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Figure 1: Overview of the FORGE-ENGINE. The FORGE-BENCH encompasses 10 NP-hard optimization tasks
across five categories (e.g., subset selection, path planning), designed to assess reasoning capabilities. An automated
pipeline consisting of a Data Generator, Solution Validator, and Heuristic Solver ensures controllable data synthesis,
rigorous evaluation, and scalable training. A case study on the Hamiltonian Circuit problem shows the model’s
capacity to find optimal solutions. Furthermore, evaluations on OOD benchmarks demonstrate that our training
enhances general reasoning capabilities.

Abstract001

Large Language Models (LLMs) have achieved002
remarkable success on reasoning benchmarks003
through Reinforcement Learning with Verifi-004
able Rewards (RLVR), excelling at tasks such005
as math, coding, logic and puzzles. How-006
ever, existing benchmarks evaluate only cor-007
rectness, overlooking optimality—the ability008
to find the best solutions under constraints.009
We propose FORGE-ENGINE, the first com-010
prehensive framework for training and eval-011
uating LLMs on NP-hard optimization prob-012
lems through quality-aware RLVR. FORGE-013
ENGINE provides three key components: a014
scalable training infrastructure with instance015
generators, quality verifiers, and optimal base-016
lines across 10 tasks; a rigorous benchmark017
with 1,000 instances evaluating both feasibil-018
ity (Success Rate) and quality (Quality Ratio);019
and quality-aware rewards enabling continu-020
ous improvement beyond binary correctness.021
Training on Qwen2.5-7B-Instruct-1M with 15K022

examples achieves 93.1% SR and 46.6% QR, 023
significantly outperforming GPT-4o (29.6% 024
SR, 14.6% QR). Beyond optimization, train- 025
ing on FORGE-ENGINE transfers to diverse 026
tasks: mathematics (+2.2%), logic (+1.2%), 027
knowledge (+4.1%), and instruction-following 028
(+6.1%). Our analysis reveals quality-aware re- 029
wards improve solutions by 28.8% over binary 030
rewards, and task diversity drives generaliza- 031
tion more than data quantity—offering insights 032
into RLVR scaling for complex reasoning. 033

1 Introduction 034

Large Language Models (LLMs) have demon- 035

strated remarkable capabilities on reasoning bench- 036

marks, with recent models achieving near-human 037

performance on mathematics (He et al., 2025), cod- 038

ing (Liu and Zhang, 2025), logic (Xie et al., 2025), 039

and puzzle solving (Chen et al., 2025; Ma et al., 040

2024). These advances have been driven largely by 041

Reinforcement Learning with Verifiable Rewards 042
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(RLVR) (Xu et al., 2025b; Albalak et al., 2025),043

which leverages objective, automatically verifiable044

outcomes to guide model optimization (OpenAI,045

2024; Guo et al., 2025; Google, 2025; Anthropic,046

2025). However, existing reasoning benchmarks fo-047

cus exclusively on correctness—whether answers048

are right or wrong, true or false, pass or fail. This049

binary evaluation overlooks a critical dimension:050

optimality—the ability to find not just valid solu-051

tions, but solutions that maximize or minimize an052

objective function.053

kIn many practical scenarios, finding a feasible054

solution is merely the baseline; the true intelligence055

lies in finding the optimal one. Consider a logistics056

agent planning a route for 20 cities: while there057

are 2.4 × 1018 valid paths, a route that is merely058

"valid" but 3× longer than necessary is function-059

ally useless. This distinction between correctness060

(feasibility) and optimality (efficiency) represents061

a significant gap in current LLM capabilities. Even062

state-of-the-art models like GPT-4o often settle for063

the first valid solution they find, struggling to en-064

gage in the iterative optimization search required065

to refine a solution towards optimality.066

To bridge this gap, we identify NP-hard com-067

binatorial optimization problems as the ideal068

testbed for advancing LLM reasoning. These prob-069

lems offer a unique trifecta of properties perfectly070

suited for RLVR training. First, they are com-071

putationally intractable, forcing the model to de-072

velop strategic heuristics rather than relying on rote073

memorization or brute force. Second, unlike stan-074

dard logic tasks with sparse binary rewards (0 or075

1), NP-hard problems possess an objective quality076

score (e.g., total tour length, subset value). This077

allows us to construct dense, continuous reward078

signals—rewarding a solution that is 90% optimal079

more than one that is 50% optimal—thereby guid-080

ing the model through a smoother optimization081

landscape. Third, verification is efficient (polyno-082

mial time), enabling scalable, automated supervi-083

sion without human labeling.084

Despite this potential, utilizing NP-hard prob-085

lems for RLVR remains unexplored. Existing086

benchmarks like NPHardEval (Fan et al., 2024) and087

NPPC (Yang et al., 2025b) focus primarily on feasi-088

bility (e.g., "Is there a solution?") or rely on coarse089

evaluation metrics. Crucially, they lack a mecha-090

nism to generate the ground-truth optimal values091

needed to compute fine-grained rewards. Without092

the optimal solution, an RL system cannot judge093

the quality of the model’s output, reverting the train-094

ing process back to inefficient binary feedback. 095

To address this, we propose FORGE-RLVR, 096

the first comprehensive framework designed to 097

empower optimization reasoning in LLMs via 098

RLVR. FORGE-RLVR encompasses 10 distinct 099

tasks across five domains (e.g., Scheduling, Rout- 100

ing, Clustering). The core innovation lies in 101

our Generator-Verifier-Solver pipeline: (i) Con- 102

trollable Generators produce infinite training in- 103

stances with graded difficulty (Easy/Medium/Hard) 104

to facilitate curriculum learning; (ii) Rule-based 105

Verifiers ensure strict constraint satisfaction; and 106

most importantly, (iii) Heuristic Solvers rapidly 107

compute near-optimal baselines for every gener- 108

ated instance. This pipeline transforms NP-hard 109

problems from simple evaluation tasks into a rich 110

training environment where models receive precise 111

feedback on their optimality gap. 112

We further introduce FORGE-BENCH, a rigorous 113

evaluation suite of 1,000 high-complexity instances. 114

Using this framework, we train FORGE (based on 115

Qwen2.5-7B) using multi-stage RLVR. The results 116

are striking: our 7B model achieves a 93.1% Suc- 117

cess Rate and 46.6% Quality Ratio, significantly 118

outperforming GPT-4o (62.1%SR, 36.2% QR) on 119

in-domain combinatorial optimization tasks. 120

Beyond optimization tasks, we investigate 121

whether optimization training transfers to general 122

reasoning. Specifically, we ask: Does learning 123

to solve the Traveling Salesman Problem improve 124

a model’s ability on general math or logic tasks? 125

The answer is affirmative. FORGE shows consis- 126

tent gains across diverse reasoning benchmarks, in- 127

cluding Math (+2.2%), Logic (+1.2%), Knowledge 128

(+4.1%), and Instruction Following (+6.1%). These 129

results suggest that optimization training fosters a 130

transferable “optimization mindset”—the ability 131

to generate candidates, and self-refine—benefiting 132

broader reasoning capabilities. 133

Our key contributions are: 134

• FORGE-ENGINE Framework: We establish an 135

end-to-end infrastructure for optimization rea- 136

soning, featuring the novel integration of heuris- 137

tic solvers to provide fine-grained optimality re- 138

wards. This enables effective RLVR training that 139

is superior to standard SFT. 140

• FORGE-BENCH Benchmark: We propose a 141

dual-metric benchmark (Success Rate & Quality 142

Ratio) that rigorously evaluates the depth of op- 143

timization reasoning, moving beyond the binary 144

correctness paradigm of prior works. 145
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• OOD Generalization: We provide empirical ev-146

