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ABSTRACT

Iterative self-improvement fine-tunes an autoregressive large language model
(LLM) on reward-verified outputs generated by the LLM itself. In contrast to
the empirical success of self-improvement, the theoretical foundation of this gen-
erative, iterative procedure in a practical, finite-sample setting remains limited.
We make progress toward this goal by modeling each round of self-improvement
as maximume-likelihood fine-tuning on a reward-filtered distribution and deriving
finite-sample guarantees for the expected reward. Our analysis reveals a feedback
loop where better models accept more data per iteration, supporting sustained self-
improvement while explaining eventual saturation of such improvement. Adopting
a task-centric view by considering reasoning tasks with multiple difficulty levels,
we further prove quantifiable conditions on model initialization, task difficulty, and
sample budget where easy-to-hard curricula provably achieve better guarantees
than training on fixed mixtures of tasks. Our analyses are validated via Monte-Carlo
simulations and controlled experiments on graph-based reasoning tasks.

1 INTRODUCTION

Conditioned on strong pre-training, modern large language models (LLMs) increasingly acquire their
unprecedented reasoning skills during post-training not only from human-annotated supervision but
also via iterative self-improvement—a supervision-free loop where the model iteratively generates
candidate answers for questions from the downstream task and then gets fine-tuned on curated
question-answer pairs that pass certain external verifications (Xin et al., [2024ab} [Zelikman et al.|
2022} |Lin et al.l 2025azb; |Ren et al., [2025; Zhang et al., |2025} |Guan et al., [2025). A closely related
practice is to schedule these self-improvement iterations using an easy-to-hard curriculum, where
gradually shifting the downstream question distribution toward more challenging instances often
improves the final performance (Ren et al.,|2025; |Koh et al., 2025; [Lee et al., [2025)).

From a theoretical perspective, the empirical success of self-improvement is arguably surprising
because the training data is not exogenous, i.e., the candidate solutions are generated by the model
itself. Recent theories on self-improvement have made progress on clarifying why learning such
endogenous data succeeds without violating the data processing inequality (Shannon| |1948)), mainly
from the model evolution perspective. For example, Huang et al.|(2024) casts self-improvement as
a form of probability-mass “sharpening”; while Sun et al.|(2025)) takes a solver—verifier-gap view
of the learning dynamics at the continuous limit. However, as a post-training strategy, the success
of self-improvement is highly dependent on the interaction between the pre-trained model and the
downstream task. In addition, the discrete, multi-step iterations are critical for the appealing empirical
gain of self-improvement. What remains theoretically under-specified for such self-improvement
pipelines is a finite-sample, task-centric account that answers two practical questions:

With a single task, when does (multi-step) self-improvement happen?
With a mixture of tasks, when does task scheduling, like easy-to-hard curricula, provably help?

Our contributions. We provide theory-grounded answers to the above questions that closely match
self-improvement in practice, which can be summarized as follows:
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* A task-centric framework unveiling when does (multi-step) self-improvement happen on a
single task. Toward the first question, we model each self-improvement iteration as maximum-
likelihood fine-tuning on a reward-filtered distribution induced by the model’s own generation
and an external verifier (Section [3). On a single task, our expected reward lower bounds for
single/multi-step self-improvement highlight a feedback loop in which the filtered distributions of
better models have more data per iteration being accepted, effectively increasing the training set
size. This lens further clarifies the effects of model initialization, task difficulty, and finite sample
sizes on the sustained self-improvement and its eventual saturation (Section E])

* Across multiple tasks, moderate separation in task difficulties is essential for effective easy-
to-hard curricula. Toward the second question, we compare easy-to-hard scheduling across
self-improvement iterations with training on a fixed-mixture baseline under the same budget. We
derive quantifiable conditions under which easy-to-hard curricula enjoy strictly better expected
reward lower bounds. The analysis unveils three levers for the effectiveness of easy-to-hard
scheduling in self-improvement: moderate separation of task difficulties, a critical sample budget,
and model initialization (Section [3).

* Empirical validation on graph-based reasoning tasks. We validate the analysis for both
questions via controlled experiments on graph-based reasoning tasks (Section[6) and complement
these experiments with Monte-Carlo simulations that directly visualize the evolution of the expected
reward lower bound across self-improvement iterations (Figures [3|and ).

2 RELATED WORK

Theoretical Understanding of LLM self-improvement. In the context of LLMs, self-improvement
broadly refers to a family of procedures in which an LLM produces its own supervision signal and
then leverages this signal to improve its capabilities. While LLM self-improvement has shown strong
empirical success (Zelikman et al., 2022} |Xin et al., 20244} |Guo et al.| 2025} [Lin et al.,|2025b; |Zhang
et al., [2025;|Guan et al.,[2025)), a growing line of work seeks to understand its underlying mechanisms
from a theoretical perspective. Huang et al.| (2024) formalizes self-improvement as a consequence of
a sharpening mechanism, which encourages the model to place larger probability mass on higher-
quality sequences. From a different perspective,[Mohri et al.| (2025) studies self-improvement through
the lens of coherence. |[Sun et al.| (2025) models the training dynamics of self-improvement via the
solver-verifier gap. In contrast to these works, our theoretical modeling of self-improvement is more
closely aligned with mathematical reasoning settings, i.e., binary and verifiable rewards together
with reject sampling for data collection. More importantly, our analysis covers multi-step iterative
self-improvement and further incorporates its interaction with easy-to-hard curricula. Due to space
constraints, we defer further discussion of empirical self-improvement pipelines, and the connections
between our work and self-distillation, self-consuming loops, and model collapse to Appendix [D]

3 PROBLEM SETUP AND NOTATION

Problem setup. We introduce a theoretical formulation of a practical single-iteration self-
improvement procedure for mathematical reasoning (Zelikman et al.||2022; Xin et al.| |2024b; |Guo
et al., 2025} [Lin et al.| 2025b). At iteration ¢ (with ¢ starting from 0), we sample questions ¢ ~ pg
and generate answers a ~ 7, (- | ¢) using the current model parameters ;. Unless otherwise stated,
we generate a single candidate answer per question. For each pair (¢, a) we define a reward (score)
function s(g,a) € [0, 1], where a larger reward indicates a better answer. We retain only samples
whose reward is at least a threshold 7 € (0, 1] and discard the rest.

At the population level, this filtering induces the distribution

o ):po(q)m)t(a\qﬂ{s(q,a)zr}
P01 Zpo(et) ’

where a(@,q = Prour(lg[s(q,a) = 7] and Z,(0) := Egp[a(f,q)] denote the per-
question and global acceptance rates, respectively. The idealized model update is then 6,7 =

!Since an LLM can, in principle, assign nonzero probability to any reasonable text continuation, including a
correct solution, we treat «(6, ¢) > 0 throughout.
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- [log g (a | q)]. In practice, with finite samples, given the current model 6,

and a dataset of n sampled questions, we obtain a random number n; (with n; < n) of accepted
samples {(g;, a;)}ity ~ D and perform empirical maximum likelihood estimation:

argmaxg E¢g a)~pr

0 )
1 &

Ory1 = arg max — Zlog mo(a; | i)
ti—1

Our goal is to relate this empirical self-improvement objective to the evaluation metric, namely the
expected reward Vy, (0¢+1) = E(ga)~p, 9t+1[ s(q,a)], where D, 5(q,a) := p(q)ma(a | q).

Notation. Due to space constraints, Appendix Table [I] summarizes the notation used throughout the
paper, together with brief descriptions and definitions.

4 ITERATIVE SELF-IMPROVEMENT

This section develops basic theoretical tools for iterative self-improvement. We start with a single-step
analysis under a general reward function s(q, a) and threshold 7. We then specialize to mathematical
reasoning and study the resulting multi-step self-improvement, which will serve as a foundation for
our analysis of the easy-to-hard curriculum in Section [5}

4.1 SINGLE-STEP SELF-IMPROVEMENT

We begin by analyzing a single round of self-improvement in the finite-sample regime.

Theorem 4.1 (Informal result (formally in Theorem|B ) Fix an iteration t with current model Ht
Let 11 be a finite model class that maps questions to dlstrlbutlons over answers. Suppose that for

each q ~ pg we draw m (m > 1) i.i.d. candidate answers, keep the first candidate whose reward is

at least T, and discard q if no such candidate exists. Let ngm) be the resulting number of accepted

training pairs. Then, with probability at least 1 — 6,
75 (6)  [21og (T 6-1)
a(m)(gt) n(m)
where o™ (0y,q) = 1 — (1- o0y, q))m Z,(,T)(ét) = Egn [a(m)(ét q)], and o™ (,) =
essinf, a(™ (0,,q). Moreover, the ratio Zp0 (Ht)/a(m)(é ) is non-increasing in m and satisfies

limy, 00 Z5 (6,) /0™ (6,) = 1.

Theorem .1 extends our setup in SectlonEE it reduces to the setting in Section [3|by taking m = 1,

in which case Zpo (Ot) 9t and n; ~ = n;. Theorem K.1|highlight the importance of finite-
sample effects for chaIacterlzmg self-lmprovement. Concretely, with infinite samples, the idealized

update yields ét_H satisfying

Voo (0r41) > 7 <1

75,0 1 @) 1 s(q,a)>r}
a<9ta Q)

and hence V), (ét+1) > 7. In other words, an infinite-sample (population) update would suggest that

T (0] @) =

)

a single iteration already guarantees performance above 7 and that this guarantee is independent of 0,
both of which are inconsistent with practice. This motivates our finite-sample regime analysis, which

further shows that (i) the ratio Z,(,T) (6,) /™ (6,) decreases with m, and (ii) the effective sample

size ng ™) increases (in expectation) with both n and m. Consequently, to obtain a stronger guarantee

on self-improvement (i.e., a larger lower bound on V), (ét+1)), it is beneficial to increase both the
question budget n and the per-question answer budget m.

Remark 4.2 (On the model class II). Our assumption of a finite model class II is consistent with prior
theoretical treatments of self-improvement (Huang et al.|[2024). More importantly, the effectiveness
of recent work in formalizing self-improvement as tree search over a finite archive of candidate
agents (Wang et al., 2025) suggests that the candidate set |II| is typically not very large in practice.
Moreover, evidence that stronger language models admit a smaller intrinsic dimension during fine-
tuning (Aghajanyan et al.l|2021) indicates that |II| tends to be smaller for stronger base models.
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4.2 MULTI-STEP SELE-IMPROVEMENT

We specialize to mathematical reasoning by adopting a binary reward s(¢,a) € {0,1}, where
s(q,a) = 1 indicates a correct (verifiable) solution and s(g, a) = 0 otherwise. In this regime, com-
bined with Assumption .3 which posits a positive relationship between the peestion acceptance

rate and the expected reward for all but a «y fraction of questions, Corollary @.4{relates V,, (By41)
directly to the pretrained initialization performance V), (éo) through an iterated map.

Assumption 4.3. Let O be a small neighborhood of the pretrained initialization in which post-training
is performed. Then there exist a constant ¢ € (0,1) and a small constant v > 0 such that for any
question distribution p and model 6 € ©, Pry., [a(@, q) < ch(H)] <.

Corollary 4.4. Consider the binary reward setting s(q,a) € {0, 1}, where each iteration t uses the
same question budget n with ny < n accepted samples. Under Assumptiond.3) define

CsV

F(z) = 177—70\/%%
with © > csiv, where v := /1/n, ¢5 := /2log([lI[6-1), and c5 := +/log(6'~1)/2. Then,
with probability at least 1 — & — &', Vi, (B;41) > F(Vy, (éf)) Moreover, with probability at least
1—t(8+8"), Vo (0:) > F°(Vpy (00)), where F°* denotes the t-fold composition of F.
Proposition 4.5. Under the setting of Corollary let v be sufficiently small such that 0 <
W < 3—\2/5 LetZT(1,v) = (x_(1,v),z4(1,v)) C (csrv, 1 —7) be the interval defined in
Deﬁnitionwith a = 1. Then, for any non-negative integer t, F°(t+1) (Vp0 (éo)) > [t (Vpo (éo))
and F° (V, (éo)) € Z(1,v) hold if and only if V,,,(8) € Z(1,v). Moreover, z_(1,v) is increasing
inv, x4 (1,v) is decreasing in v, and the interval length |Z(1,v)| = x4 (1,v)—x_(1,v) is decreasing
in v and satisfies
3v3 1%

2 ‘c\/l—*yfc(;/l/'

Remark 4.6.1 (Moderate task difficulty benefits iterative self-improvement). Corollary .4]and Propo-
sition .5] suggest that iterative self-improvement admits monotonic lower-bound guarantees only
when the task difficulty is neither too hard nor too easy for the pretrained initialization such that
Voo (o) € Z(1,v). Within Z(1,v), better models admit more data per iteration being accepted,
thereby sustaining self-improvement over successive iterations.

ZLv)| = (1= —cyv) -

Remark 4.6.2 (Benefits of larger budgets). Increasing the question budget n (i.e., decreasing v)
enlarges the interval Z(1, v), and hence enlarges the set of initial performances for which the bound

sequence { F°*(V},, (80))}¢>0 is guaranteed to be strictly increasing.

Remark 4.6.3 (Inherent upper bound). Iterative self-improvement is inherently bounded: for
V,o (60) € Z(1,v), the lower bound cannot exceed 1 (1, ), which is strictly below 1 — ~. This pro-
vides a rationale for practical mathematical reasoning pipelines to incorporate additional optimization
phases (e.g., reinforcement learning (Guo et al., 2025))) to push performance further.

5 ITERATIVE EASY-TO-HARD CURRICULUM FOR SELF-IMPROVEMENT

Combining self-improvement with an easy-to-hard curriculum across iterations has emerged as
a promising approach for further improving model performance by progressively increasing the
difficulty of questions encountered in different rounds (Ren et al., 2025} |[Koh et al.l 2025} [Lee et al.|
20235)). Despite its empirical appeal, a principled theoretical understanding of such curriculum-guided
self-improvement remains limited. In this section, we extend the tools developed in Section [ to
study when and why integrating iterative self-improvement with an easy-to-hard curriculum can yield
stronger self-improvement guarantees.

5.1 EASY-TO-HARD CURRICULUM AND BASELINE

Difficulty levels. We assume there exist L > 2 task distributions py, ..., pr, where each p; is a
valid question distribution, and the difficulty increases progressively from p; to pr. Assumption
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formalizes this notion via a power-law separation between adjacent tasks (in difficulty) p; and p; 1.
Concretely, under Assumption[5.1] for every i € [L — 1] and every 6 € ©, we have

i V. (0) i
- 7 < - < = .
(+1)=7 = Vo (0) = (i+1)77
This reflects the view that expected reward is a natural measure of task difficulty, and that the relative
ordering of difficulty levels should be model-invariant for § € ©. Moreover, a larger 5’ corresponds

to a larger difficulty ratio between adjacent tasks, while a larger uncertainty width A := 3 — 3’
indicates greater ambiguity in this difficulty ratio.

1 <

Assumption 5.1. Let O be a small neighborhood of the pretrained initialization in which post-training
is performed. Consider L question distributions {p1, p2, ..., pr}. For 8 € © and i € [L], define the
expected reward V,,, (6) := E(q.q)~p, ,[$(¢ a)]. Define

!

log(V,,(0)/ V.., (0 log(V,,(0)/V,,., (0
B’ := min inf Og( v (0)/ pw,l( )) and f$:= max sup Og( n(0)/ p"fl( ))
i€[L—1] 0€© log(1 + 1/i) i€[L—1] gco log(1 + 1/4)
We assume that 0 < 3’ < .

Easy-to-hard. For the easy-to-hard curriculum, we consider L iterations of self-improvement. At
each iteration ¢ € {0,1,...,L — 1}, we sample n questions from p;; to reflect progressively

increasing difficulty, and perform one round of self-improvement using the current model. We

initialize the curriculum with 652" = ,, and denote the model after iteration ¢ by 921,

Baseline. The baseline we compare against trains for L iterations using a fixed and uniform mixture
over all difficulty levels. At each iteration ¢t € {0,1,...,L — 1}, we always sample n training
questions from pg := % Zle pi. We use the same initialization 8 = 6, and denote the model after
iteration ¢ by 6.

