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Abstract
Reinforcement learning problems typically define
the goal as maximizing the expected value of a
scalar reward function. But, pairwise preferences
are often easier to specify than scalar rewards, and
they express certain goals that scalar rewards can-
not. Methods for reinforcement learning with pair-
wise preferences have thus received growing inter-
est. Unfortunately, these methods are inefficient
in problems with long time horizons, and they lack
guarantees on the performance of Markov poli-
cies relative to history-dependent policies, which
bridge the theory and practice of reinforcement
learning. We therefore propose the Markov de-
cision contest as a new problem model for rein-
forcement learning with pairwise preferences. We
prove that stationary Markov policies are optimal
among all history-dependent policies, that solv-
ing a Markov decision contest exactly is in P, and
that a simple iterative algorithm converges to an
optimal policy at a sublinear rate. Lastly, in a
set of high-dimensional decision problems with
long time horizons, we show that our approximate
algorithm is significantly more learning-efficient
than prior work.

1. Introduction
Traditional reinforcement learning problems are formulated
as Markov decision processes (Puterman, 2014; Sutton &
Barto, 2018), in which the goal is to maximize the expected
value of a scalar reward function. But, pairwise prefer-
ences are often easier to specify than scalar rewards. So, for
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many applications, such as fine-tuning large language mod-
els (Stiennon et al., 2020) the problem begins with pairwise
preferences, instead of a reward function.

Reinforcement learning from human feedback (Christiano
et al., 2017; Casper et al., 2023) has tried to resolve this by
inferring a reward function from pairwise preferences. It
then trains a reinforcement learning algorithm to maximize
the expected value of the inferred reward function. But, this
approach has fundamental limitations: not every pairwise
preference function can be represented as a reward func-
tion (Fishburn, 1982). So, for some preferences, no reward
function can correctly capture the goal—and maximizing an
inferred reward function may lead to the wrong behaviour.

One alternative is to design new reinforcement learning
algorithms that learn directly from pairwise preferences,
without needing a reward function. The objective for these
algorithms is to find a policy at the Nash equilibrium of a
pairwise-preference function, which can be interpreted as a
policy that no other policy is consistently preferred to.

Current methods of reinforcement learning with pairwise
preferences, though, have two key limitations that Markov
decision processes do not. First, these methods rely heavily
on the fact that the problem ends at a known, fixed timestep,
which does not seem practical for applications like large
language models (LLMs), where people don’t end at a fixed
time. These methods also lack guarantees on the perfor-
mance of Markov policies relative to history-dependent
ones. These are important in the theory of Markov deci-
sion processes, as they justify solution methods that restrict
their focus to Markov policies.

We introduce the Markov decision contest to study rein-
forcement learning with pairwise preferences in long-term
decision problems. We show three things about this model:

1. Stationary Markov policies are optimal within the set
of all history-dependent policies (Section 5.2).

2. The problem of solving a Markov decision contest ex-
actly is in P. That is, it can be done in time polynomial
in the number of states and actions (Section 6).

3. An approximate solution method, called Hedged Pol-
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icy Iteration (HPI), converges to an optimal policy at a
sublinear rate and scales well to function approxima-
tion (Sections 7 and 8). Specifically, HPI converges
at a rate of 1/

√
K, where K is the number of itera-

tions. We validate its performance in thirteen Markov
decision contests using techniques from deep reinforce-
ment learning.

These results suggest that reinforcement learning with pair-
wise preferences in long-term decision problems is more
tractable than previously thought. This is especially relevant
for large language models, as they continue to be used in
decision problems with longer time horizons.

2. Preliminaries
All quantities will be defined with respect to a decision-
making environment (S,A, P, µ) that consists of: a finite
set of states S; a finite set of actions A; a transition proba-
bility function P : S × A → Dist(S); and an initial state
distribution µ ∈ Dist(S).

After t steps of interaction, the decision-maker,
or agent, will have generated a history ht =
(s0, a0, . . . , st−1, at−1, st), which is a finite sequence of
alternating states and actions that begins and ends with
states. The set of all histories of length t is denoted byHt.
The probability that the agent transitions to state s′ ∈ S
given state s ∈ S and action a ∈ A is written as P (s′|s, a).

The horizon of the decision problem is the number of inter-
action steps. The horizon can be either finite or infinite.

2.1. Decision Rules and Policies

We differentiate between history-dependent and Markov
policies following Puterman (2014, Chapter 2). This no-
tation differs from Sutton & Barto’s, which may be more
familiar to some readers.

A decision rule specifies which action to take at a given
timestep t. The most general rule is a randomized history-
dependent decision rule dHR

t : Ht → Dist(A), which as-
signs action-selection probabilities that depend on all pre-
vious states and actions. A randomized Markov decision
rule dMR : S → Dist(A) selects action probabilities that
depend only on the state at the current timestep. A deter-
ministic Markov decision rule dMD : S → Dist(A) is a
randomized Markov decision rule that only assigns degener-
ate probability distributions.

Definition 2.1. A policy π = (dt)
∞
t=0 is an infinite sequence

of decision rules. It is said to be:

1. history-dependent and randomized (HR) if, for all t,
dt is a history-dependent decision rule.

2. Markov and randomized (MR) if, for all t, dt is a
randomized Markov decision rule.

3. stationary and randomized (SR) if there is a random-
ized Markov decision rule dMR : S → Dist(A) such
that, for all t, dt = dMR.

4. stationary and deterministic (SD) if there is a deter-
ministic Markov decision rule dMD : S → Dist(A)
such that, for all t, dt = dMD.

For a Markov decision rule dMR, the policy given by dMR

is the stationary randomized policy (dMR)∞t=0. In this case,
we say that dπ determines π.

The sets of all HR, MR, SR, and SD policies are denoted by
ΠHR,ΠMR,ΠSR, and ΠSD, respectively. Because every
randomized Markov decision rule can be identified as a
randomized history-dependent decision rule, these policy
sets are related as follows:

ΠHR ⊃ ΠMR ⊃ ΠSR ⊃ ΠSD.

2.2. Reinforcement Learning with Pairwise Preferences

Definition 2.2. Given a finite set of outcomes Z ,

• A pairwise-preference function is a function P : Z×
Z → [0, 1] that satisfies, for all outcomes z, z′ ∈ Z ,

P(z, z′) = 1− P(z′, z).

• A preference margin M : Z × Z → R is a function
that satisfies, for all outcomes z, z′ ∈ Z ,

M(z, z′) = −M(z′, z).

When Z = S ×A, we will call M a Markov prefer-
ence margin.

There is a one-to-one relationship between pairwise-
preference functions and preference margins. For every
pairwise-preference function P , the function MP given by

MP(z, z
′) = P(z, z′)− 1/2,

is a preference margin. We use the term “preference margin”
because pairwise preference functions are used in other
fields of computer science (e.g Shah & Wainwright (2018);
Vitelli et al. (2018)).

The number M(z, z′) represents the amount of utility
that would be traded to observe z rather than z′. Thus,
M(z, z′) > 0 if z is preferred to z′, and M(z, z′) = 0 if
there is no preference (or, indifference). In Appendix D, we
discuss how preference margins relate to the Bradley-Terry
model of stochastic choice.
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Table 1. Markov decision contests (MDCs) are a new problem model for reinforcement learning with pairwise preferences. They model
decision problems with both finite and infinite horizons, and they have guarantees on the performance of stationary Markov policies
relative to history-dependent policies. Surprisingly, MDCs are in the same complexity class as Markov decision processes.

Problem-Model Desiderata Exact Methods Approximate Methods

Pairwise Horizon πSR vs. πHR Complexity Convergence FA

Gilbert et al. (2015; 2016) ✓ finite ✗ ? ✓ ✗
Chen et al. (2022) ✓ finite ✗ ? ✓ ✗
Wang et al. (2023) ✓ finite ✗ ? ✓ ✗
Swamy et al. (2024) ✓ finite ✗ ? ✓ ∼
Shani et al. (2024) ✓ finite ✗ ? ✓ ✓
Wu et al. (2026) ✓ finite ✗ ? ✓ ✓
Markov Decision Contests ✓ finite or∞ ✓ poly(|S||A|) ✓ ✓

Markov Decision Processes ✗ finite or∞ ✓ poly(|S||A|) ✓ ✓

Problem models for reinforcement learning with pair-
wise preferences consist of a decision-making environment
(S,A, P, µ) and a preference margin M : Z × Z → R.
Chen et al. (2022); Wang et al. (2023), and Swamy et al.
(2024) consider the case where Z = HN , where N ∈ N is
a fixed, finite time horizon. The objective they consider is

max
π∈ΠHR

min
π′∈ΠHR

Eπ,π′ [M(Ht, H
′
t)].

Gilbert et al. (2015; 2016), and Shani et al. (2024) consider
the case where Z = S, and where the objective depends
only on preferences between states that occur at the final
timestep N .

3. Related Work
Table 1 summarizes our contributions relative to prior work.
We elaborate on related work in Appendix B. The first three
columns are for desiderata that existing problem models
lack, while the last three concern solution methods. The
column properties are:

• Pairwise: whether the objective of the problem model
is described by a pairwise preference function.

• Horizon: the horizon of the decision problem.

• πMR v.s. πHR: whether the problem model has guar-
antees on the performance of Markov policies relative
to history-dependent policies.

• Complexity: Computational complexity of solving the
problem exactly.

• Convergence: Whether the problem admits approxi-
mate solution methods with convergence guarantees.

• FA: Whether the proposed approximate solution meth-
ods were validated in experiments with function ap-
proximation (FA).

4. Infinite-Horizon Decision Problems
The theory of infinite-horizon decision problems differs de-
pending on whether the performance criterion is discounted
or averaged. In Colaço Carr (2026, Chapter 4), we study a
discounted version of the Markov decision contest. Here,
we will study the average case. This will require the follow-
ing material, which is covered by Puterman (2014, Chapter
8).

4.1. Limiting Average State-Action Frequencies

For every timestep t, Prπ,µ(St = s,At = a) ∈ [0, 1] is the
probability that an agent will observe (s, a) at time t if it
starts from µ and selects actions according to π ∈ ΠHR.
A limiting average state-action frequency is an average of
these probabilities taken over all timesteps,

lim
T→∞

1

T

T−1∑
t=0

Prπ,µ(St = s,At = a). (1)

This limit does not always exist (see examples in Chapter
8 of Puterman (2014)’s book). So we need additional con-
ditions to maximize objectives defined in terms of these
limits.

4.2. Conditions on Transition Probabilities

For each stationary policy π ∈ ΠSR given by decision rule
dπ, let Pπ be the state-transition matrix with entry [Pπ]s′,s
equal to

∑
a d

π(a|s)P (s′|s, a).
Definition 4.1 ((Puterman, 2014)). A transition probabil-
ity function P : S × A → Dist(S) is said to be unichain
if, for every stationary deterministic policy π ∈ ΠSD, the
state-transition matrix Pπ has a single recurrence class plus
a possibly empty set of transient states. A unichain tran-
sition probability function is said to be aperiodic if every
recurrence class corresponding to a stationary deterministic
policy π ∈ ΠSD is aperiodic.
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The unichain and aperiodic conditions are standard in
average-reward MDP analysis, and they are discussed fur-
ther in Appendix E. The unichain condition ensures that all
stationary policies have well-defined occupancy measures.
The aperiodic condition ensures that average state-action
frequencies converge to their limits sufficiently fast.

