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Abstract

We consider a replicable stochastic multi-armed bandit algorithm that ensures, with high
probability, that the algorithm’s sequence of actions is not affected by the randomness
inherent in the dataset. Replicability allows third parties to reproduce published findings and
assists the original researcher in applying standard statistical tests. We observe that existing
algorithms require O(K?/p?) times more regret than nonreplicable algorithms, where K is
the number of arms and p is the level of nonreplication. However, we demonstrate that
this additional cost is unnecessary when the time horizon T is sufficiently large for a given
K, p, provided that the magnitude of the confidence bounds is chosen carefully. Therefore,
for a large T, our algorithm only requires K?2/p? times smaller amount of exploration than
existing algorithms. To ensure the replicability of the proposed algorithms, we incorporate
randomness into their decision-making processes. We propose a principled approach to
limiting the probability of nonreplication. This approach elucidates the steps that existing
research has implicitly followed. Furthermore, we derive the first lower bound for the two-
armed replicable bandit problem, which implies the optimality of the proposed algorithms
up to a loglog T factor for the two-armed case.

1 Introduction

For scientific findings to be considered valid and reliable, the experimental process must be repeatable and
yield consistent results and conclusions across multiple repetitions. A significant issue in many scientific fields
is the reproducibility crisis, highlighted by a 2016 survey published in Nature (Baker} 2016, which found that
more than 70% of researchers have tried and failed to replicate another researcher’s experiments. Similar
issues have occasionally been noted in the field of machine learning research. In recent years, major machine
learning conferences have started a series of reproducibility programs (e.g., the NeurIPS 2019 Reproducibility
Program (Pineau et al. 2021))). Nevertheless, the current trend toward rapid publications in the machine
learning field amplifies concerns about reproducibility.

In particular, this paper considers the reproducibility in the domain of sequential learning. We consider
the multi-armed bandit (MAB) problem (Robbins| [1952; [Lai & Robbins| [1985|). This problem is one of the
most well-known instances of sequential decision-making problems in uncertain environments. The problem
involves conceptual entities called arms, of which there are a total of K. At each round ¢t = 1,2,..., the
forecaster selects one of the K arms and receives a corresponding reward. The forecaster’s objective is
to maximize the cumulative reward over these rounds. Maximizing this cumulative reward is equivalent
to minimizing regret, which is the gap between the forecaster’s cumulative reward and the reward of the
best arm. The initial investigation of this problem took place within the field of statistics (Thompson)
1933; [Robbins, [1952)). In the past two decades, the research on this problem has been driven by numerous
applications, including website optimization (Li et al.| [2010]), A/B testing (Komiyama et al., [2015) as well
as healthcare intervention (Collins et al., [2007)).

Several algorithms have proven to be effective. Notably, the upper confidence bound (UCB, [Lai & Robbins,
1985; |Auer et all [2002) and Thompson sampling (TS, [Thompsonl [1933)) are widely recognized. Research
has shown that these algorithms are asymptotically optimal (Cappé et al.l [2013; |Agrawal & Goyal, [2012;
Kaufmann et all 2012) in terms of regret, which means that these efficient algorithms exploit accumulated
reward information to the fullest extent possible.



Under review as submission to TMLR

1.1 Replicability

One possible drawback of such efficiency is the algorithm’s lack of reproducibility by other parties, which
can make replicating results challenging. This aspect is particularly important because, unlike most
statistical learning algorithms, a sequential learning algorithm not only learns from existing data but also
actively queries new data. The data-querying process is highly adaptive. For example, a UCB algorithm
selects the arm with the largest UCB index, which is calculated based on all previously observed data points.
Consequently, even a small modification in the initial data points can lead to a significant change in outcomes.
To illustrate this, consider the following example:

Example 1. (Crowdsourcing (Abraham et al.| 2013} |Tran-Thanh et al |2014)) Imagine a company conduct-
ing a crowd-based A/B testing with K items. In this scenario, each round t corresponds to a worker visiting
their website, and each reward represents the feedback provided by the worker, such as a five-star rating. The
company runs a bandit algorithm to mazximize the total reward.

It is often the case that the company is reluctant to disclose the dataset due to possible privacy breach
(Narayanan & Shmatikov], |2008)). Even if a third party can set up an environment that is sufficiently
similar to the original, a slight change in the reward of the first few data points can alter subsequent
item allocations and significantly affect the performance of a bandit algorithm. In this sense, reproducing
sequential algorithms is generally challenging.

It is well-known that the standard frequentist confidence interval no longer holds for the results of the multi-
armed bandit problem because such an adaptive algorithm violates the assumption of statistical testing that
the number of samples is fixed. Namely, let N; be the number of samples for each arm ¢ € {1,2,..., K}.
Although each run is for fixed duration 7" = >, N;, the values of N; can differ across multiple runs. In
general, mean statistics derived from the multi-armed bandit algorithm are downward biased (Xu et al.
2013; |Shin et al.| [2019), and this bias persists even for a large sample scheme (Lai & Wei, |1982)), invalidating
the use of standard confidence intervals even for asymptotics (Deshpande et al.; [2018)).

The fundamental notion of reproducibility in this context is replicability (Impagliazzo et all [2022). In simple
terms, an algorithm is replicable if a different party with a different dataset is able to replicate the same
resultsﬂ In sequential learning, “the same” refers to maintaining identical sample allocations. Replication
of results across different datasets enables us to conduct statistical tests. Suppose that we want to apply a
statistical test, such as z-test to verify that arm 1 is better than arm 2 with a statistic z = /Ny + Na(fi1 —fi2),
where N1, Ny are the number of samples and jiy, i are empirical means. The standard confidence bound
states that if |z| > 1.96 then we can support the alternative hypothesis, which indicates that one arm is
significantly better than the other arm with confidence level p = 0.05. This analysis is invalid for the data
generated by a multi-armed bandit algorithm, since N1, N5 are random variables that depend on the rewards.
However, when we use a replicable bandit algorithm with non-replication probability at most p = p/2, then
we can guarantee that N, Ny are identical with probability at least 1 — p/2, and if |z| > 2.25, which
corresponds to the significance level of p/2, we can support the alternative hypothesis with p = p/2 + p/2.
Namely, the probability of false finding under null hypothesis Hy is bounded as:

P[|z| > 2.25 | Hy] < p,

where the probability is taken over the randomness of the algorithm and data. Here, the value 2.25 corre-
sponds to the threshold of z-test with p = 0.05/2.

1.2 Main results

The study of replicability in the literature is limited, as reviewed in Section [J] Existing research suggests
that achieving replicability often comes at the cost of sample inefficiency; higher levels of replication require
a larger number of samples. In the context of multi-armed bandit algorithms, a smaller non-replication
probability p is considered to result in higher regret. In particular, [Esfandiari et al.| (2023a) is the sole
work that provides algorithms studying replicability under the same settingEI The regret of the algorithms

Thttps://www.acm.org/publications/policies/artifact-review-and-badging-current
2Zhang et al|(2024) also considered a more stateful version of bandit problem and derived asymptotic no-regret learning.
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Table 1: Comparison of regret bounds in the K-armed and linear bandit problems. Means {u;};c(x) are
sorted in descending order, A; = p; — p; is the suboptimality gap of the arm i, and A = As. RSE has
multiple bounds, which implies that it has the smallest regret among the bounds. The lower bound is derived
for the case with two arms. Here, O omits a polylog factor in d, K, T

Problem |[Esfandiari et al|(2023a) This work
0 (Zl oA (bgT + 1og(K(10gT>/p)
(REC (Theorem 10) and RSE (Theorem )
O (Zz ) <logT+ K logu;(zlogT)/p)))
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0] <\/KT <10gT+ Kﬂog(Ii)(JogT)/p)))