5.2 MAIN RESULTS

We now present our core comparison between the final self-improvement performance under the base-

line, V,, (%), and under the easy-to-hard curriculum, V,,, (AF2). Theoremprovides feasibility
conditions that characterize when the lower-bound sequences for both training schemes are monotone
across iterations, and an improvement condition under which the easy-to-hard curriculum yields a
strictly tighter lower bound than the baseline. These sufficient conditions are highly predictive in
practice: they closely track the trends observed in our Monte-Carlo simulations (Figures [3] and @),
and are consistent with the empirical gains on mathematical reasoning tasks reported in Section [0

Theorem 5.2. Follow the notation of Corollary Fix all parameters except ', 3, v and V,,, (6o).
(1) Suppose feasibility conditions Mi(ﬂ’, B,v, Vp, (éo)) <0 haldfor all i € [4]. Then, w.h.p.,
the following statements hold. For the baseline, Vpo(é%) > Fe°L (Vpo(éo)), and the sequence
{F°H(Vy, (éo))}tzo is monotonically increasing in t. For the easy-to-hard curriculum, Vpo(é%m{) >
(GoHp_10Hp 500 Ho)(‘/};o(éo)>, where for eacht € {0,1,...,L — 1},
1 CslV

i eax —cgv’
and ag = L/ 25:1 i ap = Ele iP )L Py = (t+ 1) /t7F for t € [L —1]. Also, the
sequence {(Hy o --- o Hy) (Vpo (90)) }i>0 is monotonically increasing in t.

Hi(z) = G(z) = arz,

(ii) If the improvement condition N'(B', B, v, V,p, (éo)) < 0 further holds®, then the easy-to-hard lower
bound is strictly larger than the baseline lower bound: (G o Hy,_1 0 Hy_50---0 Hp) (VpU (éo)) >
FoL(V,,(60)).

Interpreting { M, < 0}. To enable meaningful comparisons across iterations, feasibility conditions
{M; < 0}{in Theoremrule out degenerate regimes in which the evolution of the expected

’Due to space constraints, we defer the explicit forms of {Mi}?zl and N to Definition
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reward lower bound becomes ill-defined or fail to be monotonically increasing. We provide a concrete
interpretation of the region {M; < 0}, in Remark[5.4}

Corollary 5.3. Follow the setting of Theorem Let T(27 P v) = (z_(27%,v), 2, (275, 1))
be the interval defined in Definition with a = 2=P.  Then the feasibility conditions
Mi(ﬁ’, B, v, Vp, (00)) < 0,1 € [4] are equivalent to Vy, (00) € Zm(B', B, v), where Ty, (5', B, v):=
(z-(275,v), %a@r (27P,v)). Moreover, the interval length |Ian (', B, v)| satisfies

3\/3 csV
2 c\/2 1= —csv

Remark 5.4 (Feasibility disfavors small budgets and large adjacent difficulty ratios). Corollarles@]
and [B.4]together imply that |Zy((53’, 3, v)| decreases in v, 3', and 3, and that its shrinkage rate in v s
©(v) as v — 0. Although {M; < O}l , only enforces feasibility (rather than directly characterizing
when the easy-to-hard curriculum improves over the baseline), we generally prefer |Zx (5, 5, v)|
not to be too small. Consequently, (i) an overly small question budget n and (ii) overly large difficulty
ratios between adjacent tasks are both undesirable from the standpoint of feasibility. Finally, Figure
shows that the condition V}, (éo) € Im(B, B, v) closely matches the behavior observed in direct
Monte-Carlo simulations, making {M; < 0}%_; a useful proxy.

2ﬁcé”/ < |IM(B/7570)|7|IM(/3/757V)| < 2505’V+

Interpreting A < 0. A/ < 0 serves as the key criterion for improvement: it guarantees that the
easy-to-hard curriculum attains a strictly larger final lower bound than the baseline. A concrete
interpretation of N/ < 0 is provided in Remarks Notably, all the resulting predictions
based on the improvement condition N < 0 closely match the trends observed in direct Monte-Carlo
simulations in Figure 4}

Proposition 5.5. Follow the setting of Theorem Then the improvement condition
N(B’,ﬁ,z/, Vp0(90)) < 0 is equivalent to V, (00) € In(8',8,v), where Iy (5',5,v) =
(Jc(ﬁ’,@y), 1- 'y). For fixed (B',8), we write x(v) = z(f', 8,v) for brevity. Then, x(v) is

monotonically increasing in v and satisfies x(0) = 0,

’ 2 Cs 2

o) =2 +—(7) v+0W?) asv—0.
2 ag c(1—7) ( )

Let Noo (V) := 1imvp0(éo)ﬁooj\/'(6’, B,v, Vpy (éo)) Then there exists a unique v, > 0 such that

N (ve) = 0, and there exists a constant C(v.) > 0 such that

C(ve)

/ _

'(v) = e — )
Corollary 5.6. In Proposition fix any initialization Vp (éo) € (0,1 —~), and let v*(f3', B) be
defined by the threshold equation x(3', B,v*(8, B)) = Vp, (00). Then v*(B',3) = sup {v>0:
N(B,B,v, Vy, (éo)) < 0'}. Moreover, (i) fixing ', for 8 > B/, v*(8', B) is decreasing in f3; (ii)

fixing B, for ' € (0, 8), v*(', B) is increasing in §'; (iii) fixing A = § — " and writing v*(0', )
asv*(B', 5 + A), when 8 is small, v*(f', 8’ + A) is increasing in 5" and

c(l— )3/2 log((L')l/L)

(1+0(ve—v)) asv?re.

l/* /! /+ A — ! + 0 /
L—1
. . 1_(2(:(17’)/(;6:/1/)3/2)
as 3 — 0. Moreover, let vy > 0 be the (unique) solution to Lolt . o =
c\/l—’y—cszu 1—726(17”{7%”,)3/2

L0 Then there exists a constant vy > 0 such that whenever vp < vy, we have v* (', '+ A) < vy,
and v*(8', B’ + A) is first increasing and then decreasing in 3, with a unique maximizer. Moreover,

Sor sufficiently large (', the tail scaling satisfies v* (5,8 + A) = @(2_ﬁ,/2).

Remark 5.7.1 (Phase transition with respect to the question budget). Proposition [5.5]shows that the
interval length |Zx/(8’, 3, v)| decreases as v increases. Moreover, the shrinkage rate is mild when v
is small (since cs/ is typically small and ag > 1), but becomes steep as v approaches the critical value
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Figure 1: Iterative self-improvement. Left panel shows the self-improvement trajectories of a fixed 6 across
tasks with different initial Pass@1 accuracies; hollow markers and faded line segments indicate model collapse
(Pass@1= O for at least one target distance /). Middle panel shows the performance under different question
budgets n, with 6 and the initial Pass@1 fixed. Right panel shows the performance under different per-question
answer budgets m, with éo and the initial Pass@1 fixed.

v (z'(v) blows up on the order of O((v. — v)~3). Equivalently, decreasing the question budget n
makes it harder for the easy-to-hard curriculum to provably outperform the baseline, and there is a
critical sample size such that as n decreases toward this threshold, the range of initializations V}, (éo)
for which easy-to-hard is provably advantageous collapses sharply.

Remark 5.7.2 (Smaller uncertainty in the adjacent difficulty ratio is better). Parts (i)-(ii) of Corol-
lary imply that, whether we fix 8’ or 3, as the uncertainty width A = 8 — ' increases, the
maximal admissible v (and hence the minimal question budget n) for ' < 0 becomes more stringent.

Remark 5.7.3 (Moderate difficulty ratios between adjacent tasks are most favorable). Part (iii) of
Corollary [5.6] further shows that, when A is fixed, as the difficulty ratios between adjacent tasks
(captured by /') increase, the minimal admissible sample budget n required for the easy-to-hard
curriculum to be provably better than the baseline first decreases and then increases. Moreover, in the
large-sample regime, there exists a unique optimal 3’ that minimizes the required sample budget.

Remark 5.7.4 (Improvement dominates for small budgets, while feasibility dominates for large
budgets). By Corollary and Proposition for any fixed (5',3), both |Zxr(3, 3,v)| and
|Zn (B, B, )| decrease as v increases. Moreover, since cs/ag < 2°cs/, we have the following

dichotomy: as v — 0, the shrinkage of the admissible range of V;,O(HAO) is dominated by the

feasibility conditions {M; < 0}1_,; whereas as v approaches v, the shrinkage is dominated by the
improvement condition N < 0.

6 EXPERIMENT

6.1 TASK AND TRAINING SETUP

Shortest path. Given the capability of LLMs to solve graph problems in natural language (Wang
et al., [2023), we study self-improvement on a shortest path task using synthetically generated graphs.
We consider a directed unweighted graph G. Our task is: given G and two distinct vertices vs # v,
in G, predict the shortest path length [, i.e., the minimum number of edges among all directed paths
from v, to vy; if no such path exists, we set | = —1.

Model and training. We use LLAMA-3.2-1B-INSTRUCT as our base LLM (Grattafiori et al., [2024).
For each choice of the number of nodes IV, expected out-degree d, and target distance [, we generate
a large collection of distinct graphs G together with vertex pairs (v, v;) whose shortest path length
equals [. Each instance is rendered into natural language using a unified prompt template, forming a
single shared sample pool. Across experiments, to obtain initialization models with diverse expected
rewards V), (90), we warm up the base LLM by finetuning it on different subsets of the sample
pool with varied finetuning hyperparameters, and draw task sets of varying difficulty from a disjoint
portion of the pool. We then follow the procedure described in Section[3|and the easy-to-hard/baseline
setup in Section to run iterative self-improvement. Note that in the binary reward setting, the
expected reward is equivalent to the population Pass@ 1. Therefore, we report the Pass@1 accuracy
on a held-out test set sampled from py as our evaluation metric. More details of dataset construction,
warm-up, and self-improvement finetuning are provided in Appendix [F
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Figure 2: Iterative self-improvement with an easy-to-hard curriculum. Left panel fixes A = 0.04 and 0o,
and shows for different initial Pass@ 1 accuracies, the final Pass@1 gap between easy-to-hard and the baseline
(i.e., Vpo (BF*) — V,, (62)) as a function of the adjacent task difficulty ratio (captured by 3’). Right panel fixes
A = 0.04 and 8’ = 0.25, and shows for different initial Pass@1 accuracies (spanning 35%-55%), how the
final Pass@1 gap varies with the question budget n. The solid line reports the mean gap across 15 initializations
and the shaded region indicates =1 standard error; the gray bars (right axis) show the number of initializations
with a positive gap at each n.

6.2 EXPERIMENTAL RESULTS

Iterative self-improvement. Figure[I(a) shows the iterative self-improvement performance under
tasks of varying difficulty, where we construct task sets such that the initial Pass@1 accuracy
(corresponding to V,, (éo)) ranges from 6% to 78%. When the task is overly easy, we observe a
decreasing trend in the test Pass@1 across iterations, whereas when the task is overly hard, the Pass@1
becomes unstable and may collapse. These trends are consistent with the analysis in Remark [4.6.1}
which predicts that effective iterative self-improvement is only guaranteed to occur in a moderate
difficulty regime. We also note that the improvement in Pass@1 often slows down after ¢ = 2 and the
curves begin to plateau at values clearly below 1, which is consistent with Remark [4.6.3]

Moreover, Figure[T{b)-(c) demonstrate that increasing either the question budget n or the per-question
answer budget m consistently improves self-improvement performance. This aligns with the finite-
sample interpretation in Section It is worth mentioning that, despite minor differences in
self-improvement setups, a range of empirical studies echo our findings on a broader set of real-world
benchmarks that self-improvement tends to favor a moderate task difficulty regime (Singh et al.|
2023)), benefits from larger budgets (n (Singh et al., [2023; |Wilf et al.| [2025) and m (Zeng et al.,|2024;
Bansal et al.| 2024} |Yao et al., [2025)), and often exhibits a clear saturation limit (Song et al.| |2024).

Iterative self-improvement with easy-to-hard curriculum. In Figure [2(a), each curve varies
the difficulty ratios between adjacent tasks (controlled by ') while keeping the initial Pass@1
(corresponding to Vj,, (éo)) fixed. Across different values of the initial Pass@1, the final Pass@ 1
gap between easy-to-hard and the baseline exhibits an overall trend of first increasing and then
decreasing as 3’ grows, with the largest gaps typically attained around /5’ € [0.2,0.5]. This aligns
with Remark[5.7.3] which suggests that moderate difficulty ratios between adjacent tasks are desirable.

Figure[2[b) reports results under different initial Pass@ 1 accuracies, with a fixed relative difficulty
across tasks (i.e., fixed 3’ and A). First, we observe that larger question budgets n lead to a larger
final Pass@1 gap of easy-to-hard over the baseline on average. Second, for a diverse set of initial
Pass@1 accuracies in the range of 35%—-55%, the question budget n at which easy-to-hard starts to
outperform the baseline mostly clusters in a relatively narrow range, roughly between 2000 and 3000.
This agrees with the phase transition behavior predicted in Remark [5.7.1]

7 CONCLUSION

In this work, we developed a task-centric framework for understanding LLM self-improvement. For
a single task, our finite-sample analysis characterizes key factors (e.g., task difficulty and sampling
budget) that determine when (multi-step) self-improvement happens, and explain eventual saturation
of such improvement. Beyond single-task training, we further provide theoretical guidance to identify
regimes where easy-to-hard scheduling yields a stronger lower bound guarantee than fixed-mixture
training, and highlight the role of appropriate adjacent task difficulty ratios and a critical sample size.
Our predictions are further supported by synthetic shortest path experiments.
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APPENDIX: PROOFS

A. NOTATION AND DEFERRED DEFINITIONS

A.1 NOTATION SUMMARY

Symbol Meaning

q question

a answer

s(g,a) reward; s(g, a) € [0, 1], where larger values indicate a better answer a to the question ¢

T acceptance threshold; 7 € (0, 1] for filtering s(¢,a) > 7

0, 6 model parameters; 6 denotes the empirical model; includes variants with superscripts or
subscriptsﬂ

() question distribution; includes variants with subscripts

wo(- | q) answer distribution; conditional distribution induced by 6 given ¢

\
Dypo(q,a)  Dpe(q,a) = p(g)me(a | q)

V() expected reward; V;,(0) = Eqp() Eanry (1o [ $(4, @) |

a(f,q) per-question acceptance rate; (6, q) = Pror,(.|)[s(q,a) > 7]

Z,(0) global acceptance rate; Z,(6) = Eqp(y[(0, q)]

n question sampling budget; total number of sampled questions per iteration

m per-question answer budget; number of sampled answers per question (unless otherwise
stated, m = 1)

v v=+/1/n

II model class; see Thm. for details

c,y reward-acceptance coupling constants; see Assump. for details

35,8 failure probabilities; see Thm. and Cor. 4.4{for details

Cs, Cs cs = /2log(|IT| 6—1), csr = /log(6'~1)/2

L total number of iterations

BB difficulty separation exponents; controls the difficulty ratios between adjacent tasks; see
Assump. [5.T]for details

A difficulty uncertainty width; A = 3 — 3’

Table 1: Common notation used throughout the paper.
A.2 DEFERRED DEFINITIONS AND EXPLICIT EXPRESSIONS
For readability, several auxiliary quantities are only referenced in the main text. Here we collect their
explicit definitions and expressions.

Definition A.1 (Z(a,v)). Suppose (a, V) are chosen such that

csrv acsyv 4
l—-y——>0 d 0< <A/ ==-
T an c(a(l —v) —cyv)3/2 27

Then the equation

-0 = (s Ca/V)3/2)2

admits two solutions in (0, 1), denoted by y_(a,v) < y4(a,v). Set

Cs'V Cs'V
Ju-lan),  arler) = 224 (1-7 = 22 ).

x_(a,y):ﬂ+(1f’yf
a

We define

Z(a,v) = (z_(a,v), z4(a,v)) C (C(ZV, 1—7).

A subscript ¢ (0 < ¢t < L) denotes the model before iteration ¢ (or after iteration ¢ — 1). Superscripts B and
E2H refer to the baseline and the easy-to-hard curriculum in Section@ respectively.

12
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Definition A.2 ({M;}!_; and N). Let z_(27”,v) and z,(277,v) be the endpoints of the
interval Z(277, v) defined in Definition with a = 278, Let, ap = L ZiLzl 8 and
arp = ZiLzl ifﬂ//Llfﬁ/. Then, we define

M (B, 8,0, Vo (00)) == 2_ (277, 1) — Vi (bo),

M2(6/’ﬂ7 V?V;?o(éo)) = VPO(GO)_x+(2_ﬁ’V)’

CsV

M ) 5= ) (1 - ),
e/ 30V (B0) — csrv
Ma(B', 8,1, Vo (B0)) = <1 -7 - C(sAV ) —z,(27%,v),
e[ a0V (B0) — csrv

Next, define

L-1
I G
(14 2¢ (1—y—cgrv)3/2

csU
2¢ (1—y—cg/v)3/2

N 1
N(ﬁlaﬁayvvpo(eo)) = _§<aL_1)(1_fY)_C 1—vy—csv 1-—

csV 1

csV 'e,ﬁ/L

c\/2 (I1=7)—csv 1- 372
25(2*5 (1777#'1)755/1/)
cq/agVpq (00)—cgrv
L-1
csV _ Csv
+ L5 ]

3/2 \/A—
—B(1 0~y v\ _ Vo (6p) — cs
2C<2 (1 v cy/aoVp, (éo)—c(;/u) ¢ V) ey ao po( O) v

B. PROOFS FOR SECTION [4]

B.1 PROOF OF THEOREM [B.]]