4.3. Occupancy Measures

Following Puterman (2014, Section 8.9.1) we let Π1(µ) ⊆
ΠHR be the set of all history-dependent policies whose
limiting average state-action frequencies exist:

Π1(µ) = {π : for all s and a, the limit in (1) exists}. (2)

Definition 4.2. For every policy π ∈ Π1(µ), the policy’s
occupancy measure xπ,µ : S×A → [0, 1] maps each state-
action pair to its limiting average state-action frequency:

xπ,µ(s, a) = lim
T→∞

1

T

T−1∑
t=0

Prπ,µ(St = s,At = a).

Every occupancy measure is a valid probability distribution
over the set of state-action pairs. The sets of occupancy
measures corresponding to HR, SR, and SD policies are
defined as follows:

X1(µ) = {xπ,µ : π ∈ Π1(µ)}
XSR(µ) = {xπ,µ : π ∈ Π1(µ) ∩ΠSR}
XSD(µ) = {xπ,µ : π ∈ Π1(µ) ∩ΠSD}

The set X ⊆ Dist(S ×A) contains all state-action distribu-
tions x that satisfy,

∀s′ ∈ S,
∑
a′

x(s′, a′) =
∑
s,a

P (s′|s, a)x(s, a). (3)

Lemma 4.3. When the transition probability function is
unichain:

1. ΠSR ⊂ Π1(µ).

2. X1(µ) = XSR(µ) = X .

3. X is equal to the convex hull of XSD(µ). In particular,
X is closed and convex.

4. For every state-action distribution x ∈ X , the station-
ary policy π ∈ ΠSR given by the decision rule dπ,
where

dπ(a|s) =

{
x(s,a)∑
a′ x(s,a′) if

∑
a′ x(s, a′) > 0

arbitrary otherwise,

satisfies xπ,µ = x.

Proof. See Appendix C.1.

Part (2) shows that, when the transition probability function
is unichain, occupancy measures do not depend on µ. So,
under the unichain condition, we will write Π1 instead of
Π1(µ) and, for each π ∈ Π1(µ), write xπ instead of xπ,µ.

4.4. Markov Decision Processes

Definition 4.4. A finite Markov decision process
(S,A, P, µ, r) consists of a finite environment (S,A, P, µ)
and a reward function r : S×A → R. A finite Markov deci-
sion process is unichain if its transition probability function
is unichain, and is aperiodic it its transition probability
function is aperiodic.

For our purposes, a policy π ∈ Π1(µ) is optimal under the
average-reward criterion if∑

s,a

xπ,µ(s, a)r(s, a) = sup
π′∈Π1(µ)

∑
s,a

xπ′,µ(s, a)r(s, a).

(4)
Within finite unichain Markov decision processes, there
always exists a deterministic stationary policy that is optimal
under this criterion (Puterman, 2014, Theorem 8.8.6).

5. Markov Decision Contests
Definition 5.1. A finite Markov decision contest
(S,A, P, µ,M) consists of a finite environment (S,A, P, µ)
and a Markov preference margin M : (S×A)×(S×A)→
R. A Markov decision contest is unichain if its transition
probability function is unichain, and it is aperiodic if its
transition probability function is aperiodic.

Recall from (2) that Π1(µ) is the set of all history-dependent
policies whose limiting state-action frequencies exist.

Definition 5.2. Within a finite Markov decision contest,
a policy π ∈ Π1(µ) is optimal under the average-
preference-margin criterion if, for every other policy
π′ ∈ Π1(µ),∑

s,a

∑
s′,a′

xπ,µ(s, a)xπ′,µ(s′, a′)M((s, a), (s′, a′)) ≥ 0.

Policies that are optimal under this criterion will be called
solutions to the finite Markov decision contest.

5.1. Examples

Example 5.3 (Markov decision processes). Every Markov
decision process (S,A, P, µ, r) can be represented as a
Markov decision contest (S,A, P, µ,Mr), where Mr :
(S ×A)× (S ×A)→ R is given by

Mr((s, a), (s
′, a′)) = r(s, a)− r(s′, a′). (5)

4



Reinforcement Learning with Pairwise Preferences in Long-Term Decision Problems

A policy is optimal under the average-preference-margin
criterion within (S,A, P, µ,Mr) if and only if it is optimal
under the average-reward criterion within (S,A, P, µ, r).

Conversely, a preference margin M can be expressed in the
form of (5) only if it satisfies, for all (s, a), (s′, a′), (s′′, a′′),

M((s, a), (s′′, a′′))

= M((s, a), (s′, a′)) +M((s′, a′), (s′′, a′′)).

In particular, this form does not hold for nontransitive pref-
erence margins, where there are state-action pairs for which
M((s, a), (s′, a′)) > 0, M((s′, a′), (s′′, a′′)) > 0, and
M((s′′, a′′), (s, a)) > 0.

Example 5.4 (Best two-out-of-three rule). May (1954) ob-
served that preferences are often nontransitive when based
on multiple features. For instance, if each state-action pair
is evaluated according to three features, (say position, speed,
and stability of a robot), then preferring the pair that is
better on two of the three features leads to a nontransitive
preference margin.

Example 5.5 (Aggregated preferences). Even when an indi-
vidual’s preferences are transitive, nontransitive preferences
can arise when aggregating preferences from multiple indi-
viduals. Consider, for instance, the preference margin Magg
representing the fraction of individuals preferring (s, a) to
(s′, a′) minus the fraction of individuals preferring (s′, a′)
to (s, a). So, Magg((s, a), (s

′, a′)) ≥ 0 if and only if at
least half of the individuals prefer (s, a) to (s′, a′). It is
well known that Magg can be nontransitive (Fishburn, 1984;
Gehrlein, 1983). This is known as Condorcet’s paradox.

5.2. Existence of Optimal Stationary Policies

Lemma 4.3 showed that the set of all occupancy measures
is equal to the set of occupancy measures that correspond
to randomized stationary policies. This leads to our first
important result about solving Markov decision contests.

Theorem 5.6. Within all finite unichain Markov decision
contests:

1. There exists a randomized stationary policy that is op-
timal under the average-preference-margin criterion.

2. A randomized stationary policy is optimal under the
average-preference-margin criterion if, and only if, it
is a solution to

max
π∈ΠSR

min
π′∈ΠSR

∑
s,a

∑
s′,a′

xπ(s, a)xπ′
(s′, a′)M((s, a), (s′, a′)).

(6)

Proof. See Appendix C.2.

This theorem simplifies the problem of solving Markov de-
cision contests in two ways. First, part (1) guarantees that
optimal stationary randomized policies exist. This means
an agent can behave optimally without needing to store or
implement a history-dependent decision rule. This is analo-
gous to the result guaranteeing existence of optimal station-
ary deterministic policies for average-reward MDPs (Puter-
man, 2014, Theorem 8.8.6).

Second, part (2), it shows that, to solve these contests, it
suffices to solve a two-player, zero-sum game between sta-
tionary randomized policies. This avoids the need to store
and compute history-dependent policies. Thus, any solution
method for finite unichain Markov decision contests can
safely restrict itself to stationary policies.

6. Exact Solution Methods
In finite unichain Markov decision contests, an optimal
policy can be recovered exactly in time polynomial in |S||A|
(Theorem 6.1).

This result does not follow from standard game-solving
methods. The standard linear program (LP) for solving the
game in (6) would run in time polynomial in |A||S|. This
is because the game is played over the set of occupancy
measures, which is the convex hull of occupancy measures
of stationary deterministic policies (Lemma 4.3). There are
|A||S| stationary deterministic policies, which makes the
standard LP for solving (6) polynomial in |A||S|.

But, when the Markov decision contest is unichain, the set
of occupancy measures can be represented as the solutions
to the system of |S| linear equations in (3). This reduces the
cost of solving Markov decision contests exactly.

Theorem 6.1. For every finite unichain Markov decision
contest, there exists a linear program that solves the game
in (6) using |S||A|+ |S|+1 variables and 2|S||A|+ |S|+1
constraints.

Proof. See Appendix C.3.

Consequently, every finite unichain Markov decision contest
is solvable in time polynomial in |S||A| (instead of |A||S|).

In particular, this result shows that Markov decision con-
tests (with the average-preference-margin criterion) are in
the same complexity class as Markov decision processes
(with the average-reward criterion). This is surprising, given
that Markov decision contests are a strict generalization of
Markov decision processes (refer to 5.1).

Exact solution methods are not suitable for large environ-
ments, as the linear dependence on |S| is problematic. We
turn to approximate solution methods next, to address these
cases.
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7. Approximate Solution Methods
We now present a simple iterative algorithm that converges
to an optimal policy at a sublinear rate (Theorem 7.5). The
definitions and results of this section are all defined with
respect to a finite Markov decision contest that is assumed
to be unichain.

As is common in two-player, zero-sum games, convergence
is described in terms of the optimality gap.

Definition 7.1. The optimality gap of a stationary policy
π ∈ ΠSR is

max
π′∈ΠSR

∑
s,a

∑
s′,a′

xπ′
(s, a)xπ(s′, a′)M((s, a), (s′, a′)).

(7)

The optimality gap is nonnegative, and it is equal to zero
if and only if π is an optimal policy. We will also define
M̄(π, π) as the objective being maximized in (7):

M̄(π, π′) =
∑
s,a

∑
s′,a′

xπ(s, a)xπ′
(s′, a′)M((s, a), (s′, a′)).

7.1. Challenges with Standard Approximate Methods

In principle, it is possible to solve the game in (6) with
standard methods such as online mirror descent or fictitious
play. By Lemma 4.3, the game in (6) is played over the
set of occupancy measures, which is equal to the convex
hull of the set of occupancy measures corresponding to
stationary deterministic policies. Thus, one can solve this
game by maintaining a probability distribution over the
set of stationary deterministic policies, and updating the
probability distribution iteratively.

But, as we discuss in Appendix F, updating this distribution
requires knowing the exact probability of choosing each
stationary deterministic policy. This seems difficult to ob-
tain or estimate when decision rules are represented with
function approximators.

Instead, we propose a new learning algorithm which is more
amenable to function approximation. It makes use of two
new functions to measure policy performance. We introduce
these functions next.

7.2. Marginal values

The marginal value function measures how much utility is
gained or lost by starting in state s and following π, com-
pared to starting from a state sampled from π’s steady-state
distribution.

The preference-margin cumulant cπM : S × A →
[−Mmax,Mmax] measures the expected utility gained (or
lost) from observing a state-action pair (s, a) instead of a

state-action pair sampled from the occupancy measure of π:

cπM (s, a) =
∑
s′,a′

xπ(s′, a′)M((s, a), (s′, a′)). (8)

When cM (s, a) > 0, (s, a) is preferable to a random sample
from xπ . For every timestep t and start state s0,

Eπ
t [c

π
M (St, At)|s0 = s]

is the expected value of the cumulant at time t.

