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Abstract

Hypergraph neural networks have been promising tools for han-
dling learning tasks involving higher-order data, with notable ap-
plications in web graphs, such as modeling multi-way hyperlink
structures and complex user interactions. Yet, their generalization
abilities in theory are less clear to us. In this paper, we seek to de-
velop margin-based generalization bounds for four representative
classes of hypergraph neural networks, including convolutional-
based methods (UniGCN), set-based aggregation (AllDeepSets),
invariant and equivariant transformations (M-IGN), and tensor-
based approaches (T-MPHN). Through the PAC-Bayes framework,
our results reveal the manner in which hypergraph structure and
spectral norms of the learned weights can affect the generalization
bounds, where the key technical challenge lies in developing new
perturbation analysis for hypergraph neural networks, which offers
a rigorous understanding of how variations in the model’s weights
and hypergraph structure impact its generalization behavior. Our
empirical study examines the relationship between the practical
performance and theoretical bounds of the models over synthetic
and real-world datasets. One of our primary observations is the
strong correlation between the theoretical bounds and empirical
loss, with statistically significant consistency in most cases.
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1 Introduction

The web represents a vast, interconnected system comprising vari-
ous types of graphs, such as those formed by web pages [9], social
networks [19], and hyperlink networks [34]. Analyzing such web
graphs is crucial for tasks like search engine ranking [55], hyper-
link prediction [70], community detection [72], and user behavior
analysis [33]. Graph learning algorithms, such as Graph Neural
Networks (GNNs), have proven powerful in a variety of real-world
applications [2]. However, traditional GNNs are inherently limited
to modeling pairwise relationships. Hypergraph Neural Networks
(HyperGNNs) extend GNNs by modeling higher-order relationships
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through hyperedges that capture complex multi-way interactions
[72], making them more suitable for web-based applications.

In recent years, several advanced HyperGNN architectures have
been developed, including HGNN [22], HyperSAGE [3], K-GNN
[45], KP-GNN [21], and T-MPNN [59]. While empirical studies
have demonstrated the strong performance of these HyperGNNSs,
rigorous theoretical analysis is necessary for gaining deeper in-
sights into these models. A well-researched focus is on examining
their expressiveness power, typically assessing the ability to distin-
guish between hypergraph structures or realize certain functions
[4, 21, 22, 63]. However, the expressive power of HyperGNNs does
not necessarily inform their generalization ability. To date, our un-
derstanding of the generalization performance of HyperGNNss is
still limited, which is the gap we aim to fill in this work.

In this paper, we seek to provide the very first theoretical ev-
idence of the generalization performance of HyperGNNs for hy-
pergraph classification. Through the PAC-Bayes framework, we
examine four representative HyperGNN structures: UniGCN [28],
AllDeepSets [10], M-IGN [28, 46], and T-MPHN [59]. These models
were selected for their unique architectural approaches: UniGCN
employs convolutional-based methods, AllDeepSets utilizes set-
based aggregation techniques, M-IGN incorporates invariant and
equivariant transformations, and T-MPHN leverages tensor-based
operations. While HyperGNNs often generalize GNNs in an imme-
diate manner, techniques of PAC-Bayes for GNNs [32, 38, 56] cannot
be directly applied in that feature aggregations in HyperGNNs must
be performed over large and heterogeneous sets of nodes, leading to
challenges in developing perturbation analysis. Consequently, new
analytical techniques are required to accommodate the aggregation
mechanisms inherent in HyperGNNSs.

Building on the theoretical work, we conduct an empirical study
to assess the consistency between theoretical bounds and empirical
performance of HyperGNNs. Unlike previous studies that focus on
numerical comparisons of generalization bounds, we aim to directly
evaluate the alignment between theoretical bounds and model per-
formance, examining how well these bounds explain HyperGNNs’
behavior. Since the obtained theoretical results represent upper
bounds on generalization performance, this investigation focuses
on validating these findings and exploring whether they can offer
practical guidance for improving HyperGNNs’ performance.

The contributions can be summarized as follows.

e We develop a refined analysis on obtaining the perturba-
tion bound for HyperGNNs by decomposing the output
variation into two essential quantities: a) the upper bounds
on the maximum node representation and b) the maximum
variation of the layer’s output caused by the perturbed
weights.

o We derive generalization bounds that demonstrate the cor-
relation between the model generalization capacity and
several key model attributes, such as the spectral norm
of the parameters, the maximum hyperedge size, and the
maximum size of the hyperedges that share the same node.
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® Emp —— Smoothed Emp X Theory == Smoothed Theory
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Figure 1: Consistency between empirical loss (Emp) and theo-
retical bounds (Theory). Each subgraph shows the empirical
loss, theoretical bound, and their curves via the Savitzky-
Golay filter [53] of 12 groups of datasets with UniGCN in
different layers.

e We conduct a detailed analysis of the empirical loss and
theoretical generalization bounds on datasets with varying
hypergraph structures. Our results show a consistent posi-
tive correlation between the empirical loss and theoretical
bounds, as depicted in Figure 1. Additionally, we observe
that training significantly enhances this alignment. We fur-
ther explore how different hypergraph structures impact
both empirical performance and theoretical bounds.

Organization. Sec 2 introduces the related works. The prelim-
inaries are provided in Sec 3. In Sec 4, we present the theoretical
results. The empirical studies are given in Sec 5. Further discussions
on technical proofs and additional details on the experiments can
be found in the appendix. To support reproducibility, the source
code and a subset of data are located in an anonymous repository!.

2 Related Works

HyperGNNs . The existing HyperGNNs can be categorized into
four classes:

e HyperGCNs. HyperGCNs bridge the gap between tra-
ditional GNNs and hypergraph structures by leveraging
hypergraph Laplacians, enabling the application of well-
established GCN techniques to capture higher-order inter-
actions [24, 28, 65]. Bai et al. [5] proposed a HyperGCN
model that learns from hypergraph structure and edge fea-
tures. Feng et al. [22] uses a Chebyshev polynomial to ap-
proximate the hypergraph Laplacian, leveraging the spec-
tral properties of hypergraphs. Additionally, Yadati et al.
[65] proposed an efficient technique to approximate hyper-
graph Laplacians by focusing on clique expansion, reducing
computational complexity while preserving the essential
structure of the hypergraph.

e HyperMPNNs. HyperMPNNSs are significant for their abil-
ity to directly model complex dependencies in hypergraphs
through message-passing mechanisms, providing a flexible
framework to capture multi-way node relationships that are
not easily represented by simple graphs [28]. One popular
example includes HyperSAGE, which employs a two-layer
strategy combining both hyperedge-level and node-level
aggregation [3]. Attention-based variants of HyperMPNNs
use attention weights to prioritize messages from different
nodes or hyperedges [5, 71]. Structure-based HyperMPNNs
integrate structural features of hypergraphs directly into
the model’s embeddings [8, 21, 30, 49].

Thttps://doi.org/10.5281/zenodo.13906016

Anon.

e HyperGINs. HyperGINs are distinguished by their strong
expressive power, achieved by extending the concept of
Graph Isomorphism Networks (GINs) [62] to hypergraphs
and utilizing multiset functions, which preserves invari-
ance or equivariance to input transformations [26, 41]. For
instance, [46] combines the k-Weisfeiler-Lehman test with
GINs to develop k-GNN, further boosting expressive power.
However, despite their inherent expressiveness, the gener-
alization performance of these models remains unclear and
needs further investigation.

o Tensor-based HyperGNNs. These models leverage tensor
operations that provide a structured and effective means
of capturing the complexity of hypergraph interactions
[14, 51, 60]. Gao et al. [25] introduced a tensor representa-
tion that allows dynamic adjustments of hypergraph com-
ponents during learning. Building on this, Wang et al. [59]
advanced the approach by encoding hypergraph structures
using adjacency tensors and cross-node interaction tensors
through T-product operations, enabling richer and more
expressive data representations.

Theoretical aspects. The primary theoretical focus has been on
the expressive ability of HyperGNNs. Inspired by the relationship
between MPNNs and the 1-Weisfeiler-Leman (1-WL) test [62], a
natural approach to designing more expressive HyperGNNss is to
simulate higher-order WL tests [26, 28, 47]. One line of research
aims to develop a unified framework to enhance the expressive
power of HyperGNNSs. For example, AllSets framework [10] ex-
tends the scope of existing HyperGNNs by employing two multiset
functions, covering models like HCHA [5], HNHN [16], HyperSAGE
[3], and HyperGCNs [65]. Additionally, motivated by the success of
Subgraph GNNs [12], several studies have explored the structural
generalization capacity of higher-order GNNs [40, 52, 69], demon-
strating that certain HyperGNNSs can generalize across graphs of
varying sizes after being trained on a limited set of graphs.

Generalization performance on GNNs. Several studies have
developed generalization bounds using classical statistical learning
frameworks, such as Vapnik—Chervonenkis (VC) dimension and
Rademacher complexity [20, 31, 54, 58]. Another approach lever-
ages kernel learning techniques via the Neural Tangent Kernel
(NTK) [6, 17], where the idea is to approximate a neural network
using a kernel derived from its training dynamics. Recent research
has focused on deriving norm-based bounds using the PAC-Bayes
framework [38]. Although these methods have been effective for
analyzing standard GNNs, they are not directly applicable to Hyper-
GNNs due to the complex higher-order interactions and non-linear
dependencies inherent in hypergraph structures.

3 Preliminaries

3.1 Hypergraphs

A hypergraph G = (V, &) is given by a set V = {v1,02,...,0N}
of N € Z" nodes and a set & = {ej,ep,...ex} of K € Z* hy-
peredges, where each hyperedge is a nonempty subset of V. We
use M :=maxy¢ k] |lex| to denote the maximum cardinality of hy-
peredges. For each node v;, its neighbor set N; consists of the
nodes that share at least one common hyperedge with v;, i.e.,
N;={vj € V\{vi}| Je € & {v;,0;} C e}; the degree of node v; is
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defined as | V|, and let the maximum node degree be D :=max; |Vj|.
We use r; = {e € E| v; € e} to denote the incident hyperedge set
of node v;; the maximum cardinality of incident hyperedge sets
is denoted by R:=max; |r;|. The input hypergraph is associated
with a node feature matrix X € RN*9 and an edge feature matrix
Z € REXd with d € Z*, where X[, 1] (resp., Z[k, :]) denotes the
feature associated with node v; (resp., hyperedge ey). Following
the common practice [48], we assume that ||X[i :]||2 < B? and
IZ[k :]|l2 < B? for some constant B € R*, where ||-||2 denotes the
I norm. Furthermore, ||-||, ||-||r, and ||-||o denote the spectral norm,
Frobenius norm, and infinite norm for matrices, respectively. For
the convenience of readers, a summary of notations is provided in
Table 3 in the Appendix. The following operation will be frequently
used for describing HyperGNNS.

Definition 1 (Operation ®). Given a matrix A € R**? and a
tensor B € R¥*PX¢ | the resulting matrix B ® A € R?*¢ is defined
by B® A)[i,:] = A[i,:|B[L,:].

3.2 Hypergraph classification

We focus on the hypergraph classification task with C € Z* la-
bels [C] ={1, ..., C}, where the input domain A consists of triplets
A = (G,X,Z). Suppose that the input-label samples follow a la-
tent distribution D over A X [C]. We consider classifiers in the
form of foy : A — RC parameterized by w, where a prediction
by arg max; fw (A)[i] for each input A € A. Given a parametric
space F of classifiers and a training set S = {(A;, y;)} consisting of
m € Z* iid samples from D, our goal is to learn a classifier f, € F
that can minimize the true error [48]:

Lo(f) =Eiago|L(f @yl < maxp@lil)].

where 1(-) € {0,1} is the indicator function. The empirical loss
Ls,y(fw) we consider is the common used multiclass margin loss
[23, 35, 42, 48] with respect to a specified margin y € R*:

Lsy(f) = o 3 LAl <y +maxfu(all). @

(Ay)es

4 Generalization performance of HyperGNNs

In this section, we present the main results of this paper. We pro-
ceed by introducing the standard PAC-Bayes framework and then
present the generalization bounds for a representative HyperGNN
from each class discussed in Section 2.

4.1 The analytical framework

In the PAC-Bayes framework, given a prior distribution over the
hypothesis space, which refers to the weight space of the model,
the posterior distribution over model parameters is updated based
on the training data. This framework provides a generalization
bound for models that are drawn from the posterior distribution
[43, 44]. Building on this foundation, recent work has developed
margin-based generalization bounds for deterministic models by
introducing controlled random perturbations [42, 48]. In particu-
lar, the posterior distribution can be represented as the learned
parameters with an added random perturbation. As long as the
Kullback-Leibler (KL) divergence between the prior and posterior
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distributions remains tractable, the standard PAC-Bayesian bound
can be derived, provided that the shift in the model’s output caused
by the perturbation is small [38, 42, 48].

Under such a learning framework, our analysis focuses on de-
riving generalization bounds for HyperGNNs by scrutinizing their
unique message-passing schemes. The main challenge lies in design-
ing suitable prior and posterior distributions that must meet three
critical conditions: (a) a tractable KL divergence, (b) adherence to
perturbation constraints, and (c) constructing a countable covering
of the hypothesis space, due to the fact that the standard framework
is typically tailored to one fixed model. The complex aggregation
mechanisms and multi-way interactions in HyperGNNSs necessitate
a refined perturbation analysis to manage recursive dependencies
and inequalities effectively. Additionally, achieving a finite covering
is essential to making the union bound tractable in the PAC-Bayes
analysis, as it allows for the approximation of the infinite set of
possible weights with a finite subset. In addition, the perturbation
bounds also influence the covering size, requiring a precise design
that conforms to the specific format needed to derive the bound.

4.2 UniGCN

For HyperGCNs, we examine UniGCN [28] which adapts the stan-
dard GCN architecture for hypergraphs by integrating degree-based
normalization for nodes and hyperedges. UniGCN takes the hyper-
graph G and node feature X as input, with the initial node repre-
sentation H(®) = X € RVN*4_Suppose that the model has L € Z*
propagation steps. In each propagation step [ € [L], the model
computes the node representation H (D) e RN*d1 with dy € Z* by

HD =] cheLu(cg (n e (C}H("”))),

where n() € REXdi-1%d1 i defined by nV[j,:] = WO for j €
[K] with W) e RA-1%d! peing the parameter in layer I. The
matrices C; € RV*K C, € REXN and C3,C4 € RN*N encode the
hypergraph structure, as follows.

L 1 ifv,- € ej L 1/1/dei ifei er;
Cili, jl= 7L Clijl= s
0 otherwise 0 otherwise
if Uj € Nj

T
otherwise.

. 1/4/INi|+1 ifi=j . 1
Csli, j1= ! s Clijl=
0 otherwise 0
where de; = |;—i| Zuje ¢; INj| + 1. The readout layer for the classifi-
cation task is defined as

1
UniGCNy (4) = -1 NHO W)

where W) € R4LXC and 1y is an all-one vector. Let the maxi-
mum hidden dimension be h :=max;¢[r] d;.

