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ABSTRACT

Constrained learning has been increasingly applied to various domains to ensure
explicit feasibility requirements due to fairness, safety, robustness, regularization,
and physics or logic constraints. Understanding how training samples influence
the solution (e.g., learned parameters) of constrained learning is crucial for in-
terpretability and robustness. The classical influence function (IF) may becomes
unreliable in constrained settings: data perturbations can reshape both the ob-
jective and the feasible region, leading to estimates that violate feasibility. In re-
sponse, we propose the Directional Influence Function (DIF), a new estimator that
explicitly incorporates the constraints into influence estimation. DIF formulates
the optimality conditions of constrained learning as a variational inequality (VI)
and analyzes how perturbing training data affects this VI. We validate DIF in con-
strained linear regression and demonstrate that it recovers leave-one-out retraining
results, whereas IF and penalty-based IF exhibit significant bias. We further ap-
ply DIF to fairness-constrained CNNs, where DIF accurately predicts test loss
changes under data removal and aligns closely with actual retraining. Our results
establish DIF as an efficient and reliable tool for data attribution in constrained
learning.

1 INTRODUCTION

Understanding how individual training samples influence model predictions, also known as data
attribution (Pruthi et al.l 2020; [Feldman & Zhang, [2020; Lin et al., 2024), is fundamental for inter-
preting model behavior, model correction, and data error debugging. Although retraining the model
after removing a sample and comparing the resulting change in model solution (learned parame-
ters) provides ground-truth data influence, this approach is computationally expensive for modern
deep learning models. A widely adopted alternative is to approximate sample influence by studying
how the solution responds to small data perturbations. As a representative method, the influence
function (IF), originally developed in robust statistics (Hampel| |1974)) and later adapted to machine
learning (Koh & Liang}, 2017;|Feldman & Zhang} 2020} Zhang et al.| [2024), instantiates this idea by
differentiating the solution with respect to (w.r.t.) small data perturbations. While these influence
estimators work for unconstrained learning problems, they often fail when applied to constrained
learning. The latter refers to learning tasks constrained by domain knowledge, such as physics-
informed neural networks (PINNs), or those constrained by embedding requirements, including
fairness, safety, and robustness (Hounie et al., [2023} |L1 et al., 2023} |Garcia & Fernandez, [2015} [Xia
et al.| 2025). The empirical formulation of constrained learning is (Chamon & Ribeirol [2020):
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function £y (z ) represents the primary loss evaluated on the training data point ZZ(O)_ Each
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constraint j € {1,...,m} is represented by an auxiliary loss function ¢; (ZZ(J ), 9) evaluated over a

N
separate dataset {zfj ) } 4 ]1. The constant 7; specifies the upper bound allowed for the jth constraint.
The influence estimators aim to quantify the change in solution, denoted by A#, when specific
training data points participating in the objective function or constraints (e.g., zgl)) are removed.
Current IF-based approaches fail in constrained learning for two primary reasons. First, constrained
problems (1)) require that the perturbed solution, # + A6, remains within the feasible region, while
IF methods ignore the constraints, not to mention that the feasible region itself may also be altered
by data perturbation. Existing IF cannot guarantee that the estimated solution change is feasible.
Second, IF primarily relies on the gradient of the optimal solution € w.r.t. data perturbations. In
constrained learning, the solution can be only directionally differentiable. The full derivatives do
not necessarily exist, rendering IF estimators invalid. This issue arises because the solution updates
must adhere to the feasible region when constraints are active, often requiring projections to maintain
feasibility. Additionally, data removal can change the active constraint set, leading to sudden shifts
in the optimal solution. See the problem (3) in Section [2.1]for a concrete example.

To overcome the above limitations, this paper introduces the Directional Influence Function (DIF),
an influence function designed for constrained learning, to estimate the impact of training points in
either the loss function or the constraints on the model solution. DIF estimates the change in model
solution through a directional derivative approach, aiming to address the following question:

How does the solution of constrained learning change when data points are re-
moved from either the objective loss function or the constraints?

The main contributions of the paper are: (1) We formalize data attribution for constrained learning
by casting the optimality conditions as a variational inequality (VI) and performing local sensitiv-
ity analysis of this VI; (2) DIF quantifies the effect of data perturbations on model solutions via
directional derivatives, thereby addressing the non-smoothness of solution changes induced by con-
straints; and (3) DIF can be efficiently computed by solving a quadratic program (QP); when all
constraints are inactive (i.e., their KKT multipliers are zero), DIF reduces to the classical IF.

The remainder of this paper is organized as follows. Section [2] formally defines our problem and
illustrates the failure of IF in a constrained learning setting through a linear regression example.
Section[3]introduces the proposed DIF. Section[d]analyzes the impact of data perturbations on the VI-
formulated optimality conditions, introduces a QP approach to compute DIF, and presents our main
theoretical results. Section[5]evaluates DIF on severl learning tasks, followed by concluding remarks
in Section [f] Throughout this paper, we assume that all functions involved are twice continuously
differentiable (C?). A detailed comparison with prior work is also presented in Appendix

2 PROBLEM FORMULATION

N

Let Z(0) = {Z(O)} ’
)= _

for the j-th constraint. We begin by examining how the solution § changes when a selected sub-

set Z" C U;nzo Z) is removed. This removal is modeled via a perturbation formulation, where

each point in Z" is assigned a small weight €, : € for points contributing to the objective, and
€j,7 € {1,...,m} for the points contributing to the j-th constraint. This formulation, referred to as

Perturbed Constrained Learning (PCL), is defined as followﬂ

min Nio éeo (7.0) +e0 3 0 (=,0)

. MR
be the dataset for the objective function and Z(/) = {zz(j ) } the dataset

zfmeZ'"
N ' 2
1 . .
s.t. A 45 (ZEJ),H)—i—Ej Z 45 (zl-(]),H) <7,j=1,...,m.
7= 2Dezr

!'To simplify our discussion, this constrained learning formulation does not explicitly include equality con-
straints, which can be considered straightforwardly.
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Lete = [eo, .. ., Em] denote the perturbation vector. When e = 0, problem (2)) reduces to the prob-
lem . Shifting € from £ = [0,0,...,0] to € = [*N%)v fN%, R Nl ] corresponds to removing

Z" from the constrained learning . Treat ¢ as a function of ¢, denoted by 6(¢), and define the
solution change as Af = 0(¢) — 0(£). By definition, () = 6 is the solution to problem .

2.1 FAILURE OF IF IN CONSTRAINED LEARNING

Toy example. We use a {2-constrained least-squares example to demonstrate the failure of IF in
constrained learning, as shown below. Here 6 = [0;, 0] are the model parameters.

1 1 1
mein §(9T$1 —y)’+ §(9T332 — )’ + §(9T9€3 —y3)? e (072 —y2)? 3)
st. [|0]3 <0.5.

The data are as follows:[z1, z2, z3] = [(1,0); (1,0); (0,1)],
plicit solution of this problem is:

1
0(¢) = Proj|.3<0.5 KW,OB)] )

Removing (z2,y2) is equivalent to shifting ¢ from 0 to —%. IF defines the impact caused by data
removal using the derivative of 0(¢):

[y1,92,93] = (1,0,1/2). The ex-

IF(ZQ) =

db(e) -1 7]
=—H; "Vl 0
de 0 9 0 0(172,y27 )7
where 2o = (22,y2), Hj = %Z?Zl V20o(zi,yi,0) is the Hessian, and £o(z2,y2,0) = (0o —
y2)?2. IF then estimates the change A ignoring the constraint by:
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Figure 1: Loss landscape of the toy example when ¢ = 0 and ¢ = —%. The left plot illustrates the
df(e) df(e)

de e—0+ # de
that the IF estimation of A6 fails to account for the feasible region, whereas DIF accurately predicts
the solution change direction and closely matches the ground truth.

non-existence of the derivative of (¢) at ¢ = 0 as

. The right plot shows
—0—

df(e)

I is not well defined because the left

However, as shown in the left panel of Figure

derivative and right derivative are inconsistent. When ¢ > 0, the point ( L 0.5) satisfies || - ||3 <

2+3e”

0.5 and thus lies in the interior of the feasible region. When e < 0, ||0(¢)||3 exceeds 0.5, the
solution is projected onto the ¢2-boundary, resulting in two different one-sided derivatives at ¢ = 0.
Moreover, the right panel of Figure [1| compares the ground truth A with the change estimated by
IF. When ¢ shifts from O to —%, # moves along the boundary of the feasible region, whereas the
estimated change by the IF significantly deviates from the ground truth due to its failure to consider
the constraint. In contrast, our estimator DIF (see Definition Q) which accounts for the geometry of
the feasible region, closely matches the ground truth A along the boundary. The derivation of DIF
for this toy example is provided in Appendix [D}
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3 DIRECTIONAL INFLUENCE FUNCTION (DIF)

To address the non-smoothness of the solution map 6(g) w.r.t. perturbation € and the inability of IF
to handle constrained scenarios, this section proposes an alternative approach called the Directional
Influence Function (DIF). We start with the definition of the classical IF.

