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Abstract

Stochastic gradient methods are among the most important algorithms in training
machine learning problems. While classical assumptions such as strong convexity
allow a simple analysis they are rarely satisfied in applications. In recent years,
global and local gradient domination properties have shown to be a more realistic
replacement of strong convexity. They were proved to hold in diverse settings
such as (simple) policy gradient methods in reinforcement learning and training
of deep neural networks with analytic activation functions. We prove almost sure

convergence rates f(X,) — f* € o(n_w%l"’e) of the last iterate for stochastic
gradient descent (with and without momentum) under global and local 5-gradient
domination assumptions. The almost sure rates get arbitrarily close to recent rates
in expectation. Finally, we demonstrate how to apply our results to the training
task in both supervised and reinforcement learning.

1 Introduction

First-order methods to minimize an objective function f have played a central role in the success of
machine learning. This is accompanied by a growing interest in convergence statements particularly
for stochastic gradient methods in different settings. To ensure convergence to the global optimum
some kind of convexity assumption on the objective function is required. Especially in machine
learning problems the standard (strong) convexity assumption is nearly never fulfilled. However,
it is well known that achieving convergence towards global optima is still possible under a weaker
assumption, namely under the gradient domination property, often referred to as Polyak-f.ojasiewicz
(PL)-inequality [45]]. Also in reinforcement learning, multiple results have shown that the objective
function for policy gradient methods, under specific parametrizations, fulfills a weak type of gradient
domination and therefore provably achieve convergence towards the global optimum [34} 33,111} 21]].
Improving the understanding of rates and optimal step size choices for stochastic first order methods
is of significant interest for the machine learning and reinforcement learning community. Many
classical results identify convergence rates for the expected error E[f(X,,) — f*]. In the present
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article, we focus on almost sure convergence rates for the error f(X,,) — f* in stochastic gradient
schemes under weak gradient domination. The contribution of this work is as follows:

(1) Under global gradient domination with parameter 3 (on the entire function domain), we prove that
the last iterate of stochastic gradient descent (SGD) and stochastic heavy ball (SHB) converge almost

surely and in expectation towards the global optimum with rate arbitrarily close to o(n~ =T ). The
almost sure and expectation rates of convergence that we obtain depend on the gradient domination
parameter 3 and are the same for both algorithms and convergence types. For SGD this rate
is arbitrarily close to the tight upper bound known in expectation [12], while the almost sure
convergence rate is new for the (weak) gradient domination assumption (see Theorem [.1] and
discussion afterwards). To the best of our knowledge for SHB this is the first convergence result
towards global optima under (weak) gradient domination, for both almost sure convergence and
convergence in expectation (see Theorem [.2)).

(i) We consider the case where the gradient domination property holds only locally, either around
stationary points or around global minima. We provide the first local convergence rates under
these settings: we prove that SGD remains within the good local region with high probability and,
conditioned on this event, we obtain converges rates almost surely and in expectation (see Theorem[5.]
and Theorem[5.2).

(iii) Our local setting covers generic classes of functions. In particular, we demonstrate that it
encompasses the training task of deep neural networks with analytic activation functions in supervised
learning. Our result illustrates that the iterates of SGD are likely to become trapped in areas of local
minima when the step size is is small. We verify under mild conditions, that SGD converges to local
minima with given convergence speed (see Corollary [6.T).

(iv) Finally, we derive novel convergence results for policy gradient methods in reinforcement
learning. We show that local gradient domination holds around the global optimum for the softmax
parametrization resulting in the first local convergence rate for stochastic policy gradient with arbitrary
batch-size (see Corollary [7.2).

We summarize the contributions of this paper in Table [l| These findings are also illustrated in a
numerical toy experiment in Appendix [E] where we have implemented SGD and SHB for monomials
with increasing degree.

Table 1: Summary of known and new results. Table presents convergence rates for tuned step size
(e > 0 arbitrarily small). Dom.: gradient domination holds locally or globally; local*: additional
assumption on ; required and results holds only locally. a.s.: almost surely; [E: in expectation. Ref.:
for some cited results minor adjustments are necessary.

B Step size Rate Dom. Algo. Conv. Ref.
a.s. 4.1](); e.g. [27, Thm. 1]
obal SGD 71 (ii); e.¢. [20, Thm. 3]
Lot o(n ) & SHB & 2(0); e.g. 127, Thm. 2]
2 E A7) (ii); e.g. (25, Thm. 4.3]
as. 1/ Gh); B.2] (i)
local* SGD g BT (i) 3. Giih); e.g. [33) Thm. 4]
a.s. 4.1] (1)
SGD g 71 Gii); e.g. [12) Cor. 1]
1 __28_ R T global a.s. 2| (1)
(3,116 (n~F5)o () sup & fA0)
a.s. [ ()3 15.2] (i)
local* SGD E E (iii); (i)

Related work. We give a brief overview of related literature. For a more detailed literature review
and classification of our contributions we refer the reader to Appendix [A.T]

Usually, convergence rates for stochastic gradient methods are analysed in expectation or with high-
probability bounds. Though originally, motivated by [46], research commenced with the quest for



almost sure convergence rates for gradient methods. In recent years, almost sure convergence rates
towards global optima have been derived under (strong) convexity [49, |27]]. The authors in [49]
also analyzed almost sure convergence rates for SHB but under the assumption of convexity and
[27] studied SHB under (strong) convexity and in a non-convex setting. Under the global gradient
domination property almost sure convergence to a critical point is provided in [7], though without a
rate.

There has been a lot of effort to derive local convergence guarantees for stochastic first order
methods. It was shown in [35]] that, subject to certain assumptions on the objective function, the SGD
scheme converges almost surely towards a local minimum. By assuming strong convexity within a
neighbourhood of a local minimum, they further established a local convergence rate conditioned on
the event of remaining in this neighbourhood. We extend ideas from the strongly convex setting to
local gradient domination and derive local convergence rates, both in the almost sure and expectation
sense. In our analysis we distinguish the cases where the local gradient domination property holds in
a neighbourhood of a local minimum or in the neighbourhood of the global optimum respectively.

For the application in the training of DNNS, it is worth noting that local convergence of SGD has
been analyzed under stronger variants of gradient domination [52,|1]]. Due to the stronger form of
gradient domination, specific sub-classes of DNNs need to be considered to verify these assumptions
whereas our result is only constrained to analytic activation functions.

For the application in reinfordement learning, recent results showed that choosing the tabular softmax
parametrization in policy gradient (PG) algorithms results in objective functions which fulfill a
non-uniform gradient domination property [34, |55, [21]]. While convergence of PG for exact gradients
is well understood, convergence rates for stochastic PG are rare and mostly require very large batch
sizes [9} 21, [10]. It is noteworthy that a similar local analysis for stochastic policy gradient under
entropy regularization is presented in [[10]]. Their local result is also based on [35]], but requires an
increasing batch size sequence to obtain O(%)-convergence towards the regularized optimum with
high probability. In contrast, we consider both the unregularized and entropy regularized setting
and observe that one can also achieve convergence arbitrarily close to 0(%) without the need for an
increasing batch size. Moreover, the local convergence occurs almost surely on an event with high
probability.

2 Mathematical Background - Optimization under Gradient Domination

We consider the problem of solving the minimization problem of the form

min f(z), (H

reR4

where f : R? — R denotes the objective function of interest. Throughout this paper we assume
that the objective function is bounded from below by f* = inf,cga f(2) > —oo and satisfies the
classical L-smoothness assumption (either locally or globally):

Assumption 2.1. The objective function f : R — R is differentiable and the gradient V f is

(i) globally L-Lipschitz continuous, i.e. there exists L > 0 such that |V f(z) — Vf(y)|| <
Lz — y|| forall 2,y € R%.

(ii) locally L-Lipschitz continuous, i.e. for all R > 0 there exists L(R) > 0 such that |V f(z) —
VW < L(R)|lz — y| forall 2,y € R with |, |y| < R.

Using (global) L-smoothness, the descent lemma provides the inequality

F(w) < F@) + (T @)y —a)+ 2y —al? @

which is a fundamental instrument to analyze first order optimization methods. As a motivation recall
the iterative update generated by gradient descent with constant step size v < +, i.e.

Tpn+l1 = Tn — 'va(l’n), 1 € RY .

Applying (@) and the iteration scheme yields the iterative descent property

Fnsn) = £ < [fl@a) = 7] = IV Faa) >



Under further strong convexity assumption it is classical to show that the gradient descent algorithm
converges to a global minimum at a linear rate. In order to derive a convergence rate without assuming
convexity of f one can use dominating relations of the gradient V f (x) with respect to the optimality
gap f(x) — f*. In particular, as demonstrated in [19] it is nowadays well-known that gradient descent
converges linearly under the PL-condition which assumes that there exists ¢ > 0 such that for all

x € R there holds

V(@) = e(f(x) - f*)° 3)
with exponent 8 = 1/2 [45]). It is worthwhile to emphasize that (3)) is weaker than strong convexity,
the classical textbook assumption that fails for many applications. Under the PL-condition the
iterative descent property can be written as a recursion:

F(nsn) = £ (1= 5) [Flan) = 1]

In fact, there are many works analyzing (stochastic) first order methods under the weaker Lojasiewicz
condition formulated in (local) areas around stationary points 2* and exponents 8 € [1/2,1] [22,[12}
48| [51]]. For general 8 € [1/2, 1] the recursive descent property reads as

F@ntn) = 71 < [F@a) = 7] = 5 [fa) = £
leading to sub-linear convergence for § > 1/2.
For the purpose of our analysis of stochastic gradient methods, we collect the following types of
global and local gradient domination properties.
Definition 2.2. Let f : R? — R be continuously differentiable with f* = inf,cpa f(z) > —oo.

1. We say that f satisfies the global gradient domination property with parameter 3 € [%, 1] if
there exists ¢ > 0 such that for all € R? it holds true that

IVF(@)l| = e(f(x) = f)°.

2. Let z* € R9 be a stationary point, i.e. V f(z*) = 0. We say that f satisfies a local gradient
domination property in z* with parameter 5, € [%, 1] if there exist a radius 7.« > 0 and a
constant ¢« > 0 such that

IV f @)l = o |f(2) = ()P
forallz € B,,, (z*) = {y € R : ||a* — y|| < r,~}. We say that f satisfies a local gradient
domination property in f* with parameter 3 € [3, 1] if there exist a radius 7 > 0 and a

constant ¢ > 0 such that
IVF (@) = e(f(2) = £4)°
forallz € Bf = {y e RY: f(y) — f* <r}.
Remark 2.3. 1If § = % we will call the gradient domination strong since it is implied by strong

convexity. In contrast, we call the gradient domination weak for 8 € (%, 1]. Moreover, note that for
the local gradient domination property in «* the parameters r and ¢ may depend on x*. Furthermore,
we emphasize that for the definition of the local gradient domination in f* we do not require the
existence of * € arg mingcga f().

