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Abstract001

Large language models (LLMs) have demon-002
strated strong capabilities in complex reasoning003
tasks, yet the multi-step reasoning processes of-004
ten lead to expensive computation cost. The005
recent advance of diffusion language models006
(DLMs) adopts a parallel, non-autoregressive007
generation mechanism, which enables the effi-008
cient production of multiple outputs. In this pa-009
per, we explore a collaborative reasoning frame-010
work that combines diffusion-based generation011
with autoregressive evaluation. Specifically,012
we leverage DLMs to efficiently propose step-013
wise reasoning thoughts, and employ LLMs014
as evaluators to assess and select candidates015
based on their plausibility and correctness. By016
decoupling proposal generation from evalua-017
tion, our framework exploits the strengths of018
both models: efficient exploration from diffu-019
sion models and causally grounded assessment020
from autoregressive models, which naturally021
aligns with the divergent–convergent thinking022
framework in cognitive psychology. Experi-023
ments across various mathematical and logical024
reasoning benchmarks demonstrate that, our025
framework improves inference efficiency while026
maintaining competitive or superior reasoning027
accuracy, laying the groundwork for building028
efficient reasoning architectures. Our code029
is open-source at https://anonymous.4open.030
science/r/Diffuse-Thinking-EC60 .031

1 Introduction032

Large language models (LLMs) have demonstrated033

remarkable capabilities in complex reasoning tasks,034

achieving strong performance across mathematical,035

logical, and multi-step decision problems (Ope-036

nAI, 2024a; Meta, 2024; Liu et al., 2024; GLM037

et al., 2024). Despite these advances, most contem-038

porary LLMs adopt an autoregressive generation039

paradigm, in which tokens are produced sequen-040

tially from left to right and each token necessitates041

a separate forward pass computation. This token-042

by-token decoding mechanism makes large-scale043

Figure 1: Comparison of generation in DLM and LLM:
DLMs generate in parallel, producing multiple tokens
simultaneously, while LLMs generate sequentially, one
token at a time.

exploration of diverse reasoning paths computa- 044

tionally prohibitive. This bottleneck is particularly 045

acute for advanced reasoning techniques, such as 046

Chain-of-Thought (CoT) (Wei et al., 2022), Tree- 047

of-Thought (ToT) (Yao et al., 2023), and large rea- 048

soning models like OpenAI-o3 (OpenAI, 2025), 049

which explicitly rely on generating and evaluating 050

numerous intermediate reasoning steps (OpenAI, 051

2024b; Xu et al., 2025; Kong et al., 2025). 052

The advancement of diffusion language models 053

(DLMs) offers a promising direction for addressing 054

the inefficiency of autoregressive reasoning. As 055

illustrated in Figure 1, unlike autoregressive LLMs 056

that generate tokens sequentially, DLMs adopt 057

a parallel reverse denoising process that enables 058

multiple tokens to be generated simultaneously. 059

This non-autoregressive generation paradigm al- 060

lows DLMs to efficiently produce diverse candi- 061

date outputs within a small number of forward 062

passes, substantially reducing the cost of proposal 063

generation. Moreover, while LLMs employ a uni- 064

form generation process for all tasks regardless of 065

difficulty or quality requirements, DLMs can dy- 066

namically adjust their denoising steps, enabling a 067

flexible trade-off between generation quality and 068
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speed tailored to the specific demands of the task.069

These properties suggest that DLMs are partic-070

ularly effective at exploring diverse candidate rea-071

soning thoughts. In contrast, although LLMs in-072

cur high costs during output generation, they can073

process and store arbitrarily long input sequences074

within a single forward pass, making input-side075

computation relatively efficient. Moreover, due to076

their autoregressive modeling of conditional token077

dependencies, LLMs exhibit strong causal reason-078

ing and logical consistency, which are essential for079

evaluating structured reasoning processes. As a re-080

sult, LLMs are naturally suited to act as evaluators081

that assess the plausibility and correctness of candi-082

date reasoning paths. This complementary division083

of roles enables a collaborative reasoning paradigm084

in which proposal generation and evaluation are085

decoupled and assigned to different model classes.086

Notably, this design principle aligns with the di-087

vergent–convergent thinking framework (Guilford,088

1967) in cognitive psychology, which distinguishes089

two complementary modes of problem solving. Di-090

vergent thinking emphasizes the broad generation091

of multiple, diverse candidate ideas without im-092

mediate commitment to their correctness, whereas093

convergent thinking focuses on systematically eval-094

uating, refining, and selecting among these candi-095

dates based on logical consistency and task con-096

straints. In our framework, DLMs naturally instan-097

tiate the divergent mode by efficiently proposing098

diverse candidate thoughts, while autoregressive099

LLMs realize the convergent mode by leveraging100

their causally grounded generation to perform logi-101

cal evaluation and selection. This correspondence102

offers a concrete explanation, from a cognitive psy-103

chology perspective, for why diffusion-based gen-104

eration and autoregressive evaluation complement105

each other in collaborative reasoning.106

However, realizing effective collaboration be-107

tween DLMs and LLMs in complex reasoning tasks108

presents several challenges. First, the collaboration109

mechanism between DLMs and LLMs remains un-110

derexplored, and the appropriate division of roles111

between the two paradigms is not yet well under-112

stood. Second, due to information loss inherent in113

the diffusion process, naively generated proposals114

may lack logical precision, limiting their useful-115

ness for downstream reasoning. Third, the optimal116

granularity and scope of reasoning thoughts to be117

generated by DLMs remain unclear, making it non-118

trivial to determine how complex reasoning tasks119

should be decomposed for proposal generation.120

To address these challenges, we propose Diffuse 121

Thinking (DT), a novel diffusion–autoregressive 122

collaborative reasoning framework. DT is built 123

upon a clear division of labor: DLMs serve as pro- 124

posers that generate diverse, single-step interme- 125

diate reasoning thoughts, while LLMs act as eval- 126

uators that assess and filter these proposals based 127

on causal and logical consistency. The interac- 128

tion between proposer and evaluator is orchestrated 129

through a structured propose–evaluate&select loop, 130

ensuring that only the most plausible reason- 131

ing steps are retained for subsequent expansion. 132

Through this design, DT significantly improves 133

inference efficiency while maintaining high rea- 134

soning accuracy. To further boost the quality of 135

proposals in practice, we fine-tune DLMs on a cu- 136

rated dataset of single-step reasoning examples, 137

further enhancing the reasoning capabilities of the 138

framework. 139

We conduct extensive experiments on four math- 140

ematical and logical reasoning benchmarks. Across 141

all benchmarks, DT consistently outperforms base- 142

lines, achieving higher reasoning accuracy while 143

significantly improving inference throughput. On 144

average, DT improves reasoning accuracy by 5% 145

and throughput by 10% compared to the most accu- 146

rate baselines. Our contributions are summarized 147

as follows: 148

• We propose a novel collaborative reasoning 149

framework that combines DLMs and LLMs, 150

decoupling proposal generation from evalu- 151

ation at the level of intermediate reasoning 152

thoughts. 153

• We provide theoretical analyses from 154

information-theoretic and computational com- 155

plexity perspectives to explain the advantages 156

of the proposed diffusion–autoregressive 157

collaboration. 158

• We validate the effectiveness of our frame- 159

work on diverse mathematical and logical rea- 160

soning benchmarks, demonstrating that it si- 161

multaneously improves reasoning accuracy 162

and inference efficiency. 163

2 Related works 164

2.1 Chain-of-Thought reasoning in LLMs 165

Recent advances in LLMs have demonstrated that 166

explicitly modeling intermediate reasoning steps 167

is critical for solving complex mathematical and 168
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logical tasks. Early work on Chain-of-Thought169