In order to examine the generalization capacity of UniGCN, the
following lemma, as a necessary step to establish the perturbation
condition, shows that its perturbation can be bounded in terms of
the spectral norm of the learned weights and hypergraph statistics.

LEMMA 1. Consider UniGCNy, with L + 1 layers and parame-
ters w = (W(l), .. .,W(L“)). For each w, any perturbation u =

(i)
UW, .. ULy onw such that MaX;je[[41] M < . and
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each input A € A, we have

[[UniGCNy 44 (A) — UniGCNy (A) |2

L+1 ) L+1 (i)
< eBRM)-( | [Iw)( %)
i=1 i=1

PRrROOF SKETCH. The main part of the proof is to analyze the
maximum change of the node representation ¥; in I-layer caused
by the perturbation of parameters. Due to the Lipschitz property
of the ReLu function, ¥; is bounded via a summation of two terms
that are linear, respectively, in a) ¥;_; and b) the maximum node
representation in layer [ — 1, which we denote as ®;_;. We then
derive the following recursive formula.

7 < CH_ WO + U0+ copy U,

where C = DRM. Therefore, ¥; can be recursively bounded if an
analytical form of @; is available. To this end, we observe that
{®y, .., P} forms a geometric sequence, where the common ra-
tio depends on a) the spectral norm of weights on the previous
layer and b) the number of link connections between layers, which
are further decided by the hypergraph statistics. By solving the
recursive, we have

@; < WO | DRMO,_;.
Finally, combined with the mean readout function in the last layer,

we have the perturbation bound for UniGCN. O

With the above result, we have the generalization bound as
follows.

THEOREM 1. For UniGCNy, with L + 1 layers and each 6,y > 0,
with probability at least 1 — § over a training set S of size m, for any
fixed w, we have

L (UniGCNy) < Lg, (UniGCNy,)

L2B2h1In (Lh) (RMD)L W W, + log ML
0(\/ =), )

yim

L1 IWOIE
=1 WOz

where Wy = ]—II.L;11||W(1A)||2 and Wy =Y

PRrROOF SKETCH. Due to the homogeneity of ReLu, the perturba-
tion bound will not change after weight normalization, and there-
fore, it suffices to consider the UniGCN where each W is normal-
ized by a factor of B/||W¥|| with g = (TTEH|W (@ |)1/E+1, The
advantage of doing so is that the weight in each layer now has
the same spectral norm, which is exactly f. For such normalized
models, the generalization bound is proved by discussing cases
depending on the position of f relative to

— Y 1/L+1 yvm 1/L+1
T [ A L
2B(DRM) 2B(DRM)
If f < I, the perturbation condition is satisfied trivially, thereby
implying Equation 3. If § > I, Equation 3 follows from the ob-
servation that there exists prior P and posterior Q such that the
regularization term in Equation 3 is always no less than one. For
B € [11, I2], we partition [I1, 5] into sufficiently small sub-intervals
such that each sub-interval admits P and Q that can make the per-
turbation condition in the standard framework satisfied, i.e., Lemma

Anon.

5 in Appendix. Finally, Theorem 1 is proved by taking the union
bound over the above cases. O

Remark 1. Considering other models within the HyperGCNs
category, we observe that the proposed approach remains applica-
ble due to the similarity in mechanisms with UniGCN. For exam-
ple, the powerful HyperGCN model, HGNN [22], uses a truncated
Chebyshev polynomial to approximate the hypergraph Laplacian,
allowing for efficient spectral filtering and the capture of higher-
order interactions within hypergraphs. We found that HGNN and
UniGCN share a similar framework for modeling relationships be-
tween vertices and hyperedges. Due to space limitations, the main
results for HGNN are provided in Sec C.10 in the Appendix.

4.3 AllDeepSets

For the HyperMPNNSs, AllDeepSets is selected for its use of tech-
niques from DeepSets [68], incorporating layer transformations
that act as universal approximators for multiset functions. Given
the hypergraph G and features X and Z, the initial representa-
tion H©® e RW+K)Xd i computed by HO [i,:] = X[i,:] for
i € [N]and HO[N +k,:] = Z[k,:] for k € [K]. Suppose that
there are L propagation steps. During each step [ € [L], the model

calculates the hidden representations H() ¢ RIN+K)Xdi-1 apng
H(l) c R(N+K)><d1 by

AD =ReLu(n} @ (€T (ReLu(n{” & HI=D))))  and

HD =ReLu(n{" ® (C] (ReLu(n” © A1)))),
where a) nil)’ngl),ngl) € RWN#K)xdi1xdi-1 and the shape of
nil) € RIN+K)xdi-1xdl, b ,,l(l) (k] = ,,lﬁ” [j,:] = Wfl) for j # k

and i € {1,2,3,4}, with Wl(l) being the learnable parameter; c)
Ce, Cy € {0, 1}(N+K)X(N+K) are the fixed matrices as follows.

1 ifovjeej_ di=j

Celi, j] = 1o e.] N andt ], and
0 otherwise
1 ifej_nyeri- di=j

Colii ] = ife; N. ri-yandi=j
0 otherwise

The readout layer is given by
AllDeepSets(A) = 1N+KH(L)WL+1,

N+K
where WIHD) ¢ RAXC and 1),k is an all-one vector. In summary,
the parameters are W&+ and WEJ) fori € {1,2,3,4}and j €
[L]. Let the maximum hidden dimension be h:=max;¢(r] d;. The
generalization bound follows from the perturbation analysis.
LEMMA 2. Consider AllDeepSets,, of L propagation steps with

parameters w = (ng), W(L“)). For each w, any perturbation u =
v |

(Ugj),U(LH)) onw such that max (—Lt—— Lokl

1
iwop twz) < e and
12

each input A € A, we have

||AllDeepSets.,,, (A) — AllDeepSetsy, (A)|l2

< cA(ﬁg)(nU(“I)n),
j=1

w+u
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where Ca = 30(4L +2)eBL(M + 1)L (R+ 1)L and ¢ = [T, IW S|,

THEOREM 2. For AllDeepSets,, with L propagation steps and each
8,y > 0, with probability at least 1 — § over a training set S of size m,
for any fixed w, we have

Lp(AllDeepSetsy,) < Lsy (AllDeepSetsy, )+

o L2B2(RM)Lh1In (hL) Wy W3 + log L
( Vom
where Wy = HJLZI(QVJ')2||W(L+1)||Z: and
L w1

waZ
J

= L Iw)2

. w2
||W(L+1) ||2 :

Remark 2. The challenge of obtaining the perturbation bound
lies in the structure of AllDeepSet that employs two multiset func-
tions. These two functions are represented as two types of aggre-
gation mechanisms, causing compounded sensitivity response to
the perturbation in weights. Consequently, the maximum change
of the node representation in layer I, ¥}, is recursively through
¥;_; and maximum node representation in layer [ — 1, ®;_;, where
¥ is partially bounded by ®;_; via a factor involving ;. In ad-
dition, in applying the normalization trick in the proof of The-
orem 1, we consider the AllDeepSet normalized by a factor of
(WD ]'1521 ["[?:1||W§j)||)1/(41‘+1). Accordingly, to obtain
the generalization bound, the necessary discussion cases of the
spectral norm of weights are decided by the interval as follows.

_ Y 1/4L+1 Vmy
[11, 5] —[(23—) N e TVIRETYS Y
(M+1)(R+1) 2B(M+1)(R+1)
Remark 3. For the other models in HyperMPNNs, HyperSAGE
can be analyzed using a similar approach to AllDeepSets because
(a) both models utilize a propagation mechanism that involves a
two-step aggregation between nodes and hyperedges, as seen in
AllDeepSets, and (b) their activation functions (i.e., identity func-
tions) are homogeneous which allows the normalization trick. In
contrast, obtaining generalization bounds for attention-based ag-
gregators (e.g., UniGAT [28] and AllSetTransformer [10]) presents
two major challenges. First, the dynamic and highly nonlinear
dependencies introduced by attention mechanisms require new
techniques to derive solvable recursive formulas for perturbation
bounds. Second, the use of the softmax function in these models,
which is inherently non-homogeneous, prevents the application of
standard normalization tricks. Therefore, our approach cannot be
directly applied to attention-based HyperGNNs.

)1/4L+1] .

44 M-IGN

Regarding HyperGINs, we focus on analyzing the M-IGN model,
which utilizes a set of fixed scalar values in each layer [28]. The
initial hyperedges representation H(©) ¢ RKxdo jg given by

a0k Z (X[v1,:]) and H© = ReLu(H®Wy),
vi€er

where W € R with dy € Z*. Suppose that there are L € Z*
propagation steps. In each step [ € [L], a hyperparameter all) e

[0, 1] is used to control the balance between the hyperedge feature
and the aggregated node feature from their neighbors. The model
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computes the hidden hyperedge representation H (D) € REKXd1 with
dl ezt by

ADk,: ] =1 +aD)HID k] + HYVi ;] and

e;€N(ex)
H®Y = ReLu(HOWD),
where a) W) € R&-1%d; ) N(ex) € & denotes the neighborhood
of e, and c) N(ex) = {ele N e # 0}. Through an aggregation
process, the readout layer is computed by
ALk, ] = Z HD[i] and
eieN(ek)

M-IGN(4) = — 1K(ReLu(H(L+1)W(L+1)))

where WD) ¢ RAL1XC and 1y is an all-one vector. Let the max-
imum hidden dimension be h:=max;¢[¢ 1+1] d;- We now provide
the perturbation bound.

LEMMA 3. Consider the M-IGNy, of L + 2 layers with parame-
ters w = (W(O), . .,W(L“))‘ For each w, any perturbation u =

u®
(U(O),...,U(“l)) onw such thatmaxie{o}u[“l] (M) < ﬁ

and for each input A € ‘A, we have
IM-IGNw-+u (A)~ M-IGNw (A) |2
L+1

i)
(i) Nu@y ||
<Cy (| |||W ZI( E ||W(l)||

where C, = 2e2ME2pLH1BE(LL) gng E(1D) = H]k:i 1+a®),

THEOREM 3. For M-IGNy, with L + 2 layers and each 6,y > 0,
with probability at least 1 — § over a training set S of size m, for any
fixed w, we have

Cr, Wi'W; + log 2
Lp(M-IGNy) < Lg (M-IGNy) + O( . ),
y°m
where a) Cp, = (MD)LB2h1n (Lh) (EL))2 yigh E(:)) being de-
fined as [1]_; 1+ a®), ) Wy = T2} WD |2, and ¢) W =

ZL+1 ”W(i) ”?’
i=0 W

Remark 4. The main challenge with M-IGN lies in its use of
layer-specific scalars for managing propagation, where parameter
variations across different layers lead to non-uniform propagation
behaviors. This non-uniformity complicates the derivation of the
recursive inequality for ¥}, as the additional term introduced by
these parameters needs to be carefully reordered to ensure com-
patibility with the other terms. We then derive the generalization
bound by examining the interval of the spectral norm of weights,
specified as follows.

[II,IZ] — [( Y )1/L+2’( ‘/%Y

2E(LL) ML+1pLB 2E(LL) pL+1pLB
Remark 5. The given approach can be extended to other Hyper-
GINs. Given the similarity in their propagation mechanisms, we can
leverage the same framework to analyze the generalization proper-
ties of these models, with adjustments to the recursive inequalities
to accommodate their specific layer-wise characteristics. For exam-
ple, in k-GNN [47], each layer aggregates structural information

)1/L+2].

523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579

580



588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637

638

Conference’17, July 2017, Washington, DC, USA

from interactions between nodes or subgraphs with layer-specific
scalars. These interactions result in a solvable recursive formula for
the perturbation bound, where the linear factor is directly repre-
sented by the substructure properties. This allows for a consistent
analysis of the model, similar to M-IGN.

4.5 T-MPHN

The tensor-based HyperGNN, T-MPHN [59] leverages high di-
mensional hypergraph descriptors and joint node interaction in-
herent in hyperedges for message passing. The model takes G
and node feature X as input, and the initial hidden node repre-
sentation H(®) € RNX g computed by H© = ReLu(W(0X)
with W(®) e R?*d_Suppose that there are L € Z* propaga-
tion steps. For each node v; € V, we denote its representation
in step I by x(l)
x,(,f ) € R2di-1 by
(0O

R% . The model updates the node representation

= SUM CNIg, (HU=Dyy),
eM (o) {qunw|n<->en<eM<—m>)}( ul )
n® o (1-1)
M (o) = AYERACE(@em ) and

xj, | = CONCAT(xfy V\m{l), ).
where a) eM(v;) represents the M-order hyperedge, b) 7(-) de-
notes the sequence permutation function, ¢) CNIq,(-) represents a
matrix operation for an ordered sequence U of indexes, d) EM (v;)
indicates the M*/-order incident hyperedge of node v;, ¢) M (0;)
is the M™-order neighborhood of node v;, and f) a, denotes ad-
jacency value of hyperedge e. The definitions of the above ter-
minologies are presented in Sec A.1 in the Appendix. Let G =
(xx ), z(,i ), o ,(,l )) The model then calculates the hidden node
representation H (l) € RNxd! by adding a row-wise normalization:

a0 = ReLu(W(l)G(l))
i (D) A0
IHD 1,511l IHD N, 1ll2
where W(1) ¢ R2di1-1%dI The readout layer is defined as

T-MPHN(A) = —1 NHE WA,

where WH1) € RILXC 3nd 1y is an all-one vector. Let the maxi-
mum hidden dimension be h:=max;¢ 1] d;. We have the following
results for T-MPHN.

LEMMA 4. Consider the T-MPHNy, of L + 1 layers with param-
eters w = (W(l), e W(L“)). For each w, each perturbation u =
(U(l), . .,U(L”)), and each input A € A, we have
[IT-MPHNy 4 (A) = T-MPHNy, (A) |z < 2|W D+ 30+,

THEOREM 4. For T-MPHNy, with L + 1 layers and each 8,y > 0,
with probability at least 1 — § over a training set S of size m, for any
fixed w, we have

Lp(T-MPHNy,) < Lg, (T-MPHNy )+

L2hInh 3171 | W[ +log &
y?m+ [[WIAD|12m

[

Anon.

Table 1: Bounds comparison. L is the number of propagations.
Note that ‘W), and ‘W denote the parameter-dependent in the
bound, respectively, with their specific definitions varying
slightly depending on the model.