Theorem B.1. Fix an iteration t with current model 0,. Let Q denote the question space and let
A(A) be the set of probability measures on the answer space A. Let T1 C (Q — A(A)) be a finite
model class, and suppose that the conditional distribution over answers induced by D; 5 belongs to
0,Yt
IL. Suppose that for each q ~ py we draw m (m > 1) i.i.d. candidates a1, az, . .., ap, ~ 75 ¢ lq)
sequentially and keep the first accepted candidate: we include (q, a;) in the training data where
j:=min{i € [m] : s(q,a;) > 7}, and discard q if no such j exists. Let ngm) be the resulting number
of accepted training pairs. Assume that essinf, o(6;,q) > 0. Then, with probability at least 1 — 9,

(m) 4 -1
N Z 0 2log/(|II] 6
lpo(et-‘rl) > 7|1 . (At) (|(m|) ) ;
a( U(é‘t) ny

where o (Ht, q) ==1-— (1 — a(ét, )) Z,&Q“(et) = Egn [a(m)(ét q)} and a(m)(ét) =
essinf, o ’”)(Ht q). Moreover, the ratio Zpo (Ht)/a(m)( )
hmmﬁoo ZPO ( t)/a(m)(at) =1.

is non- mcreaszng in m and satzsﬁes

(m)
Proof. At iteration ¢t we obtain ng ™) accepted samples {(q;, a;)}it, ~ D;(mg) Under this scheme,
0,V

the population joint distribution of accepted pairs can be written as

1(m) /(m) ’
D "5 (g,0) =p, " (9) P (a] ),

13
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where the marginal over questions and the conditional over answers are, respectively,

) () = 0@ 0™ (01 0) m,(a | @) L s(q0)>7)

/
A ~ ) Pj; (Cl | q) = ~ )
Po,0t Z,(;:)")(Gt) 0 a(@t, q)
where .
O‘(etv Q) = PI‘( 9) [S(Q7a) >T | q] = Zﬂ-ét (CL | Q) 1{s(q,a)27}a
aNWét . a

al™ (éta q) =1~ (1 - Oé(éuCI))ma Z;;n)(ét) = EquO[a(m)(ét,q)],

For any m > 1, the population MLE objective E [log mg(a | q)] at iteration ¢ achieves its

~ 7(m)
(g,a) DPovét

maximum at § = 07, ; where
o
mo;,, (-1 @) = pg, (- [ @)
for almost every gq. Note that p;j (- | q) is independent of m and coincides with the conditional
t
distribution over answers induced by D}’j 5 > hence, by assumption, pé (-]¢q) €Il
0,V¢ t

Define A, == {a: s(q,a) > 7}. By construction, mo;, (A4 | ) = 1 and hence 7p;, (A7 | ¢) = 0.
Further define
d(q) = Pr s(g.a) <7]=m; (A7|q).

anmg, - (la)

By the definition of total variation distance,
5u(a) = [moy., (A5 | ) = w3, (A5 | @)] < TV (maz,, (- 10), 75, (1))
For any dominating measure w, it follows that

TV(W0;+1(' | 4) mg,,, (| Q)) - %/

dme;,, (-1q) dmg, (]a)

dw dw

dme;, (-] q) dmg,. (1) 2o\
(= ) o)

=: \/DI%I (WGEH(' | q)’ ’/Téwrl(. | Q))

Here D% (-, -) denotes the Hellinger distance. Taking expectation over q ~ pg[:gt and using the bound

dw

IA

above, we obtain

1/2
E,_ o [6:(g)] < (Ewm [ Da(wor,, (- 1 0), 7, | q>>}> :

P00t P00t

Based on Lemma[B.2] with probability at least 1 — J,

2log (|11} 6—)
Equ/p(x{;t [5t (Q)} S T .

Therefore, w.h.p.,
Z5" (6,)

~ Zp(0) [2log(IT1]67)
a(m)(ét7q)

a(m) () ngm)

S,Ep()) = ]Equoliét(q)] =E /(m)

qr~p

¢(q)

b

P00t

where o/("™) (ét) := essinf, a(™ (ét, q). For any fixed g,

anﬁétﬂ(_‘q) [s(g,a)] = E[s(q,a) 14, ‘q] + E[s(q,a) 14 q}
> T7Tét+1(Aq | q)

=7(1-06:(q)).
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Taking expectation over g ~ pg, with probability at least 1 — §, we have

Z{M(6,)  [21og(|TT|6-1)

Voo (0e+1) = BgnpoBanry, clols(@,@)] = 7(1=6) > 7 (1—

Recall the notation (6, q) € [0,1] and cv(0;) = ess inf, (6, ) > 0. For m € N define
Jm(z) = 1—(1—x)™, z €[0,1].
Then
0 (1,0) = FlaBa)), () = essint f(a01,0)) = Fn(@(B), 25 (60) = BympalFn(alf ).

Define, for y € [0, 1),

Using frm+1(2)/fm(z) = hpm(1 — ), we have

270 _ [ fr(060) n0@i0)  fulal
16 | o) o) Tl

We claim h,,, is increasing on [0, 1). Indeed,

)
)

)] CE.. [h n(l = a<f D) Inlald0)

ho(L—a(0,))  fn((0r))

y" T m = (m+ Dy +y™)

d
ay o8t W) = T g ey 2

dy

since the m — (m + 1)y + y™*! is decreasing in y with value m aty = 0 and 0 at y = 1. Because

a0y, q) > a(fy) as., we have 1—a(fy, ¢) < 1—a(6;) and hence hy, (1—a(0y, q)) < ho (1—a(8y)).
Therefore,

Z(m+1)(é ) - Z(m)(é )
om0 (0y) — alm(6;)
Since 1 > «(6;) > 0, we have f,, (a(fy, q)) 1 1 for every g and f,,(c(6;)) T 1 as m — co. By the

monotone convergence theorem, Z},Z’)(ét) = E[fyn((0;,q))] = 1and o™ (0,) = f(a(by)) — 1,
hence

O

Lemma B.2 (Wong & Shen| (1995)); Geer| (2000); Zhang| (2006); Huang et al|(2024)). Fix iteration t
and m > 1. Let Q be the question space and A(A) the set of probability measures on the answer

space A. Let I C (Q — A(A)) be a finite model class and suppose the population optimizer

mor,, (1 @) = }(' | q) belongs to II. Draw n,(fm) accepted samples i.i.d.

(gsa:) ~ D" (q,a) = ") () 7;,, (al @), i=1,....nf",
and define the empirical MLE
ngnz)

Oui1 € arg max z;loyro(ai | ¢i).
P

Then for any 6 € (0,1), with probability at least 1 — 6,
2log(|IT)671)
B gty [P, L) o, )] < =%
t

P00t
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B.2 PROOF OF COROLLARY [4.4]

Proof. Fix iteration t, recall

ZPo (ét) = EQNPo[a(ét> q)]’ O‘(ét’ q) = Pr [S(qa a) >T ‘ q]'

a~mg, (-la)
When s € {0,1} and 7 € (0, 1], we have 1(,(4.0)>-} = 5(¢, a), hence
0r:9) = Barr, (1g[(a: )]
Averaging over g ~ pg yields
Zps(00) = EqrpoBanry, (10)[5(4: @)] = Vo (1)
Moreover, since s € {0, 1}, for any fixed g,

anﬂétﬂ(.m) [s(g,a)] = Pr [s(g,a) =1] =1 —é&(q),

anmg,  (la)

where d;(q) := Procr,  (la) [s(g,a) < T]. Therefore,
t+1
Vio (ét+1) = Eq~poEaN”ét+1(‘|q) [s(q,a)] =1— St(pO)a ggpo) 1= Egrpo [6:(a)]-

Atiteration ¢, we propose n i.i.d. pairs (¢;, a;) ~ po(q) 74, (a | ¢), and accept those with s(g;, a;) > 7.
Let X; := 1iy(4 00>} € {0,1} and n; := 37" | X;. Then, by the binary reward identity above,

BIX] =By, Pr[s(0:0) 2 7| ] = 2y (00) = Vi (60)
0t

Hoeffding’s inequality gives, for any € > 0,

Pr[% < Vpo (6,) — e} < exp(—2ne?).

Choosing € = /log(6’~1)/(2n) implies that with probability at least 1 — §’,
ny 5 log(d'~1)
Moy () — ] 2B
= 2 Voo(0) o

Gii={a: albua) = Vi, (0)].
By Assumption Prop, [0 & Gi] < - Since 6;(q) € [0, 1], we have

51" = Eqrepo[61(0) 16, ]+ Bgmpo[0:(0)16;] < Eqpo[01(a)16, ]+ Pr [4 ¢ Gr] < Equpy[61(a)1g,] 4.

Define

Furthermore,

1

Zpo(ét)(;t(q)lgt] < —Egup  [6:(q)],

a(ét,q)

where we use the fact that On G, we have a/(0;, q) > ¢V, (6;) = ¢Z,, (6;). Thus

Eq~po [5t (@) 1Qt] =E¢up

/
po.0t c P00t

B 1
5§P0) < ,Y_Ar_E]Equ;O [5t(Q)]

61

By repeating the identical argument in the proof of Theorem [B.T|with m = 1, we obtain that with
probability at least 1 — 4,

[6:(g)] < M,

0.0t Tt
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Then, we get (w.p. > 1 — §):

2log (|I1}5-1)

Voo (Or31) =1 =517 > 1-
n

Moreover, w.p. > 1 — ¢,
1 1

< .
V(v @0 - Vo)

Therefore, by a union bound over the two events, with probability at least 1 — § — ¢,

) o 2log (|TI|6-1) /n
Violirs) = 1=+ \/Vpow}) loa@ 1)/ @)

csv 1 log(6'—1
F(z) = 1‘7‘% vi= cs ==/ 2log(|T1]6-1), cyr = %,

on its natural domain = > cs v.Then the preceding bound can be rewritten as

Voo (Oe1) > F(Vp, (8)).

Finally, since F' is monotone increasing on its domain, iterating the one-step inequality yields that,
with probability at least 1 — (6 4 ¢”), for every integer ¢ > 0,

V;Do(ét) > FOt(VPO(éO))7

where F°! denotes the ¢-fold composition of F. This completes the proof.

O
B.3 PROOF OF PROPOSITION[4.3]
Proof. This proposition is an immediate specialization of Corollary [B.4]by taking a = 1. O
Lemma B.3. Let -
F =1- ) € 07 1 )
(x) NG (0,1)

with parameter o > 0. Assume 0 < 0 < \/4/27. Let x_ < x denote the two solutions in (0,1) of
2(1 — x)? = o2, Then,
3V3

Ty — T >1——

and for every x € (x_,x ) and every integer t > 0, all iterates F°*(z) stay in (x_, x, ) and satisfy
Fo(t+1)($ﬁ') > F0t<.’13).

Proof. Consider

h(z) = x(1—x)? x € 10,1].
Then A/ (z) = (1—x)?—2x(1—x) = (1—x)(1—3x), so h is strictly increasing on (0, 1/3) and strictly
decreasing on (1/3, 1), with a unique interior maximizer at x = 1/3. Moreover, h(1/3) = 4/27. So
whenever 02 < 4/27, the equation h(z) = o2 has exactly two distinct solutions in (0, 1); we denote
themby z_ < z.

Moreover, expanding h(x) = o gives the cubic 2® — 222 + 2 — 02 = 0. Set z = z + 2/3, we have

1 2
3 2 2 3 2
x r¥+x—0 z 3z—|— o7 o)

17
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Trigonometric solution of the roots of this depressed cubic is

2 1 27 27l
2 = 3 cos {garccos(—l—&—?OQ)—%}’ ¢=0,1,2.
5 2 2 1 27 27l
ase:nggcos[garccos(flJr? 2)*%]7 £=0,1,2.
Define 97
- (14 8) < 0
u arccos( + 20 € (0 3)
then
2Jr ( 2m 2Jr ( 47r>
T —+ —cos|u— — r_=—-—+—-cos|lu— —
7373 3/ 3 3 3
Hence

2 . 2 . 1 ( 14 27 2)
X —r_ = —SInu = Sin|{ — arccos|y — —0 .
+ 3 3 2

We now prove the desired bound 2 —2_ > 1— % 0. Let cosf := (3v/30)/2 € (0,1) with
0 € [0,7/2], then

27
-1+ 502 =2cos? 0 — 1 = cos(20),

Hence:mr—x,:jgsm(?)) and 1 — 3Y3 5 =1 — cosf.
Thus it suffices to show that for all § € [0, 7/2],

% sin (23—9) > 1—cosé.
Define 5 99

g(0) := 7 sin (?) — (1 —cos#), 0 € [0, g]
We have g(0) = g(7/2) = 0. Moreover,

2
g"'(0) = — 9\[5111( 0)—0059§0

for 0 € [0,7/2] since we have sin(20/3) > 0 and cos@ > 0, thus g is concave on [0, 7/2] and
vanishes at both endpoints. So g(¢) > 0, which is equivalent to
3vV3
Ty —2z_ > 1— i o.
2

Next, we characterize where F'(x) > z. For z € ( 1), this is equivalent to 02 < (1 — z)?. Recall
that x4 are the two solutions to z(1 — x)? = o2 in (0, 1), and that h(z) = z(1 — x)? is strictly
increasing on (0, 1/3) and strictly decreasing on (1/3,1). Hence z(1 — x)? > o2 is equivalent to
x € (x_,z4+), so we have F(x) > z is equivalentto x € (x_,z4). Letz € (z_, 2 ) and define
x4 = F°(z) for t > 0.

We prove by induction that

T <X < Ty, Tii1 > T, Vit >0.
For t = 0, we have xy = x € (x_, x4 ) by assumption, and 1 = F(z() > x¢. Using monotonicity
of Fand F(z1) = x4,

- =F(x_) < F(xg) =21 < Fzy) = 24,

sox1 € (z_,x4). Assume now that x; € (z_,zy) and x; > 241 for some ¢t > 1. Then, since
2t € (x—,x4), xry1 = F(x) > ;. Furthermore, monotonicity of F' and the fixed-point property at
T4 give

_=F(z_) < F(xy) =x441 < F(z4) = 24,
sO0 Tt4+1 € (z—,zy4). This completes the induction and shows that for every integer ¢ > 0,
FottD(z) > Fol(z). 0O

18
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Corollary B.4. Let

CslV Cs'V
F(z;a,v) = 1—y— —/——, T > .
C\/al — Cs'V a

Assume (a,v) satisfies the validity conditions in Deﬁnition so that the interval
I(CL, V) = (.I‘_(a, V)a J?_A,_(CL, V)) C (ClZV’ 1- 7)

in Deﬁnitionis well-defined. Then, for any x € T(a,v) and any integer t > 0, F°'(z;a,v) €
Z(a,v) and F°HY (2;a,v) > F°(x;a,v). Moreover, the interval length satisfies

05/1/> 7 3v3 csV

a 2 oJa(l—7)—cyv

Furthermore, the family {Z(a, v)} is monotone in the sense of inclusion: (i) for fixed v, ifag > a1 > 0,
then I(ay,v) C Z(ag,v); (ii) for fixed a, if vo > v1, then L(a,vs) C I(a,vy).

Proof. We follow the notations in Definition[AT] Define the affine change of variables

Ccs'V Cs'V
T = g +<1_7_ g )yv ye(ovl)y
a a

A direct substitution shows that for every y € (0, 1),

Cs'V Cs'V CsV
P+ (=T mer) =1 - —— =
a2 + (1 =7 = 2)y) — v
CslV

c\/(a(l —7) —cov)y

11—~

Therefore, if we denote

ga,l/(y) =1 < T = Y S (07 1)7

then we have
csv cs v Cy'V Csv
F(EE 4 (17 = ) grav) = 224 (1-9 - 22) g, ).
a a a a

The map g, is exactly of the form in Lemma|[B.3| with parameter

acsv 4
e (0,4/=).
c(a(l =) —cov)3/? ( 27)

Then, applying Lemmato a,v yields: forevery y € (y—(a,v),y+(a,v)) and every t > 0,

gg,tl/(y) € (y* (a> V)a y+(a7 V)) and 927(13+1)(y) > gg,tl/(y)a
and moreover
3v3 acsV
2 cla(l—7) —csv)3/2

y+(a,v) —y—(a,v) > 1—

Cs'V

Now take any & € Z(a,v) and writeitas x = 2~ 4 (1 —y — ) y with y € (y—(a,v), y+(a,v)).
Iterating the conjugacy identity gives

Cs'V cs'V
FOt(I;CL,I/):&Tﬁ*(l*’Y*&T) gt (), Vt>0,

50 924, (y) € (y—(a,v), v+ (a,v)) implies F°!(z;a,v) € Z(a,v), and got™ (y) > g3t (y) implies
FoUtD (z:a,v) > F'(x;a,v).

