Gaussian initialization can be very slow for deep linear
neural networks with large depths. For efficient convergence of Gaussian networks, the width needs to scale
linearly with the depth. They also showed that orthogonal initialization in deep linear neural networks
accelerate the convergence. Thus, the convergence behavior of the GD method, for training deep linear
neural networks, crucially networks depends on the initialization.

Recent studies have demonstrated the connection between deep learning and kernel methods (Daniely |2017;
Arora et al., |2019afb; (Chizat et all 2019} [Lee et all 2019 Du et al., 2019; |Cao & Gul 2019} Woodworth
et all 2020), especially the neural tangent kernel (NTK), introduced by |Jacot et al. (2018). For most
common neural networks, the NTK becomes constant (Jacot et all [2018; [Liu et al.l |2020) and remains so
throughout the training in the limit of a large layer width. Throughout the training, the neural networks are
well described by their first-order Taylor expansion around their parameters at the initialization (Lee et al.
2019)).

In this paper, we first study the convergence region, the set of initializations which lead to the linear
convergence of GD for deep linear neural networks (see Lemma. Next, we demonstrate that if the minimum
width among all hidden layers is sufficiently large, then the random initialization will fall into the convergence
region with high probability (see Theorem (1} Theorem [4] Theorem |5, and Theorem @ Furthermore, the
worst-case convergence rate of GD for deep linear neural networks is almost the same as the original convex
optimization problem with a corresponding learning rate. The most significant finding of our work is that
the trajectories of gradient descent for deep linear neural networks are arbitrarily close to those of the
corresponding convex optimization problem, establishing a strong connection between their optimization
dynamics and providing insights into gradient descent behavior in more complex neural networks. The
precise statement is related to Remark [3] Theorem [2] Lemma [, and Corollary [3]

1.1 Our contributions

This work is inspired by recent work by [Du & Hu| (2019) and [Hu et al.| (2020), who carefully constructed the
upper and lower bounds of eigenvalues of the Gram matrix along GD and established linear convergence. In
this paper, we generalize their results to strongly convex loss functions with layer-varying widths, and obtain
sharp results. We show that our rate of convergence for GD in deep linear neural networks matches the
worst-case convergence rate for the original convex optimization problem. Next, we show that the optimal
rate depends neither on the types of random initialization nor on the depth of the network, provided that
the width of each hidden layer is appropriately large.

The most significant contribution of our work is the trajectory comparison result, which demonstrates that
the trajectories of gradient descent for deep linear neural networks can be made arbitrarily close to those
of the original convex optimization problem . To the best of our knowledge, this trajectory comparison
result is the first of its kind and has the potential to greatly influence our understanding of optimization in
deep learning.
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2 Preliminaries

2.1 Problem Setup

Let z € R™ and y € R™ be an input vector and a target vector, respectively. Define {(x;,v;)}, as a
training dataset of size m, and let X = [z1,29, -+ , 2] #0and Y = [y1,y2, -+ ,Ym]. Denote the weight
parameters by W € R"v*"=,

Consider the well studied convex optimization problem:

m

L 1
minimize L(W) = - z;l(Wxi,yi), (1)
i—
where {(-,y) is strongly convex and has a smooth gradient with respect to its first argument uniformly in y.

The GD for convex optimization problem with learning rate 7, is given by:

W(t+1) = W(t) — VLW (), t =0,1,2,--- . 2)

For any matrix A, let 00, (A) and op,in(A) be the largest and smallest singular values of A respectively.

In this paper, we consider two types of matrix norms and one type of semi-norm for A, ||A| :=
amM(A),HAH% = tr(AAT), and ||A|lx = ||APx||z, where Px = X(XTX)TXT is the orthogonal pro-
jection matrix onto the column space of X, and (X7 X)T is the Moore-Penrose inverse.

For two real matrices A, B with the same size, we consider their Frobenius inner product as well as their
semi-inner product, (A, B) = (A, B)r := tr(ATB) and (A, B)x := (APx, BPx).

The following lemma illustrates why semi-norm ||-|| y is crucial in our analysis.

Lemma 1 Assume that I(-,y) is a(l)—strongly convex. The following statements hold.

1. If X is not full row rank, then L(W) is neither strictly convex nor strongly convex with respect to
Il -

2. L(W) is W—stmng@ conver with respect to |||y, where Amin(XXT) is the smallest

non-zero eigenvalue of X X7 .

The proof of the lemma above can be found in Appendix [A] From now on, if we do not specify the inner
product, we will always consider the semi-inner product.

Assume that L is a—strongly convex (o > 0), and VL is S—Lipschitz (with respect to semi-norm |||y ),
that means, for any W,V € R™v*"=,

LW) > L(V) + (VL(V),W — V)x + % w - v,

IVL(W) = VL(V)|lx = [VLW) = VLV)|[p <BIW =Vl .

Without loss of generality, we assume that « and (3 are the best constants. Then, Lemma [I] implies o >
. T T

W Similarly, we can also show that 8 < W, where VI(-,y) is 8(I)—Lipschitz and

Amaz (X XT) is the largest eigenvalue of X X7

Define the effective condition number of the convex function L by k = k(L) = g < o0. Kk appears naturally
in the rate of convergence of GD. Let W, be a global minimizer of L(W), that is, L(W,) = miny L(W).
Notice that W, might not be unique, but W, Py is unique, that is, if W’ is another global minimizer of
L(W), then W,Px = W'Px (see Lemma [7| for the precise statement).
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By applying the well-known results on the rate of convergence, specifically Theorem 3.9 from |Garrigos &
Gower] (2023) and Theorem 2.1.15 from [Nesterov| (2003), for GD (2), we have

t
77*:% = &) < (li) £(0),t=1,2,---, as well as, (3)

_ 2 B 4k ¢ s
n*—a+5 = £(t) < 2( W) HW(O)—W*HX,t_l’Q’...’ (4)

where E(t) = L(W (t)) — L(W,).

2.2 Deep Linear Network Setup

Let N — 1 be the number of hidden layers. Assume rank(X) = r. Denote the weight parameters by
Wi € R X1k =1,2... N, with ny = ny,ng = ng, where the ny is the width of the k-th layer. Set
Npmin = Min{ny,na, -+ ,ny_1} and nyq, = max{ni,na, -+ ,ny—_1}. For notational convenience, we denote
Ny = Hi<k<j ng and denote Wj; = W;W;_1---W; for each 1 < i < j < N. Define n;_1; = 1 and
Wi_1.; = I (of appropriate dimension) for completeness.

Consider the implicit regularization on W = W1 for the convex optimization problem . Thus, we obtain
the following non-convex optimization problem of deep linear neural networks:

1, W

o 1 &
minimize L(Wy.1) = = le (Wnazi, yi)- (5)

Example 1 Specifically, if we set the loss to be (Wx;,y;) = |Wax; — yl||§, then L(W) = L |[WX — Y||2F is

2 min (X XT) 2Amax (X XT)
m m

—strongly convex, and VL is — Lipschitz.

Example 2 The deep linear neural networks with reqularization \|Wy - - - WlPX||§; can be converted into
a new optimization problem
mlmmlze L(Wn.a) + A ||WN:1||§( .

1,77
Let Lx(W) = L(W) + A ||W||,2x Then Lx(-) is o+ 2A-strongly convez, and VL(-) is B + 2X-Lipschitz.

More general, if we consider regularization with form R(W) = X\- g(WPx), g(-) is o’ -strongly convez, and
B’ -Lipschitz, then for the optimization problem

minimize L(Wy.a)+ RWy - W) =: L(Wx --- W),

1,0, WN
we know that Lr(+) is o + Ao/ -strongly convez, and VLg(-) is B + \B'-Lipschitz.
2.3 Initialization Schemes

In literature, researchers consider the following form of the deep linear network instead of :

1,0, W

.- S
minimize L(ayWy.) = E;l (anWnazs, ¥i), (6)

where ay = 1/,/n1ng -~ ny is a normalization constant.
Applying GD on @, where we update W; simultaneously for j,
Wit +1) = W;i(t) = n-ay (W1 ()" VL (ayWha () (Wi1a(t)" 5 =1,---, N. (7)

Recent work consider GD (7), initializing W;(0) with Gaussian initialization (Du & Hul [2019) or scaled
orthogonal initialization (Hu et al., [2020)).
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In this paper, we consider the following three kinds of random initialization which generalizes their idea.

e Gaussian Initialization: Let W;(0),--- , Wx(0) be the weight matrices at initialization. We assume that
all entries of W;,1 < j < N are independent Gaussian random variables with zero mean and unit variance.

Then ay is a normalization constant in the sense that for any z € R™, we have

E [Jlax W (0)a113] = 13- (8)

In fact, all initializations we discussed in this paper satisfy ; see Lemma @ and Lemma (|14)).

Remark 1 Let Vi(t) = \/%Wz(t), for1<i< N. Then, GD @) with unit variance Gaussian initialization
s equivalent to
n
Vilt+1) = Vi(t) = - (Vi 10" VL (Vv () (Vi1 () )
j
with mean zero and variance — Gaussian initialization for V;,i = 1,--- | N. The GD for the loss

is equivalent to GD (@ for the loss (@ From now on, we will only conszder GD @ for deep linear neural
networks @

e Orthogonal Initialization: We consider a so-called one peak random orthogonal projections and em-
beddings initialization, which generalizes the idea of orthogonal initialization (Hu et al., [2020).

Definition 1 A initialization Wi.1(0) = Wy (0)Wx—_1(0) - - - W1(0) is said to be one peak random orthogonal
projections and embeddings initialization if there exists 1 < p < N, such that ng < n; < ng < -+ < Ny,
Np = Npy1 = Npy2 = o nn-1 = ny, and Wi(0), Wa(0), -+, Wy(0), Wp41(0), Wp42(0), -+, Wiy (0) are
independent and uniformly distributed over rectangular matrices which satisfy

{Wl-T(O)Wi(O) =niln, ,,1<i<p,

Wi (WT(0) =nj_11,,,p+1<j<N.

Remark 2 In this definition, ,/%Wi(O), 1 < i < p are random embeddings and —W; (0),p+1<j<N
are random orthogonal projections. Notice that, A is a random orthogonal projection if and only if AT is a

random embedding.

Arora et al.| (2018al) studied the rate of convergence to global optimum for GD to train deep linear neural
network for balanced initialization. Here, we will consider a special case of balanced initialization which is
described as follows.

e Special Balanced Initialization: Assume n; = --- = ny_; = n. Consider initialization Wy (0) =

\/HUN[Iny,Onyx(n_ny)]Vg, W1(0) = nUi[Ln,,0n, x(n—n)]" Vi' and W;(0) = /nU; L, V;"',2 <i < N — 1,
where Uy_1, Uy, V1, V; = U;—1,2 < i < N — 1 are orthogonal matrices (random or deterministic), and Vy
has uniform distribution over orthogonal matrices. Notice that only Vi is required to be random.