Model D M R h w
UniGCN  O(DY) o(ME) O(RE) O(hIn(Lh)) O(WpWs)
AllDeepSet N/A  O(ML) O(RY) O(hln(h)) O(W, W)
M-IGN o(DY) oMmY) N/A O(hln(Lh)) O(WPW)
TIwi
T-MPHN N/A  N/A N/A O(hln(h)) O( |W(L+1)FH2)

HGNN O(D%) O(ME) O(RL) O(hln(Lh)) O(W,Ws)

Remark 6. Due to the tensor-based representations involving com-
plex node interactions through advanced computational operations,
deriving the recursive formula for ¥; in T-MPHN is challenging.
However, we found that the row-wise normalization results in ¥;_
being bounded by the Euclidean distance between two normalized
vectors. Consequently, both ¥;_; and ®;_; are upper-bounded by
a constant. The perturbation bound follows immediately by incor-
porating the mean readout function in the last layer. Different from
the previous models, the perturbation bound here is always satisfied
without any assumption on the spectral norm of perturbations and
weights. Altogether, the generalization bound is derived by consid-
ering three cases of the weights respective to [I1, 2] = [y YW]
Remark 7. For other tensor-based HyperGNNs, the underlying
mechanisms can vary significantly from one model to another,
making it difficult to apply our method uniformly. For instance, the
TNHH [60] uses outer product aggregation with partially symmetric
CP decomposition, which differs from the approach used in T-
MPHN. The key challenge lies in obtaining a solvable recursive
formula for the perturbation bound. In particular, the THNN’s
outer product pooling generates high-order tensor interactions
among nodes representations, causing perturbations to propagate
multiplicatively rather than additively; this results in perturbation
effects that are non-linear and involve higher-degree terms, making
linear approximations ineffective. And it prevents the recursive
propagation of perturbations. Therefore, our current method is not
directly applicable to these models, and each must be analyzed
individually to account for their unique aggregation method.

4.6 Discussion

The generalization bounds of the discussed models depend reason-
ably on a) the properties on the hypergraphs (i.e., D, R, and M), b)
the hidden dimension h, c) the number of propagation steps L, and
d) the spectral norm of learned parameters. We summarize such
relationships in Table 1. In addition, UniGCN can be seen as the
application of GCN architecture. For a graph classification task, if
we treat the given graphs as hypergraphs with M =1and R =1,
we can obtain the following term within the Big-O notation in the
L2B%hIn (Lh) Wi Wy+log 7L
yim

Theorem 1: (
result in [38].

), which aligns with the
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® Emp —— Smoothed Emp X Theory == Smoothed Theory

(2) [SBM, UniGCN, 0.959, 0.9

T 5 & = =

(c) [DBLP, AllDeepSets, 0.985, 0.996, 0.965]

o o u NN

(d) [Collab, AllDeepSets, 0.937, 0.984, 0.916]

Figure 2: Consistency between empirical loss (Emp) and the-
oretical bounds (Theory). Each subgroup labeled by [graph
type, model, r2, r4, r¢] shows the empirical loss, theoretical
bound, and their curves via Savitzky-Golay filter [53] and
models (i.e., UniGCN, M-IGN, and AllDeepSets), where each
figure plots the results of synthetic datasets (i.e., SBM) and
real datasets (i.e., DBLP and Collab); the figures, from left
to right, show the results with 2, 4 and 6 propagation steps,
where ry, rq, and r¢g € [—1, 1] are the Pearson correlation coef-
ficients between the two sets of points in each figure — higher
r indicating stronger positive correlation.

5 Experiments

Our empirical study explores three questions: Q1) Does the em-
pirical error follow the trends given by the theoretical bounds?
Q2) How does training influence the degree to which the empirical
error consistently aligns with the theoretical trends? Q3) How do
the properties of the hypergraphs and statistics on HyperGNNs
influence the empirical performance?

5.1 Settings

We conduct hypergraph classification experiments over a) two real-
world datasets DBLP-v1 [50] and COLLAB[66], b) twelve synthetic
datasets generated based on the Erdos—Renyi (ER) [27] model, and
c) twelve synthetic datasets generated based on the Stochastic Block
Model (SBM) [1]. The synthetic datasets are generated with diverse
hypergraph statistics (i.e., N, M, and R). For each dataset, we gen-
erate a pool of input-label (A, y) pairs using the HyperPA method
[15, 36, 37], known for its ability to replicate realistic hypergraph
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Table 2: Results of empirical loss (Emp) and theoretical bound
(Theory). Each dataset is labeled by [N, M, R, max (D)].

[200,20,20,166] [200,20,40,166] [600,60,60,587]

ER L
Emp Theory Emp Theory Emp Theory
2 0.01 6.46E+08 0.07 1.07E+09 0.17 2.80E+10
UniGCN 4 0.08 2.79E+14 0.01 1.35E+15 0.18 3.81E+17
6 0.08 5.66E+19 0.04 541E+20 0.12 8.79E+24
2 0.01 2.55E+12 0.03 2.10E+12 0.19 2.53E+14
M-IGN 4 0.03 6.35E+19 0.03 7.74E+19 0.35 9.13E+23
6 0.01 8.36E+26 0.03 7.07E+26  0.29 1.25E+33
2 0.00 1.04E+08 0.05 1.56E+09 0.26 1.39E+09
AllDeepSet 4 0.03 5.21E+12 0.04 4.39E+12  0.27 1.01E+14
6 0.05 4.82E+15 0.03 2.51E+16 0.25 2.18E+18

patterns, and the Wrap method [39, 64, 67] a standard method for
generating label-specific features. The random train-test-valid split
ratio is 0.5-0.3-0.2. The implementation of the considered models is
adapted from their original code [11, 28, 59], with the propagation
step L being selected from {2, 4, 6, 8}. For each model on a given
dataset, we examine the empirical loss and the theoretical gener-
alization bound. The empirical loss is calculated either using the
optimal Monte Carlo algorithm [13], which guarantees an estima-
tion error of no more than € = 10% with a probability of at least
& = 90%, or by averaging over multiple runs. The details of the
bound calculations can be found in Sec D.2 in the Appendix. In par-
ticular, a model with random weights refers to one with randomly
initialized parameters that have not undergone training, and under
this setting, the empirical loss is calculated by averaging over five
runs. The complete details are provided in Sec D.1 in the Appendix,
including dataset statistics, sample generation, training settings,
and test settings.

5.2 Results and observations

Consistency between theory and practice. Figure 2 together
with Figures 4, 5, and 6 in Sec D.1 in the Appendix depicts the
correlation between the empirical loss and theoretical bounds. We
observe that the theoretical bounds indeed inform the empirical
loss to a satisfactory extent with trained models; the Pearson corre-
lation coefficients are mostly well above 0.0 and even close to 1.0
in many cases (e.g., Figures 2(a)-mid, (b)-mid, and (c)-mid). Such
an observation is promising in the sense that it is arguably over-
ambitious to expect that the empirical loss matches perfectly with
the theoretical bounds. However, we also observed corners where
such a correlation is not strong (e.g., Figures 4 (a)-left and (b)-right);
interestingly, such cases are mostly associated with T-MPHN, and
one possible reason is that the row-wise normalization can intro-
duce scale variations across different layers. This scaling effect may
lead to more stable outputs but also makes it challenging for the
theoretical bounds to accurately reflect the empirical loss.

The impact on training. Figures 3 and 4 show the correlation
obtained of the considered models with both trained and random
weights. The results reveal an improvement in the alignment be-
tween the theoretical bounds and the empirical loss of models with
trained parameters, compared to those with random weights (e.g.,
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Anon.

® Emp —— Smoothed Emp X Theory == Smoothed Theory‘

-

=

(b) [4, 0.989, -0.091]

Wi 7

/

(e) [2, 0.786, -0.891] (f) [4, 0.830, -0.083]

(® [6, 0.875, -0.147] (h) [8, 0.492, -0.192]

Figure 3: Each subgroup, labeled by [L, r1, 2], presents the consistency results on ER datasets for UniGCN (top row) and
AllDeepSets (bottom row) with trained (left with r;) and random parameters (right with ry).

Figures 3 (d) and (e)). One possible reason for this improvement is
the use of L2 regularization during training. For instance, the bound
of UniGCN calculated by Equation 3, consists of two parts: the em-
pirical loss (left term) and the complexity term (right term). The
empirical loss (Equation 2), is typically smaller than the complexity
term, which includes the KL divergence between the posterior and
prior distributions over the model parameters and depends on the
spectral norm of weights. L2 regularization reduces this complexity
by penalizing large weights, thereby decreasing the KL divergence.
This reduction enhances the alignment between the empirical loss
and the theoretical bounds, resulting in a relatively small value of
bounds that more accurately captures the model’s generalization
performance.

Statistics on hypergraphs. We examine the impact of hyper-
graph properties on the empirical performance and theoretical
bounds. Table 2 reports the results on datasets associated with ER
and SBM graphs. Results for other models and datasets can be found
in Sec F in the Appendix. In general, the empirical results indicate
clear patterns where changes in the complexity of hypergraphs
significantly impact the model performance, echoing the theoreti-
cal bounds. We observe that for each of R, M, and D, when these
values are smaller, their variation has less impact on the loss. For
instance, the empirical loss across the three models shows minimal
fluctuation on the first two datasets in Table 2, compared to the
more significant variation observed on the last two datasets in Table
8. Regarding R, the results show that its impact on M-IGN is less
than that of other models. Finally, larger D often leads to larger
empirical loss on each model (e.g., the last column in Table 2).

The number of propagation steps. We compare the perfor-
mance of the considered HyperGNNs with different propagation
steps. For datasets with smaller statistics, having more layers may
result in larger loss increases (e.g., the results on UniGCN in the
first dataset); in contrast, for datasets with larger statistics, complex
models (i.e., larger ) produce better performance (e.g., the results
on UniGCN in the last dataset in Table 2). Sharing the same spirit
of the principle of Occam’s razor, we see that a shallow model is
sufficient for simpler tasks but lacks the ability to deal with complex
hypergraphs, which has also been observed by existing works [7].

6 Conclusion and Futher Discussions

In this paper, we develop margin-based generalization bounds using
the PAC-Bayes framework for four hypergraph models: UniGCNs,
AllDeepSets, M-IGNs, and T-MPHN. These models were selected
for their distinct approaches to leveraging hypergraph structures,
enabling a comprehensive analysis of different architectures. Our
empirical study reveals a positive correlation between the theo-
retical bounds and the empirical loss, suggesting that the bounds
effectively capture the generalization behavior of these models.

Node classification task. Our study primarily focused on deriv-
ing generalization bounds for the hypergraph classification problem.
Besides, the node classification task [18, 61] is important in hyper-
graph learning, with high relevance to web graph applications, i.e.,
user behavior prediction. While node classification focuses on pre-
dicting labels for individual nodes, it shares underlying principles
with hypergraph classification, allowing our method to be naturally
extended. In particular, we treat each node’s output as a sub-neural
network and analyze the generalization behavior of each node in-
dividually. The overall generalization bound for the model then
follows from applying a union bound over all nodes and classes.
More details including the problem statement and generalization
bound on HyperGNNs can be found in Sec E in the Appendix.

Future works. Several directions for future research remain to
be explored.

e Our paper focuses on HyperGNNs based on ReLu activation.
One interesting future direction is to explore margin-based
bound for HyperGNNs with non-homogeneous activation
functions.

e Another important future direction is to derive generaliza-
tion bounds for HyperGNNs using classical frameworks like
the Vapnik—-Chervonenkis (VC) dimension and Rademacher
complexity.

o The experiments reveal a positive correlation between the
theoretical bound and empirical performance, we can fur-
ther investigate the degree of such correlation in theory, to
systematically analyze the varying levels of consistency be-
tween empirical loss and theoretical bounds across different
models, such as T-MPHN.
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where unique(e’) = e means the distinct elements in e’ is the same
as e, and |e’| is the number of (possibly nonunique) elements in e’.

Notice that the size of span™ (e) is equal to (I el 11)

Definition 3 (M’ h_order Neighborhood of A Node[59]). Given
a hypergraph G = (V, &) with the order M, for any node v € V,
its M*"-order incidence edge set is

EM(v) = {eMle € E,v € e}.
Then the M"-order neighborhood of v is defined as
NM (@) ={n(eM(-0))le™ € E¥ (o)},

where eM(-0) deletes exactly one node of v from each M th_order
hyperedge in eM, and 7(-) represents permutation of the remaining
nodes.

Definition 4 (Adjacency Value a.[59]). Given an adjacency ten-
sor of a hypergraph, the adjacency value a, associated with a hy-
peredge e is a function of (|e|, M):

_ le]
S (D5 (el = )M
B Analytical Framework of PAC-Bayes

This section discusses the theoretical framework underlying the
derivation of margin-based generalization bounds. The following
lemma, adapted from the work of Neyshabur et al. [48], establishes a
probabilistic upper bound on the generalization error of a predictor
parameterized by weights, using the PAC-Bayes framework. This
result quantifies how the empirical performance of the model relates
to its expected performance on unseen data while incorporating
the impact of weight perturbations. The bound leverages the KL
divergence between the prior and posterior distributions over the
model parameters, along with a condition that ensures stability
under perturbations.

LEMMA 5. [48] Consider a predictor fiy (A) : A — RC parame-
terized by w. Let P be any distribution over w that is independent of
the training data, and Q be any perturbation distribution over u. For
eachy,§ > 0, with probability no less than 1 — § over a training set S
of size m, for each fixed w*, we have

KL(w* +u|[w) + In ¢

Lop(fw) < Lsy(fw) +4 1 . @)

where u ~ Q and w ~ P, provided that we have the following
perturbation condition for each w
1
|21
2

UPE) max || fwtu(A) = fw(A)]leo <

C Proofs
C.1 Proof of Lemma 1

The proof of Lemma 1 includes two parts. We first analyze the
maximum node representation among each layer except the readout
layer. After adding the perturbation u to the weight w, for each
layer [ € [L+ 1], we denote the perturbed weights W) + U() we
define @ € RKXdi-1%d1 5 the perturbation tensors. In particular
0D [k,:] = 0D [j,;] = UD e RU-1%d when j # k. We then

= I“<

11
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can derive an upper bound on the I3 norm of the maximum node
representation in each layer. Let w = argmax;e|nj ||H( )[ 2

and & = [|HD [w}, ]2,

@ = ||cTcTReLu(cT( D@ (cTHD))) [wr, ]ll2

HZ C] [w}.i}(C]ReLu(C] (nP @ (CTHI=D)))) [i.1]I2
i=1

N N

= D ciiwnil( D) CTli jIReLu(C] (nV @ (CTH1)))
i=1 j=1

U.:1) 5.

2

N N
<|| > critwr (D cllijlc] (n e (cTHIY)))

i=1 Jj=1

LD L]

2

N N N 2
= (| 25 G (X, CE L 1 Y, CF LK)
i=1 = k=1
(€THEYWD [k, ) [, ) [,
N N N 2
o PXHTRIONR AN
=1 Jj=1 k=1
N
LKW e tkmEOWD [m, ) [.:]) [ ]
m=1 2

Since ClT [k, :] has at most M of value 1 entries. We have

N N
Thwp (el el k(W M, _y))
Jj=1 =

) L]

2

Since C2T [j, :] has at most R non-zero entries, which can be bounded
by 1 based on the definition of C,. We have

® < ||ZCT

1
< 1w |[DRM®,_; < (DRM)'B[ [IW |
i=1

RW D M) [i,:]l2
)

Let C = DRM. The second step is calculating the upper bound of
the variation in the model’s output given the perturbed parameters.
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Let H\i,l ) u(A) and Hy, (0 (A) be the [-layer output with parameter
w and perturbed parameter w + u, respectively. For [ € [L], let

! 1 .
= IHyLa(4) = HY (A)llz. We define ¥ = max;en) 1Ay i,

]||2 maxl||H(l)[ ] - H(l)[ ]||2,WhereH(l) is perturbed model.