(RSE, Theorem [11)
1 1
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Lincar 5 (KQ\éﬁ) O~ . <logT+ 2 ) (RLSE, Theorem
, O %\/T) (RLSE, Theorem |
therein is
0 X 1 K?logT 1)
i=2 A p? 7

which is K?/p? times larger than that of nonreplicable algorithms, such as UCB and TS. Here, K is the
number of arms, T' is the number of rounds, A; is the suboptimality gap for arm 4, and p is the probability
of nonreplication. Although the additional factor might appear necessary for the cost of replicability, it is
somewhat disappointing to pay such a cost for replication. Upon closer examination of the problem, we
discovered that the cost for the replicability can be decoupled from the original regret. Namely, we obtain
regret of

K
0( ZngT + Z L K log (logT)/”)) 2)

P p?
—_———

Regret for nonreplicable bandits Regret for replicability

This equation [2] is encouraging in the following sense. When we fix K, p and consider sufficiently large T,
then the O(log T) first term dominates the O(loglog T') second term. If we ignore the second term, we obtain
a regret of O(ZZ 9 IOAg_T), which matches the optimal rate of regret in stochastic bandits. Formally,

. Regret of equation 2]
lim sup : S =5
T—oo Regret of equation K

and the regret of equation [2| is rate-optimal, meaning that it matches any (possibly non-replicable) algo-
rithm, such as UCB and TS, up to a universal constant factor. This improvement is attributed to how the
factors log T and K?2/p? are decomposed. To elaborate further, the algorithmic contributions of this work
are outlined as follows. First, after the problem setup (Section 7 we introduce a principled framework for
bounding nonreplication probability, which is often used implicitly in the literature (Section . The frame-
work is quite general and can be extended into a more general class of sequential learning problems, such as
episodic reinforcement learning. We then introduce the Replicable Explore-then-Commit (REC) algorithm
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(Section [}, which has a regret bound of

O( A logT—i—ZA loglogT)/p)> (3)

The advantage of equation [3| is that both terms are O(K), which is better than equation [2 when the
suboptimality gaps for each arm are within a constant factor. However, depending on the suboptimality
gaps, equation [3| can be arbitrarily worse compared with existing bound of equation [I] To deal with this
issue, we introduce the Replicable Successive Elimination (RSE) algorithm (Section , whose regret bound
is the minimum of equation [2|and equation |3} Furthermore, based on these bounds, we derive a distribution-
independent regret bound for the replicable K-armed bandit problem. Moreover, we derive the first lower
bound for the replicable K-armed bandits (Section @ that implies the optimality of equation [2| for K = 2
up to a logarithmic factor of K, p, A, and logT. Finally, we consider the linear bandit problem (Section
E[), in which each of the K arms is associated with d < K features. We show that a rather straightforward
modification of RSE yields an algorithm whose regret scales linearly in d. The performances of REC and
RSE are supported by simulations (Section . A comparison of existing algorithms and our algorithms is
summarized in Table [1

2 Problem Setup

We consider the finite-armed stochastic bandit problem with T rounds. At each round ¢, the forecaster
who adopts an algorithm selects one of the arms I; € [K] := {1,2,3,..., K} and receives the corresponding
reward r;. Each arm ¢ € (K] has an (unknown) mean parameter u; € R. Here, u; € [a,b] for some a,b € R
and we let S = b — a. We assume S to be a constant. The reward at round t is ry = ps, + 1, where n; is a
o-subgaussian random variable that is independently drawn at each roundE| The subgaussian assumption is
quite general and is not limited to Gaussian random variables. Any bounded random variable is subgaussian,
and thus, it is capable of representing binary events (yes or no) and ordered choice (e.g., 5-star rating). For
subgaussian random variables, the following inequality holds.

Lemma 1 (Concentration inequality). Let X1, Xa,..., Xy be N independent (zero-mean) o-subgaussian
random variables, and fin = (1/N) >, X; be the empirical mean. Then, for any e > 0 we have

R —e2N
Pnummgaexp( - ) (1)

For ease of discussion, we assume that the mean reward of each arm is distinct. In this case, we can assume
H1 > p2 > -+ > px without loss of generality. Of course, an algorithm cannot exploit this ordering. A
quantity called regret is defined as follows:

Reg(T) := > (1 —pr,) = Y AiN(T (5)

te(T) i€[K]

where A; = py — p; and N;(T) is the number of draws on arm 4 during the 7" rounds. We also denote
A = min;>2 A; = Ag. The performance of an algorithm is measured by the expected regret. Before
discussing the replicability, we formalize the notion of dataset in a sequential learning problem because the
reward 7; in the aforementioned procedure is drawn adaptively upon the choice of the arm I;. The fact that
each noise term 7; is drawn independently enables us to reformulate the problem as follows:

Definition 2. (Dataset) The process of the multi-armed bandit problem is equivalent to the following: First,
draw a matrix (ri7n)ie[K]7,Le[T], where 15, = [ + Nin and 1;, s an independent o-subgaussian random
variable. Second, run a multi-armed bandit problem. Here, 1, is the (I, Ny, (t))-entry of the matriz. We call
this matriz a dataset and denote it as D. We call (p;);cx) o data-generating process or a model.

3A random variable 7 is o-subgaussian if E[exp(\n)] < exp(c2)2/2) for any A. For example, a zero-mean Gaussian random
variable with variance o2 is o-subgaussian.
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Following [Esfandiari et al.| (2023a)), we consider the class of replicable algorithms that, with high probability,
gives exactly the same sequence of selected arms for two independent runs.

Definition 3. (p-replicability, Impagliazzo et al.|2022; Esfandiari et al.[2023a) For p € [0,1], an algorithm
is p-replicable if,
1) S 1 2) (2 2
Py o) pe [(11( I Wy = 1@ >,...,1§))} >1-p, (6)

where U represents the internal randomness, and DM, D) are the two datasets that are drawn from the
same data-generating process {1 }ick). Here, (Il(l), Iél), e J;l)) (resp. (11(2), I2(2)7 . ,Ig))) is the sequence

of draws with U, DY) (resp. U, D? ).

We may consider U as a sequence of uniform random variables defined on the interval [0, 1]. This sequence
is utilized by the algorithm to control its behavior, ensuring it selects the same sequence of arms for different
datasets, denoted as DY) and D). The value p corresponds to the probability of nonreplication. The smaller
p is, the more likely the sequence of actions is replicated. By definition, any algorithm is 1-replicable, and
no nontrivial algorithm is 0-replicable. We consider p € (0,1) as an exogenous parameter, and our goal is to
minimize the regret subject to the p-replicability.

3 General Bound of the Probability of Nonreplication p

It is not very difficult to see that a standard bandit algorithm, such as UCB, lacks replicability. UCB, in each
round, compares the UCB index of the arms, and thus, a minor change in the dataset can alter the sequence
of draws I, I5,...,Ir. Thus, the design a replicable algorithm must deviate significantly from standard
bandit algorithms. This section presents a general framework for bounding nonreplicable probability in
the multi-armed bandit problem. We believe that this framework can be applied to many other sequential
learning problems. First, a replicable algorithm should limit its flexibility by introducing phasesﬂ

Definition 4. A set of phases is a consecutive partition of rounds [T]. Namely, phase p is a consecutive
subset of [T'], and the first round of phase p+ 1 follows the last round of phase p, and each round belongs to
one of the phases. We define P to be the number of phases.

The sequence of draws I, Io, ..., IT can only branch at the end of each phase, as formalized in the following
definitions.

Definition 5. (Randomness) The randomness U consists of the randomness for each individual phase.
Namely, U = (U1,Us,...,Up).

Definition 6. (Good events, decision variables, and decision points) We call the end of the final round of
each phase a decision point, which we denote as T),. For each p € [P], we consider the history H, to be the
set of all results up to the final round T, of phase p. Namely,

er = (11,7“1,]2,7“2, .. 7ITP7TTP) U (U1, Us, .. .,Up). (7)

Each phase p is associated with good event G,(Hp), which is a binary function of H,. Each phase p is
associated with a set of decision variables d,,. Decision variables take discrete values and are functions of
Hp,. Moreover, the sequence of draws on the next phase {I1,11,Ir,12,...,1Ir,,,} is uniquely determined by
the decision variables di,da, ..., dy.