Definition 1 (Influence Function). The classical /F applies only to unconstrained problems. IF is
defined as the derivative of 8 w.r.t. the g¢, i.e.,
db(eo)

IF(0;27) = = . (5)

EOZO

Definition 2 (Directional Influence Function). DIF of the data subset Z" is defined as the limiting
directional derivative of the solution map 6(¢) : R™*! — R? at & = 0, if the limit exist

0(g +tAg) — 0(¢)

DIF (9; Z’”) = DO(g; Ag) = lim , (6)
N0 t
Ae—AE
where § = 0(2) denotes the model solution before perturbation. AZ = ¢ — & =
— A TR — NL} is the perturbation direction, where A& corresponds to removing the data
0 1 m

subset Z" from the constrained learning (T).

A function f : X — Y is called positively homogeneous if f(az) = af(z) Va >0,Vr € X.
Corollary 3. DIF is positively homogeneous,i.e.,

aD(z; Ag) = DI(&;aAg), o€ RT
Proof. See Appendix [C.4]for the full proof. O

When ¢ is perturbed from & by a finite A&, IF estimates A6 via a first-order Taylor expansion. IF
pertains to unconstrained learning and ignores constraints; thus

A ~ L@(é‘o)

- A&y. 7
deo €o @)

E=¢€

This approximation, as demonstrated in the previous section, fails in the presence of constraints.
Instead, DIF utilizes a directional derivative approach:
Ag

A0 ~ DO (e; _)- Agl| = DO (g, Ag). )
[ ) -llasl = Do (e 82)

where D0(; ”ﬁ—;l) is the directional derivative, and the second equation follows from Corollary
In what follows, we will demonstrate how to compute D6 (£; A£) by solving a linearized VI system.
We use Af to denote the DIF-based estimate of Af.

4 DERIVING DIF VIA SENSITIVITY ANALYSIS OF OPTIMALITY CONDITIONS

In this section, we show how DIF naturally arises from the sensitivity analysis of the optimality
conditions of the constrained learning problem. Specifically, we first formulate the optimality system
as a VI, then linearize this VI to obtain an auxiliary VI, and finally convert it into a QP whose solution
yields the desired directional change in the model solution.

Constrained learning is typically solved using Lagrangian dual approaches, such as the augmented
Lagrangian method, primal-dual methods (Chamon & Ribeirol [2020; | Ahmed et al.|, [2022; Nandwani
et all[2019). To quantify the impact of data downweighting on the solution of PCL problem (2)), we

>This generalized definition accounts for potential non-smoothness of 8(¢) by allowing the direction to vary
in a neighborhood of Ag, as is common in nonsmooth analysis(Clarke} [1990}; [Rockafellar & Wets|,[1998)).
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introduce the perturbation ¢ into the Lagrangian function, enabling us to analyze how the perturba-
tion affects the optimality system. The Lagrangian function of PCL problem (2)) is:

L(a,e,x)zjéoigo (7.0) +e0 3 0(=.0)
i=1

zEO)GZ"'
)
m 1 N , ,
+Z)\] FZE] (Zi(j),9>+€j Z €j (25]),9>7Tj y
j=1 J =1 zfj)EZT

where A = [A1, A2, ..., Am], Aj > 0 denotes the dual variables. Let (6(¢), A(€)) be the primal—dual
solution for a given €. From Section 2} we use (6, \) = (6(), A\(¢)) to denote the optimal solution
of the constrained learning problem (1))

At # = 0, we partition the constraints into the active set Iy and the inactive set Iiacive, Where
Tactive = IBinding U INon—binding-

N; N
11§ ) 4 IR ) 4
Tactive == ¢ J F ij(Z§J), 9) =Tj (> Dnactive == J ﬁ Zéj(zi(])7 9) <Tj (>
J = J =1
Iginding := {J € Incive | Aj > 0}, INon-binding = {j € Tacive | Aj = 0}

Varying € from £ to € corresponds to removing Z". Next, we study the sensitivity of the optimality
conditions with respect to . We begin by examining the optimality condition of PCL (2).

4.1 OPTIMALITY CONDITION OF PCL PROBLEM ({2))

The optimality condition of PCL can be described by the Karush-Kuhn-Tucker (KKT) condi-
tions. However, directly analyzing the KKT condition of (Z)) turns out to be difficult for understand-
ing how the solution changes with data perturbations. Here, we adopt a VI formulation to character-
ize the optimality conditions. VI is a more general form of nonlinear optimization, which allows us
to analyze solution perturbations through the lens of generalized differential calculus (Rockafellar
& Wets|, [1998)). The optimality condition of PCL (2) is:

7V9L(5793)‘) € NRd(0)7 VAL(Eve,)‘) S NRT(A)’ (10)
where Nga(0), Nz (A) denote the Normal Cone.

Definition 4 (Normal Cone;Dontchev & Rockafellar| (2009)). Let C' C R4 be a closed convex set.
The normal cone to C' at a point x € C'is defined as:

Ne(z) ={veR?: (v,y —x) <0, Vy e C}.

4.2 LINEAR APPROXIMATION OF VARIATIONAL INEQUALITY

The classical derivation of IF relies on the Taylor expansion of the first-order optimality condition,
which does not naturally handle constraints. In constrained learning, a natural choice for the opti-
mality condition is the KKT system. Yet, estimating how ¢ affects the KKT system is challenging
due to its mixed system of equations and inequalities.

DIF adopts an alternative: representing the optimality condition as a VI (see formulation (I0)) and
applying a first-order approximation directly to the VI. The VI can be compactly written as:

f(Evea)‘)+NE(97>‘)90a (11)
_( VoL(e,0,)) _ d m
where f(g,0,)) = (V,\L(E,F), ) ,E =R* xR
By definition, the solution (£, , \) satisfies the equation . When ¢ is perturbed by AZ, estimating
A6 and AX amounts to finding Af and A\ such that
FE+AE0+AON+AN) +Ng(@+A0,A+AN) >0 (12)
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The linear approximation of (I2)) is

|

+ Ng((6,2) + (A, AN)) > 0. (13)

>

FEON) + Vof(E.0,8) As + Vg f(5,0,3) [i

Here, (A, A)), which satisfies , serves as an approximation of (Af, A)). Denote

Ab
AR = .
! [ A ]
The linearized VI (I3)) can be expressed in the form:
f(8,0,)) + pAz + AM+NE((§ A) + A7) 3 0. (14)

Here A¢ is given. Note that all terms in the linearized VI (14)), except for Af)—which is the variable
we aim to estimate—can be precomputed from the known solut1on 0 and \. The linearized VI (14} .
can be simplified into the following Auxiliary VI (T3).

Proposition 5 (Auxiliary VI). The solution A to the linearized VI satisfies
UAE + AAH + Nk (A7) 30, (15)
where K = R® x D. D is a space defined as
AXNj R for j € Ipinding,
D:=qANER™ | AN; >0 forj € Inonbinding:
AN =0 for j € Tpacive

Proof. See Appendix [C.3] O

Define (I3)) as the Auxiliary VI, which admits the same solution as the linearized VI (I4), but with a
simpler form.

Proposition 6. Denote Aij = [Af; AN| the solution to the Auxiliary VI . Then, Af exactly
recovers the directional derivative of the solution mapping 0(¢) at € along Ag, i.e.,

Af = DO(z; Ag). (16)
Proof. See Appendix [C.5] O

Remark 7. By Proposition[6] computing DIF reduces to solving the Auxiliary VI (I5).

The following theorem establishes the existence of DIF.

Theorem 8. Assume the following regularity conditions hold:

Assumption 1. (LICQ: Linear Independence Constraint Qualification) The gradients
> 2 Voli(z, 7_ or the active constraints (j € Iacivare) are linearly independent.
> N5 Vot; (29, 0) for th (j € Liciivare) are linearly independ

Assumptton 2. ( SOSC Second-Order Sufficient Condition) For any A@ # 0 such that A0 1
N ZZ 1 Vol ( ,0) for all § € Iginging, it holds that (A0, V2,L(z,0,\)Ag) > 0.

Then the directional derivative DO(E; AZ) exists.

Proof. See Appendix O
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Proposition 9. A0 = 0(z + A&) — 0(&) is the ground truth and A@ is the estimation. Under
the assumption of Theorem (8|, there exists a constant M > 0 such that, for all perturbations A&
sufficiently small, the following holds:

|A0 — Ad| < M| Ag| (17)
Proof. See Appendix [C.6] O

Note that LICQ in Theorem|§]is the regular constraint qualification, while SOSC essentially requires
some type of “local convexity” (i.e., at the current solution) of the Lagrangian function over all fea-
sible directions that do not violate the binding constraints. They are the conditions that the proposed
DIF method can apply to analyze data attributions of a learning model. This local convexity may
exist even when the model is non-convex in general, such as deep learning models. Furthermore,
Proposition [J] states that, under the two assumptions, solution changes over data perturbations are
Lipschitz continuous. This ensures that when constructing the auxiliary problem (I8) in the next
subsection, the constraint set is stable, i.e., no sudden change will occur when infinitesimally small
data perturbations are imposed.