(CoT) prompting (Wei et al., 2022) showed that170

encouraging models to generate step-by-step expla-171

nations can substantially improve reasoning accu-172

racy. Building upon CoT, subsequent frameworks173

such as Tree-of-Thought (ToT) (Yao et al., 2023)174

and related search-based methods further extend175

this idea by decomposing problems into multiple176

reasoning branches, sampling diverse intermedi-177

ate thoughts, and selecting promising trajectories178

via evaluation or search (Snell et al., 2024; Xie179

et al., 2024). In parallel, reinforcement learning180

and verifier-based training strategies have been in-181

troduced to strengthen reasoning behaviors, giving182

rise to so-called large reasoning models (Guo et al.,183

2025; OpenAI, 2024b; Shao et al., 2024; Xu et al.,184

2025). Despite their success, these approaches al-185

most exclusively rely on autoregressive decoding186

to generate numerous intermediate thoughts (Shao187

et al., 2025a,b). As reasoning depth and the num-188

ber of sampled thoughts increase, token-by-token189

generation becomes the dominant computational190

bottleneck, motivating the exploration of more effi-191

cient generation paradigms for complex reasoning.192

2.2 Diffusion language models193

Diffusion models have attracted increasing atten-194

tion for text generation. To bridge the gap be-195

tween continuous diffusion processes and discrete196

text tokens, two main categories of DLMs have197

been proposed: discrete DLMs, which corrupt198

tokens via Markov transitions (Zou et al., 2023;199

Hoogeboom et al., 2021; Zheng et al., 2023; Lou200

et al.), and continuous DLMs, which embed to-201

kens and apply Gaussian noise. Both paradigms202

have demonstrated strong performance across a203

range of NLP tasks, including machine transla-204

tion (Nachmani and Dovrat, 2021), controllable205

generation (Han et al., 2022; Li et al., 2022) and206

text summarization (Zhang et al., 2023). Beyond207

traditional NLP tasks, recent work has begun to208

explore DLMs for complex reasoning. Pretrained209

models such as Plaid (Gulrajani and Hashimoto,210

2024) and SEDD (Lou et al., 2023) achieve genera-211

tion quality comparable to autoregressive models212

of similar scale. Several efforts explicitly target213

reasoning: Diffusion-of-Thought (Ye et al., 2024b)214

incorporates CoT supervision into diffusion mod-215

els, while (Ye et al., 2024a) improves training ef-216

ficiency via token-level reweighting and achieves217

strong performance on structured tasks such as Su-218

doku, though it remains limited to numeric tokens219

and lacks general semantic reasoning capability. 220

More recently, scaling efforts such as 221

LLADA (Nie et al., 2025) and DiffuLLaMA (Gong 222

et al., 2024) extend DLMs to the 7–8B parameter 223

range. In parallel, Mercury Coder (Khanna et al., 224

2025), a commercial-scale diffusion model for 225

code generation, demonstrates generation speeds 226

of up to 1000 tokens per second, substantially 227

outperforming autoregressive models in through- 228

put. These advances underscore the efficiency 229

advantages of diffusion-based generation. Our 230

work builds on these developments by proposing 231

a collaborative framework that combines the 232

efficient generation of DLMs with LLMs’ strong 233

causal evaluation. 234

3 Methodology 235

Inspired by the cognitive process of divergent and 236

convergent thinking, we propose a collaborative 237

reasoning framework. The reasoning task is decom- 238

posed into sub-tasks where the DLM extensively 239

explores the solution space to generate diverse can- 240

didate proposals, while the LLM evaluates and se- 241

lects the correct ones. This cycle of proposing and 242

evaluating iterates until the answer is derived. 243

3.1 DLM as thought proposer 244

In our framework, the DLM assumes the role of di- 245

vergent thinking, tasked with the broad and rapid 246

exploration of the solution space. The following 247

computational complexity analysis demonstrates 248

why the DLM’s parallel generation mechanism is 249

ideally suited for this efficient proposing role. 250

Computational complexity derivation of DLM 251

For DLM, since the input and output lengths are 252

fixed and equal, the computational complexity is 253

primarily determined by the denoising transformer 254

network layers and the number of denoising steps. 255

For T denoising steps, the total FLOPs for the 256

DLM can be expressed as: 257

FDLM = T ·
(
2 ·N ·

(
12 · L ·D2 + 2 · L2 · D

H

)
+2 · L ·D · E + 2 · L · (D + 2 · E) · V )

= O
(
T · L2

)
(1) 258

For a more detailed derivation, please refer to Ap- 259

pendix. Considering the generation of K samples, 260

the overall computational cost becomes: 261

FDLM (K) = K · FDLM (2) 262

3



𝑇𝑎𝑠𝑘
How to get 24 with the 

numbers {1, 3, 4, 6} by +-*/ ? 

…

𝐿𝐿𝑀 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑛𝑔
Select the best one 

from these proposals:

Selection: Proposal 3

𝐸𝑣𝑎𝑙𝑎𝑡𝑖𝑜𝑛

1 − 0.75 = 0.3 1 − 0.75 = 0.256/1 = 6

6 ∗ 0.25 = 24 6/0.25 = 24 6 ∗ 4 = 24

3/4 = 0.75

𝐷𝐿𝑀 𝑃𝑟𝑜𝑝𝑜𝑠𝑖𝑛𝑔
[Task]

Please propose next steps.

𝑃𝑟𝑜𝑝𝑜𝑠𝑎𝑙𝑠
P𝑟𝑜𝑝𝑜𝑠𝑎𝑙! 1 − 0.75 = 0.3

P𝑟𝑜𝑝𝑜𝑠𝑎𝑙" 6/1 = 6

P𝑟𝑜𝑝𝑜𝑠𝑎𝑙# 1 − 0.75 = 0.25

P𝑟𝑜𝑝𝑜𝑠𝑎𝑙! 1 − 0.75 = 0.3

P𝑟𝑜𝑝𝑜𝑠𝑎𝑙" 6/1 = 6

P𝑟𝑜𝑝𝑜𝑠𝑎𝑙# 1 − 0.75 = 0.25

Reasoning:
The third proposal is 
correct, non-redundant, 
and highly promising for 
reaching 24.

3/4 = 0.75 3×4 = 124×6 = 24

Figure 2: Overview of the proposed framework, exemplified by the Game of 24. The DLM efficiently generates
diverse candidate thoughts, while the LLM evaluates these candidates to select the most promising proposal.

Parallel-time complexity. All matrix multipli-263

cations inside self-attention and MLP are paral-264

lelizable over the sequence dimension L, since the265

DLM processes the entire sequence simultaneously266

in forward passes. Assuming ideal hardware that267

provides O(L) parallel lanes, the wall-clock la-268

tency per denoising step collapses to the longest269

dependency path, yielding270

T
par
DLM = O

(
KDLM · L2 · T

L

)
= O(KDLM ·L·T ).

(3)271

Thus, under sufficient parallelism, the latency is272

linear in T and linear in L, while the total FLOPs273

still scale as O(L2T ).274

Computational complexity derivation of LLM275

In contrast to DLM, the computational cost of276

LLMs is determined by both their backbone archi-277

tecture and the variable length of output text. We278

denote the per-head dimension as: dh = D
H . Con-279

sidering KV-cache, the computational complexity280

of LLM can be expressed as:281

Ftotal = (2 ·D · V + 24 ·N ·D2) · Lout

+ (2 + 24 ·N ·D) ·D · Lin

+ 4 ·N · D
H

·
(
L2
in + L2

out + Lin · Lout

)
).