Intuitively speaking, the good events correspond to the concentration of statistics with its probability we
can bound with concentration inequalities (by Lemma [1)). The set of decision variables uniquely determines
the sequence of draws. Note that each phase can be associated with more than one decision variable. To
obtain intuition, we consider the following example.

Example 2. (A replicable elimination algorithm, Alg 2. in [Esfandiari et al.| (2023a)) At the end of each
phase, the algorithm obtains an empirical estimate of u; for each arm. It tries to eliminate suboptimal arm

4Limiting the flexibility of the bandit algorithm has been studied in the literature on batched bandits. Section EI elaborates
on the relation between batched bandits and replicable bandits.
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i, and the corresponding decision variable is

dy.; = 1[max LCB; (p) > UCB(p)]. (8)

where UCB;(p), LCB;(p) are the (randomized) upper/lower confidence bounds of the arm i at phase p. The
set of decision variables at phase p is d, = (d,;);. Here, 1[€] is 1 if event € holds or 0 otherwise. Under
good events, by randomizing the confidence bounds with Uy, it bounds the probability of nonreplication of each
decision variable.

In the following, we define the nonreplication probability for each component.
Definition 7. (Probability of bad event) Let p]Cf =Pup [gg] , where G is a complement event of Gy,.
Definition 8. (nonreplication probability of a decision variable) Let d,; be the i-th decision variable at

phase p. Its nonreplication probability pP? is defined as

p—1
1) _ 4(2) (1) ~(2)
N {d) =d?.al0. 68 },g;“,g;”],

p(pvi) = PU,D<1),D(2> [délz) # dz(fz
p'=1

where we use superscripts (1) and (2) for the corresponding variables on the two datasets D) DR,

Theorem 9. (Replicability of an algorithm) An algorithm that involves phases (Deﬁm'tion is p-replicable

with _
p<2> pS 4> pPh, 9)
p j2

In summary, Theorem [J enables us to decompose the nonreplication probability p into the sum of the
nonreplication probabilities due to the bad events (G;), and decision variables (p®D),, ;.

4 An O(K)-regret Algorithm for K-armed Bandit Problem

This section introduces the Replicable Explore-then-Commit (REC, Algorithm, an O(K)-regret algorithm
for the K-armed bandit problem. This algorithm consists of multiple exploration phases and an exploitation
period. At phase p, if the algorithm is in the exploration period, we draw each arm up to N, := [8a?Pc?]
times, where a > 1 is an algorithmic parameter. The last round of each phase is a decision point, where
the algorithm decides whether it terminates the exploration period or not. For this aim, it utilizes the

(2) (2)

minimum suboptimality gap estimator A(p) = max; f1;(p) — max;”’ f;(p), where max;”’ denotes the second

largest element. This A(p) is compared with the confidence bound. There are two keys in the confidence
bound (2 + U,)Conf™*(p). First, it involves a random variable U, ~ Unif(0,1). Second, it is defined as
the maximum of Conf"®(p) and Conf™"(p). Intuitively, Conf""(p) ensures the good event for replicability
(c.f., Section , while Conf"8(p) is for small regret. Here, ¢, := =

log(18K2P/p)
p? ’
Conf™®(p) := e,\/log(KTP), (11)

and Conf™(p) := max(CpyyConf™" (p), Conf™8(p)). Here, Cpyy € RT is an algorithmic parameter and
P =min,{p: N, > T} = O(logT) is the maximum number of phases.

Conf™"(p) :=¢, (10)

The following theorem guarantees the replicability and performance of Algorithm

Theorem 10. Let Cryy > 9/4 and a > 2. Assume that p < 1/2. Then, Algom'thm is p-replicable and the
following regret bound holds:

K
E[Reg(T)] = O (Z % (logT + k’g(K(lpofT)/”))) : (12)
=2
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Algorithm 1: Replicable Explore-then-Commit (REC)

forp=1,2,...,P do
Draw shared random variable U, ~ Unif(0, 1).
Draw each arm for N, times.

if A(p) > (2+ Up)Conf™**(p) then
fix the estimated best arm i* € arg max; f1;(p) and break the loop.

Draw arm :* for the rest of the rounds.

Algorithm 2: Replicable Successive Elimination (RSE)

Initialize the candidate set A; = [K].
forp=1,2,...,Pdo
Draw shared random variables U, ; ~ Unif(0,1) for i =0,1,2,..., K.
Draw each arm in A, up to N, times.
-Ap-i-l — .Ap.
if A(p) > (2+ Up,0)Conf™**%(p) then
A,i1 = {argmax; fi;(p)}. — Eliminate all arms except for one.

for i € .Ap+]_ do
if Aij(p) > (2+ Up,;)Conf™(p) then
L Api1 — Apia \ {3} — Eliminate arm i.

5 A Generalized Algorithm for K-armed Bandit Problem

Although the regret of REC (Algorithm [1)) is O(K), which improves upon the existing O(K?) regret bound
in terms of its dependency on K, it is not an outright improvement. Considering K, T, p as constants, the
existing bound given in equation [l]is O(>",1/A;). In contrast, REC has a bound of O(}; A;/A?). This
can be disadvantageous compared to equation [1|in scenarios where the ratio A;/A is large. To address this
issue, we introduce Replicable Successive Elimination (RSE, Algorithm . Unlike Algorithm (1} it keeps the
list of remaining arms 4, that it draws. At the end of each phase, it attempts to eliminate all but one arm.
If that fails, it attempts to eliminate each arm i individually. Here, let A;(p) = max; fi;(p) — f;(p) be the
estimated suboptimality gap. For these two elimination mechanisms, we adopt different confidence bounds,
which are parameterized by two values p,, p. > 0. Let

log(18K2P/p,
Confrepr,a(p) = Og( 8 S /p ) ’
Pa
Conf™*%(p) := max(Cryu Conf P (p), Conf 8 (p)),
log(18K2P/p,
ConfrEPY,e(p) = Ep Og( 8p2 /,Dl)’

Conf™¢(p) := max(CpuConf™"¢(p), Conf 8 (p)),

where Conf™®(p) is identical to that of Section[d] One can confirm that Algorithm [1]is a specialized version
of Algorithm [2| where (pq, pe) = (p,0), where p. = 0 implies that the single-arm elimination never occurs.
Here, eliminating all but one arm is equivalent to switching to the exploitation period. However, when
pe > 0, it attempts to eliminate each arm as well. The following theorem guarantees the replicability and
the regret of Algorithm
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Theorem 11. Let p, = p/2, and p. = p/(2(K —1)). Let Coyu > 9/4 and a > 2. Assume that p < 1/2.
Then, Algorithm[3is p-replicable. Moreover, the following three regret bounds hold:

K
E[Reg(T)] = O (Z % <logT + log(K(IpOQgT)/p)>> ’
i=2
(same as equation[19) (13)
X 2lo 0
E[Reg(T)] = O (ZAl (1ogT+ K lg”‘/;gl gTW))), (14)
E[Reg(T)] = O <\/KT <logT S log(KpgogT)/p))) .
(distribution-independent) (15)

In particular, the first term of equation[I4 matches the optimal regret bound for nonreplicable bandit problem
up to a constant factor. Since the second term is O(loglogT) as a function of T, this implies that for any
fixed K, p, {A;}, replicability incurs asymptotically no cost as T' — 0.

6 Regret Lower Bound for Replicable Algorithms

The following theorem limits the performance of any replicable bandit algorithm.

Theorem 12. Consider a two-armed bandit problem where rewards are drawn from Bernoulli(y;) for each
arm i = 1,2 with mean parameters pi, pus. Consider a p-replicable algorithm. Then, for any A > 0, there
exists an instance (1, p2) with A = |u1 — pa| such that the regret of any p-replicable bandit algorithm is

lower-bounded as
E[Reg(T)] = © (min (p2 Alog(l(p A)l),m» . (16)

Remark 1. (Comparison with upper bound) Theorems andstate that regret of RSE for the two-armed
bandit problem is upper bounded as

o <logT N log((logT)/p)) . (17)

A P2A

The first term corresponds to the regret bound for any uniformly good algorithmﬂ It is well-known thatﬁ

for a uniformly good algorithm, regret is lower-bounded as E[Reg(T)] = (loiT) , which is exactly the first

term of equation The second term of equation [17| matches our lower bound (2(1/ (p*Alog((pA)~1))),
equation up to a logarithmic factor of p=!, A=T logT. In summary, for K = 2, REC and RSE are
optimal up to a polylogarithmic factor of p, A, and logT'. In particular, dependence on T is optimal up to
a loglog T factor.

