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Abstract

Off-dynamics reinforcement learning (RL), where training and deployment tran-
sition dynamics are different, can be formulated as learning in a robust Markov
decision process (RMDP) where uncertainties in transition dynamics are imposed.
Existing literature mostly assumes access to generative models allowing arbitrary
state-action queries or pre-collected datasets with a good state coverage of the
deployment environment, bypassing the challenge of exploration. In this work, we
study a more realistic and challenging setting where the agent is limited to online
interaction with the training environment. To capture the intrinsic difficulty of
exploration in online RMDPs, we introduce the supremal visitation ratio, a novel
quantity that measures the mismatch between the training dynamics and the deploy-
ment dynamics. We show that if this ratio is unbounded, online learning becomes
exponentially hard. We propose the first computationally efficient algorithm that
achieves sublinear regret in online RMDPs with f-divergence based transition
uncertainties. We also establish matching regret lower bounds, demonstrating that
our algorithm achieves optimal dependence on both the supremal visitation ratio
and the number of interaction episodes. Finally, we validate our theoretical results
through comprehensive numerical experiments.

1 Introduction

Off-dynamics reinforcement learning (RL) [[10, 20]] has recently gained significant attention in
scenarios where the transition dynamics of the deployment environment differs from that of the
training environment. Such problems can be modeled as learning a robust Markov decision process
(RMDP) [27, 12 [23]], where the objective is to learn a policy that performs well when uncertainties
are imposed into the transition dynamics. Two major frameworks have been proposed in the literature
to incorporate the uncertainty of transition dynamics in RMDPs. The first, Constrained Robust
Markov Decision Process (CRMDP), seeks the best policy under the worst-case transition dynamics
within a predefined uncertainty set. The second, Regularized Robust Markov Decision Process
(RRMDP), replaces the hard constraint on uncertainty sets with a regularization term that quantifies
the divergence between the training and deployment dynamics.
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Existing research on learning CRMDPs can be categorized into three settings: (1) Learning with a
generative model (simulator). In this setting, the agent can query transitions at any state-action pair an
arbitrary number of times [24} 143|141} 130]]. (2) Learning with an offline dataset. Here, the agent learns
from a pre-collected dataset, typically assumed to be generated by a behavior policy from the nominal
MDP [26, 14,129} 17, 31]]. Effective robust policy learning relies on sufficient coverage of the dataset
on states in the deployment environment. (3) Learning through online interaction. More recent works
have considered online learning of CRMDPs through direct interaction with the training environment
to collect data [[16} 19} [15]], focusing on a specific case where the uncertainty set is defined via total
variation (TV) distanceﬂ RRMDP was introduced to get rid of the constrained optimization in the
formulation of CRMDPs for the tractability of robust policy learning [42, |45]]. In particular, [42]
studied RRMDPs with general f-divergence-based regularization under a generative model setting,
while [45] analyzed RRMDPs with Kullback-Leibler divergence-based regularization in the offline
setting, relying on similar data coverage assumptions as in offline CRMDPs. Recently, [25] extended
this work to general f-divergence-based regularization in the offline setting and explored RRMDPs
with total variation regularization and fail-states in a hybrid online-offline setting.

Despite these advances, in more realistic applications where simulators or pre-collected datasets are
not available, the problem of efficient online exploration in RMDPs remains understudied. Unlike
standard MDPs, where exploration aims to reduce uncertainty within a fixed transition model, in
RMDPs, the agent can only gather experience from a nominal environment, yet it must generalize to
potentially shifted dynamics at deployment. This presents a fundamental challenge of information
deficit in online RMDPs, requiring the development of exploration strategies that proactively account
for distributional shifts. More specifically, the information deficit in online RMDPs arises when states
that are rarely visited in the nominal environment become critical in the deployment environment.
For instance, consider a state s in the nominal MDP that is extremely difficult to visit, e.g., with
exponentially small visitation probability, resulting in limited data collection. If, in the deployment
environment, the dynamics shift increases the visitation probability of s, the agent must make
informed decisions at this state despite having little prior experience. In standard MDPs, such rare
states typically have negligible effects on policy learning, but in RMDPs, they can critically impact
performance, making online learning in RMDPs significantly more challenging.

To overcome this information deficit issue, existing research on online RMDPs adopt a fail-state type
of assumption—there exist states with zero reward that only transit among themselves [16,[19,[15]. As
we show in and the discussion following it, these assumptions essentially ensure that
worst-case distribution shifts occur in a deterministic direction, which eliminating the information
deficit issue and makes provably efficient online learning possible. However, such nice properties
do not hold in RMDPs with general f-divergence based uncertainty sets or regularization, limiting
all existing research on online RMDPs to CRMDPs with TV-distance based uncertainty sets. In this
work, we answer the following fundamental question:

Under what conditions can provably efficient online learning of RMDPs be achieved?

We investigate tabular RMDPs with finite states and actions. We show that if the nominal environment
is sufficiently exploratory—i.e., the agent can collect enough information through interaction—then
sample-efficient online learning should be achievable for broader classes of RMDPs. We rigorously
prove that the sample complexity of any online learning algorithm should be proportional to the
difficulty of exploration. Our contributions are summarized as follows.

* We introduce the supremal visitation ratio C,, (see[Assumption 3.1) as a measure of exploration
difficulty in RMDPs. We develop the first computationally efficient algorithm, Online Robust

Bellman Iteration (ORBIT), for CRMDPs and RRMDPs based on the total variation (TV), Kullback-
Leibler (KL), and x? divergences, and prove regret bounds that explicitly depend on C,,,..

* We establish regret lower bounds, demonstrating that the supremal visitation ratio C,, is an
unavoidable term in the sample complexity of online RMDP learning. This result confirms that C,,.
serves as a fundamental measure of exploration difficulty and a sufficient condition for provably

2We note that [9] also studied online CRMDPs, but we found essential flaws in proofs of their Lemmas A.2
and C.5, which invalidates their results.



efficient online learning in RMDPs. As a corollary, we construct hard instances to demonstrate that
if Cy, is unbounded, general online learning in CRMDPs can become exponentially difficult.

* We conduct comprehensive numerical experiments to validate our theoretical findings. In a
simulated MDP, we show that the performance of learned policies degrades as C,,,- increases. We
evaluate our algorithms in a simulated RMDP and the Frozen Lake environment, highlighting their
effectiveness when distribution shifts are significant.

2 Preliminary

Constrained Robust MDP (CRMDP) We denote a finite horizon CRMDP as CRMDP
(S, A, P°,r,Ur(P°), H), where S is the state space, A is the action space, P° = {PZ}HL | is
the nominal transition kernel,  : S x A — [0, 1] is the reward function, /”(P°) is the uncertainty set
centered around the nominal kernel, p is the uncertainty level, H is the horizon length. In this work, we
specifically focus on general f-divergence defined (s, a)-rectangular uncertainty sets [12[], U* (P°) =
®@(s,a,n)eSxAx[HUS, (8, a), where Uf (s,a) = {P € A(S)|Ds(P||P{(-]s,a)) < p}. The robust
value function and Q-function are defined as V;"**(s) = inf peyso(poy Ex,p | Zf:h ri(se,at) | sp =
s|, Q" (s,a) = infpeup(Po)Eﬂ-’P[ZtI{:h r(s¢,at) | s, = s,an = a] The optimal robust value
function and optimal robust Q-function are defined as: V,”(s) = sup,cpy Vj *(s), Q17 (s, a) =
sup,er @7 (s,a), where IT is the set of all policies. Correspondingly, the optimal robust policy is
the policy that achieves the optimal robust value function 7} = argsup,..;V} *(s). For CRMDPs,
[12] proved the robust Bellman optimality equations

*,p , — , inf E V*,/J , , V*,/J — *,0 , ,
Q) =ru(sa)+, inf | En [V 0, Vi0(s) = max@i(s,a)

where Ep, [V ](s,a) :== By rp, (s,0) [Vii2 (s)]

Regularized Robust MDP (RRMDP) A finite horizon RRMDP can be denoted as
RRMDP(S, A, P°,r,3,R, H), where (3 is the regularizer parameter, R is a penalty on distribu-
tion shift, and we set R to be the probability divergence D throughout this paper. RRMDPs replace
the uncertainty set constraint in CRMDPs with a regularization term. Specifically, the robust value
function and @-function under the regularized setting are defined as

H
ViiP(s) = PeifAlf(S) Exp {;m(smat) + 8- D(Pi(:|st, ar), Pto('lst»az)))sh = S],

H
P (s,a) = Peh&f(s) E, p Lzhn(st,at) +8- D(Pt(~|st,at),PtO(~|st,at)))sh =s,ap = a]
For RRMDPs, [42] showed the robust Bellman optimality equations:

*,3 _ . *,0 o *,8 o *,3
5 (s,a)—rh(s,a)—i—PhlErlAf(S) [Eph [V,H_l](s,a)+ﬂD(Ph(-|s,a),Ph(~|s,a))],Vh (S)_aeaf\{Qh (s,a).

Learning Goal We have an agent interacting with the nominal environment for K episodes. At the
start of episode k with initial state s¥, the agent chooses a policy 7* based on the history information.
Then it executes 7% and collects a new trajectory. The agent’s goal is to minimize the cumulative

regret after K episodes, defined as Regret(K') = Zszl (VP (sh) — Vfrk’p (s¥)] for CRMDPs, and
k
Regret(K) = S, [Vi"P (s§) — Vi P (s%)] for RRMDPs.

3 Algorithm design and theoretical guarantee

In this section, we present our [Algorithm I]and provide theoretical guarantees. We postpone more
details on[Algorithm 1|to[Appendix C| and more results of theoretical guarantee to

To characterize the inherent difficulty in learning online RMDPs with general f-divergences, we
propose an intrinsic metric that captures the essential of the problem, based on visitation measures in
both the nominal and worst-case environments. Specifically, we have the following assumption.



Algorithm 1 Online Robust Bellman Iteration (ORBIT)

Require: uncertainty level p > 0 (for CRMDPs), or regularizer 5 > 0 (for RRMDPs).
1: fork=1,--- , K do

2: VI]§+1(~) +— 0.

3: forh=H, --,1do

4: forV(s,a) € S x Ado

5: Update Q¥ (s, a): CRMDP-refer to RRMDP-refer to
6: end for

7: for Vs € S do . R R

8: T (s) « argmax,c 4 Q¥ (s,a), ViF(s) + max,ea QF (s, a).

9: end for

10:  end for

11:  Collect trajectory 7% by executing 7*;
12 Update nf,7¥ ! PF+! according to (CI).
13: end for

Assumption 3.1 (Bounded visitation measure ratio). Under the definition of[Definition D.3} we define
4p(s)
dp(s)

Cyr := sup as the supremal ratio between the nominal visitation measure and the worst-case

7,h,s

visitation measure. We assume that C,. is polynomial in H, S and A.

We focus on CRMDPs with TV, KL and 2 divergences defined uncertainty sets in the main paper,
results on RRMDPs are similar and postponed to|Appendix D|due to space limit.

Theorem 3.2 (CRMDP regret upper bounds). Assume holds for CRMDPs with TV,
KL and x? divergence defined uncertainty sets. Assume|Assumption D.7\holds for the CRMDP-KL

setting. Then for any 6 € (0, 1), with probability at least 1 — 0, |Algorithm 1|satisfies

O(CorS2AH? + C2.8% AY H2VE) (TV)
Regret(K) ={ O ((1 + /5 ) (CorSAH + CETS%A%H\/FD (KL) .

O((1+ p)(Cor SPAH? + C2SEAYHAVE)) (%)

Theorem 3.3 (CRMDP regret lower bound). For CRMDPs with TV, KL and x? divergence defined

uncertainty sets, for any learning algorithm &, there exists a CRMDP M satisfying [Assumption 3.1
1

such that E[Regret (¢, K)| = Q(C&VK).

Remark 3.4. Comparing|Theorem 3.2|and[Theorem 3.3| we observe the order of C., in the dominant
terms of the upper bounds matches that in the lower bounds. The upper bounds thus align with the
lower bounds in the two most critical parameters governing sample complexity: C.,, and K. This
indicates the fundamental presence of the information deficit issue in the online learning of robust
policies, which stems from the discrepancy between the nominal and worst-case transitions and can
be characterized by C,,.

4 Conclusion

We investigated online robust reinforcement learning within the context of tabular CRMDPs and
RRMDPs, demonstrating that when the nominal MDP is sufficiently exploratory, sample-efficient
online learning becomes feasible. We quantified the exploration efficiency of RMDPs through a novel
quantity called the supremal visitation ratio. We constructed hard instances to show that a moderate
supremal visitation ratio is necessary for ensuring sample-efficient online learning. We developed
computationally efficient algorithms and provided regret analyses with both upper and lower bounds,
which indicates our algorithm has an optimal dependency on the supremal visitation ratio and the
number of episodes. We also conducted numerical experiments on diverse environments to validate
our theory and show the robustness of our proposed algorithm, which is postponed to
due to space limit.
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A Notations

For any positive integer H € Z, we denote [H| = {1,2,---, H}. For any set S, define A(S)
as the set of probability distributions over S. Let P,QQ € A(S) and P <« (). For a convex
function f : [0, +00) — (—o0, +00] such that f(z) is finite for all z > 0, f(1) = 0 and f(0) =
lim;_,o+ f(t). The f-divergence of P from (), which measures their difference, is defined as
Dy(P|Q)= [, f (%) d@. In our paper, we consider three common f-divergences including total

variation (TV) distance with f(t) = 1|t — 1|, Kullback-Leibler (KL) divergence with f(t) = tInt,

and y2-divergence with f(t) = (£ — 1)2. We use O(-) to hide absolute constant factors and O(-) to
further hide logarithmic factors. For any two integers a and b, we denote a V b := max{a, b}.

B Related Work

CRMDPs and RRMDPs The framework of CRMDPs was first introduced in the context of optimal
control [12} 23139, 138, 21]], where the nominal MDP is assumed to be exactly known, and robust
policies are obtained by solving a constrained max-min optimization problem. Subsequent works
extended CRMDPs to the learning setting with access to a generative model [47} 143, 24} 130]]. More
recently, CRMDPs have been studied in the offline learning setting, where only a pre-collected dataset
from the nominal MDP is available through a behavior policy [29, 26l 4} 3317, [18]. To ensure that a
robust policy can be learned from a reasonably sized offline dataset, these works make assumptions
about the behavior policy (and implicitly, the nominal MDP) to guarantee sufficient coverage. Such
assumptions include the robust single-policy clipped concentrability [29], robust partial coverage [4],
and uniformly well coverage assumptions [17,133]. The framework of RRMDPs was more recently
proposed by [42] and [45], who studied it under the generative model setting and the offline setting,
respectively. This line of work was extended to function approximation settings by [25] and [31]],
considering both hybrid offline-online and purely offline scenarios.

It is worth noting that CRMDPs are sometimes referred to in the literature as Robust MDPs (RMDPs)
or Distributionally Robust MDPs (DRMDPs). To distinguish them from the regularized robust
framework, we adopt the term CRMDPs. Similarly, RRMDPs appear under various names, including
penalized robust MDPs [42], soft robust MDPs [435]], and robust ¢-regularized MDPs [25]]. We use
the term RRMDPs to clearly differentiate them from CRMDPs while remaining consistent with the
literature.

Online RMDPs [35. 3]] studied the online learning for infinite-horizon RMDPs with R-contamination
and more general uncertainty sets, respectively. Their algorithmic design and theoretical analysis
rely on assuming access to exploratory policies, which implicitly assumes that the nominal MDP
is sufficiently exploratory. In contrast, we revisit this challenge from a different angle, focusing on
the information deficit issue induced by distributional shift. Our work differs from theirs in two
key aspects. First, we introduce a novel quantity to characterize the hardness of exploration in the
nominal MDP and analyze it thoroughly via both upper and lower bounds on the sample complexity.
Second, instead of assuming access to exploratory policies, we design algorithms that explicitly
incorporate exploration strategies tailored for finite-horizon tabular CRMDPs and RRMDPs with
(s, a)-rectangular uncertainty sets defined by general f-divergences.

[L6, [19] [15] focused on online robust RL under the specific setting of CRMDPs with uncertainty
sets defined by the TV-distance, coupled with assumptions such as the existence of fail-states or
vanishing minimal values. From an information-theoretic perspective, we show that these assumptions
effectively circumvent the information deficit by constraining the direction of the distribution shift. In
contrast, our work seeks to identify a more general sufficient condition for provably efficient online
learning in CRMDPs—one that applies to arbitrary divergence-based uncertainty sets and does not
rely on the fail-state or vanishing minimal value assumption.

Off-dynamics RL A substantial body of empirical work addresses off-dynamics RL through the lens
of domain adaptation and transfer learning [10} (8}, 146} {40, 37, |11} 134, 20, 6], among others. In this



paper, we focus on the robust MDP (RMDP) formulation of off-dynamics RL. We refer readers to the
above works for complementary approaches along this orthogonal line of research.

C Online Robust Bellman Iteration (ORBIT)

In this section, we first present a meta-algorithm for online tabular RMDPs with general f-divergence
defined uncertainty sets or regularization terms. We then instantiate the algorithm for CRMDPs with
TV, KL and y2-divergences defined uncertainty sets and RRMDPs with TV, KL and y2-divergences
defined regularization terms, respectively.