4.3 COMPUTING DIF VIA QUADRATIC PROGRAMMING

Proposition [6] implies that computing the DIF reduces to solving the Auxiliary VI (I3). In this
section, we construct a QP whose optimality is exactly the Auxiliary VI (I3). By solving
this QP, we can compute DIF and estimate the directional change in solution, i.e., Af. Figure
summarizes the derivation in this section, illustrating the connections between the PCL problem @),
VI (TI)), Auxiliary VI (I3)), and QP formulations.

Af

PCL @) QP
AN

Optimality Condition i Equivalent Equivalent : Theorem [0
1

Linearization

-------- A Auxiliar; VI (T3) |

Proposition [j]

Figure 2: The relationship between (2)) and .
We define the following QP:

min Lz 8,3) + (Vo Lz 8, )AZ, w) + ;<w V2,L(2,0,0) )

w

o =0, j € lyinding
st 2> 4(=7.0) Zv GED 0wt Y A0 — 7 <0, § € Lonbinding,
J =1 (7)€Zr free, ] S IInactiVe'

(18)

Theorem 10 (Auxiliary problem). Ler (w*,(*) denote the optimal primal-dual solution to the
QP . Then (w*,C*) is also a solution to the auxiliary VI . In particular, the QP
and the auxiliary VI admit the same solution pair under substitution (w*,(*) = (A0, A)).

Proof. See Appendix|[C.7] O
Remark 11. By Proposition@ A0 = DO(&; Ag). Hence w* is identical to DIF(6; Z").

Finally, we establish the relationship between the IF and the DIF.

Proposition 12. Ifno constraints are active at the solution 0, i.e., Inciive = 0, then the DIF coincides
with the classical IF.

Proof. See Appendix O
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5 VALIDATION

5.1 DIF VALIDATING VIA CONSTRAINED LINEAR REGRESSION

Constrained linear regression is a widely applied learning model with hard constraints. It arises
in several domains: in portfolio optimization, asset weights must be non-negative and sum to one,
ie., 6; > 0, 21 0; = 1; in traffic flow modeling, flow variables must satisfy conservation laws
and remain below capacity, e.g., A9 = 0,0 < ¢; and in fair machine learning, additional linear
conditions are imposed to enforce equity across groups, such as Ag;, 0 < bey; -

This section leverages a constrained linear regression to evaluate the DIF estimator. We repeatedly
remove one data point (100 trials) and compare the solution change A@ predicted by DIF with the
ground-truth retraining solution. We include the classical IF estimator and the penalty-based IF
approximation as baselines.

Data generation. We generate a synthetic regression dataset. Specifically, we draw n = 1000
samples with d = 5 features:

X eR™ X, ~N(0,1), 0" ~N(0,1;), y=X0"+e, e~N(0,01°L,).

Constrained Linear Regression. The regression parameters are obtained by solving the constrained
least-squares problem:

A 1
§ = arg min — || X0 — y||3 st Acq O =beq,  Aineq 0 < bineg

where

11 0 00 1.5

Aeq - [L la 1; 17 1]; beq - _4-0a Aineq - 00 -1 0 1 :| ) bineq - |: 1.5 :| .
Experimental results. We perform 100 single-point removals. For each trial, we estimate the result-
ing change A# and compare it with the ground-truth leave-one-out (LOO) retraining. We leverage
three estimators: i) The IF estimates the solution change by ignoring the constraints, yielding Afg
as in equation (7). ii) The penalty-based IF adds soft penalties for the constraints to the objective and
applies the IF estimator on the penalized surrogate. iii) The DIF enforces feasibility by solving the
QP (18), yielding Afpp as in equation (8). Appendix [E| provides the full derivations for all three
methods in the constrained linear regression setting. All experiments are solved with CVXPY. As
shown in Figure[3] DIF nearly coincides with LOO (points align with y=x), whereas IF and penalty
IF exhibit noticeable biases.

5.2 DIF VALIDATION VIA CONSTRAINED CNN

Model We adopt the following constrained learning formulation (Shen et al.||2022):
Ieni({)l E(fg) st. Ri(fo) — R(fg) —7<0, ¢=1,...,m, (19)
€

where R;(fp) = E(uu)p,[l(fo(x),y)] is the risk of the client (or group) i, and R(fy) =

% ZZC:1 R;(fp) is the average risk. The constraints ensure that no group’s risk exceeds the global
average risk by more than 7, thereby limiting the performance disparity across groups.

We use a network with seven convolutional layers and tanh(-) non-linearities, modeled after the all
convolutional network of |Springenberg et al.| (2014). We train it on the MNIST training set (Le-
Cun et al.l [1998). We solve this problem using a primal-dual method, jointly updating the model
parameters 6 and the Lagrange multipliers.

Heterogeneous Data Partitioning. We create non-IID group-wise data partitions following |Shen
et al.| (2022) . We split the dataset into C' groups by allocating an a-fraction of the data uniformly at
random and distributing the remaining (1 — «)-fraction in a label-skewed way, where samples are
sorted by class labels and assigned consecutively to groups. Unless otherwise specified, we set the
number of groups to m = 3 and a = 0.5. This setup creates label-imbalanced distributions across
different groups.
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Figure 3: Comparison of solution changes on a constrained linear regression task. (a) IF and the
penalty-based IF estimators versus the ground-truth leave-one-out retraining results. (b) Estimation
of the proposed DIF versus the same ground-truth values. DIF aligns almost perfectly with the y = x
line, demonstrating its ability to accurately capture parameter changes under constraints.

Influence Estimation. We employ DIF to estimate the effect of removing training samples un-
der the fairness constraint. We select the 100 most influential training samples and remove one
sample at a time (100 trials in total). Since CNNs are typically non-convex, the solution may shift
to another valley in the loss landscape during retraining. Therefore, instead of directly comparing
the predicted solution change Afprr with the ground-truth change Afyoo, we evaluate DIF in-
directly by comparing their resulting loss changes on a misclassified test point. Specifically, we
approximate the updated model as 8’ ~ 6 + Afpr and compute the predicted loss difference
Al = R( for (Tiest)s ytest) — R( fo(Trest), ytest). Figure |4 compares these DIF-predicted loss differ-
ences with the actual loss differences by retraining the model. The points align closely with the
y = z line (Pearson r» = 0.90), indicating that DIF accurately predicts the influence of individual
training samples on this test loss. This indicates that although CNN is non-convex in general, the
local convexity as in Theorem [§] might still hold such that DIF still performs well.

We further compute the penalty-IF predicted loss
differences on the same 100 influential training
samples used in our DIF evaluation. We observe
that: 1) the standard IF without any penalty does
not converge in practice. The conjugate gradient
(CG) method used to compute the Hessian—vector
products (HVPs) hardly converges even after
carefully tuning the damping parameters, because
the curvature becomes ill-conditioned under the
fairness constraints. 2) for the penalty-IF, the
CG method is able to converge after incorporat-
ing constraints into the objective through a pe-
nalized surrogate. However, the predicted loss
differences become very sensitive to the choice
of the penalty parameter. Changing the penalty
value by only 0.01 can noticeably change the pre-
dicted loss difference. 3) for penalty-IF, after tun- A >
ing the penalty value (we set it to k = 0.06), the ©nces on a misclassified test sample.

penalty-IF reaches a Pearson correlation of » ~ 0.62 between the predicted and actual LOO loss
differences. This result is still significantly lower than that of DIF » = 0.90. This indicates that the
penalty formulation does not match the true KKT-based sensitivity structure. Table [I] summarizes
the numerical results for 10 randomly selected cases from the full set of 100 samples.

Actual vs Predicted Loss Differences
- y=x

Actual Loss Differences

0.02 0.04
Predicted Loss Differences

Figure 4: Actual vs. DIF predicted loss differ-
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Table 1: Comparison of IF predicted influence, DIF result, and actual retraining loss change.

Sample ID Predicted (Penalty-IF) Predicted (DIF) Actual (Retrain)

4221 0.005528 0.004979 0.003664

215 0.000016 0.004249 0.003015
1328 -0.009318 -0.003962 -0.003139

4668 0.013700 0.003922 0.004601

772 0.001171 0.003030 0.003509

4473 0.005000 0.002985 0.002487
4144 -0.007275 -0.002820 -0.000704

2828 0.002719 0.002775 0.002441

3505 0.001118 0.002747 0.003592

1163 0.001183 0.002359 0.002551

Remove 2% harmful points Remove 10% harmful points

DIF - —@—i 0.0143 = 0.0011 DIF - 19/0.0492 = 0.0008
Tracin - /8 0.0113 % 0.0003 Tracin - ©0.0452 + 0.0001
(a) Remove 2% harmful points (b) Remove 10% harmful points

Figure 5: Absolute loss reduction obtained by deleting the most harmful samples selected by differ-
ent methods. Dot represents the mean loss reduction and the horizontal bar is the standard deviation.