7 An Algorithm for Linear Bandit Problem

Next, we consider the linear bandit problem. In this problem, each arm ¢ € [K] is associated with a
d-dimensional feature vector z; € R? and the reward r, of choosing an arm I; is acITtG + 1, where 0 is an
(unknown) shared parameter vector, and 7; is a o-subgaussian random variable. Namely, the mean y; = x, 0
can be estimated via known feature x; and unknown shared coefficients 8. Without loss of generality, we
assume span({z;}X ) = R4

5An algorithm is uniformly good, if for any a > 0 and for any bandit model, it holds that E[Reg(T)] = o(T?%) when we view
A as a constant.
6Theorem 1 in|Lai & Robbins| (1985).
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We introduce the replicable linear successive elimination (RLSE). Similarly to RSE (Algorithm [2)), this
algorithm is elimination-based. The main innovation here is to use the G-optimal design that explores all
dimensions in an efficient way. Namely,

Definition 13. (G-optimal design) For A, C [K], let m be a distribution over A,. Let

Vir) =Y wl@)za], g(r)= ?eliXHwiH%/(w)—l' (18)
i€A, v

A distribution 7 is called a G-optimal design if it minimizes g(r).

We use the following well-known result (See, e.g., Section 21 of [Lattimore & Szepesvari (2020))).

Lemma 14 (Kiefer-Wolfowitz). A G-optimal design 7* satisfies g(7*) = d. Moreover, there exists a con-
stant approzimation of G-optimal design such that m*2PP = w*2PP( A} with g(n**PP) < 2d and its support
Supp(7*2PP) = O(dloglogd).

An explicit construction of such an approximated G-optimal design is found in the hteratureﬂ Given
an oracle for an approximated G-optimal design, we define the allocation at phase p to be Ni““(p) =
[N (p)m]*PP] where

N'n(p) := 16a*!o?d. (19)

Note that >, N}/"(p) < N'"(p) + K. We use the following lemma for the confidence bound (see e.g., Section
21.1 of [Lattimore & Szepesvari |2020)):

Lemma 15 (Fixed-sample bound). Consider the estimator ép at the end of phase p. Then, with probability
at least 1 — 6, the following bound holds uniformly for any i € Ap:

. oa(3—T
=] (60— 6,)| < M.

2

A~

Furthermore, letting ji; = x, 0, and Aij = |f; — |, we have

1Aij — Aijl < epy/log(571). (20)

Apart from applying approximated G-optimal exploration, the algorithm closely mirrors the steps of RSE.
A comprehensive description of RLSE can be found in Appendix [C]

Theorem 16. Let p, = p/2, and p. = p/(2(K —1)). Let Cyu > 9/4 and a > 2. Assume that p < 1/2.
Then, RLSE is p-replicable. Moreover, the following two regret bounds hold:

d log(K(logT)/p
e =0 & (g + AT )
(an O(d) distribution-dependent bound) (21)
K2log(K(logT
E[Reg(T)] = O (d\/T(longog log d) (log 7y 1 log (QOg Vp))) .
P
(distribution-independent bound) (22)

The first bound depends on A but is O(1) to K. The second bound is distribution-independent and is smaller
than the existing bound by at least O(v/K/p) factor (c.f., Table . Moreover, for any K, p, for sufficiently

large T', the second bound is O (d\/T(log T)?loglog d).

"For example, Section 21.2 of [Lattimore & Szepesvari|[2020]
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Figure 1: Regret of algorithms. The horizontal axis indicates the number of rounds ¢ from 1 to T', whereas
the vertical axis indicates Reg(t). Results of REC and RSE in Model 1 are very similar.

Table 2: Regret of the algorithms at T' = 10,000 with two-sigma confidence bounds with a plug-in variance.
Model 1 Model 2

RASMAB 3614.4+54 844.6 £ 7.7
REC (this paper) 554.3+18.2 1821.0+49.7
RSE (this paper) 545.8+23.4  1051.6+9.7
UCB1 333.3+6.1 1176 £6.5

8 Simulation

We compared our REC (Algorithm (1) and RSE (Algorithm [2)) with RASMAB (Algorithm 2 of |Esfandiari
et al.| (2023al), “Replicable Algorithm for Stochastic Multi-Armed Bandits”)ﬂ Two models of K-armed
Gaussian bandit problems were considered. To ensure fair comparison, as RASMAB relies on the Hoeffding
inequality, we standardized the variance of the arms at 0.5. The results were averaged over 300 runs. We
optimize the amount of exploration in REC and RSE, and RASMAB for p = 0.3 by using a grid searchﬂ
Here, the empirical nonreplication probability p is obtained by bootstrapping. Namely, assume that the

algorithm results in S different sequences of draws, where the corresponding number of occurrences for each
sequence are N(1)7N(2), N(3), ceey N(S) By definition, ZS N(S) = 300. Then, p:=1— ZS(N(S)/?)OO)Q

We set the mean parameters as follows: p = (0.7,0.3,0.3,0.3,0.3,0.3,0.3,0.3,0.3,0.3) for Model 1 and
© = (0.9,0.8,0.3) for Model 2. The amount of regret is depicted in Figure A lower regret signifies superior
performance. Being a nonreplicable algorithm, UCB1 naturally outperforms all other replicable algorithms
for both cases.

In Model 1, the ratio Ax /Ay = 1 benefits REC and RSE as these algorithms are able to eliminate all
arms simultaneously. Consequently, REC and RSE not only outperform RASMAB but are also comparable
to UCB1. This is consistent with our findings, which implies that the regret rates of these algorithms are
identical to the regret rates of nonreplicable algorithms when log T = Q(log(K (log T)/p)/p?).

In Model 2, where the ratio Ax /Ay = (0.9 — 0.3)/(0.9 — 0.8) = 6 is large, it is more efficient to remove
arm 3 (which is clearly suboptimal) individually rather than removing all arms at once. As a result, RSE,
which has the ability to remove each arm individually, performs better than REC. RASMAB shows a similar
performance to RSE in this model. This suggests the following: Despite the fact that the theoretical analysis
of RASMARB uses a larger confidence bound than RSE, if we carefully tune the confidence level, RASMAB
can be seen as a version of RSE where p, = 0 (meaning it always removes each arm separately).

8We did not include Algorithm 1 of |[Esfandiari et al.| (2023a)) because its regret bound is always inferior to RASMAB.
91n particular, we deflated RHS of each decision variable in REC and RSE for C times. We deflated 8 of RASMAB for C
times, where C of each algorithm is optimized.

10
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Table [2] shows the corresponding values of regret at the final round, along with the two-sigma confidence
bounds. This implies that all distinctive values in the figure are statistically significant.

9 Related Work

Replicability was introduced by Impagliazzo et al.| (2022) and they designed replicable algorithms for an-
swering statistical queries, identifying heavy hitters, finding median, and learning halfspaces. Since then,
replicable algorithms have been studied for bandit problems (Karbasi et all [2023)), reinforcement learn-
ing (Eaton et all 2023), and clustering (Esfandiari et al., 2023b). The equivalence of various stability
notions, including replicability and differential privacy (Dwork et all [2014) was shown for a broad class
of statistical problems (Bun et al., [2023). However, the equivalence therein does not necessarily guarantee
an efficient conversion. Kalavasis et al| (2023) considered a relaxed notion of replicability. Note also that
there are several relevant works Dixon et al.| (2023); |Chase et al| (2023)) that study a different notion of
replicability.