The PL-condition mentioned above is a special case of the general global gradient domination
property for 8 = % In [30] it has been demonstrated that all analytic functions satisfy the local
gradient domination property, emphasizing the particular significance of the local case. Further, it has
been proved that all overparametrized neural networks fulfill the local gradient domination property
[26]. See also [31[8,[15] and references therein for the application of (strong) gradient domination to
(deep) neural networks. In [[12} 2] 4] 59]] examples of functions are discussed that fulfill the (weak)
gradient domination property. For instance, one-dimensional monomials f(z) = |z|P, p > 2, satisfy
the weak global gradient domination property with § = pp;l. We refer to [[12, Appendix A] for
a longer list of globally gradient dominated functions including convex and non-convex functions.
Notably, in reinforcement learning it is known that the tabular softmax parametrization leads to a
parametrized value function that satisfies the so-called "non-uniform" PL-inequality [34, 33| [21]]. In
Section[7] we will show how this non-uniform gradient domination implies local gradient domination
for f*. This renders our local analysis of stochastic gradient methods specifically applicable in RL.
As mentioned earlier, since every analytic function already satisfies local gradient domination, we
expect that the local analysis can encompass further parametrizations, such as neural networks.



Assumptions on the Stochastic First Order Oracle. Let (2, F,P) be an underlying probability
space. In general, we assume that we can access the exact gradient V f () through a stochastic first
order oracle V : R? x M — R? defined by

V(z,m)=Vf(z)+ Z(xz,m), zcRY meM, )

where (M, M) is a measurable space, Z : R x M — R? is a state dependent B(R?) @ M /B(R%)-
measurable mapping describing the error to the exact gradient V f. The stochastic gradient evaluation
is then modelled through V' (z, ), where the random variable ¢ : 2 — M is independent of the state
2 € R%. We make the following unbiasedness and second moment assumption:

Assumption 2.4. We assume that for each 2 € R? it holds that

E[Z(z,0)] = / (2, ¢(w))dP(w) = 0

Q

and there exist non-negative constants A, B and C such that for all z € R? it holds that

E[|V(z,¢)|”] < A(f(z) — f*) + BIIVF (@) + C. (ABC)

It is worth noting that the assumption is a generalization of the bounded variance assumption
that appears for A = B = 0. It was introduced by [20] as expected smoothness condition and shown
to be the weakest assumption among many others.

Stochastic Gradient Methods. The following two classical optimization algorithms will be an-
alyzed in this article. Both algorithms are described as discrete time stochastic process (X, )nen
driven by noisy gradient evaluations in (). In each iteration, we assume that the stochastic first order
oracle is accessed through the evaluation of (,, 1 which is a copy of ¢ independent from the current
state X,,.

The stochastic gradient descent (SGD) scheme is given by the stochastic update
Xot1 = Xn = V(Xn, CGat1)

where X is a R%-valued random vector which denotes the initial state. To keep the notation simple,
we will introduce V;,11(X,,) := V(X,,, (nt1) suppressing the explicit noise representation through
(Cn)nen in the following. The iterative update formula then reads as

Xnt1 = Xn — M Vg1 (Xy). (SGD)

The iterative scheme of stochastic heavy ball (SHB) is defined by
Xn+1 = Xn - ’ann—&-l(Xn) + V(Xn - Xn—l) ) (SHB)

with initial R%-valued random vector X;. The additional summand is called the momentum term
with momentum parameter v € [0, 1). In both cases, (v, )nen denotes a sequence of positive step
sizes and we denote by (F,,)nen the natural filtration induced by the process (X,,),en. Note that
we adopt the convention where the set of natural numbers N refers to the positive integers excluding
zero. When necessary, we explicitly define Ny := N U {0}.

Under smoothness of the function f one can use the global gradient domination property in Defini-
tion [2.2]together with the to derive an iterative inequality of the form

]E[f(X”-‘rl) - f* | -/.'.n}
Ar? 2 5 )
< (14229 x) — ) — (0 = B g0 - 20+ KD

where (X,) is generated by (SGDJ). We provide more details in Appendix Typically, the expec-
tation is taken on both sides of the inequality to derive a convergence rate in expectation by working
with recursive inequalities. In this article we push the argument further. We combine smoothness and
gradient domination with a variant of the Robbins-Siegmund Theorem (see Lemma[A.2) to derive
almost sure convergence rates.



3 Preliminary Discussion on Super-Martingale Convergence Rates

In the previous section, we have sketched how to combine the global gradient domination property
with smoothness to derive a recursive inequality of the form

E[Yn+1 | Fn} < (1 + Cl'Yn)Yn - 6277LY7L26 + CS’YZ 3

where Y,, := f(X,,) — f*. For analysing these inequalities, we must deal separately with the strong
gradient domination case (5 = %) and the weak gradient domination case (8 > %) to avoid divisions
by zero. For the former case the recursive inequality simplifies, whereas a more complex analysis is
required for the latter. To establish almost sure convergence rates we employ convergence lemmas for
super-martingales based on the Robbins-Sigmund Theorem. This methodology has been introduced in
[49] and further utilized in [27]] to analyze SGD and SHB under (strong) convexity. In the following,
we illustrate how to extend the arguments to convergence under the global gradient domination
property. Here is our super-martingale result that also encompasses [27, Lemma 1] when 8 = % for
completeness:

Lemma 3.1. Ler (Y,,)nen be a sequence of non-negative random variables on an underlying
probability space (Q, F,P) with natural filtration (F,)nen and suppose there exists 3 € [%, 1],
c1,c3 > 0and co > 0 such that

ElYni1 | Fal € (L4 amp)Ya — c2m ¥y + i
foralln > 1, where ~y,, = @( 5 ) for some fixed 0 € ( ) Then, for any

. (max{z—ze 01252y 1) B e (3,1]
(2-20,1) B =

1 ’
2

(Y,)nen vanishes almost surely with Y, € o (nl%n)

4 Convergence for Global Gradient Domination Property

In this part of the paper, we provide our global convergence result in a non-convex and globally
smooth setting. Combining the recursive inequality (3)) with the super-martingale convergence result
from Lemma [3.T]leads to the following theorem. The detailed proof is given in Appendix [C|

Theorem 4.1. Suppose Assumption and Assumption [2.4] are fulfilled and let f satisfy the
global gradient domination property from Definition 2.2\ with 3 € [%,1]. Denote by (X, )nen the
sequence generated by (SGD)) using a step size v, = @( ) with 0 € (,1). For any

c {(max{2 — 20, 0556;2}, 1) B e (5,1]
(

2-20,1) B=3

it holds that

(i) F(Xp)—f €0 (n11_n> L as., and (i) E[f(X,)— f*] €o (nll_n> .

To the best of our knowledge our theorem presents the first convergence rate for SGD under weak
gradient domination with respect to almost sure convergence.

It is natural to ask which 6 leads to the best convergence rate. Optimising for 7 yields an optimal

choice 0§ = 45—'81 to achieve the best possible rate of convergence This specific choice yields a
lower bound of the interval given by 2 — 20 = 9‘525 12 =1- 4 /3 7 and therefore an almost sure

convergence of the form o( ) where p is arbitrarily close to ; B 7 (see also Table Ii We emphasize
that the rate we obtain is arbitrarily close to the one obtained in [[14}[12] in expectation and is tight
according to [12} Prop. 2].

Roughly speaking, our result guarantees a faster convergence rate for "stronger" gradient domination

properties (i.e. for smaller 3). Indeed, as 2 — 26 > 9.5;? I2 for 3 sufficiently close to % our result is




consistent to the one presented in [27, Thm. 1] by replacing the pu-strongly convex assumption with
the strong gradient domination property with § = 5

Similar arguments can be used to derive almost sure convergence rates for SHB under global gradient
domination:

Theorem 4.2. Suppose Assumption 2.1)[(i)] and Assumption [2.4] are fulﬁlled and let | satisfy the
global gradient domination property from Definition |2.2|with 3 € [ ,1]. Denote by (X,,)nen the

sequence generated by (SHB) using a step size v, = ©(-5) for 6 € (5, 1). For any

0 e (maX{Z — 20, 9§§§12}, 1) B e (5,1]
(2-26,1) B=3

it holds that
(i) F(Xn)— f* €0 (nfn> L as. and (i) E[f(Xa) - f7] €0 (nfn) .

To the best of our knowledge, our result gives the first convergence proof of SHB to global optima
under weak gradient domination, with rates for almost sure convergence and convergence of expec-
tations. The resulting convergence rate using the optimized step size are summarized in Table
In the strong gradient domination setting our rate in expectation gets arbitrarily close to the O( ;)
convergence obtained in [25]. It is noteworthy that the utilization of SHB in our analysis does not
yield a superior convergence rate compared to SGD. This arises from the proof technique and aligns
with the findings in [27, 49]] where the authors similarly achieve no acceleration. In general, for
deterministic settings acceleration of gradient methods can achieve improvements of convergence
rates [51]. Though in the special case of gradient domination with § = %, HB as well as Nesterov
cannot accelerate in the deterministic setting as shown in [56].

5 Convergence for Local Gradient Domination Property

In this section, we want to generalize this analysis [35] under local strong convexity to the weaker
local gradient domination property for different cases of 3. We consider the two cases of local
gradient domination separately. The contributions and differences of our results under less restricted
assumptions are the following:

First, we show in both cases that SGD remains in the gradient dominated region with high probability
by only assuming local gradient domination instead of local strong convexity. Especially in the
case of a local minimum x* this is a challenging task, as we have to ensure that the SGD scheme
(X, ) nen remains close to 2* without exploiting convexity. We can guarantee this whenever z* is in
an isolated connected compact set of local minima X'*. We prove convergence towards the level set
of X* and obtain Theorem[5.1} Second, additionally to convergence in expectation we prove almost
sure convergence conditioned on the "good event". Third, due to the weaker gradient domination
assumption and no convexity, one cannot expect the convergence of X, to (local or global) minimum
x*, instead we focus on convergence of f(X,,) to f(x*). In [29] they delve into the rationale behind
considering this as a more robust metric.

The main result under local gradient domination in a local minimum x* is as follows:

Theorem 5.1. Fix some tolerance level § > 0 and let X* C R? be an isolated compact connected set
of local minima with level | = f(:v*)for all x* € X*. Suppose that f satisfy the local gradient domi-
natlon property in each x* € X*, f is locally G-Lipschitz continuous and satisfies Assumption
)| Moreover, suppose Assumptlonn 2.4\ hold true. Denote by (X, )nen the sequence generated by
I) using a step size v, = ©(=5) for 0 € (3,1) and suppose that ~,, < y1 for v, small enough
(dependent on §). Then, the followmg holds:

(i) There exist subsets U and U, of R? such that, if X, € U, the event Oy = {X,, €
U foralln =1,2,...} has probability at least 1 — 6.