Counterfactual retraining. We evaluate counterfactual retraining using three influence estimators-
DIF, Tracln (Pruthi et al., 2020), and TRAK (Park et al.l 2023). For each method, we compute
per-sample influence scores on the training set, remove the most harmful 2% and 10% samples, and
then retrain the model. We compare the resulting loss changes on a fixed misclassified test point.
The constrained CNN is trained using a primal-dual method. For Tracln, we develop a constrained
variant following prior work. During primal-dual updates, we record the gradients of the Lagrangian
loss with respect to the model parameters. The Tracln score for a training-test pair is computed as
TracInCP (Zyain » Tiest ) = Zle 0iVlag (0t,, Tirain ) - Vlag (0, Tiest ) , Where ; denotes the step
size between checkpoints ¢ — 1 and ¢, and {6;,, 6;,, . .., 0y, } are the parameter checkpoints recorded
along the primal-dual trajectory. For TRAK, we apply the method to the penalized objective, where
the constraints are incorporated into the loss via a squared hinge penalty.

As shown in Figure 5] comparing with removing points randomly, DIF and TracIn achieve the
highest loss reductions with DIF slightly outperforming TracIn. This indicates that both methods
identify the most harmful samples in our constrained training setup. In contrast, TRAK provides
little improvement. This is because its random projection—based approximation fails to preserve the
constraint-adjusted gradient directions, resulting in nearly ineffective influence estimates.

6 CONCLUSION

This paper introduces DIF as a data attribution method for constrained learning. Methodologically,
we develop a VI-based sensitivity analysis framework for constrained learning and use it to derive
a first-order, feasibility-preserving estimator of solution changes. Empirically, on constrained linear
regression and fairness-constrained CNNs, DIF closely tracks leave-one-out retraining, whereas IF
and penalty-based IF exhibit substantial bias or infeasibility. Looking ahead, our DIF framework
may be applied to data poisoning attacks, machine unlearning, and online or distribution-shifted
training with evolving constraint sets.

10
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APPENDIX

A RELATED WORK

IF was first introduced by [Hampel| (1974) to study the robustness of statistical estimators under
distributional shifts. Decades later, |Koh & Liang|(2017) adapted IF to machine learning to analyze
the impact of individual training samples on model behavior. Since then, numerous extensions have
emerged, including faster and more scalable inference methods (Schioppa et al., [2022; |Guo et al.,
2020)), and extensions to domains such as time-series forecasting (Zhang et al.,2024) and generative
modeling (Terashita et al., 2021; Kong & Chaudhuri, |2021} Lin et al.| 2024). Beyond these, IF has
been applied to practical tasks such as defending against data poisoning (Steinhardt et al., 2017),
improving interpretability (Han et al., 2020), and supporting machine unlearning (Wang et al., 2025;
Warnecke et al2021). However, because IF fundamentally relies on the implicit function theorem
(Krantz & Parks| [2002), most methods require strong convexity of the model. Recent empirical
studies (Bae et al.| |2022)) further highlight this limitation, showing that IF estimates can be fragile
and often misaligned with their actual effects in practice (Basu et al.,|2020; |Ghorbani et al.| 2019).

Constrained learning has gained increasing attention due to the need for machine learning models
that are fair (Quadrianto et al.,|2019; Mehrabi et al.,|202 1)), robust (Zhang et al.,2019), and consistent
with domain-specific priors (Borghesi et al., [2020). For instance, invariant learning aims to ensure
stable performance under distribution shifts or data transformations Benton et al.| (2020); Immer
et al.|(2022), and PINNSs incorporate traffic flow theory into transportation forecasting |Shi et al.
(2021). These settings highlight a growing class of learning problems where solutions must satisfy
explicit feasibility requirements beyond minimizing prediction (Donini et al.l 2018} Robey et al.,
20215 [Hounte et al., 2023 L1 et al., 2023 |Shen et al., 2022). Although adding a regularization
or penalty term to the objective function is common practice in ML, this approach suffers from
inherent limitations. First, the choice of trade-off parameters is highly non-trivial, often requiring
heuristic tuning without guarantees of correctness. Second, the gradients of the prediction loss and
the penalty term rarely align; as a result, gradient-based optimization must continually balance these
two gradient directions, which may lead to suboptimal updates (Hwang & Lim, 2024; Liu et al.,
2024).

Given the wide application of constrained learning, it is essential to develop data attribution meth-
ods that explicitly account for feasibility. Classical influence-function analyses have considered
constraints, but only in limited settings. |Ghosh| (2014) studied restricted minimum-divergence es-
timators and derived closed-form IF expressions under smooth equality constraints, while [Vascon-
cellos & Fernandez|(2009) extended Cook’s local-influence framework to perturbations constrained
by homogeneous linear restrictions. In this paper, we extend the classical IF framework to general
constrained learning by analyzing solution changes within the feasible region. Specifically, we re-
formulate the optimality conditions as a VI and study its sensitivity with respect to data weights.
This formulation naturally admits both primal and dual sensitivities, allowing us to capture how
perturbations affect not only the model parameters but also the associated Lagrangian multipliers.
Compared to the KKT system, the VI method offers a more general analysis framework, together
with a more compact geometric language for describing the coupled dynamics of primal and dual
variables by characterizing solution changes within the tangent cone of the feasible region.

B PRELIMINARY

Definition 13 (Polar Cone; cf.|Dontchev & Rockafellar| (2009)). Let K C R"™ be a closed convex
cone. The polar cone of K is defined as

K*={yeR" | (z,y) <0 Vz e K}. (20)

Moreover, the normal vectors to K and K* satisfy
y€ Ng(x) < 2€ Nkg-(y) < z€K,ye K", (x,y)=0. (1)
Definition 14 (Tangent Cone, cf. Rockafellar & Wets| (1998)). For a set C' C R™ (not necessarily
convex) and a point x € C', a vector v is said to be tangent to C' at x if
Lok

— (@ —x) — v for some e sz FeC, FLo. (22)
p

14
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The set of all such vectors v is called the fangent cone to C' at = and is denoted by T¢(x). For
x ¢ C, we take T (x) = 0.

Definition 15 (Critical Cone, cf. Rockafellar & Wets|(1998))). For a convex set C, any x € C and
any v € N¢(z), the critical cone to C at x for v is

Keo(z,v) ={weTe(x) |w Lv}. (23)

Definition 16 (Critical Subspaces). For a convex set C C R"™ and (x,v) with v € Ng(z), let
K¢ (z,v) denote the critical cone at (z, v). Then the associated critical subspaces are defined as

K (z,v) = Keo(z,v) — Ke(z,v) = {w—w' |w,w' € Ko(z,v) }, (24)
Kg(z,v) = Keo(z,v)N[—Ke(z,v)] = {we Ke(z,v) | —w € Ke(z,v)}.  (25)

Here K (x,v) is the smallest linear subspace containing K¢ (,v), and K (z,v) is the largest
linear subspace contained in K¢ (x, v).

Lemma 17 (Reduction Lemma;cf. 2E.4 Dontchev & Rockafellar| (2009)). Let C C R"™ be a convex
set and T € C with v € N¢(Z). Define the critical cone Ko := K¢ (Z, 0). Then, for all sufficiently
small w,u € R", we have the equivalence

U4+ Av € No(Z + Azx) <= Av € Nk . (Ax). (26)

C PROOFS

C.1 AUXILIARY LEMMAS

For clarity, we first introduce some notation and rewrite the generalized equation in a standard form.

Notation. Let = (,)\) denote the parameter vector, 7 = (6, \) be its reference value, and
A7) = (A, A)X) be the estimation to An = (A6, AN).
[JB: here add a definition of VI; and some general comments such as VI is a more general form of

optimization problems]

Solution mapping. We define the solution mapping as
S(e):={(0,2) [ f(e,0,X) + Np(0,A) 20} ={n| f(e,n) + Ne(n) 30}, 27)
where Ng(n) denotes the normal cone to F at 7).

Generalized equation form. To study the local behavior of .S, we rewrite the system as the gen-
eralized equation

G(n) = f(&,n) + Vo f(E0)(n—10) + Ne(n), (28)
with o
an(gv 7_7) = V(G,)\)f(gv Avi') = A (29)
At the reference point, the optimality condition ensures that
G(7) 2 0. (30)

Linearization. We then consider the linearized generalized equation (the first-order approxima-
tion of G3):

Go(An) :=V,f(&,1)An+ Nk (An) = AAn+ Nk (An),  Go(0) 30, 3D
where K := Kg(7, —f(£,7)) is the critical cone. This coincides with K = R? x D as introduced
in Proposition [3]

It is convenient to define the inverse-type mapping

5:=Gy'=(A+ Ng)™ !, (32)
which solves the linearized inclusion (3.
Given perturbation ©AgZ,

5(—ulé) = (A+ Ng) H(—ulé) = {Af) | AAH + N (AR) + uAE > 0}. (33)
In other words, 5(—uA&) yields the solution to the auxiliary VI (15).