idence that optimization training transfers to gen-147

eral reasoning capabilities. Our analysis reveals148

that task diversity and quality-aware rewards are149

the critical factors driving this generalization, of-150

fering new insights into the scaling behavior of151

RLVR-based training.152

2 FORGE-ENGINE: Data Construction153

FORGE-ENGINE provides comprehensive infras-154

tructure for training and evaluating LLMs on155

NP-hard optimization. The framework consists156

of: (i) scalable training infrastructure with157

generators, verifiers, and optimal baselines across158

10 tasks, and (ii) a rigorous benchmark with159

1,000 high-complexity instances. We describe the160

task categories, data construction pipeline, and161

evaluation protocol below.162

2.1 Task Categories and Problem Domains163

FORGE-ENGINE covers 10 NP-hard optimization164

tasks spanning five fundamental categories (Fig-165

ure 1). Each category represents a distinct class of166

combinatorial optimization problems with different167

constraint structures and reasoning requirements.168

Graph Clustering. These tasks require identi-169

fying vertex subsets that satisfy strict adjacency170

constraints while optimizing structural objectives.171

We include three canonical problems: Maximum172

Clique (finding the largest fully-connected sub-173

graph), Maximum Independent Set (finding174

the largest set of non-adjacent vertices), and175

Graph Coloring (minimizing the number of col-176

ors needed such that no adjacent vertices share a177

color). These tasks test graph structural understand-178

ing, conflict resolution, and chromatic reasoning.179

Resource Scheduling. These tasks involve assign-180

ing activities to limited resources while avoiding181

conflicts and maximizing a global objective. The182

Meeting Scheduling problem requires allocating183

meetings to rooms and time slots while respecting184

attendee availability, room capacity, and temporal185

constraints. This task tests multi-constraint opti-186

mization and resource allocation strategies.187

Graph Partitioning. These tasks require divid-188

ing graphs into balanced subsets while minimizing189

edge cuts between partitions. Balanced Minimum190

Bisection partitions a graph into two nearly equal-191

sized sets while minimizing the total weight of192

edges crossing the partition. This task tests the193

ability to balance competing objectives: partition194

balance versus cut minimization. 195

Subset Selection. These tasks involve choosing 196

subsets of items under combinatorial constraints 197

to optimize coverage or value-weight trade-offs. 198

We include three representative problems: Subset 199

Sum (selecting elements that sum to a target value 200

while maximizing subset size), Set Cover (cov- 201

ering all elements with minimum number of sets), 202

and Knapsack (maximizing total value subject to 203

weight capacity). These tasks test discrete opti- 204

mization and constraint satisfaction. 205

Path Planning. These tasks require finding opti- 206

mal tours or cycles through all nodes in a graph. 207

Traveling Salesman Problem (TSP) seeks the 208

shortest tour visiting each city exactly once, while 209

Hamiltonian Cycle finds the longest cycle visit- 210

ing all vertices. These tasks test global optimiza- 211

tion, permutation reasoning, and spatial planning. 212

2.2 Data Construction Pipeline 213

We construct FORGE-ENGINE through a system- 214

atic four-stage pipeline ensuring scalability, verifia- 215

bility, and controllable difficulty. 216

Stage I: Task Selection. We select 10 NP-hard 217

tasks spanning diverse constraint types with well- 218

defined objectives and real-world relevance. Each 219

task is formalized with clear input/output specifica- 220

tions and optimization objectives (e.g., TSP: given 221

n cities with pairwise distances, find the shortest 222

tour visiting each city exactly once). 223

Stage II: Generators and Verifiers. For each 224

task, we develop: (i) Programmable generators 225

that produce diverse instances with controllable pa- 226

rameters (e.g., complexity levels, graph density). 227

To ensure solvability, we employ a construction- 228

by-design approach, where each instance is synthe- 229

sized from a known valid solution state to guarantee 230

the existence of at least one feasible solution. (ii) 231

Rule-based verifiers that automatically validate con- 232

straint satisfaction and compute objective values. 233

These verifiers are cross-referenced with ground- 234

truth solutions and have been manually audited to 235

ensure absolute correctness. 236

Stage III: Heuristic Solvers. We implement task- 237

specific heuristic algorithms that generate high- 238

quality approximate solutions, providing baselines 239

for reward computation during training. Heuris- 240

tics are designed to be efficient (polynomial time) 241

and effective (near-optimal quality). For example, 242

our TSP heuristic uses multi-start nearest-neighbor 243

initialization followed by 2-opt local search until 244

convergence or timeout. 245
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Figure 2: FORGE-RLVR training pipeline with quality-aware RLVR. The model generates solutions with step-by-
step reasoning, which are evaluated through three components: (i) format verification checking output structure, (ii)
feasibility verification ensuring constraint satisfaction, and (iii) quality assessment measuring optimality relative to
heuristic baselines. The combined reward signal guides model optimization. Training progresses through curriculum
learning across three stages (Easy → Medium → Hard), enabling progressive skill development from constraint
satisfaction to sophisticated optimization.

Stage IV: Difficulty Calibration. We define three246

difficulty levels—Easy, Medium, and Hard—by247

systematically varying problem size and complex-248

ity parameters. Difficulty levels are calibrated em-249

pirically: we generate candidate instances across250

parameter ranges, evaluate baseline model perfor-251

mance, and select parameter settings that produce252

target success rates (Easy: 70-90%, Medium: 40-253

70%, Hard: 10-40%). For example, TSP difficulty254

is controlled by the number of cities: Easy (10-20255

cities), Medium (20-30 cities), Hard (35-45 cities).256

2.3 FORGE-BENCH: Evaluation Benchmark257

Building on FORGE-ENGINE, we introduce258

FORGE-BENCH, a rigorous benchmark for evalu-259

ating LLM optimization capabilities.260

Benchmark Design. FORGE-BENCH contains261

1,000 test instances: 100 instances per task, with262

instances drawn from the high-complexity range263

to challenge model capabilities. For example, TSP264

instances contain 45-55 cities, significantly larger265

than training instances. All test instances are gen-266

erated using the same generators as training data267

but with different complexity control variables, en-268

suring they are unseen during training while main-269

taining consistent problem structure.270

Evaluation Metrics. Unlike existing benchmarks271

that measure only correctness, FORGE-BENCH as-272

sesses optimization capability through two comple-273

mentary metrics:274

Success Rate (SR): The percentage of instances275

for which the model generates a valid solution sat-276

isfying all constraints. This measures the model’s277

ability to understand problem constraints and pro-278

duce feasible solutions.279

Quality Ratio (QR): The quality of model280

solutions compared to heuristic baselines. For281

minimization problems (e.g., TSP), QR =282

Heuristic Solution
Model Solution ; for maximization problems (e.g., 283

Knapsack), QR = Model Solution
Heuristic Solution . Invalid solutions 284

receive QR = 0. This metric measures solution 285

quality: QR = 1.0 indicates matching the heuris- 286

tic baseline, while QR < 1.0 indicates suboptimal 287

solutions. 288

Together, SR and QR provide a comprehensive 289

assessment: SR measures whether models can gen- 290

erate valid solutions, while QR measures how close 291

these solutions are to optimal. This dual-metric ap- 292

proach distinguishes FORGE-BENCH from prior 293

benchmarks that evaluate only feasibility. 294

Key Advantages. Table 1 compares FORGE- 295

BENCH with prior benchmarks in the NP-hard and 296

reasoning domains. FORGE-BENCH offers several 297

advantages over existing benchmarks: (i) Scalabil- 298

ity—generators produce unlimited test instances at 299

any difficulty level; (ii) Quality-awareness—QR 300

metric enables fine-grained assessment of solution 301

optimality; (iii) Automatic evaluation—verifiers 302

provide instant feedback without human annota- 303

tion; (iv) Contamination-free—all instances are 304

generated procedurally, guaranteeing they do not 305

appear in any training corpus; and (v) Comprehen- 306

sive coverage—10 tasks across 5 categories test 307

diverse optimization capabilities. 308

3 FORGE-RLVR: Quality-Aware RL 309

Standard reasoning RLVR relies on binary feed- 310

back (correct/incorrect), which is insufficient for 311

combinatorial optimization where the goal is to 312

maximize solution quality, not just validity. To ad- 313

dress this, we propose a Quality-Aware RLVR 314

framework. This approach replaces sparse bi- 315

nary signals with fine-grained, continuous feed- 316

back derived from heuristic baselines and employs 317

a difficulty-based curriculum to guide the model 318
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Table 1: Comparison of FORGE-BENCH with prior reasoning and optimization benchmarks. FORGE-BENCH is the
first benchmark that combines scalability (unlimited instance generation), quality-aware evaluation (measuring solu-
tion optimality, not just correctness), and RLVR-readiness (fine-grained rewards for training). Existing benchmarks
either lack scalable generation, measure only correctness, or are not suitable for RLVR training.

