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Abstract

We consider training and testing on mixture
distributions with different training and test
proportions. We show that in many settings,
and in some sense generically, distribution
shift can be beneficial, and test performance
can improve due to mismatched training pro-
portions, even if the components are unrelated
and with no transfer between components. In
a variety of scenarios, we identify the optimal
training proportions and the extent to which
such distribution shift can be beneficial. We
show how the same analysis applies also to
a compositional setting with differing distri-
bution of component “skills” at training and
test.

1 INTRODUCTION

Imagine that you are taking a high-stakes exam next
week. The exam will be 90% on European history
and 10% on Chinese history. Both topics are equally
familiar to you and equally difficult, and additional
study will help you with each topic similarly. You
have unlimited access to study material and practice
questions for both. How should you spend your limited
studying budget? Should your training match your
test distribution, studying 90% European and 10%
Chinese? Or would you benefit from a distribution
shift? Studying more Chinese history? Less? Only
European history? We encourage the reader to pause
and make an intuitive guess.

The answer depends on the specific learning curve for
improvement in test performance within a topic as
a function of the number of training examples from
that topic. But at least for a generic 1/n scaling (as
obtained from e.g., both learning VC classes and in
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parametric regression), the answer, as we will see in
Section 3, is that you would benefit from a distribution
shift, and should study 75% European History and 25%
Chinese history—this would reduce your test error by
20% over the 90%/10% non-shifted training.

We just saw an example of what we term Positive
Distribution Shift: Even if we have unlimited data
from the target test distribution Dieg, training on a
shifted distribution Diyain 7# Diest can actually improve
test performance. This contrasts the typical study of
distribution shift, i.e., training on one distribution but
then applying the predictor, or testing, on another.
In that line of work, an implicit baseline would be to
train on the test distribution, and any deviation to
the case of Diyain # Diest 1S viewed as a compromise.
This deviation may occur because we do not know
or cannot directly access the true Diesy, because it
is too expensive to sample from Diegt, or because we
only have a limited number of samples and want to
supplement them with additional data from related
distributions. In the standard view, distribution shift
is often posed as “how much worse do things get if
we train on Dypain # Diest?” A typical answer is of
the form: “if Dypain is close or related enough to Dy,
then the performance is not much worse.”

In this paper, we investigate one of several ways in
which distribution shift can be positive. We focus on
the case when the test distribution is given as a mixture
of K components (or tasks), with known mixing pro-
portions {pk}le, and consider training distributions
which are mixtures over the same components but with
different mixing proportions {gx}%_,. We study how
positive distribution shift can happen even though the
tasks are independent and there is no transfer, demon-
strating that the improvement can arise purely from
mixture effects. We systematically demonstrate the
benefit of such distribution shift in terms of improved
sample complexity when training with mismatched mix-
ing proportions relative to the test distribution. In fact,
in Section 7 we argue that positive distribution shift
is the norm, rather then the exception, and almost
always happens. We can either think of our results as
providing guidance when we can actively control mix-
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We plot the error rate for a hypothetical scenario modelling the high stakes exam described in Section 1. We

Figure 1:

model the error rate on each of the test portions as being proportional to o n%, where n; represents the studying budget
spent on that portion of the exam, so ¢ = 1 corresponds to European History and i = 2 to the Chinese History and set
n1 + ng = N to be the total studying budget, with N = 100 hours. The exponent « is « = 1 on the left plot and a« = 2 on
the right plot. In both cases, we consider n1 = ¢N and ny = (1 — ¢)N, where ¢ is the proportion of time spent studying
for the European History portion of the exam. This way, the error rate on the exam can be written as a function of ¢
as L(q) = O.QW + 0.1@. We can see on both plots that shifting away from the testing proportion (red line, i.e.
q = 90%) can lead to a better error rate with the optimal test proportion (green line, i.e., ¢* whose values are displayed

accordingly). See also Corollary 3.3.

ing between different known components, or as helping
us understand how and why a mismatched training
distribution can actually be beneficial.

In Section 5 we go beyond a mixture setting, and
consider a compositional problem, where each instance
involves composing multiple ’skills’, with different skill
frequencies. E.g., solving mathematical problems with
multiple simple steps, each of which is a ’skill’. Should
the training data have the same skill frequencies or
different skill frequencies? This problem, which we
make concrete as a stylized LLM training problem, was
a significant motivator for this research. We show that
when training on multiple skills with Chain-of-Thought
training, although the setting is different, the effect
of changing the skill distribution is related to that
of the mixture setting, and thus our mixture setting
analysis provides guidance here. We show empirically
the benefit of the predicted positive distribution shift
in learning this stylized reasoning task.

In Section 6, we depart from components for which
learning is independent and consider a setting with
transfer between the different components. For the
most commonly studied transfer learning learning
curves, we show that again, even though the error
behaviour is different, the effect of mixture proportion
mismatch is the same as for the independent learning
setting we study, and so the results are applicable also
here.

In this paper, we focus on how positive distribution
shift can arise purely due to mixture effects, and not
because of “transfer” between components or compo-
nents being more or less informative or useful. Positive

distribution shift can certainly arrise also for other
reason: E.g., it might be better to train on cleaner or
less noisy data, or more generally leveraging transfer
patterns between tasks or components Albalak et al.
(2023); Liu et al. (2025); Jiang et al. (2025); Shukor
et al. (2025). An even stronger benefit might be com-
putational, where changes in the training distribution
provide structure that is easier to exploit computation-
ally, as is hinted by e.g. Abbe et al. (2023); Wang et al.
(2025). All of these effects can be compounded with
the mixture effect we study here. Indeed, several recent
empirical papers looked at optimizing training mixture
proportions in order to obtain good performance on a
mixutre distribution such as Pile, showing empirically
that the optimal training proportions differ from the
test proportions Xie et al. (2023a); Ye et al. (2025);
Albalak et al. (2023); Jiang et al. (2025); Shukor et al.
(2025). As also indicated by the empirical scaling laws
uncovered, this is due to a large part due to complex
non-symetric transfer paterns between the different
components, which could give rise to arbitrary Positive
Distribution Shift paterns. But in this paper, we focus
on understanding and mathematically charactarizing
the direct effect of changing the mixture proportions,
both as an important effect in their own right, and to
better disentangle them from other effects when un-
derstanding Positive Distribution Shift forces in more
complex problems involving also transfer and computa-
tional aspects. The papers mentioned here, as well as
others Gonzalez and Abu-Mostafa (2015); Hoffmann
et al. (2022); Sorscher et al. (2022); Xie et al. (2023b);
Gu et al. (2025), also emphasize the prevelance of Pos-
itive Distribution Shift in practice and how such “data
set selection” is an important part of contemporary



Marko Medvedev, Kaifeng Lyu, Zhiyuan Li, Nathan Srebro

machine learning—it would thus benefit us to better un-
derstand and charactarize how and why it can happen
and obtain a framework and language for discussing it.

2 SETUP

Learning Setup and Loss Let £(h, z) be the loss
function that describes how well a model h performs on
an instance z € Z. For example, in supervised learning,
z can be an input-output pair (x,y), and ¢(h, z) can be
the prediction error of h(zx) when y is the ground truth.
Or, in next-word prediction, z can be a document and
£(h, z) can be the average cross-entropy loss incurred
when h is used to predict each of the next tokens in
the document. In any case, given a test distribution
Diest over z, we evaluate the model through the test
lOSS ‘CDtcst (h) = EZNDtcst [Z(h7 Z)}

Test Distribution. We consider test distributions
that can be written as a mixture of K components
Dy, ..., Dk. A mixture D, = ), 7D}, is determined
by mixing proportions r = (r1,...,rx) € Ak, where
Ag = {r e RE . r >0, 25:1 rr = 1} denotes the
probability simplex. In the rest of the paper, we write
p for the mixing proportions of the test distribution,
i.e., Dicst = Dp, so the test loss is Lp,(h) = Ly(h),
where here and elsewhere we use the subscript p on
the loss to denote the mixture Dy,

Learning Algorithm. We consider an abstract
“learning algorithm” A that, given training data (or
sequence of training examples) S € ZV of size N, pro-
duces a model A(S). The performance of the model is
evaluated with test loss Lp, (A(S)).