Definition 7.2. For every stationary policy π ∈ ΠSR and
state s ∈ S, the marginal value of s under π, denoted
by V π

M (s), is the sum of all preference-margin cumulants
expected under π when starting in s:

V π
M (s) =

∞∑
t=0

Eπ
t [c

π
M (St, At)|S0 = s]. (9)

The marginal state-action value of (s, a) under π, denoted
by Qπ

M (s, a), is the sum of all preference margin cumulants
expected when starting in s, taking action a, and following
π thereafter:

Qπ
M (s, a) =

∞∑
t=0

Eπ
t [c

π
M (St, At)|S0 = s,A0 = a]. (10)

When the Markov decision contest is periodic, marginal
values and state-action values may diverge (for the same
reason that differential values and state-action values diverge
when the MDP is periodic). When the contest is aperiodic,
they have the following basic properties.

Lemma 7.3 (Properties of marginal value functions). If the
Markov decision contest is aperiodic (in addition to being
unichain), then there exists a constant τ such that, for every
stationary policy π ∈ ΠSR, state s ∈ S, and action a ∈ A,

1. |V π
M (s)| ≤Mmaxτ and |Qπ

M (s, a)| ≤ 2Mmax τ .

2. Qπ
M (s, a) = cπM (s, a) +

∑
s′ P (s′ | s, a)V π

M (s′).

3. V π
M (s) =

∑
a′ dπ(a′ | s)Qπ

M (s, a′), where dπ is the
Markov decision rule that determines π.

Proof. See Appendix C.4.

Marginal values are useful, as they allow us to represent
long-term performance in terms of the expected difference
between marginal values and state-action values.

Lemma 7.4 (Performance Difference Lemma). If the
Markov decision contest is aperiodic (in addition to being
unichain), then, for all stationary policies π, π′ ∈ ΠSR,

M̄(π, π′) =
∑
s,a

xπ(s, a)(Qπ′

M (s, a)− V π′

M (s)).
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Algorithm 1 Hedged Policy Iteration (Tabular Form)

1: Input: learning rate η
2: Initialize decision rule d1 as d1(a | s) = 1/|A|
3: Initialize x̄0 as x̄0(s, a) = 0
4: for k = 1 to K do
5: #1. Compute occupancy measure
6: Compute occupancy measure xπk

7: x̄k ← x̄k−1 + (xπk − x̄k−1)/k
8: # 2. Evaluate
9: Compute Qπk

M (s, a)
10: # 3. Update decision rule
11: Set dk+1(a|s) ∝ dk(a|s) exp(η Qπk

M (s, a))
12: end for
13: # 4. Compute decision rule of the return policy
14: dHPI

K (a|s)← x̄K(s, a)/
∑

a′ x̄K(s, a′)
15: Return dHPI

K

Proof. See Appendix C.5.

In particular, this lemma implies that, for all policies π, π′ ∈
ΠSR, if the decision rule dπ that determines π satisfies∑

a d
π(a|s)Qπ′

M (s, a) ≥ V π′

M (s) for all s, then

M̄(π, π′) ≥ 0.

7.3. Hedged Policy Iteration

Algorithm 1 approximately solves Markov decision con-
tests. It iteratively produces randomized stationary poli-
cies π1, π2, . . . that are given by Markov decision rules
d1, d2, . . .. Decision rules are chosen with the Hedge al-
gorithm (Freund & Schapire, 1995). And so, our algorithm
is called Hedged Policy Iteration (HPI).

Because the Hedge algorithm does not converge in last-
iterate, neither does HPI. Instead, HPI returns a decision
rule dHPI

K such that the occupancy measure of the policy
(dHPI

K )∞t=0 is equal to the average occupancy measure x̄K .
The policy (dHPI

K )∞t=0 is called the return policy of Hedged
Policy Iteration. It has the following convergence guarantee.

Theorem 7.5. Suppose that the Markov decision con-
test aperiodic (in addition to being unichain). When
Hedged Policy Iteration (Algorithm 1) runs for K ≥
log(|A|) iterations and its learning rate η is equal to
(2Mmax τ)

−1
√
log(|A|)/K, the optimality gap its return

policy is no greater than

4Mmax τ

√
log(|A|)

K
.

Proof. See Appendix C.6.

HPI’s rate of convergence does not depend explicitly on |S|.
The reason is that HPI updates the action probabilities of

Algorithm 2 HPI (Policy-Gradient Form)

1: Input: learning rate η
2: Initialize decision rule d1(a | s) = 1/|A|
3: Initialize x̄0 as x̄0(s, a) = 0
4: for k = 1 to K do
5: #1. Compute occupancy measure
6: Compute occupancy measure xπk

7: x̄k ← x̄k−1 + (xπk − x̄k−1)/k
8: # 2. Evaluate
9: Compute Qπk

M (s, a)
10: # 3. Update decision rule
11: Select dk+1 by solving:
12: maxθ

∑
s,a x

πk (s, a) dθ(a|s)
dk(a|s)

(
Q

πk
M (s, a)− 1

η
log dθ(a|s)

dk(a|s)

)
13: end for
14: # 4. Compute decision rule of the return policy
15: Compute dHPI

K by solving:
16: maxθ

∑
s,a x̄K(s, a) log dθ(a|s)

17: Return dHPI
K

each state in parallel. However, the rate depends implicitly
on |S| through τ : if |S| is large, then it may take policies
longer to converge to their occupancy measures. This can
make τ larger.

7.4. A Policy-Gradient Form

When decision rules are parameterized with parameter vec-
tors, the decision-rule updates in steps #3 and #4 of Algo-
rithm 1 are no longer practical. Fortunately, both updates
can be re-expressed as optimization problems that are con-
vex in the decision rule’s action probabilities. Parameterized
decision rules can be updated by applying stochastic gradi-
ent ascent to these optimization problems.

Algorithm 2 presents HPI with the decision rule update steps
in their alternate forms. We call this the policy-gradient
(PG) form of HPI. The new form for step #3 is made possible
by the properties of the softmax update rule. The new form
of step #4 is justified with the following lemma.

Lemma 7.6. Let x ∈ X be an occupancy measure and
π ∈ ΠSR be a stationary policy given by decision rule dπ.
Then, the occupancy measure of π is equal to x if and only
if dπ is a solution to

max
θ

∑
s,a

x(s, a) log dθ(a|s).

Proof. See Appendix C.7.

This proof has several variants in the behaviour-cloning
literature (e.g. (Syed et al., 2008)). We use it here to show
the following result.

7
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Algorithm 3 HPI (Deep Learning Implementation)

1: Input: learning rate η, buffer Bavg, number of behavior
cloning steps nBC,

2: Initialize decision rule d̂1 : S → Dist(A) arbitrarily
3: Initialize value estimate Q̂π1

M : S ×A → R arbitrarily
4: for k = 1, . . . ,K do
5: # 1. Estimate occupancy measure
6: Collect samples B = {(sit, ait)T−1

t=0 }Ni=1 from πk

7: Bavg ← UpdateBuffer(Bavg,B)
8: # 2. Evaluate (approximately)
9: ĉik,t ← 1

|B|
∑

s′,a′∈B M((sit, a
i
t), (s

′, a′))

10: Q̂πk

M ← UpdateQ(Q̂
πk−1

M , {(sit, ait, ĉik,t)
T−1
t=0 }Ni=1)

11: # 3. Update decision rule
12: Select d̂k+1 by optimizing:
13: maxθ

1
NT

∑
sit,a

i
t

dθ(a
i
t|s

i
t)

dk(a
i
t|s

i
t)

(
Q̂

πk
M (sit, a

i
t)− 1

η
log

dθ(a
i
t|s

i
t)

dk(a
i
t|s

i
t)

)
14: end for
15: # 4. Estimate average policy
16: Compute d̂HPI

K by optimizing, for nBC gradient steps,
17: maxθ

1
|Bavg|

∑
s,a∈Bavg

log dθ(a|s)

18: Return d̂HPI
K

Proposition 7.7. If the Markov decision contest aperiodic
(in addition to being unichain), then Algorithm 2 converges
at the rate described in Theorem 7.5.

Proof. See Appendix C.8.

Thus, the policy-gradient form of Hedged Policy Iteration
is amenable to function approximation; its maximization
objectives are convex with respect to the action probabilities
of the decision rule dθ. Next, we discuss how its remaining
quantities can be approximated using standard methods from
deep reinforcement learning.

7.5. A Deep-Learning Implementation

From the policy gradient form of HPI, the deep learning im-
plementation of HPI (Algorithm 3) is fairly straightforward.
To obtain Algorithm 3 from Algorithm 2:

• Replace the occupancy measure xk with a buffer of
samples B collected from πk. Replace the average
occupancy measure x̄k with a buffer of samples Bavg.

• Replace exact computation of Qπk

M (s, a) with a value
function update, UpdateQ. Because the cumulant has
the same type as a reward function, any deep reinforce-
ment learning method for value estimation can be used
for this update.

• Calculate the decision rules d̂k+1 and d̂HPI
K by solving

the optimization objectives in steps #3 and #4 approx-

imately. By default, when nBC = 0, the last iterate
d̂k+1 is returned.

HPI-Clip. As we discuss in Appendix H.1, the approxi-
mate update step in step #3 of Algorithm 3 can be replaced
by a clipped surrogate objective, similar to the clipped ob-
jective in Proximal Policy Optimization (Schulman et al.,
2017). When this replacement is made, we refer to the
resulting algorithm as HPI-Clip.

8. Experiments
One of our main reasons for introducing Markov decision
contests was our claim that existing methods of reinforce-
ment learning with pairwise preferences were inefficient in
long-term decision problems. We now validate this claim,
through the following hypothesis:

In long-term decision problems, HPI is more
learning-efficient than existing algorithms that learn with

pairwise preferences.

Method. We compared HPI (Algorithm 3) and HPI-Clip
(Algorithm 4) against Swamy et al. (2024)’s Self-Play Pref-
erence Optimization (SPPO). We did not compare with the
algorithms of Shani et al. (2024) and Wu et al. (2026), as
they both solve a regularized objective. Appendix H pro-
vides more details about our algorithm implementations.

We considered 13 Markov decision contests (called “tasks”,
for short), which used Todorov et al. (2012)’s Mujoco en-
vironments. The horizon for each task is long: the default
horizon is 2048 steps (though some tasks end early, when
specific states are reached).

Mujoco-v5 Suite. The first 11 tasks were the eleven tasks
of the Mujoco-v5 suite (Todorov et al., 2012). This is a
common set of continuous control tasks, which have large
state and action spaces. For these tasks, the goal is specified
with a reward function. So the preference margin given to
HPI, HPI-Clip, and SPPO was given as the difference in
task reward (as in (5)). We also compared with PPO, which
learns from task’s reward directly. The optimality gap in
these tasks is equal to the episodic return, up to constant
factors. And so, we measured learning efficiency as the
Area Under the Curve (AUC) of the episodic return curve
over the environment timestep.

Mujoco-NT Tasks. The last two tasks used the environ-
ments from the Mujoco-v5 suite (Reacher and Walker2d),
but replaced the task’s original reward with a nontransitive
preference margin. We call these the Mujoco-NT Tasks.
The nontransitive preference margins are described in Ap-
pendix A.2. The Reacher-NT preference margin was pro-
posed by Swamy et al. (2024). The Walker2d-NT preference
margin was defined with a best-two-out-of three rule (as in

8
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Figure 1. Performance of algorithms on (a) Mujoco-v5 Suite and (b) Mujoco-NT Tasks, which have long time horizons. Both HPI-Clip
and HPI are more learning-efficient than SPPO on these tasks, as measured by the Area Under the Curve (AUC).