15
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Critical subspace of FE. Following the definition [I6] the critical subspaces of E at
(0,\,—f(2,60,))) are defined as

K5 (0,5, —f(5,0,)) = R x Kf.. (X, VAL(£,0, 1)), (34)
Kz (0,\, —f(5,0,\) = R? x Kg,.(\, VAL(Z,0,\)). (35)
Afy = (A, A)) satisfies Aj € Kj, <= ANj =0, ¥j € Iaetive; and A € RY. (36)

Lemma 18. Under the assumptions of Theorem[8] for any A1 satisfying the linearized VI (I3)), if

Ape Kf, An#0, AAR LKy, (37)

then
(An, AARY >0

Proof For any A7) satisfying the linearized VI (T3)), it follows from the definition of the space D that
A)\ = 0 for all j in the inactive set. Therefore, any A7 satisfying VI (15) also satisfies A7) € K, i+

We next analyze the orthogonality condition AA7 L K. By expanding A(Aé, AS\) and splitting
the 6- and \-parts, we obtain:

ANG L K, <= A(AG,AN) L K,
= (HAO+ VorL(£,0,)) AN, —VoL(£,0,\) Af) L K
= HAO+VL(E,0,\) AN LRY,  —VgL(5,0,)) A L Kg.. (A, VAL(£,0,)))

& HAO+Vo\L(E,0,\) AN =0, —VioL(z,0,)) A0 L Kg.. (X, VAL(Z,0,))) .

Moreover, by the definition of the critical subspace, we have
AN € Ko (A VAL(E,0,))) <= AN; =0, Vj € Lion-binding U inactives (38)
where Iacive and Inon-binging denote the sets of inactive and non-binding constraints, respectively.
Consequently, the condition
~VL(E,0,0) A0 L Kg,. (N VaL)

only requires that
V0L A0 =0, VJ € Ipinding-
That is,

AN L K <= HAO+VorL(E,0,\) AN =0, Vy,oLAO=0, V)€ Lyngng-  (39)
Notice that

VoL AG =0 = A) L i nge (29.0), %) € Tinaing. (40)
i=1
Assumption 2 in Theorem [8|implies that for all Af satisfying , we have
<A9 V2,L(z,0, X)Aé> > 0. 1)
Moreover, substituting
V2L(z,0,\
g, 0,

B P ) 0, A
A= V(Q,Mf(s,e,k)—[ VG)\L( ) —V3L(,0,\)|"
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to @),

we obtain o o . o

Combining the two results yields (A7, AA7R) > 0.

O
Lemma 19. Under the assumptions of Theorem 5:= (A + Ng)_! is everywhere single-valued.
Equivalently, there exists a unique solution A1 to the auxiliary VI given (£,0,\) and Aé.
Proof. We prove that Gj ' := (A + Ng)~! is single-valued everywhere.

Assume, for contradiction, that there exist two distinct solutions A7j; and Asjs such that r =
Gy (A) = Gy ' (Adg). Then,

A’f]l,Aﬁg € K, r— AA’f]l S NK(A’f]l), r— AA??Q € NK(AﬁQ)

This implies, by the definition of the normal cone, that
<A7’717 T — AA?’?Q> S 07 (Aﬁg, r— AAﬁ1> S O (43)
Note that K is the critical cone. By condition (1)), we have
A e K, r—AAm € K*, (A, r— AAm) =0,
A e K, r— AAfs € K*, (Afjg, r — AAf) = 0.

(44)

By the definition of the polar cone K* = (K )+, we also have

—A(Af — Afp) € K* — K* = (K7)*, Aiy — A e K — K =KT.

Consider the following inner product:
(A — Afjg, A(Afy = Afjz)) = (Afy — A, [r — AAdp] — [r — AAi])
= <Aﬁ17 r— AAﬁ2> - <Aﬁ1a r— AATA]1>
— (Af, 7 — AAd) + (Afj, 7 — AAdy)
<0.

Following Lemma Assumption 2 of Theorem (8] ensures that for any nonzero A7) € KT with
AA7n L K, we must have (A7), AA7#) > 0. This contradicts the above inequality unless A7j; =
Afja.

Therefore, the solution must be unique, which proves that G, - (A + Ng)~ ! is everywhere
single-valued. O

1

Remark 20. According to Dontchev and Rockafellar (Dontchev & Rockafellar, 2009, Chapter 2E),
consider the generalized equation Gy = A+ Ny, where A is a linear operator and N is the normal
cone mapping of a closed convex cone K. If the inverse mapping G, Yis everywhere single-valued,

then G, ! is (globally) Lipschitz continuous.

Lemma 21 (Relation between G~! and G Y. Then for all Ay sufficiently close to 0, the inverse
mappings G~ and G Y satisfy the following relationship:

G '(v) =Gyt(y) +7, ~ near 0. 45)
Proof. Consider any Ar close to 0. We first expand the generalized equation G (7] + An) as
G+ An) = f(& 1) + Vyf(&,7) An + Ng(i] + An)
= f(&.0) = Vo f(E,n) 0+ Vyf(E0)(0+ An) + Ne(i] + An).

17
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Let A :=V, f(g,7). Then v € G(7 + An) if and only if
v € f(&,n) — A+ A + An) + Ne(i + An). (46)

Rearranging the terms, this is equivalent to

v — f(&n) + An € A(f + An) + Ne(n + An), 47
which can be further rewritten as
v — f(&,n) € AAn+ Ng (7 + An). (48)

Note that — f(£,7) € Ng(7}). By the Reduction Lemma|17) this holds if and only if

v € AAn+ Nk (An), (49)

which is exactly
v € Go(An). (50)
O

Lemma 22. Define
o(e) =G (= Vf(en) (e —2) =G (—ulc—2).
If G~ admits a single-valued Lipschitz localization around 0 for ), then o(¢) is a first-order ap-
proximation of S(g) at €.
Proof. Since f is strictly differentiable at (Z, 77), for any small perturbations (Ae, An) we have
fE+Ae i+ An) = f(&,1) + Ve f(E,7) Ae + V, f(€,7) An + o(Ae, An), (5D

where ||o(Ae, An)|| denotes the higher-order remainder term satisfying ||o(Ae, An)|| = o(||Ae|| +
[An]).

By (7).
S(e+Ae) ={n| f(€+Ae,n) + Nr(n) > 0}

={n|f(&n) +Vf(EnAe+ Vyf(En)(n—1)+o(Ae;n—10) + Ne(n) 2 %2)

Then, n € S(&£ + Ac) satisfiesa that
f(éa 77) + vsf(éa 77) Ae + Vﬁf(gv 7_])(77 - 77) + O(A&, n-— 7_7) + NE(W) > 0. (53)

Rearranging the terms, we obtain the equivalent inclusion

=V f(E ) Ae —o(Ae,n—1) € f(E0)+Vyf(EN0m—1)+Nem) = Gmn), (54

where G(n) := V, f(&,7) (n — 7) + f(&,7) + Ng(n) denotes the linearized generalized equation
inn.

Therefore, any solution 7 € S(£ + Ae) can be written as:
n = G_l(_vsf(év ﬁ) Ae — O(A€7 [/ f])) ) (55)
which expresses S(Z + Ae) implicitly via the inverse mapping G 1.

We use « to denote the Lipschitz constant of G~1. Since 77 = G(0), we have:

we have . .
ln—all = G (=Vf(&,n) Ae — o(Ae,n — 1)) = G~ (0)]| (56)
<k H - vef(‘iﬁ) Ae — O(A‘gvn - ﬁ)“
Applying the triangle inequality gives
In—nll < k[IVefE M Al + & llo(Ae, n — 7). (57)

18
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Since o(Ae,n — 1) = o(||Ae|| + ||n — 7||) as (Ae,n —77) — (0,0), for any § > O there exists a
neighborhood of (0, 0) such that

lo(Ae,n — )|l < 5| Aell + [ln = ll).- (58)
Combining (56) and (38) yields
In =l <kIVfE D Al + kb [|Acll + k6 [ln — 7]]- (59)
Rearranging terms gives
(1= ko) lln —all < k(IVef(E n)ll +0) | Aell. (60)

Finally, choosing § > 0 small enough such that k6 < %, we obtain

I — 7l < (IVefEml +0) As] = Ol Acl), (61)

1—ké
Since G 1 is Lipschitz continuous,

S(E+Ae) —o(e+ Ae) = ||GTH(=Vef (e, M)A — o(Ae,n —17)) = G (=V:f(&,7)Ae) |
< kllo(Ae,n —n)]|.

(62)

Substituting (61)) to (63) yields:
S(E+ Ac) —o(6 + Ag) < kllo(Ae,n — )| = o([|Ae])). (63)
This proves that o (¢) is a first-order approximation of S(¢) at &. O

C.2 PROOF OF THEOREMI§]

Following Lemma and Remark we establish that the mapping G, ! is locally Lipschitz con-
tinuous. Moreover, by Lemma@ it holds that

G (v) =Gyl (v) +7
which implies that G~1 inherits the Lipschitz continuity and single-valuedness of Gy !, In this

case, the Lipschitz continuity of G~! ensures the applicability of Lemma which shows that o ()
serves as a first-order local approximation of the solution mapping S(¢)..