Let U(l) = argmax;||A;[i, :]||2. Therefore, we have

¥y = max|[ A (5] = HO il

= max ”cTcTReLu(cT (0 + 0Dy @ (CTAD)))[i,1]
- cjcIReLu(C] (0P @ (cTHID)) 1.
c]CIReLu(C] (n'V +6D) @ (cTAI-V))

= max
1
c(n® o (TH))) i

(6)
cicl(cl((n +oD) e (cTAIY))

< max|
1
10 e ],
(Lipschitz property of ReLu)
cicici (' + oMy e (c]AD))

= max‘
1
~ (0 © (T HID)) ]
- max”CTCTCT ((CcTAED) Wb +u?)
— ((CcTHEDyw DY) [;, :]HZ
< max|[C] €] €] €] (A=Y - gEDY WO uDy i),
+licjciclcy (HVuD) i),
< max||C} C] C] C] (A WD UMy [ + cop, U
< ¥ IWH + U+ copy Uy 6

We let g;_; = C|[WD + UD || and b;_; = CP;_;|[UD||. Then
¥, < aj_1¥;_1+b;_q for | € [L]. Using recursive, we have

-1 -1 -1
s fome oot [ 0

Since ¥y = 0, we can simplified the Equation 6 as follows,

-1 -1
¥ < Zbi( l_[ a;)
=0 j=i+l

,~
FA

l
> ca V([ clwt) +u0))

J=it+2

h~ ~
»—iO

= 3 et 1‘[ W+ ut)
=0 Jj=i+2

12

Anon.

-1 i ]
< Zc’—i(ciB [ Tiw® oDy T iw +uly)
i=0 k=1 j=it2
-
(k) (i+1) () _
<B 1_[||w 1) oD 1_[||w 1+ - 1))
i=0 J=it+2
-1 i+1
||U ()
W) ||w1||1+—
= l_[ ||w<l+1>|| nz )
_ w ) o] 1o
= BC( ]_1[ || |W(l)”( 57

Finally, we need to consider the readout layer. We have

1. .
|Apsilz = HﬁlNH(L) (W) 4yl

llNH(LH) (WL 2

%HIN(H(LH)' _ H(L+1))(W(L+1)
+ U(L+1))H |1 H(L+1)UL+1 ”

1
< N”lNAL(W(L“) +U(L+1))||2 + _||1NH(L)U(L+1) Il2

1
< WD Ut me 1le)

i=1
. N
L p@n Dy .
+ N”U ||(; IH™ [i:]12)
< ¥y WD 4y 4 gy Uy
L+1 L i
. o o]
< BCL( 1_[||W<l) ”) (l L + 1 * Z |W(l) ||
i=1
(1 . 1 —i ||U(L+1)|| 1 )—(L+1)]
L+1 ||W(L+1) ” L+1

i)
L ) u@y ||
< eBCL( ||||w ) § Y <,)||

Therefore, we conclude the bound in Lemma 1.

C.2 Proofs of Theorem 1

Given the perturbation bound in Lemma 1, to obtain the gener-
alization bounds by applying Lemma 5, we need to design the
prior P and posterior Q by satisfying the perturbation condition
for every possible w. Due to the homogeneity of ReLu, the per-
turbation bound will not change after weight normalization. We
consider a transformation of UniGCN with the normalized weights

w() = —”Wﬁ(l) i ) , where = ([] L+1||W(’)||)1/(L+l) Hence we

have the norm equal across layers, i.e., W@ = B. Therefore, the
space of w is presented by all possible values of . According to the
generalization bound in Lemma 5, we find that the space of f can
be partitioned into three parts such that each part admits a finite
design of P and Q that meets the perturbation condition. To see
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this, we first recall the generalization bound in Lemma 5 as follows.

KL(w* +u||w) + In &

Lp(fw) < Lsy(fw) + 4\/ )

m-—1

There are two terms in the right hand. Since the Lg (fy) is in
range [0,1], we then consider three cases: 1) Ls,(fw) = 1, 2)

KL 1 KL In &2
VORI and3) Loy () by A 5

[0, 1]. Significantly, the equation will be directly satisfied for values
of ff that meet the first two cases. Therefore, for these values of f, we
only need to specify one group of P and Q to satisfy the perturbation
condition outlined in Lemma 5. However, when dealing with
values that fall within the third case, it is necessary to determine
the specific values of P and Q that satisfy the perturbation condition
for each f. Altogether, we separate the proof into three parts for
three ranges of f.

First case. We start from the first case with L, (fw) = 1. In the
proof of UniGCN’s perturbation bound in Lemma 1, the maximum

node representation can be bounded by (DRM)LB HL+1 (W@ 1

B < (W)I/LH, then for any input A and any j € [N], we

have UniGCN(A)[j] < % To see this, we have

UniGCNy (A) = WD (L)
< WD | max||[HD 7, ]l = (WD ||oy,
1
L+1 )
= BIORM)" | [IW | < B(DRM)L ! < g
i=1

Therefore, by the definition in Equation 2, we always have Lg, = 1.
Then, we design distributions P and Q to satisfy the perturbation
condition specified in Lemma 5 by using the perturbation bound in
Lemma 1 such that

. . .1
P UniGCN A) = UniGCNw (A)[l2 < =] = =.
br | max [UniGCNuvu(4) — UniGONw (A) 2 < 1] =

Following that, we consider P and Q both follow the multivariate
Gaussian distributions N (0, 0%I). Based on the work in [57], we
have following bound for matrix U? € R"** where U ~ N (0, 6%I)
with h € Z%,

S Pr [V > t] < 2het/2hO ©)
Ui~N(0,02I)

One can obtain the spectral norm bound as follows by taking the
union bound over all layers.

Pr [|[UY <t & U] <t... &lUF| < ¢
Ui~Q
L+1 )
>1 —ZPr [IUi11]
i=1

_2
>1—2(L1)hezhc?

_42
Setting 1 — 2(L + 1)heﬁ = 2, we have t = o4/2h1n (4h(L +1)).

This implies that the probability that the spectral norm of the per-
turbation of any layer no larger than o+/2hIn (4h(L + 1)) is at least

13
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%. Combining with Lemma 1, let 7 = eB(DRM)L, we have
Irénax [|[UniGCNyw4yu (A) — UniGCNy, (A)||2
Ul
<1 1_[||w< >|| 1L

L+ Ilu
||W(’)|| o’ Z

=IﬁL(2|lU(i)||)IﬂL(L +1)oy2hIn (4h(L +1)) < g

i=1

o,

Y
47 BL(L+1)V/2hIn (4h(L+1))
condition in Lemma 5. Remember that we have one conditions in

By letting 0 = , we hold the perturbation

Lemma 1 which is lt'&“ ‘I‘I < Lil for i € [L1]. This assumption also
1/L+1
holds when f8 < (m) +1 - Chere
U < oyahmsh(L+D) < L — L
101D < oV2hInghT+1) < T = ——r < p

Therefore, we can calculate the KL divergence between w + u and
P.

KL(w +u||P) < 2L 'W|

O(BZDLRLMLLZhln (hL) HL+1||W( )”2 L+1 “W( )”2

< 2
Y o W@

Therefore, following the Lemma 5, we have

LEMMA 6. Given a UniGCNy (A) : A — RC with L +1 layers
parameterized by w. Given the training set of size m, for each 6,y > 0,

for any w such that f < (W)I/LH, we have
Lp(UniGCNy) <Ls,, (UniGCNy)+ (10)
0 L2B2h1In (Lh) (RMD)L W W, +log 2
( = )
(11)

. w2
= MWD |2 and W, = S It

where W o1 Twoe

Second Case. We then consider the values of f that satisfy

KL 1
\ % > 1. In order to obtain the KL term, we first

need to construct the distribution of P and Q. Following the strat-
egy used in the first case, We choose P and Q both following the
multivariate Gaussian distributions A (0, 0%I). And to satisfy the
perturbation condition in Lemma 5, we have

_ Y
T 4TBL(L+1)\2hIn (4h(L+ 1))

Therefore, when calculating the term inside the big-O notation in

the Equation 10, if 8 > (%)1/“1

we have

L2B2hIn (Lh)(RMD)E [T W@ |12 141 'l'lt’)‘v/(l>|‘|lg +log L
\ }/ m

L2h1n (Lk)(RMD)L L+t 101

i=1 Hw(l) |2

>1

>

4

1451
1452
1453
1454
1455
1456
1457
1458
1459
1460
1461
1462
1463
1464
1465
1466
1467
1468
1469
1470
1471
1472
1473
1474
1475
1476
1477
1478
1479
1480
1481
1482
1483
1484
1485
1486
1487
1488
1489
1490
1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508



1509
1510
1511
1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565

1566

Conference’17, July 2017, Washington, DC, USA

where ||W(")||% > ||W(i) |I> and we typically choose h > 2 and

L > 2. Therefore, we have

LEMMA 7. Given a UniGCNy (A) : A — RC with L + 1 layers
parameterized by w. Given the training set of size m, for each 6,y > 0,

yvm 1/L+1
ZB(DRM)L)

L (UniGCNy) <Lg, (UniGCNy )+

for any w such that § > ( , we have

).

o \/Lszhln (Lh) (RMD)L Wy Wy +log ™

yim

2
— HL+1||W( )”2 and W,y = ZL+1 W i “F

where W iZ1 W

Third Case. We now consider the case where f in the following
range, denoted as 8.

(BIB € [(——=

)1/L+1 ( Y\/ZE
2B(DRM)L

) 1/1;4»1] }

" “2B(DRM)L
Y )1/L+J

2B(DRM)L

one group of P and Q is able to make the perturbation condition

in Lemma 5 satisfied. To see this, for a § € B, we assume a f§ such

that,B~ € Band |f - [§| < L+1ﬁ Then we have

We observe that if f falls in a grid of size ﬁ(

5

18- Bl < L+lﬁ
= (- p<fs e p

(12)
— (l— L+1)L+1ﬁL+1 <ﬁL+1 < (1+L+1)L+1ﬁL+1

1
— _ﬂL+1 SﬁL+1 < €ﬁL+1
e

Given ﬁ suppose that w and u are the corresponding parameters
and perturbation in UniGCN. Therefore, to satisfy the perturbation
condition, we have

IIAIlaX ||UniGCN‘,~V+ﬁ (A) - UniGCN‘;V (A) ||2

L+1 L+1 7 (i
ol . U
<I1_[||W(’)|| Z I l)” ]ﬂLH(Z || ; ||)
i=1
. L+1 )
=T (D N0 < e7 1L +1)5v2hIn (4h(L+ 1)) < g,
i=1

where we let 6 < Y )
4eTBL(L+1)\2h1n (4h(L+1))

bation condition is satisfied. Same for , we have
frlnax || UniGCNy;4 (A) — UniGCNy (A)||

to make the pertur-

L+1

o
<r [ [ Z |'|'W(l>'|'|

<ITBY(L+1)o\2hIn (4h(L+1)) < %,
Y

47 BL(L+1)\/2h1In (4h(L+1))

tion condition. We find that when f and ﬂ satlsfylng |- [3| < L +1 B,

they can share same ¢ with value

where we let o < to satisfy the perturba-

4eIpL (L+1)\/2hln (4h(L+1))
obtain same generalization bound by simply apply the Lemma
5. Therefore, if we can find a covering size of 8 within the grid

14
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1 ( Y )1/1;+1
2L+2\2B(DRM)L

all § € B.The grid size is given by |f — ﬁ~| < ﬁﬁ holdis |f - ﬂ~| <
L( Y )1/L+l
L+1\2B(DRM)L

size, we have the covering size n = ((\/EDR)ﬁ —1)(2L+1). We
denote the event of the generalization bound in one grid as E;. We
then have

, then we can get a bound which holds for

. Hence, dividing the range of 8 by the grid

n
Pr[E1&...&Ep] =1 - Pr[3;,—Ei] > 1 - Z Pr[-E;] > 1 - nd.

i
We obtain the following lemma within third case.

LEMMA 8. Given a UniGCNy (A) : A — R with L +1 layers
parameterized by w. Given the training set of size m, for each 6,y > 0,
with probability at least 1 — § over the training set of size m, for any
w such that f € B, we have

L (UniGCNy) < Lg, (UniGCNy )+

L2B2h1n (Lh)(RMD)LW;W; + log MLPR
O im

),

I—[L+1||W(1)”2 and W, = ZL+1 M

where Wp = i1 W

Altogether, combining three cases, we conclude the theorem 1.

C.3 Proof of Lemma 2

Similar to the proof of Lemma 1, this proof includes two parts.
We add perturbation u to the weight w and denote the perturbed
weights by WEI) +U§l) where i € {1,2,3,4}. We can drive an upper
bound on the I norm of the maximum tuple representation among
each node in the layer. For [ € [L], let

w; = argmax |H " [i, ], = [1HY) [%], 2,
i€ (N+K)

wi = argmax [HD [i, ]|, and @; = [HD [w], ] .
i€e(N+K)

We then have

= |IReLu(n" & (Ce (ReLu(n'" @ HED)))) [w7, ]Iz
® (Ce(ReLu(n'” @ H=V))) [w7,:]) Iz
< " @ (Ce(ReLu(n{" & HI=V))) [}, :] 2

= [I(Ce (ReLu(n'? ® HEV)) W [wr, 12

< ll(Ce(ny” @ HIZOWE [w),51))

1
< lCe(nt? @ HEDWD) [, 1]
N+K

<|I Y. Celw) kl(n
k=1

N+K

—||Zce W, k]

||ReLu( (l)

Do HIDW k),

H(l l)w(l)w(l)[ ]) ”2

(13)
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N+K

<1 Celw) k(@
k=1

1 I
< 1P+ 1) (@ WW),

1 WOWD)

1 1
< P+ )IW W e, (14)
Similarly, we have

®; = [ReLu(n" ® (Co(ReLu(nl" ® HEV)))) [w], 113

(15)
N+K
< ||Z Colwy, kI (HDW WP [k, 1) 2
N+K ! .
<11, Colwy k(@ Wi WD)l
k=1
= 1 1
< M+ 1) (@, WP W),
1 D=
< M+ )W W |é, (16)
Combined with Equation 13, we have
o; < M+ )P+ )W WO Iw P wd e,
(17)

1
< (' B[ TIwPiws? w2 w1
i=1
where Cy = (M+1)(P+1).Let {; =
Given the input A, we use A; to denote the change in the output. We
A | = max 2016 - O[],
where H is perturbed model. Let UZ‘Z) = argmax; |A ) [i,:] |2. We

define ¥; = max;c(N+k) ‘Al[i, :]

define 0", 01, 0() € RIN+K)Xd1-1xd1-1 and 1) & RINK)Xdr-1xds

where 9”) [k =00 [).:]
We then bound the max change of the tuple representation before
the readout layers.