Example 5.4), with performance criteria on three features.
In Reacher-NT, the optimal policy must trace a circle with
the reacher fingertip. In Walker2d-NT, the optimal policy
must visit each of the three features with equal probability.

We estimated the optimality gap of these policies by training
a PPO algorithm to minimize the objective in (7). We also
provide trajectory plots to ensure that the estimated optimal-
ity gap was consistent with expected behavior. Learning
efficiency was measured as the Area Under the Curve of
the (inverted) optimality gap curve over the environment
timestep. Additional evaluation details are provided in Ap-
pendix A.2.

Results. All reported results show the mean and 95% con-
fidence intervals across 10 independent instances with differ-
ent random seeds. Figure 1 shows a summary of our results.
The remaining results on the Mujoco-v5 suite are shown in
Figure 2. Figures 3 and 4 show the remaining results for
the Mujoco-NT tasks. In 12/13 tasks, HPI’s AUC confi-
dence interval either exceeds or overlaps with SPPO’s.
The same holds for HPI-Clip’s AUC confidence interval in
comparison with SPPO’s. Thus, we conclude that both HPI
and HPI-Clip are significantly more learning-efficient than
SPPO on this set of tasks.

Ablation Studies. In Appendix A.3 we verify that similar
gains in learning efficiency hold when algorithms attempt
to solve the tasks using preference models that are learned
from offline data. In Appendix A.4, we provide a detailed
comparison of HPI-Clip and SPPO to study how learning
efficiency varies with the task horizon.

9. Conclusion
Existing problem models for reinforcement learning with
pairwise preferences assume a finite time horizon, and they
lack guarantees on the performance of Markov policies rel-
ative to history-dependent ones. We introduced Markov
decision contests to address these limitations, and proved
three results. First, stationary policies are optimal within
the set of history-dependent policies (Theorem 5.6). Second,
solving a Markov decision contest exactly is in P, the same
complexity class as Markov decision processes, despite the
greater generality of pairwise preferences (Theorem 6.1).
Third, a simple iterative algorithm (Hedged Policy Iteration)
solves Markov decision contests approximately, converging
at a rate of 1/

√
K (Theorem 7.5). In 13 high-dimensional

Markov decision contests with long time horizons, our algo-
rithms (HPI and HPI-Clip) were significantly more learning-
efficient than SPPO, the most relevant prior algorithm.

These results are relevant to applications of reinforcement
learning with pairwise preferences for large language mod-
els that attempt tasks with long time horizons. But more
investigation is needed. It remains unclear when the gains
from learning with preference margins outweigh those from
learning with reward functions, and how effective these
methods are at aligning language models in practice. An-
swering these questions would bring the theory and practice
of reinforcement learning with pairwise preferences consid-
erably closer together.
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A. Additional Experiments
A.1. Mujoco-v5 Suite

Figure 2 illustrates the performance of our algorithms in the Mujoco-v5 suite (Todorov et al., 2012). The solid lines represent
means over 10 independent training runs and the shaded areas represent 95% confidence intervals.

Figure 2. Comparison of algorithms on the Mujoco-v5 suite, training for one million timesteps.

We measured learning efficiency as the Area Under the Curve (AUC) over all training steps. The confidence interval for
HPI-Clip’s AUC was strictly higher than the confidence interval for SPPO’s AUC in 7 tasks (Ant-v5, Half Cheetah-v5,
Hopper-v5, Humanoid Standup-v5, Pusher-v5, Reacher-v5, Swimmer-v5). Meanwhile, the confidence interval for SPPO’s
AUC was strictly higher than the confidence interval for HPI-Clip’s AUC just 1 task (Walker2d-v5). We conclude that
HPI-Clip is more learning-efficient than SPPO on the Mujoco-v5 suite, because its AUC is significantly better on 7 of 11
tasks and only significantly worse on 1 of 11 tasks.

The confidence interval for HPI’s AUC was strictly higher than the confidence interval for SPPO’s AUC in 6 tasks (Half
Cheetah-v5, Hopper-v5, Humanoid Standup-v5, Pusher-v5, Reacher-v5, Swimmer-v5). SPPO’s AUC confidence interval
was strictly higher than HPI-Clip’s AUC confidence interval on 1 task (Humanoid-v5). So, we conclude that HPI is more
learning efficient than SPPO on the Mujoco-v5 suite, because its AUC is significantly better on 6 of 11 tasks and only
statistically worse on 1 of 11 tasks.

A.2. Mujoco-NT

The Mujoco-NT tasks were adapted from Reacher-v5 and Walker2d-v5 tasks from the Mujoco suite. These environments
were chosen as they were relatively fast to run (which was necessary for our evaluation, as we will discuss).

Task description. The Mujoco-NT tasks, Reacher-NT and Walker2d-NT, kept all of the same elements of the Reacher-v5
and Walker2d-v5 tasks, except they replaced the task rewards from the Mujoco suite with preference margins.

The Reacher-NT preference margin has two preference criteria: fingertip radius from origin and first arm angular position.
The margin favors observations where the fingertip is farther from the origin (30% weight) and implements a counter-
clockwise angular preference for arm 1 (70% weight). Swamy et al. (2024) considered a nontransitive preference of this
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Figure 3. Position of the Reacher’s fingertip in the Reacher-NT task during training. In this task, the optimal policy creates a perfect circle
with the fingertip.

form for the Ant environment. We chose to experiment with Reacher instead of Ant, because we found the optimality gap
estimates to be more reliable in Reacher. The pseudocode for this preference margin is provided in Appendix H.4.

The Walker2d-NT preference margin implements a nontransitive preference based on three competing objectives: Height
> Speed > Stability > Height. Each environment observation is classified by its dominant feature (according to its
highest normalized value), and preferences follow a rock-paper-scissors pattern where high walkers beat fast walkers, fast
walkers beat stable walkers, and stable walkers beat high walkers. The pseudocode for this preference margin is given in
Appendix H.4.

Evaluation details. To evaluate performance in Mujoco-NT, we estimated the optimality gap of each algorithm (HPI,
HPI-Clip, and SPPO) after every 200 000 timesteps. After each 200 000 timesteps, we would estimate the occupancy
measure the algorithm’s return policy by sampling 100 trajectories from it. Then, we trained a PPO agent the optimality gap
objective from (7). The PPO agents used the same hyperparameters and network architectures as in the Mujoco-v5 suite.

Because this was only an approximation of the true optimality gap, we also plotted trajectories sampled from each algorithm
throughout training, to determine whether the trends in approximate optimality gap were consistent with policy behavior.

Results. The estimated optimality gaps are plotted in Figure 1(b). They are inverted so that the trends are visually similar
to the expected return learning curves. The trajectory samples of algorithms run on Reacher-NT and Walker2d-NT are
shown in Figures 3 and 4, respectively.

Conclusions. We measure learning efficiency according to the AUC of the (inverted) optimality-gap learning curves in
Figure 1(b). The AUC confidence intervals of HPI-Clip are strictly higher than the confidence intervals of SPPO on both
Reacher-NT and Walker2d-NT. The same holds for the confidence intervals of HPI. Thus, we conclude that both HPI and
HPI-Clip are more learning efficient than SPPO on this task.

Importantly, the trends in optimality gap are consistent with the actual behavior of decision policies in these tasks. For
example, as the optimality gap shrinks in Reacher-NT, the reacher’s fingertip position makes a large circle in Figure 3. As
the optimality gap shrinks in Walker2d-NT, the policies spend a more even amount of time across all three dominant features
in Figure 4.
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Figure 4. Dominant feature distribution in the Walker2d task during training. In this task, the optimal policy visits each dominant feature
33.3% of the time.

A.3. Ablation 1: Experiments with a Learned Preference Margin

In many applications, the true preference margin is unknown, and it must be learned from pairwise comparison data. So, we
conducted an experiment to verify whether the gains in learning efficiency we observed in Mujoco-v5 suite and Mujoco-NT
would persist if the algorithms used a learned preference model.

For this experiment, we ran each algorithm in each task using a learned preference model. For each task and each algorithm,
our method was the following:

1. Attempt the task using the tasks true preference margin (or the task’s reward, for PPO). Save 500 trajectories that
are evenly-spaced throughout the first 1 million environment steps, as it attempts the task using the task’s preference
margin (or the task’s reward, for PPO).

2. Randomly sample 100,000 comparisons from the 500 rollouts.

3. Follow the procedure of Christiano et al. (2017) to learn an ensemble of three preference models (or an ensemble of
three reward models, for PPO).

4. Attempt the task using the learned preference-model ensemble (or reward-model ensemble, for PPO).

A.3.1. MUJOCO-V5 SUITE WITH LEARNED PREFERENCE MODELS

Figure 5 shows the performance of each algorithm that used a learned preference model to solve the Mujoco-v5 tasks.

Again, we measured learning efficiency as the Area Under the Curve (AUC) over all training steps. The confidence interval
for HPI-Clip’s AUC was strictly higher than the confidence interval for SPPO’s AUC in 7 tasks (Ant-v5, Half Cheetah-v5,
Hopper-v5, Humanoid-v5, Humanoid Standup-v5, Pusher-v5, Reacher-v5). Meanwhile, the confidence interval for SPPO’s
AUC was strictly higher than the confidence interval for HPI-Clip’s AUC just 1 task (Inverted Pendulum-v5). We conclude
that HPI-Clip is more learning-efficient than SPPO on the Mujoco-v5 suite, because its AUC is significantly better on 7 of
11 tasks and only significantly worse on 1 of 11 tasks.

The confidence interval for HPI’s AUC was strictly higher than the confidence interval for SPPO’s AUC in 8 tasks (Ant-v5,
Half Cheetah-v5, Hopper-v5, Humanoid-v5, Humanoid Standup-v5, Inverted Double Pendulum-v5, Pusher-v5, Reacher-v5).
SPPO’s AUC confidence interval was strictly higher than HPI-Clip’s AUC confidence interval on 1 task (Inverted Pendulum-
v5). We conclude that HPI is more learning efficient than SPPO on the Mujoco-v5 suite, because its AUC is significantly
better on 8 of 11 tasks and only statistically worse on 1 of 11 tasks.
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Figure 5. Comparison of algorithms that use learned preference models to attempt tasks on the Mujoco-v5 suite.

A.3.2. MUJOCO-NT WITH LEARNED PREFERENCE MODELS

Figure 6 shows the performance of each algorithm that used a learned preference model to solve the Mujoco-v5 tasks.

Figure 6. Comparison of algorithms that use learned preference models to attempt Reacher-NT and Walker2d-NT.

As above, we measured learning efficiency as the Area Under the Curve (AUC). The confidence interval for HPI-Clip’s AUC
was strictly higher than the confidence interval for SPPO’s AUC in both Reacher-NT and Walker2d-NT Tasks. Similarly, the
confidence interval for HPI’s AUC was strictly higher than the confidence interval for SPPO’s AUC on both tasks. Thus, we
conclude that both HPI-Clip and HPI are more learning-efficient than SPPO on the Mujoco-NT.

A.4. Ablation 2: Interpolating between Hedged Policy Iteration and Self-Play Preference Optimization

One important difference between HPI-Clip (Algorithm 4) and SPPO (Swamy et al., 2024, Algorithm 2) is that SPPO
averages the per-timestep preference cumulant over the entire trajectory. This is because SPPO only receives a preference
signal at the end of an episode. As a result of this averaging, SPPO may not evaluate policies correctly. HPI-Clip does not
do this averaging. So we expect it to perform better.