Stability in Sequential Learning Stability has also been explored in the context of sequential learn-
ing. For example, robustness against corrupted distributions has been examined in the multi-armed bandit
problem (Kim & Lim) 2016; |Gajane et al., 2018; Kapoor et al., [2019; |Basu et al., 2022). Differential privacy
has also been considered in this context (Shariff & Sheffet| 2018; Basu et al., [2019; [Hu & Hegde] [2022).
Differential privacy considers the change of decision against the change of a single data point, whereas in the
replicable bandits, we have more than one change of data points between two datasets that are generated
from the identical data-generating process. Recent work (Dong & Yoshidal [2023)) showed that an algorithm
with a low average sensitivity (Varma & Yoshida), 2021 can be transformed to an online learning algorithm
with low regret and inconsistency in the random-order setting, and hence in the stochastic setting.

Batched Bandit Problem Prior to the introduction of the replicable bandit algorithm, the batched
bandit problem was considered (Auer et al.,|2002; |Auer & Ortner, |2010; |Cesa-Bianchi et al.,|2013; Komiyama]
let al.l 2013 [Perchet et al.,[2016%|Gao et al., 2019; Esfandiari et al.,[2021)). In this problem, the algorithm needs
to determine the sequence of draws at the beginning of each batch. Existing replicable bandit algorithms in
[Esfandiari et al. (2023al), as well as our algorithms, adopt phased approaches, and one can find similarities
in the algorithmic design. |Auer et al| (2002) proposed UCB2, which combines UCB with geometric size
of the batches. Regarding the use of explore-then-commit strategy, Perchet et al.| (2016]) considered the
two-armed batched bandit problem. They utilized the fact that the termination of the exploration phases in
the explore-then-commit algorithm only occurs in a fixed number of rounds, a concept that we also utilize
in the proof of our algorithms. However, their algorithm does not guarantee p-replicability for p < 1/2.
Our REC extends their results by introducing a randomized confidence level to guarantee a further level of
replicability. Furthermore, our RSE generalizes both explore-then-commit and successive elimination
let al.l 2019; Esfandiari et al.,2023a)) in a replicable way. Given K, p, for sufficiently large T, our algorithm’s
performance is essentially similar to these batched algorithms [Perchet et al.| (2016)); |Gao et al.| (2019). Note
that, [Esfandiari et al] (2023a)) also briefly remarked the possibility of the use of the explore-then-commit
strategy in replicable bandits.

10 Conclusion

We have examined p-replicable multi-armed bandit algorithms. We demonstrated that the regret of explore-
then-commit and elimination algorithms can be expressed as a sum of the standard bandit algorithm’s regret
and the additional replicability-related regret. For a sufficiently large value of T', the latter is negligible.
This represents a significant improvement over existing algorithms. For our analysis, we have developed a
framework based on decision variables, which can be used for bounding the probability of nonreplication in
larger classes of sequential replicable learning problems, such as reinforcement learning problems.

11
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Table 3: Notation in this paper.

symbol definition

K number of the arms

T number of the time steps

i mean reward of arm 4 € [K], which we assume p1 > p2 > -+ > pug
p level of non-replication

A suboptimality gap (= p1 — )

A minimum suboptimality gap (= p1 — p2)

I the arm drawn at time step ¢

¢ reward at time step ¢t

o subgaussian radius

nt an i.i.d. noise on the reward at time step ¢, which is o-subgaussian
N;(¢) number of draws on arm % for the first ¢t rounds

Reg(T) regret (performance measure, equation )

U randomness. Given the history, an algorithm’s behavior is determined by U.
1[X] = 1 if X holds or = 0 otherwise

P number of phases for a phased algorithm (Definition .

Up randomness for phase p for a phased algorithm (Definition .

dp.i i-th decision variable at phase p (Definition

Gp good event at phase p (Deﬁnition@

pg nonreplication probability due to bad event G (Definition E)

p<p’i> nonreplication probability due to d ; (Definition

a algorithmic parameter (> 2) (Section

Np = [8a?Po?] (Section

i (p), A(p)7 Al(p) corresponding empirical analogues at phase p (Sections |4| and
Cmul algorithmic parameter (> 9/4) (Section

€p = a~ P (Section

Conf™P* (p) confidence bound used by REC (Section

Conf"&(p) confidence bound used by all algorithms (Section )

Conf™?*(p) = max(Chyy1 Conf P (p), Conf 8 (p)) (Section

Ap C [K] remaining arms at phase p (Section

Up,i randomness at phase p, where Up = (Up,0,Up,1,...,Up K) (Section
Conf"°P"4 (p) confidence bound used by RSE and RLSE (Section [5)

Conf™®P™€(p) confidence bound used by RSE and RLSE (Section [5)

Conf™#*%(p) = max(Cyy1 Conf P"%(p), Conf&(p))

Conf™2%:¢(p) = max(Chyy Conf P ¢ (p), Conf**&(p))

Pa,pe >0 algorithmic parameters for RSE and RLSE (Section

z; € R feature vector for arm ¢ (RLSE, Section

Nlin(p) number of draws of arm ¢ at phase p (RLSE, Section

Ps characterizing phase for REC (equation

Ay = p; — [y

gres an event used for regret analysis (equation

Ps,i characterizing phases for RSE and RLSE (equation @ equation
v model parameter such that po = 1/2 + v (Section )

Nc(U) e N integer as a function of randomness U (Section

P,u,Evu prob. and expect. on model (1/2,1/2 + v) with randomness U (Section )
P,,E, prob. and expect. on model (1/2,1/2 + v), marginalized over U (Section )
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Algorithm 3: Replicable Linear Successive Elimination (RLSE)

Initialize the candidate set A; = [K].
while p=1,2,..., P do
Draw shared random variables U, ; ~ Unif(0,1) for each ¢ =0,1,2,..., K.
Draw each arm i for [N, "*PP] times. — Approximated G-optimal exploration
Ap+1 < Ap.
if A(p) > (24 Upo)Conf™%(p) then
| Api1 = {argmax; fi(p)}. — Eliminate all arms except for one.
for i € A,11 do
L if Ai(p) > (24 U,:)Conf™¢(p) then
| Aprr — Ap \ {i} — Eliminate arm 1.
A Notation

Table [3| provides a summary of the notation we use.

A.1 Simulation environment

The simulation took less than one hour on a Jupyterhub server on a standard desktop machine.

B Necessity of Randomization for a Replicable Algorithm

A trivial deterministic algorithm, such as the round-robin algorithm, is indeed replicable. Therefore, let us
focus our interest on algorithms that exhibit small regret. Indeed, any no-regret algorithm is non-replicable
without randomization.

Theorem 17. A deterministic no-regret algorithm is non-replicable for any p < 1/2.

Proof of Theorem[I7 Consider the two-armed bandit problem. By assumption, the draw sequence is deter-
ministic given the dataset D = (X; ¢)ic[x]te[r]- Since the algorithm is deterministic, there exists a 0,1-valued
function f over datasets such that f(D) = 1 implies N;(T) > T'/2. Note that P[f(D) = 1] is a continuous
function of (u1,u2), as the probability of each realization of the sequence is continuous with respect to
(1, p2). Consider an arbitrary A > 0. Using the fact that the algorithm has small regret, for sufficiently
large T, we have P[f(D) = 1] > 2/3 for the model (1/2 + A,1/2) and P[f(D) = 1] < 1/3 for the model
(1/2—A,1/2). By the continuity of P[f(D) = 1], there exists a model (u1,1/2) such that P[f(D) = 1] = 1/2.
For this model, the algorithm is non-p-replicable for any p < 1/2. O

Note that the randomness introduced in [Perchet et al.| (2016]) is to shuffle the allocation of arms (e.g., pull
arms 1,1,2,2 or 1,2, 1,2 for the exploration phase of ¢t = 1,2,3,4). Under the i.i.d. rewards, shuffling does
not change the distribution of rewards, and thus, the results above still apply.