Indeed, for small Ae,

o+ Ag) =G = V.f(g,1) A¢) (64)
=Go ' (= Vef(e,m) Ag) +1. (65)
Therefore,
S(z+ Ag) — S(8) = a( + A&) — 1 + o( || Ae|) (66)
=Gy (= Vof(&,7) Ag) + o(|| Az]])
=5(— V.f(&,1) Ag) + o] Az]]). (67)
‘We obtain
iy SE1A8) — S(E) _ . 5( = Vef(E7) tAS) + o[ AZ]) 68)
t10 t t10 t
(69)
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Since N is the normal cone mapping of the convex cone K, it satisfies Nx (aw) = aNg (w) for
all @ > 0. Together with the linearity of A, this gives (A + Nk ) (aw) = a (A 4+ Nk) (w). Hence

s=(A+ NK)_1 is positively homogeneous,

i 5(— Vof(&,n)tA2) + o(| Al))
im
t10 t

= 5(=Vf(&,n) Ag). (70)

Hence, S is directionally differentiable at £ with
DS(&)(Ag) = 5( — V. f(&,7) AZ).
Equation (33) ensures that
5(=Vef(g mAe)
is the solution of the auxiliary VI (T3). This implies that, under the assumptions of Theorem [§] the
solution mapping S is directionally differentiable at £, and its directional derivative is given by the

solution of the auxiliary VI (I3). Since S(¢) = (6, A), the DIF D@(&; A¢) defined in Definition
corresponds to the §-component of D.S(¢€)(A€). This guarantees the existence of the DIF.

C.3 PROOF OF PROPOSITION[3]

Proof. Given (£, 0, \) satisfy the optimality condition , we have
VoL(£,0,\) + Npa(f) 30, —V,L(£,0,)) + Ngn(}) 3 0. (71)

Following the definition of the normal cone (Def.[d), condition (7I) implies that:

6 € RY, VyL(£,0,)) =0, (72)
A ERT,—V,L(,0,\) <0. (73)

Note that R is a closed, convex cone. Following condition @, we have
VAL(,0,)\) - X =0, (74)

which is consistent with the complementary slackness condition in the KKT system.

Now we derive the equivalent of VI and VI . We assume the Az, AG, A) are sufficiently
close to 0.

VI (13) requires that

VoL(£,0, ) + Vo L(z,0, ) Az + V2L(z,0, \)AO 4+ VorL(2,0, \) AN 4+ Nga (6 + Af) >

T

0+ AR VyL(2,0,)) + Vo L(£,0, ) Az + VIL(z,0,\) A8 + VgrL(2,0, ) AX = 0
(75)

and
— VAL(£,0,)) = VacL(£,0, \) Az — Vg L(£,0, \)AG — V3L(£,0, )AX + Nam (A + AX) 50

T

A+ANERT, VAL(E0,)) + Vi L(Z,0, \)AZ + Vg L(£,0,\) A0 + V3L(Z,0, ) AX < 0
(76)

,0,\) = 0. By equation (72), VoL(&,0,)) = 0. Substi-

,0,

=0to . ) yields

A)
0+ A0 eR, Vy.L(5,0,\)As + VZL(z,0,\) A8 + VgrL(2,0, \) A\ = 0, (77)

It is straightforward to verify that V3iL(e
tuting Vo L(,0, ) = 0 to (75) and V2L
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and
A+ANERT, VAL(E0,0) + VacL(5,0,\)AZ + Vo L(£,0,\)A0 < 0 (78)

Since Rl is a closed convex cone, by (21), we have
(VAL(E,0,0) + VA-L(5,0, ) Az + V\gL(£,0, ) AG) - (A + AX) =0 (79)

In summary, VI (I3) is equivalent to the system consisting of (77)), , and (79). Note that A =
[A1,...,A;], we now further discuss the formulation (78)) and (7 for j 6 Tinaciive, J € IBinding, and
j € INon—binding'

Case 1. If j € Inaciive. then Vi, L(g, 6,\) < 0 and 5\j = 0. Since Az, A, and A\ are all
sufficiently close to 0 and V, L(£,8, A) < 0, condition

Vi, L(5,0,)) + Vo L(5,0, \)AZ + V5 L(£,0,\)A0 < 0
is automatically satisfied. Therefore, the term
Ve L(€,0,A) AZ + V5,0 L(£,0, ) AD is free. (80)
Moreover, condition @) implies that

Aj‘j =0 fOI'j € IInactiVe~ (81)

Case 2. If j € INon-binding. then Vi, L(& =,0,\) = 0 and Aj = 0. Substituting V5, L(€, 6,)\) = 0and
)\ = 0 into condition (7§ . ) yields

AN ;>0 for j € INon-bindings

o o (82)
V,\jEL(é, 9, )\) AE + VA QL( (9 )\) AO <0 fij S INon—binding-

Case 3. If j € Iinding, then Vi, L(E, 6,\) = 0 and /\ > 0. Since A)is close to 0, A + A\ € R
is automatically satisfied. To satlsfy conditions {8) and @) we must have

Vi, L(E, 0,\) Az + Vi, 0L(E, 0, ) Ad = 0.
In summary, we obtain

Aj\j is free. for j € Iginding,

_ o (83)
V)\].EL({:T, 0, A) A + V)\ng(g, 0, )\) AG=0 fOI'j S IBinding'

Taken together, Cases 1-3 show that VI (I3) is equivalent to the system consisting of (77) and (80}
[83).On the other hand, the following argument shows that VI (T3) is also equivalent to this system.

The VI (I3)) implies that:
Vo-L(2,0,\) Az + V2L(2,0,\) A0 + VorL(&,0, \) AN + Npa(A6) 50
i} (84)
ADeRY, Vo L(z,0, \)As + ViL(E,0, \)AO + VorL(2,0, ) AN = 0

and

— VaeL(£,0, \)AE — Vo L(£,0, \)AO — V3L(£,0, \)AX + Np(AX) 3 0
)

AN €D, (=VaeL(2,0,\)Az — VagL(2,0,\)A0 — V2L(z,0, )AN) (AN — AX) < 0,YAN € D
(85)
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Since D is a closed convex cone, by @), we have
(VaeL(5,0,0) A2 + Vg L(£,0,)) Af) - AN =0
Case 1. If j € Ijp,ciive, then by the definition of the space D (see Proposition EI), we have
AN;=0 ,YAAE€D
Thus, condition @) is automatically satisfied. Therefore, the term
Ve L(E,0,)) A+ Vy,0L(,0,\) Af is free.
Case 2. If j € INon-binding, then by the definition of the space D (see Proposition E[), we have
A)N; >0, YAAED
By the condition (86),
Ve L(E,0, \)AZ + V5,0 L(Z,0,\)AO <0 for j € INon-binding -

Case 3. If j € Iyinging, then by the definition of the space D (see Proposition E[) we have
A;\j is free
By the condition (86),
Ve L(E,0,\)AZ + V5 4 L(£,0, \)A0 =0 for j € Iinding

(86)

87)

(88)

(89)

(90)

O

92)

Since (84]87H92) and (77|80H83) are equivalent formulations, VI (I3) is equivalent to VI (I3). [

C.4 PROOF OF COROLLARY[3]

Proof. Recall the directional derivative

whenever the limit exists and is finite.
Let o > 0. - If @ = 0 : by the definition with v = 0,
0(E+t')—0(8)

Do(e:0) = lim . =0,
0! —

hence 0 - DE(&;v) = DO(£;0). - If @ > 0 : using the definition with the direction aw,

Di(&;av) = lim fe+tu) - 6(5’).

tl0,u’ —av t

Choose v’ = av’ with v/ — v. Then

3 "N —0(e NN _ pl=
DO av) = lim CEFt@) Z0E) o 0EF(a)y) = 6(E)
tL0,v v t tl0,v" —v t
_ N e
= lim 0(c+sv') — 0(e) (sets = at)
5100 —v S/Oé
_ N e
—a tim LEFS 06 poe.
sl0,v"—v S

Combining the two cases yields

aDl(g; AZ) = DO(5;aAé), Ya € RT
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C.5 PROOF OF PROPOSITION[G]

Section [C.2] has proved that the directional derivative of the solution mapping S is characterized by
the auxiliary VI (I3). Specifically,

DS(&)(Ag) = Arp where puAZ+ AA7j+ Nk (A7) 3 0. 93)
Since the DIF D(&; A¢) defined in Definition [2]is the 6-component of DS()(Ag), we have
AO = DO(z; Ag). (94)
C.6  PROOF OF PROPOSITION[9]

Proof. Let Ajj = [Af, A)] denote the solution of Auxiliary VI (15). By ,

Af = 3(—uAg).
By definition,
Anp = n—7 = S(E+ As) —
Therefore, .
A0 — Ab|| < |[An—Af| = ||S(e+ Ag) — i — 5(—uAg)). 95)
By Lemma[22]

o(e) = G = Vs EM) (e —9))
is a first-order approximation of S(¢) and o(€) = S(&) = 7. Thus,

S(E+ Ag) = o(€ + Ag) + o(]| Ag])). (96)
By Lemma 2]

o(E+ A8) = G (~uAd) = Gy (~uA8) + 7 = 5(—u A8) + 7. 97)
Substituting (97) and (96) into right side of (93) yields
|5+ A8) — 1 — s(—u 23)]| = o(flAz]),
hence A
A0 — Ad[| < o([|AZ]]).