A simple estimation of the loss at the initialization is given by the following lemma.

Lemma 2 If the initialization satisfies (@) for all x, then with probability at least 1 — S, we have

[
27
2 - rank(X)
L(anWn.1(0)) — L(W,) < BBs, where Bs = 5 —|— [|W. ||X

Note that using sharp concentration inequality, the bound Bs can be improved.

3 Main Results

For the rest of this paper, assume the thinnest layer is either the input layer or the output layer, that is,
Nmin > max{ng,ny} and the ratio between the width of any hidden layer is bounded from above, precisely



Published in Transactions on Machine Learning Research (07,/2024)

we have ~mez < (Cy < oo. Define some quantities as follows:

1 — ane(2 — n.a), 0<n < 2,

1— Bn.(2 = n.B), 5 < < 3,

Ci = nyk2BsCy +1In N,
Cy = nyk2BsCo + Cp In(V), (11)
C3 = nyk>Bs,

where N denotes the number of distinct elements in the set {ni,--- ,ny_1}.

Here, the quantity ¢ is related to the rate of convergence of gradient descent for strongly convex function
L(W). Setting the learning rate n, = ﬁ7 we can rewrite the well-known rate in in terms of ¢, due to

4K

=l-an(2-ma)=1— —.
q ans (2 — n.a) e

The parameter 0 € (0, %) is a confidence threshold, such that the conclusions in Theorem |1 (or Theorem
hold with a probability of at least 1 — §, given an extra inequality constraint between the minimum width
of hidden layers, 7,5, and the depth, N, as quantified by C;, C5, and Cs.

For notational convenience, we denote

E(t) = L(W (1)) — L(W.), and Eppn(t) = Llan W (t)) — L(W,).

Our assumptions and notation are now in place. We next state our main theorems in this section.

3.1 Linear Convergence of Deep Linear Neural Networks

In Appendix [B] we present an analysis of the linear convergence of GD for deep linear neural networks, in
Theorem [ for Gaussian initialization, Theorem [5] for orthogonal initialization, and Theorem [6] for special
balanced initialization, respectively. These results extend the work of|Du & Hu| (2019), and |Hu et al.| (2020),
which proved similar convergence rates with /5 loss. In particular, with the special choice of learning rate

n= g—%, our Theorem [4f and Theorem [5[lead us to obtain the following optimum convergence rate.

Theorem 1 Consider GD for the deep linear neural networks @) with learning rate n = % Given any

6, € (0,3) and Cy € (1,00), there ewists a constant C := C(e), such that if one of the following two
overparameterization condition holds:

1. Nypin > C - Cq - N with the Gaussian initialization,

2. Nynin > C - Co with the one peak random orthogonal projections and embeddings initialization,

with probability at least 1 — § we have

1—¢

t
Eprn(t) < (1 - ) Eprn(0),t=1,2,---
Remark 3 Consider GD with learning rate n, = %, and initialization W(0) = ayWnx.1(0). The well-

known result on the rate of convergence (@ for GD (@ of the convex optimization problem matches the
rates in Theorem [l

Remark 4 Du & Hu (2019), and |Hu et al.| (2020) already showed that the number of iterations needed to
reach precision € is O (I-i log %) for £y loss. We generalized their results to any strongly convex loss.
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3.2 Trajectory Comparison

Theorem [I] and Remark [3] establish that the rate of convergence to a global optimum for GD to train
a deep linear neural networks is almost the same as the trajectories for GD to train the corresponding
convex optimization problem with high probability, if the width is large enough. Moreover, GD for the
fully-connected deep linear neural networks @ and that for GD have almost the same trajectories.

Let n; = 2"N be an upper bound of learning rate . We can show that the trajectories of GD for deep

linear neural networks @ with learning rate n < n; are close to those of GD H with learning rate n, = %77
for the corresponding convex optimization problem (|1) with high probability, if the width of each hidden
layer is sufficiently large. The precise statement is as follows.

Theorem 2 (Trajectory Comparison) Consider GD for the deep linear neural networks (@ with learning
rate n < my for avnWna(t), t =0,1,---, and GD with learning rate n, = %n for W(t), t =0,1,---.
Given 1,0 € (0,1) and Cy € (1,00), there exists a constant C := C(7,nm/n1) such that if one of the following
three overparameterization conditions holds:

1. Nyin > C - Cy - N with the Gaussian initialization,
2. Nmin > C - Co with the one peak random orthogonal projections and embeddings initialization,

8. Nunin > C - C3 with the special balanced initialization,

then with probability at least 1 — &, we have

lan Wi (t) = W ()% < D(r.q.t) laxn W (0) — W[5, (12a)
Epin(t) - Kﬁ( 2 /Dl D) +DT%)amwam4wi, (12b)
Eprn(t) < 3B(q+ 1) lay Wi (0) — W% . (12¢)

where D(T,¢,t) = min {%_q, 2(q + T)t}, with 0 < g < 1 defined in .

Remark 5 To our knowledge, we are the first who showed that the trajectory of the overparameterized
deep linear neural networks is close to the original convex optimization problem with appropriately rescaled
learning rate.

Corollary 3 Under the setting of Theorem@ if we setn = (az_fﬁ, the following inequality hold with high
probability,

&wwsw( ) W (0) = Wl (13)

We notice that the rate of convergence in , matching , is better than that in Theorem . It is because
if Kk > 1, we can choose T sufficiently small, so that the following inequality holds:

1 LI
(1+ k)2 i K

Roughly speaking, Theorem [I} Theorem [2] Theorem [d] together with Theorem [f] illustrate that the GD for
a convex optimization problem recovers the convex problem itself in terms of optimization, at the cost of
linear convergence only with high probability for random initialization.

Remark 6 In constants C1,Cy, Cs defined in , the term %(X) is not optimal, since our concentration
inequality only depends on the second moment. By using stronger concentration inequalities for our Lemma

Lo .. 2 . rank(X
similar to the proof of proposition 6.5 (Du & Hu, |2019) and Lemma 4.2 (Hu et all |2020), the f)

can be improved to 1 + log(%(x)).

The Cy is proportional to k2, which is slightly better than the constant in|Du & Hul (2019) that is proportional
3

to k*. The Cq is also slightly better than the constant in |Hu et al| (2020), since we do not have the extra
2
term ‘II\);('\‘II;' The tmprovement of the constant is mainly due to introducing the semi-norm ||-|| y.



Published in Transactions on Machine Learning Research (07,/2024)

3.3 Proofs Overview

Now we will give an overview of the proofs for all theorems in the main results. Since Theorem [I]in the main
results are special cases of general theorems with non-optimal learning rate (see Theorem [4|and Theorem ,
we only need to focus on the proofs of the general theorems (see Theorem [2| Theorem [4] Theorem [5] and
Theorem @

We start with the convergence region of deep linear neural networks. Basically, the convergence region is the
set of initialization which lead to the convergence of GD for the deep linear neural networks. The precise
definition can be found in the Definition Lemma [3] and Lemma [f] prove that this convergence region
satisfies the following properties: if the initialization falls into the convergence region, then

(i) GD is guaranteed to converge to a global minimizer of the deep linear neural networks,

(ii) the worst-case rate of convergence of GD for the deep linear neural networks, which is a non-convex
problem, is almost the same as the corresponding convex optimization problem with a corresponding
learning rate, and,

(iii) the trajectories of GD for the deep linear neural networks are arbitrarily close to those for the
corresponding convex optimization problem.

More precisely, Lemma [3| establishes the convergence region for deterministic initialization, and it demon-
strates the first two properties, (i) and (ii). Additionally, in Appendix [E|and Appendix [F| we also proved that
the spectral properties of products of random matrices partially reveal the mystery of overparameterization,
that is, overparameterization by adding width of each hidden layer guarantees that the random initialization
will fall into the convergence region with high probability. These results provide a foundation to establish
the main linear convergence theorem for random initialization (see Theorem and @

On the other hand, Lemma [4] shows that if the initialization falls into the convergence region, the update
rule for the product of weight matrices in GD for deep linear neural networks is more or less that given in
(2). This result can be used to establish both Theorem [2| and Lemma@ which is precisely the property (iii)
of the convergence region for deterministic initialization and non-deterministic initialization, respectively.
It is worth mentioning that property (iii) of the convergence region cannot be directly obtained from the
results of Du & Hul (2019) and Hu et al| (2020), highlighting the contribution of our work in establishing
this property.

4 Convergence Analysis and Trajectory Comparison

4.1 Initialization and Convergence Region

Arora et al.| (2018al) showed that if the initialization is approximately balanced, and the product matrix
Whx.1(0) is very close to a global minimizer, then GD linearly converges to the global minimum for the deep
linear network, without any requirement on the width. However, the convergence region in (Arora et al.|
2018al) is very small, since W.1(0) has to be very close to W,. Later, several papers by [Du & Hu/(2019)), and
Hu et al.| (2020)) successfully proved that GD with Gaussian, or orthogonal initialization linearly converges
to a global minimizer of the overparameterized deep linear neural networks with high probability. They
introduced a technique to analyze trajectories of GD with large widths for any deterministic initialization.

We introduce the following lemma which generalizes the idea from recent work (Du & Hul |2019; [Hu et al.|
2020)), describes the linear convergence result for deep linear networks with deterministic initialization.

Define Alg(x) = AXT(XXT)~X = APx, and view A|g(x) as a linear operator on R(X). For notational
convenience, we denote Wj.;(t) = W;(¢t) --- Wi(t), Ly = LlanWn1(t)), and VL, = VL(an Wy (1)), ete.
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Lemma 3 Assume the initialization satisfies the following conditions simultaneously:

Omaz(Whii+1(0)) < e/2(ny_1.)V/2, 1 <i <N -1,

Omin(Wnii1(0)) > e7¢/2(ny_1,)/?,1 <i < N —1,
Omaz(Wic1:1(0)|r(x)) < e/2(n;_11)Y/2,2 <i < N,
Cmin(Wi—1.1(0)|r(x)) = e72/%(n;_1.1)Y/?,2 <i < N,

(W (0)]| < M/2- Ne(l_[igkgjf1 ng - max{n;_1,n; Y21 <i<j<N,
Lo — L(W,) < 3By =: B,

where c1, ca, M are positive constant and 0 > 0. Note that By is a proper upper bound for ||aNWN;1(0)H_2X +
IW.1%-

Set the learning rate n = %, where 0 < € < 1. Define v = 266:%1\7. Assume that
C(er, e0)M?K2B
Nimin = ( L 2) 0]\'fzenN- (15)

e2

Then GD (@ satisfies
Ly = L(W.) < (1 =)' (Lo — L(W.)), t = 1,2, .