Moreover, there exists 3 € [%, 1] such that for any

c {(max{Z — 20, 9+2ﬁ12} 1)
(2-20,1)




it holds that

(i) |f(Xn) —I|1a, € o <n11_n> L as., and (i) E[|f(X,) —l1g,] € 0 <n11_n) .

The proof and more details on the sets ¢/ and U, as well as on 3 can be found in appendix [

The main result concerning local gradient domination in f* is presented below and does not necessitate
the existence of a local minimum or any stationary point. It is worth noting that the definition of local
gradient domination in f* guarantees the gradient domination property for any x with f(z) close to
f*. Consequently, this definition ensures that functions satisfying this property cannot possess local
minima or saddle points within this region.

Theorem 5.2. Fix some tolerance level 6 > 0. Suppose f satisfies the local gradient domination
property in f* from Definition|2.2|with B € [ 1] and B C R%. Moreover, suppose within B} f is
G-Lipschitz continuous, Assumptlon n. and Assumptlonnhold true. Denote by (X, )nen the
sequence generated by (SGD)) using a step size v, = 6( ;) for 0 € (,1) and suppose that v, < 11
for v small enough (dependent on §). Then, the followmg holds:

(i) There exist subsets U and U, of R such that, if X1 € U, the event Oy = {X, €
U foralln = 1,2,...} has probability at least 1 — 6.

Moreover, for any

) {(max{2—20, Y ) e (% 1]
(2 - 297 1) 6
it holds that

() (FX,) = 010, €0 (g ) ase and (i) BIGCE) — Pta€o (5 ).

6 Application in the training of neural networks

In supervised learning one aims to approximate an unknown model ¢ : R% — R% by a
parametrized function g,, : R% — R% with parameter w € R%. Given a family of training
data ((Z("™) Y (™)), cn generated as i.i.d. samples from an unknown distribution [4(z,y") One usu-
ally chooses the parameter w € R% by solving

min EH(Z‘Y) [(I)(gw(Z)7 Y)] ’

wERdw

where ® : R% x R% — R, is a user specific data discrepancy. One popular choice of parametriza-
tions are DNNs. We define a neural network of depth L € N by the recursion

20 1=z, z4=0®% (Apze—1+bp), £=1,...,L—1, gu(2):=Apzr_1+br.
The weights ((Ar, be))L_; of the DNN are collected in w € W := x}_ (R%Xde-1 x Rde) ~ Rw,
and 0®? : RY — R describes the component-wise application of the actlvatlon function o : R — R.

Provided that o and @ are analytic, and (Z,Y") are compactly supported R% x R%-valued random
variables, then fPNY : R% — R, defined by w = Ey, , ., [®(9w(Z), )] is analytic [8, Thm. 5.2]
and therefore satisfies local gradient domination in any stat10nary point w, (see Definition[2.2)) [30].

In our notation, the stochastic first order oracle takes the form
V(wv (Z, Y)) = waDNN(w) + (Vu®(9u(2),Y) - waDNN(w)) )
where we denote ¢ = (Z,Y) and the iterative SGD then reads as
Whi1 =Wy, — 'anw(b(an(Zn-i-l)v Yn+1)

with ¢, = (Z,,Y,) independent and identical distributed. The iterative scheme of SHB can
be written similarly. Note that this scenario also includes the empirical risk minimization of

LS ®(gu (™), y™) when ¢ = (Z,Y) ~ 2 S0 8 m) 4wy, see Appendix for
more details. The following local convergence is a direct consequence of Theorem [5.1]



Corollary 6.1. Let 6 > 0. Denote by (W, )nen the sequence generated by SGD with w +
Vo fPNN(w) as objective function, step size v, € ©(n~?) for 0 € (3,1), and assume that fPNN
is analytic. Let W* be an isolated compact set of local minima with level | = fPNN(w*) for all
w* € W* and suppose Assumption[2.4)is satisfied within W*. Suppose that y,, < 1 for sufficiently
small v, (depending on §), then there exist two subsets U,Uy of R% such that Wy € U, implies
that the event Qyy = {W,, € U, for all n > 1} has probability at least 1 — §. Moreover, there exists
B € [3,1] such that for any

c (maX{Z — 20, 9;5312}, 1) B e (5,1]
(2-20,1) B=3

it holds that | fPNN(W,,) — l|1q € o(n"~1) almost surely and in expectation.

In words: If the iterates of SGD reach a certain area around a local minimum, they are likely to become
trapped in that region with high probability, provided that the step size is sufficiently small. This
results shows that, under very general conditions, SGD converges to local minima and furthermore
quantifies the convergence speed.

Remark 6.2. One may similarly apply Theorem[5.2]in the training of DNNs to derive convergence
towards a global minimum with high probability provided that the initial loss fPNN(X7) and initial
step size 1 are sufficiently small.

7 Application in Reinforcement Learning

Let (S, A, p,r,p) be a discounted MDP with finite state space S, finite action space .A and discount
factor p € [0,1). Further, 7 : § x A — R, is the positive expected reward function and p(s’|s, a)
describes the transition probability from state s to s’ under action a. As in [34] we assume that
the rewards are bounded in [0, 1]. Consider the stationary tabular softmax policy for parameter
w € RISIMAI je.
exp(w(s, a))

weq, exp(w(s,a’))
In the following we consider entropy regularized PG jointly with vanilla PG by setting A = 0 when
no regularisation is considered. Then, for an initial state distribution y, the value function under the
softmax parametrization is given by

mw(als) = 5 , VseS§,ae A

Vi (u) = E;» {Z p'r(St, At)] —AE;v {Z o' log(my, (A4]Sy)
t=0 t=0

and denote by V(1) the global optimum and by 7* the optimal policy. If A > 0 there exists a
continuum of optimal parameters w*, such that V" () = V;(p). If X = 0 no such parameters
exists.

In order to maximize the objective we use stochastic gradient ascent. For A = 0 this is called
stochastic policy gradient method or REINFORCE. Note that e.g., [57] provide a stochastic first
order oracle which meets the conditions required in Assumption For A > 0, a stochastic gradient
estimator that satisfies Assumption with A = B = 0 is presented in [10, Eq. (4)]. In both cases a
non-uniform PL-inequality holds [34, Lem. 8, Lem. 15]: For every w € RISI*IAl it holds that

[V Vi ()l > ex(w)® [Vi(u) — Vi (u)]”
withz =1if A=0andz = § if A > 0 and

minges mu(a” (s)]s) || 4 "1 A=0
er () = 2;/@1—;» i oo I ©)
oty i ) i ool 2> 0

Here a*(s) denotes the best possible action in state s. W.L.o.g. we assume that a*(s) is unique,
otherwise one can simply consider the maximum over all possible best actions, i.e. replace
minges Ty (a*(s)|s) with minges ming is optimal action in s Tw (@]s). We prove that this implies a lo-
cal gradient domination property with 3 = 1 (weak PL) for A = 0 and 8 = % (strong PL) for
A>0.



Proposition 7.1. There exists r,c > 0 such that for all w € By \, = {w : V' (p) — V™ (p) < r}it
holds that c)(w) > c.

As the objective function w — V™ (1) is smooth and Lipschitz on RISI4! ([55] Lem. E.1] for A = 0
and [10] for A > 0), all assumptions in Theorem [5.2]are satisfied and we obtain the following result.

Corollary 7.2. Let § > 0. Denote by (W, )nen the sequence generated by SGD with w +— =V (j1)
as objective function, step size v, € O(n=%) for 6 € (%, 1) and suppose ~y,, < 71 for sufficiently

small v, (depending on 5). Then, there exist two subsets U, Uy of RISIAl such that Wy € U, implies
that the event Oy = {W,, € U, for all n > 1} has probability at least 1 — 6. Moreover; for any

(max{2 —26,0},1), ifA=0,
(2 - 26,1), iFA>0

it holds that (V{ (1) — V"™ (1)) 1o € o(n"~1) almost surely and in expectation.

In words: If the (regularized) stochastic policy gradient algorithm is started close enough to the
optimum a nearly o(n_%) (o(n~1) respectively) almost sure rate of convergence can be obtained by
choosing 6 = % (6 close to 1 respectively) This is in contrast to o(n 1) (linear convergence) known
in (regularized) policy gradient with access to exact gradients.

Remark 7.3. Note that r and ¢ in Proposition[7.1]can be explicitly chosen (see Remark [G.T). Hence,
one can choose the neighbourhoods ¢/ and U/, w.r.t. r as in (#I]) and Lemma [F.I0]in Appendix [Fto
find an explicit neighbourhood U/; as condition for initialization.
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A Supplementary background

A.1 Literature Review and Classification of our Contribution

The roots of stochastic gradient methods trace back to Robbins & Monro [47]]. Since then, various
variants of SGD have been established as fundamental algorithms for optimizing complex models in
the realm of machine learning. We refer to 5] for a detailed overview.

We start the review with the literature deriving convergence rates in expectation for SGD. Under the
assumptions of smoothness and (strong) convexity [44} 36, 40, 50, 28]] studied convergence rates
towards global optima. Moreover, many articles additionally analyze the non-convex case and prove
convergence rates for the gradient norm towards zero [18} 24} 28] 41]].

Notably, several other results regarding convergence of SGD towards global optima have been es-
tablished under the gradient domination setting [[19]. The authors in [3]] demonstrate exponential
convergence rates in expectation in the overparameterized setting under strong gradient domination.
See also [31] and [26], where convergence rates of order O(%) are shown for neural networks using
the (strong) gradient domination property. High-probability bounds on the approximation error
are provided in [48]] under a generalized gradient domination property, the so-called Separable-
Lojasiewicz assumption, fulfilled by smooth neural networks. In [23]] also strong gradient domination
is assumed, where the smoothness assumption is weakened through a-Holder continuity, achieving a
rate of O(-L) in expectation. The condition is introduced in [20] and where O(2) conver-
gence is shown under strong gradient domination. Furthermore, the authors in [12]] and [[14] consider
generalizations of gradient domination that include our definition as a special case. They derive
convergence rates in expectation which we encompass with our result and extend to almost sure
convergence (see also the discussion behind Theorem [4.T)).

All the results mentioned so far consider convergence in expectation or high-probability bounds, al-
though originally, motivated by [46], research commenced with the quest for almost sure convergence
rates for gradient methods. In recent years, the authors in [49] and, building upon it, the authors in
[27] derive almost sure convergence rates towards global optima under strong convexity. In [49]
almost sure convergence rates for SHB are also analysed but under the assumption of convexity
and in [27] SHB is studied under (strong) convexity and in a non-convex setting. Returning the
attention back to SGD with respect to gradient domination also some almost sure convergence results
have been established. As an extension to the PL-type gradient domination, in [[7] the so-called KL
property is assumed, which contains gradient domination as a special case. The authors demonstrate
almost sure convergence to a critical point, though without a rate. To conclude, to the best of our
knowledge the derived almost sure convergence rate under gradient domination in Theorem4.1]is
novel.