C.1 Algorithm Interpretation

We present our meta-algorithm, Online Robust Bellman Iteration (ORBIT), in The
algorithm follows a value iteration framework and integrates optimistic estimation and the robust
Bellman optimality equation for estimating the robust Q)-functions. In each episode & € [K], ORBIT
consists of two stages. In the first stage (Lines [3]to [I0), iteratively updates the value

function and Q-function estimations in a backward manner. In the second stage (Lines [TT]|to[T2),

we collect trajectory 7% = (s¥, ak, r¥ ... sk ak rk) by executing 7. After a new trajectory is

collected, ORBIT updates the empirical reward function and transition kernel as follows

k
nﬁ(&a) = ZIL {s}, =s,ah = a},
i=1

k . . .
rh(s,a) - 1 {s} = s,a}, = a}
k1 i=1
T s,a) = , C.1
ho(s0) n¥(s,a) V1 €D
> 1 {si, =s,a, = a,s}, =5}

1

Byt (s')s,a) =+

nk(s,a) V1

[Algorithm 1updates Q-functions at each (s, a) according to different RMDP settings and choices
of f-divergences. We differentiate these cases using specific labels: CRMDP-TV, CRMDP-KL,
CRMDP-x2, RRMDP-TV, RRMDP-KL, and RRMDP-?. Finally, adopts the greedy
policy of the estimated (-function as the estimated optimal policy at episode k.

For the robust Q-function estimation, we leverage the robust optimality Bellman equation. Incorpo-
rating the optimism principle in the face of uncertainty [[I]] in the )-function update, we have

Q% (s,a) = min {RBf(s,a) + bf(s,a), H — h + 1}. (C2)
There are two components in (C:2): a robust Bellman estimator RBY (s, a) and a bonus term bf (s, a).

Next, we will instantiate this meta-algorithm for CRMDPs and RRMDPs with various f-divergences,
and provide explicit formulation for robust Bellman estimation and bonus design.

C.2 ORBIT under Constrained Robust MDPs

We first focus on CRMDPs and detail the update of robust Q-functions (C.2) in various settings. To
solve the optimization problem in the robust Bellman equation, we resort to strong duality results in
the following.

CRMDP-TV In CRMDPs with TV-distance defined uncertainty sets, estimators in (C.2) are defined
as follows

RB(s,0) = 7i(s,0) = il (Epy[(n= Vi), ] (s.0) +p(n —min Vi) —n). (€3

nelo,H
2521In(12SAH?K?/§) 1
b (s,a) = 2H + =, C4
n(sa) \/ nﬁfl(s,a) v K €4



where (C.3) represents the empirical version of the robust Bellman operator and (C-4) is the bonus.
The dual formulation for TV-distance and the optimism of the estimated ()-function are established
in|Appendix H

CRMDP-KL In CRMDPs with KL-divergence defined uncertainty sets, estimators in (C.2)) are
defined as follows

RB} (s,a) = 7 (s,a) — ian (v hﬂE]g;f [exp (— y_l‘A/ffl)] (s,a) +vp),
velo, ?]
b (s, 0) = (1 N QH*/E) 2@SAHK/S)
pCrvp ny (s,a) V1
where C) p is defined in[Assumption D.7] The dual formulation for KL-divergence and the optimism
of the estimated @)-function are proved in[Appendix H.2|

CRMDP-)? For ORBIT in CRMDPs with x?-divergence defined uncertainty sets, we have

RBJ(s,a) =75 (s,a) + sup (Eﬁk [\7,51"1 = Al(s,a) — \/pVarlgk (‘A/:Jr”l - )\)),
A€[0,H] h h

252In(192SAH3K3/5) 1+ /p
b (s,a) = (2 H .
n(s,a) = (2++/p) \/ s a) v 1 +—

The dual formulation for x2-divergence and the optimism of the estimated Q-function are proved in
Appendix H

C.3 ORBIT under Regularized Robust MDPs

We then focus on RRMDPs and detail the update of robust Q-functions (C.2)) in various settings.

RRMDP-TV In RRMDPs with TV-distance regularization terms, estimators in (C.2)) are defined as
follows

RBY(s,0) = 7 (s.a) ~ Epy [ (min V1 (0) + 8= Vi1(9)) J(s.0) + (min Ul () + 8).

b (5. ) = 2H \/ 25 In(2SAHK/5)

nil(s,a) V1

The dual formulation for TV-distance and the optimism of the estimated ()-function are proved in

Append

RRMDP-KL For ORBIT in RRMDPs with KL-divergence regularization terms, we have
RBﬁ(s, a) = ?ﬁ(s, a) — ,BlnE];h;? [exp ( - B_l\/}hkjﬁ)} (s,a),

k _ B lH 2In(2SAHK/9)
b (s,a) = (1 + Be \/§) —nﬁ_l(s,a) VIR

The dual formulation for KL-divergence and the optimism of the estimated -function are provided

in [Appendix 17

RRMDP-y? For ORBIT in RRMDPs with y2-divergence regularization terms, we have

~ 1 ~
RBﬁ(s,a) = ?ﬁ(s,a) + sup (Eﬁ;’f [thﬁ — )\] (s,a) — —Vaurlg};Lc [thﬁ — )\] (s, a)),

A€[0,H] 46
3H?\ [252In(48SAH3K2/8) 1448
b¥(s,a) = 2H+ ) )
n(s) ( 48 nil(s,a) V1 46K

The dual formulation for y2-divergence and the optimism of the estimated Q-function are provided

in [Sppendx T
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D Theoretical Results

In this section, we provide theoretical understandings on the online learning of RMDPs. We start
with a new perspective—the information deficit issue—to understand existing conditions for provably
efficient online learning. Motivated by existing solutions to address the information deficit issue, we
propose a new metric, the supremal visitation ratio, to quantify the hardness in exploration under
online RMDPs. Further, we provide upper and lower bounds, involving the supremal visitation ratio,

on the regret of in all settings.

D.1 Learnability of Online RMDPs

Focusing on CRMDPs with TV-distance defined uncertainty sets, [[16] and [[19]] identified that the
following assumptions can admit provably efficient online learning. In particular, [16] made the
following fail-states assumption.

Condition D.1 (Fail-states). [[16] Condition 4.3] There exists a subset Sy C S of fail-states such that
rp(s,a) =0, P2(Syls,a) =1,V (s,a,h) € Sy x A x [H].

[19] extended [Condition D.1|to|Condition D.2| but both assumptions essentially serve the same pur-
pose, eliminating minges V' (s) in the dual formulation of the optimization problem in the CRMDP-
TV setting.

Condition D.2 (Vanishing minimal value). [[/9 Assumption 4.1] The RMDP satisfies that

] *50 —
min ViP(s) = 0.

To explain the rationale behind [Condition D. 1} we first define the visitation measure as follows.

Definition D.3 (Visitation measure). Under both CRMDPs and RRMDPs, for any policy , we define
the worst-case transition corresponding to T as

Py (-]s,a) = argmin Ep, [V,24](s, a) for CRMDPs,
Ppeup (Pp)
P27 (-|s,a) = argmin Ep, [V;]](s,a) + 8- D(Pu(-|s,a), P{(|s, a)) for RRMDPs.
PLEA(S)
At timestep h € [H], we denote dJ (-) as the visitation measure on S induced by the policy T under
P°, and qf (-) as the visitation measure on S induced by the policy T under P""™. For convenience,

we also write P¥F .= P d* :=d™ and ¢* :==q" .

We show that|[Condition D.T|implies the following property on the CRMDP.

Proposition D.4. For CRMDPs with TV-distance defined uncertainty set satisfying [Condition D. 1
foranys € S, a € A, s € S\Sy and policy m, we have P,"" (s'|s,a) < PP(s'|s, a).

shows that, for any state-action pair, the transition probability to a non-fail state
is smaller in the worst-case environment than in the nominal environment. Consequently, non-fail

states that are rarely visited in the nominal environment remain rarely visited in the worst-case
environment, hence it would not incur large regret when making decisions at these states. Meanwhile,
by definition, states in Sy lead to precisely zero value no matter what action is taken and thus no
regret could be incurred at these states. This implies that|Condition D.I|or[Condition D.2|ensures the
information obtained from exploration in the nominal environment is sufficient for decision making
in the worst-case environment, thus bypassing the information deficit issue.

Note that both [Condition D.I|and [Condition D.2]are specifically designed for CRMDPs with TV-
distance defined uncertainty sets. In more general f-divergence contexts, such as RMDPs with KL-
divergence or x2-divergence defined uncertainty sets or regularization terms, the property described
in[Proposition D.4]does not hold. Consequently, learning RMDPs through online interaction is in
general a challenging open problem [[19] without additional assumptions. To characterize the inherent
difficulty in learning online RMDPs with general f-divergences, we propose a more intrinsic metric
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that captures the essential of the problem, based on visitation measures in both the nominal and
worst-case environments. Specifically, we have the following assumption.

Assumption D.5 (Bounded visitation measure ratio). Under the definition of |Definition D.3| we

define Cy, = sup 3’;8 as the supremal ratio between the nominal visitation measure and the
mh,s P

worst-case visitation measure. We assume that C.,. is polynomial in H, S and A.

Remark D.6 (Reduction to non-robust setting). In non-robust settings, is always
satisfied with C,, = 1, since q (s) = d} (s). This indicates our results also apply to the non-robust
setting as a special case.

Visitation measure is a common metric in the offline literature such as [[14) Definition 3] and [29}
Assumption 1]. [Assumption 3.1|ensures that the information obtained in the nominal environment
can be effectively used for estimation in the worst-case environment.

D.2 Regret Bound for Constrained Robust MDP

We first focus on CRMDPs with TV, KL and 2 divergences defined uncertainty sets. Before we
present our results, we introduce an extra assumption for the CRMDP-KL setting.

Assumption D.7. We assume there exists a constant Cpsp > 0, such that for any (h,s,a,s’) €
[H] x S x Ax S, if P2(s'|s,a) > 0, then P2 (s'|s,a) > Cp.

Remark D.8. For CRMDPs with KL-divergence defined uncertainty sets, guarantees
the regularity of dual formulation. We note that similar assumptions also appear in [43l Theorem
3.2] and [29, Theorem 3], both study CRMDPs with KL-divergence defined uncertainty sets.

Theorem D.9 (CRMDP regret upper bounds). Assume olds for CRMDPs with TV,
KL and x? divergence defined uncertainty sets. Assume|Assumption D.7|holds for the CRMDP-KL

setting. Then for any 6 € (0, 1), with probability at least 1 — 0, |Algorithm 1|satisfies

O(CorS?AH? + CE5% A HEVE) (V)

Regret(K) = § O((1+ p’éﬁ)(CwSAH—kCéTS%A%H\/F)) (KL) .

O((1+ yp) (CorSPAH? + CESIASHIVE)) (1)

Remark D.10. presents the first provably sublinear result in the online RMDP literature
for KL and x? defined uncertainty sets. The differences in dominant terms stem from how value
function errors are amplified in dual formulations through Bellman equations and induction. Although
the radius p is not explicitly part of the results for TV-distance and x>-divergence, it implicitly affects
the bounds through C,, in A larger p loosens constraints, increases distribution
shifts, and consequently, requires a higher C,, and leads to increased regret bound.

It is worth noting that under the policy selection scheme in[Algorithm 1} our regret upper bounds still
hold if we relax the definition of C,, in|Assumption 3.1|to be defined as the supremum visitation
ratio over deterministic policies. By the standard online-to-batch conversion [5], the regret bounds in
immediately imply the following sample complexity results:

Corollary D.11. Under the same setup in|Theorem 3.2} when

O(CurSPAH* /e?) (TV)
~ 2

K= (9((1 n %) CWSAHQ/EQ) (KL) ,
O((1+ /p)*CorS* AH* /%) %)

w.p. at least 1 — 6, the uniform mixture of the policies produced by[Algorithm 1|is e-optimal.

To see how tight the upper bounds in are, we provide the following lower bounds.

Theorem D.12 (CRMDP regret lower bound). For CRMDPs with TV, KL and x? divergence defined

uncertainty sets, for any learning algorithm &, there exists a CRMDP M satisfying[Assumption 3.1)
1

such that E [RegretM (&, K)} =0 (Cvzr vV K).
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Remark D.13. Comparing [Theorem 3.2] and [Theorem 3.3} we observe the order of C,, in the
dominant terms of the upper bounds matches that in the lower bounds. The upper bounds thus align
with the lower bounds in the two most critical parameters governing sample complexity: C,,. and
K. This indicates the fundamental presence of the information deficit issue in the online learning of
robust policies, which stems from the discrepancy between the nominal and worst-case transitions
and can be characterized by C,,..

Based on the proof of [Theorem 3.3] we construct hard instances to illustrate the necessity of
[Assumption 3.1]in guaranteeing sample efficient online learning in CRMDPs.

Lemma D.14 (CRMDP hard instances). For CRMDPs with TV, KL and x? divergence defined
uncertainty sets, for any learning algorithm £, there exists a CRMDP M with C.,, = 24, such that

E[Regret (&, K)| = Q(QA\/F).

Remark D.15. shows that, in the absence of additional assumptions, any online
learning algorithm may perform poorly in CRMDPs. The hard instances are constructed by selecting
a critical state that has an exponentially small visitation measure in the nominal environment, and
make it has a visitation measure of constant order in the worst-case environment. As a result, an
agent requires an exponential number of episodes to explore sufficient information about this state,
while suffering a constant regret per episode when taking a suboptimal action.

D.3 Regret Bound for Regularized Robust MDP

We then focus on RRMDPs with TV, KL and x? divergences defined regularization.

Theorem D.16 (RRMDP regret upper bound). Assume holds for RRMDPs with TV,
KL and x? divergence defined regularization terms. Then for any § € (0, 1) with probability at least

1-4, satisfies
O(Cor 5% AH? + 02543 H2VE) (TV)
~ _ 15
Regret(K) = § O((1 + B¢ H\/5) (CorSAH + C2.53 AT HVK)) (KL) -
O((1+ 2) (CorS?AH? + €253 A2 HAVE)) ()
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Figure 1: [Figure 1(a)| shows the comparison of the learned policy and the optimal policy in [Ap]

endix E.I| (Illustration of the Effect of C',,- on Robustness), where the optimal policy represents
the ground truth optimal policy, the learned policy is obtained by [Algorithm 1} [Figures 1(b)|to !!%)
present the comparison between our algorithm ORBIT and the non-robust algorithm in endix E.
(Learning on Simulated RMDPs).

Remark D.17. [Theorem D.16| presents the first provably sublinear results in the online RRMDP
settings. The result in|[Theorem D.16|corresponding to the TV-distance is smaller by a factor of
O(\/§ ) compared to his efficiency gain arises because the dual formulation for
RRMDPs eliminates the need for constructing an e-net, which also speeds up solving the inner
optimization problem and demonstrates computational advantages. Notably, is not
required in the RRMDP-KL setting, as the dual formulation for KL has a closed-form solution, which
also reduces the computational cost. In the x>-divergence setting, the upper bound is larger than
that in the constrained setting by a factor of O(H). This gap derives from the differences in dual

formulations in two RMDPs, where|Lemma I.9)in the RRMDP-x? setting does not admit a square
root compared to|Lemma H.15|in the CRMDP-X? setting.
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Theorem D.18 (RRMDP regret lower bound). For RRMDPs with TV, KL and x? divergence defined

regularization terms, for any learning algorithm &, there exists a RRMDP M satisfying
1

such that & [RegretM (&, K)] =0 (Cﬁ,« vV K).

Comparing [Theorem D.16|and [Theorem D.18| we observe that the order of C,. in the dominant
terms of upper bounds matches that in the lower bound. Together with the observation in
we can conclude that C,, is a tight measure for evaluating exploration difficulty in RMDPs.

E Experiments

In this section, we conduct numerical experiments to thoroughly verify the theoretical findings in
previous sections. All numerical experiments were conducted on a server equipped with Intel(R)
Xeon(R) Gold 5118 CPU @ 2.30GHz.

0.8 ' 0.8
e e e ﬂ% Pt et e e B
o 0.6 .I{Iwu.-vm-‘-’s\ o R AT © 06/ r:,.:;:w—qh - AR et ‘\»’:n—
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Figure 2: The convergence of ORBIT in (Learning the Frozen Lake Problem). We use

the policies obtained after each training episode to evaluate the convergence.

E.1 Illustration of the Effect of C,,. on Robustness

The supremal visitation ratio C,,. measures the difficulty in exploration. With a fixed number of
episodes, our results[Theorem 3.2|and[Theorem D.16|show that C,,,- would increase the sub-optimality
gap of the learned policies. In this section, we construct a toy example (see [Figure 4) with H = 3,
S ={sp, -+ ,85},and A = {0, - -- , 9}, focusing on the CRMDP-TV setting. More details about
the environment can be found in The visitation measure of each states are influenced
by a hyper-parameter /3, and we can calculate that C,,,, = 3 + % in this case.

As we can see from [Figure 1(a)l when we increase C.,, by decreasing (3 in the nominal environment,
it becomes harder for the agent to explore the nominal environment sufficiently to learn the optimal
policy in the perturbed environment, and thus deteriorate the performance of the learned policy and
enlarge the sub-optimality gap. This aligns well with our theoretical results.