Definition 2 For given c¢1,co, M, By > 0, and 0 > 0, we define the convergence region R(c1,ce,0, M, By)
by the set of initialization that satisfies the inequality system .

Remark 7 Condition describes the convergence region for initialization and the condition de-
scribes the overparameterization for deep linear neural networks. At this time, it is not clear how large this
convergence region is. Later, we will show that the properly scaled random initialization with some extra mild
overparameterization conditions will fall into this convergence region with high probability.

Our convergence region (see in Lemma (3| and Definition [2) originated from Du & Hul (2019), and [Hu
et al|(2020). This convergence region can be view as a neighbourhood of special balanced initialization, if
np =ng = --- =ny_1. Both the Gaussian and orthogonal initializations are approximately balanced.

For the /3 loss, we assume without loss of generality that X is of full rank and L(W,) = 0, due to the
decomposition method in Claim B.1 from Du & Hul (2019). However, when considering the general strongly
convex loss, we have to directly confront the low rank X in our analysis. Thus, the |-||  appears naturally
and helps us to achieve the sharp rate of convergence in our main theorems.

4.2 Dynamic of GD for Overparameterized Deep Linear Neural Networks

We will explain why trajectories of GD for overparameterized deep linear neural networks with approximate
balanced initialization are close to trajectories for convex problems. Although the recent result (Ziyin et al.)
2022) can describe the exact global minimizer for the deep linear network (with a regularization term such
as {2), the evolution of each W; is still hard to track. Instead, we consider the discrete dynamics for product
matrices Wy .1 (¢):

aNWN;l(t + 1) = aNWN;l(t) -n- P(t)[VL(aNWN;l(t)Px)] + CLNE‘(L‘)7

where linear operator

N
POA]l = a3 > Wi 1 (OWi 1 ()(AP) (Wi -1 (D) (x) Wim1a (8= (x),

i=1
for any A € R™"N "o,

Du & Hu| (2019) showed for their linear operator P; that Apaq(Pr) < O(%) MAmaz(XTX) and A\pin(Pr) >
Q(L) - Mnin (XTX). We prove that for our operator P(t)[-] ~ 2T (also see ), where [ is the identity

operjgtor. E(t) is negligible, which leads to the following lemma on discrete dynamics.
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4.3 Trajectory Comparison
We can summarize the above result in the following dynamic comparison lemma.

Lemma 4 Assume that all the assumptions in Lemmal[3 hold. For any T > 0, we can choose new constants
c1,c2 as well as C := C(c1, ) such that the overparameterization assumption (@ mn Lemma@ hold and

IR x < 7llavWha(t) = Wallx (16)

where N
aNWN;l(t + 1) = aNWN;l(t) - EWVL(GNWN:I(t)) + R(t)

Without the R(¢) term, the discrete dynamics is exactly GD for a convex function . To control the
distance between the two trajectories, we introduce the following lemma, which coincided with Theorem 6
in |Hacohen & Weinshall (2022]).

Next, we introduce the following lemma for convergence analysis for a dynamical system V (¢t + 1) = V(¢) —
7. VL(V(t)) + R(t), with V(t) = anWn.1(t),t =0,1,---.
Lemma 5 Consider a discrete dynamical system V (t) such that,
Vit+1)=V({E) —nVLV(t)) + R(t),t >0,
where |R(t)||x < 7|V (t) — Wil x, and 7 € [0,1). If n, <2/, we have
V() = Wallx < (a+ 70" [V(0) = Wall% .
where 0 < g < 1 is defined in (@)

Proof of Lemma 5| Set A(t) =V (t) — W, and 7/ = 7 ||A(t)||x. Notice that
At +1) = Alt) = n(VL(V (1) — VL(W.)) + R(1),
and
1A+ D% <nZ VLV (1)) = VLW % = 20(A(#), VLV (1)) = VL(W.)) x
1AM + @IAMy + 20 [VE(V(®) = VLWL x +7)7"
By inequality in Appendix we have
1A+ D% < IA@IF = 20 (A ), VIV (1)) = VL(W.))x
+ 02 [IVL(V(8) = VW)l + 77 [ A0
=(1+7r) A% = 20- (A1), VL(V (1) = VL(W.)) x
i IVLV (1) = VLW

<+ AW - 215 1AO

+ (a2 = 22 ) IVEW @) - VLV I

.2 2
Case. 1: a8 <M < 3
In this case, we have

IAG+ DI <0+ 70 IAON - 20225 18O + (42 - 2255 ) IVLI0) - TLOVI,

* o +ﬁ
21,
<(1+77) |A®) % = 2n. aafﬁ A% + (nf - Z ﬁ) BIA®

<1+ 77 = B2 — n.B) A%
=(q+77) [A@®)II -

10
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. 2
Case 2: 0 <7, < P
Similarly, we have

A+ D)% < QA+ 77— anu(2 — n.) [A®)5 = (g +T7) |A®)| % -
In both cases, we have |A(t + 1)||X (g+77) ||A(¢ )||§{ . Thus, ||A(t)||§( <(q+77) HA(O)||§< . O

With the help of this lemma, we further obtain the following trajectories comparison lemma, which leads
to the main conclusions of Theorem [2| We will show that the trajectories of GD for deep linear neural
networks @ are close to those of GD for the corresponding convex optimization problem . Now, we
introduce the following technical lemma for trajectory comparison.

Lemma 6 Consider GD for deep linear neural networks with learning rate n < m = 2”” for
anWna(t),t=0,1,---, and GD @) with learning rate n, = %77 for W(t),t =0,1,---

Assume that C(cy,ca) exists in Lemma @for any c1,c2 > 0. For any 7 € (0,1), and n < n1, we can choose
c1,¢2 > 0 and the constant C = C(c1,c2) = C'(7,n/m), such that inequality (16) holds, given initialization
condition , and overparameterization condition

Nmin > CM?Kk2BoN?n . (17)
Then, we have
lax Wy (t) = W (b % < D(r,q,t) \|aNWN.1< )= Wallx (18a)
Epin(t) - E(1)] < B ( /D00 + 2 D(r.a. ) lan W (0) — W% (18h)
Eprn(t) <3B(g+7)" lan W1 (0) — Wal% , (18c)

where D(7,q,t) = mln{ ,2(q+ 1)t }, with q defined in .
The proof of Lemma [6] requires analyzing the dynamical system
Alt+1) = A@) = . (VL(V (1) = VLW (1)) + R(t),t > 0,

with A(t) = V(t) — W(¢) and V(¢) = anWn.1(t). The analysis is essentially the same as the proof of
Lemma [l

4.4 Random Initialization Fall into the Convergence Region

In Appendices [E] and [F] we establish that when the width of each hidden layer is sufficiently large, both
Gaussian and one peak random orthogonal projections and embeddings initializations will fall into the
convergence region, as defined in Definition [2l Moreover, our analysis treats the balanced initialization as a
specific instance of orthogonal initialization.

To analyze the product of Gaussian random matrices, it only requires analyzing the concentration inequality

(Lemma |1_[) for the product of the Xn distribution random variables, which has already been considered in
Du & Hul (2019). To analyze the product of one peak random orthogonal projections and embeddings, it
only requires analyzing the concentration inequality (Lemma for the product of the beta distribution,
which has not been considered in [Hu et al.| (2020).

Given this foundation, and when combined with Lemma [3] and Lemma [6] we can corroborate Theorems

2 @ and [

4.5 Navigating Away from Bad Saddles

A critical point 2* of f is a bad saddle if A\, (V2 f(2*)) = 0. [Kawaguchil (2016) showed that the deep linear
network has bad saddles, thus in general vanishing Hessian can hinder optimization. Now, we are going to
explain why do bad saddles not affect GD for overparameterized deep linear neural networks.

11
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Theorem 2.3 in |[Kawaguchi| (2016|) showed that all bad saddles satisfy that Wy_1.5 is a non-full rank ma-
trix. Thus, to show that trajectories of GD are away from bad saddle points, it suffices to show that
inf; 0pin(Wy_1.2(t)) > 0. In literature, there are two main ways to avoid bad saddles for GD to train the
deep linear network.

On the one hand, under the setting in |Arora et al. (2018b)), it has been showed that if the approximate
balanced initialization satisfies |[Wn.1(0) — Wi|lp < Omin(Wi) — ¢, for some 0 < ¢ < 0pmin(Wy), then
Omin(Wn.1(t)) > ¢ through the training as well as |[W1 ()] < (4||[W.||)YY, and [|[Wa ()] < (4||We]| )YV,
Thus,

> Umzn(WNl(t)> > c

W @OHWN @O~ (4w )N

Jmin(WN71:2(t))

On the other hand, if we assume our rescaled and overparameterized weight initialization falls into the
convergence region ([I4), we can show that (see B(t) in the proof of Lemma [3)

Omin(Wh2(t)) Umm(WNl:l(t))}
Umaz(WN(t)) ’ Umam(Wl(t))

Tmin(Wn—1:2(t)) > max{

W1, ey _ e . .
Mte) > em T max{ o, M=) > o712 > (. For the overparameterized deep linear

Thus, O-m’bn( (nN—l:Q)

network, GD initialized in the convergence region will force the trajectories away from all bad saddles.
Numerical Experiments: In Appendix [G] we will discuss some empirical evidence to support the main
results shown in Section [3] The figures compare the trajectories of the logarithm of loss for gradient descent
in deep linear networks and the corresponding convex optimization problem. The numerical experiments
demonstrate that increasing the minimal width of the hidden layers in deep linear networks leads to opti-
mization trajectories that closely resemble those of the corresponding convex problem, irrespective of the
initialization scheme. This suggests that sufficient network width stabilizes the optimization process, sup-
porting the main theoretical results presented in the paper.

5 Conclusion

In this paper, we present a comprehensive convergence analysis and trajectory comparison of the gradient
descent method for overparameterized deep linear neural networks with different random initializations.

A key contribution of our work is the trajectory comparison between gradient descent for deep linear neural
networks and the corresponding convex optimization problem. We showed that, with appropriate initial-
ization and sufficient width of the hidden layers, the trajectories of gradient descent for deep linear neural
networks closely match those of the convex optimization problem, regardless of the depth of the network.
This finding provides valuable insights into the optimization dynamics of deep linear networks and their
relation to their convex counterparts.