¥ = max||H i1 - HO i,

= [ReLu((n{" + 6{") & (C] (ReLu((n" + 0") & 71 1))
(o7, - ReLu(n{ @ (] (ReLu(n” @ AD)))) [0}, 11

< [[((n" + 0"y @ (3 (ReLu((nf" + 6") @ D)) 15},

I 1 5 *

- (1} ® (5 (ReLa(ny” @ ) [o].1]
(Lipschitz property of ReLu)
< ”((c;ﬁ(")[u;‘, DWW +ulywih yulh)-
7 * I 1
(3 o, Wi wP)|
Let us replace the HD to A1 and AD to HUD | we have
¥ < H((cgch(l‘l)[uj,:])(wfl” +uywi +ull)y
(W(l) +U(l))(W(l) +U(l))

2

1 ! 1
W W w O w0

= U when j # k, wherei € {1,2,3,4}.
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<[[(crez D s, 1) - (Crer a5 )
(W(l) +U(l))(w(l) +U<l))(w(l) +U(l))(w(1) +U(l))

4L +1
< (MeD(P+ 1>~vl_1uw§” +U§” HHW§” +U§”“
W + 0w + ol

+ M+ 1)(P + D@ [Ul o o ol

14
+ 4L_(M+ D(P+1)P;_1¢

To simplify, we let
1 1 1 1 1 1 1 1
A=W +uDw s ulP wl? +ulw oty
1 1 1 1
i = 0D o oty

We define a;_; = CaA; and bj_; = Ca®;_1K; + ﬁCACDl_lgV[.

Then ‘I’l < aj_1¥;_1 +bj_q for I € [L]. Using recursive, we have

¥y < Hl h a,‘P0+Zl o bi (HJ 1,1 aj). In addition, we let ¢ = .

4L+1
Since ¥y = 0, we have

I—

—

-1

bi( [ a)

j=i+l

¥ <

™

il
T <
-

=B » (Cakis1®i +cCaliv1®i)(

-1
[T carm)

j=i+l

+1§i+1(ﬂ i)(

g

~ o~
| Il
e

B

M

1
[T cans)

l+1’<1+1(1—[ gj) +cC

1:0 j=i+2
-1

_ BZ 1+1(1—[ £) +eCil iz+1 (ngj (ki) ( l—[ Caly)
i=0 J=it+2
-1 i+1 {.’, . i+1 Kl

=B, (| [ +eci™ 2] [ G ] | ear
2. ]_[ j o ﬂ j jl;[z Jj)

(18)

Since ||U]| < TIHHW”, we have 4; < (1+ ﬁ)“(l. Therefore

-1 i+1 i+1
<8y (] g +ecy 2 [Tong (12
i=0 Jj=1 Jj=it2
(C —i— 2(1+ l)4(1—i—2))
_ BCZ 1(1_[ é/l) Z (1 + )4(l—i—1)

Since ? < (ﬁ)4 < ¢ with L > 1, therefore we have

¥ < 2cBCY 1(H51)Z(“4L+1)4(l -1

i=1 i=1

(Q1+ ——) T <eand Cy > 1)

< zceBzci;I(]_[ &) T
i=1
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The last step is finding the readout layer’s final perturbation
bound. Let N’ = N + K, then we have

1 N
[Apstlz = | v (WED 4y ) (19)

1 L L
- v H B W
1
< —

S \ING (H(L+l)/ _H(L+1))(W(L+l)

1
+ U(L+1))|2 + F|1N/H(L+1)UL+1

2

IA

1
VHIN,AL(W(LH) +UH)|, (20)

1 L)yq(L
+ﬁ|1N,H< )+t

;
1 &
 IWED LU AL i)
i=1

’

1 .
+ 1 0PI ES L)

i=1

IA

(21)
< w WD L U4 e Ut
U+

L
1 L : (L+1) RN

1

< 2eBL(1+
4L +1

L
)Cﬁ( 1_[ Gi)(15(4L + D)[UED |
i=1

(Equation 17) (22)

Therefore, we can conclude the bound in Lemma 2.

C.4 Proof of Theorem 2

We first normalize AllDeepSets with f = (I_IL.L:j g WL/ Le,
where Ly = 4L + 1. Again, we have the norm equal across layers as
PB. We consider the prior distribution P following the normal dis-
tribution N (0, 0%I). Similarly, random perturbation U ~ N (0, 62I),
denoted as distribution Q. We want the value of ¢ to be based on
B. We choose to use some approximation ﬁ~ of f and guarantee
that each value of f§ can be covered by some ﬂ~ Specifically, we let
- pl < leﬁ According to Lemma 5, we wish to have

(A) - AllDeepSetsw(A)Hg] >

w+u

DN | =

Pr [ max ||AllDeepSets
u -AcA

2
Based on the work in [57], let 1 — 2L2heﬁ =1- % Then we
have t = o+/2h1n (4hL3). Combining with Lemma 2, we will show
that with probability at least % for any input, we aim to have
max e 7 ||AllDeepSets,,,, (A) — AllDeepSets,, (A)|]2 < %. Let I =
2eBL(1 + £5)(15L3)C}, where C4 = (R + 1)(M + 1). Following
Equation 19 we have

Xla;([ | AllDeepSets,,,,, (A) — AllDeepSets , (A)|2
€

L
< ([ | )10V < e1 e~ ov2hIn (4hL,) < %

Jj=1

16
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Then we let ¢ = to satisfy the condition in

Y
4e7 pl2=1[2h1n (4hLy)
Lemma 5. We first consider the case of a fixed . Given a f§, we
can calculate the KL divergence with the distribution P and Q and
obtain the PAC-Bayes bound for F as follows.
2
KL(w +ul|P) < |w_|
202
I . ) .
o (BZCAZLL‘*hln(hLz) T2, W@ )2 &y w2

v o w2

Following the Lemma 5, for a fixed § where | — f| < % B, given
training data S with size R, then with probability at least 1 — 6, for
4,y > 0 and any w, we have the following bound.

Lpo(Fy) < Lsy(Fy)+ (23)

L, WO m

LB2hIn (hL2)CRE T2, IW D2 512, Jyrfs +log 2

of

yim ’
(24)
As we discussed above, we need to consider all possible choices
of ﬁ~ such that it can cover any value of . Then we can obtain
the generalization bound. We found that we only need to consider
values of f in the following range,

(_y )I/L2 <p< (_my )1/L2 (25)
L - - L

2BC n 2BC n

Ifp < ( 5 BYCL )1/ Lz, then for any input instance A € A, we have

[|F(A)[i]ll2 < )7/ based on the Equation 17. We stated it in the
following.

AllDeepSetsy, (A) = wHD L) < ||W(L+l)|| max |H(L) [4,:]1
1

= W o

L
Y
= Be;IW VN[ [ < BCip' < 7
j=1

Following the definition of margin loss in Equation 1, we will always
have L (fw) = 1.In addition, regarding the assumption in Lemma
U@
2 that W
when this lower bound holds, where

O <ovahimahe b — ¥ <4
Ly 30eBL,CL

< le for i € [Ly]. This assumption will be satisfied

Y gl :
2BCT = p~2, the above state

ment will always be satisfied. Regarding the upper bound, if X2 >
Vmy

2BCL”’
inside the big-O notation in Equation 10.

Since we have the lower bound that

it is easily to get Ls(fw) > 1 when calculates the term

oL 1L ; L, IWO|2 L
L4B2RInhCEH 132, IW O I? 532, s + log %
y’m
4 L, WO
LAhInh 332, fams
> 1 > 1,
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where ||[W () ||§, > ||W( ||2. Therefore, L p o(Fw) isalways bounded
by 1. As a result, we should only consider § in the above range.

L.
Since |[f—f| < 1P, we have | f— Bl < Lz(;{;;‘{)l/ 2. Thus, we use a

1) with radius - " (2 BT

by taking a union bound over all possible ,B~ we conclude the bound
in Theorem 2.

cover of size § Lim1/2(Le) _ )1/L2. Therefore,

C.5 Proof of Lemma 3

Let A, € {0, 1YX*K be the adjacency matrix between hyperedges.
Let B be a diagonal matrix with size K.

1 ife € N(e]')
Acli, j] = .
eli-J] {O otherwise

1 ifi=j
Bli, j] = .
[i.J] {0 otherwise

For the layer [ € [1,L] , we can rewrite H (D a5 follows,
HY =ReLu(WD (1+aD)B+4,)HIY) (26)

We can drive an upper bound on the I; norm of the maximum node
representation. For | € [0,L], let w;' = arg max;e [k HO[i,:]],

1
and &; = |H(l) [ ,:]|2. Let LW = (1+ (x(l))B + Ae, we have
= |[ReLu(LPHEDWD) [wr )

)l
wi,llz < MD(1+a D)@, WD

= |ReLu(LP HIDWD [
< ILOHEOWD |

]
< (D)7l [ [+ D)W
i=1

1
< ECDpIp=1B[ [Iw ),
i=0
27)
where E(5J) = Hi:i(l + ak). Forl € [L], Let

U; = argmax”lq(l) [4,:] -H® L, ]2,
i€[K]

where H(!) denotes the layer output with perturbed weights. Then
lety; = ||H(l)[ - H(l)[ :]||2. We then bound the max change
of the node representatlon before the readout layers as

¥ = HReLu(LU)PIU‘”w(’))[u;‘, 1-

.

_ ”ReLu(L(l)H(lfl)W(l) (o7, ] - LOH-OWO [, :])HZ

ReLu(LWHIDWD) [0, 1]

< H(ng(l—l) [o,:] - LOHED [0, ) (WD 4+ U D)
+ LDy [z :]”2
< MD(1+aD)g_ WO + UD ||+ MD(1 + D)o, UL

To simplify, we let a;_; = MD(1 + aMHIwWD +uD || and bj_; =
MD(1 + aD)yo,_ 1||U(l>|| We have ¥, < - 1¥,_ + bj_;. For
Il e [0L], ¥ < Hl Oa,‘I‘0+Zl Lp; (HJ is1 @ ) Since ¥y <

17
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||U(0)IJI(O) [z < BM||U(0) || and input difference is 0, we have

-1 -1
[ Jarwr < MIDEED RO @ [ [Iw + 0|
i=0 i=1

-1
. 1
<MD ECDBU@ [ T+ 7)||w<l)||
i=1

Since 1+ ﬁ >1land ||U|| < (1+ ﬁ)HWH we have

-1 -1
Hai\}q < eM!DI7TELDB ]_[||W(">|| (28)
i=0 i=0
For the second term in ¥}, we have
-1 -1 -1 -1
bi( [Ta)=D b [] @)
i=0 Jj=it+l i=0 Jj=it+l
-1 ) ) -1 )
MD(1+a D)@ U ([ MD(1+al*D)
i=0 j=itl
(WD +U(j+1)||)
-1 i
< Ml+lDlBE(1,l) Z l_lnw(l)” ||U(l+l)||
i=0 j=0
ﬁ (+1) (j+1)
( ”W Jj+1 +U Jj+1 ”)
Jj=it+l
-1 i+l i
U(1+1)”
< M*plpeD w2
: 2 I s
H (1+ —)nw(f)u
Jj=it+2
ul
= MDD T Tiw® Il =i (99
Hu ||Z ”w(l)” te— @)
Combining, we have
w, < eM*1p!BE(LD HHWU)”Z ||U | (1+ 1 )i
L+2

W@y

Let C = eM*1DLBE(L) | we can bound the change of M-IGN’s
output with and without the weight perturbation as follows.

1 A 1
¥, = |E1KAEH(L) (Wl+1 +U(L+1)) _ ilKAeH(LH)W(LH)‘Z

< %HlKAe(I:I(L_'—l) _ H(L+l))(W(L+l) +U(L+1))||2

1
+ e lixAHEDU D,

< MDY [[WEHD L g+ 4 MchL||U(L+1) I
L+1

(i) [ut®
< eMDC ]_[||W I Z ”W(l)”
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C.6 Proof of Theorem 3

Similar to the proof process of the Theorem 1, this proof involves
two parts. First, we aim to establish the maximum permissible
perturbation that fulfills the specified margin condition y. Second,
based on Lemma 5, we then use the perturbation to calculate the
KL-term and obtain the bound. We let L3 = L + 2. We consider
p= (]_[LJr1 W@ )1/Ls . We normalize the weights as ”Wﬂ“) T w
for i € [L3]. Then we assume the same spectral norm across layers,
ie., ||W(i) || = p fori € [L3]. We again consider the prior distri-
bution P following the normal distribution N (0, 52I). Similarly,
random perturbation U ~ N (0, e ). According to Lemma 5, we
aim to have

Y 1
P M-IGN: A) — M-IGNy (A <=|>-.
ur[gleaxll wu(4) w(A)ll2 4] z5

=2
Based on the work in [57], we let 1 — 2lhe2ns? = 2,

oV2hln 4hl. Combining with Lemma 2, we will show that with
probability at least

we have t =

%, for any input, we aim to have

~ MAIGNy (A)]2 < Y.

M-IGNy+u (A
Xlea?[” wu(A) 1

Let T = e2MET2DLH1IBE(LL) then we have

max ||[M-IGNy4y (A)
AeA
_71_3|||w(1)|| Z ||U(l)||
B |w<l>||
[u¢ >||
< Ip4( Z = I ZIIU“II

< IﬁL3_1L3a\/2h In 4hLs
< el L3o\2hIn4hLs < %,

Then we let o =

—M-IGNw (A)[l2 <

=

~ to satisfy the condition in
4eI pl3-1L3V2hIn4hL; Y

Lemma 5. We first consider the case of a fixed f. Given a f, we can
calculate the KL divergence with the distribution P and w + u and
obtain the PAC-Bayes bound for F as follows.

2
KL(w +ul|P) < -
202

cIIk
<0( H,:02
Y

W2 & w2
L w2

where C = e* (BL) (MD)L(E(2 L))Zh In (hL). Following the Lemma
5, for a fixed ﬁ where |f — /3 <7 14, given training data S with size
R, then with probability at least 1 — 6, for §,y > 0 and any w, we
have the following bound.

Lpo(Fw) < Lsy(Fy)

L [lw (|2
CH 3()” (l)”Z Zl =0 Jw® “12: log%
+0( ),

ym

(30)

where C = ¢*(BL)2(MD)L (E(21))2h1n (hL). As we discussed above,
we need to consider all possible choices of § such that it can cover

18

Anon.

any value of . Then we can obtain the PAC-Bayes bound. We found
that we only need to consider values of § in the following range,

Vmy

)1/L3
2E(LL) pfL+1pLB

Y 1/Ls
(2E(1,L)ML+1DLB) s ﬂ < (

(31)
Ifp < (m)l/ L3 then for any input instance A € A, we

have |F(A)[i]]z < £ based on the Equation 27. We stated it in the
following.