E.2 Learning on Simulated RMDPs

Next, we design a simple MDP with learning horizon H = 3, the state spaceis S = {sg, - , 4}, and
the action space is A = {0, - - - ,4}. The source environment and target environment are illustrated

in[Figures 5(a)land [5(b)} More details about the environment can be found in[Appendix F.2}

The experiment results are presented in [Figures 1(b)]to [T(d)] We can see that the policies under
CRMDPs perform similarly to their RRMDP counterpart. And compared to the non-robust algorithm,
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Figure 3: Results in[Appendix E.J3|(Learning the Frozen Lake Problem). [Figure 3(a)| presents the
average time taken for training in various settings. [Figures 3(b)| to [3(d)] present the comparison
between our algorithm ORBIT and the non-robust algorithm. We use the last episode policy 7% for
the comparison.

all robust policies are less sensitive to the environment perturbation. In particular, the performance of
the non-robust algorithm drops drastically with respect to the perturbation. When the perturbation
exceeds 0.6, all robust policies outperform the non-robust algorithm. This confirms the robustness of
our proposed algorithm.

E.3 Learning the Frozen Lake Problem

Now we test our algorithm in a hard-to-explore setting, the Frozen Lake problem. In this scenario,
the agent’s objective is to traverse a frozen lake from the Start (S) to the Goal (G) without falling
into any Holes (H), navigating over the Frozen (F) surface. A hyper-parameter Perurb is used to
measure the perturbation in the test environment. More details about the environment can be found in

Append

First, we evaluate the convergence of our algorithm by tracking the average reward throughout the
training process in a single target environment with a fixed perturbation model, Perurb. Specifically,
we compute the average reward of the policy 7% obtained after each episode k. As shown in
[Figures 2(a)land 2(b)] our algorithm consistently converges by the end of training. The corresponding

average training time is reported in

For RRMDPs with TV and KL divergence defined regularization terms, the dual formulations of
the Q-functions admit closed-form solutions, simplifying the training process and resulting in lower
computation complexity compared to CRMDPs. in the RRMDP-x? setting, on the
other hand, requires solving optimization problems to get the dual formulations, leading to higher
computational complexity than and [[.T] in both two RMDPs with TV-distance and
and[[.3]in both two RMDPs with KL-divergence, though still lower than|[Cemma H.15]
in the CRMDP-? setting. Notably, the training time for the CRMDP-TV setting is not significantly
higher than that of RRMDP-TV, as we incorporate an additional optimization algorithm (detailed
in to accelerate computation. Also, due to our additional optimizations, increased
exploration may result in longer training times.

We also evaluate the robustness of the policy 7/ after K iterations of updates in various target
environments with different P,em, by calculating the average reward obtained in each target
environment. As shown inmtom our robust algorithm outperforms the corresponding
non-robust version in most cases.

F Additional Details on Experiments.

In this section, we provide more details about the experiments conducted in

15



F.1 More Details on[Appendix E.I| (Illustration of the Effect of C,,. on Robustness)

Construction We consider a simulated RMDP with horizon length H = 3, state
space S = {so,--- , S5}, and action space A = {0,---,9}. At each episode, the initial state is
always so. The nominal transition at the first stage is independent of actions taken, P°(s1|sg) =
1 — P°(s2|sg) = B, where (3 is a hyperparameter. At the second stage, if the current state is so, it
will transit to s5 with probability 1; if the current state is s, then we have P°(s3|s1,a = 0) = %,
P°(ss]s1,a) = 3,Va € {1,---,9} and P°(s4]s1,a) = 1 — P°(s3|s1,a). Only s3 and s5 can
generate reward, with r(s3,a) = 1,7(s5,a) = 3, Va € A. By construction, the action taken at s;
determines the final reward, and there are actually two kinds of actions: @ = 0ifa =0 and a = 1 if
a € A/0. Though actions in .A/0 are equivalent, they are set to incrfase the harness in exploration.

We construct a TV-distance defined uncertainty set with radius p = 5

It is easy to observe that, regardless of the policy 7 chosen, V™ (s4) < V™P(s3) and V™ (s1) <
V7P (s3), therefore the worst-case transition probability for any policy 7 is P*""(s3|s1,a =
0) = 3, P”"(s3|s1,a) = ¢,Ya € {1,---,9} and P (s4|s1,a) = 1 — P*""(s3|s1,a). Thus,
V™P(s) = & — % < 1 = V™r(sy). Furthermore, the transition probability P""™(s;[so,a) =
1 — P (sg]s0,a) = B+ %,Va, where B € (0, 2) is a hyper-parameter. We can easily verify that
all those transitions are within [0, 1] and therefore well defined. With this analysis, we can calculate
the visitation measure for each policy in and derive C,, = 3 + %

Implementation Under the optimal policy (taking a = 0 at s = s1), the expected reward is

E.«[r] = % regardless of 5. We set the number of episodes K = 1000 to simulate a scenario
with limited exploration and run in the CRMDP-TV setting. We test learned robust

policies in the worst-case target environment and calculate the average reward among 2000 runs. The
experimental results are based on 50 replications and plotted in|Figure 1(a)

5_a |93 1_a |53
6 3 27 3
r=1 r=1
S1 51
B B+ 35
é+% S4 %+% S4
S0 S0
1—-5 %_[3
89 S5 ° S9 S5
1 1
r=1 T:%

(a) The nominal MDP environment. (b) The worst-case MDP environment.

Figure 4: The constructions of the nominal MDP and the worst-case MDP environments in [Ap]

a5, (s)
dr(s)

Table 1: The visitation measure of each state in|Appendix E.1} the maximum of

is achieved by

taking @ = 0 at s4.

S0 S1 52 83 S4 S5
dis) 1 B 1-8  (§-5)8 G+9)8  1-8
ai(s) 1 B+3 3-8 (G-30B+3 G+PB+3) -8
F.2  More Details on[Appendix E.2 (Learning on Simulated RMDPs)
Construction We consider a simple MDP [Figure 5(a)] as the source environment. The learning
horizon H = 3, the state space is S = {sg, - - , S4}, and the action space is A = {0,--- ,4}. The
initial state is always so, where it can transit to s1, s3 and s, with probability P°(s1[so,a) = 0.4+ 15,
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P°(s3]s0,a) = 0.1 and P°(s4|s0,a) = 0.5 — {; correspondingly. From sy, it can transit to s and

s3 with probability P°(sz|s1,a) = {5 and P°(s3]s1,a) = 1 — 1§ by taking action a. From sy, it can
transit to s3 and s4 with probability P°(s3]s2,a) = 1 — {; and P°(s4|s2,a) = {5 by taking action
a. The s3 and s, are absorbing states. The agent is rewarded 5 by taking action a at sg, s1 and sa,
rewarded 1 regardless of the action taken at s4, and rewarded 0 regardless of the action taken at s3.

The target environment is obtained by perturbing the first step in the source envi-
ronment. To be specific, with perturbation rate g, the transition probability from sy to s3 and
5418 P"(s3]sp,a) = 0.1 4+ ¢ x (0.5 — {5) and P (s4]s0,a) = (1 — q) x (0.5 — %), while
P (s1]s0,a) = 0.4 4 {5 stays the same.

Implementation We set K = 1,000 in and evaluate the learned policy in target
environments with ¢ € {0,0.05,0.1,--- , 1}, respectively. In each target environment, the average
reward among 500 runs is calculated for evaluation. All experimental results are based on 20
replications. The choice of uncertainty level p, regularizer 8, and constant ¢y, are provided in
For the non-robust algorithm, we simply set 8 = 10000 for instantiated
with TV-distance defined regularization. It can be justified by that the extremely large
regularization would not tolerate any perturbation, and thus the learned policy is basically the optimal

policy under the source environment. The results are plotted in[Figures 1(b)]to[T(d)]

1 1
53 53
1- % 1- 8
0.1 1-3% 0.14¢ x (0.5 - % 1-3%
S0 . S1 . S9 S0 . S1 . S92
0.4+ 75 16 0.4+ {5 10
0.5 - 1% % (1—-4q) x(0:5-45) %
S4 Sq
1 1

(a) The source RMDP environment.  (b) The target RMDP environment.

Figure 5: The source and target RMDP environments in [Appendix E.2} where the target environment
is constructed by perturbing the first step.

F.3 More Details on|(Appendix E.3|(Learning the Frozen Lake Problem)

Construction In this scenario, the agent’s objective is to traverse a frozen lake from the Start (S)
to the Goal (G) without falling into any Holes (H), navigating over the Frozen (F) surface. The
agent’s movement is influenced by a hyper-parameter Fj;, = 0.1, which determines the probability
of the agent successfully moving in the intended direction. Specifically, the agent moves towards the
intended direction with a probability of 1 — Fy;, = 0.9, and with probability Py, /2 = 0.05, it will
veer off in either perpendicular direction. The Goal state is an absorbing state, once reached the agent
will stay there. The agent earns a reward of 1 if and only if it is at the goal (G) at step H — 1. For
evaluation, after the agent selects an intended action, with a probability of Peurb, the agent actually
takes action towards the opposite direction instead. The difficulty of this environment arises from
two sources: 1) it is a sparse reward MDP, and 2) the influence onto the movement in the source
environment makes the exploration of the goal state very hard.
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Implementation We use the default map in the OpenAl Gym library, which is illustrated in
and set H = 25 and K = 1,000 in[Algorithm 1] The hyperparameter p in the constrained
setting, /3 in the regularized setting, and cponys are tuned from {0.001, 0.003,0.01,0.03,0.1,0.3,1},
with the final choice presented in[Table 2] All experimental results are based on 20 replications.

We implement several optimizations to accelerate the algorithm. First, we reuse the counts n% (s, a)
from (C.I)) across different steps, as the transition dynamics remain consistent throughout. Addition-
ally, we observe that the inner optimization process, which is the primary bottleneck of the algorithm,
does not need to be fully recalculated at each episode. For instance, if the agent falls into a hole after
the first step, the information about the environment remains largely unchanged. To take advantage
of this, we create a map where the keys are hashes of the optimization parameters and the values
are the corresponding results, allowing us to reuse prior computations efficiently. We also applied
to obtain the result in the CRMDP-TV setting, which can directly be derived from
definition.

We assess the convergence of our algorithms by calculating the average reward among 500 runs in the
single target environment with Pperur, = 0.1, of the policy 7* obtained after each episode  during the
training. The convergence results are plotted in[Figures 2(a) and 2(b)] and the average training time
is plotted in We also evaluate the robustness of the policy 7% after K episodes across
various target environments with Pyerurs, € {0,0.05,0.1, - - -, 0.3}. For each target environment, we
compute the average reward among 500 runs, and the results are shown in[Figures 3(b)] to[3(d)]

Example F.1 (Illustration of Frozen Lake environment). The environment of the Frozen Lake problem
is illustrated as follows, where S denotes “Start", G denotes “Goal", H denotes “Hole" and F denotes
“Frozen".

R R Rl Bes e e
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F.4 A More Computationally Efficient Solver for the CRMDP-TYV Setting

As shown in[Lemma H.1] the update formulation of [Algorithm I|in the CRMDP-TV setting involves

solving an optimization problem in its dual formulation. To reduce the computational complexity, we

introduce which simplifies this procedure.

We explain the rationale behind [Algorithm 2] as follows. The original formulation of the CRMDP-TV

blem is given b L) = ru(s, inf  Ep[Vipl(s,a). Iti to see that th
problem is given by Q(s,a) = rp(s a)+TV(Pl\I|1P,f)§p p[Vh+1](s,a). It is easy to see that the

worst-case scenario is reached when the transition probabilities for states with the highest value
functions are reduced by a total of p, and those for states with the lowest value functions are increased
by p. This greedy approach avoids the need to solve the optimization problem for 7 as described in

F.5 Hyper-parameters for Experiments in[Appendix E|

Here, we provide the hyper-parameters used in training in the experiments section. Note that we
reformulate the bonus term as cponys /v K in practical experiments.
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Algorithm 2 A more efficient solver for the CRMDP-TV setting

Require: robust set radius p > 0, transition array P[S], value function array V[S] (S > 1)
. args = argsort(V).
V = Vargs|, P = P|args].
pnty = 1,pnt; = S.
rhog = 0,rho; = 0.
while rhog < p do
tmp = min(p — rhog, 1 — P[pnt,]).
Plpnty] = Plpnt,] + tmp.
rhog = rthog + tmp.
pnt, = pnt, + 1.
end while
: while rho; < pdo
tmp = min(p — rhoq, Plpnt,]).
P[pnt;] = Plpnt;| — tmp.
rho; = rho; + tmp.
pnt; = pnt; — 1.
: end while
: Output: Zil Pli] * V[i].

PRI AR

—_— e e e e e
Nav R0

Table 2: hyper-parameters for[Appendix E.2| (Learning on Simulated RMDPs)

Setting por B Cponus

non-robust - 1
constrained TV 0.5
constrained KL 0.5
constrained 2 1
regularized TV 0.1
regularized KL 0.1
regularized 2 0.1

= e

G Proof of |Proposition D.4|

Proof o We prove it by contradiction. We assume that there exists s*, a* and
s such that V,” /| (s') > 0 and P,”" (s'|s*,a*) > P{(s'|s*,a*). We pick 5 € Sy arbitrarily and
consider the following transition measure P;:

By (s]s*, a%) s ¢ {s',5},

Py (s]s*,a*) =< PP(s|s*,a%) s=4,

P (S]s*,a%) + Py (s s, a*) — PR(s'|s*,a*) s =5,
It is easy to verify that P, € A(S), TV(P,||Pg) < TV(P,""||PP), therefore P} is a valid
transition measure in the transition uncertainty set. Based on the definition of fail-states, we have

Vi (8) =0 < Vi (s') and thus Epy [V;7] < Epw.r [V], which contradicts the fact that P,""
is the worst-case transition. O

H Proofs of Results in Constrained RMDPs

H.1 Proof of (Constrained TV Setting)

Before proving this theorem, we first present several technical lemmas that will be useful in the proof.
For convenience, we also write P*F := Pw*“k, d* .= d*" and q® = q“k.
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Table 3: hyper-parameters for (Learning the Frozen Lake Problem)

Setting POr 3 Chonus

non-robust - 0.001
constrained TV~ 0.15  0.001
constrained KL~ 0.15 0.01
constrained y? 0.5 0.01
regularized TV 0.1 0.003
regularized KL 0.1 0.001
regularized 2 0.05  0.01

We first give the closed form solution of constrained TV update formulation. This dual formulation
has also been proved by [12| Lemma 4.3], but the formulation of our result is slightly different from
theirs. Note that [19]] used the same formulation, but their expression is incorrect by a factor of %
This error arises because they directly cited [43]], which employed the L, distance rather than the
TV-distance. So we prove it again for the sake of completeness.

Lemma H.1 (Dual formulation). For the optimization problem Qn(s,a) = rp(s,a) +

inf Ep|V; , h its dual lati 1l
TV(PlﬁlPh?)gp P[Vht1](s,a), we have its dual formulation as follows

@n=ra— Inf (EP;Kn = Vis1(8))4] + p(n — min Vh+1(s))+ - n). (H.1)

Proof. Consider the optimization problem

= 1 f ]E V - i f P V .
Qn Th"‘TV(F}‘IllP;:)Sp P[Vht1] rh+TV(F}|I|1P,‘L’)§p§S (8)Vhy1(s)

We denote p(t) = |t — 1|/2, then the Lagrangian can be written as

) - p> = As)P(s) + 17(1 -3 P(s)>.

seS sES

P(s)
Py (s)

LP) =3 P(s)Vaii(s) + V(Zp,g@)@(

ses sES

We denote g(s) = P(s)/Pf(s), then we have

inf £(P,n) = —sup 3 PR(3)a(s)(A(5) + 1) — Viesa(s)] — viplg(s))] — v+ 1
9 ses

= VEp, {@*((/\(S) +n) — Vh+1(5))] —vptn,

v

where the second equation is from the definition of dual function ©*(y) = sup(y '« — ¢(z)). From

f-divergence literature [41]], we know that for TV-distance,
1 1.
-3 for s S —35

0 (s)={s for — 1 <s< i (H.2)
+o00 fors > %
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So we have

Qp=rp+ sup (inf L(P, 77))

v>0,A>0n * P

—r, — inf (VEpo { *<()\(5) +n) — Vh+1(5)>} tup— 77>

v>0,A>0,n

— 1
- nf (VEPO {max ((A(S) +1) = Vayi(s) , _)] tvp— 77)
p>0,3>0,7, 221 Va1 () 1 v 2
(H.3)
o, (B (0040 B 5) Jevon-5)
=ry, — in o — s —= vp—mn-— =
h VS0AS0,, 2T vh+1<> <1 P hl 2 " P 2
=rp = inf (Epp[(A(s) + 1" = Vig1(8)+] +vp = 1) (H4)

v>0,A>0,n" ,v>A(s)+n' —Vi41(s)

== nf (EPg [(A(s) + 1" = Vi (8))+] + pmax(A(s) + 0" = Vara(s))+ — 77’) (H.5)

=rn —inf (]EP;; (1" = Vig1(s))4] + p(n’ — min Vh+1(8))+ - n’) (H.6)
_ _ S — s o
=rp n/eh[%ttH] (Eph, (0" = Vhgr(s))+] + p(n min Vh+1(s))+ n ), (H.7)

where (H.3)) follow§ from the deﬁnitiqn of ¢* ., we redefine ' = 7 + % in (H.4)), 1) hplds

because the result increases monotonically with respect to v thus the minimum value is attained

atv = ma§<(>\(s) + 7 = Vit1(9)) 4, holds because the result increases monotonically with
se

respect to A, (H.7) holds because the result increases monotonically with respect to 7’ when ' < 0
and increases monotonically with respect to 7 when ' > H. O

In the next lemma, we prove the optimism of estimation Q¥, which helps control the estimation error
Q" - Q"

Lemma H.2 (Optimism). If we set the bonus term as follows

. 252 In(12SAH2K?/5) 1
k
bonusy (s, a) = 2H\/ nfl o)1 + T (H.8)

then for any policy m and any (k, h, s,a) € [K] X [H| x 8§ x A, with probability at least 1 — 26, we
have Q:”J(s, a) > Qp’(s,a). Specially, by setting m = m*, we have Qﬁ’p(s,a) > Q; (s, a).