Training Distribution. We consider training on
N ii.d. samples S ~ Dév from a mixture Dy consist-
ing of the same K components as the test distribu-
tion, but with potentially different mixing proportions
q € Ag. For training mixing proportions q, we de-
note Ly (p, q) = Espy[Lp(A(S5))] the expected test
error on Diest = Dp when training with Dirain = Dy
(we frequently drop the subscript N if its clear from
context). The “non-shifted” expected test loss is then
denoted L{¥™°(p) = Ly(p,p). In contrast, we de-
note L (p) = mingea, Ln(p,q) the test error with
the best mixing ratios, and ¢* the minimizing ratios.
When L* < L%™¢ and so ¢* # p, this means we can
benefit from mismatched training. Our main anal-
ysis objective is to charactarize ¢*, L™ and the
improvement over L5#™¢,

We measure the mismatch benefit through the im-
provement in test error for a fixed data size L3t =
L3 /L3%™e. Or, we measure the sample complexity
N.(p,q) = min{N : Ly(p,q) < €} and its improve-
ment NI .= N*(p)/Ns*me(p). We use the standard

O(+),Q(-),0(-),o(-) notations for functions of the
data size N when characterizing these quantities, and
hide dependence on other parameters.

Specifying the Learning Model The expected
test loss Ly (p,q), and so g* and the benefit of mis-
match, depend on the data distributions and learning
behaviour of the algorithm. We capture these by model-
ing the subpopulation error function (or per-component
learning curves) eg(ng), i.e., the error on each compo-
nent Dj when training with nj; examples. That is,
for a vector of sample sizes n = (ni,...,ng) € Z%,,
denote D™ = (D;)™ x --- x (D)™ the distributions
over samples with n; examples from each component
D;. Then eg(nk) = Egupn|[Lp, (A(S))]. The scalar
function e (ng) captures the learning curve for each
component. We focus on the case when there is no
interference (positive or negative) or transfer between
tasks', i.e. when training one task neither helps nor
hurts the others, so each ey is only a function of ny.
In the next two sections, we consider different learning
settings, specified by different types of error functions,
and characterize g* and L* in terms of the error func-
tions. In Section 6 we also consider a setting with
transfer between components.

Datasets and Training Sequences In our analysis,
we refer to the training budget N and our learning
model specifying learning based on nj examples per
component k. We can think of NV and n as specifying
the number of training examples, in which case the
training complexity is a sample complexity. Or, we
can think of N as indicating the number of training
steps, and ni as indicating the number of steps in
which an example from component k is used. In this
case, training complexity is a measure of training time.
Either interpretation is valid. But we should emphasize
that we only study a dependence on how many examples
are used from each component, not on the order (as in
curriculum learning).

Learnabilities and Mixing Ratios. We model
learning as a function of the number of examples from
each component, but for our analysis, it will useful to
introduce the function ey x(q) = Eg(p,)» [Lr(A(S))],
which captures the expected error on component k with
mixing proportions q. We will refer to éx(q) as the
subpopulation error function in terms of the mixture
q. Since the per-component counts n are multino-
mial, we have en(q) = Epmuit(q,n)le(n)] € R¥ and
Ly(p,q) = (p,en(q)). Frequently for large sample
size N, e(n),n ~ Mult(q, N), will concentrate around
e(gN), and we will sometimes exploit this in the anal-

'When we say there is no interference, it is easiest to
think of D; as having disjoint support, but we do not
formally require this as we treat D; abstractly and only
model the error functions.
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ysis, or analyze for en(q) ~ e(gN).

Knowledge of Test Distribution Mixture Pro-
portions at Test Time. Our main motivation, and
the main way to interpret our work, is addressing how
could we have positive distribution shift in the mix-
ture setting, i.e., how could Dyyan # Diest be better
than Dipain = Diest, and what qualitative changes in
Dirain make it better. This provides guidance in under-
standing positive distribution shift and seeking good
training distributions. Nevertheless, there are also sev-
eral realistic examples where it is conceivable the test
mixing proportions are known and the training mixing
proportions can be controlled or specified. For exam-
ple, if we are pretraining a large language model for
a set of tasks, we might well know their frequency at
test time. Even in settings where the exact mixing
proportions are unknown, it suffices to estimate the
mixing proportions roughly by a quick analysis of test
samples. If we suspect a mixture structure in the data,
we can try to build crude classifiers for the components.
This can be easy for a variety of tasks. For example,
in a language-related task if each mixture component
is a different language, or in a memorization task, if
each mixture component is a topic or area (e.g., sports,
science, etc.), we can build crude topic classifiers based
on a small amount of data for each topic, or perhaps
unsupervised clustering of a sample, then classify a
sample. We can estimate the unknown mixing propor-
tions using this classifier. Note that the classifier does
not have to be very accurate since we do not care about
individual errors, just about the aggregate proportions,
and a bit of an error on the proportions is fine, and we
demostrate this in Section 3. Similar approach is taken
in Ye et al. (2025), where the authors propose mixture
dependent scaling laws for finding good training mix-
ture proportion and assume that the validation data
comes from an unknown mixture, which they estimate
as part of their procedure in finding the good mixture
proportions.

3 POWER LAW

Many machine learning tasks can be captured with
power law error functions. Some classic examples in-
clude linear regression or learning VC classes, both of
which have error rate o %, where N is the number of
data samples (Shalev-Shwartz and Ben-David, 2014).
More recently, there have been many papers studying
the loss curves of large language models for different
tasks as a function of the compute budget or the num-
ber of training tokens through various scaling laws,
which model error as having power law dependence on
the number of data samples, such as the Chinchilla
Scaling Law (Hoffmann et al., 2022), and many others
(Kaplan et al., 2020; Cherti et al., 2023; Ye et al., 2025).

To model these situations, we will first consider a setup
where all of the K tasks have subpopulation error
functions that follow a simple power law in terms of
the number of samples.

Model 3.1 (Power Law Error Tasks). There are K
tasks. Each task takes data from one of the K subpop-
ulations D; that appear in the test distribution with
probability p; and has subpopulation error functions
er(ny) that follow a power law, i.e. eg(ng) =

for some Ap > 0,B; >0, and 0 < a < 1.

k
n:k+Bk

In Theorem 3.2, we characterize the test error improve-
ment from the positive distribution shift from optimal
data mixing ratios in Model 3.1 when the size of the
training data N is large.

Theorem 3.2 (Optimal Data Mixing Ratios For
Power Law). In Model 5.1, if for the exponents it
holds that a1 = ag = -+ = ag < asy1 < agqo <

- < ag for some S, then there exist 1,60 > 0
such that for any test data mixing ratio p and any
N > No({A;, Bi, i, pi } K1) we have that the following
holds

_1
a;+1

1 a;p;A;
- 0(3.—_*_&11 g | ar+1
NI\ (S =) 0

1
TOo| —a=ay
Ncyi+1

13 1
1-a
No1 Zpi 1Ai+0(N0‘1+51> ®
=1

S (651 1
. 1 o piA) T
L*(P) = 7 (Z(aip,;Aow) > i

i=1 i=1 ai"

+o <Na1+> . (3)

Theorem 3.2 shows that in the Power Law Model 3.1,
positive distribution shift from optimal data mixing
ratios improves the prefactor of the test error depen-
dence on the number of data samples N but does
not change the decay rate in terms of N. For the
proof of Theorem 3.2 and a more precise statement,
including the closed form of No({A;, By, i, pi } K 1), see
Appendix A.1.

Lsamc (p) —

Furher, we will show that the improvement for positive
distribution shift can have significant implications for
making training more data efficient. To do so, we show
the improvement from this positive distribution shift
on the sample complexity in the case where we have one
majority population and K — 1 minority populations
that all have the same power exponent «. This will
also include the test-taking example from Section 1.
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Corollary 3.3 (Sample Complexity Improvement

From Optimal Data Mixing For General Power Law).

Consider Model 3.1 with S = K, i.e. oy =+ = ag =
a, Ay =---=Ax = A, and By = --- = By = B with
= (p, %,...,1;_”1), We have that for any e > 0

1
. (23 (1+1 (o3
N9t (p) < (1—p) +2°% <1p) K%,
-Pp

Furthermore, the optimal mixing ratios are given by

1

qi‘ocpﬁ andq;‘oc(ll(pl) fori>2.

Corollary 3.3 demonstrates that if we have one majority
population and a number of minority populations, the
positive distribution shift from optimal data mixing
ratio significantly improves sample complexity. For
fixed p, if K is large enough, N**"°(p) will be close to
N'atio(p) ~ 1 —p < 1, i.e. we get sample complexity
improvement of up to p. For example, for p = 0.7,
a=0.28, and K = 100, for any € > 0, N**°(p) ~ 0.75,
i.e. we achieve the same error with ~ 25% less data
samples. We illustrate this in Figure 2. For the proof
of Corollary 3.3, see Appendix A.1.

Furthermore, the test taking example considered in the
introduction Section 1 follows from Corollary 3.3, by
taking K =2, « = 1, and p = (0.9,0.1) (with any A
and taking B much smaller than 1). In particular, this
shows that the optimal studying budget allocation is

= (0.75,0.25) and the improvement is N*°(p) =
0.8. This means that if you study for the exam with the
right mixing ratio g*, you would need to study 20% less
time to achieve the same score as compared to using the
test mixing ratio p. Further, taking a = % we get the
second example on Figure 2. This shows that we indeed

get ¢* = (0.812...,0.188...) and N™°(p) = 0.944.