Next, we want to provide further insights to the literature regarding SHB. In the realm of momentum
methods, Polyak’s Heavy-Ball Method (HBM) [43]] and Nesterov’s accelerated gradient method [39]
stand out as a foundational contribution. The authors of [[16] provide a detailed description of the
stochastic formulation of HBM and establish almost sure convergence but without giving a rate. In
[5411421 1531132, 58] convergence rates in expectation are shown in (strongly) convex and non-convex
settings, where the non-convex analysis covers convergence of the norm of the gradient. Convergence
of momentum methods under the strong gradient domination property and linear convergence due to
an overparametrized machine learning setting is shown in [[17]]. In [25] the authors determine O(%)
convergence rate for SHB under strong gradient domination. Our main result for SHB presented in
Theorem 2] describes almost sure convergence and convergence in expectation under global gradient
domination. Both result are quantified with a given rate of convergence.

Finally, we aim to differentiate the present article from existing results on the convergence of SGD
under the assumption of local gradient domination. In [§] almost sure convergence of SGD to a
stationary point under the local gradient domination (for z*) is demonstrated, provided that the
process (X,,) remains local, albeit without a rate. A local analysis of SGD towards minima without
any gradient domination assumption is presented in [13]]. Instead, a rank assumption is imposed on
the Hessian, and mini-batches, along with resampling, are leveraged to ensure convergence to the
global optimum with high probability. The resulting rate does not converge to zero and requires
an increasing batch size. Finally, under the global Lipschitz assumption on the objective, it can be
verified that SGD almost surely converges to a stationary point as demonstrated in [35]]. In the same
work the authors derive a local convergence analysis under local strong convexity. Our analysis in
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Section [5] builds upon [35] and generalizes their results to the local gradient domination property.
For the application in the training of DNNS, it is worth noting that local convergence of SGD has
been analyzed under stronger variants of gradient domination [52} [1]]. Due to the stronger form of
gradient domination, specific sub-classes of DNNs need to be considered to verify these assumptions
whereas our result is only constrained to analytic activation functions. Under the machine learning
noise conditions in [52], convergence toward zero loss with high probability is shown, provided that
the initial loss is sufficiently small. In contrast, the authors in [[1]] demonstrate convergence towards
zero loss under initialization in a local (strong) Lojasiewicz region. Indeed, one can construct DNNs
satisfying the latter condition [6].

A.2 Example: Expected risk minimization

In order to give more insights into the considered setting of our stochastic first order oracle we
formulate a specific one based on expected risk minimization. In expected risk minimization we are
interested in minimizing an objective function of the form

@) = BIF(@.0)) = [ Pla.((w) dP)
where F': R? x M — Ris B(RY) ® M /B(R)-measurable. In our notation the stochastic first order
oracle then takes the form
V(z, Q) = Vf(x) + (Vo F(2,() = V[(z)) = Vo F(2,()
and the iterative update of SGD reads as
X1 = Xn = ¥ VaF (Xn, Grt1)

with a sequence of independent and identically distributed (). The iterative scheme of SHB can be
written in similar way. Note that this scenario also includes empirical risk minimization where the
objective function takes a finite sum form, with ¢ ~ U({1,...,N}),

1 N
f(@) = 5 D Flavi) = BF @0

A.3 Auxiliary steps for convergence of SGD

Exemplifying the SGD method, we now illustrate the typical steps of the convergence analysis for
first-order optimization methods. First, the smoothness of the function f is exploited by applying the
descent inequality (2)) to the iteration scheme and then applying conditional expectations,

2
Elf(Xni1) | Fal < F(Xn) = 1l VF(X0)I* + %E[”VnJrl(Xn)Hz | Pl

Next, f* is subtracted on both sides and the variance term of the stochastic gradient is controlled
through the (ABC)) condition:

E[f(Xn-i-l) - f* | ]:n]

< (1422 v, - ) - (5 - B

2

LC~2 (N
—

NIV A2 +

Without further assumptions this inequality can now be used to show that the gradient V f(X,,)
converges almost surely to zero. In order to obtain convergence towards a global optimum additional
assumptions are needed. For instance, it is sufficient to incorporate the global gradient domination
property defined in Definition[2.2] which yields an iterative inequality of the form

E[f(Xng1) = f7 | Tl

< (142 g, - ) - (0 - 202

2

oy ®

)R Xn) = £ + =5
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A.4 Auxiliary Convergence Theorems

In the following section, we provide two specific convergence theorems used to prove almost sure
convergence (Lemmal[A.2)) as well as convergence in expectation (Lemmal[A.3). The former one is a
direct consequence of the well-known Robbins-Siegmund theorem, provided here for completeness.

Theorem A.1 (Theorem 1 in [46]). Let (2, F, (Fy)nen, P) be a filtered probability space, (Zy,)nen,
(An)nen, (Br)nen and (Cy)nen be non-negative and adapted stochastic processes with

iAn<oo and iBn<oo
n=1 n=1

almost surely. Suppose that for each n € N the recursion
is satisfied, then (i) there exists an almost surely finite random variable Z .. such that Z,, — Z,
almost surely as n — oo and (ii) >~ C,, < oo almost surely.

Lemma A.2. Let (0, F, (Fn)nen, P) be a filtered probability space, (Yn)nen, (n)nen, (bn)nen
and (1, )nen be non-negative and adapted stochastic processes with

o o
Zan:oo, an<oo and 1, >0
n=1 n=1

almost surely. Suppose that for each n € N the recursion
E[rn+1Yn+1 | ]:n] S (1 - an)rnYn + bn
is satisfied, then we have r,,Y,, — 0 almost surely as n — oo.

Proof. We define Z,, :=r,Y,,, B, := b, and C}, := a,r,Y, such that

for n € N. Using Theorem we observe that there exists Z., almost surely finite such that
Zn = 1Yy — Zo almost surely as n — oo. Moreover, we obtain that

oo oo
ZC" = ZanrnYn < 00
n=1

n=1
almost surely, which yields that
liminfr,Y, =0

n— oo
almost surely, since > -, a, = oo almost surely. Since limit inferior and limit coincide for
converging sequences, the assertion follows:

Zoo = lim r,Y,, =liminfr,Y,, =0

n—oo n—oo
almost surely. O

The following Lemma will be applied to prove convergence in expectation.

Lemma A.3. Let (wy,)nen be a non-negative sequence, such that wy, 11 < (1 — ay,)wy, + by, where
(an)nen and (by,)nen are non-negative sequences satisfying

o0 o
Zan:oo and an<oo.
n=1 n=1

Then, lim,, _, o w, = 0.

Proof. W.l.o.g we assume that w,, 11 = (1 — a,,)w, + by, otherwise we could just increase a,, or
decrease b,, which would have no effect on the summation tests. We obtain

n—1 n—1 n—1
—wy < w, —wy = E (W1 — W) = E by, — E W
k=1 k=1 k=1

Since w,, — w1y is bounded below and Z,iil br < oo, we deduce that 22:1 wiag is bounded. Since
all summands are positive, the infinite sum converges. Thus, as a difference of two converging
series also (wy, )nen converges. Finally, the convergence of Zzozl wiay, implies lim inf,,_, o w, =0
which, by the convergence of (wy, ),en, implies lim,, w,, = liminf,, w,, = 0. O
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B Proof of Lemma [3.1]

Proof. In the following, we treat both cases 3 = % and 3 € (1, 1] separately.
8= %: In this case, the inequality reduces to
E[YnJrl ‘ ]:n] S (1 + 017721 - 02’7n)Yn + 03’7721-

By the choice of ,, there exists some N > 0 and & > 0 such that co7y, — ¢172 > ¢, for all
n > N. Hence, foralln > N

]E[Yn-‘rl | ‘Fn} S (1 - 6177L)Yn + 637721
such that the claim follows by [27, Lem. 1].
B e ( 1]: The proof uses the elementary inequality

4+ <p=" 4 (1 —n)n", 9)

which was also applied and proved in [27, Lem. 1]. The aim is to apply the Robbins-Siegmund
corollary, Lemma[A-2] in order to derive the almost sure convergence rate. Let 1 < ¢ < 2 be arbitrary
for now. The key step of the proof is the following computation

ElYoi1 | Fn] < (1+ Cﬂ’n)Y — CQ’anZB + 63")/
= (14 c172)Yn — 2920 + 220 — e Y2’ + 377, (10)
= (L+c17p — ) Yo + covn (VYo = Y27) + v

Similar to the case 3 = % there exists some N > 0 and ¢; > 0 such that cayZ — clfyg > ¢1yZ for all
n > N. Hence, for all n > N we obtain the iterative inequality of the form

E[Yn+1 | ]:n} < (1 - 517%)Yn + c2vn (’Y?L_lyn - Ynzﬁ) + 63'772;~ (1 1)

The function = — az — bxz:2P takes it maximum at z = (ﬁ) "~ Such that

’Yqu 25— 1 1+(q27317)§ﬁ
Yo (V™ 1Y Y2B) - 28
(2ﬂ) (Qﬁ) 351
1 2981 1 2981

_ . ’Ynzﬁ T A’an T (12)
(26) 7 (26)

_ (26)_2/3171 (1 1 ) 22(1; 11

= %

holds almost surely. We define é; = c5(28) 77 (1 — 35) € (0,00) for § € (3,1) and proceed
with
28g—1

E[Yni1 | Fn] < (1= 7)Y, + Eavi® ' + 32, (13)

Next, we apply the elementary inequality (9) and choose ¢ such that l <0< é < 1. Moreover by

the choice of v,,, there exists some c4 > 0 such that ¢;yI > ;49 for all n > N. It follows that for all
n>N

El(n+ 1) "Y1 | Fol
2Bg—1
<(n+ 1)1 = ay)Yn + (n+ 1) ey 4 (n+ 1) ey
g—1

28
< T (L (1= Y () e (4 1) e

1-n Cq 04(1 - 77) 1 1— 22/3(1 11 1— 2
:<1+n_n‘19_n‘1‘9+1 Y, + (n+1) ""évn +(n+1) ez
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We set ¢3 = max{és, c3} such that foralln > N
E[(n+ 1) "Y1 | Fl

1—n ¢y cq(l—m) _ . _p, B
<1+ — =g ) Y TS )T T ).

Observe that ¢f < 1 by condition 6 < %. Hence, there exists ¢4 > 0 and N > Nfor sufficiently large
N > N such that for all n > N we have

1
Bl 4+ 1) Vo | Pl < (1= @ gg)nt ™"V + es(n 4+ 17770 P a

In order to apply Robbins-Siegmund, more precisely Lemma[A.2] we are going to verify the following
three sufficient conditions:

=1

> —7 =%, (15)
n=N

>t <o, (16)
n=N

° 0(28q—1)

Y alTTTET <o (17)
n=N

Then, Y, € o( = ,,) almost surely.