Proof. We prove this by induction. First, when h = H + 1, QH+1(S a) =0 = Q%" (s,a) holds
trivially.

Assume befl (s,a) > Qp'F (s, a) holds, since 7 is the greedy policy, we have

Vi (s) = Qi (s, misa (9)) = Qs (s, i1 () = QR (s, mga () = Vit (s),

where the first inequality is because we choose 7* as the greedy policy.

Recall that we denote Q’,fb’p as the optimistic estimation in k-th episode, that is,

ﬁ’p(,g, a) = min {bonusﬁ(s, a) + 75 (s,a) + inf Ep [V:erl] (s,a),H—h+ 1}.
TV(P|Pf)<p

If Q1" (s,a) = H — h + 1, then it follows immediately that

Qﬁ’p(s,a) =H—-h+1>Q;"(s,a)
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by the definition of Q} "’ (s, a). Otherwise, we can infer that

QM — QT = bonusk + 7 + inf Ep VPl =1y — inf Ep|V7A
" " P evee B < Vi) TV(P|Pg)<p Vil
= bonust +7° — ), + inf Ep[VFEr] — inf Ep[VFr
e TV (P P)<p Vi) TV(P||IPY)<p Vit
inf Ep[Vi] - nf  Ep[Vi]

TV(PIP)<p

>bonusf +78 —r,+  inf  Ep[VA] - inf  Ep[VF (H.9)
B PP < p[Viii] V(A <h PVii]

_ k ~k . k, . k,
= bonus; + 77 — 15 — nelfg,fH] (]Eﬁ;j [(n— Vh+’)1(s))+] + p(n — min Vhfl(s))Jr - 17)

TV(PIP)<p

. 1k ms k,p _
+ dof (EP;[(W Vh+1(5))+]+p(n rsrlelth+1(8))+ n) (H.10)

ko ok : k, ks
> bonus;, + 75 —rp, + nelf%,fH] {(]Ep;; [(n=Vih (), ] + p(n — min Vhfl(s))Jr _

_ (Eﬁf [(77 - th_;_/Jl(s))+] + P(U _ IS%IE th—;_pl (8))+ B 77) }

~bomsf 7kt (Bl VA (9).] B - Vi), )

> bonusy, — |7 —ra| — sup [Ep [(n—Vi3(9) ] — Epr [(n = Viii(9) ]
~——  17€[0,H] "

(i)

(ii)
(H.11)

where (H.9) is from the induction assumption, we plug in the dual formulation (H:I) in (H.10).

For term (i) in (H.11), from and a union bound, with probability at least 1 — , we have

In(2SAH K /5)

~k
77 (s,a) —ry(s,a _—
| h(s:a) h( )| 2n§71(8,a)\/1

(H.12)

for any (k, h,s,a) € [K] x [H] x § x A.

We denote V(1) = (n— th_;_pl(s))+ €1[0,H]andV = {V € R® : ||V||oc < H}. To bound term (ii)
in (H:TT)), we create a e-net \Vy(€) for V. From[Lemma L.4] it holds that In [Ny (e)| < |S]-In(3H /).

Therefore, by the definition of Ny (¢), for any fixed V, there exists a V' € Ay, (€) such that ||V —
V'|loo < e, that is

[Epg[V] = Epe V]| < [Epg [V] = Epp[V']| + [Epg V'] = Ep [V']] + [Epx [V'] — Es [V]]
<IBRNV = V'l + [Epg[V] = Eps V)| + 1R IV = V' lloo

< sup  |Epe[V'] —Epe[V']| + 2 (H.13)
V’GN\)(E) ) h

where the second inequality follows from the Holder’s inequality.
For any fixed V, we apply and have

25 1n(2/9)

V] =g V]| < 72 = B, V1] < o1 [ 22,

(H.14)
with probability at least 1 — 4.
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Then with probability at least 1 — §, we have

sup Bz [0~ Vit ()] = Epe[(n = Vifi(s) ]I < sup [Epp [V()] = Epy [V ()]
nelo,H n€l0,H]
< ]E o V —]EA V +2
B e

(H.15)
-n \/2Sln(2S§€{If§/|JI/y(e)| /9) o,
h

(H.16)

<H

+ 2¢

\/ 252 ln(6SAH2K/e<5)
Tvi1

“lvi1 K
(H.17)

for any (k, h,s,a) € [K] x [H] x S x A, where (H.I3) follows from (H.13), (H.16) is from (H.14)

and a union bound, we set e = 1/2K in (H.I7).

\/ 252 1n(125AH2K2 /6) , 1

Apply the union bound again and combine (H.11)) with (H:12)), (H.17), the definition of bonus and
induction assumption. With probability at least 1 — 2, we have Q)" (s,a) > Q7" (s, a) for any
(k,h,s,a) € [K] x [H] x S x A. This completes the proof. O

Lemma H.3. With probability at least 1 — 6, for any (k, s,a) € [K] x S x A, the sum of estimation
errors can be bounded as follows

k,
Qr’ —

P;Iu RyH_ ok [2bonusﬂ.

uPﬂm

Proof. From the proof of :Lemma H.ZL we see that with probability at least 1 — 9§, for any (k, h, s,a) €
[K] x [H] x S x A, we have

~ : k,p . k,p k
rr(s,a) —rp(s,a)| + inf Ep|V, s,a) — inf Epl|V, s,a)| < bonus; (s, a).
s —msal +| e BN~ e B[] (0)| < bomush (s,
(H.18)
Recall that we define P}’ - argmin [Ep [Vh 41 ] as the worst-case transition in|Definition D.3
TV(P|PR)<p
we have
k k
QM — QT < bonusk + 7 + inf Vel g, — inf Ep|VT P
4 g bR TV(P||PF)<p [ hﬂ] TV(P|IPg)<p P[ hH]
=bonusf +7F —r,+ inf  Ep[VA] -  inf  Ep[VF
h h " TV(P|PF)<p [ hH] TV(P||P?)<p P[ hH]
inf Ep|V, - inf VP
TV(P|P)<p P[ h+1] TV (P|[P?)<p [ h+1]
k
< 2bonus} inf  Ep[V]—  inf  Ep[V{ H.19
= 0nuSh+TV(I;\I|1P°)<p P Vi) V(PP <p P [V ] (19
< 2bonusf, + Epur Vi) — VY] (H.20)
= 2bonusj; +E pu . [Qrf) — QF e, (H.21)
where the (HZT9) holds because of (HI8), (H:20) and (H.2T) use the definition of P;”"* and 7%
accordingly. Apply (H.21) recursively, we can obtain the result. O
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Next, in[Lemma H.9| we provide an upper bound on the sum of the expectations of

_ 1
=Ty

under

h
the worst-case environment. In order to prove this lemma, we follow a similar procedure to that of

[44], whose setting differs from ours as we consider the non-stationary dynamics.
Lemma H.4. (Failure Events) We define thefollowingfailure events:

SAHK
F.=4{3 h:nfL( di ( .
k {sa nh sa_ Zhsa < 5 )}

z<k

K
Then we have P( U Fk> <1-0.
k=1

Proof. Consider a fixed s € S,a € A, h € [H]. We define F}, to be the o-field induced by the
first k — 1 episodes and X}, to be the indicator whether (s, a) was visited in episode k at step h.
The probability P(s = s§,a = af|m)) of whether X;, = 1 is Fj-measurable, therefore we can

apply with W = In(S4EE) " The proof is finished by applying a union bound over

s,a,h,
Definition H.5. (The Good Set) We deﬁne

Lk:{(sah Zdhsa >ln<SAfK)+1}.

1<k
Lemma H.6. (Visitation Ratio) Outside the failure event, if (s, a, h) € L, we have

a) > iZdZ(s,a).

i<k

Proof. Outside the failure events defined in we have

1 SAHK
>22dh(s,a)—ln( 3 )

i<k
1 , 1 , SAHK
:4Zd2(s,a)+42d2(s,a)—ln( 3 >
i<k z<k
272d18a+1> Zdzsa—kdhsa Zdzsa.
i<k 1<k 1<k

where the second inequality uses (s, a, h) € Ly and the definition of Ly, in|Definition H.5

Lemma H.7. (Minimal Contribution) Outside the failure event, we have

Z > di(s,a) = O(SAH).

k=1 (s,a,h)¢Ly

Proof. We have

K
Z Z df(s,a) = Zdesaﬂ{(sah)¢Lk}

k=1 (s,a,h)¢Ly (s,a,h) k=1

S (X s {(s.0.h) & Li} +1)

(s.ah) k<K

<(S§( (SAHK>+5>

— O(SAH).
where the first inequality uses the definition of Ly, in[Definition H.3}
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Lemma H.8. (Visitation Ratio) Outside the failure event, it holds that

vy e g

k=1 (s,a,h)ELy ", (s,a)

Proof. Outside the failure events defined in we have

K

K k(s,a k
S M=ZZ 21(1(8’))11{( La,h) € Ly}

k=1 (s,a,h)eLy, 'h k=1 (s,a,h)

<4Z Z Zd,zilsa )]l{(s,a,h)eLk},

1 (s,a,h) i<k

where the inequality follows from|[Lemma H.6

Next, for any fixed (h, s,a) € Ly, for some ko, since Y di (s, a) is strictly increasing with k, there
i<k

exists a critical episode k < kq such that (h, s,a) € Ly, holds for all k > k and (h,s,a) & Ly holds
for all k < k. From the definition of k and [Definition H.5| we know > i (s,a) > 4In(Z4HE) 4

i<k
4 > 4. Therefore,
K K
dj(s,a) dk(s,a)
— a7 ——U{(s,a,h) € L} = L ; 1{(s,a,h) € Ly}
,;;kdh(s,a) Z Sdp(sa)+ > dy(s.a)
i< z<k k<i<k

< ZK: dii(s, ) 1{(s,a,h) € Ly}
> k_14+ Z d;’l(S,CL) ) by k
N k<i<k
d’fb(s,a)

< -
s 44 > di(s,a)’
k<k<K F<i<k

where the third inequality comes from the definition of k.

To simplify the notations, we define vy = df (s, a),va = d}*'(s,a),- - ,vp_z,, = df(s,a). And

E2
in order to bound the above summation, we also define the functions F'(x) = Z v + v (2 — |z])

and f(x) = vp,). Itis easy to verify that the derivative of F'(x) is f(x). Then we write

Z d’,j(s,a) 7K—zk:+1 K—%+1 £(R)
_ 4+ di(s,a) 4+F
k<K Eggk h(s a) k=1 44 ZU k=1

[z] [z]
Additionally, we have that F'(z) < ; v+ ([2] = |z]) = ; v; = F([z]) and f(x) = f([x]).

Then, we have
K—k+1

F) R f(l))
; 4+F(k)_/0 I+ P
K—k+1 £(x)
= /0 e R
=In(4+ F(K — k+1)) — In(4 + F(0)) < O(In(K)).
We obtain the result by summing over all the (s, a, h) pairs. O
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Lemma H.9. Outside the failure event, it holds that

K H 1 N
ZZEP:,,W[ ——— | = O0(\/C\,, SAH2K + C,,SAH).

1h=1 Ny (s,a
K
1
k
= ap(s,a)y | —=
;(E) nf~t(s,a) V1
K 1 K
<Y Y G Y o} (s.a) (H22)
k=1 (h,s,a)€ Ly, ny,(s,a) v k=1 (h,s,a)¢Ly
K 1 K
= Z Z Qf;(sa a) =T L T Z qf;(s, a) (H.23)
k=1 (h,s,a)€ Ly A D R
K 1 K
<> disa)y ]G+ Cur Y dk (s, a) (H.24)
k=1 (h,s,a)€ Ly ny, (s, a) k=1 (h,s,a)& Ly
K
<) disa) | 5 +0(C,.SAH) (H.25)
k=1 (h,s,a)€Ly ny,  (s,a
K K o (5.a) B
<D0 D disa) D] YL 6(0,,.SAH) (H.26)
k=1 (h,s,a) k=1 (h,s,a)ELy Ny (53 a)
= s dk(s,a) ~
<UD D di(sia) [ Cu > Y =+ O(CWwSAH) (H.27)
k=1 (h,s,a) k=1 (h,s,a)€L;, 'h (s,a)

VKH -\/O(C,.SAH) + O(C,,SAH) (H.28)
=0(\/C,,SAH?K + C,, SAH),

where (H22) decomposes the summation into two parts and makes use of the fact that

,/m < 1, (H:23) holds because nffl(s,a) > ln(s“‘#) + 1 > 1 by combining |Def

inition H.5| and [Cemma H.6] (H.24) and (H.27) are from our assumption [Assumption 3.1} (H:23)
and are from|Lemma H.7/and[Cemma H.§|accordingly, and (H.26)) is the Cauchy-Schwartz

inequality. O

IN

We are now ready to prove the main theorem that establishes the regret bound of ORBIT in the
CRMDP-TV setting.

Theorem H.10 (Restatement of [Theorem 3.2| in TV-distance setting). For CRMDP with (s, a)-
rectangular TV-distance defined uncertainty set satisfying with probability at least

1 — 0, the regret of[Algorithm 1| satisfies

Regret = O(Cyn SPAH? + C3,5% A3 H2VE).
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Proof. Setting 8’ = §/4 in[Lemmas H.2|and [HH.4] then with probability at least 1 — 4, we get

K
Regret = Z (Vl*’p — Vlﬂk’p)
k=1
K K .
*, k, k, T,
:Z(le_vlp)_’_ (V1P—V1 P)
k=1 k=1
K H
< Z Z E ok o [2bonus}, | (H.29)
k=1h=1
2§:§:E - \/252 In(125AHK?/5) | 1 (H.30)
= w,k ok — - .
e A CROR K
= O(C,,SPAH? + C3,8% A3 IPVE), (H31)
where (H.29) is the combination of [Cemma H.2] and [Cemma H.3] we plug in the bonus (H.8) in
(H:30), (H.31) is from [Cemma H.9} O

H.2 Proof of (Constrained KL Setting)

We first give the closed form solution of constrained KL update formulation. This dual formulation
has also been proved by [[12, Lemma 4.1], but the range of v in our result is more precise compared
to theirs.

Lemma H.11 (Dual formulation). For the optimization problem Qp(s,a) = rp(s,a) +
inf Ep|V; , we have its dual lati 1l
KL(Plﬁng)gp P[Vht1](s,a), we have its dual formulation as follows
Qu=rn— inf (vinEpp[e™ Vr1] +up). (H.32)
velo,&] )

P

Proof. Consider the optimization problem

Qn Th+KL(F}ﬁ1P;L’)§p p[Vht1] thrKL(PlﬁlP,‘;)Sp; (8)Vht1(s)

The Lagrangian can be written as

L(Pn) =Y P(s)Visa(s) + 1/<ZP(5) In (11%((2))) - p) Y A(s)P(s) + n(l - ZP(S)).

seSs seSs seS seS

We set the derivative of £ w.r.t. P(s) to zero
oL P(s)

= _vy 1
ap(s) ~ Vhr(e) +vin (P;;(s)
We denote P’ as the worst-case transition that satisfies (H.33)), then we have

P'(s) = p}g(s)e—fl‘/nﬂ(s)+u’1[k(s)+n]—17

) +v—=[\s)+n]=0. (H.33)

il'Fl)f L(P,n) = ~vEpp [e—V71Vh+1(s)+V71P‘(S)"I"’]]_l] —vp+.

Therefore,

Qn=rn+ sup (inf L(P,n))
v>0,A>0n

=i, (VB e A B )
= of (Er [em ViR v ) (H.34)
=i~ nf (vInEp; [e7 Vi ] 1 pp). (H.35)
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where (H34) holds because the result increases monotonically with respect to A, (H:33)) holds by
calculating the derivation with respect to 7) and thus setting ) = —v(InEpp [e"’flv’“rl] -1).

We denote v = argmin (1/ InEpe [67V_1Vh+1] + l/p), from the strong duality, it is easy to infer that
v>0

PIEp[e™” V1] 4 5p < 0. (H.36)
And since V1 < H, we have
PInEpe e Vh1] > —H. (H.37)

Combine (H:36) and (H:37) into (H33), we have v € [0, %] That is,

Qh =T — irzl% (l/ lnEPﬁ [eiV_th-H] 4 Vp)

== daf, (Ve V] ).

This finishes the proof. O

Similar to|Lemma H.2} we prove the optimism of estimation Q* and control Q* — Q.

Lemma H.12 (Optimism). If we set the bonus term as follows

bonusk (s, a) = <1 + 2H\/§> 212(_21SAHK/ ) (H.38)
pCrp ny (s,a) V1

then for any policy w and any (k, h, s,a) € [K] X [H| x 8§ x A, with probability at least 1 — 26, we
have QZ”)(S, a) > Qp’(s,a). Specially, by setting m = m*, we have Qﬁ’p(s,a) > Q; (s, a).

Proof. We prove this by induction. First, when h = H + 1, Q%il(s, a) =0 = Q%" (s,a) holds
trivially.