19
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For the interval length, using the lemma’s bound,

Cs'V

) e a.r) — y-(a.0))

>(1_7_65/V) 1_3\/5. acsv
- a 2 cla(l—7) —csv)3/2
cs'V 3\/§ CsV
T .
a 2 co/a(l—7v)—csv

For any parameters (a, /) in the validity range of Definition recall that the endpoints z_(a, V) <
x4 (a, v) are the two fixed points of F'(-;a,v), i.e.,

|Z(a,v)| = 24 (a,v) —z_(a,v) = (1 —y—

F(xi(a, v);a, u) =24(a,v).
Define the fixed-point equation
O(z,a,v) :=x — F(z;a,v) = 0.
Whenever 0, (z+(a,v),a,v) # 0, the implicit function theorem gives

8a(I)(JC:i: (aa l/), a, V)
8w<I>(ati(a, v),a, y) ’

8V(I)(l‘i(a, V)7 a, V)
8$<I)(xi(a,u),a, u)'

0 0

%xi(a, v)= afi(aﬂ/) =

Fix v and view ® as a function of (a, x). First, for any = > csv/a,

csv x

ub(zr0,0) = ~OuF (i) === 1 o

< 0.
Next, 0, ®(z,a,v) =1 — 0, F(x; a,v). To determine its sign at the fixed points, consider the affine

map
Cs'V Cs'V

r== +(1—7— 2 )y
a a

which maps F(z;a,v) to gq.(y) = 1 — o(a,v)/\/y. At a fixed point y = g,,(y) we have
o(a,v) = (1 —y),/y, hence

/ _ofa,v) 11—y
ga,u(y) - 2y3/2 - 2y
Since y*(aa l/) € (07 1/3) and er(CL, V) € (1/37 1)’ gtlz,u (y* (a‘7 V)) > 1 and gzlz,l/ (y+(a7 I/)) <
1. Therefore 8$<I>(:1:_(a,1/),a,1/) < 0 and 8$<I>(z+(a,z/),a, 1/) > 0. Combining with
0.P(z+(a,v),a,v) < 0 yields

0
%x_(a, v) <0, %m(a, v) > 0.

Consequently, for any as > a; (with the same fixed v),

J?_(CLQ,Z/)<$_(CL1,I/), Z‘+(CL2,Z/)>$+(&1,Z/),
ie., Z(a1,v) C I(ag,v).
Finally, fix a and view ® as a function of (v, x). Forany z > cs'v/a, 0,P(x,a,v) = =0, F(x; a,v).

A direct differentiation shows 0, F'(z; a,v) < 0, hence 9, ®(x, a,v) > 0. Moreover, as established
above, 9,®(z_(a,v),a,v) < 0and 8,®(x(a,v),a,v) > 0. Therefore,

—(a,v) >0, x4 (a,v) <0,

o v
Consequently, for any vo > v, (with the same fixed a).
z_(a,va) > z_(a,11), zy(a,va) < z4(a,11),

which implies Z(a, v2) C Z(a, v1). O
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C. PROOFS FOR SECTION [3]
C.1 PROOF OF THEOREM [5.2]
Proof. We now prove the first part of the theorem. By Definition [A2] the conditions
M (B, 8,v,Vp,(09)) < 0 for all i € [4] are equivalent to requiring that both V,,(fy) and
1—v—csv/(cy/ aOVpo(éo) — csrv) lie in the open interval (z_ (277, v), 2, (277, v)). By Corol-
lary since 277 < 1, we have V,,, (6y) € Z(277,v) C Z(1, v). Therefore, by Corollaryand
Proposition[4.3] it follows that, with high probability,

Vpo (é%) > FOL (Vpo (é0>)’

and the sequence {F°*(V}, (éo))}tzo is monotonically increasing in ¢, where

CcsV

F@) =1-v- =

Next, recall that 6522 = § and for easy-to-hard, during iteration ¢ we use distribution p;1. By
Assumption[5.1] for every i € [L — 1] and every 6,

sz(e) > i_ﬁl
Vo (0) = (i+1)=7"

i (0) < (i/(i+ 1))7'V}, (6). Tterating from 1 to i — 1 yields, V,,(8) < i 77V}, (6).
Applying this with § = 6y and averaging over ¢ gives

Equivalently, V,

L L
. 1 . 1 L .
Vo00) = 7 V(o) < (D17 ) Vi (o),
=1 =1
hence I
Vi (60) > ao Vi, (6o), ap = m

Note that since i =#" < 1 for all i > 2, we have ZiL=1 i <L (for L > 2), and therefore ag > 1.

Then, at iteration ¢, easy-to-hard trains on p;4. By Corollary@(substitute po With p;41), with high
probability,

Vi

b OF2) = F(Vn(0F2)),  t=0,1,.. L1,
Again by Assumption[5.1] for every t € [L — 1] and every 6 € ©,

V(o) _ 1P
Voo 0) = U+ 1)

equivalently,
t+1)7°
Voud®) = @V (@), 0= T oy
Define s
Hf(ﬁE) = F(af"E):l*’)/*c\/ﬁ, t:(),l,...,ijh

with {a,} defined above, We now chain the previous steps. First, since V), (00) > aoVp, (6o). we
have

V,, (052 > F(Vpl(éo)) > F(aovpo(éo)) - H0<Vp0(éo)>.
Next, fort =1,

Vil 0521) = F(V, (0F)) = P (¥, (672) = Hu(V,, (0721)).
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Continuing this argument inductively for ¢ = 2,..., L — 1 yields the recursion
Vo BF2) = BV, (0F2), t=01,.. L1,
and therefore, after L steps,
VpL(éEQH) > (Hp—10Hp_g0---0Hp) (Vpo (90))-

We finally lower bound Vj,, (6¥2%) in terms of V,, (9%2H) Using Assumption and iterating as in
for ag, forevery i € {1,..., L} and every 6 € © we have

0 > ()0 = () V.0

i
Averaging over i gives

L L ’ L ._pg
1 1 L\# Sih
Vo) = 22 V0) = 732 (3) Ve (0) = =55, (0).
i=1 i=1

Applying this with § = §F2H yields
i i”

Vo (éEQH) > ar VI)L(é%2H)7 ar = T iAo

and clearly ay, > 1since Y22 i > L. L~F" = L'=F" Defining G(z) := ax, we obtain

Vo (0F*) > (GoHpyoHpg0---0 Hy) (‘/;Do(éo)>’
as claimed. Moreover, note that for ¢ € [L — 1], a; is strictly increasing in ¢t. Therefore,
by Corollary the associated intervals Z(a;, ) expand as t increases. Since V() and
Hi(Vy,(60) = 1 — v — csv/(cy/aoVy, (o) — csiv) lies in the smallest admissible interval

(x_(278,v), . (277,v)), the chained lower bounds stay within the corresponding invariant in-
tervals and satisfy{(H; o H;_y o --- 0 Hy)(Vp,(60)) }+>0 is monotonically increasing in ¢.

We now prove the second part of the theorem. Although the statement of Theorem [5.2] concerns
v > 0, the maps involved are continuous in v, and it is convenient to first analyze the case v = 0. To
distinguish the dependence on v, we write the baseline map as F,, (-) and the easy-to-hard maps as
H; (o).

When v = 0, the maps simplify to constants:
Foy(z) = 1 -7, Hio(z) = 1—7, t=0,1,...,L—1, G(z) =apz.
Define the comparison gap
Ay, x) = (G oHp 1,0Hp 9,00 HOJ,)(:U) - F,;’L(a:)
Then we have
A(0,2) = G(Hp_100+ 0 Hopo(z)) — Fg*(z) = ar(1 —v) — (1 =) = (a, — 1)(1 — 7).

Since a;, > 1and 1 — v > 0, it follows that A(0, V, (éo)) = (ar —1)(1 —~) > 0. Therefore, our

next step is to lower bound A (v, Vi, (60)) — A (0, Vp, (6o) ) . For convenience, denote zq := Vj, (éo)ﬂ
Observe that the above difference involves two scalar sequences induced by the iterated maps. For
baseline, define {zP(v)}L, by

xg (V) = o, x4, (v) = F, (2} (v)), t=0,1,...,L -1
By construction, FX(zg) = 2B(v). Similarly, for easy-to-hard define {zF?"(v)}L ) by

5 (1) = x, i (v) = Hy, (272 (v)), t=0,1,...,L —1.

“We will use this shorthand throughout the remainder of this proof (and in subsequent proofs) whenever the
dependence on the initialization is through Vj, (6o).
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By construction, (G o H,_1,, 0 Hi,_9, 00 Hy,)(wo) = ar 2P (v).

Combining the above identities, we obtain

Aw,w0) = A, 20) = (25 (1) = 2F()) = (araF(0) - 25(0))
= (2£(0) = 2L (v)) — ar («*7(0) — 2 (v)).
Therefore, if we define the deviation sequences
e (v) = 2 (0) —a’(v), e (v) = 2 (0) — 2N (v),

then the quantity of interest can be written succinctly as A(v, zo) — A(0, ) = e (v) —ay, P21 (v).

Hence, it suffices to derive a lower bound on e2(v) and an upper bound on e ().

For the lower bound on e%(u), ignoring the trivial case ¢t = 0, we start from

eP(v) = Fy(wo) — F (w0) = ——t

c\/Ty — eV

More generally, for every ¢t > 1 we can write
et (v) = Fo(a1(0)) = Fy (22,(v))
= (Fo(af1(0) = By (a1 (0) ) + (B (2P, (0)) = Fo(aF () ).

The first term is nonnegative because F, (z) < Fy(xz) = 1 — ~y for all admissible x when v > 0. The
second term is also nonnegative because F), is increasing and 2 ;(0) > z2 | (v). Hence,

ef(v) >0, vt > 1.

Next we derive a quantitative lower bound. The first difference is explicit:
Fo(z2,(0) = Fy (2P ,(0)) = ——t
0(%&-1( )) (xt—l( )) vI—7 —csv

For the second difference, note that

CslV

Fl(z)= ——————
V(x) 2C (.T—C(S/V)B/Q,

which is monotonically decreasing in x over its domain. By the mean value theorem, there exists
&1 €[22, (v), 1 — 7] such that F, (2P 1(0)) — F, (2P, (v)) = F,(&-1) e, (v). Since F, is
decreasing and &;_1 <1 —~, we have F,(§;—1) > F/(1 — ~), and thus

Fy(224(0) = Fy (a4 (v) > 2¢(1— ’YC(S—VCJ/V)S/Q

6?71(’/)

Combining the two pieces yields the recursion: forevery ¢t =2,3,..., L,
B CslV CslV B
> .
) 2 e/ I—7—csv + 2c(1 —y — csiv)3/2 e-1(v)

Iterating from ¢ = 2 up to t = L gives

1— (#)L_l -1
B(,,) > csV 2¢ (1—y—cgrv)3/2 " csV csv
e . .
L - Cvl—’y—c(w/ 1_W 26(1—')/—65/1/)3/2 C\/ Xy — Cs'V

For the upper bound on %2 (1), ignoring the trivial case ¢ = 0, we start from

CslV
ey (v) = Ho (o) — Ho,u(20) = d

c\/aoxo — Csr V-
More generally, for every ¢t > 1 we can write

efm(’/) =Hi 10 (33?2{{(0)) —Hi 1, (35152{{( ))
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= (Hi10(eF2(0)) = Hio1, (F21(0) ) + (Hior (F21(0)) = Hio1 (28510)) ).
Similarly, these two terms are nonnegative. Hence, e*(v) > 0, vt > 1.

Next we derive a quantitative upper bound. For the first difference, note that zF21(0) = 1 — ~ for all
t > 1, and thus

Hy_1,0(221'(0)) = Heoy, (2121'(0)) =

CsV
c\/at,l(l —) —csv

For the second difference, we compute the derivative
!
H t—1,v (z) =

which is monotonically decreasing in x over its domain. By the mean value theorem, there exists
-1 € [2F(v), 1—7] such that Hy_1 ,, (zF2(0)) — Hi—1,, (252 (v)) = H}_y ,(G—1) e (v).
Since H|_, , is decreasing and (;—1 > x{?{'(v), we have H] | ,(¢—1) < H| | (a2 (v)).

Moreover, since {72 (1/)},>¢ is monotonically increasing and

Csv at—1

2 (ar_12 — cyv)?/?’

CslV
c/aoTo — eV
we have 22} (v) > 22" (v) for all ¢ > 2. Using again that H]_, ,, is decreasing, it follows that for

allt > 2, H] | («*(v)) < H]{_, ,(2§*"(v)). Combining the above displays yields, for every
t—=23,....L

Hy1, (2£21'(0)) = H-1,0 (221 (v)) < Hi_y, (a7 (0)) 21 (v),

oy (v) = Hou(wo) =1 -7 —

where csv a
/ E2H t—1
Ht—l,z/ (131 (V)) = 5. 3/2°
2c E2H
a1 (V) — csrv
Therefore, combining the two pieces, we obtain the recursion: for every ¢t = 2,3, ..., L,
oE2H o GV at—1 E2H
e (v) < (V).

e
— — ; 2 3/2 t—1
Va1l —7) - csv ¢ (at71$1E2H(V) - Ca/y)

Unrolling gives

-1 { L1
E2H CslV Qg CslV
er (V) = H 2 32 |, aj(l1—7v)—csv
j=1 \ s=j+1 (a e c(;fz/) J
Lt s a csV
9 s 6
+

2% 32 | " eJaomo — cav
s—1 (asxlleH(V)_cély) VaoTo — Cs

Since a; = (t/(t + 1))? is increasing in ¢ for ¢t > 1, we have a; > a; = 277 forall t € [L — 1].
Hence, for every j € [L — 1],

1

1
< Y
\/aj(l_’y)_cé’l/ o \/2 ].— —0511/

and for every s € [L — 1],

1 < 1
3/2 = 3/2°
(o)) (o) )

Applying these bounds to the unrolled expression yields

L—1—j
— civ L-1
§
L) < > 7 II o
C\/2 1 — — C5'V E2H / ;
j=1 20(2*5391 (v) — c(;/y) s=j+1
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csV Lt csv

9 d

+ | I ag |+ ——.
c\/agTg — Cs'V

20(2*59:E2H(1/) —c )3/2
1 o'V

B . B
=1t (i) = (”1) . Substituting these identities

Next,For0 <j <L —1, HS —jr1 @ s=j+1 \ s+1 L
gives
L—1—j
E2H csv = 1 J+ 1\
¢ (1=7) — e 53 2c(2*ﬁx¥2H(V) - CW)
L—1
csv -8, @Y
+ 2| M e Jmme =
20(2—51‘E2H(1/) - 05/1/)
m
B csv L=2 csv (1 m)ﬁ
= = 3/2 L
C\/Q /3(1—’}/)—ctgzym:0 20(2_[31.E2H(V)_66/V> / L
L—1
csV -8 CsV
20(2 Py (v) — c(;/y)
. . _8
Finally, since form € {0,1,...,L =2}, (1 - 2)f <e"Z™,
m
— csV —B/L
B () < > e
/2 F(1—7) —cov E2H /
m=0 20(2—/3961 (v) — Cé'V)
L—-1
csv -8 CsV
+ 7 PN e
20(2 BrP2H(y) — C(;/I/) 00
-1
1-— v 3/2 ' 676/11
)y 1o ——
L—1

csV _ CsV
+ P L a—
) ) / c\/aoTo — csV
— Cs'V

2

Therefore, given A(v, zo) — A(0,79) = eP(v) — ar eF?™(v), combining the lower bound on

B (v) and the upper bound on e¥2 (1) yields

A(v,xo) — A0, o)

L—-1
CsV —
CcsV L- (2c(lf’yic5/u)3/2) I < CcsV >L ! csV
C 1*"}/*05/1/ I—W 2C(1*’7*C§U/)3/2 C\/ Ty — Cs'V
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L-1
1— 14 75 e B/L
csv 2c(2*5 (1777ﬁ)705/u>
—ay, .
c\/Q*B(lf’y) —csv 1-— CsV 57 - e B/L
20(2—/3 (1_’7_“/##6”’)_05”/)
L-1

n CslV L_B ) CslV

— 3/2 Cy\/ ATy — Cs'V
20(2 (17— ymas ) — cov) v
L-1
1 _ CsV
. csV (20(17’)/7C6/V)3/2>
e/ 1—~v—csv 1-— —26(1—7?125/1/)3/2
csv 1
—ay, .
C\/275(1 — ’y) —c51V 1-—- car 372 ° e=B/L
2c(2‘ﬁ (1—7—%/%)—06/11)
L-1
CslV L_ﬂ ) CslV
-8B csV 3/2 C\/apgTy — Cs'V
2C(2 (17’}/7W) *65/1/)
When the derived lower bound is greater than —3 A(0,z¢) = —3 (ar, — 1)(1 — ), then it follows

immediately that
1
A(v,z9) = A0, z9) + (A(l/, xo) — A(O,xo)) > 3 (a,. —1)(1—=7) > 0.
Therefore, we define the corresponding constraint by A/ (ﬁ’ B0, Vi, (éo)) < Oasin Deﬁnition
under this constraint, we conclude that
(GoHp 1,00 Hyy)(xo) > F*(x),

i.e., the easy-to-hard lower bound is strictly larger than the baseline lower bound. O