HE(4) = 4 HBDWE) < [ W) |4, max ||V [l
3

I
< E(I,L)ML+1DLBr|||W(i)|| :E(l,L)MLHDLBﬁLg < g
i=0

Following the definition of margin loss in Equation 1, we will always
have Lg y( fw) = 1.In addition, regarding the assumption in Lemma

2 that U]
W]

when this lower bound holds, where

< L3 for i € [I]. This assumption will be satisfied

U < ov2hIn4hLs < Lﬁ

3

Since we have the lower bound that W}/LHDLB < b, the

above statement will always be satisfied. Regarding the upper

. VR . .

bound, if g3 > m, it is easily to get Lg(fw) > 1
when calculates the term inside the big-O notation in Equation 30.
Therefore, L o(fw) is always bounded by 1. As a result, we should

only consider f in the above range. To hold our assumption that

18-l < L%ﬁ,weneedtohave 1p-p| < i(WDF%)I/LS'WE:
)l/L3

ize L(m1/2Ls _ 1) wi jus L (—Y
use a cover of size 5 (m 1) with radius 7 (ZB(MD)LE(Z-L)

That is, given a fixed B, we have an event in Equation 10 that hap-
pened with probability 1 — §. We need to cover all possible f that
is number of %(ml/ 2Ls _ 1) such event happened. Therefore, by
taking a union bound, we conclude the bound in Theorem 3.

C.7 Proof of Lemma 4
Given the input A, for [ € [L], let H«(Qu and H(l)(A) be the I-
layer output with parameter w and perturbed parameter w + u,
respectively. Use A; to denote the change in the output. We define
¥ = max;e (n) 1A [i,:]llz = max [|[HD[i,:] = HD[i,:] ||z, where
AD =Y (A)and HO = HY (A).

Let v( ) = g max;||A ) [i, :]||2. Since after each propagation
step, T-MPHN includes a row-wise normalization. We can first
bound the ¥; by 2 for any [ € [L]. In particular, let A[i,:] and B[, :]
be two non zero row vectors. We deﬁne the normalized vectors A[1, :
I = patig and Bli] = gl
IIA[i,:] - B[4, :]|l2, which represents the Euclidean distance between
these two unit vectors. The upper bound for this expression is 2,
which is achieved when the vectors are completely opposite in

. The expression of interest is
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direction. Therefore, considering the last readout layer, we have

I8zl = I ANAD WED 4+ g D) - L1 i ® wE)
< NHIN(H(L) — HDy(wIHD) 4 yd+)
NH(L)U(L"'l)”
<= ||w<L+”+U(L“>|| ZMALz 1l2)
i=1
||U<L“>|| ZIIH(” 1ll2)
i=1

< WD g4 ot
< 2w+ 3utY)|

C.8 Proof of Theorem 4

The proof involves two parts. First, we aim to establish the maxi-
mum permissible parameter perturbation that fulfills the specified
margin condition y. Second, based on Lemma 5, we use the pertur-
bation to calculate the KL-term and obtain the bound To simplify,
we let Ly = L+1. We consider § = ([ L"'l ||W(’) Il i . We normalize
the weights as ||V€’H Wi, where i € [L4] Therefore, we assume the
norm is equal across layers, i.e., |[W|| = .

Consider the prior distribution P = N(0, 62I) and the random
perturbation U ~ N (0, 62I), denoted as distribution Q. Notice that
the prior and the perturbation are the same with the same 0. We
want the value of ¢ to be based on . However, we cannot use the
learned parameter w. We then choose to use some approximation
P of f and guarantee that each value of § can be covered by some
B.-Let|f—p| <
have max e # | max e 7 || T-MPHNy.4y (A) ~T-MPHNy (4)||2 < ¥
Then we have

max | T-MPHNy, 1y (A)
AeA

i B. According to Lemma 5, for any input A, we

— T-MPHNy, (A)]

—f+30V2hInah < X

<2 WD | 4 3jud)| < —

L4
L—8L,f ) e
Then we let ¢ = =242 6 satisfy the condition in Lemma
12LV2hIln4h Y

5. Remember that we have one conditions in Lemma 4 which is
||U(‘) || < yfori e [L4]. Given the value of o, the assumption
indicates that f > 0, which is always satisfied. We first consider
the case of a fixed f. Given a f8, we can calculate the KL divergence
with the distribution P and w + u and obtain the PAC-Bayes bound
for F as follows.

lwl* _

144L2h1n(4h) ——
KL(w +ullP) < = Zn I

202 ( L+8L4[3)2

hilnh

w®
<O Wy lwm)”)ZZn I)-

Following the Lemma 5, for a fixed ﬁ where |f — ﬂ~| < %ﬂ given
training data S with size R, then with probability at least 1 — §, for
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4,y > 0 and any w, we have the following bound.

hinh X WO |2 +log 2
m(y — [W(L)]])2

As we discussed above, we need to consider all possible choices

of 8 such that it can cover any value of . Then we can obtain the

PAC-Bayes bound. We found that we only need to consider values
of f in the following range.

Lpo(fw) < Lsy(fw) +0(\J ). (32)

X<‘B<@.

277 2
Ifp < — , then for any input instance A, we have |[F(A)[i]|2 <
based on the Lemma 4. We stated it in the following.

Y

=p< =

p< 2
Following the definition of margin loss in Equation 1, we will always

have -Z:S,y(fw) = 1. Meanwhile, if f§ > %ﬁ, we can easily get
Ls,y(fw) = 1 when calculating the term inside the big-O notation
in Equation 10.

J hinh S WO +log 2 J hink$5 WO |2 +log 2
m(y — [W(Ta)|)2 m(y)?

(33)

¥

IT-MPHN(A)||, = W2

21,

where ||W (D) ||% > w@ ||% Therefore, £ p ¢ (fw) is always bounded
by 1. Since we have the upper bound, the above statement will al-
ways be satisfied. As a result, we should only consider § in the above

range, see Equation 33. We have an assumption that | — ﬁ | < L% B.
Thus, we use a cover of size (\m — 1)L4 with radius i That is,

given a fixed ﬂN we have an event in Equation 32 that happened with
probability 1 — §. We need to cover all possible f that is a number
of (4/m — 1)L4 such event happened. Therefore, we conclude the
bound in Theorem 4 by taking a union bound.

C.9 Main results on HGNN+

HGNN-+ performs spectral hypergraph convolution by using the
hypergraph Laplacian, which models the relationships between
vertices and hyperedges [24]. The model adopts various strate-
gies to generate Hyperedge groups that capture different types
of relationships or correlations in the data, (i.e., k-Hop neighbor
group or feature-based group). Specifically, given z € Z* hyperedge
groups {&1,...,E;} where &; C & for i € [z], the incident matrix
J e {0, 1}N*P is given by J =Ji|...|Jz, where | is matrix concate-
nation operation, J; € {0, 1}V*Pi and p = Yie[z] pi- For each J;, its
entries J; (v, e) equal to 1if v € e forv € V and e € &;; Otherwise 0.
The model takes G, the node features X and the diagonal matrix of
hyperedge weights T € RK*K as input. The initial representation
is H(®) ¢ RNxdo, Suppose that there are L € Z* propagation steps.
In each step [ € [L], the hidden representation H (D) e Ri-1%dr jg
calculated by

H" = ReLu(D, 'JTD, JTHO WD),
where W) € RA-1%d1 D, € RN*N and D, € RKXK are diagonal

matrices of the vertex and hyperedge degree, respectively. The
readout layer is defined as HGNN+(A) = % 1IvHOWEHD) where
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WD) ¢ RILXC and 1y is an all-one vector. Let the maximum
hidden dimension be h :=max;¢ 1] d;. We have the following results
for HGNN+.

LEMMA 9. Consider the HGNN+ with L + 1 layers and parame-
ters w = (W(l) W(L“)) For each w, each perturbation u =

(i
U, Uy onw such that maXje[141] \|||v[\]/<1)>||l| < L}rl’ and
each input A € S, we have
[[HGNN+y+u (A) — HGNN+yw (A)]|2 <
< L (i) o ||
eB(CD?RM) (1_[||W ||><Z WOl

where C = max; Tjj.

ProoF. The proof includes two parts. We first analyze the max-
imum node representation among each layer except the readout
layer. After adding the perturbation u to the weight w, for each
layer [ € [L+ 1], we denote the perturbed weights W(!) + U() we
define 0 € REXdi-1%di 45 the perturbation tensors. In particular
0D [k,:] = 0[] =UD e R&-1Xdl when j # k. We then can
derive an upper bound on the I3 norm of the maximum node rep-
resentation in each layer. Let wl* = argmax;e|[y| IHD 4, ]|z and

= HY [w}, ]ll2-

@; = |[ReLu(D, JTD; ' JTHO WD) [wr, ]Iz
< ID; D,y THOWD [wr, |
= ID; ' JTD, JTHY [wi |l [W D

N
=11 D3 yTDg T [y, i H D [1 ]l WD)
i=1

N
< > D TD T [, IHD [ WO

i=1
N

< 3D TD; T [wi, 1y [ W)
i=1

Since we have
N

ID5TD; 7 lleo = max 1D, 'JTD; 7 [i, 1]
Jj=1

We denote A = D;'JTD;J7 and for each entry, we have
Aij = [D;JTD, 7]

1 _
"~ do(i) PO T

1 & t(e)
= m;]ie (d (e))Jan

where a) J;e = 1 if vertex i is incident to hyperedge e, and 0 oth-
erwise; b) Jje = 1 if vertex j is incident to hyperedge e, and 0
otherwise. The product J;cJ je equals 1 if both vertices i and j are
incident to hyperedge e, and 0 otherwise. Thus,

1 t(e)

Anon.

where E;j = {e € & | i € eand j € e}. We calculate the sum over

all columns j for a fixed row i.

The infinity norm of the matrix A is the maximum absolute row

sum.
N

Ao = maxz |A|
Jj=

= maxZAij (since Aj; > 0)
ieN =i

1
< D2 max Tj;.
1

1
:%%‘(dy(l) PRC

e3i

LetC = D?RM max; Tj;. Therefore, we have

N
® < ) DG ITDS T [w), iy [ W
i=1

1
< (DIRMmaxT;p) B[ W
1
i=1
Finally, we need to consider the readout layer. We have

Azl = |5 InAD (WD 4 U

1
_ (L+1) (L+1)
NlNH W ) )

%HIN(H(LH)’ — gy (WD)

+ U(L+1))H2 + %||1NH(L+1)UL+1 ”2

IN

1
NIV ALWED + UED) | +

I/\

1
S IWE U Z 1AL [i::]1e)
i=1

N
1
— [y @Ly; .
+4Iv ||(;|H [i.4112)
< \I,L||W(L+l) +U(L+1)||+q> ||U(L+l)||

L T () L v
B W 1+
< BC (Dn NE+ ) Z”W(l)”
. (L+1)
(1+ 1 —i ”U ” 1 )—(L+l)]
L+1 [[WE+D) | L+1
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u( >||

< eB L W(z) ”

eBCL( | ||| ) § Wy

Therefore, we conclude the bound in Lemma 9. O

THEOREM 5. For HGNN+ parametered by w with L +1 layers and
each 8,y > 0, with probability at least 1 — § over a training set S of
size m, for any fixed w, we have

Lp(HGNN+y,) < L, (HGNN+y)+

O(J L2B2h1n (Lh)(CD 2 RM)L W, W, + log mL

yim

where W

_ L+l 112 oL+ WO
=135 ||W( )” s Wo = 3055 Wo[z"
Proor. We consider a transformation of HGNN+ with the nor-

i i v = _L__w)
malized weights W) = W ||W , Where

L+1

p=( Jiw @,
i=1

Therefore we have the norm equal across layers, i.e., W@ = B.
The proof can be separated into three parts for three ranges of f.

o First case. f§ that satisfy L, (fw) = 1.

. KL(w*+ +ln &2
e Second case. f§ that satisfy / % > 1.

e Third case. f in the following range, denoted as 8.

yvm

1/L+1
2B(D? RMtpmay)L

{ﬁlﬂe [( 4 1/L+1]}.

2B(D?% RMimay )L

Similar to the idea in the proof of the Theorem 1, combining three
cases, we conclude the theorem 5. m]

C.10 Main results on HGNN

HGNN performs spectral hypergraph convolution by using the
hypergraph Laplacian. Given the hypergraph G, the incident matrix
J € {0, 1}N*K is defined as J(v,e) equal to 1ifv € e forv € V
and e € &; Otherwise 0. The model takes G, the node features X
and the diagonal matrix of hyperedge weights T € RK*K as input.
The initial representation is H (0) ¢ RNxdo, Suppose that there
are L € Z' propagation steps. In each step [ € [L], the hidden
representation H(!) € R4-1%4 is calculated by

_1 _1
H®Y =ReLu(D, 2JTD; J7D, 2 HOWW),

where W) ¢ Ré-1%d1 D e RNXN and D, € RE*K are diagonal
matrices of the vertex and hyperedge degree, respectively. The
readout layer is defined as HGNN(A) = %INH@)W(L“), where
WD) ¢ RILXC and 1y is an all-one vector. Let the maximum

hidden dimension be h :=max;¢ |1 dj- We have the following results
for HGNN.

LEMMA 10. Consider the HGNN with L + 1 layers and parame-
tersw = (W, WD) For each w, each perturbation u =

(i)
U, ULy on w such that maX;e[r+1] ‘|||‘,l{/(l>l|l| < L‘li'l’ and
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each input A € S, we have

[HGNNw+u(A) — HGNNw (A)[l2 <
L+1 L+1

IIW(’) ||

where C = max; Tj;.

THEOREM 6. For HGNN parametered by w with L + 1 layers and
each 8,y > 0, with probability at least 1 — & over a training set S of
size m, for any fixed w, we have

Lp(HGNNy) < Ls,(HGNNy)

O(J L2B2h1n (Lh)(CD 2 RM)LW; W; + log mL

yim

i (i) )12
where W, = I‘[le‘fll WD |12 and Wy = L+ W 1T

i=1 ||W(l) ||2 :

D Additional materials for experiments

D.1 Experiment settings

Sample generation for real dataset. Table 5 shows the statistics
on real datasets. DBLP-v1 consists of bibliography data in computer
science. The papers in DBLP-v1 are represented as a graph, where
each node denotes a paper ID or a keyword and each edge denotes
the citation relationship between papers or keyword relations. COL-
LAB is a scientific collaboration dataset where in each graph, the
researcher and its collaborators are nodes and an edge indicates
collaboration between two researchers. Note that these datasets are
benchmarks for graph classification tasks. To satisfy our experiment
task, we construct the hyperedge using attribute-based hypergraph
generation methods [29]. In particular, for DBLP-v1, we let each
hyperedge include the node paper ID node and its related keywords
nodes. For COLLAB, we let the hyperedge include all researchers
who appear in the same work.

Sample generation for synthetic dataset. Table 4 shows the
statistics on synthetic datasets. The basic graphs are randomly
generated using the Erdos—Renyi (ER) [27] model and the Stochas-
tic Block Model (SBM) [1] with 24 different settings, varying by
the number of nodes, edge probability, and number of blocks. We
generate a pool of 1000 basic graphs for each setting and form
hypergraphs using a variation of the HyperPA method with dif-
ferent statistics (i.e., N, M, R) [15]. The number of classes is set to
3, and hypergraph labels are randomly assigned. Then we use the
Wrap method to generate the label-specific features using the node
structure information as input [67].