The convergence analysis and trajectory comparison presented in this paper contribute to the growing body
of work on understanding the optimization landscape and dynamics of deep neural networks. Our findings on
the efficiency of gradient descent in the overparameterized regime and the role of initialization in shaping the
optimization trajectories provide valuable insights that can potentially extend to more general deep neural
network architectures.

Future research directions include exploring the generalization of our findings to nonlinear deep neural net-
works and investigating the impact of different optimization algorithms and regularization techniques on
the convergence and trajectory properties of deep networks. Furthermore, our work motivates the develop-
ment of theoretical frameworks that can provide a more comprehensive understanding of the optimization
dynamics of deep neural networks.
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A Proofs of Basic Properties of Semi-norm
Lemma 7 The loss function L(W') defined in satisfies the following properties: for any W,V € R"v*"=

1. L(W) = L(WPy),

VL(W) = VL(WPx)Px,

(VLOW), V)p = (TLOW), V),

IVLOV) = VLAVl

Wl x =W if and only if X is full row rank.

S G

If L(W) is a-strongly convex (o > 0) with respect to the semi-norm |-|| i, then W, Px is unique,
that is, if W' is another global minimizer of L(W), then W,.Px = W'Px.

14
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Proof of Lemma [7| The first property is a direct consequence of the definition of the projection matrix
Px.

Notice that 1 1
Z(L(W +eAW) = L(W)) = —(L(W Px + eAW Px) — L(W Px)).
By letting € — 0, the definition of the directional derivative implies
(VLW),AW)r = (VL(WPx), AWPx)p = (VL(WPx)Px, AW)p, VAW € R"*"=
since Px = PL. This completes the proof of the second property.

The third property is obtained based on the fact that the orthogonal projection matrix satisfies Py = PL =
P%, since

(VL(W),V)r =(VL(WPx)Px,V)r
=(VL(WPx)P%,VPx)r = (VL(WPx)Px,V)x = (VL(W),V)x.

Set V = VL(W). Then the fourth property is implied by the third property.

For the fifth property, first recall that [|[W||y = |[W Px|| and Px = X(XTX)TXT. X is of full row rank if
and only if Px is identity matrix, which completes the proof.

To prove the last property, let W’ be another global minimizer of L(W).

Since L(W) is strongly convex, we have

L(W') = L(W.) > LOW") + (VLOW'), We = W) + 5 W = Wil (19)

Because L(W,) = L(W'), we can show that
(VLW + (1 = t)W'),W, = W' = 0. (20)
Applying property 3 and setting t = 0 in 7 inequality implies [|[W' — W,y = 0.
By the definition of semi-norm ||-|| y, we obtain that
IW'Px = WoPx|p = [W' = Wil x =0,
which implies that W’ Px = W, Px for any global minimizer W’. Thus, W, Px is unique.
]

Proof of Lemma Because X is not full row rank, we know that I — Py # 0. There exists W such that
W (I — Px) # 0. Applying the first property in Lemma [7, we have

1 1 1 1 1 1
L(5W + 5WPy) = L((;W + g WPx)Px) = L(WPx) = S L(W) + 5 L(WPx),

provided W # W Px.

Hence, L is not strictly convex, which implies L is not strongly convex.

To prove the second property, it suffices to show that g(W) = L(W) — W ||WH§( is convex. It is
obvious that

o) = %) — S, — g+ %(HWX =Y = Amin (X7 X) [WI3). (21)
=1

L(w) — % > ||Wx1,yl||?D is convex, since (-, y;) is strongly convex. The Hessian of |[WX — Y||% -

Amin(WTW) ||WPXH; has no negative eigenvalue, thus the second term in is also convex. This com-
pletes the proof. O
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Proof of Lemma Set r = rank(X), and uq,- - ,u, be an orthonormal basis of the column space of X.
Then, Px =Y /_, u;ul.
Notice that

lanWna 0I5 = lanWna (0)Px [ = Y lan W (0)uills -
i=1

By assumption, we have

E anWna ()% =E D llanWia (0)uillz = r-

i=1

The Markov inequality implies

2r 1)
P(||anWa1 (0)])3 > f) <5

Therefore, we can bound the initial loss value as
Lo — L(W,) <(VL(W,),anWn.1(0)X — W,) + g lanWn.1(0) — W*||§(

B
= 5 llax Wi (0) — W%

< B(lan Wi (0% + IWall%)
2r
< B+ W),

with probability at least 1 — /2. O

B The Exact Statements of the Main Theorems

Other than the quantities in , we define

1
Ci=n IiQBgi,
TN g —m2/mg
(C5 = TI,NIQQB(;L + In N (22)
(no —n)?/m3 ’
Ce = anizB(;L + CoIn(N)
(mo —m)%/ng -

where 79 = efﬁ% with ¢ > 0. Recall that n; = 2137/1}'

Theorem 4 Given any ¢ > 0, and 0 < § < 1/2, define g = 62?7]1\}’5, and consider the learning rate n < ng.
There exists a constant C := C(c), such that if

Nmin Z c- (C5 : Na (23)

then with probability at least 1 — & over the random Gaussian initialization, we have

. ( 20— >>
DLN(t) <l|1l1—4e “"—-" gDLN(O)-

K

Theorem 5 Given any ¢ >0, and 0 < § < 1/2, define g = 62?7[31\;\,, and consider the learning rate n < ng.
There exists a constant C := C(c), such that if

Nmin > C - Cs, (24)
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then with probability at least 1 — & over the random one peak projections and embeddings initialization, we
have

21— 2)\'
gDLN(t) < (1 460770l€770> 5DLN(O)~
Specially, if ny =ng =+ =ny_1 =n > min{ny,ng}, then the requirement can be replaced by
n>C-Cy. (25)
Remark 8 Assume L(ayWyx ---W7) = % lanWyn - W1 X — YH?,, and ny = --- =ny_1 = n. Then for

Gaussian initialization, our Theorem leads to Theorem 4.1 in|Du & Hu (2019). Similarly, for orthogonal
initialization, our Theorem@ leads to Theorem 4.1 in|Hu et al| (2020).

Next, we present a version of the theorem related to balanced initialization.

Theorem 6 Assume ny = --- =ny_1 =n. Given any ¢ > 0, and 0 < § < 1/2, define ny = 6222%, and
consider the learning rate n < ng. There exists a constant C := C(c), such that as long as

n>C-Cy. (26)

then with probability at least 1 — § over special balanced initial, we have

Z(-2)

t
gDLN(t) S <1 —4e™¢ 1o ) EDLN(O)-

K

C Inequalities in Convex Optimization

Convex optimization has been studied for about a century. Recall the definitions and basic inequalities for
a—strongly convex and S—Lipschitz functions.

Definition 3 A continues differentiable function f is said to be B— Lipschitz if the gradient Vf is p—
Lipschitz, that is if for all z,y,

IVi(y) = Vi@ <Blly— =,

f s said to be a—strongly convex if for all x,y, we have
!
F) = f@) +(VF@).y —2) + 5y — =

Proposition 1 If f is a—strongly convex and V f is f— Lipschitz with respect to a (semi-)norm, then o < (8
and

(VF(@)y )+ 2 lly— 2l < F6) — £(@) < (V7 @)y — o)+ 5y — o, (27)
(V4@) = VIWha —3) = =2 o=yl + — [94) = VI, (28)
IV4) = VI 2 alle =yl (29)
(@) = 1) < (Vf{a).z =9} - 55 IV F@) = VI (30)

Proof of Proposition We only proof the last inequality.
Let z=y — %(Vf(y) — Vf(x)). Since f is convex f—Lipschitz, we have

f(z) = flx) 2(Vf(2),z — )
and

1) = ) < (V)2 — ) + 5 12—l

17



Published in Transactions on Machine Learning Research (07,/2024)

Thus,
f@) = fly) =f(x) = f(2) + f(z) = f(y)

(V@) 2) + (VT = — )+ D)l — P

—(Vf(x),x—y) — %nw(x) VW)

Before we start to prove Lemma [3] let us first include and prove the following result.

Lemma 8 1. Assume L is a—strongly convex, o > 0. Denote a global minimizer of L by W,. Then for
any W,

L(OW.) — L(W) >~ VL)% (31)

2. Assume VL is f—Lipschitz, then

L(W,) - L(W) < —% VL)% (32)

Proof of Lemma 1. First, we know that VL(W,) = 0. L is a—strongly convex, which implies the
inequality holds. Thus

L(V) = L(W) = (VLW),V = W)x + S IV = W[k =: (V).

Minimizing both sides in terms of V' gives (31)).

Now we focus on minimizing g(V). Since g(V') € C! and the global minimizer exits, we have
Vg(V*)=VL(W)Px +a(V* —W)Px =0,
where V* is a global minimizer for g(V'). Thus,

o(V) = 5 IVE)

2. Applying proposition [1| to a S—Lipschitz function VL, we obtain

L(W,) — L(W)

S(VL(W.), W — W)y — % IVLOW) = VLW %

=35 IVLW)llx -

D Proofs Related to Convergence Region

Proof of Lemma To prove Lemma |3 it suffices to show that the following three properties hold A(%),
B(t), and C(¢) for all t = 0,1,---.

1. A(t):
Ly — L(W.) < (1—ny)" (Lo — L(W.)).
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2. B(t):
Umaa:(WN:i—i-l(t)) < ecl(nN 1: Z)l/Q 1<i<N-—-1,
Omin(Whiis1(t)) > e~ (ny_1,)/%, 1 <i < N —1,
Umaz(Wz 1: 1( )|R(X ) l(ni71:1)1/272 S 1 S Nu
0mzn( —1:1 ( )| ) Cz(ni—1:1)1/272 S ) S N7
Wit )H M- Ne( . Hi_1§k§jnk)1/2a1<i§j<N-

MNmin

3. C(t): P
Ny

Using simultaneous induction, the proof of Lemma [3]is divided into the following 3 claims.

[Wi(t) — Wi(0)[| < = R,1<i<N.

Claim 1 A(0),---,A(t),B(0),--- ,B(t) = C(t+1).
Claim 2 C(t) = B(t), if nmin > %QMN%TLN, where C(c1,¢2) s a positive constant only depend

on c1,Ca.

Claim 3 A(t),B(t) = A(t+1), if nmin > C(c1,ca)M2ByN*ny, where C(c1,c2) is a positive constant
only depend on c1,cs.