Assume Q7 (s,a) > Q% (s, ) holds, since 7* is the greedy policy, we have
k, k, k, , or
Vh+p1(5) = th1 (s,ﬂ;’erl(s)) > th1(5777h+1(3)) > th1<577"h+1(5)) = Vh+p1(5)a
where the first inequality is because we choose 7* as the greedy policy.

Recall that we denote Q’,fb’p as the optimistic estimation in k-th episode, that is,

Q" (s,a) = min {bonus’fb(s, a) +75(s,a)+ inf  Ep [thfl] (s,a),H—h+ 1}.
KL(P||PF)<p

If QI;L”) (s,a) = H — h + 1, then it follows immediately that

Qﬁ’p(s,a) =H—-h+1>Q;"(s,a)
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by the definition of Q} "’ (s, a). Otherwise, we can infer that

Q" — QTP = bonust + 7F + inf  Ep[Vi4] - inf  Ep|V,}
h h h KL(P|| PE)<p [ h+1] Th — KL(P|P?)<p P[ h+1]
= bonus® + 7% —r, + inf Ep[VEr] - inf Ep[VFe
h h g KL(P||PF)<p P[ h+1] KL(P||P2)<p P[ h+1]

+ inf  Ep[VA] - inf  Ep[ViA]

KL(P||Pg)<p KL(P[|Pg)<p

>bonusy + 74—+ inf  Ep[V] - inf Vie] o (H39)
" " " KL(P||PF)<p P[ h+1] KL(P|[P2)<p P[ h+1]
:bonuSZ+?z —rp+ i[an] (VlnIEp; [e_lFI h+1} +Vp)
velo,
=, dnf, (vInBg ] ) (H.40)

H
vel0,7]

—1y/k, —1y/k,
> bonuslfL + 7/"\2 —rn+ ian (V In Epe [e_" Vh+p1} —vInEp [e_” Vhﬂ])
uE[O,— ' h

711_1Vk’p

—1y,k
vV h+1]|7

>bonush |rh—rh| s[upH]’VInIEPk[ hiﬁ] —vInEpe [e
— 0

®

(ii)
(H.41)

where is from the induction assumption, we plug in the dual formulation in

For term (i) in (H:4T)), from and a union bound, with probability at least 1 — §, we have

In(2SAHK/9)
~k
ry(s,a) —rp(s,a)| < | ———m—=, H.42
| h(s:a) h )| anl_l(s,a)\/l ( )
for any (k, h,s,a) € [K] x [H] x § x A.
To bound term (ii) in (H.IT), we have
sup |V1nEPk[ V_lvffﬂ] —VlnIEpﬁ[ 1Vh+p1H
ve(o, H]
S (Bi(s) = Pp(s))e™ Vi)
= sup |vIn 14 58 -
velo. 2 > Ppla)e i
seS
5 (Bf(s) = Pi(s))e VHAC)
< sup 20|22 - (H.43)
velo. ) 5 Ppls)e A0
seS
~ Pols
< sup 2v- ma; M (H.44)
v s ppezo | P(S)
2H i
S Cur - max |Ph — P{(s)| (H.45)
2H ~
||PF - Pp
<25 m),
2H 25 In(2SAHK/)
= ;17(1 / )7 (H.46)
pCup ny(s,a) V1
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for any (k,h,s,a) € [K] x [H] x S x A, where (H:43) is because In(1 + z) < 2|z|, (H:44)
follows from the Holder’s inequality, noting that we have n) ' (s,a) = 0 when P{(s) = 0 and thus

PF(s) = 0 from (CI), uses Kssumption D.7L (H.46) is from (H.14) and a union bound.

Apply the union bound again and combine (H.4T)) with (H.42)), (H.46)), the definition of bonus and
induction assumption. With probability at least 1 — 24, we have Q)" (s,a) > Q7 (s, a) for any
(k,h,s,a) € [K] x [H] x S x A. This completes the proof.

With similar proof to , we can control the item QF — Q”k.

Lemma H.13. With probability at least 1 — 0, for any (k, s,a) € [K] x S X A, the sum of estimation
errors can be bounded as follows

h=1>

H

k, k) i

1 -QT < ZE{P:,JC a x| 2bonusy].
h=1

Proof. From the proof of[Lemma H.12] we see that with probability at least 1—4, for any (k, h, s,a) €
[K] x [H] x S x A, we have

ok : k,p : k,p k
rr(s,a) —rp(s,a)| + inf Ep|V, s,a) — inf Ep|V, s,a)| < bonusy, (s, a).
i) =] | ot BV o=t B[V )| < bomst .0
(H.47)
Recall that we define P,’ *—  argmin Ep [Vhw_:ip | as the worst-case transition in [Definition D.3
KL(P||P2)<p
we have
k k
QM — QT < bonust +7F + inf Ep[VEP] —r) — inf Ep|VT, P
" " P kel Bh < Vi) KL(P|| P§)<p Vi i’]
k
<2bonusf + inf Ep[VFP]—  inf  Ep[V7 P (H.48)
" KL(PIPR)<p [ h+1] KL(P||P?)<p [ h+1}
k k, ",
= 2bonusy, + Epus Qe —QnY] (H.49)
where (H.48) uses (H47). Apply (H49) recursively, we can obtain the result. O

Combine everything together the same way as the proof of we have

Theorem H.14 (Restatement of [Theorem 3.2|in KL-divergence setting). For CRMDP with (s, a)-
rectangular KL-divergence defined uncertainty set satisfying |[Assumption 3.1|and|Assumption D.7\
with probability at least 1 — 0, the regret of|Algorithm 1|satisfies

HVS

pCrnp

Regret = 6((1—!— )(CWS'AH—l—CéTSéA%H\/E)).
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Proof. Setting 0’ = §/4 in[Lemmas H.4|and[H.12] then with probability at least 1 — J, we get

K
Regret = Z (V* — Vfrk’p)
k=1
K K .
= Z ( ‘/1k P + Z _ ‘/ff yp)
k=1 k=1
K H
<> D Epus . [2bonusy] (H.50)
k=1h=1
K 2HVS\ [2In(2SAHK/S)
QkZﬂI;EP:W (1+ PCMP)\/ nk=t(s,a) v 1 5D
= ~((1 + f\/g)(CWSAH—i— Cé,.S%A%H\/E)>, (H.52)
MP

where (H.50) is the combination of [Cemma H.12|and [Cemma H.13} we plug in the bonus (H.38) in
(H3T), (H.32) is from Cemma H.9 O

H.3 Proof of Theorem 3.2 (Constrained y? Setting)

We first give the closed form solution of constrained x? update formulation. This dual formulation
has also been proved by [[12, Lemma 4.2], but the range of X in our result is more precise compared
to theirs.

Lemma H.15 (Dual formulation). For the optimization problem Qp(s,a) = rp(s,a) +
inf  Ep[Vht1](s, a), we have its dual formulation as follows
xX*(P[IPR)<p
Qn=rn+ sup (EP; (Vi — A] — \/ pVarpo (Viy1 — A)). (H.53)
A€[0,H]

Proof. Consider the optimization problem

= inf Ep[V; = inf P(s)V .
Qn Th+X2(Pl\|rlP,f)Sp PVhii] Th+X2(P1|\nP")<p; (8)Vht1(s)

The Lagrangian can be written as

-t (S5 ) ) gror (i 5ro)

sES sES seS seS

We set the derivative of £ w.r.t. P(s) to zero

Lo (P e =
aP(s)_VhH(HQ <p;;(s) 1) [A(s) +n] = 0. (H.54)

We denote P’ as the worst-case transition that satisfies (H.34)), then we have

Vit1(s) — [A(s) + 77])
2v ’

P(s) = rGe) (1~

. 1
1%f£(P, n) = —Epo [

= (Vi () = [As) + )% = (Vi (5) = [A(s) + )| = vp 1,
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Therefore,

Qr=r1r+ sup (inf L(P, n))

v>0A>0,n N P
. 1
== (B hea(s) = NG 0 = () — N )|+ v =)
1
=7r,+ sup (EP}(: [Vh+1 — )\] — ZVarp’f(VhH -A)— l/p) (H.55)
v>0,A>0 v
=7, + ilg()) (EP;; [Vh+1 — /\] — \/pVarp;;(VhH — /\)> (H.56)
=+ sup (B [Vier = A = \foVare; (Vi = A)), (H.57)
A€[0,H]

where (H.55) holds by calculating the derivation with respect to 7 and thus setting 7 = Epo[Vi,41 —

A, (H36) is from the basic inequality a + b > 2v/ab, (H:37) holds because the result increases
monotonically with respect to A when A > H. O

Similar to|Lemma H.2} we prove the optimism of estimation Q* and control Q* — Q.

Lemma H.16 (Optimism). If we set the bonus term as follows

252In(192SAH3K3 /6§
bonus} (s, a) = (2 + \/,B)H\/ nl(c_l /9)

1
1 — H.
ny (s,a) V1 + +\/E)K’ (H.58)

then for any policy m and any (k, h, s,a) € [K] x [H]| x S x A, with probability at least 1 — 36, we
have Qz’p(s, a) > Qp '’ (s, a). Specially, by setting m = m*, we have Q’Z’p(& a) > Qyp ’(s,a).

P.I'O'O‘]il We prove this by induction. First, when = H + 1, Q5" (s,a) = 0 = Q;? (s, ) holds
trivially.

Assume befl (s,a) > Qp’F (s, a) holds, since 7 is the greedy policy, we have

k, k, k, , .,
Viifi(s) = Qi (s, mh 1 () = Qi (s, maea(s)) = Qfy (s, mara(s)) = Vi (s),
where the first inequality is because we choose 7% as the greedy policy.

Recall that we denote Qlfb’p as the optimistic estimation in k-th episode, that is,

P (s,a) = min < bonusy (s,a) + 7¥(s,a) + inf Ep [V:fl} (s,a),H—h+1,.
x*(PIIP;)<p

If Qﬁ’p (s,a) = H — h + 1, then it follows immediately that

Qﬁ’p(s,a) =H—-h+1>Q;"(s,a)
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by the definition of Q} "’ (s, a). Otherwise, we can infer that

20— QP =bonusy + 7+  inf  Ep[Vy] —ry—  inf  Ep[Vi
" " P X2(P|PF)<p Vit X2(P||PP)<p Vi)
=bonusf +7F —r,+ inf  Ep[VyA]—  inf  Ep[V]
X2(P||PF)<p X3(P||PP)<p
inf  Ep[VFP1—  inf  Ep[V™’
X2(P||P2)<p P[Vidi] 3P| Po)<p P [Vit!]

> bonusy + 75 — 7, + XZ(Pi“r%ngpEp [VEa] - i EP VAl (H59)
= bonus}, + 7 — 7, + A:}épm (B Vit = ] = yfoVarg, (Vi - X))
- (Bey [Viih - ] — \/oVarp (Vi) ) (H.60)
> bonusf + 7~ inf {( VL = A =\ JoVars (Vi - X))
~ (B [V = A] = Vg (Vi - A))}
> bonusf — |7 — 7| — 2 (B Vi = A] = \foVarp (Vi — 2 )

_ (EPO [Vin —A] - \/ pVarpe (Vih) — A))’

> bonus}, — |75 — | — ASEPH] |E13}§ (Vi = Al = Epg [V, — A

®
(i)

p sup ‘\/Varlgk thfl \/Varpo V,ffl Al
A€[0,H]

(H.61)

(iii)

where (H:39) is from the induction assumption, we plug in the dual formulation in
(H.60), (H.61) is because sup f(z) + sup g(z) > sup(f — g)(z).

For term (i) in (H.61)), from[Cemma L.T]and a union bound, with probability at least 1 — &, we have

In(2SAHK/5)

, H.62
2nk1(s,a) v 1 ( )

‘ﬁ(s’a) - rh(sva)’ <

for any (k, h,s,a) € [K] x [H] x S x A.

We denote V(A) =V}, — A € [-H,H]and V = {V € RS : |V« < H}. To bound term (ii) in
(H.61)), we create a e-net Ny, (e) for V. From|Lemma L.4] it holds that In [Ny ()| < |S] - In(3H /).

Then follow the same proof as (H.17)), with probability at least 1 — §, we have

k k,
sup |1Epk Vil = A] =Epe [Vifi = Al < sup  |Epo[V] —Ep V]| + 2¢
Ael0,H] VENyY (e)
2521 125AH2K2 5 1
<H a( /%) + =, (H.63)
n, LAVA|

1

=

for any (k, h,s,a) € [K] x [H] x S x A.
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For term (iii) in (F.61), by the definition of Ny (€), for any fixed V/, there exists a V’ € Ny (€) such
that ||V — V|| <€, thatis

‘\/Varp;;(V) - \/\W‘
g‘\/Varpﬁ(V) — \/V&I'p;:(v/)

g\/’Varpﬁ(V) - Varp;;(V’)‘ + ‘\/Varpﬁ(V’) - \/Varﬁk(V’

+ ’W/Varpﬁ(V’) - \/Varp}k(V’)‘ + ‘\/Var};k(V’) - \/Var};},f(V)‘
\/|Varpk Varpk (V)]

<V[Eeg V2 = V7] + \[ER, VI - B V1] + /[y [V — V2] + | [IB2, [V - BL, V]

+ ],/varpﬁ(V/) — [Varg (V)
g‘, Narpo (V) — | /Varﬁk(V’)‘ +4v2He
\/Varpe (V') Var . (V') + 4V2He, (H.64)

where the second inequality follows from ]\/E -y ‘ < /| — y| and the third inequality follows
from /z +y < Vx + /¥

For any fixed V, we apply and have

‘, [Varpe (V) =\ /Var g ( ‘ 2 ,1:1 12\// ‘? (H.65)

with probability at least 1 — 4.

sup
V/GN\; e)

Then with probability at least 1 — §, we have

sup ‘\/Varpk h+1 \/Varpo h+1 )‘< sup ‘,/Varpo 1/Valrp;v ‘
A€[0,H] A€[0,H]

sup |4/ Varpeo —,/Vars +4v2H
VENv(e Fi Pk ‘
(H.66)
on \/21n(25A£€<NV(6)|/5) e
n V1
(H.67)
4V2He

2
“n \/ 2Sln(65AH 1K/ea)
Ly

bl

3 K3
o \/251n(1925AH K3/9) 1

“lvi K
(H.68)
for any (k,h, s, a) € [K] x [H] x S x A, where (H.66) follows from (H.64), (H.67) is from (H.65)

and a union bound, we set ¢ = 1/32HK? in @

Apply the union bound again and combine (H.61)) with (H.62)), (F.63)), (H.68)), the definition of bonus
and induction assumption. With probability at least 1 — 35, we have QZ”’ (s,a) > Q1" (s, a) for any
(k,h,s,a) € [K] x [H] x S x A. This completes the proof. O

With similar proof to , we can control the item Q* — Q’rk.
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Lemma H.17. With probability at least 1 — 6, for any (k, s,a) € [K] X S x A, the sum of estimation
errors can be bounded as follows

- Q7 Fp < ZE{Pwk - [2b0nuslﬂ.

Proof. From the proof of[Lemma H.12| we see that with probability at least 1—4, for any (k, h, s,a) €
[K] x [H] x S x A, we have

ke . k.p . k.p k
rr(s,a) —rp(s,a)| + inf Ep|V, s,a) — inf Ep|V, s,a)| < bonus; (s, a).
Fho.e) s +| |t B[R] B[]0 < bomus (5.0
(H.69)
Recall that we define P}’ *—  argmin Ep [Vh”:ip | as the worst-case transition in|[Definition D.3
x?(P|IP2)<p
we have
k k
— QT " <bonusk +7F + inf Ep[VFP]—rn— inf  Ep[V7.’
h hTTh 2 (PIP)<p [Viihl (PP <p Vi i’
k
<2bonusf + inf Ep[VFP]—  inf  Ep[V7 P (H.70)
" eI <e Vi) X (PIPY)<p Vied’]
ﬂ_k
= 2bonusf + Eper . [QNY; — Q717 (H.71)
where (H.70) uses (H.69). Apply (H.7T) recursively, we can obtain the result. O

Theorem H. 18 (Restatement of m Theorem 3.2|in x2-divergence setting). For CRMDP with (s, a)-
d

rectangular x -dlvergence defined uncertainty set satisfying |Assumption 3.1} with probability at least

1 — 6, the regret of[Algorithm 1| satisfies
Regret = (5((1 +/p) (C'W,SQAH2 + C’U%TS%A%HQ\/[?)).