The first condition (I3) is obviously satisfied, since we assume § < %. For the second condition
(T6) we may choose 6§ > 1 — I such that 1 — 7 — 20 < —1. The third condition gives

1—n— % < —1 which leads to the condition 6 > % Hence, all together we obtain
the sufficient condition

(o]

In the following, we consider the two cases separately that correspond to the maximum being either

1-— g or (2_2"5)((17261_1) The first case occurs precisely for l <7z B T the latter one for = > 4§€ T
Firstly, let % < ﬂ . In this situation the sufficient condltlon on 6 simplifies to

n 1

0 1—=,—1.

6( 2’61]
48—2

The interval is non- empty for - L H , which requires 1) € (353=1,1).

Secondly, let % > /3 .In thls situation the sufficient condition on 6 simplifies to

0 c ((277)(251) 1}7

28¢-1 ¢
the interval is non-empty for < 2pn — 28+ 2 —n. Hence, = E (4ﬁ 7,260 — 26 + 2 —n) which

requires the condition 1 € ( 15 f, 1).

Either case yields sufficient conditions on # and 7 (depending on the auxiliary variable ¢) under
which Y,, € o (n1 o ) holds almost surely. We will now utilize the free variable ¢ to prove the claim.

e Letd € (27 Y- 1) We set ¢ = gﬂ and use the first case. The assumption n > 2 — 20 =
max{2 — 26, 0+2512} implies 6 € (1 -3 f} (Note that n > jg:l is automatically

fulfilled by 2 — 26 > 4‘3 2 for this choice of 9.)

18



e Letf € [413 I ): By assumption we have 7 > 0525;2 = max{2 — 26, 0+2[512} We

choose some E € (0,28n — 28+ 2 —n) and use the second case. (Note that 1 > 46-2

48—
eggélz > 4,8 2 for this choice of 6.)

again is automatically fulfilled by

All in all we have proved that 6 € (%, 2) implies Y;, € o ( = ,,) almost surely for all € (max{2 —

26, 52021 1), O

C Proof of Theorem 4.1]

Proof. Recall, in Section 2] we derived Equation (3)),
E[f(X7L+1) - f* | fn}

LAy, ) BLy, ) LCvy

< (14 25 FG) = ) = (3 = =522 ) (@) - 192 + 2,
which will be the basis of the proof of Theorem [&.1]
We treat again both cases for § = = and B e ( 1] separately:
8= 5: In this case, Equation (3)) results in the super-martingale inequality

LA~? BLc*y2 LO~?
EfYns1 | Fal < (14 252 = quc? + 2220y, + 02,

with Y,, = f(X,,) — f*. By the choice of v, there exists N > 0 and a constant ¢ > 0 such that

2 2.2
e — B4 BLCw > @y forall n > N. Thus,

~ LCH?

for all n > N. Then, claim (i) follows by applying Lemmawith c1 =0,c0=¢c3 = % and

g=1

To prove claim (ii) we multiply (n + 1)!~" on both sides and take the expectation. It follows that

L
El(n +1)""Y0n] < (1 éya)(n+ 1) "E[Y,] + ﬁ(n +1)7

2
~ 1— - LC 1-n.2
< (L= ) (0! (L BV, o (1)1
1-— c(1 — L
_ (1 — v+ n o C( 77)’771) nl_"E[Y ] + 70(”_"_ )1 ey, 2
n n 2

As 6, € 9( > ) we obtain that ¢, is the dominating term. Hence, there exists a constant ¢; > 0 and
N > N such that &y, — 17" + % > ¢, foralln > N. Thus, foralln > N

, LC ,
E[(n+ 1Y) < (1= i) ! TE[Y,] + = (n 4+ 1)1

We apply Lemmawith wy, = n'7"E[Y,], a, = 7, and b, = (n + 1)1 7"+2 and obtain that
n'~"E[Y,] — 0 for n — oo which yields claim (ii). Note that >, b, < ccas 1 —n < 26 — 1 for
ne(2-20,1).

Be ( 1]: In this case, Equation (3)) results in the super-martingale inequality

E[Yni1 | Fn] < (1 + Léﬁ)Yn — (% - %ﬁ)c%fn% + %%21,

with Y,, = f(X,,) — f*. By the choice of v, there exists c; > 0 and N; > 0 such that c>v,, —
2_2
% > coyp forall n > Ny,

LA%QL LC%%

2

E[YnJrl | ]:n] S (1 + )Yn - CQ'YnYnQﬂ +
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We deduce claim (i) from Lemmawith c1 = %, Cg = Co,C3 = % and 8 € (%, 1].

For claim (ii) we firstly proceed as in the proof of Lemma Therefore, one can choose the

auxiliary parameter 1 < ¢ < é and find constants cy, c3, N1 > 0 such that for all n > N1 by

Equation(T4) we have
1 28q
El(n -+ 1)' ot | Fal €00, — st Wt eyt )0l 4 432).
n
Next, we take the expectation to obtain

1 .
E[(n + 1)1—77Yn+1] < (1 _ C4W)E[n1—nyn] +c3(n + 1)1—7;(,%2[1 oy +7n)

for all n > Ny, implying that w,, = E[n!~"Y,] — 0 as n — oo by Lemma Note that we

28
have chosen 6,7 and ¢ as in Lemma L such that ) —7 =00, ., (n+ 1)' Ty, Koy < 00, and
>, (n+ 1) 1y2 < oo (see (13), (16) and (I7)). Therefore the assumptions of LemmalA.3]are met.
O

D Proof of Theorem

Recall the definition of the iteration scheme (]m) Using the following definitions

Zn - X + 1 _ Wn7 Wn - X Xn 1, (18)
one can derive the iterative evolution
WnJrl =vW, — ’YnV(Xn) (19)
Znor = Zn — " V(X,). (20)
1—v

We will utilize these auxiliary variables in the proof.

Proof. The proof begins as in the proof of Theorem 2 in [27]. Using only L-smoothness and
assumption (ABC)), they show that for any s € (0, 7=), A € (v, 1) there exist constants ¢y, ¢z, ¢4 >

0 such that choosing the step size ~,, ~ n(, , for some 0 € (5, ) results in [27, Equation (21)]
Elf (Znt1) = f*+ [[Waga | | Fol
< (L+ ) (f(Za) = 1)+ A+ o) lIWall? = el VF(Z0) |17 + oy

forall n > N and some N > 0 sufficiently large. Next, we apply the global gradient domination
property for any 5 € [ 1] to derive

Elf (Zns1) = [+ [[Waga | | Fal
< (L+eayp)(f(Zn) = %) = cesmn(f(Zn) = £ + (A + cav) IWall® + cari.

For the remammg proof, we denote @Q,, := f(Z,) — f*. Similar as before, we treat both cases for
B =1and B € (3,1] separately:

21

(22)

8 = 3: Instead of p-strong convexity we use the gradient domination inequality ||V f(z)||* >

c(f* — f(x)), as the same inequality is implied by strong convexity using ¢ = p. Then, Claim (i)
follows using the same proof as [27, Thm. 2b)]. Note that the inequality

1 *
S IVI@)I* < f) - £, (23)
2L
used in the last step only requires the L-smoothness assumption [38} Sec. 1.2.3].

For Claim (ii) we consider Equation (22)) which simplifies for 3 = %

E[@n+1 + ||Wn+1||2 | Fol < (1+ 017721 —cc3%n)Qn + (A + C2'72)HWn||2 + 04'}’721-
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By the choice of +,, there exists N > 0 and ¢;,¢éy > 0, such that ccsy, — cw,% > ¢17vn and
A+ 272 < &9y, forall n > N. Hence, forn > N

EQnt1 + Wagal? | Ful < (1= &17)Qn + (1 — é) [Wal? + a2
< (1 —min{é, &) (Qn + [Wall?) + cavi.

Let c5 = min{¢;, &}, multiply by (n + 1)}~7 on both sides and use Equation (9 to obtain for
n>N

E[(n+ 1) (Quit + [Wasa[?) | Fol
< (n4+ 1)1 = esmm) (Qn + [Wall?) + cari(n+ 1)1
< (07 + (L= ) (1 = c5) (@n + IWall?) + exr2(n + 1)

1— 1= 1)7n
_ (1 g LT cs(1—mn)y )nl—
n

(Qn + IWall?) + cava(n+ 1)

Taking expectation and using that there exists ¢5 > 0 and N > N such that C5Yn— 1%’7 4 el=nyn >

n il

C5Yn, we have for all n > N
E[(n+ 1) (Qni1 + [Waia[?)]
< (1=&7n) E [ 77 (Qn + [Wall?)] + carvi(n+ 1)1 7

Note that > ~y2(n + 1)!77 < oo because € (2 — 26, 1) implies 1 — < 26 — 1. We can
apply Lemmawhich yields that E [n' =" (Qn + [|Wy][?)] — 0. Hence, E[(Q, + [|Wy|]?)] €
0(51=5)-

To finish the proof, one can derive
v+ L2

" 1
J(Xn) = fF<Qn+ §||Vf(Xn)||2 M—v?

see [27, Equation (19)] for more details. Using inequality (23), we get almost surely
v? + Lv?
Wl (25)

1
implying that E[(f(X,,) — f*)] € o(=) which proves Claim (ii).

W ]? (24)

B e ( 1]: For Claim (i), note that in Equation 22) A < 1, such that

E[Qnt1 + [Watill* | Ful

< (L+eam)Qn + (L ea) W | + cesmm@3 + cany

< (14 max{er, c2}72)(@n + [IWall?) + ccarn(Qu + [Wal)* + oy
By Lemmawe obtain that Q,, + [|[Wi|? = f(Z,) — f* + [[Wal|® € o(57=) forall n €
(maX{Q — 20, 0+2ﬁ 12} 1) We apply the inequality in (23] to conclude that also f(X,,) — f* €

0 (=) foralln € (max{2 — 20, 9“512} 1) This proves Claim (i).