Error Incurred From Using a Crude Classifier.
Here we show that in the Power Law Model 3.1, es-

timating the test mixing proportions p as p’ up to
precision € and finding the optimal mixing proportions
using the estimated value p’ instead of p offsets the
final test performance error at most linearly in e.

Theorem 3.4 (Error Incurred From Using a Crude
Classifier in Power Law). In Power Law Model 3.1 with
ap = ag = -+ = ag, if we estimate the test mizing
proportions p = (p1,...,px) with accuracy €, i.e. if
we compute the training mizing proportions q using p’
with |p; — pi| < € for all i with e < %mini p;, then it

1 o
holds that 1= EX L@ < Zm AT T 4 g2),
Zizl(Atpi)a+1

Theorem 3.4 shows that in the setting where exact test
mixing proportions are unkown, it suffices to estimate
them with a crude classifier.

4 MEMORIZATION TASKS

Many machine learning tasks involve memorizing a
number of unique atoms, such as training LLMs to
answer factual questions or explaining the meaning of
words, performing tabular RL, and learning transition
functions in automata. Here, the atoms correspond to
different facts, answers to questions, word meanings, or
states. The loss depends on what fraction of atoms the
model memorized. The data distribution in this case
corresponds to the training data, i.e., in the case of fact
retrieval, question answer, or learning word meanings
with an LLMs, the data distribution corresponds to
the text used for (pre)training.

To model this, we consider a task of memorizing a
number of unique atoms from a dataset of fixed size,
where the test distribution is a mixture of the tasks we
are trying to memorize. More explicitly, let S be the set
of possible atoms to memorize and let sq,...,s; € S be
the k£ atoms we are interested in memorizing. Assume
that the learning rule memorizes all atoms it has seen
so far, and let M be the set of atoms the model has
seen. Let the ith component (or task) be memorizing
atom s;. We incur error 0 if s; € M and error 1 if
s; € M.

Model 4.1 (Memorization Tasks). Suppose there are
K tasks, each of which is a memorization of a unique
atom. The test distribution is a mixture of these K
tasks, where the k-th task appears with probability py.
In this case the subpopulation error functions in terms
of n are given by ex(ni) = 1in,—0}-

The following theorem characterizes the test error im-
provement from the positive distribution shift from
optimal data mixing ratios in the Memorization Task
Model 4.1.

Theorem 4.2 (Optimal Data Mixing Test Error Im-
provement For Memorization Task). In Model j.1, for
all p € AB=1 with p; > py > -+ > pg, the expected
loss when training on n samples is given by

K
1) = 3 pe1 — pi)™ (4)
k=1 p
L*(p) = (Kn(p) — V)én(@)+ > i, (5)
k=Kn(p)+1

where On(P) € [Py (p)+15 PEn(p)) and Kn(p) is de-
fined as follows:
) < 1} .

To understand the magnitute of the test error improve-
ment in Theorem 4.2, we will assume that the test

Kn(p) := ma { z_: 1 — (ps/Pk) ™
k=1
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Figure 2: We consider the setup of Corollary 3.3 with A =1, a = 0.28, K = 100, and some fixed N. On the left plot,
we show the “non-shifted” expected population loss L%*™°(p) and the optimally mixed expected population loss L*(p)
as a function of majority population mass p. On the right plot, we show the ratio of sample complexities for any fixed
€ > 0, N °(p) as a function of the mass of the majority population, p. We can see significant improvement in the sample
complexity from the positive distribution shift from using optimal mixing ratio, even up to =~ 25%.

proportions p follow a power law pp = O(k~%) for
some « > 1 and that the number of tasks to memorize
K is larger than the size of the training set N. In this
case, we show that the improvement from positive dis-
tribution shift Theorem 4.2 improves even the test error
scaling in terms of N. For the proof of Theorem 4.2,
see Appendix A.2.

Corollary 4.3 (Test Error Improvement For Memo-
rization Taks with Power Law Test Mixing Ratios). If
pr = O(k™%) for some a > 1 and K = Q(N), then

Lme(p) = O(N~IF%),  L*(p) = O(N ).

For example, when a = 1.5, we have L%™¢(p) =
O(N~Y3) and L*(p) = ©(N~'/?). For the proof of
Corollary 4.3, see Appendix A.2.

5 CONNECTION TO SKILL
COMPOSITION

Training language models, especially for reasoning tasks
including mathematical reasoning, naturally requires
the models to learn multiple independent simple skills,
and then compose these skills when solving a problem.
In this setting, the natural distribution of problems
induces a natural distribution of skills at test time.
Should we always train the model on the same distribu-
tion of skills as the test skill distribution? This is not a
mixture-model per-se: each instance is a problem and
thus includes many skills, and so the test distribution
is mot a mixture distribution over problems requiring
different skills. Nevertheless, in this section, we show
that the answer to this question closely follows for the
mixture proportions analysis in the previous sections.

A Stylized Model for Compositional Reasoning.
To model the above skill composition scenario, we

consider the following setting: for a set of skills [D] =
{1,..., D}, the input space is x = (sg,z1,...,2Zx) €
S x [D]X, where S is a set, and the target y = f,(x)
is specified by g = (g1,...,9p) € GP, where G C S,
as fg(xX) = (92150, 92292150, - - s Jax - - - Gz150). The
hypothesis class is H = {f, : S x [D]¥ — SK | g €
(S%)P} and the loss is £(y,§) = 1,.;5. We assume a
problem distribution x ~ Dp = Dg X Dx

A language model A is trained to solve these problems
with Chain-of-Thought (CoT) reasoning. After reading
the problem x = (sg,1,%2,...,Zk), it attempts to
apply the skills in order, generating

ag = 50,

aiNPh(ai|x,a0,...,ai_1), iZl,...,K,

where P, is the sequence distribution induced by the
language model h. The test accuracy is defined as
acCest (h) = Px~pp|a = a*], where a ~ Pp(a | x), and
a* is the ground truth output. Expanding this gives

acCiest (h) = Epy[Pr(a™ | x)]

K
=Ep, [[[Pula |x,a,...,a7_1)
i=1

To connect with the settings of learning multiple tasks
discussed in previous settings, we now introduce two
approximations, each of which amounts to an indepen-
dence assumption:

1. Step Locality. The probability of applying the -
th skill correctly depends only on the skill identity,
not on the specific input or the surrounding context:
P(al | x,a,...,a} ) = Py(x;), where Py (z;) is
a function that only depends on z;. This treats skill
applications as conditionally independent across
steps, once the skill type is fixed.
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2. Skill Independence. The skills (z1,...,2x) in
Dp are approximately independent in the problem
distribution Dp: Pp,(so,21,...,ZK) = Ppg(s) -

K
[Tizi Po (i)
Under these assumptions, the accuracy simplifies to

K ~
|JREIED

i=1

K ~
~ [[Ee~po, [Pa(2)]

=1

where p(h) = >, cp) Ppx (z)Py(z). That is, each
skill application succeeds independently with probabil-
ity p(h), which we may view as the model’s per-skill
accuracy averaged under the test distribution. Solving
a length-K reasoning chain requires K independent
successes, so the overall accuracy scales as p(h)%.

acCtest (M) ~ Epy

Now we take a closer look at the per-skill accuracy p(h).
This connects directly to our previous multi-task learn-
ing framework: each skill x € [D] corresponds to a
distinct task, and the mixing proportion Pp, () repre-
sents the natural frequency with which skill = appears
in mathematical problems. In this sense, we can set
p € Ap_1 as a vectorized version of Pp,, and define
Lp(h) =1—p(h) as the per-skill test error. Under our
approximations, maximizing the overall test accuracy
acCrest (R) = p(h)¥ is equivalent to minimizing the per-
skill test error £,(h) under the natural frequency of
each skill.

Is it always good to train a model on the same per-skill
distribution? From the insights we obtained from the
previous sections, we see that the best strategy may
be to shift the per-skill distribution in a proper way.
While the previous sections studied this for abstract
learning rules, we will demonstrate this empirically in
the next part.