Proof of Claim As a consequence of Lemma |8 and Lemma [7} and A(s), s < ¢, we have
IVL(an Wi ()|l = VLo = VLW Px)[l
<2f[Ls — L(W.)] (33)
<2B(1-ny)° B.
From A(0),---,A(t), B(0),---,B(t), we have for any 0 < s <,

oL
@] < v W GIIT LG W [Wecsa Gl
i F
6261
< N IVL(anWn:1(s))ll 5 (34)
6261 B
< N 28(1—ny)" B.
Then,
t
Wit +1) = Wi(0)]| p < D [Wils + 1) = Wi(s) ||
s=0
t
oL
= Moo (8)
g ow; F
t
26 9/2
*O
t
28B n7/2)°
0
201
< 2e“1,\/26B R
VIUNTY
This proves C(t + 1). O
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Proof of Claim @ Let §; = W;(t) — W;(0),1 < ¢ < N. Using C(t), we have ||| < R,1 <i < N. Set
g1 = e~/ 2min{e’t — e%1/2 e72/2 — 72 1/2}.
It is suffices to show that

Wi (t) = Wi (0)]| < /ey (ny_1nn_1 - -ni—1)/%, 1 <i <N, (35)
(Wi () = Wi (0)|lrx) || < €/ %e1(nang -+ ni—1)/?,1 < i < N, (36)
and
1/2
1
[Wjei(t) = Wi (0) < M/2-N° [ — [ n« ,1<i<j<N, (37)
min i lp<;

because min(A + B) > 0min(A) — 0maz(B) = 0min(A) — ||B]] and omaz(A + B) < 0maz(A) + Omaz(B) =
[IA] + || Bl (e.g. see Theorem 1.3 in [Chafa1 et al.| (2009))).

Case 1. We first prove .

For 1 <i < j < N, we can write Wj;i(t) = (WJ(O) + (Sj) cee (Wl(O) + (Sl)

Expanding the above product, each term has the form:

Wi (ko1 1)(0) - Ok, Wene, —1):(kay+1)(0) + Ok y ==+ 0k, - Winy —1).4(0), (38)

where ¢ <k < --- < kg < j are positions at which perturbation terms Jx, are taken out.
Notice that the convergence region assumptions implies that for any 1 <i < j < N,

1/2

|W,.(0)|| < M/2- N° H ng - max{n,_1,n;} <M-N? <
i<k<j—1

1/2

H¢—1§k§j ”k>

Nmin

(39)

WLOG, assume M > 1. If i = j 4+ 1, then
W5 ()] = 111 < M - N°(nj /nimin) /2.

Assume i > 1,j < N, applying inequality as well as the following inequality

j—i+1 . .
2 (J"“)xszumj—i“—ls<1+x>N—1»Vw207

s
s=1
we obtain that
[Wj.i(t) — W;. (0]l
T i
_ s s _s/2
< Zl ( s )R (M - N 20,y rmin) 2
<M - Ne(”z‘—l . 'nj/nmin)1/2[(1 +R-M- Ne/vnmin)N - 1]
<e1M - Ne(nifl .- 'nj/nmin)1/2~

The last line holds due to the following reasons:
there exists absolute constant A1, A > 0 such that

(1 —|—:1:)N — 1< AsxN,

ifz>0, N>1,and N < A;. Since there exists positive constant C(c, ¢2), which only depends on ¢y, ¢,
such that when
C(Cl, CQ)M2I{2BQ

2

>

Nomin 2

N¥ny (40)

we can have
R-M - Nl < Ay,
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as well as
[(1+R-M-N°/\/nmin)N =11 < As- M- R- N )\ frrin < €1 = 1(c1, c2).

Case 2. The proof of is similar. Set j = N, we can save the factor M - N? from previous calculation,
which means

Wi (t) = Wi (0)]
N—i+1 .
S€C1/2 Z (N 787/ =+ 1) RS(M . N0)5n78/2(ni_1 . nN—l)l/Q

min
s=1

<e2(niy - -nn-1)"2[(1+R- M- N/ /riin)™ —1]
<e2ei(ni—1 - ny-1)?i > 2,

where the last line is implied by equation .
Case 3. Similarly, we have

[Wja (D) =(x) = Wi (0)lrex) |
J

<e/2y (Q RE(M - N°)*n, 3% (ny -+ nj) /2

s=1
<2 (ny )21+ R M- N/ i) — 1]
<ePei(ny--omy)' % j <N -1

This proves B(t).

O
Proof of Claim The GD @ implies
WN:l(t + ]-)
oLY LN oL
=(Wn({t) — (¢ Wn_1(t) — t)) - | Wi(t) — t
(W0 = g ®) (Warea0 = g —0)) - (W0 = 0 )
N
=Wna(t) = n-an Y Wit (OWR 1 (O VI(an Wi () (Wis1a ()T (Wi1a () + E(1),
i=1
where E(t) contains all high-order terms (those with n? or higher). Define a linear operator
N
POA]l = a3 > Wi 1 (OWs 1 ()(AP) (Wi 11 ()| (x) T Wim1a (B) = (x), (41)
i=1
for any A € R"~N*"o,
Now we have
anWna(t+1)=anWn.a(t) —n- P(t)[VL(anWn.1(t)Px)] + an E(t). (42)

Easy to check that P(¢)[-] is a sum of positive semidefinite linear operator.

The following proposition describes the eigenvalues of the linear operator P(t)[-].

Proposition 2 Let Sy, Sy be symmetric matrices. Suppose S; = UAMUT, Sy = VA VT, where U =
[ur,ug, -+ ,um], and V. = [vi,v9, -+ ,v,] are othogonal matrices, and Ay = diag(A1, e, -, A\n) and
Ay = diag(p, o, -+, pn) are diagonal matrices. Then the linear operator L(A) := S1ASy is orthogo-

nally diagonalizable, and L(A;;) = XipjAi;, where Aip; represent all eigenvalues corresponding to their
eigenvectors A;j = uiva.
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Applying this proposition and the assumption B(t), we obtain the upper bound and lower bound for the
maximum and minimum eigenvalues of positive definite operator P(t), respectively,

N
Tz Wic11 (DR (x)) - e (Wi () < —€*,

)‘mafc(P(t)) < a?\/
ny

“-

=1

and

N
Toin(Wic1a (DR (x)) - Tomin (Waiga () > —e 72,

Amin (P () > a¥
nn

“-

i=1

In conclusion, we have

Anaz (P()) < ﬂe%l,and Amin(P(t)) > ELE (43)
nn nn

With learning rate n = 7. = ﬁ%, 0 < e <1, we have

Lici — Lt
< (VLo ~nP(OIVLDx + (VLo anBW)x + 2 InPOIVL] — an B
= (VL POV L) + S |POIV LI + ()
<~ (i (PO) = §1PNa (PO ) IV + F (0

N N
2 2, <1 _ gleit2e 677> ||thH§( —+ F(t),
ny 2 nn

where

F(t) = (VLo ax (W) x + 5 nPOIVL] — ax BOI ~ S IPOIVL

We claim that F(¢) is small enough, such that

Lig1— Ly
N N
< _672@%,{] <1 _ 6461+2C2§77m\’> ||VLt||§( + F(t)
N N 44
<o dly (1o ol XY por g ()
ny 2 'ny
2¢(1 —
— —6_6(01"—02)% ||VLtH§( .

Assuming this claim for the moment, we complete the proof. Combining and , we have

Lipi — Ly < _e_s(cﬁcz)% ||th||§(7
L(W.) = L > =3 VLI ,

which implies

Lisi — L(W,) < <1 _ 66(c1+02)4€(1ﬁ_5)> (Ly — L(W,,)),

that is

Ly — L(W,) < (1 — e—6<01+02>4g(1_5>>t (Lo — L(W,)) = (1 — )" (Lo — L(W,)).

K
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Estimate F(t)
Notice that

()
B
<Ll lax BOllx + & @A (PO) VLl lan E@)lx + lanE@))
=11+ I>.
From , we have
OL il < VL an W (D)l = o [V Lan W ()] = K
an - =~ \/TTN NVVN:1 F— m NVVN:1 X —- .
Expanding the product
oLN LN oLN
Wavalt+1) = (W) 0] (Wavma (0 = n— ) -+ (W0 - 550

each term has the form:

oL oL oL
A =Wni(r,+1)(t) 'nm(t) Wik —1):(ks_141) () -nGWk (t)-- .an (t) - Wi, —1ya (1),

where 1 <k <ky<---<ks <N.

As a direct consequence of inequality B(t) and inequality (39]), we obtain
1 261 (1 ) (M.N0>s—1
€ )
anyin . Tmin

Recall that E(t) contains all high-order terms (those with 1? or higher) in the expansion of the product.
Thus, E(t) can be expressed as follows:

[Allx = IAPx][p <

N

oL oL oL

) ) Wi+ 1) () * D= () - Wik, —1): (ko 41) () - 10 () e (t) - Wi, —1):1 (£)-
oW, oW, W,

$=2 1<ky<kp<--<hs<N ks ka1 ka1

Set 5 — min{(ef2cz _ 67302)/64cl+1, %(6661 _ 6461)/66c1+17 %(6601 _ 6461)1/2/€4cl+1, 1}

Recall the inequality <JZ) < (eN)*. Thus, we have

on 1B x
<=3 (oo ()

1 /m-NN\T T M- NO\°
o= (T) e e (V=)
VNN vV Nmin 5—2 vV Nmin

<71 e (neKN) nek M - N9+1/\/ Nmin
— NN 1—neKM - N1/ /nin

Sg%n AV L (ax Wiva (8) ] (if neKM - NO1/ i < €/(1+ €))

—¢ . etatl (né\]> IVL(an Wi ()l x -
N

Using and the upper bound of 7, we know that there exists constant C(cq, ¢3), such that

Ninin = O(Cla CZ)M2 : BON20nN7
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and
. pl42c ]
neKM_N9+1/ ﬁnmin < 2\/§M e vV BoNY\/nn _ 1 < § < i
\/Mmin O/(Cl,CQ) 2 1 +£
Using , we have
N o e N
B ettt (52 VLI < 2 o) (02 ) VL
ny nn
and
I
6 . NQ o N2
<5 (26T (P JIVE + €8 2 (i ) [V Lk
UsY ny
L B o N? 2
<(efr — et )5772% VL[ -
Thus, (44) valid.
This proves A(t).
a
Proof of Lemma Due to , , , , and lemma we have
N
1ROl =axE) 40 ( 291~ POIvL))|
nn X
N N
< ||aNE(t)||X +nmax § Amaz(P(t) — —, —— = Anin (P()) HVLt”X
nnN nn

N
<(C"- ¢ +max{e® —1,1—e 2} on [V Ll

§2 Qﬁ(Lt - L(W*)) . (C/ . f + max{€2c1 _ 1, 1— 6_202}).

ebc1+3c2 . I@

Due to the fact that L; — L(W,) is non-increasing in ¢, and C’ is a constant only depend on ¢;, ¢y, we can
choose small enough positive ¢y, cy and &, which depends on 7, such that

28(Ly — L(W,))

RO x <7 E

< 7llanWhnaa(t) — Wil x -
O

Proof of Lemma |§| Using Lemma [ we obtain that for any 7 € (0,1) and n < 7y, we can find small
enough positive constant ¢y, ¢a, which are only depend on 7,7/, and constant C = C(cy,¢c2) = C"(7,n/m1)

mentioned in Lemma [4] such that
~ (1—¢)2ny
- €6C1 +3ca ﬁN’
where 0 < € < 1, as well as
Vit+1)=V(t) —n.VL(V(t)) + R(t),
where V(1) = ax Wi (1), 1 = 2, and [R(t)|x <7 =7V (t) = Wa|.