C.2 PROOF OF COROLLARY[3.3]

Proof. Let
CslV

1oy
K cvagV — csiv

which is strictly increasing in V. Then, the inequality z_ (277, v) < Ho(Vj, (éo)) <z (278 v)

is equivalent to V_(v) < V,,(6y) < Vi (v), where V(i) are the unique solutions to Hy(V) =

x4 (2758, v), respectively. Solving this gives

Ho(V) =

CcsV
c(l—vy—aL(278 1))’

Moreover, using the fact that 2.+ (277, v) are the fixed points, i.e.,

aovi(u) — Cs'V =

-1 CsV
7 e/ 2 Bry(27B v) —cov

xi(Qiﬁa V)

we obtain

CsV

= 27[3 27[3 _ v
c(l—vy—z£(27F,v)) \/ r+(27°,v) — cov
-8

Therefore, Vi (v) = 2@—0 x4 (27#,v). Consequently, the second constraint is equivalent to
278 s 27F
2 (27%,0) < Vo (bo) < =z (275, v).
ag agp
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Intersecting with the first constraint z_ (277, v) < Vj, (60) < 24 (277, v) yields that the feasible set
of V,,, (Bo) is
928

T, 8,v) = (2-(277,v), —a4(27,0)).
ag
For the interval length ’I M (B, 8,v)|, we have
' -8 -8 277 -8
|Zm(B, B,v)| = (24277, v) —2_ (277, v)) — (1 - TO)$+(2 V)
98
> (@27 )~ @) - (1= =) -7).
0
Applying Corollary With parameter 277 gives
2774 3V3 csv
Im(B, B8, 0) > =—(1 =) —2%csv — . )
| M8, B )| et ao( ) 5 5 c\/2_5(1—’y)—c§zy

By Corollary we have 2_(277,0) = 0 and z1(277,0) = 1 — v, hence |Zr((8,3,0)| =
%(1 — ). Therefore,

33 csV

’ B / B, . .
|IM(ﬁ’ﬁ70)| |IM(ﬁ’ﬂ’V)| s 2o 2 /271 —7)—csv

Moreover,
98 28
T, 8.0)| = [T, 8.0 = 217 = (22 ) oo 2n)
98

=@ )+ )

Since x,(277,v) < 1 — 7, the first term above is nonnegative, hence ‘IM(B’,B,O)] —
|Zm (B, B,v)| = 2 (277, v). By the definition of z_ (277, v),

x,(2_ﬁ,y) =2+ (1 o Zﬂc(gzy) y—(v) > 2Pesiv,

which completes the proof. O

C.3 PROOF OF PROPOSITION [3.3]

Proof. Proposition 5.5]follows immediately by combining Lemma|C.T} Lemma|C.2} and Lemma[C.3]
O

Lemma C.1. Under the notation of Proposition Sor fixed (B, 3), the length of the interval
In (B, B,v) for which N' (B, B, v, Vy, (b)) < 0 is monotonically decreasing in v, and Iy (', 3, v)

can be written in the form

IN(ﬁlvﬁvl/) = (i(ﬁ/,ﬂ,y), 1 _’7)~

Proof. Let zg = Vpo(éo) for convenience. First, we show that the additional constraint
N (B, B,v, ) < 0 induces an admissible region that is monotonically decreasing in v.
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Define
L-1
csV 1— (W)
5(/8/7[37V7 1:0) = . C::]/
o/ 1—y—csv I i
CcsV 1
—ay, .
C\/2_5(1_7) — Cs'V 1- e 373 ~e=B/L
2c(2—ﬁ (1777“/##“),%,,,)
L—1
o S 06’/1
3/2 \/f/ .
20(2_5 (1 e ﬁ) _ Cé'V> c\/agxg — Cs'V

Then, by Theorem|5.2 N'(53', B, v, z0) < 0 is equivalent to £(8', 8, v,z0) > —5 (ar, — 1)(1 — ).
Moreover, the right-hand side above is a fixed constant since (' is fixed.

Next, note that £(5’, 8, v, x¢) is monotonically increasing in zy. Moreover, as x( decreases to 0, for
denominators, the term

sy . e—BIL
. 3/2
20(27ﬁ (1 -7 — ﬁ) — C&/l/)

is the first to approach 0, which implies that £(3’, 3, v, 29) — —o0. On the other hand, when v = 0
we have

E5,6,0,20) = 0> =3 (a ~ 1)(1 —7)

for all zy. Hence, by continuity, for sufficiently small v > 0, the set of z satisfying £(8’, 8, v, z¢) >
—1 (ar, — 1)(1 — 7) is non-empty. Combining the above, as v increases gradually from 0, the set of
xo such that N'(3', 8, v, xyp) < 0 must lie in a non-empty interval of the form

In(B',B,v) = (x(8,B,v), 1 — 7).

Therefore, it suffices to show that the minimal admissible threshold x(8’, 8, v) is monotonically
increasing in v. Define

(. Bv2) = EFBow) + 4 (ar 1)1 —),

By definition of x(5’, 3,v), we have @(,6’, B,v,z(8, 8, 1/)) = 0. The implicit function theorem
implies that

3,28, B.v,x(B.B,v)  EB, BB, B,v))

C0,0(8,B,v,2(8,8,v))  0.E(8,B,v,x(8,5,v))

Since 9,E(8', B,v,xz) > 0, to show 2'(r) > 0, it suffices to show that £(S’, 3, v, o) is monotoni-
cally decreasing in v.

' (v) =

Note first that the last term inside the brackets,

L—1
CslV Liﬁ ) CsV ’
, 3/2 e/ apxo — Csr v
p— CslV
o))

is increasing as v increases. Hence, after multiplying by the coefficient —ay, this contribution is
decreasing in v. It therefore suffices to prove that the remaining part,

L—-1
1 _ CsV
csV 2¢ (1—y—czrv)3/2

C ].7"}/705/1/ 1

- cv
2¢ (1—y—cgv)3/2
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a csV 1
— ayr . .
/2 P(1—7)—csv 1— ar a7 e P/L
20(2*5 (1—7—ﬁ)—cézu)

has strictly negative derivative with respect to v.

To this end, it is enough to verify the following two comparison statements: first, both the function
value and the derivative (with respect to v) of

CslV
Uy) = —2"
2 c/1—~v—csv
are strictly smaller than those of
U(v) i

B e/27B(1—7) —cov

and second, both the function value and the derivative (with respect to /) of

L-1
1- <20(17'ycjl; l/)3/2>
d’l
V() = —
2¢ (1—y—cgrv)3/2
are strictly smaller than those of
~ 1

1 _ CslV . efﬁ/L :

372
- N CsY )
2c<2 5(1 T3 CTED c(;/u) Cé/lj)

Indeed, by the product rule,
4
dv
since ay, > 1, and

(U(V)V(l/)—aL ﬁ(y)V(y)) - (U/(V)V(V)+U(y)v/(y))_aL(ﬁ'(y)f/(u)w(y)my)) <0,

U),U@),V(w),V(@), U @)U @), V'),V'() >0
We first prove that U(v) < U(v). Since 0 < 277 < 1, we have
2781 =) —cyv < 1—7—cs,
and hence U (v) < U(v).

We second prove that U’ () < U’(v). By direct differentiation, we have

U’(V) = %5 ((1 e cé,y)*l/Z + %(1 — - cé/y)73/2> )
Similarly,
U ¢ csrv
U/(l/) = f ((Q*ﬁ(l —5) — 65/1/)*1/2 + 57(276(1 —q) = 65/1/)73/2) )

Since 27°(1 —7) —csv < (1 =) —cov, U'(v) < ﬁl(”)'

We third prove that V (v) < V(1) We can rewrite V(1) as the finite geometric sum

=3 ()

=0

Similarly,

o0
~ o CslV —ﬁ/L
Vv) = Z 32 ¢

=0\ 20(278 (17 - mes ) — o)
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Therefore, it is enough to show that the common ratio of the geometric sum defining V' (v) is strictly
smaller than the common ratio of the geometric series defining V' (v), namely,

csv csv -
2c(1 = —csv)3/2 < , 32 ¢ o
20(27:3 (1 — ’y — 67/(10(1;01/?5/1/) — C(g/l/)
This is equivalent to
27# <1 -y - L) —cyv < e PIBL (1 —~y —csu).
Cy/apgTg — C5'V

Since L > 2 implies % < % log 2, we have eP(Glog2—7) > 1, Rearranging gives e~ 2#/(3) > 28,
Moreover,

2~ F (1 -y - L) —csv < 27P(1 =) — s,
C\/ Qoo — Cs'V
and
2781 =) —eyr < e B/BL(1 — ) — e 2B/Bh) s = ¢728/GL) (1 — 5 — ¢50).

Combining the last two displays gives

2_'8(1—7—#) —csv < e_Qﬁ/(gL)(l—’y—c(;/u),

C\/ oy — C§'V
which proves the desired ratio inequality.

We finally prove that V'(1) < V’(v). Differentiating term-by-term, we obtain

V() = o = LZ_Q | — B
V) = — .
dv \2¢(1 — v — cyv)3/2 J 2c(1 —~ — csiv)3/2 ’

j=1
and
V)= S o eI
dv —8(1 csv 3/2
20(29 (17— i) —esv)
j—1
Y csv ~B/L
'Zj ) 32 €
T _ csv
Jj=1 20(2 (1 - W) - c(;/z/)
Since we have already shown that
csV [&14 —B/L
< -e
2c(1 —~ —cyv)3/2 _ csv 3/2 ’
20(2 B (1 — ’y — cim) — C(g/l/)

it remains to prove that

d ( csv 3/2) o4 csv oz e
dv \2¢(1 —~ —csv dv v
(1=~ —csv) 20<2—ﬁ(1_7_“¢0£ﬁ) —c(;,u)

For the left-hand side, direct differentiation gives

d csv s —3/2 , 3 _5/2
—_— = — 1— — ’ —Cg5/ 1— — ’
dv <20(1—’y—05/1/)3/2> % (( v —csv) +205 v(l—v—csv)

cs 1—7—4—%05/1/

2¢ (1—7—cav)?/2

30



Published as a conference paper at ICLR 2026

For the right-hand side, direct differentiation yields

d
dv

csV

3/2
26(27ﬁ (1 -7 — ﬁ) — Cé/l/)

—3/2
_ G o [(25(1 e ) )
2c c\/GoTo — Cs'V

. e—BIL

3 d —5/2
N T, ) B ] (B i ppy
2 dv c\/agxg — csr v c/agxrg — cs v
_ . 3. d [o— -
2 _ 5/2
(2 5(1—7— 76\/%) —05/V)

Next we compute the inner derivative explicitly:

d csV c csV  Csr
—(2_6(1—7——5 ) —05/u> N (s B —6—~i(a0x0—05/1/)_3/2 — .
dv cy/agxg — csrv cy/agrg — c5 v c 2

Substituting this expression back and simplifying, we obtain

3 d
S (I PR P ST IR )
e/ agTo — Ccs'V 2 dv c

vV agog — Cs'V
_ 4 csV 1 4 cscs V2
=2 P12 4 4327872
(=) cvapro — ey 2 corv c(agwo — csrv)3/2
1
> 276(1 - ’Y) + 5 csrV.
Therefore,
d csV e B/L
dv 8 . 3/2
2(:(2— (1 -7 W) - q;w)
> G5 —p/L . 27°(1 =) + 500 .
~ 2c . 5/2
(2—5 (1 —y— 76\/00;0ch> - 65/1/)

Moreover, we have

2*’8<1—7—$> —csv < 27P(1—7) —csv < 27P(1 =~ — csv),
Cy/apgTg — Cs'V

Hence, plugging this into the previous display yields

4
dv

CslV
. 3/2
20(27[3 (]_ -7 — cTaczo—cur %) — C(;/V)

e BIL (235/2(1 — ) +258/2. %cé/y)
2 (1 —~—csv)>/?

=B/

>

Finally, since L > 2 implies + < 2 log 2, we have e=#/1238/2 = ¢f(31°82-7) > 1 and similarly
(because + < 5 log2) we have e#/£2%8/2 = eA(31082-1) 5 1. Therefore,

1 1
e P/L (23ﬁ/2(1 — ) +2%8/2. 505/u) >1—7+ SCo Vs
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which implies

4 Cov LBl
dv 8 s 3/2
20(2 (1—7—70\/m) —c(;zy)
Cs 1—~v+ %Cg/l/ . d csvV
2¢c (1—7y—csv)3/2  dv \2c(1 — v —csv)3/2

as desired. O
Lemma C.2. Under the notation of Propositionand Lemma for fixed (B', B), the threshold
x(v) satisfies £(0) = 0 and

’ 2 Cs 2
x’u:ci—i——(i)u—&—()uw?’ asv — 0,
) ap  ap \c(l—7) (")

where ag = L/ Zle i

Proof. By the notation and proof of Lemma for fixed (8’, B), it suffices to prove that, as v — 0,

_ G ks Cs 29 8/3
z(v) = aoy+ao(c(1—'y)) ve 4+ OW?).

By definition of the threshold z(v), it satisfies the boundary condition (8, B, v, z(v)) = —3 (ar, —
1)(1 — ). Note that the right-hand side is ©(1). Consequently, as v — 0, the left-hand side must also
be ©(1). Equivalently, if we expand £(S’, 5, v, z(v)) in a Puiseux series, then the smallest exponent

of v appearing in the expansion of (5, 3, v, z(v)) must be 0.

We analyze £(5', 8, v, 2(v)) term-by-term. Consider first

L—-1
1 esv
csV 2¢ (1—y—cgv)3/2

Ti(v) =
1) c/1—~v—csv 1— —26(1_7?';6/”)3/2
Asv — 0,
CslV Cs 2
= O .
c/1—~v—csv c\/l—vy—’_ @)
Next, define
(v) = csV
a: 2c(1 —~ —csv)3/2
Then we have
4v) = v+ 0(?)
2(1 =) ’
Moreover,
1—qg()l—1 L2 -
Lo NSy =14 g00) + 0(av)?) = 1+ 0),
1—q(v) =
Therefore,
Ti(v) = R o(v?).
cy/1—7y

In particular, the smallest power of v appearing in the Puiseux expansion of 7% (v) is v. Consequently,
T (v) cannot contribute a ©(1) term to (5, B, v, z(v)) as v — 0.
Next we analyze

L—-1

To(v) = cov o Lo .l :
20(2*5 (1 -y = °(57'3> - Ca/u) cy/aoz(v) = cyv
cy/aox(v)—csrv
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Our goal is to determine whether there exists a choice of x(v) such that T5(v) can contribute a ©(1)
term to £(B’, B,v,x(v)) as v — 0. To this end, consider the Puiseux expansion of

CslV
cy/apz(v) — csv

When 7(v) has a negative leading exponent, 7(v) — +oo as ¥ — 0. Then the inner radicand

r(v) =

277 (1 -7 - r(u)) — csv tends to —oo, and hence becomes negative for all sufficiently small
v. This violates our standing well-definedness requirement that every denominator appearing in
E(B, B, v, z(v)) remain strictly positive.

When r(v) has a positive leading exponent, r(v) = o(1) as v — 0. In order for T(v) to be ©(1),
the factor

L—1
CsV
2c<2_5 (1-~v=r() - q;m) i

must contribute a negative power of v, which forces

CslV
3/2
26(2—5 (1—~-r() - 05/1/) /

However, this implies that in the term

— 400 asv — 0.

csV 1
T3(v) = . )
3(v) /271 —7)—cyv 1— cor -e~B/L

372
2c (2*5 (1—'y—r(u)) —c(;/u)

the denominator becomes negative for all sufficiently small v, again contradicting the requirement
that all denominators remain strictly positive.