Transformer Experiments. We consider a con-
crete synthetic task on skill composition. There
are D skills, where the i-th skill is a function g;
that maps a number from Q := {0,...,9} to Q.
Each skill has a unique English ID. Assume that
all these skills are randomly sampled: the IDs are
uniformly random from a ID set, and each g; is
uniformly random among all possible functions that
map from Q to . At inference time, a set of K skills
x1,...,2x are sampled IID following a power law
with exponent o = 1.5. That is, Pr[z = i] ~i~! for
it =1,...,D. The language model is prompted with
the IDs of these skills and a number s €
“[s] -> [skill ID 1] -> [skill ID 2] ->

-> [skill ID k]1”. The model is expected
to output the result after function composition:

Y = Gar (Gary -+ G2y (5) - +))-
Let Dyest be the distribution of the above prompt and

a CoT calculating the correct answer, with D = 10°,
K sampled uniformly from 10 to 50. Is the best strat-
egy just training on the same distribution (Diyain =
Diest)? Inspired by our calculation for the memoriza-
tion task above, properly adjusting the occurrence
probability for each skill may lead to better test ac-
cruacy. To demonstrate this, we construct another
distribution Dypiform consisting of strings in the form
of “[s] [skill ID] = [expected output]”, where
the skill ID and input number are uniformly sampled.
In Figure 3, we conduct experiments with a model with
GPT-2 architecture and ~50M parameters. We show
that training with Dirain = 30% - Dunitorm + 70% - Diest
significantly outperform training with Dy, with
around 2.5x speedup in sample efficiency. We defer
the experiment details to Appendix D.

6 TRANSFER LEARNING

In this section, we also consider a setting where the
tasks are not independent, and there is transfer. Gener-
ally, with transfer and in multitask learning, the error
on the k-th task is affected by the number of samples
on other tasks, that is, the error on task k decreases if
we hold nj constant but increase the number of samples
on related tasks. In the most typical transfer learn-
ing setups studied in the literature, such as multi-task
learning of linear classifiers over linear representation
with feature learning (Baxter, 2011; Maurer, 2009; Pon-
til and Maurer, 2013; Aliakbarpour et al., 2024) and
multi-task learning with shared sparsity (Wang et al.,
2016, 2017), the transfer effect is captured by the fol-
lowing model, with a slight extension of our framework.

Model 6.1 (Standard Transfer Learning Model).
There are K subpopulations, each of which appears in
the test distribution with proportion py. We extend our
framework to allow the subpopulation error functions
to depend on all of n. Then, for the standard trans-

fer learning model, let ex(n) = (n1+m+i‘;’)’2k+30 -+
Aik 1

m, for some AOJ@,Al,kaBOJwBLk > 0and 0 <
(692 S 1.

For example, in multi-task learning of shared sparsity
(Wang et al., 2017), the error bound takes this form
with a; = .-+ = ax = 1. Interestingly, it turns out
that the behavior of the test error in these typical
transfer learning settings is the same with respect to
the mixture proportions as for the independent com-
ponent setting, and so our analysis is actually appli-
cable to this non-independent setting as well. The
Standard Transfer Learning Model 6.1 is equivalent
to the setup of Power Law Tasks Model 3.1 in the
sense that we can understand the optimal data mix-
ing ratio g* and the error improvement of the Stan-
dard Transfer Learning model from a specific instance
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Figure 3: Mismatched distribution improves the test accuracy of a language model in solving a synthetic skill composition
task (Section 5). During test, the model is asked to compose several functions, sampled following a power law. Instead of
training directly on this task (blue curve), mixing with another task that uniformly samples the functions improves the
final accuracy (orange curve). Curves are averaged over 5 random seeds.

of the Power Law Model 3.1. Namely, the transfer
term in each of the subpopulation loss functions can
be decomposed into a transfer error term and a spe-
cific task error term ex(n) = efransfr(n) 4 €2 (n),
where e{ransfer (n) = (n1+"‘+1:-(;c,)kak+30,k
of the distribution of samples across different tasks, and

spec __ spec _ Al g
e (n) = e (ny) = P only depends on ny.

Therefore, the transfer error term ef"f*(n) in each
of the subpopulation error functions will only offset the
final expected loss L(p, q) by Zfil piﬁ’gw, which
only depends on the total number of samples N. On
the other hand, the specific task error terms ;7 (ny,)
can be thought of as independent (i.e. without transfer)
tasks and will behave the same as in Model 3.1. So, for
the Standard Transfer Learning Model 6.1, the optimal
data mixing ratio ¢* and the expected test losses L*(p)
and L¥™¢(p) are given by Equation (1), Equation (2)
and Equation (3) respectively in Theorem 3.2 with Ag
being replaced by A; .

is independent

More complex transfer structures, as is likely usually
the case in practice, could lead to even stronger positive
distribution shifts, depending on how one task informs
the other tasks. In this paper we focus on showing how
positive distribution shift can arise even without such
transfer and understanding purely the effects of mix-
ing proportions. Understanding positive distribution
shift more broadly in transfer settings requires specific
considerations about the specific form and source of
transfer, and we indeed hope to work on transfer learn-
ing being described in these terms. We emphasize that
we are not aware of this type of analysis for transer
learning. This is different from typical descriptions
of transfer learning, where data from an alternate or
surrogate task is seen as a compromise replacement for
additional data from the target task.

7 IT°S ALMOST ALWAYS BETTER
TO MISMATCH

So far, we have shown the existence of and quantified
the positive distribution shift coming from mistmatched
test and train data mixing ratios for the cases of power
law tasks in Section 3, memorization tasks in Section 4,
and standard transfer learning in Section 6. In this
section, we will show that a positive distribution shift
coming from the mismatched data mixing ratio almost
always exists, i.e., it is almost always better to mis-
match the training and test distributions: ¢* # p and

L*(p,q") < L**™(p).

More precisely, we will show that if there is no positive
distribution shift, either the test data mixing ratio is on
a measure zero set of the simplex or the subpopulation
error functions ex(ng) have to be all constant functions,
which is meaningless. We show this in Corollary 7.4.

Let Af‘l = {p ERK :p>0, |p| = 1} be the prob-
ability simplex and its interior, respectively, where
Ip| := Ele pr- We define fi(p) by extending the do-
main of each € (p) to the set of non-zero, non-negative
vectors RE;\ {0} by defining fix(p) := en( ). We

further define L%*™¢(p) := Zszl Prfr(p), which ex-
tends the definition of L**™¢ to the set of non-zero,
non-negative vectors R, \ {0}.

Condition 7.1 (Conservation Condition). For all p €
RE {0}, (fi(p).- ... fx(p)) = VL**™(p).

Theorem 7.2 (Positive Distribution Shift Almost Al-
ways Exists For Data Mixing). For any set of sub-
populations D1, ..., Dk and any learning algorithm
A, either Condition 7.1 holds, or there exists a zero-
measure set U on Ag_1 such that for allp € Ag_1\U,

Ly(p) < L*m¢(p).

Theorem 7.2 shows that either p is on a measure zero
set U on Ak _1 or the Conservation Condition 7.1 must
hold. Next, we show that if the tasks are independent,
then the Conservation Condition 7.1 holds only if all
of the subpopulation error functions are constants.
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Lemma 7.3 (Independent Tasks). If K > 3, and if for
all k € K], fr(p) = gk(‘%‘) for some function gy, then
Condition 7.1 holds if and only if gi’s are all constant
functions.

Theorem 7.2 and Lemma 7.3 together show that pos-
itive distirbution shift always exists, unless all the
subpopulation error functions are constant.

Corollary 7.4 (Positive Distribution Shift Always Ex-
ists). For any set of K > 3 subpopulations D1, ..., Dk
and any learning algorithm A, if there exists subpopu-
lation k € [K] such that its error function ey, is not a
constant functions over [N] where N is the number of
total samples then there exists a measure zero set U on
Ag_1 such that for allp € Ag_1\ U positive distribu-
tion shift from data mizing ezists in the sense that there
is @* # p for which Ln(p,q) = L*(p) < L¥™¢(p).

For the proofs of Theorem 7.2, Lemma 7.3, and Corol-
lary 7.4, see Appendix C.

8 RELATED WORKS

Distribution Shift That is Not Harmful. The
benefits of mismatching the training and test distri-
bution has already been in studied in some settings.
Gonzélez and Abu-Mostafa (2015) demonstrate posi-
tive distribution shift in an entirely different setting,
namely linear regression problems with generic mis-
matched training and test distributions. Unlike in our
paper, they do not restrict to changing the train distri-
bution only through data mixing, and generally only
show the existence of positive distribution shift in lin-
ear rergression problems. They are able to charactarize
the optimal shift explicitly only in very special cases.
Canatar et al. (2021) show how to numerically optimize
the training distribution in high-dimensional kernel re-
gression problems. However, they do not characterize
the positive distribution shift, but rather only show how
to numerically find it for kernel regression. They do
not restrict the test distribution to one coming from a
data mixture. Since our focus is on mixing proportions,
neither of these investigations fit our framework.