282

For a more detailed derivation, please refer to Ap-283

pendix.284

When generating K samples, the complexity285

scales by a factor of K and is further affected by286

the length of the longest generated sequence:287

TLLM = O
(
KLLM

(
L2

out,max + L2
in + Lin Lout

))
= O

(
KLLM L2

)
(4)

288

Sequential-time complexity. Unlike DLMs, au-289

toregressive language models generate tokens one290

by one; each new token depends on all previously 291

generated tokens. Consequently, self-attention and 292

MLP layers cannot be parallelized across the se- 293

quence dimension Lout, even under ideal hardware. 294

We also computationally demonstrate that 295

KDLM can reach 16 times as much as KLLM 296

for the same model architecture, computational re- 297

sources, parameter sizes, and input/output lengths 298

while best fitting our experimental setup. The 299

above are all derived results considering KV-cache 300

for LLM. If the KV-cache is not considered, the 301

computational cost of the LLM increases rapidly 302

as the sequence length increases, due to the cubic 303

dependence on Lout, while the computational cost 304

of the diffusion model remains low. For a more 305

detailed derivation, please refer to Appendix. 306

The comparison of DLM and LLM highlights 307

the significant advantage of DLM’s parallel gener- 308

ation, which inspires us to fully leverage the par- 309

allelism of DLMs to replace LLMs for proposing 310

a number of thoughts, thereby greatly improving 311

inference efficiency. Assuming that the DLM gen- 312

erates M thoughts, then the denoising process can 313

be defined as follows: 314

P = {Denoised(j)(x̃0) | j = 1, . . . ,M} (5) 315

“Denoised” represents the process in which 316

DLM gradually denoises from noise and generates 317

final outputs. The equation as a whole indicates 318

that DLM generates M thoughts, which are placed 319

in a set P for subsequent derivation. 320

3.2 LLM as thought evaluator 321

In our framework, the LLM assumes the role of 322

convergent thinking, tasked with the rigorous eval- 323

uation and selection of candidate proposals. The 324

underlying mechanisms of inference in LLMs and 325

DLMs differ fundamentally. For LLMs, with the 326
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support of KV cache, the process of handling in-327

puts and generating tokens is separated into two328

phases. In the first phase, known as prefill, LLM329

processes all input tokens in parallel to initialize330

the KV cache, performing a single forward pass to331

output the first token. The second phase is decod-332

ing, where the model generates subsequent tokens333

one by one, requiring a forward pass for each gener-334

ated token. The separation of two phases explains335

why input tokens are cheaper than output tokens336

in current LLMs. However, for DLMs, handling337

inputs and generating outputs cannot be separated,338

and there is no advantage in processing inputs more339

efficiently than generating outputs. This indicates340

that LLMs exhibit high efficiency in processing341

input. Regardless of the input text length, an LLM342

only requires a single forward pass to encode the343

entire input into the initial state of the attention344

memory. This advantage is not present in DLMs,345

which inspires us to leverage LLMs as evaluators346

to assess and filter a large number of proposals.347

Moreover, LLMs inherently possess strong general348

semantic understanding capabilities, enabling them349

to identify the most promising and correct proposal350

from a set of candidates.351

Specifically, once the DLM generates a set of352

candidate solutions, LLM can be leveraged to eval-353

uate and select the most appropriate one, taking354

into account the context provided by the problem355

and the proposals. The evaluation process can be356

formulated as follows: The LLM receives a prompt357

that includes the problem q, the candidate solutions358

P , and relevant guidance. The model then predicts359

both the most suitable solution index i∗ and the360

corresponding reasoning r in a unified process by361

computing the joint probability distribution:362

pLLM(i∗, r|q,P; θ) (6)363

Here, i∗ represents the chosen solution index, and364

r is the reasoning behind the choice. This for-365

mulation encapsulates both solution selection and366

reasoning generation in a single model evaluation.367

This formulation enables the LLM to provide both368

a solution and an explanation in one inference369

pass, significantly reducing computational over-370

head compared to evaluating each candidate solu-371

tion individually.372

3.3 DLM-LLM collaborative reasoning373

framework374

Ultimately, we combine the rapid proposal gener-375

ation of the DLM with the precise evaluation of376

the LLM. Through an iterative propose-evaluate 377

mechanism, this design yields a highly efficient 378

and capable reasoning system. The overall process 379

proceeds as follows: First, the diffusion model gen- 380

erates a set of candidate solutions P by reversing 381

the noise from the initial noisy states x̃(j)T for each 382

j = 1, . . . ,M . After generating the candidate so- 383

lutions, the problem input q is concatenated with 384

P to form a prompt for the LLM. 385

The LLM then evaluates all the candidates in 386

one inference step, predicting the most suitable 387

solution index i∗ and providing the corresponding 388

reasoning r. The selected solution is the one with 389

the highest probability: 390

i∗ = argmax
i

pLLM(i|q,P; θ) (7) 391

Finally, the selected solution x∗ is obtained as x∗ = 392

xi∗ , and the reasoning r provides an explanation 393

for the selection. 394

We present a theoretical analysis that elucidates 395

the fundamental limits of error in diffusion lan- 396

guage models from an information-theoretic per- 397

spective. Specifically, the per-step information 398

loss ∆It is defined as the difference between the 399

model’s estimated mutual information and the true 400

mutual information: 401

∆It = Iindep(Xt|Xt−1)− I(Xt|Xt−1) ≥ 0. (8) 402

This loss quantifies the information about the de- 403

pendencies between tokens xti within step t (given 404

Xt−1) that is omitted by the model. 405

Let Iideal(X
∗;X0) be the mutual information 406

achievable by an ideal T-step diffusion pro- 407

cess (without the independence assumption), and 408

Iindep(X
∗;X0) be the mutual information achieved 409

by the model using the independence assumption. 410

The total accumulated information loss is: 411

TotalLoss(T, L) =

Iideal(X
∗;X0)− Iindep(X

∗;X0) ≥ 0
(9) 412

This total loss reflects the cumulative impact of 413

the per-step losses ∆It across all denoising steps. 414

We derive the following inequality using Fano’s 415

inequality (Scarlett and Cevher, 2019): 416

Hideal(X
∗ | X0) + TotalLoss(T, L) 417

≤ H
(
EDiff(T, L)

)
+EDiff(T, L) log

(
|X | − 1

)
.