Consequently, the only remaining possibility consistent with well-definedness is that (/) has leading

exponent 0. Therefore,
CcsV

26(2—ﬁ (1—~-r) - 05/1/> i

must also have leading exponent 0. We now show that this is equivalent to the existence of a
constant do > 0 such that r(v) = 1 — v — dy v*/3 4 0(v*/3). Since the above quantity is ©(1),
its denominator must satisfy 277 (1 — v — r(v)) — cyv = ©(¥*/?). Since v = o(v?/3) as v — 0,
we have 1 — v — 7(v) = ©(v*/3). Thus there exists a constant d > 0 such that 1 — v — r(v) =
do v%/3 4 0(v?/3), where the sign d > 0 is required to ensure the radicand 277 (1 — v — r(v)) — csv
(and hence the denominator) remains positive. Note that the value of d is not universal: it is
determined by the matching condition coming from the ©(1) order balance (in particular, it depends

on —3 (ar — 1)(1 — 7)). Equivalently, r(v) = 1 — v — do v*/® + o(v*/?), as claimed.

Next, from
CcsV

cy/apx(v) — csrv

= (1—7) —dy 3 + 0(*/?),

rearranging gives
csV

c((1 = ~) = dav?/3 + o(?/3))

Clol‘(V) — Cs'V =

Using the expansion

1 1 d2 93 2/3
(17)d21/2/3+0(1/2/3)_1—'y<1+1 v )

we obtain ;
__ G Csd2 53 5/3

apx(V) —c5v = v+ v “+o(v .

v TR AR ELA
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Squaring yields
Cs 2, 8/3

axyfc(g/l/:(i)y + O(w®?),

Therefore,
cs' 1 ( Cs )2 9 8/3

(V)= —v+ —(—— ) v* 4+ 0W?),

®) ap ap \e(l—7) &)
as claimed.

Finally, we analyze the choice of () for which
o CsV 1
T e 1- T

373
2c (2_5 (17’}/77‘(1/)) —cgr 1/)

T3(v) :

contributes a ©(1) term. First, as v — 0 we have

14 - c v+ O?).

/2Bl —7) —csv /2P (1 —7)

Hence, in order for T3(v) to be O(1),

CsV

2c(2—6(1 —y—r(v)) - q;:u)

Equivalently, there exists a constant d3 > 0 such that

1— e Pl = o)

3/2

csV _
3/2
20(2*5 (1—~v=r) - ca/u)
Invert the above display to obtain

_ 3/2 cs 1 cs
(2P mr=rw) —eow) = Gy gy = G P v o),

eB/L(l —dsv +o(v)).

ie.,
2/3 2/3
2_13(1 —y=r(v)) —cyv = (%) e 2B/BL) 213 (1 +dsv + 0(1/))

Using the binomial expansion (1 +¢)%/3 =1 + 2t + o(t) as t — 0, we obtain

cs\2/3 2 /c5\2/3
2_5(1 —y=r(v)) —csv = (Q—i) e 2B/BL) 213 4 3 (2—(;) e~ 2BIBL) gl 1513 4 o(1/3),

Rearranging yields

r(v)=1—~v—-2° (%)2/3 eT2/BL) L2138 4 o123,

csV

Substituting this asymptotic form of (v/) back into its definition r(v) = P o and repeating
apx(v)—cgrv

the same algebra as above yields

s 1 ¢ ? 2 8/3
xuz—yﬁ——(i)l/ + OW™”).
) ap ag \c(l—7) &)

Moreover, it is straightforward to verify that if we substitute the r(v) obtained from the O(1)-
balancing of T»(v) into T5(v), or conversely substitute the (/) obtained from the ©(1)-balancing of
T5(v) into T3(v), then in both cases the resulting Puiseux expansion does not introduce any negative

leading power of v. In particular, neither substitution violates the well-definedness regime.

Consequently, regardless of whether the ©(1) constant term in £(8’, 8, v, x(v)) is predominantly
contributed by T5(v) or by T5(v), and regardless of the specific constant value on the right-hand side

—3 (ar, — 1)(1 — 7), both scenarios yield the same expansion for the threshold (1) up to order v*:

_ Gy 1 s 2 9 8/3
2v) = aoy+ ag (c(l —fy)) vi+ 0w,

34



Published as a conference paper at ICLR 2026

The only difference lies in higher-order coefficients (beyond the v term), which does not af-
fect our conclusion. Which of T3(v) or T3(v) provides the dominant ©(1) contribution de-
pends on the finer ©(1) matching (i.e., the constant-level balance) in the boundary condition
E(B,B,v,z(v)) = —i(ar — 1)(1 — ~), and hence on the specific interplay among (5, 3, L)
and the constants (cs, ¢s/, ¢, ) through the corresponding ©(1) coefficients. O

Lemma C.3. Under the notation of Propositionand Lemma Sor fixed (B', 3), let
No(v) = lim  N(8,8,v, Vpo(éo)).

VTJO (90)—>oo
Then there exists a unique v, > 0 such that N (v.) = 0, and there exists a constant C(v.) > 0 such

that
C(ve)

(V) = W — 0P (1+O0We—v)) asvture.

Proof. By the notation and proof of Lemma for fixed (0, 5), define £ (v) =
limg, 00 E(8', B, v, x0). Then,

L—-1
1 (v
csV 2¢ (1—y—cg/v)3/2

T 1—v—csv 1

_ CcsV
2¢ (1—y—cgrv)3/2

csgV 1

— ag, - . : i
2-B(1 —~) —csr 1— ol s - e P/
C\/ ( FY) corv 20(2*3(1——\/)—05/1/)3/2

We first prove NV, (v) > 0 and the existence of a unique v, > 0 such that N, (v.) = 0. It suffices to

prove that £, (1) < 0 and that there exists a unique v > 0 such that Ex (ve) = —% (az —1)(1—7).

In the proof of Lemma it is straightforward to verify that £(/3’, 8, v, o) is monotonically
decreasing in v also holds when xy — o0, i.e., setting
r(v,x0) = —e
C\/ Qoo — C§'V
and the same monotonicity argument continues to hold. Hence £/_(v) < 0. Moreover, we clearly
have £, (0) = 0. On the other hand, when v is large enough so that

=0,

) Cov —B/L
2¢(278(1 —v) — csv)

approaches 0, the second term in £, (v) diverges to —oo, and thus £, (v) — —oo. Therefore, by
continuity and strict monotonicity of £ (v) in v, there exists a unique v, > 0 such that E(v.) =

—3 (ar = 1)(1 ).
Next, define
CsV _
T(v,zp) == 1— 575 € BIL.
20(2—5(1 —v—r(v,z0)) — 05/u)

and

T(v,00) = 1— cov e P/L,

Moreover, since
271 —y —r(v,20)) — csrv = (27ﬁ(1 —5) — c(;/u) — 27 (v, zy),
a Taylor expansion yields, as zg — oo,
3csv 2 Be=B/L

v,00) — T(v,xq) = r(v,x O(r(v,z0)?),
T LA
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Next, since T'(v,00) > 0 in the well-definedness regime, we may expand the reciprocal around
T(v,00) as
1 1 T(v,00) — T(v,x0)

T(v,m0) T(,00) T(v,0)2 * O((T(V’ o) ~ T, xo))2), o = 00

Furthermore, since T'(v, 00) — T'(v, z9) = O(r(v, x0)),

CslV 1 1 9
V2P0 =) — e (T(v, w0) T(u,oo>) = C)r(z0) + O(r (o)), 20— o0,

where, after combining like terms, the coefficient Cy (v) is given by

3-27 8B/l (csv)? 1
4 3 2
c? (2*5(1 —) — 05/V) (1 - csv 73 eﬂ/L>
20(2*5(1—7)—c5/y)

Second, we can similarly obtain, by a Taylor expansion around r (v, xo) = 0, that

Cl(V) =

L—1

csV _

372 L7 r(v, )
20(2*5(1 —v—7r(v,z0)) — 05/V)
L—1
csV _
= 9 373 L2 r(v,z0) + O(r(v,20)?), Ty — 00.
2211 ) eur)
Therefore, if we define
L-1
Ca(v) = Sk L",

3/2
20(2*5(1 —) — 05/1/>
then combining the previous expansion with the definition of £, () yields, as zo — oo,
Eao(v) —E(B, B,v,20) = ay, (Cl(u) + Cg(u)) r(v,mo) + O(r(v,z0)?).

Moreover, by the boundary equation defining z(v), (8, 8, v,z(v)) = —1(ar,—1)(1—~). Therefore
Ex(V) + %(aL -1 =-7v)=ar (C’l(u) + 02(1/)) r(v,z(v)) + O(r(u,x(y))Q).

We next justify that z(v) goes to infinity as v approaches v... Suppose, for contradiction, that z(v)
does not diverge as v 1 v.. Then there exist a sequence v, T v, and a constant M < oo such
that z(v,) < M for all n. By passing to a subsequence, we may assume z(v,) — x, for some
x4 € (0, M]. By continuity of £(5', 3, v, x¢) in (v, $02 within the well-definedness regime, and
using the boundary equation £(8', B, vy, x(vn)) = —3(ar — 1)(1 — «), we obtain after taking
n — oo that

T2

1
6(6/757 Vcax*) = _i(aL - 1)(1 - ’}/)
However, since z, < 00, the strict inequality above gives
1
5(5/353 Vca‘T*) < goo(Vc) = *i(CLL — 1)(1 - 'y),

a contradiction. Therefore 2:(v) must be unbounded as v 1 v,. Finally, since Lemmashows that
x(v) is monotonically increasing in v, the only possibility is 2:(v/) goes to infinity as v approaches v,
as claimed.
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We next start from the expansion obtained above:
1

Eoo(u)+§(aL—1)(1—’y) =ar(C1(v)+Co(v)) r(v, z(v)) +R(v), =O0(r(v,z(v) )

as v 1 v.. Obviously Cy(v) > 0 and Cy(v) > 0, hence ar,(Cy(v) + C2(v)) > 0. Then, by
continuity, there exist ¢ > 0 and a constant M’,m > 0 such that ar, (C’l( ) + Cg(u)) >m >0
and |R(v)| < M’r(u,x(y))2 for all v € (v, — &,v.). Since #(v) — oo as v 1 v., we have
r(v,x(v)) — 0. Hence we may further assume that

Mr(u,x( )) <

w\)—*

when v € (v, — €,v.). Then,

Eo(v) + %(GL —1)(1 =) 2 ar (C1(v) + C2(v)) r(v,2(v)) — |R(v)|
>mr(v,z(v)) — Mr(v, 33(1/))2
1
> imr(y,x(u)),
Consequently,

r(v,o(v)? = ((eoom +glar 1)1 w)Q) .

Now,
r(v,2(v)) = Eoc(v) +5ar =11 =7) R(v)
) ar (C1(v) + C2(v)) (1) + Ca())
Therefore
Rw) ) 2
and

r(v,z(v)) = goo(al/L)(—gf(SLJr—ClQ)((yl))_ 7) +0 <<SOO(V) + %(aL -1 - *y)) ) ) vt e

By differentiability of £, at v, and the identity £ (v.) = —%(az, —1)(1—7), we have the first-order
expansion

500(1/)+%(a[,—1)(1—'y) =& (ve) (v—ve)to(v—r.) = (—Séo(yc)) (ve—v)+o(v.—v), v,

where —&/_(v.) > 0. Hence, we obtain

r\v,r(\v)) = _EC/)O(VC) Ve—V Ve—V %) = _géo<yc>(yc _ U) Ve—V
( ’ ( )) CLL(C1(Z/)+CQ(U)) ( © )+O(( ¢ ) ) aL(Cl(V)—FOQ(I/)) (1+O( ¢ ))

Now invert the definition
CslV

r(v,z(v)) = ;

apz(v) — corv
to get the identity

Since

2 2
csV B 05uaL(C1(V)+C’2(u)) 1 L S
(o) - (™) wlmlroven) viw
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we have,

v 1 [esvar (Ci(v) + Ca2(v)) ’ 1 B
x(l/) = a0 + o ( c(—c%o(Vc)) > (Z/C — y)2 (1 + O(Vc l/))

Finally, since v = v, + O(v. —v) and Cy (v) + Ca(v) = C1(v.) + C2(v.) + O(v. — v) by continuity,
we may replace v by v, and Cy(v) + Ca(v) by C;(v.) + Ca(v,) inside the prefactor at the cost of a
multiplicative (1 + O(v, — v)) factor, giving

1 (c(;uc ar (Cr(ve) + Ca(ve)) )2 .

x(v) = 5 (1 +O(v. — y))

ag c (—5{}0(1/6)) (Ve —v)

Differentiating the asymptotic expansion gives

, C(v.
x'(v) = (VC(—I/))3<1 +O0(v. — u)),
where )
C(l/ ) _ 3 CslVcar, (Cl (Vc) + C2(Vc))
“ ap c (=& (ve)) )
This completes the proof. O

C.4 PROOF OF COROLLARY [5.6]

Proof. By Proposition for fixed (5', 8) we have Zy (5, 8,v) = (m(ﬁ’,ﬁ,u), 1 - 7) and
x(p’, B,v) is monotonically increasing in v. Therefore, for any 0 < v < v*(f',8) we

have z(8',8,v) < Vi, (0o), 50 Vpo(Bo) € In (B, B,v), ie., N(B,B,v,Vpy(09)) < 0. Con-
versely, for any v > v*(8’, 3) we have z(8',8,v) > Vpo(éo), o) Vpo(éo) ¢ Ia (6, 8,v), ie.,
N(B',B,v, Vy, (éo)) > 0. Hence,

v'(8,8) = sup{v>0: N(8,8,0,Vp(B0) <0 .

The remaining claims follow by directly combining Lemma [C.4] Lemma [C.3] Lemma [C.6] and
LemmalC.7l O

Lemma C4. In Proposition fix any initialization V, (éo) € (0,1 — ~), and define
V*(ﬂl,ﬁ) = sup { v>0: _/\/'(B”ﬂ7y7‘/po(é0)) <0 }
Then, fixing ', for B > p', v*(8', B) is decreasing in (.

Proof. Let zg := V), (90) for convenience. By Theorem the inequality N'(8', 3, v, zg) < 0 is
equivalent to

E(F',B,,w0) > 3 (a — 1)1 — ).

Note that when 8’ > 0 is fixed, the right-hand side above is a fixed constant. Moreover, Lemma|C.1
has already shown that £(5’, 3, v, o) is monotonically (strictly) decreasing in v. Therefore, to prove
that v*(8’, B) is monotonically decreasing in 3, it suffices to show that for each fixed (5’, v, z¢) in
the well-definedness regime, £(8’, 3, v, z) is strictly decreasing as a function of 8 (with 5 > §').
Indeed, define

1
@(B/767V) = 5(6/,6,V7.§C0)+5((1[,—1)(1—’)/).
Then @(6’,5,1/‘([3’,@) = 0. If &B,B,v,x0) is strictly decreasing in [, equivalently
(B, B,v) < 0, since 0,®(8', B,v) < 0and 8,®(5', B,v*(8,8)) # 0, the implicit function
theorem applies to the equation ®(5’, 8,v) = 0 around v = v*(§’, §) and yields
gl/* _aﬁ@(ﬂlaﬂay*(ﬂ/aﬁ))
op 2,98, 8,v*(8',B))

(8.8) =

< 0.
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Therefore, it suffices to prove that
csV 1
c\/2*5(1_7)_c<;/1/. 1-— Catt 73 .e—B/L
20<27B (1—7—“/%)—05,;/)

and
L-1
CsV - Liﬁ ) CslV
_ . 3/2 cv/apxg — Ccs5rv
20(2 ﬁ(l -y — 70\/%) - C§/V)

are both strictly increasing as a function of 3. For

~ CslV

U(p)

B /2B —7) —csv

Clearly, as /3 increases, 2~° decreases, and hence 17(6) is strictly increasing in 3. Next consider

~ 1
1% = .
(5) 1_ Cslli 5 e—B/L
20(2“3 (1—w—c\/ﬁ)—cyu)
Differentiating gives
d
a7 log cov 52 Lo BIL
20(275 (1 -y — ﬁ) — Cé/l/)
B §_10g22_ﬁ(1_7_7c\/agcmﬁgyfcélu>_l
T2 _ sV L
2,6(1_7_07%)_06,”
“B(1] -~ — —_Cov
3 U Ems)
2 2_B (1 - PY - C\/aozf)licé/l/> - C(S/V
3 1
Zlog2 — =
Z 3%

Since L > 2, we have % log2 — % > 0, and hence the above derivative is strictly positive. Thus

CslV
9 e~ B/L

3/2
20(2_’[3 (1 -7 — Wﬁ) — C§/V>
is strictly increasing in /3, which implies that \7(6) is strictly increasing in 5. Combining with the
monotonicity of U(8), we conclude that U (5)V (8) is strictly increasing in (3.