For Claim (ii), we again use the g-trick from Lemmanm Equation 22). For 1 < ¢ < § <2 we
have that

E[Qn+1 + ||I/Vn+1||2 | fn]

< (14172 — ecs¥)Qn + cestn (V7 Qn — Q) + (A + c2v2) [Wall? + cavi.
Now with (T2) in Lemma [3.1] there exists ¢z > 0 such that

ElQns1 + (Wit I? | Fu] < (1+ 17 — ce3v8)Qn + Cﬂnw T+ (At ) [Wall® + s

By the choice of 7, there exists ¢; > 0 and N > 0 such that ¢;72 — cc3y > ¢1v2 and A + cpy2 <
c1ve forallm > N. Thus, foralln > N,

28g—1
ElQnst + [Wost |2 | Fal < (1= 6198)(Qn + [Wall?) + mas{s, ci} ( e +%%) .
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For max{¢s, c4} =: &, we multiply on both sides with (n + 1)1~ and take the expectation to obtain
forn > N

El(n+ 1) (Quir + [Wasa[|)]

< (n+ 1)1 = @y )E(Qn + [Wal*)] + éa(n + 1)1 77 ( o %)
< (' (L =m)n” (1 = GYDE(Qn + [[Wall?)] + 2(n+ 1) 77 (W = +%)

. 1-— c1(1 — a _
:(1—mg+ 1 _all-mn )E[nl UQu + [Wal2)]

28q—1
+éa(n+ 1)1 (%f‘“ + 772,) :
Next, there exists N > N and ¢5 > 0 such that for all n > N
El(n+ 1) (Qnr1 + [Wasa|)]
2B8q—1
< (1= ) Eln' (@ + [Wal®)] + 2(n + 1)1 77 (W b 7n> '
From the proof of Lemma we choose the auxiliary parameter ¢ such that ) (n +

1)t <~y 251 +7n> < oo (see (I6) and (I7)). By applying again Lemma we obtain

En'="(Qn + [[Wal*)] = 0,ie. E[Qn + [|[Wy|[?] € o). Finally, Claim (ii) follows again by
Equation (23). O

E Numerical experiment - Toy example

We have implemented the same toy example similar to [[12] to test our theoretical findings. In our
implementation, we consider both SGD and SHB applied to the objective function f,(z) = |z|?,
where = € R, for various choices of p > 2. It is straightforward to verify that f, satisfies the global

gradient domination with parameter B(p) = p —1 Tt is noteworthy that for p = 2, the f, obviously
satisfies the PL condition with 8 = whereas for increasing p — oo, we move towards 3(p) — 1.

_28(p)
We have used the step size schedule @(n TBGI=T ) discussed in Tableand observed the almost sure

1 .
convergence rates n~ #® -1 as suggested by Theorem and Theorem M Note that our derived
rates are arbitrarily close to the sharp upper bound known in expectation [[12].

Details of the implementation: Both algorithms have been implemented by hand using MATLAB.
We have initialized both SGD and SHB with the initial state X ~ $2/([1.5,2.5]) + 1U([-2.5,1.5])
to force initials which are not close to the actual minimum z* = 0. The initial step sizes v (8) for
both algorithms are chosen as

71(0.5) = 0.2, 71 (0.67) = 0.13, 71(0.83) = 0.004, 7,(0.92) = 10°

through which we counteract the decreasing smoothness for 5 — 1. The momentum parameter for
SHB is fixed for all 5 as v = 0.5. The exact gradients V f, are perturbed by independent additive
noise following a standard normal distribution N (0, 1).

F Proof of Section

F.1 Proof of Theorem

Suppose that the assumptions of Theorem 5.1 hold throughout this section.

In contrast to the global gradient domination analysis we may assume w.l.0.g. the uniform second
moment bounds, i.e. A = B = 0, instead of the more general condition. Choosing 4, B > 0
would imply the bounded variance assumption of the gradient estimator. Note therefore, that the
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Figure 1: Pathwise error (f,(X,,))n=1,..n of SGD and SHB for various choices of 5 €
{0.5,0.67,0.83,0.92}. For each setting we have simulated 100 runs of length , N = 10°. The

. . __1
black dash-dotted line corresponds to the theoretical rate n~ 75-1.

first term A(f(z) — f(z*)) and the second term B||V f(z)||? are both locally bounded by the local
Lipschitz assumptions on f and V f.

Note that every isolated local minimum {x*} is a special case of an isolated compact connected set
of local minima. In this case it holds that 5 = (,«. If X* contains more then one point, we can unify
the gradient domination property in a neighbourhood of A'* due to compactness. The set X'* has to
be connected to assure that all local minima are on the same level [.

The outline of the proof is structured as follows:

* First, we unify the gradient domination property around the set of local minima X* and
obtain a radius r such that the unified gradient domination property is fulfilled in all open
balls with radius r around z* € X'* (LemmalF.1).

* Based on this we construct sets I/, {; C R? and the events §2,, € Q (see (@, @) and
(28)), such that Q; = (,, Q, occurs with high probability. To be precise, /; and U are
neighborhoods of X'* constructed such that the gradient domination property holds within
this region, and when starting in ¢/, the gradient trajectory does remain in ¢/ for all gradient
steps with high probability. Then, £2,, describes the event that X € U for all k < n.

* All following Lemmata before the proof of Theorem [5.1]are devoted to show that P(€2,,) >
1 — ¢ for all n € N. This then proves Claim (i) of the Theorem. Claim (ii) and (iii) will be
shown directly in the proof of Theorem [5.1] at the end of this subsection.

¢ In order to show P(€2,,) > 1 — ¢ we construct set C,, and E,, defined in (29) and (36) such
that E,, N Cy, C Q11 (Lemma[F6) while Lemma[F3]is used to prove this claim.
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* The sets E,, are such that f(X,,) remains close to f*. We exploit the unified gradient
domination property to construct the sets £,, (Lemma[F.4) and derive a recursive inequality
in LemmalF.6|c) to prove that this event occurs with high probability (Lemma[F.7).

» The sets C), are such that X,,;; remains close to X,, and we exploit the finite variance
assumption to show that these events occur with high probability (Lemma [F§).
We denote by }
B.(x)={y €R" : |lz —y|| <r}
the open ball with radius > 0 around = € R and by
B.(x) ={y €R? : ||z —y|| <r}
the closed ball with radius » > 0 around z € R¢.

In the following Lemma we unify the gradient domination property around the set of local minima
X* C R4
Lemma F.1. . There exists v > 0, 3 € [3,1] and ¢ > 0, such that for all © € |, .. x- B, (z*) it
holds that

fx)>1 for x ¢ X* and ||V f(x)|| > c(f(z) = 1)7.

Proof. By the local gradient domination property, for every z* € X there exist 7« > 0, B« € [%, 1]
and ¢+ > 0 such that
V@) = cor | f(z) = U1+, V€ B, (a*).

Moreover, w.l.o.g we can assume that f(x) > [ for all z € B, . (z*) \ A*, as X'* is an isolated
compact connected set of local minima (otherwise choose 7, small enough).

By the compactness of X'* we can find a finite subset }* C X'*, such that
U:= U [;’ry* (y*) D X".

Then, we define 3 = maxy-cy~ By~ and ¢ = miny-¢y- cy«. Forany x € U there exits yt e y*

such that
IV F(@)]] > ey (f () = 1) > e(f(z) = 1)°.

Thus, there exists an open neighbourhood / of X* and 8 € [%, 1], ¢ > 0, such that for all z € U it
holds that

f(x) >lforz ¢ X* and |[|[Vf(x)]|>c(f(z)—1)P.
AsU is open by definition and X™* C U, we can find a radius r > 0, such that U, cx B, (z*) C U.
This proves the claim.

Remark F.2. It is noteworthy that the unified gradient domination property obtained in the previous

Lemma does not require an absolute value, as f(x) > I forall 2 € | J,. . y. Br(2*). This is crucial to
obtain the recursive inequalities in Lemma[F.4Jand we will exploit this also in the proof of Theorem|5.1]
to obtain the convergence rates.

In the following letr > 0, ¢ > 0 and 8 € [%7 1] chosen as in the previous Lemma, such that the

unified gradient domination property holds for all z € (J . »- B, (z*). Further define
s:inf{f(a:)—l:xe U B (z%) \ U B;(m)}.
o eX ™ TrEX*

Lemma F.3. It holds that s > 0.

Proof. 1f s = 0, then there exists a sequence (zn) € U,ex« Bar (27) \ Uypecas B: (z*) with

2
f(x,) — I for n — oo. By definition of the set and compactness (boundedness) of X*, the sequence

T, 1s bounded:

3r
leall < 5+ sup_[Ja]| < oo.
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Hence, there is a convergent sub-sequence (x,,, ) with x,,, — « for k — oo and by continuity of f it
holds that f(z) = I. Further, it holds for all z* € X that ||x,, — 2*|| > § for all n € N such that
=

infac*EX*

On the other hand, by constrNuction we have that € (J,.cx- ff( )\ Uge e e N*( *) C
Upeas Bae(2%) C Upegxw Be(2™). And as f(y) > [ forally € Be(z*) \ A* we deduce from
>

f(x) = [ that 2 € X*. This is a contradiction to inf - cx+ ||z — 2*|| > . O
‘We choose € > 0, such that 2¢ + \/E < 5. We define the sets
Uy ={z eR": inf x—x*||<%,f(x)—l§%} (26)
U={xecR?: 1nf xfx*||<g} (27)
fea
which are subsets of R? and the decreasing sequence of events
Q, ={Xy €Uforallk <n} (28)
Cp = {I| Xns1 — Xel| §£f0rallk§n}7 (29)

and Cy = €, which are measurable sets in (2, F,P).

In order to prove Theorem [5.1] we will show that €,, has probability at least 1 — § for all n € N. To
do this, we construct another sequence of events (F,) with F,, C £2,, which occurs with probability
atleast 1 — § forany n € N.

Therefore, we fix the notation D,, := f(X,,) — [ and Dn = Dnlgn and prove the following
(recursive) inequalities.

Lemma F4. If 8 = 1, then it holds that

- - L~2
Dyy1 < (1 - 'YnCQ)Dn +ménla, + %1971 ||Vn+1(Xn)H27 (30)
N n n
<Dy [T =e®) + > wbela, + = Z'Yk”vk-i-l(Xk)H Lo, G
k=1 k=1 it
If B € (3,1], forany 1 < q < 2, it holds that
2 q .2\ — 1 22[;3(1 11 LPY'?L 2
Dyi1 < (1 =7pe”) Dy 4 (28)72 (1 - ﬁ)c Tn +ménla, + Va1 (X)) (32)
< D H(l — i) + cZwi’* T Zwksklm +5 ka Vi (X0 33)
k=1 k=1 k=1

forc=(28)" 25 25-1(1 f%)c?