Proof. Setting &’ = §/5 in[Lemmas H.4|and [H.16] then with probability at least 1 — J, we get

K K
Regret = Z (Vi — ka’p) = (Vyf — vy )+ Z )
k=1 k=1
K H
< Z Z E put o » [2bonus} | (H.72)
k=1 h=1
B Qiiﬂ‘: @1 VpH 2521n(192S AH3 K3 /6) fas f)i T3
- k=1h=1 e A CROR "K '
= O((1+ D) (Con S2AH? + C.5% AYH2VE)), (H.74)

where (H.72)) is the combination of [Lemma H.16]and [Cemma H.17] we plug in the bonus (H.38) in
(H73), (H.74) is from [Cemma H.9} O

I Proofs of Results in Regularized RMDPs

L1 Proof of (Regularized TV Setting)

We first give the closed form solution of regularized TV update formulation. This dual formulation
has also been proved by [25]], but our formulation is more concise.
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Lemma L1 (Dual formulation). For the optimization problem Qp(s,a) = rp(s,a) +

- 12f( 5 (Ep[Vis1] + BTV (P||P?)) (s, a), we have its dual formulation as follows
€

Q=i —Erp [ (min Via(s) +8 = Via(s)) |+ (minVia(s)+5). @

Proof. Consider the optimization problem
= inf (Ep|[WV, TV (P|| Py
Qn=rn+ PEIIAl(S) (Ep[Vhs1] + BTV (P||PY))

P(s)
= f P(s)Vy Py —= ).
e i (P 7505 (255
where ¢(t) = |t — 1|/2, and then the Lagrangian can be written as

= " P(s)Visa(s) + B _ Py ( ) Z)\ —|—77(1—ZP )

sesS ses ses

We denote g(s) = P(s)/Py(s), then we have

inf £(P,n) = —sup > P(s (A(s) + 1) = Visa(s)] = Be(g(s)] +n

sES
W (A(S)+ 1) — Viga(s
— _SEp, [(p <( (s) +1) = Vi ( ))} o,
B
where the second equation is from the definition of dual function ©*(y) = sup(y 'z — ¢(z)).
So we have
Qn =1, + sup (inf L(P,n))

A>0n P

o= g (g [ (2 v;LH())]_n)

. s) -V s 1
- ., inf (mEPO[m ( 1) = Vi ( ),—2)} —77) 1.2)
AZ0,, XOEI01 O P

i B B

=Tp— f Epo s P

Th A0, AT =Vhg1 () )ir,,lﬂvhﬂ(g <1 < Py [ — Viga(s) + 7). U
=Th — inf Epo[(A(s) +7' —V; _n 13
"0 A v,L+1<s)<B< e ( 1= Vi (s)) ] =) (@1.3)
=rp — inf Epo — Viaq(s 14
R v ot ( pe (0 = Vi (s)+] =) (14)
=rp —Epp [(EI'}C_I‘IS} Vig1(s) + 8 — Vh+1(s))+} + (min Vhi1(s) + ,6)’ (L5)

where ([.2) follows from the definition of ¢* , we redefine ' = 1+ 5 in [4) holds
because the result increases monotomcally w1th respect to A, (C3) holds because the result increases
monotonically with respect to 7’ O

Similar to|Lemma H.2| we prove the optimism of estimation Q* and control Q* — Q.

Lemma L.2 (Optimism). If we set the bonus term as follows

25In(2SAHK/$
bonust (s, a) = 2H\/ : (1 /)

ny " (s,a) V1

, 1.6)

then for any policy w and any (k, h, s,a) € [K] x [H] x § x A, with probability at least 1 — 26, we
have be’ﬁ(s, a) > Qzﬁ(s, a). Specially, by setting m = w*, we have Qzﬁ(s, a) > Q; (s, a).
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Proof. We prove this by induction. First, when h = H + 1, QHH(S a)=0= QH+1(S, a) holds
trivially.

Assume Q) +1(s a) > Qp +1(s a) holds, since 7" is the greedy policy, we have

k, k, T,
Vh+61( )= Qh+1(8 7Th+1( s)) > th1(577rh+1(3)) > Qh+1(5 Thi1(s)) = Vh+'81( )s
where the first inequality is because we choose 7 as the greedy policy.

Recall that we denote Qi’ﬂ as the optimistic estimation in k-th episode, that is,

Zﬂ(s, a) = min {bonus’fb(s,a) + 7 (s,a) + Peir&f(s) (E [V}ﬁrﬁl} + BTV(PHﬁ,’f))(s, a), H—h+ 1}.

If Q1% (s,a) = H — h + 1, then it follows immediately that
Z’ﬂ(s,a) =H-h+1> QZ’ﬂ(s,a)
by the definition of Qzﬁ (s,a). Otherwise, we can infer that

QF — QTP = bonusf + 7 + pdat (Ep (Vi3] + BTV (PIBE)) — 14 — ot (Ep VL] + BTV (P|IPY))

= bonusj, + 7}, — 74 + elgf(s (E [Vh+1] + BTV(P”Ph)) - Peiglis) (Ep [Vh+1] + BTV (P|Py))
+ it (Ep[ViIE] + BTV(PIRY)) = inf (Ep[VI] + BTV (PIPY))

> bonust + 78 — ), + eiIAl( (E [h+ﬂl] Ep [Vhﬂ—l’-ﬁl})

+ inf (Ep[V;3] + BTV(PIBL)) — inf (Ep[VES]+BTV(P|PY))

PEA(S) PeA(S)
@.7)
> bonusj, + 7 — 7 + inf (Ep[ViF5] + BTV (P|IPF)) - Pl (Ep Vi) + BTV (P PR))
(1.8)
= bonus} + 7f — rp, — Epe Kmanhkfl( )+ 06— V}fﬁ(s))J + (Hleanh+1( s) + ﬂ)
+ Epy [ (min Vi (s) + 5 - thﬁ(s))J ~ (min Vi () + ) 1.9)

= bonus) +7F — 7y, —Epo Kmanhkfl( )+ 08— Vfﬁ(s))J +E13;§ KmeanhH( s)+p8— thfl( ))J

> bonush ‘rh - rh}
N——

g (min Vi) + 5 - Vi) ] - B[ (min i) + 5 - i) ]|

(i)

0]
(1.10)

where ([7) is from inf f(z) — inf g(z) > inf(f — g)(z), (L) is from the induction assumption, we
plug in the dual formulation (CT) in (LI9).

For term (i) in (CT0), from [Cemma L.1]and a union bound, with probability at least 1 — 6, we have

In(2SAHK/5)

~k
rr(s,a) —rp(s,a)| < | —/———=
| (s, a) =7 )| 2nf " (s,a) V1

(L11)
for any (k, h,s,a) € [K] x [H] x S x A.

For term (ii) in ([.10), follow the same proof as (H.14) and a union bound, with probability at least
1 — 4, we have

h

EP;;[(manhhﬁ( )+ B~ thfl( ))_J _Eﬁk{(nélgvh+l( )+ B — Viﬁrﬁl( )) H <H 25In(2SAHK/9)

“lvi
(L12)
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for any (k, h,s,a) € [K] x [H] xS x A.

Apply the union bound again and combine ([.10) with ([.T1), (C12), the definition of bonus and
induction assumption. With probability at least 1 — 25, we have Qi’p (s,a) > Q3" (s,a) for any
(k,h,s,a) € [K] x [H] x S x A. This completes the proof. O

. .. . k
With similar proof to we can control the item Q% — Q™.

Lemma L.3. With probability at least 1 — 6, for any (k, s,a) € [K]| x S x A, the sum of estimation
errors can be bounded as follows

H
k.8 kB } : k
Ql - Q71r é E{P}"Lﬂ,k}}[j:l’ﬂk [2b0nush:| .
h=1

Proof. From the proof of[Lemma I.2] we see that with probability at least 1 — 8, for any (k, h, s, a) €
[K] x [H] x S x A, we have

|Th s,a) —rp(s,a }+|Pelgf(5) (EP[Vh_,’_J JrﬂTV(PHPh))( a)

_ PeiIAnES) (Ep [Vh+1] + BTV (P|P))(s,a)| < bonus’ (s, a). (1.13)
Recall that we define P}i” " = argmin (E P [Vh 11 } + BTV (PHP;L’ )) as the worst-case transition in
PeA(S)
we have
7-rk, . . T, o
QM — QT ¥ < bonusy + 7 + pdaly (Ep V5] + BTV (PIIPE)) —rh — P (Ep[V/ 7] + BTV (P|PY))

< 2bonusf, + inf (Ep[Vifi] + BTV(PIPY)) — inf (Ep (V"] + BTV (P]FY))

(S) PeA(S)
(1.14)
k .8
= 2bonusy, + E pu.i QN8 — Q. 1.15)
where ([.14) uses ([.13). Apply ([.I3) recursively, we can obtain the result. O

Theorem I.4 (Restatement of [Theorem D.16|in TV-distance setting). For RRMDP with (s, a)-

rectangular TV-distance deﬁned regularization term satisfying 2 with probability at
least 1 — 6, the regret of[Algorithm 1| satisfies

Regret = O(C,,, S% AH? + C3,SA HVE).

Proof. Setting 6’ = §/4 in[Lemmas H.4]and[[.2] then with probability at least 1 — &, we get

K K K
* wk * ok
Regret = Z (v By ’5) = (Vy b Vlk’ﬁ) + Z (Vlk’B -V ’B)
k=1 k=1 k=1
K H
<Y Epui . [2bonusy] (L16)
k=1h=1 "
I 25 In(2SAHK/6)
—2 Epur o |2H 117
’; }; Py k,ﬂ'k \/ nﬁ 1(5, a) V1 | ( )
= O(CpSPAH? + O3S A3 HAVE). (L18)

where ([T6) is the combination of[Lemma I.2]and [Lemma 1.3} we plug in the bonus (L.6) in m

(LTS) is from [Cemma L9}
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1.2 Proof of (Regularized KL Setting)

We first give the closed form solution of regularized KL update formulation. This dual formulation
has also been proved by [25]], but our formulation is more concise. [45] applied the equivalence
between regularized RMDPs and risk-sensitive MDPs to obtain the same result, which is different
from our proof.

Lemma L5 (Dual formulation). For the optimization problem Qp(s,a) = rp(s,a) +
» irAlf(S) (Ep[Vi+1] + BKL(P||P?)) (s, a), we have its dual formulation as follows
€

Qn =11 —BInEpy e Vi1]. (1.19)

Proof. Consider the optimization problem

Qn=rn+ pehAnES) (Ep[Vit1] + BKL(P| FY))

=r in s $ §)n D)
=7rp+ f <§E;§P( Whi1(s) + BP(s)1 Pﬁ(s))

PeA(S)

The Lagrangian can be written as

P(s
£P ) = X [PV () + 8P (5% )| = o M@Pe) 401 3 P ).
seS h sES ses
We set the derivative of £ w.r.t. P(s) to zero
oL P(s)
=V 1 —[A =0. 1.20
557 = Ven (o) + B () + 5= )+ 1) .20
We denote P’ as the worst-case transition that satisfies ([20), then we have
P'(s) = P;L’(S)e—ﬂfl‘/hﬂ(S)+/371[>\(8)+71]—1’ (L.21)
: —B Wiii(s (s —1
1%fL(P,n) = —BEpy e BT Vit (s)+87 [M(s)+n] ]+
We have
Qn=rp+ sup (infﬁ(P, 77))
A>0n P
: -8~V s (s -1
= (BB e R
=7, — irnlf (5]EP}§, [6*3_1Vh+1(5)+5_1n*1} _ 77) (1.22)
=1, — BlEp[e Vi), (1.23)

where ([:22) holds because the result increases monotonically with respect to A, ([23) holds by
calculating the derivation with respect to 7 and thus setting n = —3(InEpo [e™” V] —1). O

Similar to[Lemma H.2, we prove the optimism of estimation Q¥ and control Q* — Q.

Lemma 1.6 (Optimism). If we set the bonus term as follows

MWWMZWWﬁW@M%ﬁWMW

1.24
nfH(s,a) V1’ (29

then for any policy w and any (k, h, s,a) € [K] x [H] x § x A, with probability at least 1 — 26, we
have Qi’ﬁ(s, a) > Qzﬁ(s, a). Specially, by setting m = 7*, we have Qi’ﬁ(s, a) > Q; (s, a).
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Proof. We prove this by induction. First, when h = H + 1, QHH(S a)=0= QH+1(S, a) holds
trivially.

Assume szl(s, a) > QZfl(s, a) holds, since 7" is the greedy policy, we have

Vi (s) = QL (s b1 (s) = QL (s.man () = Qi (s, g (s)) = Vi (s),

where the first inequality is because we choose 7 as the greedy policy.

Recall that we denote QZ’B as the optimistic estimation in k-th episode, that is,

’Z’ﬁ(s,a):min{bonus]fl(s,a)+?kh(s,a)+ inf (EP[VhH}—i—ﬁKL(PHPh))( ),H—h—i—l}.

PeA(S)
If Qlfb’ﬁ (s,a) = H — h + 1, then it follows immediately that
"(s,a) =H —h+1> Q1" (s,a)

by the definition of Qzﬁ (s, a). Otherwise, we can infer that

w" = Qi =bonusp 47+ int (B [Vi] + BRL(PIPY)) = = inf (Bp (V] + BKL(PIPY))

PeA(S)

= bonus; + 7, —rp + inf (Ep (Vi) + BKL(P|BY)) = inf (Ep (V] + SKL(P|FY))

PeA(S) PeA(S)
+nf (Ep (V] + SKL(PIRE)) — inf - (Ep (Vi) + AKL(P) 7))

> bonus',i + ?,I({' —Th + elgf( (EP [Vh+1] Ep [Vh+1D

+ inf (Ep[V;] + BKL(P|IPF)) — inf (Ep[V))] + BKL(P||PY))

PeA(S) PeA(S)
(1.25)
> bonus}, + 75 — 4 + pnf (Ep[V,H5] + BKL(P| PF)) - Pt (Ep[Viii] +
(1.26)
= bonus) + 7 — 1, + BInEpo [6_67 h+1} BlnEPk e ﬁ*lv,ffl] 1.27)
> bonush ‘?kh — rh} B| InE 5 [e’ﬁ_ Vh+1] InEpo [ 7'8_1‘/’1111} ’7 (1.28)
\ ; h

® (i)
where ([23) is from inf f(x) — inf g(x) > inf(f — g)(x), (26) is from the induction assumption,
we plug in the dual formulation (LT9) in (T27).
For term (i) in ([28), from[Cemma L.T]and a union bound, with probability at least 1 — §, we have

In(2SAHK /)

— = 1.29
2nf~t(s,a) v 1 (129

|?fl(s,a) — rh(s7a)| <
for any (k, h,s,a) € [K] x [H] x § x A.

For term (ii) in ([.28)), following the same proof as (H.14) and a union bound, with probability at least
1 — 6, we have

‘ lnEﬁf [ -8~ Vh+1] hlEpo [ IVthi} ’ < eBIH\/QS 111(2:5'114\5[1}(/5) (130)

for any (k, h,s,a) € [K] x [H] x S x A.
Apply the union bound again and combine ([28) with ([.29), (30), the definition of bonus and

induction assumption. With probability at least 1 — 26, we have Q7" (s,a) > Q7 (s, a) for any
(k,h,s,a) € [K] x [H] x S x A. This completes the proof.
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With similar proof to , we can control the item Q* — Q’Tk.

Lemma L.7. With probability at least 1 — 6, for any (k,s,a) € [K]| x S x A, the sum of estimation
errors can be bounded as follows

Qe ™8 < ZE{P“’ By [2bonus}].

Proof. From the proof of [Lemma I.6|, we see that with probability at least 1 — §, for any (k, h, s,a) €
[K] x [H] x S x A, we have

‘Th s,a) = rp(s,a)| + | Pelgfés) (E [Vfﬁl} + BKL(P||ﬁ,f))(s,a)

-t )(EP (V5] + BKL(P||P)) (s, a)| < bonusf (s, a). (131)

Recall that we define P, * — argmin (Ep [Vhﬂjiﬁ | + BKL(P||P?)) as the worst-case transition in
PeA(S)
we have

- QE < bonas] 7+ int (BR[VI] 4 OKL(PIPE) < int | (BR[VEL) 4 RLPIER))

< 2bonusf, + inf (£ [Vi] + BKL(PIFY)) — it (Bp V"] + BKL(P|FY))

ht1
(132)
k ﬂk,ﬁ
= 2bonusy, + Epu.r QN0 - aQnt). (1.33)
where ([32)) uses (L3T). Apply (L33) recursively, we can obtain the result. O

Theorem L.8 (Restatement of [Theorem D.16[in KL-divergence setting). For RRMDP with (s, a)-
rectangular KL-divergence defined regularization term satisfying [Assumption 3.1 with probability at
least 1 — 6, the regret of[Algorithm 1| satisfies

Regret = O((1+ Be? " HV/G) (CorSAH + CE.S3 A2 HVE)).

Proof. Setting ' = §/4 in[Lemmas H.4and[L.6] then with probability at least 1 — &, we get

K K
Regret = Z (VI*’B — ka’ﬁ Z Al Vk A )+ Z Vk A 2 ’B)
k= k=1 k=1
K H
< Z Z Epwr . [2bonus)] (1.34)
—h=1
K 2In(2SAHK/5)
=2 E,. 1+ Bef T HY/G), [Tt Y 1.35
kz::lhz::l pu (1+ Be \f)\/ ﬁl(s,a)\/1| (I.35)
= O((1+ Be? ' HVE) (Cor SAH + C3.53 A HVE)). (1.36)

where ([.34) is the combination of [Cemma I.6]and [Cemma .7} we plug in the bonus ([24) in @

(L36) is from [Lemma L9}

1.3 Proof of Theorem D.16|(Regularized y? Setting)

We first give the closed form solution of regularized x? update formulation. This dual formulation
has also been proved by [25]], but our formulation is more concise.
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Lemma L9 (Dual formulation). For the optimization problem Qp(s,a) = rp(s,a) +

- 12f( 5 (Ep[Vis1] + BX2(PIIP?)) (s, a), we have its dual formulation as follows
€

1
Qh =7rp+ sup (Ep}f: [Vh-i-l — A] — ZVarp}i(VhH — A)) (137)
A€[0,H] 5

Proof. Consider the optimization problem

Qn=ry+ Peigf(s) (Ep[Vat1] + Bx? (PIIPY))

I (P<s>vh+1<s>+ﬂpz<s>(%‘1>2>'

PeA(S) ey

The Lagrangian can be written as

£Pa) = 3 [P )+ 720) (s - )] S AP (1= P

ses SES sES

We set the derivative of £ w.r.t. P(s) to zero

oc P(s) B
3P7(3) — Vh+1($) + 2ﬁ<PfZ(s) - 1) - [A(S) + 77] — 0 (138)
We denote P’ as the worst-case transition that satisfies ([38)), then we have
P'(s) = Py(s) (1 - Ll 5 5[)\(8) +l ) (1.39)
inf £(P,n) = ~Epg {45 (Vis1(5) = IA(8) +1])° = (Visa () = [A(s) + 77])} + 7.
We have
Qn =1+ sup (inf L(P,n))
A>0n P
1
== inf (B | 5 (Vi (6) = X)) = (Vs 6) = 3G9 )| )
1
=7} + sup (Ep}c; [Vh+1 — )\] — TV&I“P}?(V}LJA — )\)) (1.40)
A>0 B
1
=7ry,+ sup (EP}? [Vh+1 - )\] - fVaI‘p;; (Vh+1 - )\)), (141)
X€[0,H] 4p

where ([40) holds by calculating the derivation with respect to 7 and thus setting n = E Py [Vhi1— Al
(C4T) holds because the result increases monotonically with respect to A when A > H. O

Similar to|Lemma H.2} we prove the optimism of estimation Q* and control Q* — Q.