2n N

Notice that 6y := n/m = 73 and n/ny = 1 — €, where 19 = TSN -
For the right hand side of inequality , we have

Cle1,e2)M?Kk2By | 9 C"(,m/n1)M?*k?By
N nnN =

N2GTLN
g2 g2
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To show that inequality is equivalent to inequality , it suffices to show that ¢ only depend on 7,7/7;.

Notice that
6¢c1+3ca

e=1-n/n=1-"bpe
and ¢, ¢ only depend on 7 and n/n;, which implies € only depend on 7,1/7;.
Now, we start to prove the three inequalities in .
Recall GD (2 for W(t). Define A(t) = V(t) — W(t) = ayWn.1(t) — W(t). Notice that
At +1) = A(t) — n(VL(V(t)) — VL(W(t))) + R(t),
and
1A+ D%
< [IVL(V (1)) = VI(W (D)5 = 2. (A1), VL(V (1)) = VLW (1)) x
+ADIK + CIA®)Ix + 20 VLV () = VLW (1) + )7’
Let Iy = 2[[A®0) || x + 2n. [[VL(V(t)) = VLW (1)) ]| x + 7'
Now, we aim to find an upper bound for I;.

Applying lemma [§| with the assumption 0 < 7, = —77 < ﬂ’ we know that
e < (6AM)x +7) < 7AW () = Wallx + V() — Willx)- (46)
Thus

L' STV () = Wl x (IVE) = Wallx + W (E) = Wallx) = Upr.

By inequality ,

1A+ D)%

<[IA®)I5 = 20.(A(t), VLV (1)) = VLW (t))) x
+n2 VLV (1) = VLW ()% + Usr

= AW®)5 — 20V (£) = W(t), VL(V () — VLW (1)) x
+02 VLV (1) = VLW (1) |5 + Uer

<IA®I - 2.2 a0l

n <nf 2 ) IVLOV (1)) — VLW ()% + Usr.

a+p
Case 1: a+/3 <My < ﬁ
In this case, we have
1A+ D%
<A@ *2?7*LBIIA(75)||2 + (- 2. IVL(V(t)) = VLW (&) + Uit
= X a+f X Toa+p *

274
<A@l -2 O + (2 - 225 ) IAWIE + Uer

<(1 =B (2= n.B) |AW5 + Uer
=:qlA@®% + Ui

25



Published in Transactions on Machine Learning Research (07,/2024)

Case 2: 0 <7, <
Similarly, we have

_2
a+p”

1A+ D% < (1 - ane(2 = na)) [AG)x + Usr = ¢ | AR + Uir. (47)

In both cases, we have 0 < ¢ < 1.
First of all, since U; < Uy and ||A(0)|| = 0, we obtain that

Upt
lA®I% < 2

U, U,
iy (||A<o>2 ) < bor

147 2
< — .
< 72 < L V() - W

Applying Lemma |5 for V(t) and W (t), we obtain ||[V(t)— W.|% < (1 + e)ig"|V(0) — W.|% and
W (t) = Wa|3% < q' |[W(0) — W,|%, respectively. Thus,
IL(W(t)) = L(an W ()|
B
<YL (1), AW) x| + 5 1AW

<BIW ()~ Wl - 1AW + 2 1A0I

147 T
<B( q'/? — W, .
<o (a2 75+ ) IO - W

Generally speaking, implies

t—1
IAD % <7 ¢ ;.
j=0
We have
t—1 ) ]
A5 < 147> (g + 77 g1 |V (0) — ek
j=0
<20q+77) (1= (—%=)") V(0) = Wi
- q+ 7T X

Thus, we have
lan W1 (t) — W(t)||§{ < min {ﬁiTq, 2(q+ 7T)t} IV (0) — W*||§< ,
as well as
|L(W(t)) — LlanWn1(t))|
<BIW(E) ~ Wl A0 x + 5 1801

14 1 14
<8 <\/min {17-(172(q + 77‘)75} g2+ 3 min {17—(],2((] + 77‘)t}> IV (0) — W*H?X .

By triangle inequality as well as L(W (t)) — L(W,) < gqt IV (0) — W*||§(, we have

|L(ax Wi (t) — L(W.)| < 38(g + 7)1 [V (0) — W% -

Without loss of generality, we replace all 147 and 77 by 7, which completes the proof. O
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E Gaussian Initialization Fall into the Convergence Region

In this section, we first establish some spectral properties of the products of random Gaussian matrices. The
spectral properties lead to the conclusion that overparameterization guarantees that the random initializa-
tion will fall into the convergence region with high probability. Denote by N(0,1) the standard Gaussian
distribution, and x? the chi square distribution with k degrees of freedom. Let S¢=1 = {z € R ||z, = 1}
be the unit sphere in R

The S(?aling facto? an = \/ﬁ ensures that the networks at initialization preserves the norm of every
Input in expectation.

Lemma 9 For any x € R™, the Gaussian initialization satisfies
2 2
E [lanWna(0)zllz| = (|23

Proof of Lemma |§| For random matrix A € R™*™-1 with i.i.d N(0,1) entries and any vector 0 # v €
2
R"™i-1, the distribution of Il Avllz

o113

8 Xn2- We rewrite

[Wixa (023 / |12]|5 = ZnZn—1 - Z1,

where Z; = |[Wit (0)a|* / [Wi—1.1(0)[|”.

Then we know that the distribution of random variable Z; ~ x2 ,» and conditional distribution of random
variables Z;|(Zy1,--+,Zi—1) ~ xa,(1 < i < N). Thus, Zy,--- , Zy, are independent. By law of iterated
expectations, we have

N
E(|Wn(0)z]l5/ l|z]5] = H n;.

O
Define Ay = Z;V:_ll 1/n;. Now, we introduce a new notation 2 (A%), which means that there exists k > 0,
such that (Ail) > Ail.
Lemma 10 Consider real random matriz A; € R"*™i-1 1 < j < q with i.i.d N(0, 1) entries and any vector
0#xeR™M.
Define A1(q) = ?:1 % and Nuin = mini<;j<qn;. Then
2 2 ¢
P(|AgAq—1--- Arz|)5 / [|z]|5 > €ni---ng) < exp {—} =: f1(c),¥e > 0. (48)
8A1(q)
When 0 < ¢ < 3In2, A1(q) <¢/(121n2), we have
2
2 2 —c ¢ )
P1A g+ Arall ol < o+ < exp { = gt = falo (19)

1
Hence, for any x € S™ 1 with probability at least 1 — efQ(Aﬂq)), we have

e~/ 2(ny - ng)V? < Ay Arzly < e/ (ng - omg) 2

)

when 0 < ca <3In2, Ay(q) < c¢z/(121n2).

Proof of Lemma For random matrix A; € R™*™-1 with i.i.d N(0,1) entries and any vector 0 # v €
lAiv]l3
[

R™~1_ the random variable is distributed as x%i. We rewrite

2 2
1Ay A2 ) |22 = ZyZyer - 21,
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where Z; = |Apz|? /| Ai1az])®. We have Zy ~ X2, Zi|(Z1, -+, Zio1) ~ x2.(1 < i < q).

Recall the moments of Z ~ x2:

2T (T + A
Bz = 2EE TN oy m
I'(3) 2
Now, we aim to find the Chernoff type bound.
Case 1: We define ratio of Gamma function
T A
R(z,\) = et 000
I'(x)

In |Jameson| (2013, we have

R(z,\) < z(z + N1 <(z+ MM A > 0,2 > 0.

Fixed ¢ > 0, for any A > 0 we have

P(Zy--Z1 > e“ny---ng) <P(Z, Z1)* > er(ng - nq))‘)
< e (ny - ng) E(Zg - Z0)Y

(Markov inequality)

q
= exp{—Ac+In(ny---ngy))} H 2 R(n;/2,)\) (Law of total expectation)

J=1

q
< exp{—Ac+1In(n;---n,)) + g ln2 + Z Aln(% + A)}(Inequality (50))

Jj=1

! 22
= exp{—Ac+ /\Zln(l + ;)}

j=1 J

q
< exp{—Ac+ 2)\2 g i}
ey

j=1"

Define constant A;(q) = 37, L. Set A = 1AL () We obtain .

j:l nj

Case 2: Let Nmin = minlSqu nj.

P(Z,---Zh<e “ny---ng) <P((Z;--- Z1)>‘ > e_’\c(nl e nq)’\)

q
<exp{Alc—In(ny---ng)) +gAln2 + Zln R(%, A}

j=1

Define
q
nj Nmin
FO) =Ae—In(ny---ny)) + gAIn2 + ;lnR(?J,)\), ——5r <A<
Notice that f(0) = 0. Define digamma function,
d I(x)
= —1In(T = .
vle) = £ (@) = 7

Qi et al| (2006) proved the following sharp inequality of digamma function,

1

1 1
In(z+ =) — —< P(z) <ln(z+e ) — T > 0,

2
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where v is the Euler-Mascheroni constant, and e~ ~ 0.561459.
Thus,

, Z n; n; Z Ar1/2, & 1
£ :c+; [~ () + )] = c+;1n(1+w)—;7nj/2ﬂ.
Since In(1 4 x) is concave, we have

In(1+z) > 2In(2)x,z € [-1/2,0].

If—%g)\go,then
0

A\ = — "(z)d

F) = £(0) Af(x)x

A q
z+1/2 1
<eA E In(1 —E — | d

j=1
= A1+ )+ /2121 4 ) — A= a1+ )
< c)\+g()\ —1)In(1 + nj/2)

< e +4In(2)AN — 1A (g).

Assume 0 < ¢ < 3In2. Let A =12In2, and \* = —m. Since NminA1(g) > 1, we have \* > —npin /4.
Assume Aq(q) < ¢/(121n2).