Benchmark Task Type Tasks Scalable Verifier Trainable Quality

KOR-Bench (Ma et al., 2024) Knowledge 125 ✗ ✓ ✗ ✗
NPR (Wu et al., 2025) Knowledge 1 ✗ ✗ ✗ ✗
Logic-RL (Xie et al., 2025) Logic 1 ✓ ✓ ✓ ✗
ZebraLogic (Lin et al., 2025) Logic 1 ✓ ✓ ✓ ✗
SearchBench (Borazjanizadeh et al., 2024) Puzzle 11 ✓ ✓ ✗ ✗
Enigmata (Chen et al., 2025) Puzzle 36 ✓ ✓ ✓ ✗
NPHardEval (Fan et al., 2024) NP 9 ✗ ✗ ✗ ✗

FORGE-BENCH NP 10 ✓ ✓ ✓ ✓

from basic constraint satisfaction to high-level op-319

timization strategies.320

3.1 Quality-Aware Reward Function321

As illustrated in Figure 2, our reward function eval-322

uates outputs sequentially across three dimensions:323

format, feasibility, and optimality. This hierarchi-324

cal design ensures the model first learns to structure325

its reasoning, then to satisfy constraints, and finally326

to refine its solutions toward optimality.327

Format Reward (Rformat). To ensure verifiable328

and interpretable reasoning, we require outputs to329

follow a strict structure: step-by-step reasoning330

within <think> tags followed by a clearly delim-331

ited answer.332

Rformat =

{
+1, if format is valid
−1, if format is invalid

333

Feasibility Reward (Rfeasibility). This component334

enforces problem-specific hard constraints (e.g.,335

unique city visits in TSP, capacity limits in Knap-336

sack). Invalid solutions receive a penalty, while337

valid solutions inherit the optimality score:338

Rfeasibility =

{
Roptimal, if solution is feasible
−1.5, if solution is infeasible

339

Optimality Reward (Roptimal). For feasible so-340

lutions, we compute a continuous quality score341

by comparing the model’s objective value (Ms)342

against a heuristic baseline (Mh). This provides343

the dense signal necessary for optimization:344

Roptimal =

{
Ms/Mh, maximization tasks
Mh/Ms, minimization tasks

345

Roptimal ∈ (0, 1], where a value closer to 1.0 in-346

dicates near-optimal performance. The final total347

reward is computed as the sum of the structural and348

feasibility components: R = Rformat +Rfeasibility.349

3.2 Difficulty-Based Curriculum 350

Training directly on complex NP-hard instances 351

leads to the "cold start" problem, where rewards 352

are too sparse for effective learning. We mitigate 353

this via a progressive curriculum strategy (Easy → 354

Medium → Hard). In the early phase (Easy), the 355

model focuses on mastering feasibility—learning 356

to generate valid structures and satisfy basic con- 357

straints. As difficulty increases (Medium/Hard), 358

the focus shifts to optimality, challenging the model 359

to refine its strategies within larger search spaces. 360

This structured progression ensures a stable learn- 361

ing trajectory, preventing the model from collaps- 362

ing under the complexity of hard instances. 363

3.3 Multi-Stage Curriculum Replay 364

Standard linear curriculum learning often suffers 365

from catastrophic forgetting, where the model’s 366

proficiency on foundational tasks degrades as it 367

adapts to higher complexities. To mitigate this, 368

we propose Multi-Stage Curriculum Replay, a 369

cyclic training strategy that iterates through the 370

difficulty hierarchy (Easy → Medium → Hard) 371

multiple times. By dividing the training process 372

into distinct stages that each revisit the full diffi- 373

culty spectrum using fresh instances, this approach 374

continuously reinforces basic optimization reason- 375

ing while progressively stabilizing performance on 376

harder problems, ensuring robust generalization 377

across all difficulty levels. 378

4 Experiments 379

4.1 Experimental Setup 380

Evaluation Benchmarks. We evaluate on 381

FORGE-BENCH (1,000 instances across 10 382

NP-hard tasks) and five OOD benchmarks: 383

(1) Logic: KORBench; (2) Mathematics: 384
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Math500 and OlympiadBench; (3) Knowledge:385