Lemma 1.10 (Optimism). If we set the bonus term as follows
3H 2521n(48SAH3K?/0) 1 1
bonus® s,a)= |2+ )H +(14+—=|= 1.42
h( ) < 46 nﬁ—l(s’a)\/l 45 ( )

then for any policy w and any (k, h, s,a) € [K] x [H] x § x A, with probability at least 1 — 36, we
have Qi’ﬁ(s, a) > Qzﬁ(s, a). Specially, by setting m = w*, we have Qi’ﬁ(s, a) > Q; ’5(5, a).

Proof. We prove this by induction. First, when h = H + 1, QH+1(S a)=0= QH+1(S, a) holds
trivially.
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Assume Qi’ﬂ (s,a) > QZ’B (s, a) holds, since 7" is the greedy policy, we have
k, ™,
Vi () = Qi (5,mhia () 2 @ (5,mnga ) 2 QR (s muga () = Vi (s),

where the first inequality is because we choose 7% as the greedy policy.

Recall that we denote Qi’ﬁ

Z,ﬂ(s, a) = min {bonus’ﬁ(s,a) + 77 (s, a) + PeiIAlf(s) (E [Vk B

If QZ’/B(& a)

by the definition of QZ’B (s

=H-h+1,

as the optimistic estimation in k-th episode, that is,

h+1

then it follows immediately that

k
hﬁ (87 Cl)

,a). Otherwise, we can infer that

=H-h+1>Q7"s,

kB _ mB
Q" - Q;

= bonus} + 75 — 7, + Peigf (Ep [thﬁ] +Bx° (P”]S}]f)) -

= bonus} +7f + Peigf(s) (Ep [Vh+1] + Bx? (P||Ph))

(5)
+ inf (Ep[ViHA] +Bx° (PIPg)) - jnt (Ep [Viid] + BX*(PIIPY))

]+ Bx2(PIIPE)) (s, 0), H — h + 1}.

a)

PEA(S) EA(S)
> bonusy 4+ 7% — 1, + inf(S) (Ep [Vh+1] —Ep [Vhw_;_ﬂ)

+ il Ee[VER] + 6 (PIPY) = inf (Er Vi) +AX* (PIF))

(1.43)
> bonusi, + 77, =+ inf (B[] + 8 (PIPY)) = inf (Bp[VER] + 5x° (PIIF))
(1.44)
= bonus) + 7F — 7, + sup (Epx [Vf_fl - Al - Varpk (fo+ﬁ1 - A))
Ae[o,H] " 45
— sup (Epp [V} —A] - —Varp (Vi - )\)) (145)
A€[0,H] 43

> bonusﬁ + Th Th + N GI[I%fH] { [ ffﬁ - )‘] 48 VarPk (thfl )‘))

— (B [Vl - A] - @Varp (Vi = 2)}

1
> bonush ‘rh — rh} sup |(IE [th+ﬂ1 )\] — —Varp, (th+61 — )\))
)\e[o H] 4 "

~ (g [V N = g Varrg (VS5 - V)|

> bonusf — |[FF — | — sup |Ep [Vh’“f1 A] —Epe [V = A
A€[0,H]
6)
(ii)
— L sup [Varg, (Vi — A) = Varg, (Vi - A, (1.46)
48 aejo,m) h

where is from inf f(x)

(iii)

we plug in the dual formulation ([.37) in (L43)

—inf g(x) > inf(f — g)(x), is from the induction assumption,

For term (i) in ([46), from[Cemma L.Tand a union bound, with probability at least 1 — §, we have

In(2SAHK
‘rhsa—rhsa)’ n(2s /9)

43

2nk~(s,a) v 1’
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for any (k, h,s,a) € [K] x [H] xS x A.

To bound term (ii) in ([:46)), following the same discussion as (H.63), with probability at least 1 — &,
we have

o B Vi = A = Bre Vi = Al < swp [Erg[V] = Epy[V]] 4 2¢

252 In(12S AH? K2 1
< g, |2 ki /DL s
n, V1 K

for any (k, h,s,a) € [K] x [H] x § x A.

We denote V(X)) = V}f_ﬁ —A€[-H,H]andV = {V € R® : |V||o < H}. To bound term (iii) in
(C46), we create a e-net Ny, (€) for V. From|[Lemma L.4] it holds that In [Ny (e)| < | S| - In(3H /¢).

Therefore, by the definition of Ny (¢), for any fixed V, there exists a V' € Ay, (€) such that ||V —
V'||oo < €, thatis

|Varpo (V) — Var g (V)| < |Varpe (V) — Varps (V')| + |Varps (V') — Varﬁ},f(V’)| + ‘Varlg},:. (V') — Var g 2]
< [Bpp [V2 = V2| + [Ef V] = B V]| + [Epe [V = V]| + [ES, [V'] - EB.[V]|
+ |Varps (V') — Varﬁ:(v')|
< |Varpg (V') = Varp, (V)| + 8He

< sup |Varpe(V') — Varp, (V)| 4 8He. (1.49)
V'eNy ’ "

For any fixed V, following the same analysis as (H.14), we have

[Varpy (V) = Varpy (V)| = [(Epg [VZ] = By [V]) = (Epg[V?] = EB, [V])]
< [Bpp (V2] = Epe[V2)] + [ER; [V] - EB. V]|

251n(2/6)
< H? U= SvEas (Epp V] +Epe[V]) - [Epg [V] - Eps [V]]
h
< 5 2Skln1(2/5) o 25k1n1(2/5)
n, V1 n, V1
25 In(2
< 3H? w (1.50)
n, V1

with probability at least 1 — 4.



Then with probability at least 1 — §, we have
sup ‘Varpk (V}ffl -A) - Var po (th_;_ﬁl A)| < sup ‘Varpo(V()\)) — Varp: (V(N))|
A€[0,H] Xg(0,H] "

< sup |Varp£ (V) = Varp, (V)| + 8He
VeNy(e) "
(L51)

- 3H2\/231n(2SAHKINv|/5) s

“lvi
(1.52)

2 2
- \/ S 1n(65A51K/e5) Qi

2 3F2
g [PEMUSSAIRE5) | 1
n, V1 K
(1.53)
forany (k, h, s, a) € [K] x [ | x 8§ x A, where ([.3T) follows from (L49), (32) is from (L30) and

a union bOllIld we set € = 8HK in

Apply the union bound again and combine ([46) with ([47), ([48), (L33)), the definition of bonus
and induction assumption. With probability at least 1 — 35, we have QIZ”’ (s,a) > Q1" (s, a) for any
(k,h,s,a) € [K] x [H] x § x A. This completes the proof. O

With similar proof to , we can control the item QF — Q”k.

Lemma L.11. With probability at least 1 — 0, for any (k, s,a) € [K] x S x A, the sum of estimation
errors can be bounded as follows

H
- Q‘fk”g < Z E{P;Lb',k}hH:17Trk [2b0nus];].
h=

Proof. From the proof of|[Lemma I.2|, we see that with probability at least 1 — ¢, for any (k, h, s,a) €
[K] x [H] x S x A, we have

|7‘h s,a) —rp(s,a ‘ + | HAlf( )(IEP [V}fﬁ] —|—ﬂx2(PHﬁ}’f))(s,a) (1.54)
- PeuAlf( 5 (Ep[ViH5] + B3 (PIIES)) (s a)| < bonusf (s, a). (1.55)

Recall that we define P,i” " = argmin (E P [Vh 11 } + B> (PHP;L’ )) as the worst-case transition in

PEA(S)
we have

W= Qi < bomush 47+ it (Bp (Vi) +AxP (PIPR)) i~ int  (Be (VL] + 60X (PI17))

. o . Tfk, o
< 2bonus} + Pelgf(s) (Ep ViG] + B (PIPY)) — L Juf (Ep Vi’ + B3 (PIPE))

A(S)
1.56)
.
= 2bonus}; + Epu 1 [Qp) — Q7yY - (L57)
where ([.536) uses (L33). Apply (L537) recursively, we can obtain the result. O

Theorem I. 12 (Restatement of [Theorem D.16|in x2-divergence setting). For RRMDP with (s, a)-
rectangular x-divergence defined regularzzatlon term satisfying |A with probability at

least 1 — 6, the regret of [Algorithm 1| satisfies
_ H 1
Regret = (9(<1 + 6) (CorS?AH? + CETSgAéHQ\/?)) :
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Proof. Setting &’ = §/5 in and (.10} then with probability at least 1 — §, we get

K K K
Regret = > (V"7 =" %) = 3 (7 =) + 30 (v = v )
k=1 k=1 k=1
K H
<Y Epui . [2bonusy] (158)
k=1h=1 "
K H
3H 252 In(48S AH3K?2/5) ( 1 ) 1 ]
=2 Epuk s <2—|—)H +(1+ =) =] @59
;; B 4p \/ nf Y (s,a) V1 i) K
=0 (1 + I;) (CorS2AH? + OérSgAéHQVR)), (1.60)

where ([58) is the combination of [Lemma I.T0]and [Lemma T.TT} we plug in the bonus (L42) in @)

(L50) i from Lemma FL9

J Proofs of Results in Lower Bounds

J.1 Proof of Lower Bounds on the Regret

S92 , 52
p p
P~ N (u(a), 1) P~ N (u(a), 1)
S1 S1
1— o
p 83 1—-p 53

r=1 r=1

(a) The nominal RMDP.  (b) The perturbed RMDP.

Figure 6: Constructions of the nominal environment and the worst-case environment in the proofs of
regret lower bounds, the value on each arrow represents the transition probability.

Theorem J.1 (Combination of [Theorem 3.3|and [Theorem D.18)). For CRMDPs with TV, KL and x>
divergence defined uncertainty sets and RRMDPs with TV, KL and x> divergence defined regulariza-
tion terms, for any learning algorithm &, there exists a RMDP M satisfying such

that Regret (¢, K) = (Cu%r VEK).

Proof. The proof here follows the high level idea in [[13, Theorem 15.2]. We consider two RMDPs
M and M, as illustrated in where H = 2,8 = {s1, s2,s3} and A = {ay, a2, -+ , a4}
The only difference between these two RMDPs is the mean reward at so. s7 is always the initial state,
and can transit to s; with fixed probability p and s3 with fixed probability 1 — p regardless of the
action. We assume that KX > |A| and p > | A|/K to facilitate the constructions, this bound becomes
loose as K grows large.

The agent receives a reward drawn from a unit normal distribution, r ~ N (u(a), 1), at state s5, and a
fixed reward r = 1 at state s, where u(a) € [0, 1). This choice of ;(a) ensures that the robust value
function satisfies V™ (sq) < V™P(s3), implying that the transition probability from s; to so will
not decrease in the worst-case environment compared to the nominal environment In M, the mean
reward vector at sy is given by y; = (A,0,---,0) € RAland A < L 1s a constant to be specified.

We introduce some notations that will be useful in the following discussion. The agent follows a
learning algorithm ¢ and, in the k-th eplsode selects a policy 7" to interact with the environment and
collect a trajectory (o*, ak r ) where 0" denotes the state to which the agent transitions from s; after
taking an arbitrary action; a” denotes the action the agent takes at step h = 2, i.e., at state o or s3;
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and 7* denotes the corresponding reward received at s, or s3, all in episode k. The joint distribution
over the trajectories collected across all K episodes, {(o*, a*,r¥)}_,  induces a distribution denoted
by P¢.

The random variables corresponding to o*, a”*, r* are denoted by O, A*, R¥, respectively. We use
E? to denote the expectation under IP{. As similarly noted by [2], it suffices to consider deterministic
strategies without loss of generality. Let S; (/) denote the number of episodes in which the agent
selects action a; if visiting state sy according to the learned policy

K
Sj(K>=Z]1{7Tk(82)=aj}, 7.1
k=1
and let T; (/) denote the number of episodes in which action a; is actually taken at state s,
K
Ti(K) =Y 1{O* = 55, A* = a;}. d.2)
k=1

We set ¢ = argminE¢[T}(n)] as the least chosen action (excluding a;) under environment M.
i>1

Since the expected number of times the agent transitions from s; to ss over K episodes is Kp, and

given the selection of ¢, it follows that

Kp
EQ(T. < —.
We now define the mean reward at s, in environment Mo as
Ho = (A707 3072Ahu07"' ,0)
c-t

J.3)

That is, p2(aj) = pi(aj) for all j # ¢ and ps(ac) = 2A. Clearly, the optimal policy at state so
selects action ay in M and action a. in M.

Recall the definition of C,,, in[Assumption 3.T]and the visitation measure notations introduced in

Since the visitation measure to s; is always 1, and the visitation measure to ss,

which is equivalently the transition probability from s; to s3, does not increase in the worst-case

environment compared to the nominal one, the maximum visitation measure ratio can only be attained

at state so. In the nominal environment, the visitation measure to s is d” (s3) = p for any policy .

In the worst-case environment of M, let p = max ™ (s2) denote the maximum visitation measure to
™

S, that is, the largest transition probability from s; to sy across all policies, under both the CRMDP
and RRMDP settings. In what follows, we show that this value p remains unchanged in M.

To proceed, we present the following lemma, which provides a lower bound on the sum of the total
regret in environments M7 and M.

Lemma J.2. For TV, KL and x? divergence defined CRMDP and RRMDP settings, there exists a
corresponding constant ¢ such that

E[Regret o, (&, K) 4 Regret y, (£, K)] > ¢ p-exp (— KL(P?,P3)) KA, J.4
i for CRMDP settings,
3 for RRMDP-TV setting,
where (= 1 .
W for RRMDP-KL setting,
= for RRMDP-? setting.

We present the following lemma to simplify the expression for KL(PP{,P3).
Lemma J.3. For the distributions P and P$, the following property holds:
|A|

KL(P%PS) = ZE(NT](K)] KL(PT )7PTM2(5270,J-)); (JS)
j=1

M (52,05

where T;(K) is defined in (I.2).
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From the construction of reward function, we can simplify (I.3)) as
|A|
0.Pg) = EI[T5(K)] - KL(raq, (52, 5), 71, (52, a5))

_ BS[7,(K)] - KLOV(0, 1), (22, 1)

= 2A% - E{[T.(K)] (1.6)
2A%Kp
<TA-T ()

where (I.6) follows from [Cemma L.7] and (I.7) applies the result of (I.3).

We now return to bounding (J.4)). By plugging in (J.7) and setting A = /(] A| — 1)/(4Kp), which
satisfies A < 1/2 due to the given range of K and p, we obtain

2 max {E[RegretMl(f,K)],E[RegretM2(f,K)]} > ]E[RegretMl(f,K) + RegretMg(f,K)}
>(-p-exp ( — KL(P?,}P"’))KA

( 2A2Kp>KA

’6

|Al =1
> ( -~ \[\/ Cor (|A] - 1>K) (1.8)
— Q(CAVE).
This finishes the proof. O

J.2 Proof of[Lemma D.14]

To establish the results for hard instances, we instantiate the constructed example in
by appropriately selecting the nominal transition p and the uncertainty set radius p. We assume that
K > 22IA1+1| A] throughout the proof.

For TV-distance. We set p = mr— > |A|/K and p = 3. First, we solve the worst-case
transition in the first step explicitly. Follow the definition of TV-distance, we have
p = argminp'V7(s2) + (1 - p') (1.9)
p/
st. p—p<p.
Since (I:9) decrease monotonically with p, the solution of this optimization problem is p =p + p =

%. Therefore, C,,,. = p/p = 2214,

From (J:8), we see that the expected regret for constructed environments M1 and M, satisfies

max {E[RegretMl(é,K)],E[Regreth(g,K)]} > 9(6_22\/5 Cor(JA| - I)K) — Q(2|A‘\/E).

This finishes the proof.
I_ .
For x?-divergence. We set p = iy > |A|/K and p = % First, we solve the
worst-case transition in the first step explicitly. Follow the definition of y2-divergence, we have
p=argminp'V7(s2) + (1 —p') (J.10)
p/

’ 2 1— o 2
s.t. p(p—1> +(1—p)( P —1) < p.
p 1-p
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Since (I.I0) decrease monotonically with p, the solution of this optimization problem is p = p +
pp(1 — p) = 3. Therefore, C,,, = p/p = 2214,

From (I:8), we see that the expected regret for constructed environments M; and M, satisfies

max {E[Regret \, (¢, K)|, E[Regret \, (£, K)] } > 9(6_22\/5 Cor(JA| — 1)K) = Q(QW\/?).
This finishes the proof.