Class-Imbalance. Mismatching training and test
distributions for better perfomance has also been stud-
ied in class-imbalance literature, which studies how
skewed class proportions affect learning, and how re-
sampling or reweighing minority or majority classes can
improve performance He and Garcia (2009). Related to
our setup with K = 2 tasks, Weiss and Provost (2001)
studies binary classification and what minority and ma-
jority class mix for the training distribution is optimal
under a fixed training budget and test distribution, and
show that optimal training mix can be different from
the test mix. While their setup fits our framework,

we study positive distribution shift more broadly and
focus on distribution shift that reweighs the mixing
proportions to understand its effects on PDS.

Data Mixture Selection. There are a number of
empirical papers on finding the optimal data mixture
ratios. Xie et al. (2023a) and Liu et al. (2025) train a
smaller proxy model to find good mixing proportions
and use those for training a large model. Albalak et al.
(2023) develops a multi-arm bandit algorithm for online
optimization of mixing proportions. Ye et al. (2025)
and Shukor et al. (2025) propose new scaling laws that
depend on the mixture coeflicients for determining the
optimal mixing ratio for a target domain. Jiang et al.
(2025)adaptively select the mixing proportions based
on the scaling laws for each domain separately. The pa-
pers consider both optimizing mixing proportions so as
to optimize test performance on a different target distri-
bution, and in some papers (Xie et al., 2023a; Ye et al.,
2025; Albalak et al., 2023; Jiang et al., 2025; Shukor
et al., 2025) also to optimize test performance on a tar-
get which is a mixture of the training components with
some fixed target proportions—as in our setup. All
the papers focus on methods for empirically optimizing
training proportions, rather than understanding and
charactarizing the phenomena. More importnatly, in
the settings considered in these papers there is signif-
icant transfer between components, which no doubts
dominates the positive distribution shift—we consider
a ‘pure’ setting with orthogonal tasks and no transfer
to emphasize how Positive Distribution Shift can occur
even in such a setting.

9 SUMMARY

In this paper, we investigate one of the several ways
in which distribuion shift can be positive, in partic-
ular focusing on how positive distribution shift can
happen due to mismatched training and test mixture
proportions in the setting where the test distribution
is a mixture of K tasks or components. We specifi-
cally consider independent tasks to understand how
mismatched proportions themselves lead to positive
distribution shift. We show that in this setting, the
optimal training distribution is never equal to the test
distribution, except for a measure zero set of test distri-
butions or for those satisfying a conservation property
that does not generally hold. Furthermore, we consider
different per-components learning curves and the possi-
bility of transfer and in all of these cases we characterize
the optimal training mixture and the improvement in
sample complexity coming from positive distribution
shift.
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A PROOFS OF ERROR RATE IMPROVEMENTS

A.1 Power Law Tasks

Definition A.1 (Approximate Subpopulation Error Function). For Power Law Model 3.1, let fx(g) be approzimate
subpopulation error function defined as

Ay

fi(q) = m

We define the approzimate expected population loss as
L(p,q) = ipifz‘(Q) = ipz$ (6)
i=1 =" (@aN)™ + B

First, we show that for Power Law Model 3.1 and large number of samples IV, it is sufficient to optimize over the

approximate expected population loss to find g* up to error of the order %

Proposition A.2 (Sufficient to Consider Expectation). For the approzimate error function fi(q) in Definition A.1,
we have that when Nqy is large enough,

_ 3204, 1 oAk oA
— e < . 1 1
|fk(q) k(q)| = Bk (qu)Q (qu)ak+1 (qu)ak+§

Proof of Proposition A.2. Let gi(x) = z("%ﬁBk' Note that for n; ~ Binom(N, g;) we have that u = E[ng] = Ngg.
So, we have that fx(q) = gr(u) and ex(n) = E[gr(nk)]. Note also that on (0, 00), gi(z) is twice differentiable with

gh(z) = _w
(e + B
ol (z) = Ag ap(1l — ag) x:’“_Q A ai xQ‘X"_j _ Agar((1 — ag) By, + (g + 1)z )p:—2
(zo+ + By) (z* + By,) (zor + Bi)?

First, we decompose E[gx(nk) — gr ()] into two parts:

Elgk(n1) — gk (1)) = E [(gr(nk) = g1 () Ly —pj<pzray] +E [(96 (k) = gk ()L — iz poray] -

=:01 =:05

For d5, by the Multiplicative Chernoff bound we have that if g > 1

p (|”k —pl = /ﬁ) < Zexp(—§)-

Therefore, we have that

L)

A 3204 1
El(g (1) = gr() g, o)) < 2exp(=7) 55 < =t

By, = By p*

where we used the fact that |gx(ng) — gx (1) < max,>o gr(z) < %i'

For 61, by Taylor’s Theorem, there exists £ € (ng, 1) (or (u,ng)) so that

1

9 () = gi (1) + g3, (w) (k. — 1) + 58(€) (i = 1)
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So we have that

1
161] = [E [g5.(10) (N — i) Ly — < p2ray ] + E [292/(5)(7% - M)21{|nku<p3/4}:| ‘

1 3
< [E{lgk ()] - I = pl - L <parn] [ + 5 ( - N Igﬁ(x)|> E
o€ (p—pd/ 4,
arAr 3 op(l—ag)Ak 3y ajAy s
— MakJrl/j) Mak+2 #ak+2

apAyg ap Ay

- Mwﬂr% Mozk,+%'

Where we used the following bound on the supremum of g} (z): (SupwE(u—u3/4,u+u3/4) \gg(x)\) <

A 1— o) Bt (on+1) (e i3/ 4) 8 Y (p— 3/ 4 )k —2 Ao Ok 0k —2
kak(( k) k((E:XfMS/i()l:kin))a )(M W) < kakiv,if - , as IOHg as | — ,u3/4 > Bk and (p, — 'u,3/4)0‘k > Bk,
which happens for Ng, > 2max{By, B;* }.

Putting all these together proves the proposition. O

Proposition A.3 (Optimum of the Approximate Power Law). Let ¢* be the minimum of the approximate
population loss defined in Equation (6). For N > No(p:, A, B;, «;), we have that then

1
a;+1

it = { (cipi Ai) Lo <1>
aj—ay s 1 ai+1 a;—ag
N i+t (Zi:l (OlipiAi)Wl_H) N o+

s @[5 Rt =
L) = (ZmipiAi)afH) Yo AT +0<N1> @

1
i=1 i=1 a1t 55713

Proof of Proposition A.3. We will take N large enough so that we force ¢; # 0, which we do as follows. First take

1 (cipiA;)
T = —
a,;, "‘11 S 1 ai+1
N (Zi:1(aipi14i)a1+l)
Take
1 1
aq 1 X a1
— (a1p1A;) - 1 (aipiA;)
= s 1 ai+1 ai:il s 1 ai1+1
(Zizl(@ipiz‘li)"‘l“) i=5+1 N @i (Zi:l(aipiAi)a1+l)
g =mr; fori>1.
This way Zfil G; = 1. Take N large enough so that ¢; € (0,1), i.e.
—1 1 >s1t
ey K e @S41 @1
(a1p1Ay) (aipiAy)
N> |2 S 1 \atl g T Nai+1 (8)
(21:1(0%'171'141') Ql“) =5t (21:1(aipiAi)al+l)
suffices because asil,ul > a_l,al for all 4 > S + 1. Note that for these g;, we have that for all ¢ > 2
N @s+1tl N o+l
- a?—j—l

_ 1 a;piA;
fl(q) < o, Lo Ay S ( )1 a1+1
N T+a; (Zi:l(aipiAi)al+l>
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i
For i = 1, we have that q; > § (oaprAy) T , SO
<Zf:1(aimz41:)“1+l>
Cay
a1 +1
_ (a1p1Ar)
«
fl(Q)§A12 ! S i a1 +1
(Zi:1(aipiAi) °1+1)
Therefore, we have that for the approximate expected population loss
—ay oy
a1 a;+1
= 1 (a1p1Ar) 1 (QipiA;)
L(q) < Noa p1A12O‘1 S 1 ai+1 + sz aii*ﬂ Ai S 1 ai;+1
(Zizl(aipiAi)al+l> =2 N (Zizl(aipiAi)al+l)
a(:j—l
K
2% (cipiA;)
S Ncm ZPZAZ S 1 a1+1
=t (Zi:1(aipiAi) aﬁl)

Therefore, taking N large enough so that Z((j) < min{1, % shows that L at § is smaller than L for any g with
one of g; = 0. For this it suffices to take

1
-7 —1 ay
a;+1

K
1 (OlzplAZ)
N>2| —— > pid; " RIS ' )
min; {1, Bi} i=1 <§ e (Qipi Ag) ”1“)

=1

Therefore, we have shown that for N larger than the expressions in Equation (8) and Equation (9), ¢* has no
zero coordinates.