Training settings. All the experiments are trained with 2 X
NVIDIA RTX A4000. We use SGD as the optimizer for the model
AllDeepSets and Adam as the optimizer for UniGCNs, M-GINs,
T-MPHN, and HGNN+. For all datasets, the random train-test-valid
split ratio is 0.5-0.3-0.2. We set the hidden dimension h = 64. The
learning rate is chosen from {0.002,0.01}. The batch size is 20
and the number of epochs is 100. We evaluate our models in four
different propagation steps: 2,4, 6, and 8. The y in margin loss is
set to 0.25.

Testing settings. The empirical loss for UniGCN, M-IGN, and
AllDeepSets on synthetic datasets is computed using the optimal
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Anon.

Table 4: Statistics on the synthetic dataset

Dataset ER1 ER2 ER3 ER4 ER5 ER6 ER7 ER8 ERY9 ER10 ER11 ER12
N 200 200 200 200 400 400 400 400 600 600 600 600
max(K) 200 200 200 200 400 399 399 400 600 600 600 600
max(M) 20 20 40 40 40 40 60 60 60 60 80 80
max(R) 20 40 20 40 40 60 40 60 60 80 60 80
max(D) 166 166 199 199 375 376 399 399 587 584 599 599
Dataset SBM1 SBM2 SBM3 SBM4 SBM5 SBM6 SBM7 SBM8 SBM9 SBM10 SBM11 SBM12
N 200 200 200 200 400 400 400 400 600 600 600 600
max(K) 200 200 200 200 400 399 400 400 600 600 597 600
max(M) 20 20 40 40 40 40 60 60 60 60 80 80
max(R) 20 40 20 40 40 60 40 60 60 80 60 80
max(D) 165 163 199 199 374 377 399 399 586 587 599 599

Table 5: Statistics on the real dataset

Dataset max(N) max(K) max(M) max(R) max(D) features sample size classes

DBLP_v1 39 39 9 16 32 5 560 2
COLLAB 76 37 17 19 53 5 1000 3
Monte Carlo algorithm [13]. On real datasets, their empirical loss m(L2 (m1/2(2) 1)
32¢*B2C2L(Ly)%hIn (4h(L log —2—5——
is calculated by averaging the results over five runs, due to the B CT (Lo)"hIn (4h(L2)) ;Wl W +log s
y-m

limited sample size. For T-MPHN, the empirical loss is calculated by
averaging over five runs on both synthetic and real datasets. The
results of all models with random parameters on synthetic data are
obtained by averaging across five test datasets randomly selected
from the sample pool. Additionally, for each subgraph shown in
Figures 2 and 3, the corresponding experiments are conducted in-
cluding synthetic and real datasets, with each subfigure displaying
the results from twelve different datasets (synthetic graph datasets
with models of trained parameters) and ten repeated runs (real
graph datasets with models with random parameters). In particular,
in Figure 3, we report the optimal results over ten repeated experi-
ments in each subgraph on models with both trained and random
parameters. In Figures 5 and 6, the experiments are performed on
real datasets, with each subfigure depicting the results from a single
dataset repeated ten times.

D.2 Bounds calculation

We compute the bound values for the learned model saved at the
end of the training. In particular, for the considered models, we
compute the following quantities.

Bunicen = Ls,y (UniGCNy, )+

32e¢*B2DRML (L1)2h1n (4h(Ly) ) W)W, + log

yim

m(LTl(ml/“‘l)—l))
S

BalDeepsets = Ls,y (AllDeepSets,, )+

22

T~

MIGN = Ls,y (M-IGNy )+

L+2 (,1/2(L+2) _
3263 (MD)?LB2EQL) W, W, +log T2 7D

yim

144L2hIn b 34 W12 + log 7L
yzm + ||W(L+1) ||2m

5

BT-MPHN = .Es,y (T-MPHNy,) + \/
where L+1=L+1,L, = 2L +1, C = max(M,R). W, = [11, WD ||2,

(i) )12
e A
and W, = 3., WO

E Further discussion on node classification task

Consider the user behavior prediction problem in a social network, where
the goal is to predict whether a user will take a specific action (e.g., share a
post, like content, or make a purchase). Given pairs representing the initial
status of each user, which refers to the set of features or attributes associated
with each user at the beginning of the observation period, and their final
behavior, we aim to learn a predictor from these pairs to forecast future user
behavior based on new user status data. Formally, we follow the notation
used in the hypergraph classification task, where we are given a hypergraph
G = (V, &) and node features X, representing the initial status of the
users. The input domain is defined as A, containing all pairs A = (G, X),
and the output domain is RNXC where C € Z* indicates the number of
behavior types. Our objective is to learn a predictor f : A — RN*C from
m samples, such that for new user status, the true error Lg is minimized,
assuming the input pairs follow a distribution 9. We define the true error
over distribution D as

-Cz)(jav) =Ea-p

1

1 ,
NI ACIPSE ;gg;);fw(v)b])],
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and the empirical margin loss over the labeled nodes S = { (v, yo;) } as
1 m N
= — 1 i ) <y+ lill,
Ly ()= g 23 031 ool ) < v+ e e )
The following is the generalization bound on the behavior prediction
task with UniGCN.

THEOREM 7. For UniGCNy, with L + 1 layers, and for each 8,y > 0, with
probability at least 1 — 8 over a training set S of size m, for any fixed w, we
have

Lo (fw) < Lsy(fw)

o

+0

L2B2hIn(Lh) (RMD)LW, W, +In(mN) +In ( mL)
yim )

L1 WO
=owgz

where W, = [T IW@ |12 and W, = 3,

ProoF. The proof follows from extending the generalization bound for
hypergraph classification to the node classification setting, accounting for
the per-node analysis, and applying a union bound over all nodes and
classes.

First, consider a class ¥ consisting of functions UniGCNy, (v) : A — RC.
Each function in ¥ corresponds to a node’s prediction. Then we can apply
the generalization bound results given by Theorem 1, we have

L5 (UniGCNy (v)) < Ls,, (UniGCNy, (v))

).

\/Lszhln (L) (RMD)LW; W + log L
o -
where ‘W, = HL+1 ”W(i) ”Z dw, = L+1 w® ”i‘

1= i=1 an 2= Zi=1 ”W(i) ”2 .

Since we have N nodes in each sample and m samples, the total num-
ber of events (i.e., the bounds holding for each node in each sample) is
mN. To ensure that the generalization bound holds simultaneously for all
nodes across all samples with probability at least 1 — &, we apply the union
bound. We set the failure probability for each event to &’ = % The failure
probability §” appears inside a logarithmic term in the concentration in-

equalities used to derive the generalization bound. Specifically, the In (%)

1 mN 1
In (g) =In (T) =In(mN) +In (S) .

Since the bound in single now holds for all nodes in all samples with
probability at least 1 — §, we can sum over all nodes to obtain the overall
bound. Therefore, we have our results. ]

term becomes

F Additional results

Table 6 shows the results on real datasets. Table 7 report the results of
HGNN models on synthetic datasets. Table 8 shows the additional results
on synthetic datasets. Table 9 and Table 10 report the results of T-"MPHN
models on synthetic datasets. Table 10 reports the results of T-MPHN models
on synthetic datasets. Figure 4 displays the additional results on consistency
between empirical loss and theoretical bounds. Figures 5 and 6 show the
main results on the consistency of real datasets. We put all the tables in Sec
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Table 6: Main results on real datasets.

DBLP Collab
Model L
Emp Theory Emp Theory
2 027 +£0.07 1.54e+10 £ 6.76e+08 0.23 +£0.20 1.31e+11 £ 5.90e+09
UniGCN 4 023+0.14 5.19e+17 £7.94e+16 0.35+0.04 4.07e+19 + 5.06e+18
6 0.15+0.06 1.29e+25 £ 2.00e+24 0.31 £0.13  1.25e+28 + 2.35e+27
0.24 £0.13  6.44e+09 + 4.63e+08 0.17 £ 0.16  1.79e+10 + 5.76e+08
AllDeepSets 4 0.37+0.25 8.77e+16 % 7.33e+15 0.25+0.16 5.36e+17 + 7.54e+16
0.27 £0.26  9.48e+23 + 1.86e+26 0.18 £ 0.19 2.41e+25 * 2.61e+24
0.29+0.14  2.42e+06 + 4.36e+05 0.09 £ 0.12  2.61e+06 * 4.87e+05
M-GIN 4 009+0.11 1.52e+10 +6.50e+09 0.01 £0.01  6.69e+09 + 2.73e+09
6 0.09+0.12 9.88e+12+ 6.00e+12 0.18 £0.22  5.58e+12 + 4.08e+12
0.34+0.04 1.00e+00 + 1.38e-01  0.33 £ 0.05  1.03e+00 * 6.73e-02
T-MPHN 4 0.27+0.06 4.41e+00 £ 4.90e-01 0.30 £ 0.05 3.82e+00 = 1.67e-01
0.29+£0.01  2.65e+01 +7.06e-02  0.32 £ 0.04 2.63e+01 + 6.09e-02
2 0.33+£0.03 1.00e+08 +7.85E+05 0.24 £ 0.16 9.84e+07 + 8.18E+04
HGNN+ 4 024+0.16 1.37e+13+1.23e+10 0.34+0.22 9.84e+07 £ 1.65E+06
0.34 £ 0.23  1.46e+18 + 6.62e+23  0.26 £ 0.07  9.84e+07 + 2.65E+23

Table 7: Main results of HGNN+ on ER and SBM datasets with L € {2,4,6}

L ER1 ER2 ER3 ER4 ER5 ER6
Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory
2 0.22  6.84E+07 0.30 1.56E+08 0.36 1.88E+08 0.26  3.58E+08 0.19  7.04E+08 0.25 9.84E+08
4 0.26  9.11E+12 0.28 3.52E+13 0.15 5.94E+13 0.27 2.11E+14 0.26 8.07E+14 031 1.64E+15
6 0.29 9.82E+17 0.19 7.40E+18 0.27 1.29E+19 0.37 1.08E+20 0.41 8.07E+20 0.26 2.48E+21
ER7 ERS8 ER9 ER10 ER11 ER12
Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory
2 0.20  1.05E+09 0.79  1.55E+09 0.79  2.48E+09 0.23  3.26E+09 032 3.28E+09 0.19 3.88E+09
4 0.24 1.94E+15 0.63 4.49E+15 0.54 1.01E+16 0.26 1.78E+16 0.25 1.82E+16 0.32 3.32E+16
6 0.26 3.07E+21 0.67 1.04E+22 0.57 3.42E+22 0.28 7.82E+22 0.21 8.69E+22 0.35 1.91E+23
SBM1 SBM2 SBM3 SBM4 SBM5 SBM6
Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory
2 0.20  7.14E+07 0.26  1.47E+08 0.30 1.80E+08 0.29 3.74E+08 0.21  6.73E+08 0.26  1.03E+09
4 0.29 1.01E+13 0.36 3.66E+13 0.26 5.54E+13 0.31 2.19E+14 032 7.84E+14 0.23 1.76E+15
6 0.26  1.03E+18 0.30 8.37E+18 0.28 1.39E+19 0.32 1.15E+20 0.36  7.65E+20 0.25 2.67E+21
SBM?7 SBM8 SBM9 SBM10 SBM11 SBM12
Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory
2 0.33  1.09E+09 0.25 1.56E+09 0.32  2.42E+09 0.21  2.91E+09 0.80 3.09E+09 0.34 4.35E+09
4 0.34 2.08E+15 0.26  4.09E+15 0.35 9.97E+15 0.25 1.75E+16 0.71 1.89E+16 0.41 3.28E+16
6 0.30 3.37E+21 0.27 1.13E+22 0.35 3.30E+22 0.35 7.86E+22 0.74 8.39E+22 0.27 2.01E+23

24

Anon.

2727
2728
2729
2730
2731
2732
2733
2734
2735
2736
2737
2738
2739
2740
2741
2742
2743
2744
2745
2746
2747
2748
2749
2750
2751
2752
2753
2754
2755
2756
2757
2758
2759
2760
2761
2762
2763
2764
2765
2766
2767
2768
2769
2770
2771
2772
2773
2774
2775
2776
2777
2778
2779
2780
2781
2782
2783

2784



Generalization Performance of Hypergraph Neural Networks Conference’17, July 2017, Washington, DC, USA

2785 Table 8: Addition results of UniGCN, M-IGN, and AllDeepSet. 2843
2786 2844
2781 ER3 ER4 ER7 ERS8 ER11 ER12 2845
2788 Model L 2846
2789 Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory 2847
2790 2 000 152E+09 0.07 3.65E+09 0.16 9.40E+09 0.14 1.13E+10 0.13 244E+10 023  3.25E+10 2848
2791 UniGCN 4 0.02 1.61E+15 0.15 5.01E+15 0.56 5.43E+16 0.08 1.07E+17 0.14 5.77E+17 0.24 8.89E+17 2849
e 6 005 179E+21 005 134E+22 007 241E+23 037 575E+23 039 4.08E+24 028 107E+25 20
2793 2851
2794 2 0.03 1.26E+13  0.02 1.13E+13  0.04 1.08E+14  0.12 1.09E+14 0.16 4.19E+14 0.16 4.42E+14 2852
2795 M-IGN 4 0.02 2.18E+21 0.05 2.44E+21 0.10 2.04E+23 0.13 1.86E+23 0.16 2.70E+24 0.13 2.68E+24 2853
2796 6 0.06 1.21E+29 0.05 1.68E+29 0.27 1.25E+32 0.12 1.02E+32 0.20 9.16E+33 0.24 1.02E+34 2854
2797 2855
2798 2 0.04 5.92E+08 0.08 2.32E+08 0.08 4.42E+08 0.09 6.86E+08 0.14 7.71E+08 0.22 1.54E+09 2856
00 AllDeepSet 4 002  4.13E+13 004 592E+13 0.2 152E+13 0.3 497E+13 027 6.19E+13 029 LI2E+14 S5y
2800 6 008 353E+16 008 4.29E+17 0.14 136E+19 0.5 1.54E+18 024 3.05E+18 031 8.23E+18 J858
2801 SBM3 SBM4 SBM?7 SBMS8 SBM11 SBM12 2859
2802 Model L 2860
2803 Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory Emp Theory 2861
2804 2 001 180E+09 0.05 3.58E+09 0.04 9.57E+09 0.07 1.26E+10 006 3.40E+10 032 3.77E+10 2862
2805 UniGCN 4 0.01 1.92E+15 0.08 5.30E+15 0.12 7.46E+16 0.18 1.28E+17 0.18 3.99E+17 0.33 6.03E+17 2863
2806 2864
6 0.07 1.13E+21 0.08 1.16E+22 0.25 2.56E+23 0.17 1.30E+24 0.33 7.74E+24 0.26 1.85E+25
2807 2865
2808 2 0.03 1.05E+13 0.08 1.19E+13 0.16 1.01E+14 0.17 1.21E+14 0.11 4.58E+14 0.12 458E+14 2866
2809 M-IGN 4 0.02 2.60E+21 0.13 3.00E+21 0.15 2.02E+23 0.13 1.64E+23 0.25 4.00E+24 0.24 3.74E+24 2867
2810 6 0.23 1.92E+29 0.17 1.95E+29 0.13 7.90E+31 0.19 8.56E+31 0.13 7.69E+33 0.29 7.61E+33 2868
2811 2869
2812 2 0.02 5.93E+08 0.03 2.82E+08 0.11 3.93E+08 0.12 5.79E+08 0.24 8.56E+08 0.27 7.74E+08 2870
Ji13 AllDeepSet 4 002 258E+13 005 856E+13 0.16 240E+13 022 4.25E+13 033 7.31E+13 026 1.34E+14 a5t
2814 6 0.02 1.62E+16 0.14 1.70E+17 0.25 3.04E+17 0.21 1.59E+18 0.25 4.69E+18 0.33 1.35E+19 2872
2815 2873
2816 2874
2817 ® Emp —— Smoothed Emp X Theory =—-— Smoothed Theory 2875
2818 2876
2819 2877
A x 0 16 4 x T x 4 . x . 4] N
2820 4 4 4 B P 2878
2821 4 3 : 3|3 3 2879
- 3

2822 ; 3 3 3 3 2880
a0 ) 3 3 3| 2 .