21 A _1y2 .
For KL-divergence. We set p = mor > A|/K and p = %. First, we solve the
worst-case transition in the first step explicitly. Follow the definition of KL-divergence, we have

B = argminp'V™(s2) + (1 - p)
p/

/ 1_ /
s.t. p'log <p) +(1—p) log( P ) < p.
p I-p

Though it is difficult to obtain a closed-form solution for this optimization problem,
implies that its optimal value is no less than that of the previous x2-based optimization problem. That

is,p > p+ /pp(1 — p) = 3. Therefore, C,,, = p/p > 221 Al
From (J.8), we see that the expected regret for constructed environments M1 and M, satisfies

1
e 2

2

max {E [Regret 4, (£, K)|, E[Regret y, (£, K)]} > Q( Cor(JA| - 1)[() - Q(2|A‘\/E).

This finishes the proof.

K Proofs of Supporting Lemmas in the Proofs of Lower Bounds

K.1 Proof of

We provide the proofs for the three CRMDP settings in as they share a similar
underlying structure. The proofs for the RRMDP-TV, RRMDP-KL, and RRMDP-? settings are
given in|Appendix K.1.2| [Appendix K.1.3| and [Appendix K.I.4] respectively.

K.1.1 The CRMDP Settings

First, we consider the optimization problem for the worst-case transition from state s; to states so
and s3, given by

PY = argmin [p - V™P(sq) + (1 —p')- VTP(s3)]
piD(PU]Po)<p

=  argmin [p' -VTP(s9) + (1 — p,)]a
p":D(Pv||P°)<p

where P = (p/,;1—p') and P°=(p,1—p),

where the second equality holds because V™(s9) < 1 and V™?(s3) = 1 by construction. As a
result, the objective function p’ - V™*(s2) 4+ (1 — p’) decreases monotonically with respect to p’.
Therefore, the worst-case transition probability is characterized by p = sup{p’ : D(P™||P°) < p},
where D denotes an f-divergence (TV, KL or x?). This implies that p remains invariant across
different policies 7 and environments M and M.
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For environment M, the total regret incurred by selecting a suboptimal policy 7% (s2) # a; in each
episode can be bounded as

E [Regret \(, (&, K)] Z]EO V7T P(s1) V”k’p(sl)}

s B[ V™ #(s2) + (1= P) - V™ P(s3)) — (5- V™ P(s2) + (1= 5) - V™ (s3))]
= (K.1)
=SB (V7 () — V()]
k;l
=Y EP[p- 1{n"(s2) # ar }A] (K.2)
= K
— A B | ot ) £ )]
—p-A- ]E‘f[l?z—l S1(K)] (K.3)
pKAIP" (Sl( ) < g) (K.4)

where (KXI)) follows from the definition of the robust value function under the CRMDP setting, using
p as the worst-case transition probability, (K.2) relies on the construction of the reward function at
state s = so, (K3) uses the definition of S;(K) as given in (I.I), and (K:4) follows from Markov’s
inequality.

For environment M, following the same analysis, the total regret incurred by selecting a suboptimal
policy 7% (s5) # a. in each episode can be bounded as

E [Regret , (€, K)] ZEO V7r P(s1) V”k”’(sl)]

ES[p- (V™ #(s2) — V™ *(s2))]

I
Mw

=~
Il
—

> T

Eg[g. (]l{wk(SQ):al}AJr 3 n{wk(sz):aj}A)}

J>1,j#c

Eg [ﬁ (]1{7Tk(52) = al}A)}

\%
i

1

—5AE [fjﬂ{w‘%sz) —a}

k=1
=5 A-E[S1(K)]
pKA (Sl( )>§). (K.5)

By combining (K:4) and (K33) W1th we obtain

E[Regret v, (€, K) + Regret v, (¢, K)] > p";A (]P’O(Sl( ) < 12{) TP (SQ(K) > g))
FKA
> B= exp (- KL(PY, B)).

We complete the proof by setting ¢ = %
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K.1.2 The RRMDP-TV Setting

For the RRMDP-TV setting, the robust value function at state s, denoted by Y8 (s1), is defined as
V””B(Sl) — i;xr)l’f {p/ . V””B(Sg) + (1 —p’) . V”’B(s;g) + ﬁ|p' —p|}
= inf {p/- V™ (s2) + (1—p) + B —p)},

where the second equality holds because V™% (s3) < 1 and V™#(s3) = 1 by construction. Given
that 1/1”’5(82) takes value in {0, A, 2A}, we set 8 € [0,1 — 2A], so that V;’ﬂ(sz) —-14+8<0.
Therefore, the term [V;’B (s2) — 1+ 6} p’" decreases monotonically with p’, and the infimum is
attained at p = 1. Consequently, we obtain

V™ (s1) = V™ (s3) + B(1 — p).

For environment M 1, the total regret incurred by selecting a suboptimal policy 7% (s2) # a; in each
episode can be bounded as

B[V 8 (s1) — V™ B (s)]

I
]~

E[Regret o, (&, K)]

ol
Il
—

[
M=

Ef [1{n"(s2) # a1} - (A +B(1—p)) - B(1 —p))]

>
Il

1

K
=7 A-E?[Z]l{wk(@) £ al}} (K.6)
k=1
=p-AEI[K — S (K)] (K.7)
> Pl (i) < 2, (K.8)

where (]Kj[) holds because p = 1 as previously derived, (K.7) uses the definition of S;(K) as given
in , and (K.8) follows from Markov’s inequality.

For environment M, following the same analysis, the total regret incurred by selecting a suboptimal
policy 7% (s2) # a. in each episode can be bounded as

E[Regret oy, (€, K)] Z]E" (V7B (s1) = V™ P (s1)]

Mx

B3 [1{r"(s2) = ar} - (24 + B(1 = p)) = (A + B(1 - p))

k=1

+ Y 1) = e} (28461 -p) - 80— )]

J>1,j#c

K

> 8| St (o) = )]
k=1

5 B8 ()

pI;AIP"’ (Sl( ) > %) (K.9)

By combining (K:4) and (K25) with[Cemma L.6] we obtain
pKA K K
E[Regret ., (£, K) + Regret o, (¢, K)] > pT(]P"{ (Sl(K) < 5) + P (Sl(K) > 5))

pKA

> exp (— KL(P?,P3)).

We complete the proof by setting ¢ = %
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K.1.3 The RRMDP-KL Setting

For the RRMDP-KL setting, the robust value function at state s1, denoted by Y8 (s1), is defined as

V) =g (o7 V7)) Vs 8o () 0=t (32 )| |
(K.10)

Using the construction that V™#(s3) = 1 and setting the derivative of the objective function in
(KZI0) with respect to p’ to zero, we obtain
T
, pe~ P VTP (s2)

P pe Ve (1 - pep (K.1D)

The worst-case transition probability p is defined as the maximum value of p’ over all policies .
Since (KZIT)) is monotonically decreasing in V™7 (s3), we set V™7 (s2) = 0 in (K:I1) to obtain

p
p+ (1 —ple
Fln%ll(y, s)ubstltutmg (KZTT)) back into (KZ10), we derive the expression for the robust value function
V™P(s1) as

(K.12)

ﬁ:

V™B(s1) = —Blog <pe—5’1"”3<52> +(1- p)e—ﬁ’l). (K.13)
For the environment M, if 7% (s3) # a1, then the episodic regret can be bounded by

(1—pe _ﬂfl) + Blog (p+ (1 —p)e_’rl)

. (p A 1—59;63“)

V”*”B(sl) VT ’B (s1) = —Blog (p

e
Blog (1+ = 16_ A)e__;)1>

= 5(1) +(1 —pp)e‘ﬁ‘l> (1 fﬁlﬁﬁ) K1)

> 5(1 +16 )A (K.16)

where (KTT4) is because log(1 + x) < « for z > —1, (KI3) is because 1 — e™* > % for z > 0,
(KT6) plugs in (K-12)) and uses the selection that A < 1.

Summing over all K episodes, we obtain

E[Regret q, (¢, K)] ZE" (V7B (s1) = V™ P (s1)]

:ZEO{MW (52) # ar}- p<1+lﬂ )A}

_ §A7 -E‘{[Eﬂ{ﬂk(%)#al}}

14671
pPA o,
= 151 EilE = Si(K)] (K.17)
pKA R K
2 mﬂ”l(&(lﬂ < 5), (K.18)
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where (KI7) uses the definition of S;(K') as given in (II)), and (K:I8) follows from Markov’s
inequality.

For the environment Mo, if 7%(s5) = aj, then the episodic regret can be bounded by

VT ) = VT 1) = ~Blog (pe A 1 (1 - p)e ™) 4 Blog (pe S 4+ (1 - p)e )

-1 —
_ plog (P S mpe”
pe P B (L pe

o )

> 5<pe_glA n ](?1 e ) (1= B '2)e87"a

> B8 (p +(1 _pp)eﬁ—1> <1 f;ﬁg K.19)
- 5<16+6511>A’ (K.20)

where (RI9) uses e # " < e=# "2 < 1, (R20) plugs in (R12) and uses the selection that A < 1.

Summing (K:20) over all K episodes, following the same analysis, we obtain

K
E[Regret u, (& K)] = D ES[V7 P (s1) = V™ P(s1)]
k=1

zi {]l{w (52) = a1} - p<1jﬂl )A}

o K

By combining (K.18)) and (K22T)) with[Cemma L.6] we obtain

—-ATBKA K K
E[Regret v, (¢, K) + Regret v, (¢, K)] > ﬁ(m (Sl(K) < 5) . (Sl(K) > 5))

L e P PKA
— A+

,5—1
4(1+B Dl

exp ( — KL(P‘I’,]P’S)).
We complete the proof by setting ( =

K.1.4 The RRMDP-)? Setting

For the RRMDP-X2 setting, the robust value function at state s;, denoted by Y8 (s1), is defined as

vt =int o Vo) + (=) v 48l (2 1)+ a-m(52 1) ]
(K.22)

53



Using the construction that V™#(s3) = 1 and setting the derivative of the objective function in
(K222)) with respect to p’ to zero, we obtain

p(1—p)(1 = V™(s2))
28 ‘

p=p+ (K.23)

The worst-case transition probability p is defined as the maximum value of p’ over all policies .

Since (K:23) is monotonically decreasing in V™ (s2), we set V™5 (s3) = 0 in (K:23) to obtain
p(1—p)

28
Flnally, substituting (K:23) back into (K:22)), we derive the expression for the robust value function
V7B (s1) as

p=p+ (K.24)

p(1—p)(1 - V™h(s3))?
48 '

For the environment M, if 7%(s5) # a1, then the episodic regret can be bounded by

Ve V(o) = (pa (1) - 20 G A)Q) (g2

VTB(s1) =pV™F(s2) + (1 —p) —

(K.25)

43 45
i p(l - p) 2
pr+745 (2A — A%)
1 p(1 —p)
> 3P pA + 15 A (K.26)
> 1pA (K.27)

where (K:26) uses the selectlon that A < 1 and (K227) plugs in (K224).

Summing (K:27) over all K episodes, we obtain

E[Regret oy, (¢, K)] ZE" V7B (s1) = V™ B ()]

i [n{w (s2) £ ar} - 54

k=1
N P
=5 El[Z]l{w (52)7Aa1}]
k=1
_ % ES[K — Sy (K)] (K.28)
pEA 1(51(K)§§), (K.29)

where (K:28) uses the definition of S;(K) as given in (I.I)), and (K:29) follows from Markov’s
inequality.

For the environment M, if 7% (s3) = a1, then the episodic regret can be bounded by

2

2
VTP (s1) = VTE(s1) 2 <2pA+( p) - p(l_p)(1_2A))—(pA—F(l—p)—p(l_pzl(ﬁl_A)

4p
= pA + 19(14?)(% — 3A?)
= pA + 73(147;2’&(2 —3A)
> 1pA+ p“g; P A (K.30)
> iﬁA, (K.31)
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where (K230) uses the selection that A < 1 and (K231) plugs in (K224).

Summing (K:3T) over all K episodes, following the same analysis, we obtain

E[Regret vy, (€, K)] = iEg (V7P (s1) — Vﬂk’ﬁ(sl)]
k[:{l ~
> ;Eg [n{wk(@) = a}- ZA]
= % -ES {i 1{r"(sq) = al}]
k=1
= P2 mgls, (k)
> %Fg (51(K) > %) (K.32)

By combining (K:29) and (KZ32)) with[Cemma L.6 we obtain

A
E [Regret v, (£, K) + Regret y, (&, K)] > p[é (]P’O(Sl( ) < [2(> + P (Sl(K) > %))
> pll(GA exp ( — KL(P3,P3)).

We complete the proof by setting ¢ = %.

K.2 Proof of

In order to prove this, we borrow the same technology as [13, Lemma 15.1]. First, by the definition
of KL-divergence, we have that

dP?
KL(PS, Pg) = ES {1 ( dPo)] (K.33)

Following the notation defined in | we calculate the Radon-Nikodym derivative of I’ as
follows

K
pT(Ol,al,T17~-~ .0 K K K H k|81 (ak|01,a1,r1,~-~ ,Ok_l,ak_l,’l“k_l,ok)-PI‘(’I"MI(Ok,ak):’l"k>,

The density of P is exactly identical except that 74, is replaced by ra,, which gives rise to

dPg M (oF,a*) =r¥)
] Lot gl o o rK) 1 1107,
K k k
P , =
— Z ]l{Ok = 82} . log r(TMl(S2 ak) Tk) ) (K-34)
— PI‘(TMQ(SQ,CL’) zr’)

where (K34) is because the agent receives a fixed reward r = 1 when o* = s3.
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Taking expectations on both sides of (K:34), we obtain

E‘f{l (j]P’O (OY, AY, R ... O AK RK)H (K.35)

K k
P, ary (RF)

=Y E|1{0" =55} -1 ra (o2
2 S s2} - log <Pr (R¥)

Moy (92714’“

K i Pr RF
= 3B |ES[1{OF = 5y} - log (Ml‘”"‘ )(Rk) OF, A
k=1 L ”‘Mg(sz,Ak)( )
K i Pr s Rk
= Y E{|1{O" = sy} - Ef | log M—(,C) OF, Ak (K.36)
- L P, (52,48 (RF)
K
= Y EY[1{O" = so} - KL(Py,, (s5,4%) Pros, (s2.4%))] (K.37)
k=1
|A| K
= Z]E‘l’ [Z 1{OF = 53, A% = a;} - KL(PWl(SQ,%_),PTMQ(SM))}
j=1 k=1
|A]
= Z E?[T](K)] : KL(PT'Ml(SQ,aj)a P"M2(527aj))7 (K.38)

where (K:36) is because 1{O"* = s} is measurable with respect to the o-field generated by O and
Ak (K37) follows from the definition of KL divergence, follows from the definition of 7 in

([@-2). Combining (K:38) with (K:33)), we conclude the proof.

L Auxiliary Lemmas

Here, we present some auxiliary lemmas which are useful in the proof.

Lemma L.1 (Hoeffding’s inequality). [32] Theorem 2.2.6] Let X1, - - - , X be independent random

variables. Assume that X; € [0, M| for every t with M > 0. Let Sp = % Zthl Xy, then for any
e > 0, we have

2T €?
(|ST— ST]|ZE)S2€XP(—]\4€2>.

Lemma L.2 (Self-bounding variance inequality). [22| Theorem 10] Let X1, --- , X1 be independent
and identically distributed random variables with finite variance. Assume that X; € [0, M| for every

t with M > 0. Let Sp = = ZtT:1 X? - (3 23:1 X1)?, then for any € > 0, we have

T 2
]P’(|ST — \/Var(X1)| > e) < 2exp < - 2];[2)
Lemma L.3. (36, Theorem 2.1] Let P be a probability distribution over S = {s1,--- ,ss},

X1, , X7 be independent and identically distributed random variables distributed according
to P. Let P(s) = + Zthl 1{X: = s}, then for any € > 0, we have

2
B(|P - P, > ¢) <25 exp ( - T)

2

Lemma L.4. [24 Lemma 7] We define V = {V € RS : |V ||oo < Vyuar }- Let Ny (€) be a minimal
e-cover of V with respect to the distance metric d(V,V') = ||V — V||« for some fixed € € (0,1).
Then we have

3Vmax
long<e>|s|S|-1og( : )
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Lemma L.5. [/l Lemma F4] Let F; fori =1,2,--- be a filtration and X1, --- , X,, be a sequence
of Bernoulli random variables with P(X; = 1|F;_1) = P; being F;_1-measurable and X; being
Fi-measurable. It holds that

P(% : ZXt < ZPt/2 — W) <eW.
t=1 t=1

Lemma L.6 (Bretagnolle-Huber inequality). [l/3| Theorem 14.2] Let P and Q) be probability
measures on the same measurable space (0, F), and let A € F be an arbitrary event. Then

P(4) + Q(A°) > 5 exp(~KL(P,Q))

Lemma L.7. [l/3| Section 4.2] The KL-divergence between two Gaussian distributions with means
1, o and common variance o2 is

)2
KL(N(/J“17J2)7N(N2702)) = UHQ%
Lemma L.8. [28 Theorem 3.1] Let P and Q) be two probability distributions, then

KL(P|Q) < x*(P||Q).
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