(10)
418

TotalLoss(T, L) denotes the total accumulated in- 419

formation loss, while Hideal(X
∗|X0) represents the 420
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conditional entropy of the ideal denoising process.421

EDiff (T, L) = P (X0 ̸= X∗) denotes the final422

error probability, and X is a finite set of possible423

values for X∗. A detailed derivation of this inequal-424

ity is provided in Appendix. This indicates that425

the lower bound of error in the diffusion language426

models is affected by the loss of information in427

the parallel prediction tokens, which is expected to428

increase as L increases. By integrating the diverse429

solution generation capabilities of diffusion mod-430

els with the global reasoning capabilities of large431

language models (LLMs), the proposed framework432

systematically optimizes the solution for each step,433

narrowing the gap with the correct answer for that434

step. The LLM not only selects the optimal solu-435

tion but also ensures transparency by providing a436

detailed explanation of its choice.437

3.4 Learning to propose thoughts438

To further elicit the intrinsic capability of DLMs439

for continuous and incremental problem-solving440

through training, we meticulously design the con-441

struction of the training data. Specifically, for each442

reasoning task, we perform task decomposition,443

breaking down the complete reasoning process into444

sub-tasks that are more manageable and relatively445

easier to solve. Each sub-task corresponds to a446

specific and practical reasoning thought, such as447

computation, concatenation, transformation, and448

so forth. Each ground truth thought is obtained449

through a search-based approach, where we ex-450

plore and traverse the entire solution space. Ulti-451

mately, we filter and retain the most accurate and452

promising thoughts to be included in the dataset.453

Each thought constitutes a part of the solution, ef-454

fectively advancing the problem-solving process.455

For each training instance, the input consists of the456

problem description of the reasoning task along457

with the preceding reasoning thoughts, while the458

output is the next reasoning thought.459

This dataset construction approach encourages460

our DLM to spontaneously adopt step-by-step rea-461

soning to tackle problems and propose the next-462

step reasoning thoughts. The DLM can perform463

denoising on a batch to effectively generate multi-464

ple next-step thoughts, forming a set of candidate465

proposals. These proposals are then evaluated and466

filtered, with one or several selected to proceed,467

enabling the iterative process of proposing and fil-468

tering until the problem is solved.469

4 Experiments 470

We evaluate the comprehensive reasoning accu- 471

racy and efficiency of our framework across four 472

challenging benchmarks against baselines. Further- 473

more, we conduct a detailed analysis of the quality 474

of DLM-generated proposals and quantify the per- 475

formance gains contributed by the LLM evaluator. 476

4.1 Experimental setup 477

Benchmarks: We select the Game-of-24, GPQA, 478

ARC-C and Trip-planning problems as our evalua- 479

tion benchmarks. Game-of-24 requires using four 480

given numbers to compute the number 24 through 481

addition, subtraction, multiplication, and division, 482

assessing both fundamental arithmetic skills and 483

the ability to maintain a global logical perspec- 484

tive throughout the reasoning process. GPQA 485

presents a PhD-level task that demands identify- 486

ing the single correct answer among four choices 487

in biology, physics, or chemistry, foregrounding 488

retrieval of rare factual knowledge, chaining of 489

multi-step scientific reasoning, and resistance to 490

subtle, expert-designed distractors. ARC-C tasks 491

the solver with electing the single valid choice from 492

four elementary-level science options, spotlighting 493

common-sense induction, unseen domain transfer 494

over distant concepts, and immunity to surface- 495

level semantic mirages. Trip-planning entails com- 496

posing a uniquely-valid multi-city itinerary un- 497

der deterministic flight-connectivity and day-level 498

duration constraints, foregrounding implicit con- 499

straint propagation, cross-domain temporal reason- 500

ing. 501

For the Game-of-24 , we exhaustively enumer- 502

ated number combinations and employed a back- 503

tracking approach to solve it. We considered all 504

non-repetitive, diverse solutions, resulting in a 505

dataset of 168,046 24-point problems, with the 506

maximum value for the four numbers limited to 30. 507

For GPQA benchmark, we used the original dataset 508

from (Rein et al., 2024). For ARC-C, we used the 509

challenge set from the original dataset from (Clark 510

et al., 2018). For Trip-planning, we used the 3-city 511

subset of the original dataset from (Zheng et al., 512

2024). All the datasets used and created in this 513

paper will be open-sourced at the project link. 514

4.1.1 Metrics 515

Acc Except for the Game-of-24, all benchmarks 516

admit a unique solution. Reasoning accuracy is 517

computed by comparing the generated outputs with 518
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Solutions
(Proposer + Evaluator)

Game-of-24 Trip-planning GPQA ARC-C
Acc ThroughPut Acc ThroughPut Acc ThroughPut Acc ThroughPut

Llama3-8B + Llama3.3-70B 0.12 0.30 0.04 0.23 0.32 0.13 0.80 0.49
Mistral-7B + Llama3.3-70B 0.08 0.41 0.07 0.18 0.33 0.19 0.81 0.57

Deepseek-7B + Llama3.3-70B 0.12 0.36 0.11 0.25 0.33 0.38 0.82 0.53
DT(LLADA-8B + Llama3.3-70B) 0.12 0.48 0.16 0.35 0.33 0.56 0.82 1.05
DT(Dream-7B + Llama3.3-70B) 0.13 0.45 0.29 0.40 0.37 0.46 0.83 0.59

Table 1: Performance of our proposed framework(DT). In each benchmark, the highest reasoning accuracy and
throughput is highlighted in bold, and the second-highest is underlined.

the ground truth. For the Game-of-24, beyond ver-519

ifying whether the final result equals 24, we addi-520

tionally evaluate the validity of the intermediate521

reasoning steps, including whether all four num-522

bers are properly used and whether each arithmetic523

operation is correct.524

Throughput Following a standard experimental525

setup, we measure throughput, the number of sam-526

ples processed per minute (it/min) with a batch size527

of one during inference, to assess the framework’s528

time efficiency in problem solving.529

Time To provide an intuitive measure of effi-530

ciency, we measure time in single-step evaluations,531

reporting the average inference time per step (in532

seconds).533

Pass@5 To examine the quality of the thoughts,534

we measure the probability that at least one of the535

five proposals is correct for a single sub-task.536

Baselines Given that the parameter count of537

the DLM model falls within the range of 7 and538

8 billion, to ensure a fair comparison, we restrict539

our consideration to LLM models with parameters540

close to 8 billion. Ultimately, we select the recently541

released and widely recognized models: Llama3-542

8B (Meta, 2024), Mistral-7B (Jiang et al., 2023)543

and Deepseek-7B (Bi et al., 2024) as proposers. We544

configure the evaluation model, Llama3-70B (Meta,545

2024), to assess the thoughts generated by each pro-546

poser.547

Implementation details In inference, the num-548

ber of sampling steps T is dynamic. This demon-549

strates the flexibility of Diffusion LM and improves550

the efficiency of proposal generation. We set T = 8551

for Game-of-24, T = 64 for GPQA ,Trip-planning552

and ARC-C. For the Main Results 4.2 and Quality553

of Proposals 4.3, we directly use two open-source554

discrete DLMs, namely Dream (Ye et al., 2025)555

and LLADA (Nie et al., 2025). In the finetun-556

ing experiment, we train our model on a single557

NVIDIA A100-80G with a batch size of 2, and558

perform sampling on the same device. The DLM559

Models
Game-of-24 Trip-planning GPQA ARC-C

pass@5 Time pass@5 Time pass@5 Time pass@5 Time

Llama3-8B 0.15 6.43 0.33 42.12 0.55 78.28 0.88 28.32
Mistral-7B 0.065 4.76 0.33 40.62 0.25 49.94 0.83 18.88

Deepseek-7B 0.125 18.06 0.36 38.94 0.33 55.71 0.85 15.21

LLaDA-8B 0.165 2.16 0.60 23.86 0.57 10.19 0.87 13.25
Dream-7B 0.185 3.97 0.47 29.91 0.56 28.48 0.89 18.31

Table 2: Quality of reasoning thoughts. For pass@5,
higher values (↑) are better; for Time, lower values (↓)
are better.

is finetuned from the pretrained discrete diffusion 560

language model LLADA (Nie et al., 2025). During 561

finetuning, we set the maximum sequence length 562

to 4096 and use a learning rate of 1e-5. 563

4.2 Main results 564

Table 1 presents the performance comparison be- 565

tween our proposed framework and the baselines. 566

In terms of efficiency, our framework significantly 567

outperforms autoregressive models. Specifically, 568

DT (LLADA-8B) achieves the highest throughput 569

across benchmarks; for instance, on ARC-C, it 570

reaches 1.05 it/min, approximately doubling that 571

of Deepseek-7B (0.53 it/min). 572

Regarding accuracy, DT (Dream-7B) demon- 573

strates remarkable robustness. On the challeng- 574

ing Trip-planning benchmark, it attains an accu- 575

racy of 0.40, vastly exceeding Llama3-8B (0.04) 576

and Mistral-7B (0.18). This indicates that the di- 577

verse, parallel proposals generated by DLMs effec- 578

tively cover the solution space in complex tasks, 579

allowing the LLM evaluator to identify superior 580

reasoning paths that greedy autoregressive decod- 581

ing misses. Furthermore, on the expert-level GPQA 582

benchmark, our framework maintains superior per- 583

formance (0.37), proving its versatility across vary- 584

ing difficulty levels. Overall, these results validate 585

that Diffuse Thinking establishes a better trade- 586

off between inference speed and reasoning quality 587

compared to traditional autoregressive pipelines. 588
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Figure 4: Performance improvements on different benchmarks after fine-tuning.

