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Abstract

In this paper, we study multinomial logistic regression (MLR), a fundamental machine learning
algorithm used for multi-class classification problems. We first analyze some favorable properties
of the MLR objective function. By leveraging these properties, we design an optimization algorithm
that operates in a feature-wise manner, which offers potential advantages in terms of computational
efficiency and scalability. We also provide a convergence analysis for the proposed algorithms
(both stochastic and cyclic versions). We establish theoretical guarantees that ensure the algorithm
converges, thereby validating its effectiveness in optimizing the MLR model. To assess the practical
performance of our algorithm, we compare our approach with a range of commonly used MLR
algorithms. The experimental results demonstrate the efficiency of our algorithm.

1. Introduction

Multinomial logistic regression (MLR) is a classical yet powerful model for multi-class classifi-
cation, where the probability of a categorical label is expressed via a softmax transformation of
linear scores. Owing to its statistical interpretability, convexity, and wide applicability, MLR has
been a cornerstone in supervised learning tasks [5, 11]. Despite its theoretical elegance, MLR
poses significant algorithmic challenges in large-scale settings. In particular, when the number
of classes C, features d, or training samples 7 is large, standard optimization approaches—such
as batch gradient descent or Newton methods—suffer from poor scalability due to their high per-
iteration cost and memory footprint [8, 16]. Moreover, incorporating structured regularization, such
as sparsity, group penalties, or low-rank constraints, often leads to non-smooth and block-separable
objective functions, further complicating the optimization landscape. To address these issues, recent
works have explored stochastic and proximal optimization techniques for generalized linear mod-
els [7, 13, 14]. In this work, we propose a novel (stochastic) block-wise proximal gradient (BPG)
algorithm tailored for regularized multinomial logistic regression. Our method updates one feature
block either in a cyclic or stochastic manner, followed by a block-specific proximal operator which
achieves low per-iteration complexity and accommodates a wide range of regularizers.
The contributions of this work are summarized as follows:

* We propose an efficient updating algorithm for MLR where we optimize in a blockwise man-
ner which is guaranteed to converge for both convex and nonconvex regularization terms.

* Inspired by modern stochastic variance reduction techniques, we propose a stochastic version
of blockwise update, which is faster than updating as a whole.
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* We conduct experiments on real-world datasets, both medium- and large-scale, and show that
our method is very competitive compared with SVRG, LBFGS and Newton-like methods.

2. Multiomial Logistic Regression

In real-world applications, multi-class classification is everywhere. Traditional methods to gener-
alize from binary classification include One-vs-All (OvA) (also known as One-vs-Rest) and One-
vs-One (OvO). However, those two options have their own shortcomings such as too many binary
classifiers to be trained, classifiers may be inconsistent with each other. In comparison, multino-
mial logistic regression (a.k.a. ‘softmax regression’) is a single model which directly optimizes the
multi-class likelihood, similar to the binary case, which is typically more consistent and theoreti-
cally justified than OvA or OvO, as it considers all classes jointly during training [10]. Assume we
have K different classes, our goal is to learn W = {w; wa;...; Wk} with each wy € R9, where
a sample x’s score to each class is exp (w{x). Therefore the probability to each class is defined as:
PY = kfx) = <22

S, exp(wlx)’
of generality, we can set wx = 0. For the inference of test data X, it will be assigned to class

k = arg maX;e|(x| wiTxtest. Therefore, it boils down to finding optimal w;’s to fit the minimum
negative log-likelihood function:

where we will come to shift-invariance. Therefore, without loss

exp(w, x;) n K-l
L(wy,wa,...,Wgk_1) Zl p( Yt = log(1 + Z exp(wi x;)) — w;xi .
=l ep(wlx) o =1
(1)
Apparently:
8711 _ zn: - eXP(Wk X;) 82[, _ n exp(ngi) 1 exp(wk x;) rd?
owy, i=1 Yi= 1+ Zz 1 exp(wl X;) dwk Sl+ Z{i}l exp(wlx;) 1+ Zl N exp(wl x;) ¢
)
If we denote pj, := explwy Xi) —then1— explwy, Xi) — 1—pjand 2 a L Z pe(1—

1300 exp(wixi) 1300 exp(wixi)
pk)xl , thus we can bound Lipschitz gradient continuous constant by