By the little-o definition, for every € > 0 there exists 6(¢) > 0 such that, whenever 0 < ||AZ]| <
a(e),
[|AG — A

- (98)
1AZ]
Fix any M > 0 and set € := M. Then there exists § := §(M) > 0 such that, for all 0 < ||AZ|| < 4,
A0 — AD|| < M || Ag]. (99)
O
C.7 PROOF OF THEOREM[I(]
Define the Lagrangian of QP (I8) as
Lop(w,C) = L(g, é? ;\) + <V95L(§, 57 X)«AE, w> + %<w, VgeL(a gv 5‘) UJ>
1 &
D Gl b0+ ngz 20w+ D A& (27 ,0) -7
J € Ibinding Ji=1 2D egr
1 &
+ NG EZ@ 29 6) + Zv 0(z9,8)-w + Z Ag; 6;(29,0) — 1
J € Inon-binding i=1 zqgj) ez
1 &
D Gl =0+ Zve 0w+ S Ag4(0,0)
J € Inactive 7 =1 i=1 (])EZT‘
(100)
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A pair (w*, (*) satisfies the Karush—-Kuhn-Tucker (KKT) conditions if:
(i) Primal feasibility.

N; ZE 9.0)+ ZVM (57,0)-w* + Z A £;(27,8) — 75 =0, Vj € Ibinding,
zﬁj)EZT
(101)
;N N;
Fzg ( G) 0 + 7Zv0€ (J 9 -w* + Z AEJ ’9) Tj < 07 V] € Inon—binding-
) i=1 i=1 2D egr
(102)

For j € Inactive, there is no constraint.
(i1) Stationarity.
Vo L(2,0,X)-A& + V2, L(£,0,\) w* + > Z Vol; (27, 0) . (103)
JjE Ibindlng UInon-bindlng UIInacuve

(iii) Dual feasibility.
CJ* Z Oa V] € Inon»binding~ (104)

(iv) Complementary slackness.

Ze (=7,0) + nge 0w+ Y A5, 0) -

(7)EZT

\
o

V.] € Inon-binding .

(105)

We now show that any (w*, (*) satisfying the above KKT conditions also satisfies the auxiliary
VI (T3). Recall that in Section [C.3] we have proved that the auxiliary VI (T3)) is equivalent to the

system (E4[57 - ).

Note that
1 &
Le,0,0) = 5= D to(x".0) +e0 Y bo(=".0)
0 i=1 zEO)EZT
m 1 N . )
+ Z)\J ﬁ ZEJ(ZZ(]),Q) +€j Z EJ(ZZ(J)70) — Tj ,
j=1 J =1 LD egr
we have
1 & : _
FZV%(%@,@ Vox, L(Z,0,)). (106)
The stationarity condition can be rewritten as
Vo L(£,0,\) Aé + V2L(5,0,\) w* + VorL(£,0,\) ¢* = 0. (107)
By the definition of the normal cone (Definition ), this is equivalent to
Vo L(E,0,\) Ag + V2L(2,0,\) w* + VorL(£,0,\) ¢* € Npa(AB). (108)

We distinguish the three index sets.
Case 1 (j € Ipactive)- By complementary slackness, C]‘-‘ =0.
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Case 2 (j e Thon-binding): By complementary slackness, C; > 0. Moreover, since
N%_Zl 71€ (2%.6) = 7;, substituting Vi,eL(E,0,A) Az = Zzgj)ez,,. Az;0;(z . 0) and
Vi, 0L(E,0, ) w* = N% ZfV:Jl Vol (zi(j), )w* into the primal feasibility condition gives

Ve L(E,0,\) AE+ Vy,0L(E,0,\) w* <0. (109)

Case 3 (j € Ipinding)- Here (J is free. Since N Ez 214 (z @) ) = 7;, using the same substitutions
into of case 3 into primal feasibility as above y1e1ds
Vi,eL(8,0,X) Ag + V0 L(£,0,\) w* = 0. (110)

Combining all cases, (* satisfies
Ve L(8,0,\) AZ — Vg L(8,0,\) w* — V3L(£,0,\) C* + Np/(¢*) 20, (111)

where
D = {C* eR™ ‘ CJ* >0 (.7 S Inon—binding)7 Cj* =0 (] € IInactive)}~

(111)) together with (107) shows that (w*, *) satisfies
0 € Aw*, ") + pAg + Ng (w*, (),
which is exactly the auxiliary VI (I3). O

C.8 PROOF OF PROPOSITION([12]

Proof. By Theorem . 0| we have w* = A, where Ad is the 6- -component of the solution to the
auxiliary VI (15). By Proposrtron@ Af = DO(&; A&). Therefore, w* is the DIF.

Assume that no constraints are active at . Then the KKT conditions reduce to the unconstrained
optimality system, and the QP (I8) has the unique solution w* given by the Newton/IF direction:

Wt = —[V2,L(£,0,))] V. L(5,0,\). (112)
Since “no active constraints” implies A = 0, substituting A = 0 into (112) yields
do(e)

b

w* = —[V3yL(g,0, 0)]—1V95L(§, 6,0) =
dEO g0=0
which is exactly the influence function (IF) defined in|Koh & Liang|(2017).

Therefore, in the inactive-constraint case, the QP solution w* coincides with the IF, as claimed. [

D DETAILS IN TOY EXAMPLE

We consider the toy example (3))

1 1 1
min 7(9 1 —y1) + f(QTxg — )+ f(GTxg —y3) +e (GTxQ —)? st ||9)2 < 1,
6er? 3 3 3

with data 21 = (1,0), z2 = (1,0), 25 = (0,1) and y1 = 1,2 = 0, y3 = 3. Ate = 0, the
constrained solution is § = (0.5, 0.5). The corresponding dual variable is A = 0.

Gradients and Hessian. For a single squared loss £;(0) = (0" x; — y;)?,
Voli(0) = 2(0" x; — y; )i, Violi(0) = 2,z .

Hence, at ¢ = 0 the (unconstrained) Hessian of 1 2?21 4 is

30
H = ZQ:C x; xlxl + 2o2q +13x;) = (8 §> . (113)
The mixed derivative of the perturbed part is
Vo L(E,0) = Vola(0) = 2(0 " zg — yo)xe =2-0.5-(1,0) = (1,0). (114)
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D.1 CLASSICAL IF (IGNORING CONSTRAINTS)

Differentiating the stationarity condition Vg L(e,f) = 0 w.r.t. ¢ at (£, §) gives

do _ do _
H— L(z,0) = — = —H'V4.L(,0).
e + Ve (8, ) 0 = e Ve (8, )

Using equation equation[114]

o (20 B 3
da__<0 §)<170>—(—4,0).
1
3

Removing sample 2o corresponds to Ae = —=, so the IF estimate is

do
AGIF&“%AE:(f%,O)-(fé):(%,O). (115)
Then § + Afp = (0.75, 0.5) whose ¢1-norm equals 1.25, i.e., the IF step is infeasible.

D.2 DIF (FEASIBLE, SENSITIVITY ON THE LINEARIZED VI)

DIF linearizes the KKT/VI system at (£, #) and searches A# in the tangent subspace. The QP
corresponding to the toy problem (3)) is

min <V95L(s‘, 5) Ae, AG} + 1 AOTHAO st Ay + Aby = 0. (116)
AGER? 2

With Ae = —% and b := VgL Ae = (—3,0), (116) is
min bTAG + 3 AGTHAY st Afy+Af =0.
The KKT conditions (with multiplier u) are
HAO+b+ p(1,1)" =0, Afy + Aby = 0.

Expanding coordinates yields

4 1 2
§A91—*+,U,:O7 §A92+/L:0, Ab; + Afy; = 0.

3
From the second and third equations p = _§A92 and Af; = —A6f;. Substituting into the first
gives %AHl — % - %Aﬁg =0 = 6A0; =1, hence
Afprr = (3, — %) (117)

which lies on the tangent subspace and thus closely preserves feasibility to first order.

E DETAILS IN CONSTRAINED LINEAR REGRESSION

We consider per-sample
G(0) = 5 (20— v:)*,

The constrained optimum 6 solves

3=

min
0

AC

; ) (118)
S.t. Aeq9 = beq, Ainqu < bineq~

Assume we remove the data sample (x;, y;). We use

H=V’L(0)=LXTX, gi = Voli(0) = (x0 —y;) 2;.