4.3 Quality of proposals589

Furthermore, to examine the quality of the thoughts590

proposed by the DLM without finetuning, we omit-591

ted the LLM evaluator and independently assessed592

the quality of the thoughts generated by several593

proposers. The results in Table 2 clearly demon-594

strate that on different benchmarks, the quality of595

reasoning generated by DLM is better than that of596

the baseline models or at least comparable to the597

baseline models. The average accuracy advantage598

exceeds 10%, and the generation efficiency is also599

notably better, with an average throughput advan-600

tage surpassing 15%. This fully corroborates our601

previous complexity analysis of the DLM and LLM602

models.603

4.4 Ablation Study604

We conduct ablation studies to evaluate the neces-605

sity of the LLM-based evaluation phase. We exam-606

ine the reasoning capability of DLMs in isolation.607

As summarized in Figure 3, the role of the LLM608

evaluator is pivotal. The performance of DLMs609

(Dream and LLADA) degrades significantly when610

performing multi-step reasoning without an eval-611

uation phase. The sharp decline, particularly in612

Game-of-24, underscores the severity of error accu-613

mulation in vanilla DLMs and validates our collab-614

oration framework.615

4.5 Learning to propose thoughts 616

In this subsection, we demonstrate the signifi- 617

cant performance improvements achieved by fine- 618

tuning our model on two benchmarks: ARC-C and 619

Game-of-24. Figures 4 illustrates the performance 620

gains on the ARC-C and Game-of-24 datasets, re- 621

spectively. As shown in the figures, the model’s 622

performance on the ARC-C dataset increased from 623

13% to 21% after fine-tuning, while on the Game- 624

of-24 dataset, the performance improved from 83% 625

to 87%. These results underscore the effective- 626

ness of fine-tuning DLM as an efficient proposer in 627

enhancing our framework’s reasoning and problem- 628

solving capabilities. For detailed information on 629

the training data, please refer to Appendix E.2. 630

5 Conclusion 631

In this paper, we propose Diffuse Thinking, a 632

novel collaborative framework that synergizes 633

DLMs and LLMs to structurally embody the di- 634

vergent–convergent thinking theory in efficient rea- 635

soning. By distinguishing the roles of broad ex- 636

ploration and logical evaluation, our work offers a 637

fresh paradigm for complex problem-solving. Ul- 638

timately, Diffuse Thinking lays the groundwork 639

for the exploration of future efficient reasoning ar- 640

chitectures, paving the way for developing more 641

scalable and cognitively grounded AI systems. 642
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A Limitations824

While Diffuse Thinking establishes a robust frame-825

work for efficient collaborative reasoning, we iden-826

tify the scope of the selection strategy as a pri-827

mary avenue for future enhancement. Currently,828

our framework operates on a step-wise greedy829

paradigm, where the evaluator selects the optimal830

proposal based on the immediate likelihood of the831

next thought. Although this approach yields com-832

petitive performance across various benchmarks, it833

prioritizes local optimality at each reasoning step.834

This modular architecture, however, presents a sig-835

nificant opportunity: it naturally accommodates836

the integration of global planning algorithms. Fu-837

ture work can extend this framework by incorporat-838

ing look-ahead search mechanisms, such as Monte839

Carlo Tree Search (MCTS) or backtracking strate-840

gies, to further enhance performance on tasks re-841

quiring long-horizon strategic foresight.842

B Detailed FLOPs calculation for843

diffusion language model844

In this section, we will provide a detailed derivation845

and computation of the forward inference compu-846

tational cost (in FLOPs) for diffusion models that847

use a transformer decoder as their backbone.848

B.1 Symbol definitions and assumptions849

The following symbols are used: sequence length850

L = 4096, model dimension D = 4096, embed-851

ding dimension E = 4096, number of attention852

heads H = 32, number of Transformer blocks853

N = 32, vocabulary size V = 126, 464, and num-854

ber of denoising steps T (variable). Moreover, FSA855

represents FLOPs for a single self-attention opera-856

tion. FMLP represents FLOPs for a single feedfor-857

ward network. Fothers represents FLOPs for embed-858

ding and other operations.859

B.2 FLOPs for self-attention and feedforward860

The self-attention (SA) mechanism includes the861

following components: 1. Generating queries,862

keys, and values: FQKV = 2 · 3 · L · D2. 2.863

Computing attention scores and normalization:864

Fattention_scores = 2·L2·D/H . 3. Weighted sum and865

output projection: Fweighted_sum + Fout_projection =866

2 · L2 ·D + 2 · L ·D2.867

Thus, the total FLOPs for SA is:868

FSA = 8 · L ·D2 + 4 · L2 ·D/H (11)869

The feedforward network (MLP) consists of up- 870

projection and down-projection, each contributing 871

8 · L ·D2, resulting in: 872

FMLP = 16 · L ·D2 (12) 873

For one Transformer block, the total FLOPs is: 874

Fblock = FSA +FMLP = 24 ·L ·D2+4 ·L2 ·D/H
(13) 875

B.3 Full model FLOPs per step 876

Considering N Transformer blocks, the total 877

FLOPs for the blocks is: 878

Fblocks = N · Fblock (14) 879

= N ·
(
24 · L ·D2 + 4 · L2 ·D/H

)
. 880

In addition, the embedding and output layers 881

contribute: 882

Fothers = 2 ·L ·D ·E+2 ·L · (D+2 ·E) ·V (15) 883

The total FLOPs per step is then: 884

Fstep = Fblocks + Fothers. (16) 885

B.4 Total FLOPs for T steps 886

For T denoising steps, the total FLOPs is: 887

FDLM =T · Fstep 888

=T ·
(
N ·

(
24 · L ·D2 + 4 · L2 ·D/H

)
889

+2 · L ·D · E + 2 · L · (D + 4 · E) · V )
(17)