Next, consider

L—-1
Ty(B) = v 5. v
— csV 3/2 C\/apxg — C§'V
20(2 5(1—7-%) —C(S/V)

csv

We compute the derivative of log T5(3). Since the factor e does not depend on 3, we have

CcsV

ilong(ﬁ):(L—l)-ilog —logL

3/2
dﬂ d/B 26(2—[3 (1 o 76\/11061(501/75/1/) — Cb‘/l/)

277 (1 —7= %#W)

:(L—l)-glog? —logL

27B (1 — "}/ — ci'agcxéoyfcd/l/) — C§'V
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3
>(L-1)- 510g2 —log L.
In particular, since L > 2, we have (L — 1) - 2log2 — log L > 0, and therefore T5(/3) is strictly
increasing in 8. Consequently, the 3-dependent terms inside the bracket in £(8’, 8, v, z¢) are strictly

increasing in 3, and since the bracket is multiplied by the negative coefficient —ay, it follows that
E(B', B, v, xyp) is strictly decreasing in 8. This completes the proof. O

Lemma C.5. In Proposition fix any initialization V,,, (60) € (0,1 — =), and define
v*(B',B) = sup { v>0: N8, B, Vpo(éo)) <0 }

Then, fixing B, for ' € (0,8), v*(8', B) is increasing in [3'.

Proof. Let g := V,,(6) for convenience. Define

e L-1
csv 1- (2c(1—’yjcé/1/)3/2)
Tl(]/) = : csV ?
cy/ 1 — Y — Cs'V 1— W
L-1
N CsV -8 csV
TQ(Vvﬂ) = B 3/2 L oS (/8/)1; —65/1/’
2c<2_ﬂ(1—7—05—) —c(;/u) vV 70 0
cy/ao(B")xo—csv
and
’ CsV 1
T3(V76): 714 .e—B/L"

B e2 Pl —7) —csv 1— 373
2c(2‘ﬁ (1—'\/—#)—05/1/)
ey/ao(8)zg—csrv
Then N (5, B, v, o) < 0 is equivalent to

Ti(0) — an(8) (T ) + T, 7)) > 3 (a(8) 1)1 — 7).

Equivalently,

Ty (v) — 1% +ar(8) (1_27 —Ty(v, 8 — Ts(v, ﬁ’)) > 0.

We first verify that both aq(8’) and a, (/') are strictly increasing in 5’. Recall the definitions

L i,g’
L a(#) = &5

N
ao(ﬂ) - W7 Ll_ﬂ/

ap(B’) is strictly increasing in /3’ since
L
d g
di/g/ (Z'L p > < 0,
i=1
Next,
L B
1 L
"N —
w@)=73(7) -

Therefore ar,(8’) is strictly increasing in 8’. Then, we conclude that both T5(v, ') and T5(v, 3') are
strictly decreasing in 3’.

Suppose that for every 8’ € (0, 3), we have

L T (8,6),8) - T (4 (8, 6),8) 2 0.
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Then for any 0 < 3} < 8% < (3, using that ar, (') is strictly increasing in 8’ and that T5(v, ') and
T5(v, B') are strictly decreasing in 8, we obtain

T (55,8) ~ 25+ (i) (15 = T 61, 90,85) — Tl 81, 90,55)

> T (B 8) — 5 an(B) (T~ Tal( (31,6 1) — Ta(0 (6., 4) ) =

Since Lemma shows that £(5', 8, v, z¢) is strictly decreasing in v, it follows that v*(85, 5) >
v*(B1, B). Therefore, it remains to prove that for every 5’ € (0, 3),

Lm0, 8) - T (8,6),8) 0.

Note that

T (8, 8) ~ 5+ an(8) (1;7 ~ (8. 8).8) ~ Ta(v* (8, B) ﬁ’)) =0,

Since az,(8') > 0, it suffices to prove that 71 (v* (5, 8)) — 52 < 0.

We next prove that T} (v) is strictly increasing in v within the well-definedness regime. This is
because Lolr is positive and clearly strictly increasing in v. Moreover,

L-1
1-— (W) - L—-2 csv j
1*W _j:O (26(1—’7—65/y)3/2>
where Lol 5 18 positive and clearly strictly increasing in v. Therefore, let v denote a

2¢ (1—y—cgrv)3/
(necessarily unique, by strict monotonicity) value satisfying 77 (vr) — 1_77 = 0. Then, since T3 (v)
is increasing in v, it suffices to prove that 0 < v*(8’, 5) < vr.

By the proof of Lemma|C.1] we have T3(v, ') > Ti(v) . Hence T3(v, 8') + T (v, ') > Ti(v), and
therefore,

Ty (vr) — 1=7 +ar(8) <127 —To(vr,B') =Ty (VT,ﬂ'))

=ar(8) (1_27 —To(vr, ) — T3(1/T,5/))

1
<ar®) (552 -1t =0
On the other hand, since 77 (0) = T2(0, 8") = T5(0, 8’) = 0, we have

74(0) — “T” +ar(8) (1‘2” —15(0,8) - T3(07B’)> = (a(8) - 1)1% =0

Finally, since

2 2

is strictly decreasing in v as well (for each fixed 8’), we must have 0 < v*(3',8) < vr, as
desired. O

Lemma C.6. In Proposition fix any initialization Vi, (éo) € (0,1 — ), and define
V*(ﬂ,,ﬁ) = sup { v>0: N(ﬂ’,ﬂ,y7 Vpo(éO)) <0 }

Fix A =0—-0 >0and write v*(0',8) = v*(8', 8" + A). When ' is small, v*(8', 5" + A) is
increasing in 3’ and

T) - 220 4 e (@) (1‘” Ty, - Ty, B’))

(1 =) log (ke )
2c5(258/2 — 1)

V(B8 +A) = B+ o(p) as 3 — 0.

41



Published as a conference paper at ICLR 2026

Proof. Let z := Vj, (fg) and vk (') := v*(8, 8 + A) convenience. Following the notation of
Theorem[5.2] we write
1
N(ﬂ/7ﬁl + Av v, .I‘Q) = _8(/8,7ﬁ/ + Av v, .I‘Q) - 5 (aL(ﬂ/) - 1)(1 - ’7)
Moreover, N (5,8 + A,v,xg) is increasing in v, and for every 5’ > 0 we have N (5,5 +
A,0,z0) < 0. Furthermore, v/ (5') satisfies
N(ﬁla ﬁ/ =+ A) VZ(ﬁl)a J)O) =0,
and note that when 8’ = 0, the corresponding threshold satisfies v/X (0) = 0.

We first compute the partial derivatives of N'(8', 8’ + A, v, zo) with respect to v and 5’ at (8',v) =
(0,0), namely 9, N (0, A, 0, z0) and 93 N (0, A, 0, zg). For 9, N(0, A, 0,x0) = —9,E(0, A, 0, ),
note that the derivative of £(5’, 8’ + A, v, o) at v = 0 only depends on its linear term in v. Since

L—-1
1— (—W .
CsV 20(177705/11)3/2) Cs
’ CslV = v + o\v b
C 17’)/706/1/ 1—m C\/ﬁ ()
cov 1 A2 G
’ csV =2 ——Vv+o(V),
C\/2_5(1 —) —csv 1- . 372 e P/L c/T—7v )
2c(2*5 (1—7—ﬁ)—c5/u>
and
L—-1
Co¥ P 9% _owh),
-B 1 csv 3/2 C\/ Qoo — C§'V
2¢(2 R R - S P v
we obtain
Cs
BN (0,A,0,20) = —0,E(0, A, 0, 20) = (2A/2 — 1)7 > 0.
(0.8,0,20) = ~0,£(0,8,0,20) e

Next we compute dz N (0,A,0,z0). Since E(F',8 + A,v,z9) = 0 at v = 0, we have

L ;=8
D5 N'(0,A,0,20) = — 5 al, (0)(1 — 7). Recall that az (5') = 2514 Hence

L
logar(8') = log (Zi_‘g/) —log L+ ' log L,
i1

and

L .
= 722:1 og? + 10gL = log(

4 logar(3) 7

ag’ o

. Sk .
Since ar,(0) = === = 1, it follows that

~ d%, log az.(8')

@)

L

d, (0) = ar(0) - 1og(m) > 0.

B'=0
Therefore,

0 N(0.8,0.20) = ~3 a3 (0)(1 =) = — o757z ) (1=7) <01

Finally, since v4 (') is defined implicitly by N'(8’, 8’ + A, VA (B'), o) = 0, the implicit function
theorem yields
L
Ay _DeNO.A0,a) ) log i)
gAY T AN (0,A,0,0) 25 (28/2 — 1)
Therefore, as 3’ — 0,

d C(l - 7)3/2 log 1L1 T
A = A0 + ggrAO 8 +old) = — o E(f; )i+ o).

This completes the proof. O
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Lemma C.7. In Proposition fix any initialization Vi, (60) € (0,1 —~), and define
v (8',8) = sup { v>0: N(ﬁ’,ﬁ,vao(éo)) <0 }
Fix A =0 — 3 > 0andwrite v*(8',8) = v*(8', 8/ + A). Let v > 0 be the solution to

L-1
1 (v
(14 (20(1—7—c5/1/)3/2> . 1—7
c/1—~v—csv 1-— —20(1*70525/'/)3/2 2

Then there exists a constant vy > 0 such that whenever vy < vg, we have v*(3', 8 + A) < vr, and
v (B, 8" + A) is first increasing and then decreasing in ', with a unique maximizer. Moreover, for
sufficiently large (', the tail scaling satisfies

V*(Blvﬁl +A) = @(2—5//2).
Proof. Let xg = Vp, (60) and vX(8') := v*(8,8 + A) convenience. First, by the proof of
Lemma [C.5] we directly obtain 0 < v3 (') < vr < 1g.

Next, in N'(3', 8’ + A, v, zg) we focus on the roles of 3’ and v, and denote it by N'(3’, v). Then, by
the proof of Lemma|[C.6] when v is sufficiently small, we have the expansion

/ _ _1 N . Cs N o8 +A)/2 /
N(B'0) = =5 (a(8) = 1)1 =)+ = (en(8)? 1) v+R(3,v),
where there exist constants Cy, C7, Cy > 0 such that for any v < vy,
|R(B,v)| < Cor/?, |0, R(B',v)| < Cyv, |0 R(B,v)| < Cav®.

Moreover, note that for fixed A > 0, we always have

@ (aL(ﬂ’) 2(8'+8)/2 _ 1) > 0.

c/1—7
Define the linear approximation of N'(§’, v) by dropping the remainder term:
1 cs ’
'Y= —= N1 - 7( ’2<5+A)/2—1) :
M(B?V) 2(G/L(B) )( 7)+cm a’L(ﬁ) v

Then the linearized root is given by

) =) =)
° 265 (ar(8) 2042/ -1)

Note that the behavior of v4 (3') as 3/ — 0 is consistent with Lemma We now verify this.

L -p
Recall that ay, (3') = Z:L:llifﬁ, With explicit expansions we have

a(8) = 1 +1og( 7 ) B+ o(8).

(LN)/L
Next, since
/ log 2
A —Og 8 +o(8)),
we obtain
/ L log 2
N o(B+A)/2 1 _ (9A/2 A/2 L 108 41\ o /
ar(8)2 1= (2 1) +2 (log((L!)l/L) +=3 )5 +o(8)).

Therefore, as 3’ — 0,

_\3/2 L
vA(B) = =) log((L!)l/L) /
2 2c;(28/2 — 1)

+ o(f),
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which is consistent with Lemma Therefore, when (3’ is sufficiently small, the above expansion
implies that v/4 (8') is strictly increasing in 3’. On the other hand, when /3’ is sufficiently large, we
have ay,(8') — oo, and hence

0o c(1=7)*2(ar(8) - 1) c(1=7)*2ar(B)  c(1—~)*? 9—(B'+A)/2

va(B') = ~ =

= : — 0.
205 (a (320482 1) Zesar(B)2THP 265

Consequently, /4 (3) must start decreasing at some point in between, and therefore it admits at least
one maximizer (i.e., at least one local maximum) over 3’ > 0.

Next we prove that there exists a unique critical point. This is equivalent to showing that the equation

d Y2 /

diﬂ,VA(ﬁ )=0

admits a unique solution on (0, c0). By directly differentiating v/ (3’), one obtains that d%,ug B =
0 is equivalent to

ar(B)(ar(8)—1) 208'+8)/2 1
@4 (3) ERTCEN
Let the right-hand side be denoted by g(/3’). Then
9(B'+A)/2 _q 5
98 == 2B +8)/2  log?2
das’ 0g

(1 _ 2—(5'+A>/2) 7
which is strictly increasing in 3, and satisfies

2 2
0) = 1-27%2) >0 1i N = _
9(0) log 2 ( ) =% Bll_r)rloog(ﬂ) log 2

Let the left-hand side be denoted by h(/3’), namely
ar(8')(ar(8) — 1)
az,(6')
Lemma [C.8|shows that A (/') is also strictly increasing in 3. Moreover,
lim h(B) = lim h(B') = .
Jimg (8') =0, S (B") = +o0

h(B) =

Therefore, there exists a unique 3., € (0, o) such that h(3.) = g(3~), which is equivalent to
d ~
w”ﬁ (Be) =0.

Therefore, 4 (') is strictly increasing on (0, %) and is strictly decreasing on (3, oc). It remains to

show that d%,vﬂ (8") and d%,uZ(ﬂ’ ) do not deviate too much, so that the true root vX (8’) inherits
the unimodality and the uniqueness of the maximizer.

On the one hand, since

0N =

|81,R(ﬂ’, 1/)| < Civ < Cyvp, and C\/cfj (aL(B') 2(8'+48)/2 _ 1) admits a strictly positive lower
bound, it follows that

aVN(B/a V) =

(a(8)207 /2 —1) + 0, R(8' v),

Cs

cy/1—7
On the other hand, g N (5, v) = da Ne(B',v) + O R(', V), so plugging in v = vx (B') gives
O N(B',vA(B) = 9pNe(B',vA(B) + 05 R(B',vA(B))-

(aL(/ﬁ’) 98’ +8)/2 _ 1) (1+ O(vr)).
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Moreover, since

O Nil§,) = ~5 (811 =) + 15 [ (an(8) 20572 1) |
we have
OprNe(B',VA(8)) = D Ne(6 u£</s'>>+diﬂ, [ﬂ% (ac(8) 27422 - 1)} (va(8)—vA(8)).
Hence
9prN (B, VA(8) = 0N (B, v’g(ﬁ'))+d%, [C\/% (a ()2 +20/2 1)} (vA(B)—vA(8))+0s R(8vA(8).

For the remainder derivative, we use the bound ’(%IR(B’ , 1/)‘ < Cov? < Cov. Next, to control
vA(B') — vA(B'), note that v} (B') satisfies

7% (ac(8) —1)(1—) + (82742~ 1) yA (8) + R(F,vA(8)) = O,

cs
cy/1—7 (aL

while v4 (8') satisfies

5 (an(®) ~1)(1 )+ o= (@ (3272 1) i (8) = 0.

Subtracting the two equations yields
R(p',vA(8")
e (o2 1)

Since |R(S',v)| < Cov? < Cov2, and the denominator admits a strictly positive lower bound, we
conclude that v% (8) — v4(8') = O(v2). Therefore,

g N (B, VvA(B) = 0 Ne (B, vA(B)) + O(v3).

Then, by the implicit function theorem,

d gy NEAE) g Ne(B',vA(8)) + O(v7) ,
g 4 N (B, vA(8) g (aL(ﬁ’) 2B+A)/2 _ 1) (1+O0(vr))
Equivalently,
b /N / I/é /
diﬁ,VZ(B/) _ B f(ﬁ A(ﬂ )) + O(I/T) d/BI (B ) + O(VT)

= (aL(ﬁ’)WB e 1)

Hence, as long as vy > 0 (and thus v < 1) is chosen sufficiently small, the term O(vr) is small
enough so that d%, vi(8') still has a unique zero 3., and moreover it is positive on (0, 5,) and
negative on (3., 00).

Finally, as shown earlier, when 3’ is sufficiently large,
0 c(1=7)%2__5iny
~N —— 2
va(B') 9es )

and hence the tail scaling satisfies v4 (8') = @(2*5// 2). Moreover, we have established that

vA(B))—vA(B) = O(VA(B')?). For vA ('), note that by the standing well-definedness requirement

of N (8, v), every radicand in the denominators must remain strictly positive. In particular, since

B = B + A, we must have 2~ (#+2) (1 — 4) — ¢5 vX (8) > 0, which implies the upper bound

vi(B) = 0(2’5/) as 8/ — oco. Combining this with vX (8') — v4(8') = O(vA(8')?). we obtain
VA(B)=0(2777%), - .