We verify this by implementing variants of SPPO, where we vary the number of timesteps over which the per-timestep
preference cumulant is averaged. We refer to this number of timesteps as the “comparison horizon” TC . SPPO corresponds
to the variant where TC is equal to the task horizon. In theory, HPI-Clip should correspond to the variant where TC = 1.
In Figure 7, we confirm that by varying the comparison horizon, we interpolate between HPI-Clip and SPPO. In most
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environments, increasing the comparison horizon decreases performance.

Figure 7. Interpolating between HPI-Clip and SPPO using the “comparison horizon” TC , which is the number of timesteps over which
per-timestep preference-cumulants are averaged.

B. Related Work (Extended)
We elaborate on each of the column properties from Table 1 below.

Reinforcement learning with pairwise preferences A problem model of reinforcement learning with pairwise preferences
consists of a decision-making environment, a time horizon, and a preference margin. The domain of the preference margin
has varied in prior work, and thus the optimality criteria have been different. Swamy et al. (2024); Wang et al. (2023);
Chen et al. (2022), consider preference margins whose domain isHN , where N ∈ N is a finite time horizon. Gilbert et al.
(2015; 2016) and Shani et al. (2024) consider preference margins whose domain is S, and where preferences are given
between final states (those which occur at timestep N ). Wu et al. (2026) considers a preference margin defined between
history-action pairs, which are given at each timestep t.

Horizon. So far, problem models for reinforcement learning with pairwise preferences have considered settings where
the problem ends at a known, finite time horizon. This may not be a good description of some important applications of
reinforcement learning with pairwise preferences. People interacting with language models, for instance, typically do not
end conversations after a fixed known timestep and reset to some initial distribution. Conversations may extend arbitrarily
long, and beginnings and end steps may be unknown to the language model. Infinite-horizon models of sequential decision
making handle these situations.

Infinite-horizon models of sequential decision making are also useful because they unify formalisms of tasks with finite
and infinite horizons. As discussed by Sutton & Barto (2018, Chapter 3), finite horizon Markov decision processes can
be represented as infinite-horizon problems. Thus, our infinite-horizon model, the Markov decision contest, can model
applications of reinforcement learning with pairwise preferences with either finite or infinite horizons.

Markov policies vs. history-dependent policies In Markov decision processes, restricting attention to Markov policies
is justified because Markov policies perform optimally among the set of all history-dependent policies. This is useful for
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applications, because it means that agents need only implement Markov policies in order to guarantee that they can perform
just as well as any agent with a history-dependent policy.

Existing work on reinforcement learning with pairwise preferences have not considered guarantees on the performance of
Markov policies relative to history-dependent ones. Chen et al. (2022); Wang et al. (2023); Swamy et al. (2024); Wu et al.
(2026) consider history-dependent policies, but do not provide performance guarantees for Markov policies. On the other
hand, Gilbert et al. (2015; 2016); Shani et al. (2024) consider only Markov policies, and do not discuss their performance
relative to history-dependent ones. Here, we define our performance criteria with respect to history-dependent policies, but
then show that Markov policies can be optimal. This extends the well-known result that Markov policies are optimal in
infinite-horizon Markov decision processes under the average-reward criterion.

Exact Solution Methods. The problem of solving a finite unichain Markov decision process exactly is solvable in
time polynomial in the number of states and actions (Puterman, 2014). Thus, it is said to be in P (Littman et al., 2013;
Papadimitriou & Tsitsiklis, 1987).

Results on the complexity of solving reinforcement-learning problems that have pairwise preferences have not been provided
yet. Here, we show that the problem of solving a Markov decision contest exactly is in P. This is not obvious. The generality
of pairwise preferences with respect to reward function is known through logical axioms (Fishburn, 1982). It is not obvious
from these axioms how much computational cost this generality brings.

Approximate Solution Methods. All work from Table 1 provide approximate solution methods with convergence
guarantees. The convergence rates are all comparable to one another, as the problem models and optimality criteria in these
models are differ.

Shani et al. (2024) and Wu et al. (2026) validate their approximate solution methods in experiments with function
approximation. Swamy et al. (2024) experiment with function approximation using alternate version of their algorithm, but
it requires approximations of history-dependent policies with Markov policies, which are not justified. The alternate version
of Swamy et al. (2024)’s algorithm is discussed in our experiments. We did not compare with Shani et al. (2024) and Wu
et al. (2026), because were developed for a regularized version of the problem.

C. Proofs
C.1. Proof of Lemma 4.3

Lemma 4.3. When the transition probability function is unichain:

1. ΠSR ⊂ Π1(µ).

2. X1(µ) = XSR(µ) = X .

3. X is equal to the convex hull of XSD(µ). In particular, X is closed and convex.

4. For every state-action distribution x ∈ X , the stationary policy π ∈ ΠSR given by the decision rule dπ , where

dπ(a|s) =

{
x(s,a)∑
a′ x(s,a′) if

∑
a′ x(s, a′) > 0

arbitrary otherwise,

satisfies xπ,µ = x.

Proof. Part 1 follows from Proposition 8.9.1(a) of Puterman (2014). Parts (2) and (3) follow from slightly more general
results that Puterman (2014) provides about subsequential limit points of average state-action frequencies. Puterman states
these results in Theorem 8.9.4 and Corollary 8.9.5. We chose not to discuss subsequential limits here, to keep notation light.
Part 4 follows from Corollary 8.8.7(a) of Puterman (2014).

C.2. Proof of Theorem 5.6

Theorem 5.6. Within all finite unichain Markov decision contests:
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1. There exists a randomized stationary policy that is optimal under the average-preference-margin criterion.

2. A randomized stationary policy is optimal under the average-preference-margin criterion if, and only if, it is a solution
to

max
π∈ΠSR

min
π′∈ΠSR

∑
s,a

∑
s′,a′

xπ(s, a)xπ′
(s′, a′)M((s, a), (s′, a′)). (11)

To prove Theorem 5.6, we will use the following well-known results about two-player, zero-sum games played over the
convex hull of a finite amount of points.

Lemma C.1. For any closed, convex subset C of Dist(S ×A),

1. The set of solutions to
max
x∈C

min
x′∈C

∑
s,a

∑
s′,a′

x(s, a)x′(s′, a′)M((s, a), (s′, a′)), (12)

is non-empty.

2. An element x∗ ∈ C is a solution to (12) if and only if it satisfies

min
x′∈C

∑
s,a

∑
s′,a′

x∗(s, a)x′(s′, a′)M((s, a), (s′, a′)) ≥ 0. (13)

Proof. (of Theorem 5.6) First, we will show part (2) by showing that the average-preference-margin optimality condition
can be expressed in the form (13). Then, we will use Lemma C.1 to prove part (1) of the theorem.

π∗ ∈ ΠSR is optimal
(a)⇐⇒ inf

π′∈Π1

∑
s,a

∑
s′,a′

xπ∗
(s, a)xπ′

(s′, a′)M((s, a), (s′, a′)) ≥ 0

(b)⇐⇒ inf
x′∈X

∑
s,a

∑
s′,a′

xπ∗
(s, a)x′(s′, a′)M((s, a), (s′, a′)) ≥ 0

(c)⇐⇒ min
x′∈X

∑
s,a

∑
s′,a′

xπ∗
(s, a)x′(s′, a′)M((s, a), (s′, a′)) ≥ 0

(d)⇐⇒ xπ⋆

solves max
x∈X

min
x′∈X

∑
s,a

∑
s′,a′

x(s, a)x′(s′, a′)M((s, a), (s′, a′))

(e)⇐⇒ π∗ solves max
π∈ΠSR

min
π′∈ΠSR

∑
s,a

∑
s′,a′

x(s, a)xπ′
(s′, a′)M((s, a), (s′, a′)).

(a) follows from the definition of the average-preference-margin criterion. (b) follows from Lemma 4.3, part
(2). (c) follows from the fact that X is closed and convex (Lemma 4.3, part (3)), and thus the function x′ 7→∑

s,a

∑
s′,a′ xπ⋆

(s, a)x′(s′, a′)M((s, a), (s′, a′)), which is continuous, achieves its infimum in X . (d) is an immedi-
ate consequence of Lemma C.1 applied to X . (e) Follows from the fact that X = {xπ : π ∈ ΠSR}, by parts (1) and (2) of
Lemma 4.3.

Part (1) of the theorem follows immediately from the first part of Lemma C.1 and relations (d) and (e).

C.3. Proof of Theorem 6.1

Recall the game from (6):

max
π∈ΠSR

min
π′∈ΠSR

∑
s,a

∑
s′,a′

xπ(s, a)xπ′
(s′, a′)M((s, a), (s′, a′)). (14)
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Theorem 6.1. For every finite unichain Markov decision contest, there exists a linear program that solves the game in (6)
using |S||A|+ |S|+ 1 variables and 2|S||A|+ |S|+ 1 constraints.

Proof. For clarity, we’ve numbered the steps in this proof.

(a) We can represent a policy π ∈ ΠSR through its occupancy measure xπ . The decision rule

dπ(a|s) =

xπ(s, a)/
∑
a′

xπ(s, a′) if
∑
a′

xπ(s, a′) > 0

arbitrary otherwise

determines π.

(b) By Lemma 4.3, X = {xπ : π ∈ ΠSR}. So, any solution to

max
x∈X

min
x′∈X

∑
s,a

∑
s′,a′

x(s, a)x(s′, a′)M((s, a), (s′, a′), (15)

is an occupancy measure of an optimal stationary randomized policy. It remains to show that the game in (15) can be
solved by a linear program with |S||A|+ |S|+ 1 variables and 2|S||A|+ |S|+ 1 constraints.

(c) Vector notation. We will identify state-action distributions as vectors in x ∈ R|S||A| whose entries are all nonnegative
and sum to one (that is, x ≥ 0 and 1Tx = 1). We will identify the preference margin M as a matrix in R|S||A|×|S||A|.
So, for all state-action distributions x and x′,∑

s,a

∑
s′,a′

x(s, a)x′(s′, a′)M((s, a), (s′, a′)) = xTMx′.

So, in vector notation, the objective in (15) is

max
x∈X

min
x′∈X

xTMx′.

(d) The |S| equations from (3) can be written as the system of linear equations

FPx = 0,

where FP is the matrix R|S|×|S||A| with [FP ]s′,s,a equal to P (s′|s, a)− 1 if s′ = s and P (s|s, a) otherwise. Now, X
can be written as the set of all vectors x ∈ R|S||A| that satisfy the following conditions:

x ≥ 0

1Tx = 1

FPx = 0.

(e) So, for every fixed x̃ ∈ X , the following linear program (LP) solves the inner minimization problem, minx′∈X x̃TMx′:

minimize x̃TMx′

subject to x′ ≥ 0

1Tx′ = 1

FPx
′ = 0.

(f) The dual of this LP is

maximize κ

subject to MT x̃+ hTFP ≥ κ1.

This dual program introduces two new variables: κ ∈ R and h ∈ R|S|.
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(g) By the duality theory of linear programs, the maximum value of the dual LP is equal to minx′∈X x̃TMx′.