Proof. From L-smoothness we can deduce that

Lﬁz”

D, <D, '7n<vf( ) n+1(X )> + Vn+1(Xn)||2

2
= Do Al VX = 30 (V7). 2K, )+ T2 Viia ()|

Ly
- 'Ynva(Xn)”Z +7n§n+1 + T||Vn+1(Xn)||2

for Z(X,, Cpt1) from Assumptionand ént1 = — (VI (Xn), Z(Xn, Cnt1))-
We separate the two cases of 3:

'1 4 denoted the indicator function for a measurable set A in (2, F,P), ie. 14(w) = 1ifw € A and
14(w) =0ifw ¢ A.
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< 1gq,, it follows that

8= %: Iterating this inequality and using 1q,,

Dn+1 < Dn+1 ]-Q,,L

L 2
< Dnlﬂn - Wnlﬂ” vf(Xn)||2 + ’Yle,LgnJrl + ilﬂn ||Vn+1(Xn>||2

2
2 Ly, 2
< Dylg, — e (f(Xn) = D1, + Y0l &nt1 + T]‘Qn Va1 (Xn) || (34)
- L2
= (1 =7 Dy + Yuburale, + %19 ()%
<Dy [T —we®) + Z%Skulm +5 Z'Yk||vk+1(Xk)” Loy,

k=1 k=1
where we used that the unified gradient domination property holds for all X, kK < n on the event €2,,.
B e ( 1]: Similarly, the unified gradient domination property yields the claimed inequality for any
1<qg<2: q<2:
Bn—i—l S Dn+1 ]-Qn

Ly2

< Dplg, —mle, ||Vf(Xn)||2 +mle,&nt1 + lﬂn,HVn-i-l(Xn)”Q

2

L
< Dplg, — 'YnCQ(f(Xn) - l)wlﬂn +mle,&nt1 + %19””‘4&1(}(”)”2

- - LA2?
=Dy — 'Y?LCQDZﬁ + Mmén+1la, + %1971,”‘/"""1()(")”27

: p L
= (1= 726 Do + (0~ 1Dn = D) + Aburila, + 2| Visa (X0)[*1a,

28q—1

1, 2] Ly 2
1(1-— %)c Tn + Mméns1le, + T||Vn+1(Xn)|| 1o,

~ n n 2ﬁq*1 I n
<Dy H —A) +EY T+ Z%ﬁkﬂlﬂk t3 > Vi (Xe) [P 1,

k=1 k=1 k=1

< (198 Dy + (28)" 7

(35)

for¢ = (Qﬂ)*ﬁ (1- %)02 from the function trick (I2) which we applied in the forth inequality.

We also used that the unified gradient domination property holds for all X, & < n on the event £2,,
O

For 5 € (%, 1] we know from the proof of Lemma that we can choose the auxiliary parameter ¢

q—1

from the previous lemma in such a way, that ZOO_ ni- "fy £y is convergent for all € (max{2 —
28q—1

20, 9+25 2} 1) (Condition (iii) to apply Lemma i Asn < 1, it follows that Y07, 7”1 < 00
holds tme for all these choices of g. Now define

n L n
M, = ];1 7k§k+11§2k and S, = 5 ; PYI%HVIC-O-l(Xk)HQ]-Qk'
Then, (M,,) is a (F,—1)-martingale with zero mean and (S,,) is a (F,,—1)-sub-martingale by As-
sumption Note that by the choice of 7, we have that Y 72 < oo and hence E[S,,] < oo for all
ncN.

Next, define R,, = Mﬁ + S, for every n € N. Moreover, let
E, ={Ri <eforallk <n}. (36)
which is an F,,-measurable event on ({2, F,P). We define Ry = 0 such that Fy = (.

Now let £, = E,, N C,,, then we will first show, that £, fulfills the property E,, C Q41 for all
n € Nin Lemma and then that F,, occurs with probability at least 1 — J in Lemma

To prove that E, C Q2,41 we need one more auxiliary result.
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Lemma F.5. Suppose x,y € R¢ such that
1. infyecx- ||z —a*|| < £,

2. fly)—l<s,

3z —yll <%

Then it holds that inf ;- ¢ x~

y—a*|| <3

Proof. By triangle inequality we have that infy.cx- ||y — z*|| < 2, ie there exists

z* € X* such that |ly — z*|| < 2. Suppose now, that infy.cy- |y — 2*|| >

this means that y € U,.cx-Bar (™) \ Up-cn- lg’g(a:*) By the definition of s
inf {f(z) =l 2€Upens Bar (27) \ U e x l’;’% (x*)} this contradicts the second assumption
fly) =1l <s. O

>

No=

We deduce the following relations on the constructed sets:

2B8q—1

28—1

Lemma F.6. For 3 € (1,1] let v, < 71 be sufficiently small such that 3, ~y < 53, and for

8= % let v, > 0 be arbitrary. Furthermore, assume that the initial X1 € Uy almost surely. Then,
a) En+1 Cc E,, En+1 C En and Qn+1 c Q,
b) E, C Qnia

¢) Define the events E,, = E,_, \ E, = E,_1U{R,, > ¢}. Then, for R, = R,1Eg, ,, there
exists a C' > 0 such that

E[R,] < E[R,_1] +72[G?C% 4+ G* 4+ C) — eP(Ep_1).

Proof. a) Follows by definition of the events.
b) Note that EO = ) = )4 because

X1 elh :{x:z*ig£*||z—x*\| < g,f(x)—lg %}C{xmlgﬁcﬂx—x*ﬂ < g}zﬁl

almost surely. We prove the assertion by induction. Let w € En. Since E’n C En,l C Q, by
induction assumption, we have w € €),, and thus w € €, for all £ < n. We will apply Lemma
with 2 = X,,(w) and y = X,,;1(w). By definition it holds that w € E,, implies condition 3. and
w € Q, implies condition 1. of Lemma[F3] It remains to show condition 2., then it follows that

inforex~ [ Xny1(w) — 2% < §,ie. Xpy1(w) €U and by w € Q,, we deduce w € Qy41.

To Prove condition 2. we separate both cases for /3:

8 = 3: The inequality (30) and the induction hypothesis yield
Dri1(w) = Dpga(w)lg, (W)

< Di(w) [T =me) + > méirr(w)io, (@) + % Y lVert (X)) P 1a, (@)
k=1 k=1 k=1

< % +VRo(w) + Ry(w)

<24 Ve<s.
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$3 € (%, 1]: Similarly, we obtain from [@3)
Dpi1(w) = Dpga(w)lg, (w
- 22%{1 11 L - 2 2
< Di(w)lg, (w H (1 —~je +CZ’Yk +Z’Yk§k+1 §Z’Yk||vk+1(Xk(w))||

§2e+ﬁ<s.

\/

We used in both cases that that [],_, (1 — ’y,iq)c) < 1 and the choice of € such that 2¢ + /€ < s.
This proves that condition 2. in Lemma [F3]is also satisfied which concludes the induction.

¢) By definition it holds that E,, = FE,,_1 \ (Ep—1 \ Epn) = En-1 )\ E,,. Then we have
R,=R,1p,_,
=Ry11g, , +(Ry— Rn-1)1g,_,
=Ry-1lg, , —Roalp  +(Ry— Ryo1)lg,
=Ry1—Ryalp  + (Ry—Ry_1)lg

1 n—1

and for the last term

Ry—Ry_1=M2—M?  +5,—5,,
L
= Yabnrilo, + 20 lo, Moy + 955 [Vasa (X0) P10,

We treat each of the summands on the RHS seperately. It follows from the G-Lipschitz continuity
and bounded variance assumption in Theorem 5.1} that

E[£2 1 110,] = E{VF(Xn), Vay1(Xn) — V(X)) 10,]
S E[VAX)IP([Vagr (Xn) |12 + D1, ] < G*(C? + 1),
El¢n1 M7 _11q,] = E[E[&11|Fa] M} _11q,] =0,
E[[[Vaia (Xn) [P 10,] < C. 37)

For the term R,,_11;  we have

E[R, 11z |> eP(E,_1).

n—1

Putting all together we obtain the claim
E[R,] < E[R, 1] +12[G?C?* 4+ G* 4+ C] — eP(Ep_1).
O

Lemma F.7. Let 6 > 0 be a tolerance level and ~y,, < 1 be sufficiently small such that Y, V2 <

m and the condition in Lemma is fulfilled. Then, we have
)
P(E,) >1- 7

Proof. The proof is along the lines of the proof of Proposition D2 in [35]. For completeness we
repeat the arguments. First, observe that

. R,. E[R,
B(Bu1) = B(Bn1\Eu) = B(Ea10{Ra 2 ) = Bl s, > < Blls, 2] = 20
On the other hand it follows from Lemma [E.10]that

eP(E,) < E[R,] < E[Ro] + [G?C* + G? + C| Z'yk - EZP Ep 1) (38)

k=1 k=0
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Rearranging everything yields

n 22 2
S BB < [G2C% + G2+ C|!

€

k=0

22 2
with ' = > | 42. By the assumption on the step size w < % and moreover since the

events I, are disjoint we obtain

L n B 5
P £r) =D P(Ex) < 5 (39)
k=0 k=0
implying that
. 0
P(E,) =P ES)>1——. 4
(En) =P(() Ef) 21 -3 (40)

O

Lemma E.8. Let § > 0 be a tolerance level and vy, < 71 be sufficiently small such that the condition
in Lemma @l and Lemma [F7] are fulfilled. Moreover, we suppose 1 small enough such that
% Shei e < %. Then, we have

P(E,) >1-4.

Proof. By Lemma we have P(E,,) > 1 — g. Moreover, by the additional step size assumption
and Markov’s inequality we deduce that

r
P(On) = P(Vk S n . ||Xk+1 — Xk” S 5)

- r
> 1= 3 B(|Xus1 - Xill > )

k=1

- r
=1- P(||Vis1(Xe)|| > =—

>RV (X0l > )

n

> 1= S B[ [Viean (X0)] 2 2

r2

k=1

4C X
>1- o) Z’Yk

k=1
S
- 2
Together we obtain that P(E,,) = 1 — P(ES) > 1 — (P(ES) + P(CS)) > 1 — 6. O

Finally, we are ready to prove the main result in the local setting for the set of local minima X’*.

Proof of Theorem[5.1] (i): Recall the definitions of ¢/; and U above. Then it holds that

Oy = ﬁ Q..
n=1

Hence, using Lemma [F.8] we obtain

P() = inf P(,) > inf P(E,) > 1 — 4.

(ii): We prove that D,, = D, 1o, € o(1/n'~"), then the claim follows since 1o, < 1, almost
surely.
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From the proof of Lemma[F.4] we have

L L2,

Hence, taking the conditional expectation gives

E[DnJrl']:n] S Dn - 7nCD721ﬁ + ’YnE[gnJrl']:n]lQn +
< Dy = meD + LCA;,

where we have used that D,, and 1, are F,,-measurable and E[||V,,41(X,,)||?|F.] < C from (ABC)
with A = B = 0. By our step size choice we can apply Lemma[3.T]to obtain Claim (ii).

Ly2
5 E[[|Vag1 (X0 Fn] 1

(iii): In the following, we again separate between the two cases of 5.