Now we can find ¢* inside (0,1)¥ using Lagrange multipliers. Note that each f; is continuously differentiable on
(0,1)%, which is an open set containing the feasible set. Note that the constraint now is Zfil ¢ —1=0. We
have that there exists A > 0 such that
pidi @i ai—1
—————a; N%qg T = A
((Ng:)® + B;)? i q;

K
Z% =1.
i=1

Note that this equation has a unique solution in (0,0c0) for fixed A since ((Nqi)éiii—i—Bi)zaiN @i is a decreasing

function and Ag; ~*

be the unique solution. Note that L(§*) < L(g) so in particular we have that

. . . . 2 ) ~ ~
is an increasing function, and for ¢; = 0 we have that %Z a;N% > 0. Let A* and ¢; = ¢;(\*)

A; <C 1
Pi(Ng)* +B; = "N’
where C = 2% Zfil piA; (@ipidi) T . So we have that

(S staiian =)

i A .
pic N < (Ng;)* + B;

1

Rl

Ng; > (plcj,éll N — Bi)
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Taking
2C'B;
N >
T opid;
for all 4. Therefore, we have that
1piA a
PiAq i
N ———N™
= (3)
q; > N
Therefore as long as
2310 1
N 1
> <ma {piAi }) (10)
we have that
A; i A B; i Ai 2B;
> P 1- 2> D g ¢ )?

(Ngi)* + Bi)*> — (Ngi)* (Ngi)*” = (Ngi)** piAiN™
T (Ngi)™ piAiN*

for
1
N > max{B" }. (11)

Therefore, the equation

implies that

plAl a; a;—1
(qu‘)%iaiN g (1

Therefore, for all ¢ we have that

i Ao eyeay 4B,C s Ao\ =T
b 1— i <qg<(P _
NeA piAiN« == U Neax

Plugging this back into Zfil q; = 1 we have that for X it holds that

Z piA;o; 1 4B;C <1< Z piA;a;
Noi )\ piAiNal ‘ Nai )\

i=1

Therefore, we have that

From this we can compute that

. 1 (aipi Ai) 1
0 = —a=a S et + O\ —a=ammar |- (12)
N il (Zizl(aipiAi)W> N
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This finishes the proof. The lower bound on N i.e. No(p;, Ai, B;, «;) is given by the minimum of Equations (8)
to (10) and Equation (11). This shows that

S

7 1 1 " i A wor 1
L(q ) = Not (Z(azplAz) ai+1> Z (piai + O <22>
- i N

i=1 ot

O

Proposition A.4 (Approximate Optimal is Close to Optimal). Let ¢* be the minimum of the approzimate
population error L(q) in Equation (6) and let g¢* be the minimum of the loss in Power Law Model 3.1. Then if
N 2 Nl(piv Ai; B’L? ai)

S [e3] S 1
* 1 1 DiA;) Tt 1
e = §= (Z(O‘ipiAi)”i“) > % +0 <N22>
; -1 o

i=1 a1+a1+1
* * 1
|qz —q; ‘ < O( a; —og )
N ait1
1
a;+1
 _ 1 (ipiAi) 1
% = a=a 3 RS to| === |-
N o+t (Zizl(aipiAi) a1+1> N o +1

Proof of Proposition A.4. Note that by Proposition A.2; we have that for ¢* defined in Equation (12)

N 1 oA o Ay, )
L(g") < L(g") + Dk <320 min — + +
o kzl { }(NQk)2 (NG)ti  (Ng)ot
= CL = CL
< L(§* —— < L(§" —
< (Q)+N?ﬁ(a+)_ @)+ o

where C, = 320 min{g—z, 1} + 20 Ai. Note additionally that by analogous logic from Proposition A.2 the
inequality also holds the other way. By Proposition A.2, we have that

* 1 OzkAk CkkAk
Har) = ZP’“ (s20mint 5.1V 57+ gt * oot

Note that since L(¢*) is the minimum, we have that

L(g*) > L(g").

Therefore, we conclude

- 1 oAy oAy
La) > L Zp’“ <320mm{ RAT7AE +<qu>%+i+<qu>ak+%)'

This fnishes the proof of the first claim that

Note that the above equations imply that

1 OékAk OékAk > < CL

L(q <2 320 min —_ + - - -
L) - L") Zp’“( GV i Na)mH T (Nt ) = PN

k=1
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Note now that for all & we have that for all ¢,q+ h € (0,1) that there is £ € (¢ + h, q) with

frlg+h) = firla) = fr(Eh.
Therefore, for £k =1,...,S5 we have that
fil@ +h) = fi(d@) = fi(&)h
for some &; € (G, ¢ + h). Therefore,
\filar) = £i@)l = [fi€)llar — @l.
Itfori =1,2,...,5 we have that ¢; > 2¢], say ¢ = 1, there there exists index j such that ¢7 < g; — %. Note that

all |f{ ()| are decreasing, so then |f1(&;)] > [f(q})] = |\l > Na}+§ for N large enough, i.e. it suffices to have

S 78(&14’*1)
N > 16 (Z(aipiAi)ail“> . (13)

i=1

Then we have that

piCo Pi | . - = Fooa 207,
Nertl < Nl G5 | < pilfilai) = fi(@)| < |L(@") — L(g")| < Netl
which is impossible for
201 \°
N > (max{ L }) : (14)
? bi
Therefore, for all ¢ = 1,...,5 we have that ¢f < 2¢f. Therefore, we have that for all ¢ = 1,...,5, |f/(§)]| >
(a1+1)
A£G = g2 N > ghr w5 Ch, where Cy = (zle(aipiAi)ﬁ) . Therefore, for alli =1,..., 5 we
have that
1 1 * ~% * ~x T (% T * CL
J2ar er M — @i < pil fila7) = fil@)IIL(G") - Lg")] < 2 et
Therefore, for all ¢ = 1,...,.5 we have that
y » 22a1+1CL
g7 — G| < I
C\N1
This shows that fori=1,...,5
1
aF1
" 1 (qipiAi) 1
4% = a7 . TS Tol —=1 |-
Noet (Zi:l(aipiAi)al+l) N et

Proof of Theorem 3.2. Follows directly from Proposition A.4 and Proposition A.3.
Proposition A.5 (Minimizer is in the interior). Consider the approximate population error given by Equation (6).
Let q* be the minimum on AK=1. Then it holds that qf # 0 for all i for which a; < 1.

Proof of Proposition A.5. Assume that g* is such that ¢ = 0 with o; < 1 for ¢ € I, where [ is a set of indices.
There exists j with ¢} # 0 since Zfil g7 = 1. Consider the following function

piA; P4,
919 =2 N 1 B (@ TN 1 5,
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Note that

’ piAi i oi—1 ijj (% aj;—1
g@)=-) ——————a;N¥az* "+ 5o N (¢ — [I]z)*
; ((zN)~ + B;)) (((g; = x)N)*s + By) ’

for z € (0, ‘(177') Note also that on x € (0, |qI|

There exists 0 < § < \1\ such that ¢'(z) < 0 for all « € (0,6). To see this, not that if this were not the case, there
would have to exist a sequence of points x1,xs,... such that z; = 0.To see why, note that lim, ¢ ¢'(z) = —c0
implies that if ¢’(z¢) > 0 then there is Zg € (0, zo) with ¢'(Z¢) < 0 and so by IVT we have that there has to exist
x1 € (Zo, o) with ¢’(z1) = 0. Repeated this procedure gives the sequence z1,xa,.... This is a contradiction
since lim,, o0 ¢'(2n) = 0. Therefore, we have that g(z) is decreasing on (0,d). Assume that ¢g(0) < g(z) for
all x € (0,0). Therefore, we have that M > 0 for all x € (0,0). By MVT, for each x € (0,9) there

exists &, € (0,2) with ¢'(&;) = M > 0. Again, this is a contradiction, since for x — 0+ we have that

), the function g(z) is continous. We have that lim,_,o+ ¢'(x) = —o0.

&: — 0+ so in particular 0 < lim, 04 ¢'(§x) = limg04+ ¢'(2) = —oo. Therefore, there exists y € (0,d) with

4 iFji¢l

g(0) > g(y). This contradicts the assumption that ¢F = 0 for all i € I because if ¢; = { y 1el ,
i . —Hly i=j

then L(q,p) < L(g*,p). Therefore, ¢* has nonzero coordinates for all ¢/ for which a; # 1. O

O

Proof of Corollary 3.3. From Theorem 3.2, by directly plugging in we have that since here S = K

q; = T+ 0(1)
Zi:l p;
1
N pﬁ
a1 = 1 +0(1)

Therefore, this immediately shows the claim about ¢. Therefore, we have that

(P + (K — 1)(525) =)\ °

Nratio —
ple+ (K -1)*(1—p)=

+ o(1).