(h) So, the solution to maxx∈X minx′∈X xTMx′, maximizes the value of κ for all possible x̃ ∈ X . The following LP
achieves this:

maximize κ

subject to MTx+ hTFP ≥ κ1

x ≥ 0

1Tx = 1

FPx = 0.

This program has |S||A|+ |S|+ 1 variables (|S||A| from x, |S| from h, 1 from κ) and 2|S||A|+ |S|+ 1 constraints.

The linear program for solving an average-reward Markov decision process with reward function r : S ×A → R is:

maximize
∑
s,a

x(s, a)r(s, a)

subject to FPx = 0

1Tx = 1

x ≥ 0.

In comparison to this linear program, the one we’ve used to solve Markov decision contests has an additional |S||A|
constraints (from its last inequality) and |S|+ 1 additional variables (|S| from h, and 1 from κ).

C.4. Proof of Lemma 7.3

To prove Lemma 7.3, we need some additional definitions and results from Puterman (2014, Appendix A). For each
stationary randomized policy π ∈ ΠSR, we define matrices Pπ, P

∗
π , and HPπ

in R|S|×|S| through the following equations:

[Pπ]s′,s =
∑
a

dπ(a|s)P (s′|s, a)

P ∗
π = lim

T→∞

1

T

T−1∑
t=0

P t
π

HPπ
= (I − Pπ + P ∗

π )
−1(I − P ∗

π ).

Puterman calls HPπ the deviation matrix, in light of part 1 of the following lemma.
Lemma C.2. When the transition probability function is unichain and aperiodic, then for all Markov decision rules dπ and
all states s and s′

1. HPπ
=
∑∞

t=0(P
t
π − P ∗

π ). In particular, the series
∑∞

t=0([P
t
π]s′,s − [P ∗

π ]s′,s) converges.

2. [P ∗
d ]s′,s = νπ(s′), where νπ(s) =

∑
a d

π(a|s)xπ(s, a).

3. There exists a constant τ ≥ 1 such that supπ′∈ΠSR ∥HPπ′∥1 ≤ τ .

Proof. (of Lemma C.2) Part (1) is given as Theorem A.7(c) from Puterman’s book. Puterman shows part (2) in Appendix
A.4 of his book. It remains to show part (3). We’ve labeled the steps of the proof of part (3), for clarity.

(a) The set of all Markov decision rules can be represented as the |S|-fold cartesian product of Dist(A),

(Dist(A))|S| = Dist(A)× · · · × Dist(A).

Thus, the set of all Markov decision rules can be represented as a compact subset of R|S||A|. We denote this subset by
DMR.
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(b) The function f : (DMR, ∥ · ∥1)→ (R, | · |), given by f(d) = ∥HPd
∥1, is continuous.

• This is because, when the transition probability function is unichain and aperiodic, the maps dπ 7→ Pπ and
dπ 7→ P ∗

π are continuous, and the matrix (I − Pπ + P ∗
π ) is nonsingular. And so, f continuous, as it is a

composition of continuous functions.

(c) By (a) and (b), the function f is a continuous function defined on over compact metric space. So, there exists a constant
τ ≥ 1 such that

sup
π∈ΠSR

∥HPπ
∥1 = sup

d∈DMR

f(d) ≤ τ.

Lemma 7.3 (Properties of marginal value functions). If the Markov decision contest is aperiodic (in addition to being
unichain), then there exists a constant τ ≥ 1 such that, for every stationary policy π ∈ ΠSR, state s ∈ S , and action a ∈ A,

1. |V π
M (s)| ≤Mmaxτ and |Qπ

M (s, a)| ≤ 2Mmax τ .

2. Qπ
M (s, a) = cπM (s, a) +

∑
s′ P (s′ | s, a)V π

M (s′).

3. V π
M (s) =

∑
a′ dπ(a′ | s)Qπ

M (s, a′), where dπ is the Markov decision rule that determines π.

Proof. Let τ be as defined in Lemma C.2. Once we establish that V π
M (s) is bounded, parts (2) and (3) follow immediately

from the definitions of V π
M (s) and Qπ

M (s, a). To show part (1), we will first show that |V π
M (s)| ≤Mmaxτ , then use part (2)

to show that |Qπ
M (s, a)| ≤ 2Mmaxτ .

To show that |V π
M (s)| ≤Mmaxτ , it suffices to show that

V π
M (s) =

∑
s̃,ã

[HPdπ
]s̃,sπ(ã|s̃)cπM (s̃, ã). (16)

If (16) holds, then |V π
M (s)| ≤Mmaxτ , since ∥HPdπ

∥1 ≤ τ and |cM (s̃, ã)| ≤Mmax.

First note that, because M is skew-symmetric,

0 =
∑
s̃,ã

∑
s̃′,ã′

xπ(s̃, ã)xπ(s̃′, ã′)M((s̃, ã), (s̃′, ã′)) =
∑
s̃,ã

xπ(s̃, ã)cπM (s̃, ã). (17)

Therefore, ∑
s̃,ã

[HPπ ]s̃,sπ(ã|s̃)cπM (s̃, ã)

=
∑
s̃,ã

(

∞∑
t=0

[P t
π]s̃,s − [P ∗

π ]s̃,s))π(ã|s̃)cπM (s̃, ã) (Apply Lemma C.2.(1))

=

∞∑
t=0

∑
s̃,ã

([P t
π]s̃,s − [P ∗

π ]s̃,s)π(ã|s̃)cπM (s̃, ã)

=

∞∑
t=0

∑
s̃,ã

([P t
π]s̃,s − νπ(s̃))π(ã|s̃)cπM (s̃, ã) (Apply Lemma C.2.(2))

=

∞∑
t=0

∑
s̃,ã

([P t
π]s̃,sπ(ã|s̃)− xπ(s̃, ã))cπM (s̃, ã)

=

∞∑
t=0

∑
s̃,ã

[P t
π]s̃,sπ(ã|s̃)cπM (s̃, ã) (Apply (17))

=

∞∑
t=0

Eπ
t [c

π
M (St, At)|S0 = s]

= V π
M (s).
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This proves (16). The bound on |Qπ
M (s, a)| follows by the triangle inequality, the bounds on |cM (s, a)| and |V π

M (s)|, and
the fact that τ ≥ 1:

|Qπ
M (s, a)| =

∣∣∣∣∣cπM (s, a) +
∑
s′

P (s′|s, a)V π
M (s′)

∣∣∣∣∣
≤ |cπM (s, a)|+

∑
s′

P (s′|s, a) |V π
M (s′)|

≤Mmax +
∑
s′

P (s′|s, a)Mmaxτ

≤ 2Mmaxτ.

C.5. Proof of Lemma 7.4

Recall that the average preference margin between policies π, π′ ∈ Π1(µ) is denoted by M̄(π, π′):

M̄(π, π′) =
∑
s,a

∑
s′,a′

xπ(s, a)xπ′
(s′, a′)M((s, a), (s′, a′)).

Lemma 7.4 (Performance Difference Lemma). If the Markov decision contest is aperiodic (in addition to being unichain),
then, for all stationary policies π, π′ ∈ ΠSR,

M̄(π, π′) =
∑
s,a

xπ(s, a)(Qπ′

M (s, a)− V π′

M (s)).

Proof. By Lemma 4.3, xπ ∈ X , and so, by (3), it satisfies∑
s,a

xπ(s, a)
∑
s′

P (s′|s, a)V π′

M (s′) =
∑
s,a

xπ(s, a)V π′

M (s). (18)

The expression for M̄(π, π′) now follows from our previous definitions, Lemma 7.3.(2), and (18):

M̄(π, π′) =
∑
s,a

∑
s′,a′

xπ(s, a)xπ′
(s′, a′)M((s, a), (s′, a′))

=
∑
s,a

xπ(s, a)cπ
′

M (s, a)

=
∑
s,a

xπ(s, a)

(
Qπ′

M (s, a)−
∑
s′

P (s′|s, a)V π′

M (s′)

)
(Apply Lemma 7.3.(2))

=
∑
s,a

xπ(s, a)(Qπ′

M (s, a)− V π′

M (s′)). (Apply (18))

C.6. Proof of Theorem 7.5

Theorem 7.5. Suppose that the Markov decision contest aperiodic (in addition to being unichain). When Hedged Policy
Iteration (Algorithm 1) runs for K ≥ log(|A|) iterations and its learning rate η is equal to (2Mmax τ)

−1
√
log(|A|)/K,

the optimality gap its return policy is no greater than

4Mmax τ

√
log(|A|)

K
.
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Proof. Hedged Policy Iteration (Algorithm 1) applies the Hedge algorithm (reviewed in Appendix G) to select the action
probabilities of each state s in parallel. For each state s, the Hedge algorithm score function at iteration k, denoted by zs,k,
is given by

zs,k(a) = Qπk

M (s, a).

By Lemma 7.3, |Qπk

M (s, a)| ≤ 2Mmaxτ ,
∑

a d
πk(a|s)Qπk

M (s, a) = V πk

M (s), and the learning rate η satisfies |η zs,k(a)| ≤ 1,
for all s, k, and a. Thus, the Hedge algorithm bound (Theorem G.1) applied to each state s′ shows that,

∀s′ ∈ S, max
p

K∑
k=1

∑
a

[p(a)Qπk

M (s′, a)− V πk

M (s′)] ≤ log(|A|)
η

+ η K(2Mmaxτ)
2.

After dividing both sides of the inequality by K and evaluating its right-hand side for our choice of η, the result shows that,

∀s′ ∈ S, max
p

1

K

K∑
k=1

∑
a

[p(a)Qπk

M (s′, a)− V πk

M (s′)] ≤ 4Mmaxτ

√
log(|A|)

K
.

So,

max
π∈ΠSR

1

K

K∑
k=1

∑
s,a

xπ(s, a)[Qπk

M (s, a)− V πk

M (s)] ≤ 4Mmaxτ

√
log(|A|)

K
.

But, the left-hand side of this inequality is equal to the exploitability of HPI’s return policy, by the performance difference
lemma (Lemma 7.4):

max
π∈ΠSR

1

K

K∑
k=1

∑
s,a

xπ(s, a)[Qπk

M (s, a)− V πk

M (s)] = max
π∈ΠSR

1

K

K∑
k=1

∑
s,a

∑
s′,a′

xπ(s, a)xπk(s′, a′)M((s, a), (s′, a′)).

Therefore,

max
π∈ΠSR

1

K

K∑
k=1

∑
s,a

∑
s′,a′

xπ(s, a)xπk(s′, a′)M((s, a), (s′, a′)) ≤ 4Mmaxτ

√
log(|A|)

K
.

C.7. Proof of Lemma 7.6

Lemma 7.6. Let x ∈ X be an occupancy measure. A stationary randomized policy π ∈ ΠSR satisfies xπ = x if and only if
π is given by a decision rule that is a solution to

max
θ

∑
s,a

x(s, a) log dθ(a|s).

Proof. Suppose that π is given by the decision rule dπ . The objective

max
θ

∑
s,a

x(s, a) log dθ(a|s)

is maximized by a decision rule dπ if and only if, for all states s′ satisfying
∑

a x(s
′, a) > 0, dπ(·|s′) is a solution to

max
θ

∑
a

x(s′, a)∑
a′ x(s′, a′)

log dθ(a|s′).