8= %: We have from Lemma Equation that

- - L2
Dt (1= 706) D+ néala, + 2% Vasr (X0
Taking expectations and multiplying by (n + 1)}~7 leads to
E[Dpi1(n + 1) 7]

< (n+ 1)1 = 7, ®)E[D,] + (n + 1)1—77%”3
< (T Q=) (1= 7uc®)E[Dy] + (n + 1)1—77@
= (' (L =mn" =0Ty — (1= )T et ) E[Dy] + (n 4+ 1)y ch
(1 + 1=n_ Y — Mw) nlan[Dn] + (n+1)17142 LC,
n n 2

where we used (37) in the first inequality. By our choice of ~,, there exists ¢ > 0 and N > 0 such
2
that y,,c? — 17777 + % > ¢y, forallm > N. Thus, forall n > N
- LC
Wpt1 < (1= Eyn) wn + (n+ 1)1 n'VrZL 5
where w,, = E[n'~"D,]. Define a,, = &y, and b, = (n + 1)'~ ny2LC Since v, = (%), we
have } an, =€), v, = oo and

LC
Doba= T 3 (1)} <o,
by (T6) in Lemma [3.1|Hence, we apply Lemma[A.3]to prove that lim,, _, o w,, = 0. By the definition
of w,, we have verified that E[(f(X,) — !)1a,] < E[D,] € o(:)

B € (3,1]: From LemmaEquatlon (45) we have

S b

Dn-i—l S (1 - )D + C’Y S + 'Yngn]-ﬂn + Vn+1 (Xn)”Q,

foré = (28)" 7 1(1 — %)02. Next we multiply with (n + 1)! =7 and use (@) to obtain
E[Dpi1(n+ 1)1
g 289-1
< (n+ 1)1 = AAAE[Dy] + (0 + 1) ey A+ (n+ )1_"13072
. 2891
< (T (1m0 ) (1 A4V ED, ] 4 ex(n+ 1) 4 42)
="+ (1 —npn =it — (1 = n)yicnTT) E[D,]

_ 1- 1 —n)yic? S
[Dpn'™1) <1 + Tn — i — (ZL)%) +er(n+ 1)y a +70);
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for some c; > 0. By our choice of v, and as ¢ > 1, there exists a co > 0 and N > 0 such that
2
7302 — 1_7" + % > coyd foralln > N. Thus, forn > N

B8 1

~ ~ 2B89—
E[Dys1(n+ 1) < E[Dyn' T (1= eayf) +ear(n+ 1) (9 7).

. 280-1
Define w, = E[D,n'~"], a,, = coyd and b,, = c1(n + 1)1 77(v,"~" +42). We will again appl
Lemma By the step size choice v, = O(-1;) we have Y-, an, = c2 )", 7 = 00, because ¢ < .
Further,

28g—1
Dobn=cy (n+ DM 4 97) < oo,
n n

because we choose the auxiliary parameter ¢ as in the proof of Lemma 3.1 where we showed in
and (17) that

> > 0(28q—1)

J— J— — — q—
E n'= 120 < 5o and E ntTTT T < oo
n=N n=N

All together we deduce that w,, vanishes at infinity. Again, by the definition of w,, we have that
E[(f(Xn) = 1)1,] < E[Dn] € o(5r=;) O

F.2 Proof of Theorem[5.2]

Suppose throughout this section that the assumptions in Theorem [5.2]are satisfied.

The proof will be similar to the previous section. Instead of assuring that (X,,) remains close to
the set where we could guarantee the unified gradient domination property, it is now sufficient that
f(X,,) remains close to f* by the different definition of gradient domination definition in f*. This
will simplify the proof. Moreover, we may again assume w.l.o.g. the uniform second moment bounds,
i.e. A= B = 0, instead of the more general condition by the same argument as above but on
the level sets.

Recall the notation
Br={zeR?: f(x) - [ <r}.

and let > 0 be the radius of the gradient domination property in f*, then there exists ¢ > 0, such
that 2¢ + /e < r, i.e
U:=B;, . CB:. @)

Moreover, we define the set
Uy = B; (42)
and the measurable subsets
O, ={X, €U, forall k <n}
in (Q, F,P).

The proof of Theorem [5.2]is again based on a series of auxiliary lemmas. The goal of these is to
prove that with high probability we do not leave the gradient dominated region, i.e. Claim (i) in
Theorem 3.2

In the following, we fix the notation D,, := f(X,,) — f* and Dn := D, 1q, and obtain the parallel
result to Lemma [E4]

Lemma F9. If 3 = 1 it holds that

- - LA~2
D1 < (1= 7€) Du + bl + " 1o, Vi (Xa) 2 43)
5 n n L n
<DULO - )+ 3 meda+ 30 AilVin(KolPTon @8
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If B € (3,1], forany 1 < q < 2, it holds that
~ 2B8g—1

- _ 1 L
Dyi1 < (1= 74¢*) Do + (28) 26*1(1—ﬁ)c W+ nbala, + S Vi (X[ (45)

B n R n 221341:1 L n
< Dy H(l —yiA) +Ed T+ Zwkgkmk + 5 D lVie (X2, (46)
kel k=1

forée=(25)" 25— 25-1(1 —%)CQ.

Proof. The proof follows line for line as in Lemma[F4]by replacing [ with f* and taking the different
definition of D,, and §2,, into account. O

We continue as in the previous section:
For B > % we know from the proof of Lemma that we can choose the auxiliary parameter g

2Bqg—1
from the previous lemma in such a way, that > n'="~,°~

9 9+QB 2

is convergent for all ) € (max{2 —

2B8g—1
7=}, 1) (Condition (iii) to apply Lemma | Asn < 1, it follows that 377 | 7,”” " < oo
holds true for all these choices of ¢q. Now define

n L n
M, = Z'kak+11£2k and S, = 3 Z’Y}%HVkH(Xk)Hzlszk.
k=1 k=1

Then, (M, )nen is a (Fy,—1)-martingale with zero mean and (S, )nen is a (F,,—1)-sub-martingale by
Assumption Note that by the choice of 7, we have that Y 72 < oo and hence E[S,,] < oo for
all n € N. Next, define R,, = M,% + S, for every n € N. Moreover, let

E, ={Ry < eforall k < n}.
which is an F,,-measurable event on ({2, F,P). We define Ry = 0 such that Fy = .

With these definitions we can directly prove a parallel result to Lemma [F.§] without the auxiliary
result in Lemmal[E3]

28g—1
Lemma F.10. For 3 € (1,1] let v, < 1 be sufficiently small such that Y o | vn" ' < =, and for
B = 3 letyy > 0 be arbitrary. Furthermore, assume that the initial X1 € Uy = {z : f(z)— f(z*) <

5} almost surely. Then,
a) Eny1 C Eyand Qpqq CQp
b) En C Qn+1

¢) Define the events E,, = E,,_1 \ En = En_1U{R,, > €}. Then, for R, = R, 1g,_,, there
exists a C > 0 such that

E[R,] < B[R, 1] +12[G?C? + G? + O] — P(E,,_1).

Proof. a) Follows by definition.

b) Note that Fy = Q = )y because X; € U; = )7 almost surely. We prove the assertion by
induction. Let w € E,,. Since F,, C E,,_1 C €2, by induction assumption, we have w € €2,, and
thus w € Qi for all k& < n. It remains to show that X,,.1(w) € U to prove that w € Q,, 1. We
separate both cases for 3:

/3 = 1: The inequality (@3) and the induction hypothesis yield

Dua(u) < Di(e) [J (1= ) +Zwkfk+l<w>1m<w>+§sz||vk+l<xk<w>>n2
k=1 k=1
<= —|—\/ w) + Ry (w

§26+\f.
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Hence, X,,11(w) € U by definition of I{.
$3 € (%, 1]: Similarly, we obtain from [@3)

n

B n 25(1:1 n L n
Dnii(w) < Di(w) [T =ve) +Ed %77 + D mrrr(w)lo, (w) + 3 > W IViar (X (@)1
k=1 k=1

k=1 k=0
<5+ 5+ VRuw) + Ru(w)
< 2e+ /e,

where we used that []}'_, (1 — v{c*) < 1. Hence, it holds again that X, (w) € U.
This prove that w € 2,11 and closes the induction.
¢) Follows line by line as in Lemma [F.6| part c). O

Lemma F.11. Let § > 0 be a tolerance level and ~,, < 1 be sufficiently small such that Y, V2 <
m and the condition in Lemma is fulfilled. Then, we have

P(E,)>1-4.
Proof. Line by line as in Lemmal[F.7] O
Finally, we are ready to prove the main result in the local setting for f*.

Proof of Theorem[5.2] (i): Recall the definition of ¢/, and ¢/ above. Then it holds that

Oy = ﬂ Q.
n=1

Hence, using Lemma [F.IT| we obtain

P(Qy) = inf P(Qy,) > inf P(E,) > 1 — 4.

The proof of Claim (ii) and (iii) follows line by line as in the proof of Theorem [5.1] by replacing !
with f* and taking the different definitions of D,,, D,, and (2,, into account.

O

G Proofs of Section[7]

Proof of Proposition[7.1] We consider the cases A = 0 and X > 0 separately.
Case A = 0:
Define the optimal reward gap in every state s € S by

A"(5) = Q'(5,07(5) — max Q"(s.) >0,
where a*(s) denotes the best possible action in state s and Q* : S x A — R denotes the optimal
Q-function defined by Q*(s,a) = ET " [>°72 ) p~'r(S;, Ay)| Ao = a]. W.Lo.g. we assume that a* (s)
is unique. Similary let Q™ (s,a) = E7[3°,2 p~'r (S, A;)| Ao = a] be the Q-function for policy
T
For any 0 < a < 1 choose r = minges p(s) minges A*(s)(1 — «) and assume that w € B, i.e.
V*(u) — V™ (u) < r. Then, we have for every s € S that
T
V() = V™ (6s) < ———.
(6 = V™ (6) € s
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It follows for every s € S that
T
N Z V* 65 - Vﬂw 55
e 2 V00 =V 6)

=Q"(s,a"(s)) — Y mulals)Q™(s,a)

a€As
> Y mulals)(@Q (5,07 (s)) — Q" (s, a))
a€A,
= > mul(als)(Q(s,a%(s)) — Q7 (s,a))
a#a*(s)

> (1 —my(a®(s)|s) min A*(s).

Rearranging results in

r
(@ >1— -
T (a”(s)]s) 2 minges pi(s) minges A*(s) :

Hence, for all w € B} we can bound c¢(w) by

« d’j* -1
c(w) > 7‘ £ ‘ > 0.
ISI1=p)l g Tleo
Thus, setting ¢ = $‘ B ‘7 roves the claim.
g Usiaoll vl P
Case \ > 0: )
For any o € (0,1) choose r = o exp ((1:;),\) Amizrllflgu(s) and assume that w € B;"A

Lem. 12] we have

| (als) — 7% (als) <\/ INT V;w( ))In2

- )\mlns u(s

27‘1112
<
- \/ )\mlnS

where the last inequality is due to [37, Thm. 1]. It follows directly that

mlnﬂw(s a) > (1—a)m1n7r (s,a) > 0.

Hence, we can bound c(w) uniformly for all w € B; , b

2) TR
> . 1— )2 min 1* 2|| %u )
c(w) > SIa=p) mslnu(s)( a) min (als) H . H

.

m* ‘—1

Thus, setting ¢ = % min, x(s)(1 — @) ming 4 w*(a|5)2‘

proves the claim.
oo

. By [10}

(47)

Remark G.1. It is noteworthy, that we have multiple choices of r and ¢ depending on «@ € (0, 1).
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