890

Obviously, the square term of L occupies an 891

absolute dominant position in the amount of cal- 892

culation. So the time complexity can be written 893

as: 894

TDLM = O
(
L2 · T

)
(18) 895

It can be seen that the final time complexity is 896

proportional to the number of denoising steps T and 897

proportional to the square of the sequence length 898

L. For DLMs, T is a hyperparameter that can be 899

less than the number of tokens generated. By ad- 900

justing T , multiple tokens can be generated simul- 901

taneously, balancing quality and efficiency. 902

Parallel-time complexity. All matrix multipli- 903

cations inside self-attention and MLP are paral- 904

lelizable over the sequence dimension L, since the 905

DLM processes the entire sequence simultaneously 906

in forward passes. Assuming ideal hardware that 907
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provides O(L) parallel lanes, the wall-clock la-908

tency per denoising step collapses to the longest909

dependency path, yielding910

T
step
DLM = O

(
LD2

L
+

L2D/H

L

)
(19)911

= O(D2 + LD/H).912

Multiplying by the number of denoising steps T ,913

the end-to-end parallel-time complexity is therefore914

T
par
DLM = O(T · L). (20)915

Thus, under sufficient parallelism, the latency is916

linear in T and linear in L, while the total FLOPs917

still scale as O(L2T ).918

C Detailed FLOPs calculation for919

autoregressive LLM920

In this section, we provide a detailed derivation921

of the forward inference computational cost (in922

FLOPs) for decoder-only autoregressive large lan-923

guage models. The analysis includes key compo-924

nents such as attention, feedforward layers, and925

token embeddings.926

C.1 Definitions and notations927

We define the following symbols:928

• L: Sequence length.929

• D: Model dimension.930

• H: Number of attention heads.931

• N : Number of Transformer blocks.932

• V : Vocabulary size.933

• E: Embedding dimension (equal to D).934

C.2 FLOPs of each module935

Embedding Layer936

• Token embedding: Femb = 2 · L ·D.937

• Output projection: Fout = 2 · L ·D · V .938

Thus, the total FLOPs for the embedding layer is:939

Fembedding = 2 · L ·D + 2 · L ·D · V. (21)940

Multi-Head Self-Attention Mechanism941

(MHSA) For a single Transformer block:942

• Linear projections for Q, K, and V : 6 · L ·943

D2.(Consider KV-cache: 6 ·D2)944

• Attention score computation: Fattn_scores =945

4 · L2 · D
H .(Consider KV-cache: 4 · L · D

H )946

• Output projection: Fattn_out = 2 · L · 947

D2.(Consider KV-cache: 2 ·D2) 948

The total FLOPs for self-attention is: 949

FSA = 8 · L ·D2 + 4 · L2 · D
H

(Consider KV-cache: 8 ·D2 + 4 · L · D
H ).

(22)

950

Feedforward Network (FFN) The FFN consists 951

of two linear transformations: 952

• Up projection: Fffn_up = 8 · L · 953

D2.(Consider KV-cache: 8 ·D2). 954

• Down projection: Fffn_down = 8 · L · 955

D2.(Consider KV-cache: 8 ·D2). 956

Thus, the total FLOPs for the FFN is: 957

FFFN = 16 ·L ·D2.(Consider KV-cache: 16 ·D2)
(23) 958

Transformer Block The total FLOPs for a sin- 959

gle Transformer block is: 960

Fblock = FSA + FFFN 961

= 24 · L ·D2 + 4 · L2 · D
H

. (24) 962

(Consider KV-cache: 24 ·D2 + 4 · L · D
H )

(25)
963

So for N Transformer blocks, the total FLOPs 964

are: 965

Fblocks = N
(
24 · L ·D2

)
+N

(
4 · L2 · D

H

)
, 966

(Consider KV-cache: 967

F ′
blocks = N

(
24 ·D2

)
+N

(
4 · L · D

H

)
.)

(26)
968

C.3 Total generation FLOPs 969

Since each token in the autoregressive language 970

model is generated sequentially, each step requires 971

recomputing self-attention and feedforward layers. 972

The sequence length at each step increases from 973

Lin to Lin + Lout. Thus, we approximate the total 974

FLOPs for generation as: 975

12



Ftotal = Fembedding976

+Lout · Fblocks

∣∣∣
L→Lin+Lout

977

= 2 · Lin ·D + 2 · Lout ·D · V978

+24 ·N · Lout · (Lin + Lout) ·D2979

+4 ·N · Lout · (Lin + Lout)
2 · D

H
. (27)980

(Consider KV-cache:981

Ftotal = Fembedding + Lout · F ′
blocks

∣∣∣
L→Lin+Lout

982

+Fblocks

∣∣∣
L→Lin

983

= 2 · Lin ·D + 2 · Lout ·D · V984

+24 ·N · Lout ·D2985

+4 ·N · Lout · (Lin + Lout) ·
D

H
986

+24 ·N · Lin ·D2987

+4 ·N · L2
in ·

D

H
.) (28)988

Expanding terms:989

Ftotal = 2 · Lin ·D + 2 · Lout ·D · V990

+24 ·N · Lout · Lin ·D2991

+24 ·N · L2
out ·D2992

+4 ·N · Lout · L2
in ·

D

H
993

+8 ·N · Lout · Lin · Lout ·
D

H
994

+4 ·N · L3
out ·

D

H
. (29)995

(Consider KV-cache:996

Ftotal =
(
2 ·D · V + 24 ·N ·D2

)
· Lout997

+
(
2 + 24 ·N ·D

)
·D · Lin998

+4 ·N · D
H

· L2
in999

+4 ·N · D
H

· L2
out1000

+4 ·N · D
H

· Lin · Lout.) (30)1001

Asymptotic Complexity:1002

Ftotal = O
(
L3

out
)

(31)1003

(Consider KV-cache: Ftotal = O
(
L2

out
)
).
(32)

1004

Sequential-time complexity. Unlike diffusion 1005

language models, autoregressive language models 1006

generate tokens one by one; each new token de- 1007

pends on all previously generated tokens. Conse- 1008

quently, self-attention and MLP layers cannot be 1009

parallelized across the sequence dimension Lout, 1010

even under ideal hardware. 1011

C.4 Batch generation comparison 1012

Assuming the same model architecture, computa- 1013

tional resource, parameter sizes, and input/output 1014

lengths(Lin + Lout = L), the difference in GPU 1015

memory occupied by DLM and LLM in the in- 1016

ference process lies in the activation values and 1017

KV-cache. For LLM, the number of parameters in 1018

the KV-cache can be expressed as: 1019

MemoryKVcache
= 2·N ·KLLM ·D ·(Lin+Lout).

(33) 1020

As for activation values, only the most numerous 1021

parts need to be counted: 1022

• MHSA: MemoryMHSA = KLLM · L2
in ·H . 1023

• FFN: MemoryFFN = 4 ·KLLM · Lin ·D. 1024

For DLM, there is no KV-cache, only the activation 1025

values need to be considered: 1026

• MHSA: MemoryMHSA = KDLM · L2 ·H . 1027

• FFN: MemoryFFN = 4 ·KDLM · L ·D. 1028

If 4 · D ≥ L · H (typically, and in line with our 1029

experimental setups): 1030

KDLM/KLLM =
2Lin +N(Lin + Lout)

2(Lin + Lout)
. (34) 1031

Substituting N = 32: 1032

KDLM/KLLM > 16. (35) 1033

If L ·H > 4 ·D ≥ Lin ·H: 1034

KDLM/KLLM =
4Lin ·D + 2 ·D ·N · (Lin + Lout)

H · (Lin + Lout)2
.

(36) 1035

Substituting H = 32,N = 32: 1036

KDLM/KLLM > 2 ·D/L. (37) 1037

If Lin ·H > 4 ·D : 1038

KDLM/KLLM =
L2

in ·H + 2 ·D ·N · (Lin + Lout)

H · (Lin + Lout)2
.