GPQA_Diamond; (4) Instruction-Following:386

IFEval. All experiments use OpenCompass (Con-387

tributors, 2023).388

Training Configuration. We train FORGE on389

Qwen2.5-7B-Instruct-1M (Yang et al., 2025a) us-390

ing curriculum replay with three stages (5K in-391

stances per stage, 15K total). We use Qwen2.5-392

7B-Instruct-1M rather than standard Qwen2.5-7B-393

Instruct as it provides better instruction adherence394

during RLVR training. We constructed a 10K395

SFT dataset via distillation from Qwen3-235B-396

Thinking, applying RFT to select solutions with397

a Quality Ratio > 0.5. Additionally, we utilized398

DAPO-17K (Yu et al., 2025) for math tasks. Full399

training details are listed in the Appendix A.2.400

4.2 Main Results401

As shown in Tables 2 and 3, FORGE achieves 93.1%402

SR and 46.6% QR on FORGE-BENCH, tripling the403

base model’s performance and significantly out-404

performing GPT-4o (62.1% SR). Crucially, this405

optimization capability transfers to general reason-406

ing: FORGE demonstrates consistent gains across407

logic, math, knowledge, and instruction-following,408

raising the overall OOD score from 50.4 to 53.6409

(+3.2 points).410

Performance by Task Category. Performance411

gains correlate strongly with task complexity. The412

largest improvements occur in Graph and Plan-413

ning domains, where rigid structural constraints414

(e.g., Hamiltonian cycles) cause base models to415

fail almost entirely. RLVR closes this gap, achiev-416

ing near-perfect performance (e.g., 98.2% SR in417

Planning). Selection tasks also show notable418

gains. These results highlight RLVR’s effective-419

ness in strengthening LLM reasoning under high-420

dimensional, tightly constrained search spaces421

where base models often fail. For OOD gener-422

alization, we observe strong transfer to Knowl-423

edge Reasoning (+4.1%) and Instruction Following424

(+6.1%), suggesting that optimization training fos-425

ters broadly applicable reasoning skills.426

Joint Training Synergy. Combining FORGE-427

ENGINE with mathematical reasoning data (DAPO-428

17K) yields further benefits. The joint model429

(FORGE-7B-NP-MATH) maintains high in-430

domain success (91.3% SR) while enhancing solu-431

tion quality (51.3% QR). Moreover, it achieves the432

highest OOD average (54.2), surpassing both NP-433

only (53.6) and math-only (53.9) baselines. This 434

indicates that optimization and mathematical rea- 435

soning are mutually reinforcing: optimization train- 436

ing likely sharpens constraint satisfaction useful for 437

math, while mathematical training strengthens the 438

logical rigor required for high-quality optimization. 439

Transfer Mechanisms. We attribute this cross- 440

domain generalization to three cognitive capabil- 441

ities fostered by optimization training: (1) Con- 442

straint Reasoning, which aids instruction follow- 443

ing; (2) Quality Evaluation, which improves error 444

detection; and (3) Iterative Refinement, which en- 445

hances self-correction. The pronounced gains in 446

instruction-following (+6.1%) and knowledge rea- 447

soning (+4.1%) provide strong empirical support 448

for this hypothesis. 449

RLVR vs. SFT. To isolate the contribution of 450

RLVR, we compare FORGE against a SFT base- 451

line (Qwen2.5-7B-SFT) trained on the same op- 452

timal solutions. While SFT improves in-domain 453

performance (56.8% SR) over the base model, it 454

lags significantly behind FORGE (93.1% SR). Cru- 455

cially, SFT suffers from catastrophic out-of-domain 456

degradation (dropping 12.0 points to an average 457

score of 38.4), whereas FORGE improves general- 458

ization (53.6). We attribute this disparity to SFT’s 459

lack of exploration: by strictly mimicking op- 460

timal solutions, SFT overfits to specific solution 461

patterns without mastering the underlying construc- 462

tion logic. In contrast, RLVR forces the model to 463

explore diverse trajectories—including suboptimal 464

and invalid attempts—enabling the acquisition of 465

robust, transferable constraint satisfaction strate- 466

gies rather than rote memorization. 467

4.3 Ablation Studies 468

4.3.1 Impact of Quality-Aware Rewards 469

Table 4 demonstrates the critical impact of reward 470

design. Compared with binary rewards (Qwen2.5- 471

7B (binary)-GRPO) and coarse rewards (Qwen2.5- 472

7B (w/o GT)-GRPO), our fine-grained quality- 473

aware rewards yield substantial improvements in 474

both solution quality and success rate. Notably, 475

reward schemes that focus solely on feasibility and 476

assign a fixed reward of 1.0 tend to induce reward 477

hacking in the early training stage, since finding a 478

feasible solution is relatively easy for LLMs. These 479

results confirm that explicit optimality feedback not 480

only guides the model toward better solutions, but 481

also strengthens its underlying mastery of feasibil- 482

ity constraints. 483
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Table 2: Performance of reasoning LLMs, general LLMs, and our trained LLMs on FORGE-BENCH.

Model Graph Schedule Partition Selection Planning Overall

SR QR SR QR SR QR SR QR SR QR SR QR

Proprietary LLMs

DS-V3.1-Thinking 86.0 78.2 99.0 91.4 98.0 77.1 99.3 98.5 61.9 54.3 88.8 79.9
gpt-o3 97.0 86.4 99.0 94.5 100.0 51.4 87.4 87.3 74.0 65.1 91.5 76.9
Qwen3-235B-Thinking 66.7 62.9 95.0 93.0 100.0 55.8 98.0 97.1 52.0 44.8 82.3 70.7
Qwen3-235B-Instruct 47.0 37.9 86.0 80.0 100.0 50.4 78.7 74.4 15.5 8.3 65.4 50.2
gpt-4o-2024-08-06 64.7 29.3 79.0 59.8 100.0 53.0 14.7 9.3 52.0 29.6 62.1 36.2

Open-Source LLMs

Qwen3-30B-A3B 57.3 50.6 97.0 97.5 99.0 51.2 86.0 84.0 44.5 36.9 76.8 64.1
Qwen3-32B 44.7 39.3 94.0 93.9 99.0 52.6 94.1 91.4 21.6 11.2 70.7 57.6
Qwen3-8B 22.7 16.8 78.0 75.3 98.0 51.0 86.0 82.6 3.0 1.2 57.5 45.4
DS-R1-Qwen-32B 23.3 18.1 49.0 45.1 96.0 48.6 85.7 79.7 15.4 7.9 53.9 39.9
DS-R1-Qwen-14B 18.0 13.4 52.0 51.7 32.0 16.2 67.3 63.4 4.5 1.4 34.8 29.2
DS-R1-Qwen-7B 6.3 1.9 1.0 0.9 2.0 1.0 13.7 8.9 0.5 0.1 4.7 2.5
Qwen2.5-72B 34.7 15.2 59.0 58.5 90.0 39.5 27.0 17.4 6.5 2.1 43.4 26.5
Qwen2.5-32B 35.3 15.2 15.0 12.8 100.0 51.7 32.0 22.4 23.5 6.7 41.2 21.8
Qwen2.5-14B 30.0 11.5 21.0 15.8 89.0 44.3 23.3 12.7 17.5 4.9 36.2 17.8
Qwen2.5-3B 7.7 2.9 17.0 5.0 6.0 2.2 23.0 10.7 15.5 3.7 13.8 4.9
InternLM3-8b 15.0 3.6 20.0 9.5 86.0 43.3 41.3 23.7 16.0 4.1 35.7 16.8
LLama3.1-8B 23.0 8.0 9.0 7.8 0.0 0.0 28.7 11.4 15.0 1.8 15.1 5.8

Qwen2.5-7B 11.0 3.1 40.0 19.8 67.0 34.0 26.7 15.2 3.5 1.0 29.6 14.6
FORGE-7B-NP (Ours) 89.7 27.8 85.0 43.5 99.0 53.8 93.7 79.1 98.2 28.9 93.1 46.6

+78.7 +24.7 +45.0 +23.7 +32.0 +19.8 +67.0 +63.9 +94.7 +27.9 +63.5 +32.0
QWEN2.5-7B-SFT(Ours) 35.0 29.3 63.0 57.2 96.0 49.7 68.0 62.0 22.0 16.8 56.8 43.0

+24.0 +26.2 +23.0 +37.4 +29.0 +15.7 +41.3 +46.8 +18.5 +15.8 +27.2 +28.4
FORGE-7B-NP-MATH (Ours) 89.0 32.2 72.0 57.0 100.0 51.8 96.3 83.4 99.0 32.3 91.3 51.3

+78.0 +29.1 +32.0 +37.2 +33.0 +17.8 +69.6 +68.2 +95.5 +31.3 +61.7 +36.7

Curriculum Design and Strategy. As shown in484

Table 5, we first analyze the impact of instance485

difficulty distribution by varying the ratio of Easy,486

Medium, and Hard examples. Results indicate that487

an easy-heavy configuration (5:4:1) yields the best488

in-domain performance (100% SR) and strongest489

out-of-distribution (OOD) transfer. This supports490

the hypothesis that mastering foundational skills491

on simpler tasks is essential for both advanced op-492

timization and generalizable reasoning.493

We evaluate Curriculum Replay against single-494

pass baselines, analyzing both overall performance495

(Figure 3) and training reward dynamics (Figure 4).496

Quantitatively, Replay breaks the performance ceil-497

ing of linear strategies, achieving 93.1% SR and a498

+15.1 boost in QR. The reward trajectories reveal499

the underlying mechanism: while the Linear strat-500

egy (purple) suffers from early saturation, Replay501

(green) exhibits higher volatility—a natural byprod-502

uct of cyclically revisiting difficulty levels. This503

dynamic re-calibration allows the policy to escape504

local optima, preventing stagnation and mitigat-505

ing catastrophic forgetting to sustain a continuous506

upward trajectory.507

5 Related Work508

Reinforcement Learning with Verifiable Re-509

wards (RLVR). As reinforcement learning (RL)510

becomes an increasingly important tool for en- 511

hancing the reasoning capabilities of LLMs, Re- 512

inforcement Learning with Verifiable Rewards 513

(RLVR) has emerged as a compelling alternative 514

to Reinforcement Learning with Human Feed- 515

back (RLHF). Unlike RLHF, which relies on 516

pretrained reward models and subjective human 517

annotations, RLVR utilizes objective, automati- 518

cally verifiable outcomes to provide reliable su- 519

pervision (Seed et al., 2025; Guo et al., 2025; 520

Team et al., 2025). Recent models exemplify 521

this paradigm shift: DeepSeek-R1 (Guo et al., 522

2025) improves long-chain reasoning and self- 523

verification through RLVR, while Kimi K1.5 (Team 524

et al., 2025) achieves strong performance with long- 525

context training and streamlined policy optimiza- 526

tion—without depending on complex value models. 527

The ecosystem supporting RLVR is rapidly matur- 528

ing. High-quality math corpora with verifiable so- 529

lutions (He et al., 2025; Albalak et al., 2025), struc- 530

tured coding corpora with graded difficulty and 531

reward pipelines (Liu and Zhang, 2025; Xu et al., 532

2025b), and procedurally generated puzzle-style 533

datasets with algorithmic verification (Xie et al., 534

2025; Chen et al., 2025; Li et al., 2025) are now 535

available. Notably, NP problems are inherently ver- 536

ifiable and offer controllable difficulty settings (Fan 537

et al., 2024; Yang et al., 2025b), making them well- 538
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Table 3: Performance on out-of-domain benchmarks, including both reasoning and non-reasoning tasks, demon-
strates that RLVR training on FORGE-ENGINE generalizes effectively.