Thus ) ) ) )
. c c Aq(q 1 ) c
M) <——  yqme—S I
J) = AA4(q) AA1(q) ( c A) — 36In(2)A1(q)
Thus, we obtain . O

Lemma 11 There exists a positive constant C(c1,c2) which only depends on ci,ca, such that if nyA; <

C(c1,c2), then for any fixzed 1 < i < N, with probability at least 1 — exp {fQ <i)} we have

Urnax(WN:i(O)) S e (ni—lni e nN—1)1/27

and
Omin(Wai(0)) > e (n;_yn;---ny_1)"%

Proof of Lemma Let A=W (0). We know that

O'maac(A) = ||A|| = Ssup HAU”2

veSnN 1
and

Omin(A) = inf | Av],.

vES™N ~
Applying lemma , we know that with probability at least 1 — exp {fQ (A%) },

1Avlly / [[vlly € [e7°2/2P, /2P,

where P = (n;_1---nyx_1)"2.

Set ¢ = min{1—e~¢1/2 (e7¢2/2 —¢=2)/(e~2/2 e1)}. Take a ¢-net N, for S™~~1 with size [Ny| < (3/4)™~.
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Notice that with this size we can actually cover the unit ball, not only the unit sphere.
Thus, with probability at least 1 — [Nj|exp {—Q (ﬁ) }, for all u € NV, simultaneously we have

1Aully / [[ull, € [e=*/2P,et/2P].

Fixed v € S"~ 1, there exists u € N} such that [|u —v||, < ¢. WLOG, we assume 1 — ¢ < [Jull, < 1. We
obtain
14vlly < [[Aully + [[A(u = v)lly < e/2P + ¢ || Al

Taking supereme over [[v||, = 1, we obtain

01/2

Tmar(4) = A € {5 P < P

For the lower bound, we have
[Av]ly > || Aully = [ A(w = v)lly > e /2P |[ull - ¢ || A]l > [(1 —¢)e”#/? — et | P> e P,
Taking the infimum over ||v, =1, we get
Omin(A) > e 2 P.

The conclusions hold with probability at least

ienfa(4)

>1 — exp{ny In(3/)} exp {Q (1) }

>1 —exp{—Q (11)}

since ny A1 < C(cq, c2). O

Lemma 12 There exists a positive constant C(c1,c2) which only depends on ci,ca, such that if
rank(X)A; < C(cy,c2), then for any fized 1 < j < N, with probability at least 1 — exp{— (i)} we
have

Tmax(Wj1(0)|r(x)) < € (ning - -nj)'/2,

and
Omin(Wi1(0)|r(x)) > € 2 (nang - -- nj)1/2-

Proof of Lemma The proof is similar to that of previous lemma. The only difference is that now we
consider the ¢—net to cover the unit sphere in R(X) NR"™, with dim R(X) NR™ = rank(X), where R(X)
represents the column space of X. ([

Lemma 13 Set C = nypnaz/Mmin < 00, 0 = 1/2. Assume Q(1/A1) > Ail, where 0 < k < 1 is a constant and
Ay satisfies

Ay < min{sm(ay 5In( 51n (6)e/k) }
A;In(C) < mm{m 5
Ay In(N?%) < k/5.

Given 1 < i < j < N, with probability at least 1 — 2e=%/ A1) =1 — ¢=201/81) ye have
W54 ()]l < MxvVCN(ni -~ nj—y - max{ni—1,n;})'/?,

where My, is a positive constant that only depends on k.
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Proof of Lemma WLOG, assume n;—1 < n;. Let A =W;;;(0). From lemma we know that fixed
v € S™-171 with probability at least 1 — e~?(1/41) we have ||Av|, < 4/3(n; ---n;)?!

= kN2 k - i i1
Take a small constant ¢ = gGix— 2 sm@o- Let v+, Un,_, be an orthonormal basis for R™ .

Partition the index set {1,2, -+, vn,_,} = S1 U Sa U -+ U Syy20,¢), where [S] < [en;—1/N?%] for each
1<I<[N%/c].

The following discussion is similar to the proof of lemma hence we omit some details. For each [, taking
a 1/2— net N\ for the set Vs, = {v € S"-17L;v € span{v;;i € S;}}, we can get

| Aully < 4(n;---n;)' 2, u € Vs,
with probability at least

1-— \/\fl|e_k/A1 >1—exp{—k/A1+ (ecn;—1/N+1)In6} > 1 — e 3K/ (3A1)

: k
since A1 < @)

Therefore, for any v € R" -1, we can write it as the sum v = Zz ajvy, where oy € R and v; € Vg, for each .
We also know that Hv||§ =3y
Then we have -

1Av]l, < laul [ Avlly < 4(n; - --m)ﬂv [N20/c] " |ai)? < MeVON? (ng -0 j) 2 o] .
! l

Thus,
JA]| < MgVONO (n;---nj)/2.

Notice that when C < e, A; < 51n(5111f(6)e/k) < 5 nE lnlf6)~C/k)’ and when C > e, we have

k kIn(C)
5In(5 ln(ﬁ)e/k)’k/ } ~ 5In(5In(6) - C/k)"

A;In(C) < min {

The success probability is at least
1— [N%/c] . e 3k/(5A1)
5In(6) - C
>1 —exp {ln <H()> +1In(N??) — 3I~s/(5A1)} — e73k/(BAD)

k
>1— 26—k/(5A1)’

since

and A4 ln(NQO) < k/5.

k
AL S B In(6) - Ok

]

Proof of Theorem The requirement on size {ni,ng, -+ ,ny_1, N} in makes sure that lemma

and [3] hold.
WLOG, we set ¢; = ¢/6,co = ¢/3, M = 2My+/Cy, By = Bs, and n =: (292N then with probability at

E2CBN I
least
1— N2e R0/81) _ /2 >1 -6, since Ay < imin B
- ’ — C(e) InN’In(1/6) [’

the random initialization satisfies the initialization assumption and the overparameterization assumption
. Applying Lemma |3 we complete the proof. |
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F Orthogonal Initialization Fall into the Convergence Region

There are some basic facts for random projections and embeddings. Most of the following properties can be
found in [Eaton| (1989).

Proposition 3

1. A is a random embedding if and only if AT is a random projection.

2. If A is a square matriz, then random projection, random embedding and random orthogonal matriz
are equivalent.

3. The uniform distribution on the group is a left and right invariant probability measure, that is, if
A is a random orthogonal matriz, then A,UA, AU are all random orthogonal matriz, where U is a
non-random orthogonal matriz.

4. Assume X is a n x q(¢ < n) random matriz whose entries are i.i.d. N(0,1) random wvariables.
Then A := X(XTX)~™Y/2 is a random embedding, since ATA = I, and the distribution of A is
left invariant, which means that A and UA have the same distribution, where U is a non-random
orthogonal matriz.

5. If A is a uniform distribution over an orthogonal group of order m and A is partitioned as A =
(A1, As), where Ay is n x q and As is n x (n — q), then AT and AL are both random orthogonal
matriz.

6. The columns of uniform distribution over orthogonal group of order n, and

(517"' 7577,)
VE+&++8

have the same distribution, where &1, - ,&, are i.i.d. N(0,1) random wvariables.

7. Assume A = Apxp,n < p is a random orthogonal projection. For any v € SP~1, ||AU||§ and
>r e)/( ?:1 £7) are both following beta distribution with o = n/2,5 = (p — n)/2, where
&1,-0 & are ii.d. N(0,1) random wvariables.

Remark 9 There are several ways to construct random matric A = (a;j)gxn, ¢ < n, which is uniformly
distributed over rectangular matrices with AAT = c2I,,c > 0. Let O,, be uniformly distributed over real
orthogonal group of order n, and O, is partitioned as O, = (AT, AT)T, where Ay is ¢ x n. Assume X =
(2ij)qxn, and x;; are independent standard normal random variables. Then A, cA;, and ¢«(XXT)~1/2X
have the same distribution.

Lemma 14 For any x € R™, the one peak random projections and embedding initiation satisfies

E ||GNWN:1(O)x||§ :||$||§

Proof of Lemma Let D = Wp.1(0)/ /ning - - np. Then D is an embedding matrix. Thus, ||D:c||§ =
Hac||§ Let A; = Wip+1(0)//Mpniips1 - - -i—1, where ¢ > p+1, and A, = I.

Set B; = ||Ale||§ / ||Ai,1Dsc||§7 i > p+ 1. Then, B; follows beta distribution B(n;/2, (n;—1 — n;)/2) given
Bi1,Bi 2, -+ ,Bpy1, i > p+1. If n; =n;_1, then Bi[(B;_1,Bi—2, -+ ,Bpy1) = 1, a.s.

If B ~ B(a,b), then the expectation is given by the following equation,

a
a+b

EB =
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Thus, by law of total expectation, we have

n n
2B [laxWa(0)zl; = E | Ay Dall; = EBy By -+ Bpaa [ Dally = = |5
P P

This completes the proof. O

Next, we introduce sub-Gaussian random variables, associated with bounds on how a random variables
deviate their expected value.

Definition 4 A random variable X with finite mean p = EX is sub-Gaussian if there is a positive number

o such that:
2 2

Efexp(A(X — )] < exp (A i

) forall X eR

Such a constant o2 is called a proxy variance, and we say that X is o?-sub-Gaussian, and we write X ~

SG(o?).

Example 3 Normal distribution N(u,c?) of course is o2 sub-Gaussian.
For beta distribution, |Elder| (2016) showed that B(a,b) is m—sub—Gaussian and later, |Marchal & Arbel

(2017) concluded -sub-Gaussian.

1
4(a+b+1)

The Hoeffding bound for random variable X with mean p and sub-Gaussian parameter o is given by,
t2
P[IX—MIZt]S%xp{—2},\#20- (51)
20

Simply applying the Chernoff bound for B(a,b), we obtain the following lemma.

Lemma 15 Assume random variable B distributed as beta distribution B(a,b) with two positive shape pa-
rameters a and b. Then

(Hw‘>w<2mp§am+wf}y>ﬁ

Hence,

P (‘B R b) > 1 — exp{—Q(a*/(a + )},

where Q(-) only depend on ¢.
For the upper tail, we can obtain a better bound,

]P’(Bz (1+g)aib> < exp{—(c —In(c +1))a}. (52)

Proof of Lemma We only need to prove the third inequality. Assume random variable B ~ B(a,b).
Setv=a+b, (1+t)2 <y<1,t>0,and r > 0.
We are going to estimate the Chernoff bound for B, which is

P(B > y) < e~ (ry=InEe"™®) _. —I.(y)

The moment generating function of B is given by

oo

Zala+1)---(a+k—1)r +k—D
=1 r > 0.
+Z; (v+1)- @+k—1 E: *"

Recall that the Maclaurin series of (1 —r/v)~% over (—v,v), is given by equation

(1—r/0) =1 Z ala+1)- vk(a—kk—l)k'.
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Thus,
I(y) =ry —InEe™® > ry + aln(l —r/v).