These objectives, in turn, are all simultaneously maximized by dπ if and only if dπ(a|s′) = x(s′, a)/
∑

a′ x(s′, a′) for all
actions a and states s′ satisfying

∑
a′ xπ′

(s, a′) > 0. This final condition is both necessary and sufficient to guarantee that
xπ = x, by Lemma 4.3.(4).
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C.8. Proof of Proposition 7.7

The proof of Proposition 7.7 uses the following simple lemma.

Lemma C.3. For every distribution ν ∈ Dist(S) and every function f : S ×A → R, if d∗ : S → Dist(A) is a solution to

max
d:S→Dist(A)

∑
s,a

ν(s)d(a|s)f(s, a)

then, at all s′ for which ν(s′) > 0, d∗(·|s′) is a solution to

max
d(·|s′)

∑
a

d(a|s′)f(s′, a).

Proposition 7.7. If the finite Markov decision contest is aperiodic (in addition to being unichain), then Algorithm 2 converges
at the rate described in Theorem 7.5.

Proof. To prove the proposition, we will need to separate the notation for HPI (Algorithm 1) and HPI PG (Algorithm 2).
Let dk, πk, xk be the decision rule, policy, and occupancy measure of the k-th policy iterate of HPI. We will let d̂k, π̂k, x̂k

be the decision rule, policy, and occupancy measure of the decision rule at iteration k of HPI PG. We will also let
νk(s) =

∑
a′ xk(s, a

′). So xk(s, a) = νk(s)dk(a|s), and the HPI-PG decision rule d̂k+1 is chosen as a solution to

max
θ

∑
s,a

ν̂k(s, a)d̂θ(a|s)

(
Qπ̂k

M (s, a)− 1

η
log

d̂θ(a|s)
d̂k(a|s)

)
. (19)

Proposition 7.7 follows quickly if we can establish that:

(P) For all iterations k ≥ 1, actions a′ ∈ A, and states s′ that satisfy νk(s
′) > 0,

d̂k(a|s) = dk(a|s).

If (P) holds, then, by Lemma 4.3.(4), xk = x̂k for all k ≥ 1. Consequently,

1

K

K∑
k=1

x̂k =
1

K

K∑
k=1

xk.

Thus, by Lemma 7.6, the occupancy measure of the return policies of HPI and HPI-PG are equal. It then immediately
follows that the optimality gap of the return policies of HPI and HPI-PG are also equal.

It remains to show (P). We do so by induction on the iteration k. We have labeled the steps, for clarity.

(a) The base case, when k = 1, is immediate because d̂1(a|s) = d1(a|s) = 1/|A| for all s and a.

(b) For the induction step, fix k ≥ 1 and assume that, for all actions a′ and all states s′ satisfying νk(s
′) > 0, d̂k(a|s) =

dk(a|s).

(c) By Lemma 4.3.(4), ν̂k = νk. So, d̂k+1 is a solution to

max
θ

∑
s,a

νk(s, a)d̂θ(a|s)
(
Qπ̂k

M (s, a)− 1

η
log

dθ(a|s)
dk(a|s)

)
.

(d) Because the environment is unichain, Qπk

M (s, a) = Qπ̂k

M (s′, a) for all actions a and s′ satisfying
∑

a xk(s
′, a) > 0.

This is because the state-transition matrix of πk has a single recurrence class. So, when starting in a state s′ that satisfies
νk(s

′) > 0, every state s′′ that is visited after s′ satisfies ν(s′′) > 0. Thus, the decision rules d̂k and dk agree on every
state visited after s′, and, as a result, Qπk

M (s′, a) = Qπ̂k

M (s′, a).
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(e) Thus, d̂k+1 is a solution to

max
θ

∑
s,a

νk(s, a)dθ(a|s)
(
Qπk

M (s, a)− 1

η
log

dθ(a|s)
dk(a|s)

)
.

(f) By Lemma C.3, for all s′ satisfying νk(s
′) > 0, d̂k+1(·|s′) is a solution to

max
dθ(·|s′)

∑
a

dθ(a|s′)
(
Qπk

M (s′, a)− 1

η
log

dθ(a|s′)
dk(a|s′)

)
.

(g) By the properties of the softmax update rule, d̂k+1 satisfies, for all actions a′ and all states s′ with νk(s
′) > 0,

d̂k+1(a
′|s′) = dk(a

′|s′) exp(η Qπk

M (s′, a′)).

Thus, d̂k+1(a
′|s′) = dk+1(a

′|s′) for all actions a′ and states s′ satisfying νk(s
′) > 0.

(h) Lastly, because the action probabilities of all policy iterates are strictly positive, s′ satisfies νk(s′) > 0 if and only if it
satisfies νk+1(s

′) > 0. So, d̂k+1(a
′|s′) = dk+1(a

′|s′) for all actions a′ and states s′ satisfying νk+1(s
′) > 0.

(i) This completes the inductive step, and thus the proof of (P).

D. Relationship with the Bradley-Terry Model
The Bradley-Terry (BT) choice model, given by PBT((s, a), (s

′, a′)) = σ(r(s, a)− r(s′, a′)), differs from the preference
margin M in the following sense: if M((s, a), (s′, a′)) = PBT((s, a), (s

′, a′)) then the optimal policy under preference
margin M is not equal to the optimal policy under reward function r. Mathematically, the issue is that the set of solutions to
maxπ minπ′ Eπ,π′ [σ(r(s, a)− r(s′, a′))] is not equal to the set of solutions to maxπ Eπ[r(s, a)].

Munos et al. (2024, Appendices A and B) argue that it is better to model preferences with a pairwise preference function
instead of a BT model in many cases. But, of course, there may be cases where the input to the problem is truly stochastic
choice data that is sampled from the BT model. Here, the difference is resolved by using the stochastic choice model
PM ((s, a), (s′, a′)) = σ(M((s, a), (s′, a′)) to learn M from the data. Under ideal conditions, the learned value for M will
be r(s, a)− r(s′, a′). And then, for the reasons discussed in Section 5, an optimal policy of the Markov decision contest
with preference margin M will be an optimal policy of the Markov decision process with reward function r.

E. Conditions on Transition Probability Functions
Here, we’ll first discuss how finite-horizon Markov decision contests can be represented as infinite-horizon Markov decision
contests. Then, we will elaborate on unichain and aperiodic transition probability functions.

E.1. Representing Finite-Horizon Decision Problems as Infinite-Horizon Decision Problems

For γ ∈ [0, 1) and policy π ∈ ΠHR, the γ-discounted occupancy measure of π, denoted by xπ,γ , is given by

xπ,γ(s, a) =

∞∑
t=0

γtPrπ,µt (St = s,At = a).

Unlike average occupancy measures, the γ-discounted occupancy measures are well-defined for all transition probability
functions and policies. Within finite Markov decision processes (MDPs), a policy is optimal under the discounted
reward criterion if it maximizes the expected reward under its discounted occupancy measure (Sutton & Barto, 2018).
In (Colaço Carr, 2026), we introduce the γ-discounted Markov decision contest, where optimality is defined similarly.

Sutton & Barto (2018, Chapter 3) show that any finite-horizon Markov decision process can be represented as a discounted,
infinite-horizon Markov decision process. This is because the occupancy measure in the finite-horizon decision process
can be associated with an occupancy measure in the infinite-horizon Markov decision process. For the same reasons, any
finite-horizon Markov decision contest can be represented as a discounted, infinite-horizon Markov decision contest.
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E.2. Unichain and Aperiodic Transition Probability Functions

When the horizon is truly infinite, it is questionable whether state-action pairs should be prioritized depending on the
order in which they occur. Sutton & Barto (2018, Chapter 10) argue that the parameter γ should be removed from the
reinforcement-learning problem definition, and that the average-reward criterion should be the default optimality criterion.

But, average reward is not always well-defined (Puterman, 2014). In average-reward MDP analysis, it is common to assume
that the transition probability function is unichain. Under this assumption, the occupancy measures of all stationary policies
are well-defined, and solutions can be recovered through linear programming.

Many reinforcement learning algorithms that solve average-reward Markov decision processes make use of differential
values and differential state-action values V π

r (s) and Qπ
r (s, a), which are given by the equations

V π
r (s) =

∞∑
t=0

Eπ
t [r(St, At)− r̄(π)|S0 = s] (20)

Qπ
r (s, a) =

∞∑
t=0

Eπ
t [r(St, At)− r̄(π)|S0 = s,A0 = a]. (21)

Here, r̄(π) =
∑

s,a x
π(s, a)r(s, a). Unfortunately, even when the transition probability function is unichain, the differential

values may diverge. The aperiodicity assumption ensures that the differential values converge. And so, it is often assumed
when analyzing reinforcement learning algorithms that solve average-reward MDPs (Sutton et al., 1999; Tsitsiklis &
Van Roy, 1996). One simple way to ensure that a transition probability function is unichain and aperiodic is to add a small
probability of returning to the initial state distribution in each state.

F. Challenges with standard approximation methods
Recall the game from Equation 6:

max
π∈ΠSR

min
π′∈ΠSR

∑
s,a

∑
s′,a′

xπ(s, a)xπ′
(s′, a′)M((s, a), (s′, a′)).

As for the standard iterative solution for solving this game (online mirror descent), for p ∈ Dist({1, . . . , |A||S|}), define the
policy πp ∈ ΠSR through its decision rule dπp , where

dπp(a|s) =
|A||S|∑
i=1

p(i)dπ
i
det(a|s).

The standard mirror descent method for solving this game would randomize p0 as uniform, and then update according to

pk+1 ∈ argmax
p

M̄(πp, πpk
)− 1

η

|A||S|∑
i=1

p(i) log
p(i)

pk(i)
. (22)

This update step is challenging for two reasons. First, computing M̄(πp, πpk
) is expensive. It requires computing the

long-term average performance of policies π and πk in an infinite-horizon decision process. Second, the regularization
term (the second term) seems difficult to approximate. When the decision rule dπp is parameterized by a weight vector, it’s
unclear how to estimate the probability p(i) that the decision rule dπp uses to “select” the deterministic policy πi

det.

G. The Hedge algorithm
The basic problem setting for the Hedge algorithm is as follows. At each iteration k, the algorithm selects a probability
distribution pk over n possible actions and observes a score zk : {1, . . . , n} → R. The Hedge algorithm initializes its first
distribution p1 as uniform random, and defines subsequent distributions pk+1 according to the rule

pk+1(i) ∝ pk(i)exp(ηzk(i)).
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Here, η > 0 is the learning rate. In Colaço Carr (2026), we review the Hedge algorithm and give a proof of the following
result. The proof method was suggested by Arora et al. (2012). There are several variants of this convergence result, which
use other conditions on the scores and learning rate (e.g. Cesa-Bianchi & Lugosi (2006); Kivinen & Warmuth (1997); Freund
& Schapire (1995)).

Theorem G.1 (Hedge bound). If the Hedge Algorithm’s learning rate η is chosen so that |η zk(i)| ≤ 1 for all iterations k
and actions i, then its probability distributions p1, . . . , pk satisfy

max
p

K∑
k=1

n∑
i=1

[p(i)zk(i)− pk(i)zk(i)] ≤
log(n)

η
+ η

K∑
k=1

∥z2k∥∞.

Here, ∥z2k∥∞ = maxi(zk(i))
2.

Proof. See Colaço Carr (2026, Chapter 2).