Model Logic Math Knowledge Instruction Average
KORBench Math500 OlpBench GPQA_diamond IFEval

Qwen2.5-72B 53.0 84.2 49.1 46.0 84.3 63.3
Qwen2.5-32B 56.2 82.8 48.8 43.9 79.5 62.3
Qwen2.5-14B 50.6 80.0 45.1 41.9 81.6 59.8
Qwen2.5-3B 36.6 67.2 29.7 30.3 59.1 44.6
InternLM3-8B 40.7 78.2 25.1 36.9 72.5 50.7
LLama3.1-8b 44.5 48.6 17.7 22.7 69.3 40.6

Qwen2.5-7B 42.9 72.4 30.0 33.3 73.5 50.4
FORGE-7B-NP 44.1 (+1.2) 74.6 (+2.2) 32.1 (+2.1) 37.4 (+4.1) 79.6 (+6.1) 53.6 (+3.2)
FORGE-7B-MATH 45.9 (+3.0) 77.4 (+5.0) 31.8 (+1.8) 33.8 (+0.5) 80.5 (+7.0) 53.9 (+3.5)
Qwen2.5-7B-SFT 30.1 (-12.8) 66.2 (-6.2) 21.4 (-8.6) 18.7 (-14.6) 55.8 (-17.7) 38.4 (-12.0)
FORGE-7B-NP-MATH 46.6 (+3.7) 75.0 (+2.6) 31.2 (+1.2) 38.9 (+5.6) 79.3 (+5.8) 54.2 (+3.8)

Table 4: Comparison of curriculum learning performance across different RL algorithms from FORGE-ENGINE
during RLVR training. Additionally, the we compares the impact of fine-grained versus coarse reward designs.

Data Proportion CL In Domain Out of Domain

SR QR KB Math500 OB GPQA IF Avg

Qwen2.5-7B (Base) ✗ 29.6 14.6 42.9 72.4 30.0 33.3 73.5 50.4
Qwen2.5-7B (binary)-GRPO ✓ 86.6 17.8 43.4 73.0 30.5 30.3 78.3 51.1
Qwen2.5-7B (w/o GT)-GRPO ✓ 76.2 25.6 43.8 73.2 30.5 30.8 78.3 51.3

FORGE-7B-GPG (Chu et al., 2025) ✗ 85.8 32.6 43.8 74.2 30.6 30.8 78.0 51.5
✓ 88.6 32.7 44.9 74.2 30.9 38.9 78.6 53.5

FORGE-7B-GSPO (Zheng et al., 2025) ✗ 78.2 36.6 40.8 75.6 31.8 36.4 78.2 52.6
✓ 83.4 42.1 44.4 75.0 31.1 36.9 77.2 52.9

FORGE-7B-GRPO (Guo et al., 2025) ✗ 80.8 37.4 43.8 75.2 31.7 34.3 77.9 52.6
✓ 93.1 46.6 44.1 74.6 32.1 37.4 79.6 53.6

suited for RLVR-based training. However, most539

prior RLVR efforts have focused on math, coding,540

logic, or puzzles, leaving the broader class of NP-541

hard problems underexplored.542

Optimization Reasoning with LLMs. Various543

benchmarks have been proposed to evaluate LLMs’544

reasoning capabilities across different domains, in-545

cluding mathematical (Glazer et al., 2024), logi-546

cal (Xie et al., 2025), puzzle (Chen et al., 2025),547

and programming reasoning (Xu et al., 2025a).548

These tasks typically involve binary answer val-549

idation (e.g., True or False), which primarily as-550

sess deductive or symbolic reasoning. In contrast,551

optimization reasoning presents a fundamentally552

different challenge: it requires models to gener-553

ate not only feasible solutions but also solutions554

that are as optimal as possible. Previous work on555

NP tasks has faced challenges in trainability (Fan556

et al., 2024; Yang et al., 2025b). Despite its signif-557

icance, optimization reasoning has been underex-558

plored in RLVR-based LLM training. Our work ad-559

dresses this gap by focusing on NP-class problems.560

We propose FORGE-ENGINE, a unified framework 561

for data generation, optimal solution annotation, 562

RLVR training, and evaluation, which empowers 563

LLMs with optimization reasoning capabilities. 564

6 Conclusion 565

We presented FORGE-ENGINE, a comprehensive 566

framework that leverages scalable generation and 567

heuristic-guided rewards to train LLMs on NP-hard 568

optimization problems. Through this infrastructure 569

and the accompanying FORGE-BENCH benchmark, 570

we developed FORGE, which significantly outper- 571

forms GPT-4o in optimization reasoning. Our 572

experiments validate the effectiveness of quality- 573

aware reward design and multi-stage curriculum 574

learning. Furthermore, we reveal a critical insight: 575

task diversity in RLVR training is a key driver of 576

out-of-domain generalization. We hope this work 577

lays a foundation for future research on integrating 578

LLMs with optimization-based reasoning, offering 579

new insights to the community and advancing the 580

frontier of LLM reasoning capabilities. 581
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Limitations582

Due to computational resource constraints, we583

have conducted experiments using the Qwen2.5-584

7B-Instruct-1M model. Larger models, such as585

those with 14B or 32B parameters, have not been586

trained, and the performance of these more pow-587

erful models, starting from a bigger model size,588

remains unexplored. Additionally, designing indi-589

vidual NP tasks for RLVR training requires meticu-590

lous attention to various aspects, including problem591

definition, validation script development, heuristic592

algorithm design, and difficulty level calibration.593

As a result, we have currently designed 10 tasks.594

Scaling to larger models and incorporating addi-595

tional tasks remain avenues for future exploration.596
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A Appendix 730

A.1 Use of Large Language Models 731

Large Language Models are used for grammar 732

check and polishing in this paper. 733

A.2 Detailed Training Setting 734

A.2.1 RLVR Training Setting 735

The training experiment utilizes the verl framework, 736

employing the GRPO algorithm for fine-tuning the 737

Qwen2.5-7B-Instruct-1M model. Training is per- 738

formed on 8 A800 GPUs with a batch size of 16 for 739

both training and validation. The maximum prompt 740

length is set to 20,000 tokens, and the response 741

length is capped at 4,096 tokens. Key hyperparam- 742

eters include a learning rate of 4 × 10−7, with a 743

mini-batch size of 16 and a micro-batch size of 16 744

for PPO updates. KL loss regularization, with a 745

coefficient of 0.001 (KLcoef), is applied to stabilize 746

training. 747

A.2.2 SFT Training Implementation 748

Data Curation. We derived our SFT dataset 749

through knowledge distillation from the 750

Qwen3-235B-Thinking teacher model. To 751

ensure data quality, we applied Rejection Sampling 752

Fine-Tuning (RFT), filtering generated trajectories 753

based on their Quality Ratio (QR). Specifically, we 754

selected solutions with QR > 0.5, indicating that 755

the solution quality is at least 50% of the heuristic 756

optimal baseline. This process yielded a dataset 757

of 10,000 samples, evenly distributed with 1,000 758

instances across each of the 10 NP tasks. 759

Training Details. We employed the ms-Swift 760

framework for full-parameter fine-tuning, leverag- 761

ing DeepSpeed ZeRO-2 and bfloat16 precision 762

to optimize computational efficiency. The model 763

was trained for 2 epochs with a learning rate of 764

1 × 10−5 and a warmup ratio of 0.1. To accom- 765

modate the extensive context required for NP-hard 766

reasoning, we set the maximum sequence length 767

to 20,480 tokens. For memory management, we 768

utilized a per-device batch size of 2 combined with 769

16 gradient accumulation steps. 770

A.3 Experiment Results 771

We conduct comprehensive experiments to answer 772

three key questions: (1) Can LLMs learn to gener- 773

ate near-optimal solutions through quality-aware 774

RLVR? (2) Does optimization training transfer to 775

general reasoning? (3) What training strategies 776

are most effective? Our experiments demonstrate 777
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that FORGE achieves state-of-the-art optimization778