1
The only thing left to prove is the inequality. Let § = (—p) “"' (K —1)"=71. Note that we can write

PR (K = 1) (35) T = (K= ) (1= p)7 (149).
Note that p'=* + (K — 1)*(1 — p)}=% > (K — 1)%(1 — p)!~®. Therefore, we can write that
N™H0 < (1 - p)(1+68)"% +o(1).

—1)6 for § < 1, since f(x) = (1 + )" has f"(z) =t(t —1)(1 +x)!" 2 so for t > 1

Note also that (1+6)" <1+ (2¢ —
f(8) < f(0)+ (f(1) — f( ))d =1+ (2! — 1)d. Using this for ¢ = 2t we have that

it is convex. Therefore, f

ratio _ atl _ p att __a_
N#e(p) < (1—-p)+ (2= 1)Tf5 K755 +o(1).
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1
So it suffices to have the o(1) term be smaller than (ﬁ) “™" K~a%1. Note that from the proof of Proposition A.4,
al+1

we can compute the o(1) term. In ¢}, the term was bounded by 2279 where C, and C) can be written explpicitly
1,

(Pt (k1) (222 ) =) )

)

C\N1
in terms of A, B, a, K, p. In N*®4° the consants are additionally mutliplied by é < e (R—T)e(i=p)T==

so it suffices to have

=

IN

Q

1
1 (po%rl 4 (K . 1)( 1:;01 oI )oz+1 221+l ( p )(1-1{-1 o
(1 —p)t-= C\Ni l—p

al pr+(K-1)
1 —p\ T 1 1
1 [ (po + (K —1)(&=2 a+1)a+ 9201+1(y, ( P ) ==

a pl=2 4+ (K —1)*(1 — p)t—= C\N7# 1—p

This happens when N > Ny(p, o, A, K, B). This finishes the proof. O

A.2 Memorization Tasks

Proof of Theorem 4.2. Follows from Lemma A.6 and Lemma A.8. O

1
Proof Corollary 4.5. First, note that in this case (’;—f) R O((£)a/(N=1)) Therefore, only for I = ©(K) do

we have fx(I) = ©(1), so indeed then Ky = O(K) in this case. We directly compute that Ls#™°(p) = O(N~1+%).
L*(p) follows directly from Lemma A.8 by using Ky = O(K), and we get L*(p) = O(N*~1)

O

Proofs for the Memorization Case For every task k, we only need to memorize the unique hypothesis that
appears together with the task.

K

e(g)=(1—-a)",  Ln(p g = Zpk(l —aq)".
k=1

Let {g;(N)}}L, = argming, e {Ln(p,q)}-
Lemma A.6. For all N > 1, there exists Sn > 0 such that the following holds for ¢;(N):

GE(N) = max{o, 1— By .plzl/(N—l)}.

Proof. By the method of Lagrange multipliers, there exists A € R such that
~Npp(1 = gt(N)V 14X =0, Vk e [M] st gqp(N)>0.

A 1/(N-1)
* N)=1-— -_— .
gLV (Npk)

Setting Zy := (%)1/(]\,71) and Sy = i finishes the proof. O

Then we have

Let Ky :=max{k € [K]: ¢(N) # 0}. Ky and Sy satisfy the following relationship.
Lemma A.7. For all N > 1,

Ky-—1 1/(N—-1) 1/(N—1)
BN = ry v € |[PEnt1 PRy ) ’
k=1Pk

=1 1/(N-1)
k

=1
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Proof. Since Zszl ¢;(N) =1and ¢;(N) =0 for all k> Ky, by Lemma A.6, we have

Kn
> (1-8ym YY) =1,
k=1
Rearranging the terms, we obtain
Kn
BN ZP;U(N_D =Ky -1,
k=1

Kn—1

k=1Pk

By definition of Kn, 1 — Bn - py VN1 5 0 and 1 — OnN pKl/( -b < 0. This implies By € LPKNH 2 pl/(N7

yPry
Then we have

Kn-—1

1> Z ( — N 1>) ( —py VD 'p;”(N‘”) .
k=1
1/(N ~1/(N-1
1< Z ( pI(/]E]+1 " Py /" )> :
Let fy(K) := ,If 11 (1 —p}(/(N_l) -p,?l/(N_l)). Then Ky = max{K : fy(K) < 1}.

Lemma A.8. Test errors for sampling with ¢ = p and q = q* are

K
L=me(p) =Y pe(1—pi)",
k=1

K K K
L*(p) = Z pr+ (Kn —1) %_16[ Z ok + (KN — 1)pgy+1, Z pk+(KN_1)pKN>~

Proof. The first equation is straightforward. For the second equation,

K N
L'(p)= Y pk+2pk(1—qZ)N=2pk By py VTN
k=Kn+1 k=1

Z pk‘i‘ﬁNZ PR

k=Kn+1

Z pr+ BN - ( i 1)

k=Kn-+1
K

Z pe+ (Ky —1)By L

k=Kn+1

Further noting that Sy € [p%](v]il 1), p}(/IEIN_l)) completes the proof.

B INCURRED ERROR USING A CRUDE CLASSIFIER

1)).

Here we present a theoretical analysis of how much error do we incurr when using a crude classifier that estimates

each test mixing proportion p; up to some precision ¢ in the Power Law Model 3.1.
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Proof of Theorem 3.4. This follows from direct computation of |L*(p’) — L*(p)| using Taylor expansion. In the
case that oy = --- = ag, L*(p) simplifies to

1 (& A\
L*(p) = o (Z(&-m)““) :

=1

Let A = p’ — p and note that L*(p’) = L*(p + A). Let f(t) = L*(p + tA). We want to bound f(1) —
f(0). Note that L* is C? on U = HlKl[p /2, Spl/2] so f is also C% on [0,1]. Therefore, we can write
FQ) = £0) = F/0) + [} [o f"(s)dsdt = f'(0) + [; (1 —t)f"(t)dt. Note that f'(0) = S5, 2% <P>A Further,

) =K MA Aj, so we have the bound

4,j=1 " Op;Op;
82L* +tA
|/ dt|</ (11 Z| )|| AdA.

Since L* is C? on U, there is M > 0 such that for all ¢ € [0, 1] we have |M| < M. Thereforem we have
that |f0 (1 —t)f"(t)dt| < MK?e?. This implies that

K
L*(p') Z

*

A +O(e?).

This in turn implies that
K
. . OL*(p
) - ) < 3012 e s o),
i=1 ¢
o 1 o
Note that aL (p) = &= (Zilil(Ajpj)ﬁ) A p, Tt Plugging this into the above bound finishes the proof. [

C PROOF OF EXISTENCE OF PDS IN THE GENERAL CASE

C.1 Proof of the Main Theorem

We provide a functional-analytic characterization of when positive distribution shift is guaranteed to exist. The key
idea is to study the loss Ly (p, ) as a function of both the target mixing ratios p and the training mixing ratios r,
and show that 7 = p almost never minimizes Ly (p,r) except for the degenerate cases described in Theorem 7.2.
The following key property of fi is useful for our analysis:

Lemma C.1. For all k € [m], the function fi is a 0-homogeneous rational function.

Proof. Tt is easy to see that f, is 0-homogeneous, since by definition, it holds for all ¢ > 0 that fx(cr) = fi( |CT‘)
fk (T)

To show that f, is a rational function, recall that for » € A™~!  f.(r) is defined as the expected loss of the
model trained on a dataset .S sampled with mixing ratio r and evaluated on subpopulation Dy.

Sampling from r corresponds to first sampling subpopulation indices i1, ..., i, € [m] according to r, and then
drawing the j-th sample in the dataset S from the subpopulation D;;. This allows us to rewrite the expectation
as:

Fk(r) = Z (ril T, ESNDil XDy X+ XDy, EZNDk [E(A(S)a Z)])

1<iy,yin<m

Each term in this sum Fj(7) is the product of a monomial of degree n in r and a constant that does not depend
on 7. Therefore, F(r) is a degree-n polynomial in » € A™~L. Since fi(r) := Fk(w) by definition, it follows
that fi is a rational function on R\ {0}. O
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Define the total population loss when testing under p but training under r as Ly(p,7) := >,y prfi(r). We
now characterize when r = p is a minimizer of Ly (p, ) over » € A™~ 1,

Lemma C.2. For any p € Arf*l, if L*™¢(p) = L (p), then

S
k=1

p) _ 0 for allie€ [m]. (15)

Proof. We minimize Ly (p,r) over r € A™~! using the method of Lagrange multipliers. Define the Lagrangian:

Zpkfk <Zrk — 1)

At a minimizer r = p, the stationarity condition requires %j (r,A) =0 for all ¢ € [m]. This yields

8(?“» <Z pkfk(”))
¢ \k=1

=X forall i € [m].

r=p
That is,
P 319@
Multiplying both sides by p; and summing over i € [m] gives:
m m m 8fk m B m B
ZPM > b Zpk =Y (- V@) ) =D (r-0) =0,
i=1 k=1 k=1

where the third equality holds because fj is 0-homogeneous and thus (p, V fi.(p)) = 0 by Euler’s theorem. Thus,
A =0, and we have > | p 3f’°(p) =0, as claimed. O

We now connect this condition to a gradient field characterization.