02L

%L 1 L 1
Umax( w? ) = VTWV = (v)Tpr(1 = pr)xix] v* < Z(V*)Tx x; v = Z(V*)TXXT Z”XHz,
[

3
where we make use of the fact that for convex function (Log-Sum-Exp is convex [4]), Lipschitz
gradient continuous constant is the largest singular value of its Hessian Matrix [2]; in the second
equation, we assume v* admits the supremum; the first inequality makes use of the sunple fact that

p(1 — p) < § for any positive scalar p; the last equation is from the fact that > XX = XX7T
=1
while the last inequality we again make use of the definition of matrix spectral norm. We can also

update W as a whole using gradient descent: W = W — tVL(W). To ensure the objective
is monotonically decreasing, stepsize ¢ should not exceed 2/||X||3. However, this approach may
suffer from the following: 1. To calculate the spectral norm of X is computationally demanding.
It is true that the stepsize will also decrease the objective, however it is likely to be too

IIVH 1

2
1X[1%
small and conservative; 2. For large-scale X, the spectral norm is large in expectation as well
(x (vVn+ \/;l) [1]), admitting slow convergence. Inspired by the above, we propose an algorithm in
feature-based blockwise update instead of class-based as Fig. 1 demonstrates. Our first observation
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Figure 1: Left: Assume W € RE-Dxm (w' denotes the i-th column of W while w; i-th row),
where each row denotes one class. Our method is not to optimize row by row (class-wise), but
column by column, namely feature-wise (various colors represent different blocks). Middle: We
compare the feature-wise cyclic update (F-CBPG) vs class-wise (C-CBPG where L; = ||X||2/4)
and matrix-wise (L = || X||3/2, see more details in Appendix E) on MNIST dataset (partial) where
X-axis denotes time consumption in seconds and Y -axis the objective. Right: we compare with
SVRG on SEGMENT [8] dataset and find it is slower than ours and shows fluctuations.

is that instead of updating as a whole, coordinate-wise or block-wise version can be faster, admitting
monotone decrease with update. More formally, we have the following theorem (Chapter 11 in [3]):

Theorem 1 Ifwe denote W = (w!, w?, ..., wP),U;(d) = (0,...,0, _d ,0,...,0), Vf(W)=

i-th block
(Vif(W),Vaof(W),...,V,f(W)). Suppose there exists L; > 0 for which

IVif(Y) = Vif (Y + Us(d)) || r < Lil|d] [,

then for

p
min { F(w!,.,wP) = f(wh... ow?) + Y gi(w) “
j=1

wl,... wP

updating W+ =W + UY; <prox L

. (wi — L%VJ(W)) - Wi> will admit sufficient decrease:

F(W)-F(W%) > i

L;
~Lwr o wig. ©

i1 g
Li(proxigi(w - EVZf(W)) -w')

2L, )

One can also see if we add regularization term for MLR, such as ||W/||1, then Vi € [d], g; = g =
| - |1, while for |W||%, we have Vi € [d], g; = g = || - ||3. In addition, if we add nonnegative
constraint, then g; is a nonnegativity indicator function. In short, the above theorem is a very general
framework which admits many regularized models.

We now turn to find the blockwise or coordinatewise Lipschitz gradient continuous constant for
W. One can find the Hessian (class-stacked parameters) [10] H € RAUK—1)xd(K-1) jq.

n

H = ) (diag(pi) — pip; ) ® (xix] ).
=1

Accordingly, Feature-by-feature (r,s) block H,; is given by:

H,s = inrxis (diag(pi) —pipl—,'—) c RE-Dx(E-1)
i=1
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Specifically, to update s-th block feature, we need bound the spectral normof Hgg = > | x2, (diag(pi) —
p,-piT). Denote J; = diag(p;) — pip, » we have

[Hssll2 < szstJiHQ = szzs)‘max(']i) (6)
=1 =1

given H,, is Symmetric Positive Semi-Definite. For any probability vector p, J = diag(p) — pp ' :

(max(v) — min(v))? < 1

)\ma:c(']) = HI‘I/lﬁ{E{l Varp(v) < 4 > 57 (7N
where the last step uses |v|| = 1 and Popoviciu’s inequality on variance [12] (equation attained
when v = [v/2/2,—/2/2,0,...,0)). Thus [|[Hg|2 < § >°,_; x% = 3 x*||3. By comparing with

|12
Theorem 1, we can conclude if the input data is a vector of size d, then p = d, L; = Hx2”2 and each

block w' is a vector size of K — 1 corresponds to each column of the matrix in Fig. 1. Apparently,
different from calculating spectral norm of matrix X in Eq. (3), it is way more efficient to calculate
||x¥||3 since x* is a vector where ||x*||3 is equal to summation of each element’s square. See more
details in Appendix D and discussions on class-wise Ly in Appendix F.