O
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’

B
Lemma C.8. Let L > 2 be an integer and define ar, (') = % ZiL:1 (%) . Then the mapping

ar(B)(ar(p’) -1
/8/ — (, - )7
a7, (8')
is strictly increasing on (0, 00). Moreover; it satisfies
! !/
-1
im ar (8 )(?L(,ﬁ ) ) =0, lim 7 = +-o00.
B’—0 aL(ﬂ ) B’ =00 aL(ﬂ )

B >0,

Proof. Define

ar(8')(az(8) — 1)
ag,(B)
We first prove that g(8’) is increasing on (0,c0). For any ¢ € [L], define z; = log<%>. Then

9(8') =

€ [0,log L], and we can rewrite

1~ g
:z;e i

We define a random variable X supported on {x1,Za, ..., 2} with probability mass function

B/Ii ﬁ/xi
e e
- = i=1,...,L.
PSS e T Lan(B) e
Note that this notation p; is unrelated to the “question distribution” used elsewhere in the paper; we
reuse the symbol p here only to follow standard convention. With this definition, we have

L L
= %ineﬁ'wi =ar(B') E[X], ai(B) = %Zw?eﬁ/“ =ar(B) E[X2]
i=1 i=1

Moreover, note that
4o = 4 (98)) _ 4H@)an) — (6h2)
dﬂ ! (a L ( B /)) ?

Therefore,

2

= E[X?] - E[X]*%

ar(8)(ar(8') =1) ar(B’) — L

98 = = BEX] T EX

Differentiating yields
ay(B")E[X] = (ar(8') = 1) gHEIX]  ar(8)E[X]? — (ar(8) — 1) Var(X)

g/( / — —
E[X]? E[X]?
Hence, to prove that g(3’) is increasing, it suffices to show that ¢'(5’) > 0, i.e.,
ar(B') 2
Var(X) < ———— E[X]|".
(X) (B -1 [X]

By Lemma|C.9} for every ¢ € [0,log L),
E[X-t|X >t <E[X|X >0].
Therefore, with (u) = max{u, 0}, forall ¢ € [0,log L), we have
E[(X —t)4+] =Pr(X >t)E[Xft|X >t] <E[X|X >0]Pr(X >t).

Meanwhile, let p(z) = ZZ 1 pid(x ) with the Dirac delta function (-). We notice that

log L log L log L
/ E[(X —t)4] dt = / / (x —t)p(z) do dt
0 0
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log L log L log L
/ / oplz )d:cdt—/ {Pr(X > 1) dt
0

t 0

logL 1 1

/ dt — fIE[X ] = E[X?] - ZE[X?] = E[X?].
0 2 2 2

Then, we obtain

log L log L
E[X2]=2/0 E[(X—t)+]dtg21E[X\X>o]/o Pr(X >t)dt = 2E[X | X > 0]-E[X].

Since x;, = 0, we have py, = #(ﬁ,) Therefore,

E[X EX
E[X|X >0] = 1_[p]L = 1—L[ 1(,8/),
E[X?] < ———BIXP,
Lar(p)
and
2 L ! 1
Var(X) = BLX*) - BIX]* < (7—— ) BIX] Fert T AT

Hence, it suffices to show that for all L > 2,

Lag(@)+1 _ _an(8)
Lar(B)—1 " an(f) -1

Since ar,(8’) > 1 and L > 2, it’s equivalent to ar,(5’) (2 — L) < 1, which holds since 2 — L < 0.
Therefore,
ar(8)

ar(8') —1

Lag(p)+1

Var(X) < Lan(7) =

IE[X]2 < E[X]?.

It remains to verify the two limits. By a first-order Taylor expansion,
1 & 1 &
&' = 1+5’~z§%+o<ﬁ'), al,(8) = Z;%eﬁ = =

as f' — 0. Since - °F | #; > 0, it follows that

a (@) (an(8) 1) _ (14 o() (53 Sl wi+ o)

o~ —
g8

b« \

lim g(8") = lim = =0.
B/—0 B'—0 ah (8" 5'—0 1 25:1 z; 4 o(1)
As ' — o0, the sum defining ar, () is dominated by its largest term, i.e.,
1< 1
:Zzeﬂwiwzeﬁwl’ L szz i,\,fl-leﬂ
i=1
and hence
ay,(8')
E[X] = L — x1 =log L, ar(B) — co.
[ ] aL(BI) 1 g L( )
Therefore,
(IL(B/) —1
1 = 1 —_— = .
This completes the proof. O
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Lemma C.9. Let L > 2 be an integer; and let X be the discrete random variable supported on

{z1,...,2}, T = log(%) € [0,log L],
with probability mass function
B
where 3’ > 0. Then for any t € [0,log L), it holds that

Pr(X =x;) =p; = , i=1,...,L,

E[X —t|X >t] <E[X|X >0].

Proof. For any ¢t € [0,1log L), there exists an index ¢ € {1,...,L — 1} such that x;41 < ¢t < x;.
Hence

]E[X—t|X>t] = E[X—t|X>ZZ?i+1] < E[X—ZET;+1’X>.T¢+1]
Therefore, it suffices to prove it on the support points, i.e., for any ¢t = x; (¢ > 2),
E[X—t|X >t <E[X|X >0].
Let w; :== i~? . Then p; = w;/Hp, where Hy, == Zle w;. Moreover, for any k € {1,2,...,L},
define H, = Zle w;. For k > 2, define
m(k) =E[X — x| X > 3].
Since X > x, is equivalent to X € {x1,...,x,_1}, we have

-1

k—1
0= 3 g (10n(3) —1os()) = gy S os(5):

i=1

Next, for any k € {2,3,..., L — 1}, we can write
k k—1
1 k+1 1 k
m(k+1) —m(k) = I, ;:1 wj log(T) TH E wj log(g)
1 Zl ) log(})
F Wi IOg(l + ) £ ( - kal .

Foreachi € {1,...,k — 1}, we have

log(kH) B log(é) _ Hyp_ilog(k+1) — Hyloghk + (Hy — Hy—1)logi

Hy, Hy 4 Hy 1 Hy,
_ Hy_ilog(k+1) — Hylogk + wy logi
Hy_1Hy
B Hk_llog(l + %) — Wy log(g)
Hy_1Hy 7
Therefore,
k—1 1 k
Wy 1 Hj—1log(1+4 4) — wy log(%)
k+ k) = 2k (1+7)+ w - i
(k1) =) = s (14 ) + 3 T
Wi 1 Hi_4 1 Wi
= Wk (1 f) 1 (1 7)—— k
my, e\t ) T g s ) — g k)
Wk
—log(1+7) - 2
og(1+ ¢ A (k)
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Note that E[X | X > 0] = m(L). Therefore, it suffices to show that m(k) is nondecreasing in k,
ie.,

1
10g<1+7> Ok k) >0, Vke{23,...,L—1)},

k Hjy,
equivalently,
1\ Hyg
m(k) < log(1+ 7) Tk vke{2,3,...,L—1).
k W
First,
k-1 k-1 k-1
k j+1
Hy_ym(k) sz 10g<;) = wlZIOg<T)
=1 1=1 Jj=t
k—1 J k—1
Jj+1 Jj+1
= Zlog(i,) Zwi = 10g<7,) H;
j=1 i=1 j=1 J
Therefore,
k—1 . 1\ k—1
1 j+1 klog(l+ ) ~= H
m(k) = Zlog(—,) H; < —
Hi-1 4o J Her i J
since

log(l + %) < §log(1+ %)

Second, we show that the sequence { o is non-decreasing in k. To this end, note that

}k>1

kwk_kz< )

Let f(x) :== 27", which is convex on (0, c0) for 3’ > 0. Foreach i € {1,..., k}, observe that

3_(1_1) i +£ t+1
ko k/k+1 k k+1
By convexity of f, we obtain

O e R (=) I

Summing over ¢ = 1, ..., k yields
k . ’ k . ! k - ’
7\ B 1 —B 1 /i +1N\"8
() =pxt-i() i)
Re-indexing the second sum, we get
Eo. , E ) ;oktl ) / k ) /
i\~ P 1 ) j NP . j NP kE—1 j NP
S R ) - ) T
> ()7 <k e o) - S )
=1 =1 Jj=2 Jj=1
Dividing both sides by k and using
k+1 . / k . /
et XG) =
= , k+1)—
(k4 Dwgt k—&—l; kE+1 ; E+1 = )(k+1)wk+1
we obtain
Hy, ( i) Hij1q 1
kwy — k2) (k+ Dwgrr k2

. Hy i1 .
Since [CZShremn > 1, it follows that

Hy, < Hy
kwy — (k—‘r 1)wk+1’
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i.e., 2= is non-decreasing in k.

> kwp
Consequently, for any j € {1,2,...,k}, this implies ﬁjj < ,fu’“k , equivalently,
H; H,
SE S e
Therefore,
k—1 k—1 k—1
H; H; g Hy, g HpHg—

Plugging this bound into the previous estimate

klog(1+1) 32 H;
m(k) < ——2 k2N T
(k) < —5 =2

=1

J
we obtain
klog(1+ 1) HpHp 1 , 1\ Hy
k) < K =1 (1 7>H B =1 (1 7)—.
m( ) = Hk—l k1—6 0og + A k 0og + L wy,
This completes the proof. O

APPENDIX: ADDITIONAL RELATED WORK AND
EXPERIMENTAL DETAILS

D. ADDITIONAL RELATED WORK

Self-improvement for LLM mathematical reasoning. Empirically, many pipelines for LLM
reasoning tasks, especially mathematical reasoning, instantiate the idea of self-improvement via
an iterative generate-and-filter loop: the model generates one or multiple candidate solutions for
each problem, retains a subset of correct solutions, and then fine-tunes on the retained solutions
to enhance performance (Zelikman et al., [2022; Xin et al., [2024a}b; (Guo et al., [2025; Lin et al.,
2025ab; Ren et al., [2025; Zhang et al.| 2025} |Guan et al.| 2025). While existing approaches vary in
implementation details (e.g., incorporating long chain-of-thought (CoT) reasoning (Lin et al.,|2025b)),
tactic annotations (Xin et al.,2024b)), code-augmented CoT data (Guan et al., [2025), or reflection
steps (Zhang et al. [2025))), their overall framework shares the same spirit of bootstrapping from
model-generated attempts filtered by an explicit correctness signal. Additionally, a growing line of
work (Ren et al.| 20255 |[Koh et al., 2025} [Lee et al., 2025) shows that combining self-improvement
with an explicit easy-to-hard curriculum across rounds can further strengthen model performance.

Self-distillation, self-consuming loops, and model collapse. First, several theoretical works on
self-distillation analyze training a model with supervision signals generated by the model itself
(Mobahi et al.,2020; |Das & Sanghavil 2023} |Pareek et al.,|2024). In contrast, we study LLM self-
improvement for generative reasoning, which is typically outside the scope of standard self-distillation
analyses (e.g., linear predictors). Second, another related line of work concerns self-consuming
loops in generative models, a failure mode where repeatedly training on generated data can degrade
performance and even lead to model collapse (Fu et al., [2024; 2025b). Recent theory shows that
such degradation can be mitigated under suitable mechanisms (Gillman et al.| 2024} |Gerstgrasser
et al., 2024; [Ferbach et al., [2024; Feng et al., 2024; [Fu et al., 2025ajb). While the objective of
preventing model collapse in this literature differs from LLM self-improvement, Ferbach et al.| (2024)
is particularly relevant to our work as it explicitly characterizes how curated data can optimize a
reward signal. However, it is not tailored to mathematical reasoning, and the resulting trends do not
align as closely with empirical practice. A primary reason is that it does not account for the finite-
sample regime, which, as we argue in this paper, is important to understanding self-improvement in
mathematical reasoning.
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E. DEFERRED EXPERIMENTAL FIGURES
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Figure 3: Feasible initialization region. Panels (a,c) report Monte-Carlo estimates of the length of the
initialization interval Vj, (6o) for which {F°*(Vy, (60))}+>0 and {(Hy o - - o Ho) (Vi (60))}+>0 are both
monotonically increasing in ¢, under different (', 8, v/) settings. Panels (b,d) show the length of the feasibility
interval Zypq (', B, v) in Corollary Panels (a,b): fix 8 = 0.1 and vary (3, v). Panels (c,d): fix 3 = 0.4 and
vary (8',v).

Interval length
Interval length
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Figure 4: Improvement initialization region. Panels (a)-(c) report Monte-Carlo estimates of the length of
the initialization interval Vp, (fo) for which (G o Hp—1 0 Hp—2 00 Ho)(Vpe(80)) > F°L (Vpy(60)) holds
under different (8’, 8, v) settings. Panel (a): fix 3 = 0.1 and vary (3, v). Panel (b): fix 8 = 0.4 and vary
(8',v). Panel (c): fix A = 0.1 and vary (3, v); the same panel also includes a zoomed-in view for small 3’.

F. IMPLEMENTATION DETAILS AND TRAINING SETUP

F.1 GRAPH GENERATION AND SAMPLE POOL

We construct a balanced sample pool across configurations specified by the number of nodes IV, target
expected out-degree d, and target distance [ via rejection sampling. Concretely, we first generate a
directed unweighted graph G on IV labeled vertices by independently including each possible directed
edge (v;, v;) with probability d/(N — 1), so that the expected out-degree is d. Given G, we then
sample two distinct query vertices v; # v; and compute the shortest path length from v, to v; using a
standard Breadth-First Search routine on directed edges. If the resulting distance equals the target [
(with the convention ! = —1 when v is unreachable from v,), we add the instance (G, vy, v, 1) to
the pool associated with (N, d, ). We repeat this procedure until we either collect 2000 instances for
each (N, d, 1) combination or reach a preset sampling limit; if fewer than 2000 instances are found
for a combination, we keep all collected instances.

In our experiments, we take N € {6,8,10,12,14,16,18}, d € {2,...,|N/2]}, and | €
{-1,1,2,3}. Each retained instance is rendered into a natural language prompt using a unified
template. The prompt template is:

You are given a directed unweighted graph with nodes labeled
1..N.

N = (N)

Edges are listed as ordered pairs (u,v), where each (u,v)
represents a directed edge from u to v:

(edge list)

Start s = (vs), Target t = {(w)

Question: Output the length (number of edges) of the
shortest path from s to t. If no path exists, output -1.
Answer with a single integer only.
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The union of all instances across (N, d, [) forms our overall sample pool, from which we subsequently
construct dataset splits for different experimental settings.

F.2 WARM-UP AND SELF-IMPROVEMENT FINETUNING DETAILS

Our synthetic shortest path task allows control of the initialization reward Vpo(éo) and Vj, (6o)
for ¢ € [L]. Note that, in our binary reward setting, V,(6) corresponds to the (population) Pass@ 1
accuracy of the model 6 evaluated on questions drawn from p. Across experiments, we obtain different
initial Pass@1 accuracies (corresponding to different values of V},(#)) by varying the initialization
model via warm-up finetuning and by varying the task difficulty through selecting different subsets of
the overall sample pool.

Concretely, our warm-up datasets and the datasets used for self-improvement are sampled as disjoint
subsets from the overall sample pool. Each warm-up dataset has a balanced composition across dif-
ferent (N, d,l) combinations, i.e., it contains equal numbers of samples for each (N, d, ). We warm
up the pretrained base LLM using different warm-up datasets under different training configurations
(learning rate and random seed) to obtain different initialization models.

Next, for self-improvement, given an initialization model 6, we select an appropriate training set
of size nL together with a held-out test set such that the empirical Pass@1 accuracy of éo matches
the target value V), (éo), enabling control of the initialization performance. We fix the test set across
all L iterations, with a test size of 1000. To mitigate the effect of class imbalance, we enforce that,
for both the per-iteration training set and the test set, the number of questions in each distance class
l € {—1,1,2,3} is approximately balanced (up to a small tolerance); moreover, within each class,
we also match (up to a small tolerance) the number of questions that are initially answered correctly
by 6,. For experiments comparing easy-to-hard against the baseline, we require a different form of
control. Specifically, the training set of size nL should admit two different partitions: (i) a baseline
partition whose L subsets (each containing n questions for one iteration) have the approximately
same (up to a small tolerance) initial Pass@1, matching V,,, (éo); and (ii) an easy-to-hard partition
whose initial Pass@1 values across iterations satisfy Assumption[5.1] we impose these constraints
jointly and solve the resulting data selection problem using a CP-SAT solver.

Hyperparameter Value

Learning rate 2x 107"
Batch size 8

LoRA rank 16

LoRA scaling 32

LoRA dropout 0.05

Table 2: Self-improvement finetuning hyperparameters used at each iteration.

Initial test Pass@1 n m B A
- 5,000 1 - -
0.32 - 1 - -
0.32 4,000 - - -
- 3,000 1 - 0.04
- - 1 0.25 0.04

Table 3: Experimental settings for Figures and

Given an initialization model 6, and a constructed dataset, we perform iterative self-improvement
exactly following the setup in Sections [3|and [5.1} At each iteration, we use the same finetuning
hyperparameters summarized in Table[2] and train for one epoch by default, with a minimum of 50
optimization steps for cases with too few accepted samples. Additionally, each data point in Figures|[T]
and[2]is obtained by averaging over five runs with different random seeds. Table [3] summarizes the
experimental settings that are held fixed within each panel of Figures[I]and 2]
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