282 :z ) o7 2y S Ay o 2881
2824 2882
2825 (a) [ER, T-MPHN, Trained, -0.695, -0.422, 0.319] (b) [SBM, T-MPHN, Trained, -0.172, -0.144, -0.879] 2883
2826 2884
2827 2885
2828 7 {60 s :: 2886
2829 7 f e , 7 2887
2830 ! 0 7 2888

.6 30 7 .6
2831 . & 2889
. ; . : !

2832 * 2890
2833 (©) [ER, T-MPHN, Random, 0.737, 0.391, -0.125] (d) [SBM, T-MPHN, Random, -0.321, -0.703, 0.789] 2891
284 Figure 4: Consistency between empirical loss (Emp) and theoretical bounds (Theory). Each subgroup labeled by [graph type, 2892
2835 2893

model, parameter conditions, ry, r4, rs] shows the empirical loss, theoretical bound, and their curves via Savitzky-Golay filter
2836 [53] of one graph type (i.e., ER or SBM) and one model (i.e., T-MPHN, and HGNN+) with trained ((a), (b), (¢), and (f)) and random 2894
2837 parameters ((c), (d), (g), and (h)), where each figure plots the results of twelve datasets; the figures, from left to right, show the 2895
results with 2, 4 and 6 propagation steps, where ry, r4, and r¢ € [—1, 1] are the Pearson correlation coefficients between the two

sets of points in each figure — higher r indicating stronger positive correlation.
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Table 9: Results of T-MPHN on ER datasets with h € {64, 128}

ER1

ER2

ER3

Emp Theory

Emp Theory

Emp Theory

0.34 £ 0.04 1.00e+00 + 1.38e-01
0.27 £ 0.07 4.41e+00 + 4.90e-01
0.29 £ 0.02 2.65e+01 + 7.06e-02

0.30 £ 0.03 9.53e-01 + 3.32e-02
0.28 £ 0.04 6.40e+00 + 1.20e+00
0.34 £ 0.04 2.63e+01 £ 4.84e-02

0.28 £ 0.03 1.02e+00 + 7.85e-02
0.27 £ 0.06 4.19e+00 + 2.74e-01
0.33 £0.02 2.65e+01 £ 1.73e-01

0.28 £ 0.03 6.22e-01 £ 3.90e-03
0.32 £ 0.02 7.69e+00 £ 1.37e+00
0.36 £ 0.03 2.77e+01 + 3.22e-02

0.37 £ 0.02 6.99e-01 + 1.03e-02
0.32 £ 0.03 3.78e+00 + 1.84e-01
0.32 £ 0.04 2.74e+01 + 1.09e-01

0.30 £ 0.00 5.84e-01 + 1.32e-02
0.36 £ 0.01 3.07e+00 £ 1.63e-01
0.30 £ 0.03 2.75e+01 + 3.09e-02

ER4

ER5

ER6

Emp Theory

Emp Theory

Emp Theory

0.36 £ 0.02 1.08e+00 + 1.03e-01
0.35 £ 0.05 4.45e+00 + 1.02e-01
0.39 £ 0.03 2.64e+01 £ 7.20e-02

0.35 £ 0.04 9.64e-01 + 2.86e-02
0.37 £ 0.05 5.30e+00 + 1.20e+00
0.36 £ 0.07 2.65e+01 £ 1.49¢e-01

0.29 £ 0.02 1.01e+00 + 6.24e-02
0.34 £ 0.03 3.97e+00 + 1.47e-01
0.28 £ 0.07 2.64e+01 £ 7.97e-02

0.27 £ 0.04 6.31e-01 + 3.82e-03
0.37 £ 0.01 3.00e+00 + 1.57e-01
0.32 £ 0.02 2.75e+01 £ 7.15e-02

0.35 £ 0.05 7.06e-01 + 2.78e-03
0.33 £0.02 3.56e+00 £ 6.21e-02
0.26 £ 0.03 2.74e+01 + 2.56e-02

0.34 £ 0.04 7.16e-01 + 5.10e-03
0.32 £ 0.01 3.07e+00 £ 2.06e-01
0.29 £ 0.10 2.78e+01 + 1.74e-02

ER7

ER8

ER9

Emp Theory

Emp Theory

Emp Theory

0.30 £ 0.03 9.54e-01 + 3.70e-02
0.24 £ 0.09 4.16e+00 + 3.19e-01
0.27 £ 0.02 2.63e+01 + 2.40e-02

0.37 £ 0.04 1.17e+00 + 4.99e-02
0.34 £ 0.04 3.74e+00 £ 3.80e-02
0.35 £ 0.06 2.64e+01 £ 8.39e-02

0.40 £ 0.04 1.17e+00 + 5.13e-02
0.32 £ 0.05 4.58e+00 + 2.83e-02
0.27 £ 0.08 2.63e+01 £ 1.96e-02

0.32 £ 0.06 6.45e-01 + 3.66e-02
0.25 £ 0.08 7.21e+00 + 2.77e-01
0.38 £ 0.05 2.77e+01 + 3.82e-02

0.32 £ 0.05 6.76e-01 + 1.82e-02
0.36 £ 0.02 2.92e+00 £ 1.76e-01
0.27 £ 0.08 2.77e+01 + 1.01e-02

0.32 £ 0.03 6.91e-01 + 4.52e-02
0.34 £ 0.02 2.62e+00 £ 2.22e-02
0.29 £ 0.06 2.75e+01 + 2.96e-02

ER10

ER11

ER12

Emp Theory

Emp Theory

Emp Theory

0.32 £ 0.04 1.08e+00 + 1.42e-01
0.36 £ 0.05 4.27e+00 + 3.10e-01
0.29 £ 0.04 2.63e+01 + 2.14e-02

0.33 £ 0.04 1.12e+00 + 1.26e-01
0.39 £ 0.05 4.53e+00 + 1.06e+00
0.36 £ 0.02 2.65e+01 £ 1.77e-01

0.28 £ 0.05 1.57e+00 + 3.66e-01
0.39 £ 0.06 4.40e+00 £ 7.55e-01
0.34 + 0.03 2.63e+01 + 1.13e-01

0.31 £ 0.04 6.93e-01 + 3.15e-03
0.32 £ 0.04 3.16e+00 * 4.55e-02
0.28 £ 0.05 2.76e+01 + 6.81e-02

0.31 £0.04 6.81e-01 + 3.12e-03
0.27 £ 0.07 2.87e+00 £ 2.34e-01
0.37 £ 0.02 2.76e+01 + 6.87e-02

0.31 £ 0.03 6.58e-01 + 1.76e-03
0.29 £ 0.03 3.22e+00 £ 1.32e-02
0.29 £ 0.02 2.73e+01 + 7.03e-02
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3017 Table 10: Main results of T-MPHN on SBM datasets with h € {64, 128} 3075
3018 3076
3019 b SBM1 SBM2 SBM3 3077
3020 L 3078
5021 Emp theory Emp theory Emp theory 207
3022 2 038 +0.036 1.18e+00 + 2.25e-01  0.40 + 0.03 1.15e+00 * 8.52e-02  0.36 + 0.07 1.11e+00 + 1.23e-01 3080
3023 64 4 0.36 + 0.023 6.65e+00 + 3.88e+00 0.35 * 0.03 4.75e+00 * 8.55e-01  0.31 + 0.06 4.65e+00 * 5.28e-01 3081
3024 6 0.38 £0.047 2.65e+01 + 1.21e-01  0.35 £ 0.02 2.64e+01 + 7.61e-02  0.30 + 0.04 2.63e+01 * 4.05e-02 3082
. 2 030%0.024 6.10e-01 % 4.13e-02 0.29 £ 0.05 6.61e-01 + 1.93e-03 035 + 0.04 6.93¢-01 + 2.14e-02 e
3026 128 4 035 0.026 7.15¢+00 £ 9.78¢-01  0.28 £ 0.02 3.15¢+00 £ 1.86e-01 0.37 £ 0.06 3.12e+00 £ 1.39e-01 sose
307 6 0.32%0.022 2.75e+01 £ 6.77¢-02  0.30 £ 0.02 2.75¢+01 + 2.83¢-02  0.40 + 0.06 2.73¢+01 + 1.62¢-02 2083
3028 3086
3029 b L SBM4 SBM5 SBM6 3087
3030 3088
Emp theory Emp theory Emp theory
3031 3089
3032 2 0.34+0.02 1.12e+00 + 1.08e-01  0.39  0.04 1.15e+00 + 1.11e-01  0.32 + 0.05 1.14e+00 + 1.22e-01 3000
3033 64 4  0.34+0.03 6.86e+00 + 4.78e+00 0.38 + 0.05 6.63e+00 * 3.91e+00  0.35 + 0.03 6.38e+00 * 3.95¢+00 3091
3034 6 035008 2.64e+01 +3.05e-02 0.32 % 0.04 2.64e+01 + 1.57e-01  0.36 + 0.03 2.65e+01 + 1.68e-01 3092
3035 2 0.27+0.03 6.51e-01 +3.84e-03  0.28 + 0.03 6.46e-01 + 2.57e-03  0.26 + 0.06 5.90e-01 * 4.96e-02 3093
3036 128 4 030 +0.03 7.13e+00 + 3.29e-01  0.35 + 0.04 3.10e+00  1.79e-01  0.34 % 0.04 2.90e+00 + 1.56e-01 3094
3037 6 0.28+0.05 2.76e+01 *4.48e-02 0.35 £ 0.02 2.76e+01  6.08e-02  0.36 % 0.03 2.77e+01 * 7.68e-02 3095
3038 3096
3039 h L SBM7 SBMS8 SBM9 3097
3040 Emp Theory Emp Theory Emp Theory 3098
3041 3099

2 033 £0.034 1.19e+00 £ 2.03e-01  0.31 £ 0.03 1.02e+00 + 4.36e-02  0.27 + 0.06 1.17e+00 = 1.76e-01
64 4 0.41£0.030 4.85e+00 + 9.76e-01  0.31 £ 0.03 5.08e+00 + 1.06e+00 0.37 £ 0.04 6.80e+00 + 3.79e+00

3042 3100

3043 3101
s 6 0.34%0042 264e+01 +1.13e-01 031 +0.03 2.64e+01 +7.67e-02 032 + 0.03 2.63e+01 + 7.24e-02 02
3045 2 0.30 £0.034 6.68e-01 £4.19¢-03 0.29 £ 0.02 6.63e-01 = 1.08e-02  0.34 + 0.08 6.72e-01 + 2.97e-02 3103
3046 128 4 0.36 + 0.048 2.95e+00 + 1.57e-01 0.34 + 0.03 3.17e+00 = 1.65e-01  0.33 £ 0.02 2.97e+00 + 2.70e-01 3104
3047 6 0.32£0.029 2.77e+01 £ 6.00e-02 0.35 £ 0.02 2.75e+01 = 7.27e-02  0.31 £ 0.01 2.75e+01 + 4.20e-02 3105
3048 3106
3049 h L SBM10 SBM11 SBM12 3107
3050 Emp Theory Emp Theory Emp Theory 3108
jiz: 2 0.28+0.02 1.07e+00 + 5.45e-02 0.30 = 0.08 1.22e+00 = 2.06e-01  0.33 = 0.05 1.23e+00 + 1.99e-01 2?3
2053 64 4 037 +£0.06 4.41e+00 = 1.09e+00 0.34 £ 0.03 4.49e+00 £ 7.39e-01  0.32 + 0.03 5.07e+00 + 8.51e-01 11
3054 6 0.33+0.05 2.64e+01 = 1.08e-01 0.27 £ 0.04 2.63e+01 = 8.27e-02 0.32 + 0.04 2.64e+01 + 1.35e-01 3112
3055 2  0.41+0.05 7.45e-01 £ 8.52e-03 0.33 £ 0.05 6.78e-01 = 1.53e-02  0.30 + 0.03 6.68e-01 + 1.45e-03 3113
3056 128 4  0.37 £ 0.03 3.26e+00 + 1.55e-01 0.32 + 0.02 3.29e+00 * 8.72e-02  0.32 £ 0.02 3.13e+00 * 2.26e-01 3114
3057 6 0.34+£0.02 2.74e+01 £5.96e-02 0.32 £ 0.05 2.76e+01 = 3.67e-02 0.31 £ 0.04 2.75e+01 + 5.64e-02 3115
3058 3116
3059 3117
3060 3118
3061 3119
3062 3120
3063 3121
3064 3122
3065 3123
3066 3124
3067 3125
3068 3126
3069 3127
3070 3128
3071 3129
3072 3130
3073 3131

3074 27 3132
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(d) [T-MPHN, 0.830, 0.575, 0.574, 0.734, 0.940, 0.896]

Figure 5: Results on DBLP. Each subgroup labeled by [model, r1, ro, r3, r4, 5, r¢] shows the empirical loss, theoretical bound, and
their curves via Savitzky-Golay filter; each figure plots the results over ten independent experiments with random initializations
and such process is repeated for six times, where r; € [—1,1] for i € [6] is the Pearson correlation coefficient for the i-th figure
(from left to right) — higher r indicating stronger positive correlation.
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(d) [T-MPHN, 0.950, 0.576, 0.896, 0.629, 0.380, 0.606]

Figure 6: Results on Collab. Each subgroup labeled by [model, r1, r2, r3, r4, 15, r¢] shows the empirical loss, theoretical bound, and
their curves via Savitzky-Golay filter; each figure plots the results over ten independent experiments with random initializations
and such process is repeated for six times, where r; € [—1,1] for i € [6] is the Pearson correlation coefficient for the i-th figure

(from left to right) — higher r indicating stronger positive correlation.
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