H. Algorithm Details
Our code is available here: https://github.com/j-c-carr/markov-decision-contests

H.1. HPI-Clip

For a randomized stationary policy π ∈ ΠSR, the marginal advantage Aπ
M (s, a) is defined as

Aπ
M (s, a) = Qπ

M (s, a)− V π
M (s).

Because the marginal advantage is equal to the marginal state-action value minus a state-dependent baseline, the decision
rule updates of HPI (Algorithm 1) and HPI-PG (Algorithm 2) do not change if the marginal state-action values are replaced
with marginal advantages. When this replacement is made for HPI-PG, the decision-rule update step becomes

max
θ

∑
s,a

xπk(s, a)
dθ(a|s)
dk(a|s)

(
Aπk

M (s, a)− 1

η
log

dθ(a|s)
dk(a|s)

)
. (23)

This objective is maximized if dθ(a|s)
dk(a|s)A

π
M (s, a) is large and log dθ(a|s)

dk(a|s) is small. Since log 1 = 0, one surrogate objective
for (23) is

max
θ

∑
s,a

xπk(s, a)Lclip
ϵ (s, a, dθ, dk), (24)

where

Lclip
ϵ (s, a, dθ, dk) = min

{
dθ(a|s)
dk(a|s)

Aπk

M (s, a), clip1±ϵ

(
dθ(a|s)
dk(a|s)

)
Aπk

M (s, a)

}
. (25)

Here, the function clip1±ϵ : R → R clips numbers to be within the range [1 − ϵ, 1 + ϵ], and it effectively replaces the
regularization term. When the decision-rule-update objective from HPI-PG is replaced with the objective in (24), we call the
resulting algorithm HPI-Clip. This deep learning implementation of HPI-Clip is given in Algorithm 4.

When there exists a reward function r such that M((s̃, ã), (s̃′, ã′)) = r(s̃, ã)− (s̃′, ã′) for all (s̃, ã) and (s̃′, ã′), it is not too
difficult to show that

Aπ
M (s, a) = Aπ

r (s, a),

where Aπ
r (s, a) is the advantage function used for solving Markov decision processes (Sutton & Barto, 2018). In this special

case, the objective in (24) is equal to the PPO clip objective of Schulman et al. (2017, Equation 7). So, HPI-Clip can be
viewed as a generalization of PPO, which learns from preference margins instead of reward functions.
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Algorithm 4 HPI-Clip (Deep Learning Implementation)

1: Input: clip parameter ϵ, buffer Bavg, number of behavior cloning steps nBC,
2: Initialize decision rule d̂1 : S → Dist(A) arbitrarily
3: Initialize marginal advantage estimate Âπ1

M : S ×A → R arbitrarily
4: for k = 1, . . . ,K do
5: # 1. Estimate occupancy measure
6: Collect samples B = {(sit, ait)T−1

t=0 }Ni=1 from πk

7: Bavg ← UpdateBuffer(Bavg,B)
8: # 2. Evaluate (approximately)
9: ĉik,t ← 1

|B|
∑

s′,a′∈B M((sit, a
i
t), (s

′, a′))

10: Âπk

M ← UpdateAdv(Âπk−1

M , {(sit, ait, ĉik,t)
T−1
t=0 }Ni=1)

11: # 3. Update decision rule
12: Select d̂k+1 by optimizing:
13: maxθ

1
NT

∑
sit,a

i
t

Lclip
ϵ (sit, a

i
t, dθ, d̂k)

14: end for
15: # 4. Estimate average policy
16: Compute d̂HPI

K by optimizing, for nBC gradient steps,
17: maxθ

1
|Bavg|

∑
s,a∈Bavg

log dθ(a|s)

18: Return d̂HPI
K

H.2. Implementation details

In light of the connections between HPI-Clip and PPO discussed in Section H.1, all algorithm implementations were based
off of Huang et al. (2022)’s implementation of Proximal Policy Optimization. Both HPI-Clip and SPPO adapt PPO by
supplying an estimate of the win-rate against the previous policy iterate as the reward function for the PPO update. We
implemented SPPO Swamy et al. (2024), estimating the win-rate against the previous policy iterate as the sample average of
the win-rate between the current state-action pairs and those stored in a queue of a fixed size B, which gets updated at each
iteration. The critical difference for SPPO is that, because it is designed to optimize for preferences between trajectories, it
takes the per-timestep reward as the trajectory average. In Appendix A.4 we study the relationship between HPI-Clip and
SPPO in greater depth.

HPI was implemented in the exact same way as HPI-Clip, except that PPO’s clipped surrogate objective was instead replaced
with the objective from Algorithm 2. For HPI, we used a learning rate of η = 1.5 across all tasks.

Behavior cloning. To estimate the occupancy-measure-matching policies of HPI and HPI-Clip, we performed either 0
or 20 epochs of stochastic gradient ascent to the objective from Lemma 7.6—this we call the behavior cloning step. We
began behavior cloning from the final policy iterate of these algorithms and used a stored buffer Bavg of sample trajectories
to estimate the distribution 1

K

∑K
k=1 d

πk . In our experiments, we stored one trajectory per iteration (which amounted to
roughly 490 trajectories stored in total), though in future work it would be interesting to explore how to reduce the number
of samples required in this step. We did zero steps of behavior cloning on the Mujoco suite and 20 steps of behavior cloning
in tasks with nontransitive preferences.

H.3. Hyperparameters and network architectures

Shared hyperparameters. Table 2 shows the list of hyperparameters shared across HPI-Clip, PPO, and SPPO. HPI
replaced the “Clip epsilon” hyperparameter with the learning rate η. We explored different hyperparameter choices for
three hyperparameters: the learning rate η of HPI, the queue size B, and the learning rate for Adam in SPPO. We did a
hyperparameter search for HPI’s learning rate η in {0.75, 1.5, 3, 6, 12} by observing performance in Ant-v5, HalfCheetah-
v5, and Inverted Double Pendulum-v5 and taking the best average performance (average reward over the last 100,000
environment steps) over five random seeds.

The HPI-Clip, SPPO, and HPI algorithms all had an additional hyperparameter for the queue size. In the Mujoco-v5 suite,
we started with a queue size of B = 100, as was suggested in Swamy et al. (2024). However, we found that all algorithms
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Table 2. Shared hyperparameters. From (Huang et al., 2022).

Parameter Value

Learning rate 3× 10−4

Adam epsilon (numerical stability for optimizer) 1× 10−5

Environment steps per policy update 2048
Total environment steps 1× 106

Update Epochs 10
Number of minibatches 32
GAE gamma 0.99
GAE lambda 0.95
Clip epsilon 0.2
Entropy coefficient 0.0
Value function coefficient 0.5
Max gradient norm 0.5
Activation function tanh
Anneal learning rate True

would suffer from performance collapse in easy tasks, such as Inverted Pendulum-v5, where it quickly becomes almost
impossible for the policy iterates to “win” over previous iterates when previous iterates are consistently near-optimal. There
are several methods for mitigating this (e.g. by applying early stopping); we simply chose to store and compare against an
additional 100 random samples from the first policy iterate across all timesteps, and that resolved the issue. As in Swamy
et al. (2024), we reduced the queue size to B = 10 for tasks with non-transitive preferences.

The final hyperparameter we considered was learning rate for SPPO’s Adam optimizer. Swamy et al. (2024) increase the
learning rate with respect to their baseline algorithm (Soft Actor Critic) tenfold. However, we found that increasing the
learning rate of default PPO decreased performance of in all three environments in which we conducted hyperparameter
tuning (Ant-v5, HalfCheetah-v5, and Inverted Double Pendulum-v5). The discrepancy here is likely due to the fact that
the reinforcement learning algorithm implemented to update the policy in Swamy et al. (2024)’s paper was Soft Actor
Critic (Haarnoja et al., 2018), while here we chose to implement the reinforcement learning algorithm update with Proximal
Policy Optimization (Schulman et al., 2017), because of the relationship discussed in Appendix H.1. After noting this
discrepancy for SPPO, we did not try changing the learning rate for HPI-Clip from Huang et al. (2022)’s default value for
PPO.

Behavior cloning hyperparameters. The BC training uses a higher learning rate (1× 10−2 vs 3× 10−4 for PPO) and
relaxed gradient clipping (1.0 vs 0.5). The objective minimizes the negative log-probability of the actions in C under the
current policy distribution. The trajectories in C are flattened, shuffled, and processed in minibatches over multiple epochs.
Table 3 shows the full list of behavior-cloning hyperparameters.

To choose the hyperparameters for behavior cloning, we searched for the BC learning rate in {1× 10−2, 1× 10−3} and the
number of update epochs in {0, 20, 50} by choosing those that led to the highest performance after 400 000 training steps in
Reacher-NT (we used a shorted amount of training steps, because evaluation on non-transitive preferences is significantly
more computationally expensive).

Table 3. Behavior cloning (BC) hyperparameters, used for HPI and HPI-Clip only.

Parameter Value Description

BC Number of epochs 20 Number of full passes through BC data
BC Learning rate 1× 10−2 Learning rate for BC optimizer
BC Number of minibatches 32 Number of minibatches per epoch
BC Max gradient norm 1.0 Gradient clipping threshold
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Network architectures. The network architectures used to represent the policy and value networks were kept constant
across all algorithms and were the default ones used in Huang et al. (2022)’s implementation of PPO. The policy and value
networks share an identical two-layer fully-connected architecture with 64 hidden units each, using Tanh activation functions
and orthogonal weight initialization with scaling factors of

√
2 for hidden layers. The policy network outputs continuous

actions through a multivariate normal distribution with diagonal covariance, where the mean is produced by a final dense
layer (orthogonally initialized with 0.01 scaling) and the log standard deviation is a learnable parameter shared across
environments but separate for each action dimension. The value network uses the same hidden layers but terminates with a
single scalar output (orthogonally initialized with unit scaling) to estimate state values.

H.4. Pseudocode for Mujoco-NT Preference Margins

Here is how the preference margins for ReacherNT and Walker2dNT were implemented:

def reacher_nt_preference(obs_1, obs_2):
radius_pref = 2 * ((obs_1.radius > obs_2.radius) - 0.5)

difference = math.fmod(obs_1.angle + angle/2.0 - obs_2.angle, 2 * math.pi)
angle_pref = difference < theta/2.0 or difference > 2 * math.pi - theta/2.0
angle_pref = 2 * (angle_pref - 0.5)
return 0.3 * radius_pref + 0.7 * angle_pref

def walker2d_nt_preference(obs_1, obs_2):
height_1 = clip((obs_1[0] - 1.0) / 0.3, 0, 1)
height_2 = clip((obs_2[0] - 1.0) / 0.3, 0, 1)

speed_1 = clip(obs_1[8] / 2.0, 0, 1)
speed_2 = clip(obs_2[8] / 2.0, 0, 1)

stability_1 = clip((-|obs_1[1]| + 0.5) / 0.5, 0, 1)
stability_2 = clip((-|obs_2[1]| + 0.5) / 0.5, 0, 1)

# Find dominant feature
# 0=height, 1=speed, 2=stability
dominant_1 = argmax([height_1, speed_1, stability_1])
dominant_2 = argmax([height_2, speed_2, stability_2])

# Preference matrix:
# High Fast Stable
# High [ 0, 1, -1 ]
# Fast [ -1, 0, 1 ]
# Stable [ 1, -1, 0 ]

return preference_matrix[dominant_1, dominant_2]
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