C Replicable Linear Successive Elimination

The Replicable Linear Successive Elimination (RLSE) algorithm is described in Algorithm

D Proofs on General Bound

Proof of Theorem [Q Let G = ﬂp Gp. We have
p = ]PU,D(l),’D@) [(I£1)7 Iél)a s 7I’1("1)) 7é (I£2)a 12(2)7 DR I’}Q))i| (23)
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<Pl 1, Iy # (1P 1P, 1), 60,63 4 Ppay [UpGE] + Poer [UpGE] (24)
<PV, 1V, 1) £ (1P 1P, 1), 60,6 + 23 S (25)
(by Definition (26)
<P (@) # (@), 00,62] +23 pf (27)
p
by definition of decision variables 28
(by ) (28)
<SP [dD £ @t {d) =dP}.g0,6@] + 22;}5 (29)
<SR[ £dP 2 {al) =a.6l,60 ) .ab. 6] + 2pr (30)
p
<Y P d(l) #d® [ {d 0.6 },QS),QZ(F)} +2) pf (31)
P - p
<3 P |d) #d?) [ {d J=dP, g g(?)} ,gz(,l),gf)} +2) pf (32)
“ | P
(by union bound) (33)
=3 o) 423 8 (34)
2 P
(by Definition [5). (35)
O

E Proofs on Algorithm [I]

E.1 Stopping time

Let

Ps = min {p € [P] : Conf™(p) < 1;)?} (36)
P

In the proof, we show that the algorithm is likely to break the loop at phase ps or ps11. Since Conf™**(p) =

€p Max (\/log (KTP), Cinul 1/bg(18pKZP/p)>, we can see that

(37)

10g(18K2P/p)>
P '

1 2
N,. < 8a%c? (102) <log(KTP) + (Croa)?

E.2 Replicability of Algorithm [I]

This section bounds the probability of nonreplication of Theorem [I0] To do so, we use the general bound of
Section [3| Let the good event (Definition 7)) be

G= () G (38)
o= () {185 - Ay(p)] < pCon™ ™ (p) } (39)
i,j€[K]

Event G states that all estimators lie in a region that is p times smaller than Conf"*""(p).
Lemma 18. FEvent G holds with probability at least 1 — p/18.
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It is easy to see that the only decision variable at phase p is
dpoy =1 [A®) = (2+ Uy)Conf™™ (p)]

Lemma 19. Under G, the probability of nonreplication is p®»% =0 for any p # ps.

Lemma [19] states that the only effective decision variable is that of phase ps.

Lemma 20. Under G, the probability of nonreplication at each decision point is at most p@9) = 8p/9 for
P =Ds-

Proof of nonreplicability part of Theorem[I(. Theorem [J] and Lemmas imply that the probability of
misidentification is at most 2 x p/18 + 8p/9 = p, which completes the proof. O

In the following, we derive Lemmas [I820]
Proof of Lemma[I8 Since A;; = pi — uj, Aij — A;; is estimating the sum of two o-subgaussian random

variables, which is a 20-subgaussian random variable. By using Lemma [[]and taking a union bound over all
possible K(K — 1)/2 pairs of ij and phases 1,..., P, Event G holds with high probability:

Conf"™"" (p))2N,
PG] > 1 — K(K — 1)Pexp (— (pCon 5 (?) ”) (40)
o
>1— K(K —1)Pexp (— log(18K2P/p)) (by definition of N,, Conf" " (p)) (41)
p p

>1-K(K-1)P >1—- = 42

= K -DPx gep 217 15 (42)

which completes the proof. O

Proof of Lemma[I9 First, we show that there are at most 2 phases where the break from the loop (i.e.,
min,{p : d,1) = 1}) occurs. We first show that a break never occurs if p < p,, which implies

1
A< lConfmax (p),

10
and thus
A(p) < A+ pConf™ (p)  (by G) (43)
< A+ L Confmax (p) (44)
mul
4
<A+ HpConfmax (p) (45)
17 4p max
<(T0 + K)Conf (p) (46)
< 2Conf™(p)  (by p<1/2) (47)
< (2 + Up)Conf™**(p). (48)

We next consider the case where p = ps 4+ 1. In this case, we have
17
A> gepConfmax(p).

This implies a break, because

~

A(p) = A — pConf™(p)  (by G) (49)
> A — 2 Conf™(p) (50)
Cmul
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> 1€7Confmax(p) - %Confmax(p) (51)
> 3Conf™(p) (by p < 1/2) (52)
> (24 U,)Conf™(p). (53)

The above results, combined with the fact that €, is halved at each phase, imply that the only decision points
where the decision variable can take both values {0,1} are ps,ps + 1. Therefore, if the decision variable at
phase ps matches, the decision variables at ps + 1 and subsequent phases match. O

Proof of Lemma[20, For phase ps, we bound the probability of nonreplication. At the end of phase p = ps,
it utilizes the randomness U,, ~ Unif(0, 1). The random variable (2+ U,)Conf™**(p) is uniformly distributed
on a region of size Conf™**(p). Meanwhile, event G implies

(A (@) = @+ U,)Cont™(p)) = (AD(p) - (24 U,)Conf™™(p) )| < 2pConf™ (), (54)

where A(l)(p), A(Q)(p) be the corresponding quantities on the two different runs. This implication suggests
that within a region of at most width 2pConf™""(p), the expressions (A(l)(p) -2+ Up)Confmax(p)> and

(A(z)(p) -2+ Up)Confmax(p)) can have different signs. Therefore, the probability of nonreplication is at

most
2pConf™ " (p)

Conf™**(p)

where the last inequality follows from the assumption Cp,, > 9/4. O]

<8p/9,

E.3 Regret bound of Algorithm [I]

This section derives the regret bound in Theorem We prepare the following events:

ges= () g* (55)
PE[P]

gre= () {185 - Ayl < Cont(p) }. (56)
i,j€[K]

Event G*°® states that all estimators lie in the confidence region. The following theorem bounds the proba-
bility such that event G occurs.

Lemma 21.
PlgreE] > 1 — 1L
- T

Proof of Lemma[21, The proof follows similar steps as Lemma By using Lemma [I] and taking a union
bound over all possible K (K — 1)/2 pairs of ij and phases 1,..., P, Event G2 holds with high probability:

Conf™%(p))2N,
P[G™8] > 1 — K(K — 1)Pexp (_(on8(2p))p) (57)
o

>1—K(K —1)Pexp(—log(KPT)) (by definition of N,, Conf"8(p)) (58)

1 K

>1— _ >1- —
>1-K(K l)PxKPT_l T (59)
which completes the proof. O

Assume that G*8 holds. The following shows that the break occurs by the end of phase ps + 2.

Alps+2) > A —2Conf™8(p, +2)  (by G™¥) (60)
> A — 2Conf™ (p, + 2) (61)
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34
> EConfmaX(pS +2) — 2Conf™(ps +2)  (by definition of ps)
> 3Conf™(p) > (2 + U,)Conf™*(p).

The regret up to this phase is at most

Z A; x Np_1o.
We have
Np,42 =0 (logT X aQ(pS“))
=0 (logT X a® )
=0 ( max log(KTP) + bg(fp(f/ﬁ'))) . (by equation
Moreover, assume that fi;(p) > fi1(p) when a break occurs at phase p. Then,

fi(p) — fu(p) > (24 U,)Conf™(p)  (by the fact that break occurs)
> 2Conf™**(p)
> 2Conf"*®(p).

Meanwhile, G**8 implies for all phase p

fii(p) — fu1(p) < 2Conf™®(p),

(70)

which implies that equation never occurs. By proof of contradiction. fi1(p) > fi;(p). Therefore, the
empirically best arm is always the true best arm, and we have zero regret during the exploitation period

under G*8. In summary,

E[Reg(T)] < E[1[G"*] - Reg(T)] + O(1)
(equation [57| implies Pr[(G™®)°] is K/T = O(1/T))

< O(ZAinS-&-Q) + 0 - o(1

~—

——

Regret during exploration

SO( %max (log(KTP)—FlOg(I;P/p))) ,

which, combined with P = O(log T"), completes the proof.