(38) 1039

Substituting H = 32,N = 32: 1040

KDLM/KLLM > 2 ·D/L. (39) 1041
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D Error analysis in diffusion language1042

models1043

We extend the information-theoretic approach in1044

Gan et al. (Gan et al., 2025) to analyze diffusion1045

language models. Diffusion models generate a1046

sequence X0 of length L by iteratively denois-1047

ing an initial noise sequence XT over T steps:1048

XT → XT−1 → · · · → X1 → X0. A common1049

practice is to predict tokens in parallel at each step1050

for efficiency.1051

D.1 Information loss from independence1052

assumption1053

Let Xt = (xt1, . . . , x
t
L) be the sequence at de-1054

noising step t. Consider the transition from1055

Xt−1 to Xt. The true conditional probability is1056

p(Xt|Xt−1), and the associated conditional en-1057

tropy is H(Xt|Xt−1).1058

Many diffusion models approximate the reverse1059

process by assuming conditional independence of1060

tokens given the previous state:1061

pθ(Xt|Xt−1) =

L∏
i=1

pθ(x
t
i|Xt−1) (40)1062

Under this assumption, the conditional entropy cal-1063

culated by the model is:1064

Hindep(Xt|Xt−1) =

L∑
i=1

H(xti|Xt−1) (41)1065

where the entropy H(xti|Xt−1) is computed based1066

on the marginal pθ(xti|Xt−1).1067

As derived from the chain rule of entropy and1068

the property that conditioning reduces entropy:1069

H(Xt|Xt−1) =

L∑
i=1

H(xti|xt1, . . . , xti−1, Xt−1)

≤
L∑
i=1

H(xti|Xt−1)

= Hindep(Xt|Xt−1)

(42)

1070

Thus, the independence assumption leads to an1071

overestimation of the conditional entropy:1072

H(Xt|Xt−1) ≤ Hindep(Xt|Xt−1) (43)1073

This implies an underestimation of the mutual in-1074

formation between consecutive steps:1075

I(Xt;Xt−1) = H(Xt)−H(Xt|Xt−1) (44)1076

1077
Iindep(Xt;Xt−1) = H(Xt)−Hindep(Xt|Xt−1)

(45) 10781079

=⇒ Iindep(Xt;Xt−1) ≤ I(Xt;Xt−1) (46) 1080

Definition 1 (Per-Step information loss in diffusion) 1081

The information loss at denoising step t due to the 1082

independence assumption is the difference between 1083

the model’s estimated conditional entropy and the 1084

true conditional entropy: 1085

∆Ht = Hindep(Xt|Xt−1)−H(Xt|Xt−1) ≥ 0
(47) 1086

Alternatively, it’s the difference in mutual informa- 1087

tion: 1088

∆It = I(Xt;Xt−1)−Iindep(Xt;Xt−1) ≥ 0 (48) 1089

This loss ∆It quantifies the information about 1090

the dependencies between tokens xti within step 1091

t (given Xt−1) that is discarded by the model. This 1092

loss is expected to increase with sequence length 1093

L. 1094

D.2 Cumulative loss and final error 1095

probability 1096

Let X∗ be the ground truth sequence the model 1097

aims to generate. The difference in mutual infor- 1098

mation hinders the model’s ability to maximize the 1099

mutual information between the final output X0 1100

and the target X∗, denoted I(X∗;X0). 1101

Let Iideal(X
∗;X0) be the mutual information 1102

achievable by an ideal T-step diffusion pro- 1103

cess (without the independence assumption), and 1104

Iindep(X
∗;X0) be the mutual information achieved 1105

by the model using the independence assumption. 1106

The total accumulated information loss is: 1107

TotalLoss(T, L) = Iideal(X
∗;X0)− Iindep(X

∗;X0)

≥ 0

(49)
1108

This loss reflects the cumulative impact of ∆It for 1109

t = T, . . . , 1. 1110

Let EDiff (T, L) = P (X0 ̸= X∗) be the final 1111

error probability. Using Fano’s inequality on the 1112

pair (X∗, X0): 1113

H(X∗|X0) ≤ H(EDiff (T, L))

+EDiff (T, L) log(|X | − 1)
(50) 1114

where X is the space of possible sequences. 1115

The conditional entropy for the actual process 1116

is: 1117

Hindep(X
∗|X0) = H(X∗)− Iindep(X

∗;X0)
(51) 1118
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Substituting the definition of TotalLoss:1119

Hindep(X
∗|X0) = H(X∗)− (Iideal(X

∗;X0)

−TotalLoss(T, L))
(52)

1120

1121

Hindep(X
∗|X0) = (H(X∗)− Iideal(X

∗;X0))

+TotalLoss(T, L)
(53)

1122

1123

Hindep(X
∗|X0) = Hideal(X

∗|X0)

+TotalLoss(T, L)
(54)1124

where Hideal(X
∗|X0) is the conditional entropy of1125

the ideal process.1126

Plugging this back into the Fano inequality1127

bound:1128

Hideal(X
∗|X0) + TotalLoss(T, L) ≤

H(EDiff (T, L)) + EDiff (T, L) log(|X | − 1)

(55)
1129

Implication: This inequality shows that the final1130

error probability EDiff (T, L) is lower-bounded1131

by a term that grows with the total accumulated1132

information loss TotalLoss(T, L) resulting from1133

the independence assumption across the T steps.1134

D.3 Dependence on L and T1135

Sequence length (L): Since the per-step loss1136

∆It likely increases with L (more dependencies1137

to ignore), the cumulative loss TotalLoss(T, L)1138

also increases with L. Therefore, the final error1139

EDiff (T, L) is expected to increase with L.1140

Number of steps (T ): The dependence is com-1141

plex. Increasing T allows more denoising (informa-1142

tion recovery about X∗, reducing Hideal(X
∗|X0)).1143

Empirically, EDiff (T, L) decreases with T up to a1144

point, indicating the denoising benefit usually dom-1145

inates. However, the minimum error is limited by1146

TotalLoss(T, L).1147

E Discussions1148

E.1 Implementation details1149

Here we provide detailed experimental settings to1150

facilitate the reproducibility of our results in Ta-1151

ble 3. All experiments were run three times except1152

for the scaling of proposals for one time.1153

Table 3: Detailed Experimental Settings

Module Element Detail

System

Operating System Ubuntu
20.04.6 LTS

CUDA Version 12.4
Python Version 3.10.16
PyTorch 2.6.0
DeepSpeed 0.16.8
Accelerate 1.4.0
PEFT 0.15.1
Compute Device 1 ×

NVIDIA
A100 (80G)

Model

Base Model Llama3-70B
Inference Engine vLLM

(0.9.2)
Tensor Parallel 2
Data Type FP16
Context Window 8,192

Training

Fine-tuning Mode LoRA
Batch Size 2
Training Epochs 1
Max Token Length 4,096
LoRA Rank (r) 128
Optimizer AdamW
Learning Rate 1× 10−5
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E.2 Code of ethics1154

In this paper, we use open-source models, which1155

involve no problem regarding privacy and copy-1156

right. We use open-source datasets and self-1157

constructed datasets, which involve no problem1158

regarding privacy and copyright. Except for Game-1159

of-24, we all use open-source datasets. For the1160

Game-of-24 , we exhaustively enumerated num-1161

ber combinations and employed a backtracking1162

approach to solve it. We considered all non-1163

repetitive, diverse solutions, resulting in a dataset1164

of 168,046 24-point problems, with the maxi-1165

mum value for the four numbers limited to 301166

to make it more challenging. We have cited all1167

open-source resources. Our project code has also1168

been released and is available through the follow-1169

ing anonymous link: https://anonymous.4open.1170

science/r/Diffuse-Thinking-EC60. The self-1171

constructed data used in this paper is also released1172

at the provided anonymous link.1173

E.3 Further Comparison with Prior Works1174

Table 4 contrasts our hybrid framework with Dif-1175

fuLLaMA (Gong et al., 2024) and DeepSeek-R1-1176

8B. Our work is a hybrid framework rather than1177

pure DLM solutions like DoT(Ye et al., 2024b) and1178

DiffuLLaMA. We add DiffuLLaMA as a baseline.1179

Its performance is lower than ours, because a pure1180

DLM solution cannot correct wrong thoughts with1181

AR LLM. We also compare our framework with1182

a SOTA reasoning model: DeepSeek R1 8B (Guo1183

et al., 2025)(we use small scale version for fair-1184

ness). Its performance is significantly lower than1185

ours, highlighting the advantage of collaborative1186

framework.1187

Table 4: Extra baselines on four reasoning benchmarks
(accuracy).