3. Optimization and Convergence

In the previous section, we demonstrated that the objective function of multinomial logistic regres-
sion can be updated blockwise instead of matrix-wise, where sufficient decrease is guaranteed for
each update, thereby ensuring that the objective is monotonically decreasing. However, it remains
unclear which block should be selected at each step and whether the order of updates impacts con-
vergence. In this section, we study the convergence properties under different update orderings.

3.1. Cyclic Block Proximal Gradient Method

In the cyclic block proximal gradient (CBPG) method we successively pick a block in a cyclic
manner and perform a prox-grad step w.r.t. the chosen block. The ¢-th iteration is denoted as

W, = (w},w2,...,w). Each iteration of the CBPG method involves d subiterations, and the
by-products of these subiterations will be denoted by the following auxiliary subsequences:

12 d 1 2 d 1 2 d
Wio=W;=(w;,wi,...,wi), W1 = (Wi 1, Wi,...,Wi), -, Wy g = (W 1, Wi, W)

(®)

By following the notations above, one can easily see W}:}Fl = Wi = w};,W};’i = Wi 41 =

wi 1 1- Our first observation is a direct consequence of the sufficient decrease property from Eq. (5):

F(Wy)—F(Wiq1) > Lrgi“ IWi =Wyt HQF, where L, = m{iﬁ L;. This inequality says that each
i€

block update will have a sufficient decrease, then after one cycle it will be bounded by the right side
of the above equation.

Assumption For any o > 0, there exists R, > 0 such that max{||x — x*|| : F(x) < a} < R,.
x,x*

Lemma 2 Let {W;};>( be the sequence generated by the CBPG method described in Algorithm 1
for solving problem Eq. (4). Then for any t > 0,
Lmin

F(Wy) = F(Wyy1) > (L, + L 2 (F(Wis1) — Fopt), )

4
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where R = RF(W@): Lmax = max;=12...4d Lj and Lmin = minj:LQ’m’d Lj.

Theorem 3 (O(1/t) rate of convergence of CBPG) Suppose the assumption holds. Let {W}1>0
be the sequence generated by the CBPG method for solving problem Eq. (4). For any t > 2,

(t—1)/2 2 2
F(W') ~ Fopy < max { (3)  (FWo) — ), M RO } a0

Lmin (t - 1)

In addition, F(W"') — F,, < € as long as t > 2 satisfies

(log(F(WO) - Fopt) + log g)a (11)

2 p2
S |, Sl L,
min€

2
log 2

Algorithm 1: Cyclic Block Proximal Gradient (CBPG) Method

i||2
Data: X € R™*%; initial W = [w}, w2, ..., wd]; compute L; = ”x2”2, set Tandt =0

fort < T do
Wi+ Wy
fori=1,...,ddo
Wi+ W1 +U; (pfoxﬁgi(wi,i—l - Liivif(wt,ifl)) - ng_l);
end
Wi < Wiy

end

3.2. The Randomized Block Proximal Gradient Method

We now analyze a version of the block proximal gradient method, in which at each iteration, a prox-
grad step is performed at a randomly chosen block. Similar to CBPG, the randomized method is
also monotonically decreasing while the difference is that in each loop, only a random block will be
updated instead of every block. The main convergence result will now be stated.