F Proofs on Algorithm 2]

F.1 Replicability of Algorithm 2]

Similarly to that of Theorem we define the good event. Let the good event (Definition [7]) be

G= () Goon () Gpi)
pE[P

] i€[K]

gaA’O = ﬂ {|A2] — Aij (p)| < paCOHfrepr,a(p)}

i,j€[K]

Goi= [ {|Az‘j — Ay < PeCOHfrepr’e(p)} :

i,j€[K]
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Lemma 22. Event G holds with probability at least 1 — p/18. Moreover, under G, arm 1 (= best arm) is
never eliminated (i.e., 1 € A, for all p).

There are K + 1 binary decision variables at phase p. The first decision variable is

dpo) =1 [A) > (2+ Uy o)Conf™™ " (p)] (78)
The other K decision variables are
dipsy =1 [Ai(p) > 2+ U, Conf™* ()| (79)
for each i = 1,2,..., K. If all decision variables are identical between two runs then the sequence of draws
is identical between them.
Lemma 23. Let
. max,a 10A
Ps,0 = min< p € [P] : Conf™%(p) < = (- (80)
P

Under G, we have p®° =0 for any p # Ps.0-
Lemma 24. Let

104,
Ps.i = min {p € [P] : Conf™¢(p) < 17 } , (81)
P

for each i € [K]. Then, p®»") =0 for all p # ps..

Lemma 25. Under G, the probability of nonreplication at each decision point is at most p®0) = 8pa/9 or
pP) =8p./9 foric{2,...,K}.

Proof of nonreplicability part of Theorem[I1. Theorem [J] and Lemmas 22}25] imply that the probability of
misidentification is at most (pq + (K — 1)pe) X (2 X 15 + 5) = p, which completes the proof. O

Proof of Lemma[23 By using essentially the same discussion as Lemma [I§] yields the fact that event G holds
with probability at least 1 — p/18.

In the following, we show that arm 1 is never eliminated under G. Elimination of arm 1 at phase p due to
pPo implies that there exists a suboptimal arm ¢ # 1 such that

fi(p) — pa(p) > (24 Uy 0)Cont™ % (p) > 2Cont™*(p), (82)

which never occurs under G, since G implies

i = (0 i — a(p)] < Conf™™™™(p) < Conf™*(p)

and thus
fii(p) — pa(p) < 2Conf™(p) + p; — p1 < 2Conf™5%(p), (83)
which contradicts equation The same discussion goes for the elimination due to pe. O

Proof of Lemma[23 Given arm 1 is never eliminated in Ap, o+1 unless d, 0y = 1 occurs, the minimum gap
A = p11 — p2 is the same as the minimum gap among A,,_,41. The rest of this Lemma, which shows d(, gy = 1
for the first phase at p = ps ¢ or pso + 1, is very similar to that of Lemma and thus we omit it. The only
non-zero decision variable is p®9) at p = Ds,0 by using the same discussion. O

Proof of Lemma[24 We omit the proof because it is very similar to Lemma O

Proof of Lemma[25 We omit the proof because the proof for each i = 0,1,2,..., K is very similar to Lemma
20

O
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F.2 Regret bound of Algorithm [2]

We prepare the following events:

greg: ﬂ g;eg (84)
pE[P]

gt = () {18 - Ay(p)| < Cont™(p)} (85)
i,j€[K]

Event G*°# states that all estimators lie in the confidence region.

(A) The O(K) regret bound: This part is very identical to that of Algorithm [1| because, under G**&, all
but arm 1 is eliminated by phase ps ¢ 4+ 2. We omit the proof to avoid repetition.

(B) The other two regret bounds: We first derive the distribution-dependent bound. We show that
under G*&, each arm 4 is eliminated by phase ps; +2. Assume that G*® holds. The following shows that
the break occurs by the end of phase ps; + 2.

fii(ps,i +2) — pa(ps;i +2) = Ay — 2Conf™®(ps,; +2)  (by G"¥) (86)
> A; — 2Conf™*%(ps; + 2) (87)
> %Confmax’e(ps,i +2) — 2Conf™¢(ps; +2)  (by definition of ps;)  (88)
> 3Conf™¢(p) > (24 Up,)Conf™*(p). (89)
Therefore, each arm ¢ is drawn at most
Nimax 1= O (472 log T) (90)
1 log(K P/p.) ))
=0|—-— (log(KTP)+ ——————— 91
(A? < ( ) (pe)2 1
1 K?log(KP/p)
times, and thus regret is bounded as
E[Reg(T)] < E[1[G"*] - Reg(T)] + O(1) (93)
< N,
< Z AiNimax — + 0 + o(1)

Regret during exploitation, which is 0 by Lemma@ Regret in the case of (G™°8)°

R duri 1 i
g g (94)
1 K?log(KP/p)
<0 (Z ™ <log(KTP) + p2>> (95)
<0 (Z A%— ((1ogT) B log(KpgogT)/p))) : (96)

which is the second regret bound of Theorem

We finally derive the distribution-independent regret bound. Letting N;(T') be the number of draws of arm
1 in the T rounds, we have

Reg(T)1[G"5] < Y~ A;Ny(T) + O(1) (97)

= > A/ NimaxvV/Ni(T) + O(1), (98)
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and

> " Aiv/Nimax v/ Ni(T) < O(1) x ZAZ-\/ é <(10g )+ K2 1og(Kglog T)/P)) Ni(T) (99)
(by equation (100)
<o xy \/ (log T) + 2 log(KglogT)/ 0) \JNT) (101)
<0(1) x \/(log m+ & log(K[EIOgT)/p) VKT (102)
(by Cauchy-Schwarz and Z N;(T)=T), (103)

and thus
E[Reg(T)] < E[Reg(T")1[G"*]] + O(1) (104)
-0 <\/KT <(10gT) S log(KélogT)/p)» : (105)

which is the third regret bound of Theorem [I1]

G Proofs on the Lower Bound
In the following, we derive Theorem The proof is inspired by Theorem 7.2 of Impagliazzo et al.| (2022) but
is significantly more challenging due to the adaptiveness of sampling. In particular, Lemma [26] utilizes the

change-of-measure argument and works even if the number of draws N2(T') on arm 2 is a random variable.

Proof of Theorem[IZ The goal of the proof here is to derive the inequality:

E[Reg(T)] = Q (min (,02 Alog(l(p NEIL AT)> . (106)

We consider the set of models P, where p1q = 1/2 is fixed and po € [1/2—A,1/24 A]. With a slight abuse of
notation, we specify a model in P by us — 1/2. We also denote U to the internal randomness. For example,

P_aulX]

be the probability that event X occurs under the corresponding model (1, p2) = (1/2,1/2 — A) and ran-
domness U. Moreover, let

P_alX] = /PfA,U[X]dP(U)
be the probability marginalized over randomness U.
het TA TA
Pe = min (]P’A {EA,U[Reg(T)] < 8} ,Pa [EAwU[Reg(T)] < 8]) . (107)
Namely, p. represents the ratio of randomness where the expected regret is less than TA/8 for both the —A
and A models.

If p. < 3/4, then at least one of the models (1/2,1/2 — A) or (1/2,1/2+ A), for 1/4 of the randomness U,
the regret is larger than %. Therefore, the regret averaged over the randomness is larger than % for that
model, which completes the proof.
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For the rest of the proof, we exclusively consider the case of p. > 3/4. This implies that the probability of
getting U such that
TA
E_au[Reg(T)], Ea,u[Reg(T)] < 3
is at least half (=1 —2 x (1 —3/4)). In parts (A) and (B), we fix U such that equation holds. Part
(C) marginalizes it over U.

(108)

(A) Fix the randomness U and consider behavior of algorithm for different models:

Let No(U) be the smallest among the integer n such that

PfA,U [NQ(T) Z n]

IN

and (109)

IS VTSN

Pay [N2(T) > n]

v

(110)

At least one such an integer exists; n = T'/2 satisfies this condition because otherwise

max{E_x v[Reg(T)], Ea,v[Reg(T)]} (111)
> max {PM [NQ(T) > ﬂ %, (1 —Pay {NQ(T) > gD Tf} (112)
% (113)
(by P_au [NQ(T) > ﬂ > orPay {NQ(T) > :g] <3, (114)

which violates equation [10§
By continuity, there exists v = v(U) € (—A,+A) such that P, y[No(T) > Ne(U)] = 1/2. By Lemma [26]

there exists C; = ©(1) such that, for any v/ € [v—C;/+/log(Nc(U))Ne(U),v+Cr/+/log(Nc(U))Ne(U)] =:
Z(U) we have P, y[No(T) > Ne(U)| € (1/3,2/3).