%

Classical Influence Function (IF). Ignoring feasibility constraints, the first-order effect of removing
sample (x;,y;) is

1
Abp = —EH_l i (119)
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Penalty-based IF. We approximate feasibility via a penalized surrogate
L(0) = 51 X0 — y[13 + 5] Aeqf — eq||2+Zk (a] 0 —b;)+)", (120)

where (t); = max{t,0}, p,k > 0, and a] is the j-th row of Aj,eq. The Hessian at 6 is

Hpen = 2X "X + p Al Acq + Y 6ktjazal,  tj=aj0—b;, A={j:t;>0}. (121)
JEA
The corresponding update is
1 _
Abpene = =~ Hy, Gi- (122)
In the experiments shown in Figure 3] we set the penalty parameters to p = 200 and & = 1000. To
justify this choice, we evaluated the discrepancy between Penalty-based IF estimation Afpcnr and

leave-one-out retraining Afy,00:
||A9penIF - AHLOO || .

by varying both k and p.

Recall that § denotes the optimum of the constrained linear regression problem (118§ - At 6, all
inequality constraints are strictly satisfied (i.e., aTG — b; < 0 for every j), which implies that the
active set is empty: A = &. Consequently, the Cl]blC penalty term contributes no curvature to the
local Hessian H,c,, and therefore the value of k does not influence the penalty-based IF update
ABpentr. This behavior is precisely reflected in Figure @b), where varying k produces essentially
identical estimates.

In contrast, Figure [(a) shows that increasing the equality—constraint penalty p steadily improves
the approximation accuracy. The improvement becomes marginal once p > 10, after which the
curve nearly plateaus. Based on this behavior, we adopt p = 200 in our experiments to ensure both
stability and sufficient accuracy.

Effect of Equality Penalty p on IF Approximation Effect of Cubic Penalty k on IF Approximation

0.002942

0.00305
0.002941

0.002940 0.00300

0.002939 0.00295

1186100 = ABpeniel|
186,00 = ABpenl|

5 0.002938 0.00290

0.002937 0.00285

0.002936
0.00280

10° 10! 10? 103 10° 10t 102 10°
Equality Penalty p (log scale) Cubic Penalty k (log scale)

(a) (b)

Figure 6: Hyper-parameter sensitivity of the penalty-based influence function. (a) Effect of the
equality penalty parameter p on the approximation error ||Afpenir — Abrool|- Increasing p im-
proves the accuracy, but the gain becomes negligible once p > 10. (b) Effect of the cubic penalty
parameter k on the cosine similarity between Af,en1r and Afpoo. Since the inequality constraint
is non-active at the optimum 6, varying k results in almost no change.

Directional Influence Function (DIF). We enforce feasibility with a one-step constrained QP (lin-
earized KKT):
Afpr = arg min %AHTH A — = gl TA0
APeR
st AwgA0 =0, (123)
AineqA8 = 0 (active constraints only).
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F PRIMAL-DUAL INTERIOR-POINT METHOD FOR SOLVING THE DIF
QUADRATIC PROGRAM

We recall that the quadratic model (I8 used in DIF takes the following form:
1
min b w+ 3 w ! Hoppw (124)

= 07 ] € Ibinding7

] (125)
<0, je€ Inon-binding7

st gj(w) = a;w +1; {

where Hyg is the Hessian (or generalized curvature) at (2,0, )), b = Vy.L(Z,0,\) AZ, and each
constraint has a cached linear direction

N,
1 & N -
CLj = —Nj i:E - VQEJ' (Zz(])79) .

Let N, = |Ibinding U Inon_binding\ be the total number of (potentially) active constraints. Collect
all constraint directions into A € RNe*d where the j-th row is a;r, and let n € RNe contain the
constant terms 7);.

Slack and dual variables. Introducing slack variables ¢ € R¥¢ and dual variables ¢ € RV¢, the
inequality constraints Aw + 1 < 0 become the primal feasibility condition

Av+(+n=0, ¢ >0, &> 0.

KKT residuals. Under a logarithmic barrier with parameter p > 0, the primal-dual KKT condi-
tions are

Taual = Hpow + b+ ATE,
Tpri ZAW+C+77a
Tcent = I'Al - ,017

where I' = diag(¢) and A = diag(§).

Newton system. A primal—dual interior-point iteration computes a Newton step (Aw, A&, A() by
solving the linearized KKT system

Hyy AT 0 Aw Tdual
A 0 I||Ag]=- lrmi} ) (126)
0 F A AC Tcent

The full KKT matrix has dimension (d + 2N,.) x (d 4+ 2N,.), but the slack block can be explicitly
eliminated because both I' and A are diagonal. Consequently, the effective Newton system reduces
to a (d + N.)-dimensional saddle-point matrix in (w, &).

Computational complexity. We do not form the KKT matrix explicitly. Instead, each Newton
step is solved by a matrix-free Krylov method (e.g., MINRES or CG applied to the Schur comple-
ment), which only requires evaluating KKT-matrix—vector products.

Eliminating A( from the KKT system yields the reduced equation
AAw~+ AC = —rpi, A + AAC = —7Tcents
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which allows expressing A¢ and A as affine functions of Aw. Substituting these expressions into
the first KKT block gives the symmetric positive-definite Schur complement

M. = Hpp + ATF_IAA, by = —Tdual — ATF_I( — Tcent T A’I“pri>.

and the Newton direction for the primal variable is obtained by solving M. Aw = b, with CG.
Once Aw is computed, the dual and slack directions follow from the back-substitution rules

AE = Fil(AAAw — Teent + ATpri) AC = —1pi — AAw.

All required operations are matrix—vector products involving Hgg (via one HVP), A, AT, and the
diagonal matrices I" and A.

Each Krylov iteration requires evaluating the KKT-matrix action on a vector (Aw, A&, A(), which
consists of:

* computing the Hessian—vector product HyppAw, with cost O(d) via double backpropaga-
tion;

» applying AAw and AT A&, each costing O(N,. * d);

* diagonal operations A& and AA(, with cost O(N,).

Since typically N. < d, the dominant cost per Krylov iteration is O(d).

Assume we take K,q iterations for the primal—dual interior-point method. The total computational
cost is
O(Kpad),

which is linear in the model dimension d and independent of the number of training samples.

G MACHINE UNLEARNING OF PHYSICAL INFORMED NEURAL NETWORK
(PINN)

We further evaluate DIF on a machine unlearning task for a Physics-Informed Neural Network
(PINN) model, following the formulation in (Shi et al.[, . The PINN is trained on the NGSIM
vehicle-trajectory dataset (Coifman & Li, [2017) to estimate traffic velocity from observed trajecto-
ries, with a PDE constraint to enforce that the solution respects the traffic flow theory.

Let ug(x, t) be the neural-network approximation of the velocity field. The PINN training problem
can be written as

N
. 1 2
Hleln N -i - (ug(xi, ti) - Ui)
subject to the PDE constraint (traffic-flow model)

Ouyg OJug
W(.’L‘, t) + UQ([L'7 t)%

where (x;,t;,v;) are the observed NGSIM trajectory data and {2 is the spatio-temporal domain.

(x,t) =0, V(z,t) €,

Figure [7illustrates (i) the raw vehicle trajectories, (ii) the removal of a subset of the trajectory data
to simulate unlearning, and (iii) the corresponding velocity field estimated by the PINN.

After removing 10% training data, we use DIF to estimate the change in the solution and obtain
the updated model parameters. Table [2] presents the performance of three PINN models—Original,
Retrained, and Unlearned-on the residual dataset after data removal. The Retrained Model achieves
the best performance across all metrics, with the lowest data loss (MAE: 2.495 ), physics loss (MAE:
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Change in Grid-Binned Average Velocity After Trajectory Removal
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Figure 7: Illustration of trajectory removal and its impact on observed velocity. (a) All trajectories.
(b) Subset of removed trajectories. (c) Change in average velocity in affected spatiotemporal bins
due to trajectory removal.

Table 2: Performance comparison of different PINN models on the residual dataset after removal.

MAE MAE . . . .
Model (Data Loss) (Physics Loss) Relative L, Error (%) Training Time (s)
Original Model 4.156 47.1 x 1072 21.65 327.06
Retrained Model 2.495 1.12 x 1072 14.24 331.50
Unlearned Model 2.832 0.37 x 1072 16.68 91.77

1.12 x 1072 ), and relative Lo error ( 14.24% ). The Unlearned Model shows slightly higher errors
than the Retrained Model, but remains significantly better than the Original Model.

H USE OF LARGE LANGUAGE MODELS (LLMS)

Large language models (e.g., ChatGPT, OpenAl) were used only to support writing, specifically for
grammar correction and stylistic polishing. They were not involved in formulating research ideas,
designing methods, analyzing results, or drawing conclusions. The authors remain fully responsible
for all content of the paper.

3For simplicity of presentation in Appendix [G] we reuse the notation (z, ¢, v) to denote the spatial coordi-
nate, timestamp, and observed velocity in the NGSIM data. These symbols are independent of their usage in
the main text.
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