Theorem C.3. For any learning algorithm A, one of the following two scenarios must hold:

1. Ls*me(p) = L% (p) holds only for a zero-measure subset of p € A™1;

2. VL**™¢(p) = (f1(p),. .-, fm(P))-

Proof. Let ; denote the set of p € AT™" for which the gradient condition (15) holds for index i € [m]

By Lemma C.1, the function f is a rational function of p. It follows that both df";p) and >0 pk 8J(;’°p(p)
also rational functlons of p. Therefore, ; is the zero set of a rational function, and must be either a measure-zero

subset of A" L or the entire domain.

Let Q := ﬂie[m] Q; be the intersection of all 2;. Then 2 is either a zero-measure subset of Affl or the entire
domain. If € is a zero-measure subset, then by Lemma C.2, we are in the first case of the theorem. If Q) is the
entire domain, then the gradient condition (15) holds for all 7 € [m], p € RT; \ {0}.

Recall that L*™¢(p) := >} prfx(p). Then we compute:

aLbame(p) fz( ) Zpk afk(p) )

Opi pt Opi
By the gradient condition (15), >"}", pk o1 k(p ) = 0. Thus, %I:(p) = fi(p), which implies VL**"¢(p) =
(f1(@), ..., fm(p)), which is the second case of the theorem. O

Finally, Theorem C.3 implies Theorem 7.2.
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C.2 Characterization of Conservaation Conditions
Proof of Lemma 7.3. If Condition 7.1 holds, then for all i,j € [m] (i # j),

B 92 B
: _ Lsame — . .
o fi(p) pidp; (p) o fi(p)

By the chain rule, we have %fi(p) = — b9 () and aipifj (p) = — =95 ({5)- Thus, for all p € RZ, \ {0},

i () = el )

For any z,y > 0 with x +y < 1, we can choose p such that I%I =z and % = y. Then we have zg;(z) = yg;(y)
for all such z,y. This is only possible if there exists a constant C' such that zg}(x) = C for all z € (0,1). Solving

this gives gi(x) = %, which implies that g;(z) = C'lnz + A for some constant A.

Since g;(x) has no singularity at = 0, we must have C' = 0. Thus, ¢;(x) is a constant function. O

Further, we show that if the Conservation Condition 7.1 is satisfied, then one function f; determines the rest up
to a constant.

Lemma C.4. If both (f1,..., fk,L%™°) and (fl, .. .,fK,fLsame) satisfy Condition 7.1, and if f; = f; for some
i € [m], then for all k # i, fr(p) = fr(p) + Ck for some constant Cy.

The above Lemma C.4 implies that for every k and corresponding error function ex(n), there exists at most one
tuple of error functions {e; }szl ;- (up to a individual constant offset for each error function e;) that positive
distribution shift does not happen for p of positive measure. This further implies the following corollary.

Corollary C.5 (Positive Distribution Shift Almost Always Exists for General Tasks). For any set of K > 3
subpopulations D1, ..., Dk and any learning algorithm A, for all p € Affl, the configuration of [ex(M)|ke[k)n
that positive distribution shift does not happen is zero-measure.

Corollary C.5 shows that either the test mixing ratio p is on a set of measure zero on the simplex or the
configuration of subpopulation error functions ex(n) is on a set of measure zero. This implies that positive
distribution shift exists almost always.

Proof of Lemma C.4. Let A(p) = L¥™¢(p) — [same (p) be the difference between the two losses when training on
the same distribution. By Condition 7.1, we have
0 0 0 3

Alp) = 5L (p) - ymﬁsame(p) = fi(p) - fi(p) = 0. (16)

Opi

Therefore, A(p) is independent of p;, and there exists a function C : R™~! — R, p_; — C(p_;) such that
A(p) = C(p-;) for all p € RT; \ {0}, where p_; = (p1,-..,Pi—1,Pi+1,---,Pm)- This is because we can set

C(p-i) = A(p)|,,—o and then take the integral of 8%iA(p) over p; to get A(p) = C(p—).

Next, note that both L%™¢(p) and L**™(p) can be written as rational functions of the form

same S(p) 7 same S’(p)

where n is the dataset size. This is because L%*™¢(p) = >/, pr fu(p)-

Now we show that A(p) must have the form A(p) = >, Cxpx for some constants Cy. Let D(p) := S(p) — S(p).

Since D(p) is a polynomial, C'(p—_;) = ﬁ;ﬁ) must be a rational function. Let C(p_;) = gg’;:’

A(p—;) and B(p—;). Then

l; for some polynomials
D(p)B(p-i) = A(p-i)lp|™.

If A =0, then A(p) =0. Otherwise, both A(p_;) and B(p_;) are non-zero polynomials. Since B(p_;) cannot
be divisible by [p|™, D must be divisible by |p|™. Note that D is a (n + 1)-homogeneous polynomial and |p|” is
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n-homogeneous, so C(p_;) = ﬁ must be a 1-homogeneous polynomial. The only 1-homogeneous polynomials

in variables p_; are linear functions of the form C(p_;) = Zk# Cipr for some constants C. Thus, no matter
A =0 or not, we have A(p) = Zk# Crpk.

Finally, by Condition 7.1, we can compute for all k& # i that

folp) — Fulp) = a%A(p) e

which implies that fi,(p) = fx(p) + Ck, as desired. O

Proof of Corollary C.5. This follows from Lemma C.4. Note that Lemma C.4 implies that for every k and
corresponding error function ex(n), there exists at most one tuple of error functions {ej}fil)j?ék (up to a
individual constant offset for each error function e;) that positive distribution shift does not happen for p of
positive measure. This implies the corollary. O

D EXPERIMENT DETAILS

Model Architecture and Tokenizer. We use a model architecture similar to GPT-2, except that we use
RoPE instead of absolute position embedding. Our model has 6 layers, 8 attention heads, and 512 embedding
dimensions. We use the same tokenizer as GPT-2, which is a byte-pair encoding (BPE) tokenizer.

Generation of Skills. We randomly generate M = 10° skills. For each skill, we randomly sample 3 English
tokens and concatenate them to form the skill ID. The first token is sampled from a set of 1000 tokens that
start with a blank space and then a capital letter. The second and third tokens are sampled from a set of 1000
tokens that start with a captial letter without a blank space. The starting blank space is to ensure that the
skill ID is tokenized into exactly 3 tokens when placed in a prompt with space-separated skill IDs. For example,
“CourtClientCheck” can be a skill ID (with blank space removed). Then, for each skill i, we uniformly randomly
sample a function g; that maps a number from {0,...,9} to {0,...,9}.

Distribution: Skill Composition. For each data point, a number k is sampled uniformly from {10,...,50},
then a set of k skills g;,,...,¢;, are sampled IID following a power law p(i) (i + 50)~* with exponent o = 1.5.
The text consists of two parts. The input part is as follows:

<|begin_of_text|> Input:
[x] -> [skill ID 1] -> [skill ID 2] -> ... -> [skill ID k]

The output part is as follows:

Output:

[x] -> [skill ID 1] = [x1]
[x1] -> [skill ID 2] = [x2]
[x2] -> [skill ID 3] = [x3]

[Xk—l] -> [skill ID k] = [xk]
[xk]

The input and output parts are concatenated together with a blank line in between.

Distribution: Uniform Skills. For each data point, we randomly sample a skill ID uniformly from the skill
ID set. Then the text is as follows:

<|begin_of_text|> [x] [skill ID] = [expected output]

Evaluation. We evaluate the test accuracy of the model on skill composition task with CoT reasoning. We
sample 400 data points from the skill composition task, but fix k£ to be 10,30, 50. For each data point, only the
input part is given to the model, and the model’s autoregressive output is considered as correct if the last line of
the output is the same as the expected output.
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Training with Matched Distribution. In the training, we use batch size 128 and maximum sequence
length 2048. We perform sequence packing for each sequence in the batch: we sample data points from the skill
composition task until the maximum sequence length is reached. We train the model on 4 A4000 GPUs for at
most 40K steps.

Training with Mismatched Distribution. Similar as above, but for every sequence in the batch, we first
choose the task to be skill composition or uniform skills with probability 70% and 30% respectively. Then we
sample data points from the chosen task until the maximum sequence length is reached. These sequences are
then packed together to form the batch.

Results. We show the results in Figure 3. We see that training with mismatched distribution significantly
outperforms training with matched distribution.
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