Theorem 4 (O(1/t) rate of convergence of RBPG) Let {W};> be the sequence generated by

d .

the RBPG method for solving problem Eq. (4). For any t > 0 and denote |W || := Y L;|w*
i=1

2
2

d

_ < =
Ee, [F(We)] = Fopr < 5y

1
(51Wo - W.IE + F(Wa) = B} . 12

4. Experiment

We evaluate our proposed algorithm for multinomial logistic regression across multiple benchmark
datasets. Comparisons are made against the following baselines: SVRG [7], L-BFGS [9], Trust
Region [17], and Newton Conjugate Gradient (Newton-CG) [8, 15]. As discussed earlier, al-
though the stochastic/randomized method is non-deterministic, it still guarantees that the objective
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Algorithm 2: Randomized Block Proximal Gradient (RBPG) Method

B3

i]12
2”2, setTandt =0

Data: X € R™*?; initial W = [wi, wi, ... ,wg]; compute L; =
fort < T do
Sample i; € {1,2,...,d} uniformly at random or with probability L;,/ >, L;;
Wi = Wy + U, (prOX;git (wy' — 7 Vif (W) — W?)§

't

end

teration . Time 104 Heration
10

il R il R SO we o I

Figure 3: Comparison of our two methods with counterparts on DNA and Poker datasets [8].

function is monotonically decreasing. This differs from SVRG, where only the expected objective
is guaranteed to decrease. Besides, SVRG requires strong convexity of the objective, which is not
true for vanilla MLR. Thus we add ||[W||% as a regularizer to satisfy the requirement. Fig. 2 shows
the comparison on two real-world datasets: Segment and Poker. In Algorithm 1, each outer loop
involves a full cycle of feature-wise updates, which is equivalent to d iterations in Algorithm 2. We
observe that to achieve the same objective value, the ratio % ~ d. For example, in the
third subfigure, to reach an objective value of 6 x 10%, RBPG requires 60 iterations, while CBPG
needs only about 6. A similar pattern can be seen in the first subfigure, with a ratio around 18. In
terms of time consumption, although the theoretical complexity is similar, practical performance
differs. This discrepancy arises mainly because RBPG frequently computes the objective function,
which becomes costly when the dataset is large. We also compared our method with traditional
optimization algorithms such as L-BFGS on medium-scale datasets. Our method consistently out-
performs these baselines in both iteration count and wall-clock time. Fig. 3 presents results on the
DNA and Poker datasets, which are representative of broader trends. We exclude the time perfor-
mance of Newton-CG due to its significantly higher computational cost—primarily from computing
the Hessian matrix—despite not being the worst in terms of iteration count.
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The convergence proof in this section largely follows [3], and we leave the sampling importance
version of RBPG to the future work.

Appendix A. Lemma 2

Lemma 5 Let {W,};>( be the sequence generated by the CBPG method described in Algorithm 1
for solving problem Eq. (4). Then for any t > 0,
Lmln

max

(F(Wis1) = Fopt), (13)

where R = RF(W@): Lmax = maX;—1.2,..d Lj and Lmin = mlnj:l,Q,...,d Lj.

Proof By the definition of CBPG method, forany ¢ > 0 and j € {1,2,...,d},

Wi, = PrOX g, (WJJ 1 Llj Vif (Wt,j—1)> : (14)
By making use of second prox theorem [3], for any y:
9i(y) = g;(Wi ) + L <Wij 1 jij(Wt,j—l) -Wi, y- W?,j> - (15)
By the definition in Eq. (8), we have
9;(y) > 9;(Wi )+ L; <W] L1]V FWejo1) = Wi, y— Wf+1>- (16)

Since the above holds for any y, if we sety = Wi then
gj(Wi) (Wt+1) + L <W V f(WtJ 1) Wt+17 W Wg+1> 17

By summing the above over j = {1,2,...,d} ylelds

d
1 . A ,
g(Wi) > g(Wii1) Z < ij(Wt,j—1) - W/, ,, W] - W§+1> . (18)
= L;

By making use the convexity property of function f:

F(Wi1) = F(Wy) = f(Wir1) — f(Wa) + 9(Wig1) — g(Wa)
< <Vf(Wt+1) Wit — W) + g(Wip1) — g(Ws)

(19)
Z <V F(Wep) Wfﬂ - Wi> +9(Wip1) — g(Wa),
which together w1t_h Eq. (18) implies:
F(Wii1)— Z<V F(Wein), Wi — >+iL <W77—V FWejo1) - Wi, W{+17W1>
= iz

zd;<v F(Weir) = Vi (Wego1) + Li(Wi = W), Wi, — Wi,

iz
(20
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By using Cauchy—Schwarz and triangle inequalities:

d
F(Wi4) - Z(watm Vi (Weg0)ll + LW = Wi 1) - [Wi,, - W)