(B) Marginalize it over models: Assume that we first draw a model uniformly random from [-A, A],
and then run the algorithm. Conditioned on the shared randomness U, with probability at least
C1/(y/1og(Nc(U))Nc(U)A), we draw model in Z(U). For a model in Z(U), there is 2 x (1/3) x (2/3) = 4/9
probability of nonreplicability.

(C) Marginalize it over shared random variable U: The fact that p. > 3/4 implies that the probability
of getting U such that discussions (A) and (B) hold is at least 1/2. We let the set of such randomness as
Uhnatf- Let ne be the expected value of N¢(U) marginalized OVGIE the distribution on Upqr. We have

1.4 G (115)
2 9 /log(ne)n.A
4 Cr
< Z__ L apw 116
/Uelxlhazf 9 \/ log(nc)ncA ( ) ( )
(by at least half of U are in Upqy) (117)
4
<[ 3 G aP(U), (118)
U€eUnarf 9 \/IOg(NC(U>)NC(U)A

where the last transformation applied Jensen’s inequality f(E[z]) < E[f(x)]. Here, we used a convex
function f(x) = 1/v/xlogx, x = No(U) and the expectation n, = E[z] was taken on the randomness of U
over Unqif.

10The discussion in the next display, which utilizes the convexity of the function, is also useful in fixing a minor error of
Lemma 7.2 in Impagliazzo et al.| (2022), which implicitly assumes that the sample complexity (m therein) is independent of the
randomness (7 therein).
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Moreover, by part (B) and p-replicability, we obtain

4 Cr
/Ueuhalf 9 \/log(Nc(U))Nc(U)AdP(U) =P (119)

which implies

= (Ao a ) (20
The regret is lower-bounded as
max{E_x[Reg(T)], Ea[Reg(T)]} (121)
> max {P_a[Na(T) > ne — 1)A(ne — 1), (1 = PA[Nao(T) > ne — 1)) A(T — ne + 1)} (122)
> max {IP’A[NQ(T) > ne —1)A(ne — 1), (1 = PA[No(T) > n. — 1)) A (g + 1)} (123)
(by n. < T/2) (124)
> i X A(ne —1) (125)
(by Nc(U) — 1 violates equation [109] or equation and n. < T/2) (126)
=Q <p2Alog(1(pA)—1)> . (by equation [T20) (127)
O

Remark 2. (Extension for K-armed Lower Bound) Here, equation bounds at least one of two quantities
E_a[Reg(T)] or Ea[Reg(T)]. If we can directly bound E_a[Reg(T)], then we should be able to extend the
results here to the K-armed case.

G.1 Lemmas for regret lower bound

The following lemma is used to bound the gradient of the probability of occurrences. This lemma corresponds
to the derivative of the acceptance functiOIE in Lemma 7.2 of Impagliazzo et al.|[(2022), but more technical
due to the fact that No(T') is a random variable.

Lemma 26. (Likelihood ratio) Let
&€ ={Nx(T) < Nc} (128)

and v be such that P, y[E] = 1/2. There exists a value C; = O(1) that does not depend on the shared random
variable U such that, for any model v’ € [v — Cy/+/log(No)Ne,v + Cr/+/log(Ne)Ne|, we have

Py ul€] € (;g) (129)

Proof of Lemma[26, In the following, we bound P,/ ;7[€] by using the change-of-measure argument.
Let the log-likelihood ratio between from models v, v bd™]

L sz%) s ( ron (3 40) + (1 =r20) (3 - ”))) ’ (130)

ron (b7 + (L= r2) (50

n=1
where 73 ,, is the n-th reward from arm 2.

We have

P, uf] =E,u [1[€]e *]. (change-of-measure) (131)

M Namely, ACC(p) therein.
120n these models, u1 = 1/2, 2 = 1/2+v or 1/2+ v/
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Note that, under v the random variable

l%<mm@+w+u—mm@—w>

o () 4 (L) (3= 7)

is mean dkr, (v, V') and bounded by

oo (355 oo (322)) =t -0 = e )

Here, dk1,(p, q) is the KL divergence between two Bernoulli distributions with parameters p, ¢ € (0,1). Under
E, No(T) < N¢ and Ly is bounded as the max of random variables

)

Rzmax(

Lt < max E Zn |,
N<N¢
n<N

where

Z, = log ( ran (5 +v) + (1 =72n) (5 - y))>

)+ = o) (3=

is a random variable with its mean dkr,(v,7’) and radius R. Hoeffding inequality and union bound over
N =1,2,..., N¢ implies that, with probability at least 1 — 1/12 we have

|L7| < Nedkr(1/2 +v,1/2 4+ 1) + Ry/log(2 x 12 x N¢)N¢/2 (132)
—o(zv ><C?>+O G /Noloa(Na) | = owcy) (133)
“ 7 log(Ne)Ne Tog(No) Ne o oRle o

Setting an appropriate width C; = ©(1) guarantees that e=%7 € [1 — 1/6,1 + 1/6] with probability at least
1 —1/12, which, together with the change-of-measure implies equation O

H Proofs on Algorithm 3]

H.1 Replicability of Algorithm [3]

We omit the derivation of the nonreplicability bound of Algorithm [3] because it is very similar to that of
Algorithm [2| The only difference is that the amount of exploration is based on a G-optimal design, but its
confidence bound of equation [20] suffices to derive the good event that is identical to equation

H.2 Regret bound of Algorithm [3]

This section shows the regret bounds of Theorem The main difference from Algorithm [2| is that the
number of samples for each arm is N} (p) that satisfies >, N}i*(p) < N''"(p) + K.

(A) The O(d) regret bound: We derive the first regret bound in Theorem We first derive the
distribution-dependent bound. Similar discussion to Lemma 25| states that, under G*8, Line [f]in Algorithm
eliminates all but the best arm by phase ps o 42, where pg ¢ is identical to that of Algorithm [2] The regret
is bounded as

E[Reg(T)] (134)
< E[1[G"*]Reg(T)] + O(1) (135)

<0 (Z N{™(ps0 + 2)) + L + om) (136)

? Regret during exploitation Regret in the case of (G™°8)°

Regret during exploration
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o2d
-0 < SNER KP> (137)
-0 (‘zf <1og(KTP) + k’g(fp(zp/p» + KP> (138)
_ (o:;i <logT—|— 10g(K(Long)/p)>)) (139)

which is the first regret bound of Theorem [16]
(B) The distribution-independent regret bound:

Similar discussion as Algorithmstates that, under G, arm ¢ is eliminated by ps; +2. The regret is bounded
as

Reg(T)1[G] < > A:N;(T) + O(1) (140)
<A Y W) YNAT) +O), (141)
i p<ps,it2
and
YA D Ninp)VN(T) (142)
i p<ps,it2
<0(1) % ZAi\/Ad? <logT+ iS log“‘pglogT)/P)) Ni(T) (143)
(by equation (144)
<o) xy \/d (logT S log(li)(;og T)/p)) N:(T) (145)
< 0(1) x \/d (1ogT S 1Og(Kp(210gT)/p))\/TPdloglog d. (146)
(147)

Here, in the last transformation, we used the standard Cauchy-Schwarz argument with ), N;(T) = T. The
factor Pdloglogd is from the number of non-zero elements among { N;(T)},; each phase uses an approximated
G-optimal design with O(dloglog d) support, and thus there are O(Pd loglog d) non-zero elements of N;(T).

Therefore,
E[Reg(T)] < E[Reg(T")1[G]] + O(1) (148)
—0 <\/d <1ogT+ K logﬁg"gT)/”))m) (149)
(by equation (150)
—0 <d\/T(longog log d) (logT S log(Ii)(Qlog n)/e) )) , (151)
(by P = O(log T)) (152)

which is the second regret bound of Theorem
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