performance (93.1% SR, 46.6% AR), transfers to779

diverse reasoning tasks (+3.2 points OOD), and re-780

veals that task diversity and quality-aware rewards781

are critical for effective learning.782

A.3.1 Curriculum Learning and Data783

Proportion784

As shown in Table 5, we investigate the impact of785

different data proportions—easy (E), medium (M),786

and hard (H)—on RLVR training, along with the787

role of curriculum learning (CL) strategies. The788

experiments focus on the TSP problem to better789

summarize the rules. We compare several configu-790

rations, including the baseline model and a variant791

without FORGE-HEURISTIC to provide accurate792

ground-truth (GT) signals in the reward signal, as793

well as different data ratios (E:M:H). In terms of794

in-domain performance, all RLVR configurations795

show improvements. Even the Qwen2.5-7B (w/o796

GT) model achieves noticeable gains, with SR ris-797

ing from 4.0 to 90.0 and AR from 1.9 to 25.6. The798

introduction of curriculum learning (CL) results in799

further gains across all data proportions. The best800

performance is achieved with the E:M:H=5:4:1801

configuration, which achieves an average AR of802

29.0, outperforming other configurations. For out-803

of-domain tasks, particularly in the Math500 and804

GPQA benchmarks, the E:M:H=5:4:1 configura-805

tion demonstrates superior generalization with an806

OOD average of 52.9. The inclusion of curriculum807

learning stabilizes performance and enhances the808

model’s ability to generalize across both reasoning-809

heavy and instruction-following tasks.810

Overall, these experiments highlight the impor-811

tance of data proportion in RLVR, particularly the812

need for a larger proportion of easy tasks to build813

a strong foundation before tackling more complex814

problems. Curriculum learning further enhances815

this process, improving both in-domain and out-of-816

domain generalization capabilities.817

A.3.2 Task Diversity Drives Generalization818

Table 3 and 6 reveals a striking finding: task di-819

versity drives generalization more than data820

quantity. Training on 10 diverse tasks achieves821

53.6 OOD score, outperforming training on 3 tasks822

(53.0 OOD score)—despite having 3.3× less data823

per task. This pattern holds across all OOD bench-824

marks, with largest gains on mathematics (+3.8%825

for 7 tasks vs. 3 tasks) and instruction-following826

(+6.1% for all tasks vs. baseline).827

This finding has important implications for 828

RLVR scaling: rather than collecting massive 829

amounts of data for few tasks, practitioners should 830

prioritize task diversity. The results suggest that ex- 831

posure to varied problem structures and constraint 832

types develops more robust and transferable reason- 833

ing capabilities than extensive practice on narrow 834

task distributions. 835

A.3.3 Multi-Stage RL Recipe 836

As illustrated in Figure 3 and Figure 4, we ana- 837

lyze the efficacy of the MultiStage-RL strategy 838

compared to a single-pass OneStage baseline. The 839

results reveal that iterative training is decisive for 840

mastering complex optimization constraints. In- 841

domain, MultiStage-RL achieves a substantial per- 842

formance leap, raising the overall Success Rate 843

(SR) from 72.6% to 93.0%. The gains are most 844

pronounced in structurally complex tasks—such as 845

Graph (+27.7%) and Selection (+37.1%)—suggest- 846

ing that a linear single epoch is insufficient for the 847

model to internalize the intricate feasibility rules 848

of these domains. 849

Regarding out-of-distribution (OOD) general- 850

ization, MultiStage-RL maintains and slightly im- 851

proves performance (53.6 vs. 53.4 overall). Cru- 852

cially, this demonstrates that the aggressive opti- 853

mization of in-domain capabilities does not lead to 854

overfitting or "alignment tax." Instead, the multi- 855

stage adaptation fosters a robust reasoning policy 856

that generalizes effectively, balancing specialized 857

optimization skills with broad reasoning transfer. 858

A.4 NP-hard Tasks 859

A.4.1 Set Cover 860

The task is to solve the classical Set Cover Problem. 861

Given a universal set U and a collection of subsets 862

S ⊆ 2U , the goal is to find the smallest possible 863

sub-collection of S whose union equals U . In other 864

words, we aim to select the minimum number of 865

subsets such that every element in U is contained in 866

at least one of the selected subsets. If no such selec- 867

tion exists, the answer should be "Impossible". The 868

solution is represented as a list of subset indices 869

corresponding to the chosen sub-collection. 870

For example, given U = {0, 1, 2, 3, 4, 5} and 871

S = {0 : {0, 1, 2}, 1 : {2, 3}, 2 : {0, 4}, 872

3 : {3, 4, 5}, 4 : {1, 2, 5}}, 873

a valid minimum cover is [0, 3, 4], since the union 874

of these subsets is equal to U . 875
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Table 5: Comparison of different data proportions for easy (E), medium (M), and hard (H) from FORGE-ENGINE
during RLVR, as well as curriculum learning (CL) strategies. Training on single TSP problem.

Data Proportion CL In Domain Out of Domain

SR AR KB Math500 OB GPQA IF Avg

Qwen2.5-7B (baseline) ✗ 4.0 1.9 42.9 72.4 30.0 33.3 73.5 50.4

E:M:H=1:4:5 ✗ 99.0 28.1 42.9 73.8 31.1 35.4 77.9 52.2
✓ 98.0 28.2 43.4 73.6 30.8 37.9 78.5 52.8

E:M:H=1:1:1 ✗ 97.0 26.9 42.3 74.2 29.6 32.3 78.8 51.5
✓ 98.0 27.1 44.6 74.8 29.4 32.8 79.3 52.2

E:M:H=5:4:1 ✗ 100.0 28.2 44.2 74.4 30.4 31.3 78.5 51.8
✓ 100.0 29.0 44.3 74.4 31.1 35.9 78.6 52.9

Task Number Logic Math Knowledge Instruction Average
KORBench Math500 OlpBench GPQA IFEval

Qwen2.5-7B 42.9 72.4 30.0 33.3 73.5 50.4
+3 Tasks 43.8 (+0.9) 74.8 (+2.4) 30.5 (+0.5) 37.4 (+4.1) 78.5 (+5.0) 53.0 (+2.6)
+5 Tasks 44.2 (+1.3) 73.2 (+0.8) 31.9 (+1.9) 37.4 (+4.1) 78.0 (+4.5) 52.9 (+2.5)
+7 Tasks 44.2 (+1.3) 76.2 (+3.8) 30.4 (+0.4) 35.9 (+2.6) 78.8 (+5.3) 53.1 (+2.7)
+ALL Tasks 44.1 (+1.2) 74.6 (+2.2) 32.1 (+2.1) 37.4 (+4.1) 79.6 (+6.1) 53.6 (+3.2)

Table 6: Performance on out-of-domain benchmarks, with increasing task scale from FORGE-ENGINE during RLVR
training.