Model Game
of 24

Trip
plan-
ning

GPQA ARC-
c

DiffuLLaMA 0.00 0.00 0.03 0.01
DeepSeek-R1-8B 0.02 0.00 0.04 0.00
Ours 0.13 0.29 0.37 0.83

F Diversity analysis1188

Game of 24 is rule-simple and solution-diverse,1189

making it the cleanest test-bed for studying gener-1190

ation diversity. As shown in Figure 5, the cumu-1191

lative count of unique solutions keeps rising even1192
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Figure 5: Diversity vs. Proposal Number (Game-of-24).

after 50 proposals, yet the slope differs dramati- 1193

cally across models. Dream leads the pack with the 1194

steepest slope, ending near 30 distinct expressions, 1195

while Deepseek-7B trails at 25; both still climb, 1196

yet Dream ascends faster. Mistral-7B and Llama3- 1197

8B, in comparison, level off quickly around 15 and 1198

10 solutions, revealing a tendency to recycle once 1199

common templates are found. 1200

G Case study 1201

To better understand the mechanism of our frame- 1202

work, we examined a representative case study on 1203

the game of 24. 1204

We have four numbers: 1, 14, 16, and 25. We 1205

provide DLM with prompt: 1206

Prompt

Here is a task for you: use these
numbers <<1,14,16,25>> to
obtain 24 through the basic
operation of (+− */). Each
number can only be used once
and must be used.

Please output the next possible
operation directly for only one
line, in the format of:

Equation (remaining numbers)

1207

DLM generates the following text: 1208

Response

'16−1=15 (14,25,15)', '16−1=15
(14,25,15)', '1*25=25
(15,16,25)', '16*6=15
(14,25,15)', '16−1=15
(14,25,15)', '1*15=15
(25,14,15)', '1*25=25

1209

16
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(25,14,25)', '14+1=15
(16,25,15)', '14+1=15
(16,25,15)', '1+14=15
(16,25,15)', '1*11=15
(14,25,15)', '1+25=16
(25,16,25)', '14+1=15
(25,16,15)', '16+6=17
(14,25,17)', '20−1=19
(14,16,19)', '16−1=15
(25,16,17)', '1*15=15
(25,14,16)', '16−1=15
(14,25,15)', '16+1=17
(14,25,17)', '1*25=16
(26,14,16)'

1210

Then we label them and provide LLM with1211

prompt:1212

Prompt

You must consider whether the
expression calculation in the
next thought proposal<<>>is
correct,

whether the number on the left side
of the equation is in the

remaining<<>>,
whether the number on the right

side of the equation is in the
left<<>>, and

whether the number in the left<<>>
is only '24' left or more
likely to achieve 24 through
basic arithmetic operations (+−
*/).

Here are some candidate solutions
for the next step.Their serial
numbers are in [].[1]16−1=15
(14,25,15),[2]16−1=15
(14,25,15), [3]1*25=25
(15,16,25), [4]16*6=15
(14,25,15), [5]16−1=15
(14,25,15), [6]1*15=15
(25,14,15), [7]1*25=25
(25,14,25), [8]14+1=15
(16,25,15), [9]14+1=15
(16,25,15), [10]1+14=15
(16,25,15), [11]1*11=15
(14,25,15), [12]1+25=16
(25,16,25), [13]14+1=15
(25,16,15), [14]16+6=17
(14,25,17), [15]20−1=19
(14,16,19), [16]16−1=15
(25,16,17), [17]1*15=15
(25,14,16), [18]16−1=15
(14,25,15), [19]16+1=17
(14,25,17), [20]1*25=16
(26,14,16)

Please choose the best one and tell
me the serial number you have

chosen.OUTPUT FORMAT:'Reasons
:.... [serial number]'.

1213

LLM responses:1214

Response

After analyzing the given options,
I found that most of the
correct calculations are not
achieving the target of getting
closer to 24 or ensuring that

the numbers involved are or can
lead to 24 through basic

arithmetic operations.

The correct calculations that lead
to correct results but do not
necessarily help achieve 24 or
are not the focus based on the
provided context are numerous.
However, to identify the best
candidate that fits the
criteria of correct calculation
and the potential to

contribute to reaching 24 or
being part of a sequence that
could, with further operations,
result in 24, I must consider

the arithmetic operations'
correctness and the numbers
involved.

Given the constraints and looking
at the patterns and potential
for leading to 24, I notice
that many of these equations
simply demonstrate arithmetic
operations without a clear
progression towards achieving
24. To select the best option,
I would look for operations
that either directly involve
numbers close to 24 or
demonstrate a path that could,
with additional operations,
lead to 24.

However, since most provided
equations do not directly aim
at achieving 24 or do not
specify the next steps in
calculations that would lead to
24, the choice seems to be

more about identifying correct
arithmetic rather than
progression towards a specific
goal.

Given this context and looking for
an option that seems plausible
or directly correct in its
arithmetic without the
additional context of how it
leads to 24 (since such context
is not provided in most

options), I would choose an
equation that is both correct
and involves numbers that could
potentially lead to

interesting further
calculations.

1215
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Considering the arithmetic
correctness and the involvement
of numbers that could be part

of further calculations leading
to 24 (though none directly

achieve this), I pick an option
that demonstrates a

straightforward and correct
arithmetic operation.

Reasons: The equation is simple,
the arithmetic is correct, and
it involves basic addition
which could be a starting point
for further operations.

However, given the constraint
and looking for the best
representation of arithmetic
that could lead to further
calculations, [8] stands out
for its simplicity and
correctness: 14+1=15, which is
a straightforward and correct
operation, even though it doesn
't directly aim for 24.

[8]

1216

We obtain [8] 14+1=15 (16, 25, 15), and then1217

this process will continue to iterate until the prob-1218

lem is solved.1219

18


	Introduction
	Related works
	Chain-of-Thought reasoning in LLMs
	Diffusion language models

	Methodology
	DLM as thought proposer
	LLM as thought evaluator
	DLM-LLM collaborative reasoning framework
	Learning to propose thoughts

	Experiments
	Experimental setup
	Metrics

	Main results
	Quality of proposals
	Ablation Study
	Learning to propose thoughts

	Conclusion
	Limitations
	Detailed FLOPs calculation for diffusion language model
	Symbol definitions and assumptions
	FLOPs for self-attention and feedforward
	Full model FLOPs per step
	Total FLOPs for T steps

	Detailed FLOPs calculation for autoregressive LLM
	Definitions and notations
	FLOPs of each module
	Total generation FLOPs
	Batch generation comparison

	Error analysis in diffusion language models
	Information loss from independence assumption
	Cumulative loss and final error probability
	Dependence on L and T

	Discussions
	Implementation details
	Code of ethics
	Further Comparison with Prior Works

	Diversity analysis
	Case study