Mg

(IV(Wi1) = VEWo g0+ LW = W) - W,y — W
1

J

(Ll Wit = Wegotll 4 Linax Wi = W) - W, — Wi

M&

1

J

<(Lf 4 Linax) [Wig1 — WtHZ||Wt+1 Wi

j=1
(21)
Therefore,
d 1\’
(F(Wiy1) = F(W.))? < (Lf + Liax)*[Wer1 — Wi Z 1 — Wi
<d(Lf + Linax) [ W1 — WtHZZ Wi, — Wi
7=1
=d(Lf + Lmax)?*[[Wis1 = We|* - [Wi1 = W2 <d(Lf + Lmax)* Ry | Wes1 — Wi,
(22)

where the last inequality follows by the monotonicity of the sequence of function values and as-
sumption. Combining all above and define R = Rp(w,), we obtain that:

Lin
~ 2d(Ly + Limax)?R?

F(Wy) — F(Wiy) > Lr;nHWtH W|* > (F(Wi1) — F(W,,))2.

(23)

Appendix B. Theorem 3

We first introduce the following lemma.

Lemma 6 Let {ay,},>0 be a nonnegative sequence of real numbers satisfying
L 5
ap — Qpy1 = —0pyq, foralln=0,1,2,...
v

for some v > 0. Then for any n > 2,

(n—1)/2
a, < max { (;) ao, n4_71 } . (24)




SPECIFY RUNNING TITLE

In addition, for any € > 0, if n > 2 satisfies

21
n > max 052 , 41 +1,
logag + log(1/e)’ €

then a, < e.

Proof Let n > 2. If a,, = 0, then the bound Eq. (24) holds trivially. We can thus assume a,, > 0,

which implies a1, ag, ...,a,—1 > 0. Forany k € {0,1,...,n — 1}, from the assumption we have:
1 1 — 1
) e o > L Ok (25)
Ak+1 a Qi1 Y ak

Now, for each k, consider two options:

Q41
ag

®

Ok+1
ag

N = N

(ii)

\%

Under option (ii), using Eq. (25), we obtain:

1 1

1
2 S
k41 Ak 2

Assume 7 is an even positive integer. If there are at least % indices k£ € {0, ...,n—1} for which
(ii) holds, then summing the inequality above:

1 1>n 1 n N <47
B SO a =1
an ap 2 2y 4y "= n

Otherwise, option (i) occurs at least % times. Each such step satisfies ag 1 < %ak, so we have:

1 n/2
an < (2) ao
Combining both cases, we have:

1\"/? 4y
a, < max 3 ag, — p, forevenn. (26)

n

If n > 3 is positive odd integer, then

(n—1)/2 4
tn < @n_1 < max { @) ao, —2 } . @7
n—1

Since the right-hand side of Eq. (27) is larger than the right-hand side of Eq. (26), the claimed result
follows.

10
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To ensure a,, < ¢, it suffices that:

These are equivalent to:
2
~ log(2)

Hence, it suffices to choose:

(log(ap) + log(1/e)) +1, n> 4? +1.

2
log(2)

n> max{ (log(ag) + log(1/¢)), 4):} + 1.

We now turn back to the theorem part. Denote a,, = F'(W;) — Fi¢, by invoking Lemma 6, where

2 p2
= M, the desired result follows immediately.

Appendix C. Theorem 4

Proof For the sake of convenience in later analysis, we define

GLW) = L(W' — prox, (W' — L Vif(W)))

d 28)
~ 1 ;
G(We) = (GF, (W), G, (Wo),... GE, (W) ) L [W L = D = |w'll3.
i=1 """
For any n > 0, r, := |W,, — W,||, then for any ¢ > 0:
1 ) 2
o Wi = Wl = [ Wi - e [, (wo - w.
it L

2
L;,

=7 =2 (G} (W), Wit = Wit) +

1 Z't it ]‘ ’it
=W, - WL} - L, (G}, <Wt>,wt ~ W) G (W)
it

2
G (Wt)H :

L“

Taking expectation w.r.t. ;, we obtain
d

d
1 1 1 . . ) 1 )
E, (Zrtal) =3 gZ@L (W0, Wi = W)+ 3, 57 G0
1
-G (Gw

1 2
Wi = W) + o [GWF..