The difficulty of the problem instances is cate-876

gorized based on the size of the universe |U |, the877

number of subsets |S|, and the relative subset size878

(controlled by the parameter subset_size_factor):879

• Easy:880

– |U | ∈ [10, 20], |S| ∈ [5, 10], subset size881

factor = 0.4882

– Small universe and relatively large sub-883

sets, making coverage straightforward.884

• Medium:885

– |U | ∈ [20, 25], |S| ∈ [10, 15], subset886

size factor = 0.4887

– Moderate universe size and subset count,888

requiring careful selection.889

• Hard:890

– |U | ∈ [25, 30], |S| ∈ [15, 25], subset891

size factor = 0.4892

– Larger universe with more subsets, in-893

creasing combinatorial complexity.894

• Benchmark:895

– |U | ∈ [30, 40], |S| ∈ [20, 30], subset896

size factor = 0.4897

– The most challenging setting, with the 898

largest universes and dense subset collec- 899

tions. 900

A.4.2 Subset Sum 901

The Subset Sum Problem asks whether a subset 902

of integers sums up to a given target value T . In 903

this variation, the objective is not only to reach the 904

target sum, but also to maximize the number of 905

elements used in the subset. 906

Formally, given a set of integers 907

{a0, a1, . . . , an−1} and a target T , the task 908

is to find an index set I ⊆ {0, 1, . . . , n− 1} such 909

that 910∑
i∈I

ai = T, 911

and among all valid solutions, the chosen I max- 912

imizes |I|. If multiple such subsets exist, any of 913

them is acceptable. The submission format requires 914

returning the ordered list of indices, e.g., [0, 1, 4]. 915

For example, given T = 10 and 916

numbers = {0 : 2, 1 : 3, 2 : 7, 917

3 : 8, 4 : 5}, 918

a valid solution is [0, 1, 4], since 2+3+5 = 10, and 919

the subset uses three elements, which is maximal. 920
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Figure 3: Comparison of RL training strategies during multi-task training, with performance evaluated on both
in-domain and out-of-domain benchmarks.

The difficulty of generated problem instances is921

categorized according to the number of integers922

available (|numbers|), the typical size of the opti-923

mal solution (|I|), and the range of integer values:924

• Easy:925

– Total numbers ∈ [5, 10], solution size926

∈ [4, 8], values in [1, 5].927

– Small input with low values, ensuring928

frequent feasible solutions.929

• Medium:930

– Total numbers ∈ [8, 12], solution size931

∈ [4, 8], values in [1, 10].932

– Moderate instance size and range, requir-933

ing more careful subset selection.934

• Hard:935

– Total numbers ∈ [12, 15], solution size936

∈ [8, 12], values in [1, 15].937

– Larger solution sizes and wider value938

ranges increase combinatorial difficulty.939

• Benchmark:940

– Total numbers ∈ [15, 20], solution size941

∈ [10, 15], values in [1, 15].942

– The most challenging setting, with large943

search space and dense feasible solu-944

tions.945

A.4.3 Knapsack946

The Knapsack Problem requires selecting a subset947

of items to maximize the total value without ex-948

ceeding a weight capacity. Formally, given a set949

of items {(wi, vi)}n−1
i=0 , each with weight wi and 950

value vi, and a knapsack capacity W , the goal is to 951

find an index set I ⊆ {0, 1, . . . , n− 1} such that 952∑
i∈I

wi ≤ W, and
∑
i∈I

vi 953

is maximized. The submission format requires 954

returning the ordered list of chosen item IDs in 955

square brackets, e.g., [0, 2, 3]. 956

For example, with W = 20 and 957

items = {0 : (3, 4), 1 : (4, 5), 958

2 : (7, 10), 3 : (8, 11)}, 959

a valid optimal solution is [0, 2, 3], achieving total 960

weight 18 ≤ 20 and total value 25. 961

The problem instances are categorized into four 962

difficulty levels, determined by the number of 963

items, their weight/value ranges, and the relative 964

knapsack capacity: 965

• Easy: 966

– 6 ≤ |I∗| ≤ 10 (solution items), total 967

items ≈ 15–25. 968

– Weights in [5, 25], value-to-weight ratio 969

in [1.8, 2.5]. 970

– Capacity is 1.1–1.4 times the total 971

weight of the solution items. 972

• Medium: 973

– 8 ≤ |I∗| ≤ 12, total items ≈ 25–35. 974

– Weights in [20, 80], value-to-weight ratio 975

in [1.5, 2.0]. 976

– Capacity is 1.05–1.25 times the total so- 977

lution weight. 978
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Figure 4: Comparison between single linear curriculum learning and curriculum replay strategy under GRPO
training. The curriculum replay approach cyclically revisits samples across difficulty levels, whereas the linear
strategy performs a single-pass curriculum in increasing order of difficulty.