Set r =v —a/y € (0,v). We obtain
B(B > y) < exp{—(vy — a+aln(a/(vy)))} = exp{-vy - g(a/(y))}, (1 + )= <y <1
where g(z) =1 — x4+ zln(x), x = a/(vy) € (0,1/(1 +¢)]. Notice that g(1) = 0 and ¢'(x) = In(z) < 0 over

€ (0,1).
We know that

o@) 2 g1/ + 1) = P
Thus,
P(B > y) <exp {— . W} =exp{—(t—In(l1+t))a},y=(1 —I—t)% <1
Set y = (14 ¢)3%5. We obtain the inequality (5 O
Remark 10 [t is trivial to check
W54 (0)]| = (nimiga - n5) %1 < i < j < p,

(
[W;.(0)]] = (ni—ing - -nj_1)%,p+1<i<j <N,
Wi (0)]] < (nimisr - nj—1)"*(ny,)"/?

Nomin

1/2
< (nmw) (niniy1---nj_1-max{n,_1,n; N2 1 <i<p<j<N,(i,j) #(1,N).

Remark 11 As a special case, if ni = ng = -+ = ny_1 = n, we know that |W;;(0)] =
(ni—lni . nN—1)1/2 _ n(N7i+1)/2.

Lemma 16 Assume n,/min{n,,ny_1} < Cy < co. Sete > 0. Let C(e) represent the constant depend only
one. If n1/Cy > C(e)ny, then with probability at least 1 — e~2(1/Co)

Tmaz(Wn:i(0)) < (L+e)(ni—ni---ny_1)/?,2<i<p

Tmin(Wn.i(0)) > (1= &)(ni—in; - -ny—1)"/%,2 <i < p.

Similarly, if ny_1/Co > C(e)rank(X), then with probability at least 1 — e~ (n-1/Co)

Umafc(W ( )‘R(X)) (1+€)(n1n2~~nj)1/2,p+1 <j<N
Tmin(Wi1(0)|r(x)) = (1 = €)(nng -+ n;)/?,p+1<j < N.

Proof of Lemma E Let D = (ny_1nn—z---np) " Y2WE, 1 1(0) and

A= (npnp_1 - -ni)_l/ZWIZi(O). Assume v € S"V~1. Easy to see that A; is a product of random orthogonal
projections and D is a random embedding.

Let e; = (1,0,0,---,0)” € R". There exists orthogonal matrix 7" such that TDv = ey, |le1]l, = | TDv|, =
loll, = 1.

Since random orthogonal projections are right invariant, we have

P(|A:Dolly 2 y) = E [E (Iga,rre,zn| D) | = E [E (Igaw,20] D)] = B(l4weil, 2 v).

This proves that HAiDUHZ and || 4;e; ||§ have the same distribution.

Claim: If v # 0, then ||AiDv||3 / HU||§ = ||(ninig1---nZ- - nN_l)_l/QWﬁivﬂz / ||U||§ follows beta distribu-
tion B(’I’Li_l/2, (np — ni—l)/2)-
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Define B, = [|Apesl, Bi = || Aiealfs / | Aisrerl3, i=p—1,p—2,--- 1.

Then B;D ~ B<npfl/2’ (np - npfl)/2)7 Bp*1|Bp ~ B(np*2/2’ (npfl - nP*Q)/Q)’ T Bil(BIN U aBi+1) ~
B(Tbi_l/Q, (ni — ’I’Li_l)/Q).

If njy1 = n;, we know that B;|(Bp,- -, Biy1) = 1,a.s.

If B ~ B(a,b), then the moments are given by the following equations,

a a a+1 a+k—1
B=——, and EB* = :
atb a+ba+b+1 a+b+k-—1
By law of total expectation, we have
EB;Bjt1-+-Bp = - =
Mg Mij41 nyp nyp

as well as
ni_l/Qni_1/2—|—1 ni_1/2—|—k—1

np/2 ny/2+1 np/2+k—1"
Notice that all integer moments of B; B, 1 - - - B, match those of B(n;—1/2, (n,—n;-1)/2). We can verify that
beta distribution satisfies Carleman’s condition, which implies that B; B;11 - - - Bp ~ B(ni—1/2, (np—n;—1)/2).

E(BiBit1--- Bp)* =

Thus, ||AiDv||§ / ||v||§ ~ B(n;—1/2, (n, — n;—1)/2), which proves the claim.
With probability at least 1 — exp{fQ(nl/C’o)}, we have

(1 ="t < D0} < (142"

P

Using the ¢—net technique which has already been used to prove lemma [TI] we know that

Tmin(AD) > (1 — ) ("“)1/2,

Np

and

Gmas(AD) < (1+¢) (”)/

np
with probability at least 1 — exp{ny In(3/¢(e))} exp{—Q(n1/Co)} > 1 — exp{—Q(n1/Cp), since ny1/Cy >
C(e)nn, for 2 <i<p.
Hence, with probability at least 1 — e

Tmin(Wsi(0) = (1= &) (ni—y ---ny—1)"/?,

~n1/C0) | we have

and
1/2
Umax(WN:i(O)) S (1 + 5) (ni—l e nN—l) / -
The other part of the proof is similar to that of lemma[T2] so we omit it.

O

Proof of Theorem [5 l Set ¢ > 0, ¢; = ¢/6,c2 = ¢/3. In lemma ! we can pick a € > 0, such that
l+e<e/Zand1l—e>e /2 Set M—%/@,H-O By = Bs,and np = %ﬁzﬁ]\[

The requirement on size {ny,ng, -+ ,ny_1, N} in make sure that the remark |10} lemma |1 u lemma [2
and lemma [3] all hold.

Notice that even though we need the conclusions in lemma [I6] simultaneously hold for 2 < i < p, p+1 <
j < N, it suffices to apply lemma |16l over i € I and j € J, such that {n;;¢ € I} and {n;;j € I} both have
distinct values. Since |I| < N and |J| < N, with probability at least

1 —2Ne ¥mmin/Co) _5/9 >1 -,

the one peak random orthogonal projections and embeddings initialization satisfies the initialization assump-
tion and the overparameterization assumption .

Under assumption ny = ny = --- = ny_1, We can use remarkto replace lemma Thus, with probability
at least 1 —§/2>1—6, holds. Applying lemma [ and [3] we complete the proof. O
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Proof of TheoremE Let Wx(0) = nUn[I,,,0lVE, -+, Wi(0) = UL, VT,2 < i < N —1, and
W1(0) = \/nUi[1,,,,0]7ViI'. Now, we want to verify (14). By simply calculation, we have

Gmax(WN:i+1(O)) = UmiTz(WN:i+1(O)) = n(Nii)/2, 1<i<N-1,
Omaz(Wi—1:1(0)|r(x)) = Omas(Wi—11(0)|r(x)) = n(=1/2 2 < <N,
|W,.(0)|| = nU=HD/2 /1 < i < j < N.

Notice that for any 1 <p <m

lax Wi (0)z]|2 = —— |Un [T, , O0VEUN L, , 0TV 2|2 = == ||Un[ L, , O]V 2! ||2,
nn nn

where o’ = Un I, 0" Vi z, lzl, = [|2]],-
Since the distribution of Uy[[,,,, 0]V is right invariant under multiplying orthogonal matrices, we have

n—"ny

|UN [, OV / el ~ B =572,

Thus,
2 2
E [lan W (0)z]3] = 1ol

Applying lemma [2] we have

Lo~ L(W.) < (ng(X) - ||W*||§() :

with probability at least 1 — /2.
Applying Lemma with ¢ > 0, ¢1 = ¢/6,c2 = ¢/3, § = 0, we complete the proof. a

Proof of Theorem [I] Theorem [I] is a special case of Theorem [ and Theorem [5} Hence, we omit the
proof. O

Proof of Theorem In Theorem and [6] we proved that for given constant ¢i,c2 > 0 and 0 <
£,0/2 < 1/2 as well as learning rate 7, there exists constant C = C(c1,c2) such that all three kinds of
random initializations will fall into the convergence region defined in Section with probability at least
1-9.

This implies that with probability at least 1 — §, we obtain by Lemma Applying Lemma @ we
complete the proof. O

G Numerical Experiments

We will discuss some empirical evidence to support the main results in Section [3] We aim to show how the
trajectories of the non-convex deep linear neural networks are related to a convex optimization problem for
GD under different initialization schemes. Consider the following procedures for plots of the logarithm of
loss as a function of number of iterations:

a) We choose X € R1Z8x1000 and 1, € R19%128 and set Y = W, X + ¢, where the entries in X, W, and
¢ are drawn i.i.d. from N(0,1).

b) We consider the loss function 1 lay WX — Y||%

¢) For the given linear networks, we apply the Gaussian initialization and the one peak random or-
thogonal projections and embeddings initialization, which are denoted as W;(0),1 < j < N = 3.

d) For the convex optimization problem (), we set the initialization to be W (0) = ayWy(0) - - - W1 (0).
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e) We set the learning rate n = W and 7, = %77 for the deep linear neural networks and the

convex optimization problem, respectively.

f) We draw the loss function through 25 iterations.

Figure [1| compare the trajectories of the logarithm of loss for gradient descent in deep linear networks and
the corresponding convex optimization problem. The left panel shows the comparison with Gaussian initial-
ization, while the right panel shows the comparison with orthogonal initialization, both without averaging.

Recall that the main theorems in Section [3| require n,,;, > max{ng,ny}, and thus, in the simulation, we
require N,y > 128. Thus, for the top panels, the minimal width of the hidden layers n,,;, = 128 is small,
and the trajectories of loss for deep linear networks exhibit non-monotonic behavior, with the loss increasing
in some iterations. However, this does not contradict the main theorems in Section [3] because the minimal
width of the hidden layers is insufficient.

As the minimal width of the hidden layers increases, the trajectories of loss for deep linear networks become
increasingly similar to those of the corresponding convex optimization problem. This suggests that increasing
the minimal width of the hidden layers helps to stabilize the optimization process and makes it more closely
resemble the convex counterpart, which is consistent with Theorem [2]

The choice of initialization scheme, whether Gaussian or orthogonal, does not significantly impact the overall
convergence behavior and the relationship between the trajectories of deep linear networks and the convex
optimization problem, when the minimal width of the hidden layers is large enough.
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Figure 1: Plot of logarithm of loss as a function of number of iterations with ny = ny = n3 = 128 (Top),
200 (Middle), 2000 (Bottom) for Gaussian initialization (left panel) and nq; = no = ng = 128 (Top), 200
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(Middle), 5000 (Bottom) for Orthogonal initialization (right panel), respectively.
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