(29)

By the block descent lemma:

f(Wep) = f (Wt - %

t

— (TS OW0. G, (W) + 516, (W)

U, [Gl’t (Wt)D < F(Wy) - i
(30)

11
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Hence,

1 , 1 ,
F(Wiy1) < f(Wy) — I <vitf(wt)7 G, (Wt)> + ﬁHGlLtit (WolI> +9(Wei1). (31)

it
Taking expectation of both sides of the last inequality w.r.t. 7;, we obtain

d

1 it 1 =~
BalF(We)] < /(W) =53 1 (Vi (Wi, Gl (W) 4 o | GOWDIE .+ Eig(Wia)
. (32)
Since W Y1 = prox.i (Wit — 2=V, f(Wy)), by second prox theorem again:
t '

; i I i i i L
(W) = i, (Wi 226, (W) )+ (=0 f(W0) 4 G (W), Wi = Wi+ G, (W)

L;, L;,
(33)
Note that:
1 d—1 1<
B4 (W) = GaW-JB3 faWes)] = oW + 5 S (Wi pal,w).
) (34)
By plugging the above into expectation of Eq. (33):
1
Ei, [g(Wii1)] EZ <V fF(W), (Wt)>
=1 (33)
1 d—1 ~ 1, ~ 9
< Zg(W.) + g (W) = (VW) = GW), W = W) = SIGWR.

Plugging the above into Eq. (32), we have

B, (F(Wei)) < S(W) = S IGOWIE L+ 20(W.) + 5 (VA(W) = GIWL), W, = Wi) + - Lg(W,).

d

(36)

Combining it with convexity property (V f(W;), W, — W;) < f(W,) — f(W;), we obtain:

d—1 1 1, ~ 1/~

Ei,(F(Wii1)) € “=F(W)) + ZF(W.) = - [GW)F . = < (GWy), W, - W)

(37
The above inequality, combined with Eq. 29, yields the relation:
1 1 d—1 1

i (3720 ) < g+ S P(WD) + TF(W.) — B (F(Wie), G8)

which can be rearranged as

1 1 1
Eit (2Tt2+1 -+ F(Wt—H) - Fopt> S <2Tt + F(Wt) opt) - d ( (Wt) opt> (39)

Taking expectation over &_1 = {ig,1,...,%—1} (Which is a multivariate random variable) of both
sides we obtain

1 1 1
Ee, <27“3+1 + F(Wyy1) — Fopt) < B, <2T? + F(Wy) — F"Pt) o d (Ee,_, (F(Wy)) — Fop) -
(40)

12
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Therefore, we can conclude that:

B, (F(Wi)) — Fo < B (1 o1+ F(Wiia) — Fo) @)
1 1«
<2r0 + F(Wo) = Fop = 5 z_% Ee, , (F(W;)) — Fop) - (42)
Since the objective is always decreasing (each block will decrease), we have:
Ee,(F(Weg1)) — Fopr < ;7“0 + F(Wg) — Fope — t; 1 (Ee, (F(Wi41)) — Fopr) s 43)
the desired result follows immediately from the above after simple rearrangement. |

Appendix D. Bound on ), (J)

We now turn to bound A4, (J). Since J is PSD, by definition:

d d

2

Amaz(J) = “Da”aX1 vIJv=v'diag(p)v — (p'v)? = Zpiv? - (ZPz‘W) = Varp(v).
M i=1 i=1

Given the constraint ||v|| = 1, and according the Popoviciu’s inequality on variances, we obtain the
desired result in Eq. (7).
In fact, we can also prove the above conclusion from another perspective:

Gershgorin circle theorem Every eigenvalue of J lies within at least one of the Gershgorin
discs [6] D(p;i(1 — p;), pi(1 — p;)), therefore A < 2p;(1 — p;) = 2 * % = %

Appendix E. Bound on L for whole (matrix-wise) update

Given the fact that

n
H = ) (diag(pi) — pip; ) ® (xi%]),
i=1
we have [[HJ[2 < 3| 3%, (xix;)||l2 = 3 XX T ||2 = 4||X]|3, where the first inequality we make
use of the fact of Eq. (7).

Appendix F. Class-wise L

For sake of convenience, we denote H as the permutation of Hessian, which is given by:

n
H = ) (xx))® (diag(pi) — pip; ),
i=1
we now consider L, for class-wise update. Simple manipulation gives

1 1
[HL(k, k)l = HZ xix] )pik(1 = pig)2 < JIXXT 2 = X3,

which results in same concluswn as Eq. (3).
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