• Hard:979

– 15 ≤ |I∗| ≤ 25, total items ≈ 35–60.980

– Weights in [50, 200], value-to-weight ra-981

tio in [1.2, 1.6].982

– Capacity is 1.02–1.15 times the total so-983

lution weight.984

• Benchmark:985

– 25 ≤ |I∗| ≤ 35, total items ≈ 55–80.986

– Weights in [50, 200], value-to-weight ra-987

tio in [1.2, 1.6].988

– Capacity is 1.02–1.15 times the total so-989

lution weight.990

– The most challenging setting, with many991

items and tight capacity.992

A.4.4 Balanced Minimum Bisection993

The Balanced Minimum Bisection Problem re-994

quires partitioning a weighted undirected graph995

G = (V,E) into two disjoint subsets of nearly996

equal size (differing by at most one vertex) such997

that the sum of the weights of edges crossing the998

cut is minimized. Unlike the classic Minimum999

Cut Problem, this task includes a balance con-1000

straint: both partitions must contain approximately1001

the same number of vertices.1002

Formally, let V be divided into V1 and V2 such 1003

that V1∩V2 = ∅, V1∪V2 = V , and
∣∣|V1|−|V2|

∣∣ ≤ 1004

1. The objective is to minimize 1005∑
u∈V1,v∈V2

(u,v)∈E

w(u, v), 1006

where w(u, v) is the edge weight. The solution 1007

format specifies the two subsets explicitly, e.g., 1008

[[0, 1, 2], [3, 4, 5]]. 1009

For example, consider the input graph: 1010

0 : {1 : 3, 2 : 1}, 1 : {0 : 3, 2 : 2, 3 : 2}, 1011

2 : {0 : 1, 1 : 2, 3 : 3}, 3 : {1 : 2, 2 : 3}. 1012

A valid optimal balanced bisection is [[0, 1], [2, 3]]. 1013

The difficulty of generated instances is deter- 1014

mined by the number of nodes, the structural com- 1015

plexity of the graph, and the noise level: 1016

• Easy: 1017

– |V | ≈ 30. 1018

– Graphs have clear community struc- 1019

tures with dense intra-community edges 1020

and sparse inter-community connections, 1021

with small noise (≈ 0.1). 1022

– Balanced cuts are relatively easy to iden- 1023

tify. 1024
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• Medium:1025

– |V | ≈ 42.1026

– Graphs exhibit fuzzier community1027

boundaries and more inter-community1028

edges, with moderate noise (≈ 0.15).1029

– Increases difficulty by reducing the clar-1030

ity of the optimal partition.1031

• Hard:1032

– |V | ≈ 45.1033

– Graphs are generated with deceptive1034

structures, including “traitor” nodes and1035

reinforced communities.1036

– Noise level around 0.1, making near-1037

optimal but incorrect cuts more likely.1038

• Benchmark:1039

– |V | ≈ 50.1040

– Graphs include reinforced “hell mode”1041

structures, traitor nodes, and low noise1042

(≈ 0.02).1043

– The most challenging setting, with multi-1044

ple plausible partitions and high combi-1045

natorial complexity.1046

A.4.5 Meeting Scheduling Problem1047

The Meeting Scheduling Problem (MSP) aims to1048

assign meetings to rooms and times in order to1049

maximize total attendee participation, subject to1050

availability and capacity constraints. Each meeting1051

requires a set of attendees and a duration, each1052

attendee has availability intervals, and each room1053

has a capacity. A feasible solution must assign to1054

each scheduled meeting a start time and a room1055

such that:1056

• All required attendees are available for the1057

entire duration.1058

• The room has sufficient capacity for all atten-1059

dees.1060

• No attendee or room is scheduled for overlap-1061

ping meetings.1062

If a meeting cannot be scheduled under these1063

constraints, it is omitted. The solution1064

is expressed as an ordered list of tuples1065

(meeting_id, room_id, start_time), sorted by start1066

time.1067

For example, given the input: 1068

meetings = {0 : ([0, 1, 2], 60), 1 : ([1, 3], 30), 1069

2 : ([0, 2, 3], 90)}, 1070

availability = {0 : [(900, 1700)], 1071

1 : [(900, 1200), (1300, 1700)], 1072

2 : [(900, 1700)], 3 : [(1000, 1400)]}, 1073

rooms = {0 : 5, 1 : 3}, 1074

a valid schedule is 1075

[(0, 0, 900), (1, 1, 1000), (2, 0, 1020)], 1076

which yields a total of 8 attendee participations. 1077

The difficulty of generated MSP instances de- 1078

pends on the number of meetings, attendees, rooms, 1079

and fragmentation of availability: 1080

• Easy: 1081

– 4–5 meetings, 3–5 attendees, 3–4 rooms. 1082

– At most 3 attendees per meeting. 1083

– Availability mostly continuous within the 1084

working day. 1085

• Medium: 1086

– 5–6 meetings, 4–6 attendees, 4–5 rooms. 1087

– At most 4 attendees per meeting. 1088

– Some attendees have fragmented avail- 1089

ability (e.g., lunch breaks). 1090

• Hard: 1091

– 6–7 meetings, 5–7 attendees, 5–6 rooms. 1092

– At most 4 attendees per meeting. 1093

– Heavier overlap among meetings and 1094

tighter room capacities. 1095

• Benchmark: 1096

– 8–10 meetings, 7–9 attendees, 6–7 1097

rooms. 1098

– At most 5 attendees per meeting. 1099

– The most challenging setting, with dense 1100

scheduling conflicts and fragmented 1101

availability. 1102

A.4.6 Hamiltonian cycle 1103

The task is to find a Hamiltonian circuit in a given 1104

graph G, which is a path that visits every vertex 1105

exactly once and returns to the starting point. The 1106

goal is to maximize the number of vertices included 1107

in the Hamiltonian circuit. The process starts with 1108
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a random vertex and finds a small valid subgraph,1109

then iteratively expands the subgraph while ensur-1110

ing it remains valid, continuing until the largest1111

possible Hamiltonian circuit is found.1112

The problem is categorized into four difficulty1113

levels based on the number of vertices and edge1114

density:1115

• Easy:1116

– |V | ∈ [15, 20], ρ = 0.21117

– Small graph with sparse edges.1118

• Medium:1119

– |V | ∈ [20, 30], ρ = 0.31120

– Moderate graph size with moderate con-1121

nectivity.1122

• Hard:1123

– |V | ∈ [30, 40], ρ = 0.41124

– Larger graph with denser edges, increas-1125

ing difficulty.1126

• Benchmark:1127

– |V | ∈ [40, 50], ρ = 0.51128

– The most challenging, with the largest1129

and densest graph.1130

A.4.7 Traveling Salesman Problem1131

The Traveling Salesman Problem (TSP) is a classi-1132

cal combinatorial optimization problem. Given a1133

set of cities and pairwise distances, the objective is1134

to find the shortest possible tour that:1135

• Starts and ends at the same city.1136

• Visits each city exactly once in between.1137

The solution is expressed as a route1138

[c0, c1, . . . , cn−1, c0], where c0 is the starting1139

city and each city appears exactly once except for1140

the repetition of c0 at the end.1141

For example, given the distance dictionary:1142

0 : {1 : 10, 2 : 15, 3 : 20},1143

1 : {0 : 10, 2 : 35, 3 : 25},1144

2 : {0 : 15, 1 : 35, 3 : 30},1145

3 : {0 : 20, 1 : 25, 2 : 30},1146

a valid optimal solution is1147

[0, 1, 3, 2, 0].1148

The difficulty of generated TSP instances is deter-1149

mined primarily by the number of cities:1150

• Easy: 10–20 cities. 1151

• Medium: 20–30 cities. 1152

• Hard: 35–45 cities. 1153

• Benchmark: 45–55 cities. 1154

All instances are generated with symmetric dis- 1155

tance matrices, with distances sampled uniformly 1156

within a predefined range. 1157

A.4.8 Maximum Clique Problem 1158

The Maximum Clique Problem (MCP) is defined 1159

on an undirected graph G = (V,E). A clique is a 1160

subset of vertices C ⊆ V such that every pair of 1161

distinct vertices in C is connected by an edge in E. 1162

The problem asks for the largest such subset, i.e., a 1163

clique of maximum cardinality. 1164

The solution is expressed as a list of vertex IDs 1165

forming the clique. For example, given the adja- 1166

cency lists: 1167

0 : [1, 2, 3, 4], 1 : [0, 3, 4], 2 : [0, 3], 1168

3 : [0, 1, 2, 4], 4 : [0, 1, 3], 1169

a valid maximum clique is 1170

[0, 1, 3, 4], 1171

which has size 4. 1172

The difficulty of generated MCP instances de- 1173

pends on the graph size and density: 1174

• Easy: 4–8 vertices, cliques of size 2–4. 1175

• Medium: 8–12 vertices, cliques of size 2–4. 1176

• Hard: 12–16 vertices, cliques of size 2–6. 1177

• Benchmark: 16–20 vertices, cliques of size 1178

4–8. 1179

Graphs are generated by first constructing a guar- 1180

anteed clique and embedding it into a larger graph 1181

with random edges, ensuring the clique exists as 1182

the maximum solution. 1183

A.4.9 Maximum Independent Set 1184

The Maximum Independent Set (MIS) problem is 1185

defined on an undirected graph G = (V,E). An 1186

independent set is a subset of vertices I ⊆ V such 1187

that no two vertices in I are adjacent in G. The 1188

problem asks for the independent set of maximum 1189

cardinality. 1190
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The solution is expressed as a list of vertex IDs1191

forming the set. For example, given the adjacency1192

lists1193

0 : {1, 2}, 1 : {0, 2, 3}, 2 : {0, 1, 3}, 3 : {1, 2},1194

a maximum independent set is1195

[0, 3],1196

which has size 2.1197

The difficulty of generated MIS instances de-1198

pends mainly on the graph size and the planted1199

independent set:1200

• Easy: 12–20 vertices, independent set size1201

4–8.1202

• Medium: 20–30 vertices, independent set size1203

8–12.1204

• Hard: 30–40 vertices, independent set size1205

12–16.1206

• Benchmark: 40–50 vertices, independent set1207

size 16–20.1208

Graphs are generated by first selecting a guaran-1209

teed independent set and embedding it into a larger1210

graph with randomly added edges, ensuring the1211

independent set exists as the maximum solution.1212

A.4.10 Graph Coloring Problem1213

The Graph Coloring Problem (GCP) is defined on1214

an undirected graph G = (V,E). The task is to as-1215

sign a color to each vertex such that no two adjacent1216

vertices share the same color, while minimizing the1217

total number of colors used.1218

The solution is expressed as a list of integers,1219

where the i-th entry denotes the color assigned to1220

vertex i. For example, given the adjacency lists1221

0 : [1, 2], 1 : [0, 3], 2 : [0, 3], 3 : [1, 2],1222

a valid optimal coloring is1223

[1, 2, 1, 2],1224

which uses 2 colors.1225

The difficulty of generated GCP instances de-1226

pends mainly on the number of vertices, the num-1227

ber of colors required, and the edge density:1228

• Easy: 8–12 vertices, 3–4 colors, edge density1229

≈ 0.2.1230

• Medium: 15–22 vertices, 4–6 colors, edge 1231

density ≈ 0.35. 1232

• Hard: 25–32 vertices, 6–8 colors, edge den- 1233

sity ≈ 0.5. 1234

• Benchmark: 32–40 vertices, 6–8 colors, edge 1235

density ≈ 0.5. 1236

Graphs are generated by partitioning vertices into 1237

color classes and adding random edges between dif- 1238

ferent partitions, ensuring that the planted coloring 1239

remains a valid optimal solution. 1240
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