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Abstract

We study the problem of incentivizing strategic agents to truthfully contribute
high-quality data in collaborative learning settings, where each agent benefits from
improved estimation based on others’ data. Each agent privately observes the qual-
ity of their data, and agents may misreport it if not incentivized properly. We cast
this problem with a Bayesian mechanism design framework in which the platform
aims to find the optimal data-sharing mechanism that jointly determines allocations
and payments to maximize both estimation accuracy and platform revenue. We
prove that the optimal mechanism that incentivizes truthful reporting takes the
form of a personalized threshold and pricing mechanism, in which each agent is
allocated the learned estimator if their reported quality exceeds a (personalized)
threshold and is charged a price based on the relevance of other agents’ data in the
learning task. We analyze this mechanism in a canonical Gaussian mean estimation
task, derive a closed-form solution to the optimal mechanism, and highlight how
data correlation affects the mechanism. We further extend the model to allow
agents to exert costly efforts to improve their data quality before collaboration. We
show that “free-riding” is mitigated as the optimal data-sharing mechanism induces
a supermodular game: each agent is incentivized to exert more effort when others
exert more. Finally, we show that equilibrium efforts form a complete lattice, and
in the highest-effort equilibrium, each agent increases effort as other agents’ data
becomes more relevant in the learning task.

1 Introduction

Collaborative learning is increasingly prevalent in settings where data and expertise are distributed
across multiple stakeholders. A growing number of platforms now facilitate such collabora-
tion—bringing together data contributors, coordinating computation, and monetizing the value
created in the process. For example, cloud-based platforms like AWS and Microsoft Azure offer
tools for federated or distributed learning across multiple agents. Snowflake, originally a data ware-
housing firm, now offers a data marketplace where firms can securely share and monetize their
data, enabling cross-organizational analytics and model building. Similarly, Databricks supports
collaborative machine learning by allowing data (and expertise) from different organizations to be
used together. These platforms benefit not only from hosting and processing fees but also by charging
for value-added services such as data access, model outputs, and performance improvements. In
all these cases, effective collaboration hinges on aligning incentives among data holders, especially
when the quality of shared data is private information of the agents, which is the topic of this paper.
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Overview of Our Model and Main Results

In this paper, we study the optimal design of collaborative learning platforms involving multiple
agents, each with its own dataset and its own learning objective. The data of each agent is useful for
their personal estimation task but also for the learning tasks of others, which motivates collaborative
learning. As a concrete example, consider firms estimating local market demand elasticities: a retailer
in one region may benefit from demand estimates in nearby areas if consumer behavior is spatially
correlated. The firms use a platform that facilitates collaboration among them but also charges them,
and we are interested in finding the optimal mechanism that maximizes the platform’s revenue but
also incentivizes the firms to truthfully report their data quality.

We introduce a Bayesian mechanism design framework for this problem in which the platform
designs a data-sharing mechanism that consists of an allocation probability function that, based on
the reported qualities, determines the probability of giving each agent access to the learned model and
a payment scheme, again based on the reported qualities, that determines how much to charge each
agent. The goal of the platform in designing the allocation and payment is twofold: 1) incentivizing
each agent to truthfully report their quality so that the overall performance of learning tasks is
maximized and 2) maximizing the revenue generated from providing this service to the agents.

Our first main result characterizes the optimal mechanism by which a platform can elicit truthful
reports of privately known data quality from agents and maximize its revenue. The optimal mechanism
takes the form of a personalized threshold and pricing mechanism and, even though we allow for
randomized allocations, deterministically decides which agents to allocate to. Here is the structure of
the optimal mechanism:

• Collect the reported qualities of all agents and compute a personalized threshold and a
personalized price for each agent i ∈ {1, . . . , n} based on all the reported qualities and the
relevance of other agents’ data in the learning task of agent i.

• Allocate the learned model to each agent i, if her reported quality exceeds her personalized
threshold and charge her the personalized price.

We carry out our analysis for general learning tasks in which the data of others are useful for the
learning task of each agent. We then derive an explicit mechanism for our canonical example of
estimating a parameter of interest from Gaussian signals. In the example mentioned above, the
parameter of interest for each firm is the elasticity of demand that is correlated across the firms. Each
firm collects some samples from its targeted population, resulting in a Gaussian estimation of its
demand elasticity. We show that as the correlation between the parameter of agent i and those of
others increases—or as the quality of others’ data improves—the platform achieves higher model
accuracy and charges agent i more. This finding confirms the intuition that if the “added value” of
the platform for an agent is higher, she will be charged more. In fact, our result quantifies this added
value and the corresponding payment.

In our second main result, we extend the analysis to a setting in which the agents can exert some costly
effort to improve their data quality before collaborating on the platform. As already documented in
the literature (e.g., [1]), such settings typically exhibit “free-riding” among agents—meaning each
agent may be hesitant to exert the costly effort and rely on the others’ efforts. However, in our setting
of estimating parameters of interest from Gaussian signals, this free-riding effect is mitigated by the
optimal data-sharing mechanism, as it induces a supermodular game: each agent is incentivized to
exert more effort in response to greater effort from others. We then show that the set of all equilibria
forms a complete lattice, meaning that all equilibria can be sorted by the total effort exerted. By
focusing on the highest-effort equilibrium, we establish that the effort exerted by each agent increases
as the parameters of interest become more correlated.

Related Work

Incentivizing Participation and Data Collaboration in Federated Learning. The issue of in-
centivizing participation in federated learning has been studied in a range of works [1–11]. See
[4] for a survey. Our setting departs from this line of work in two key ways. First, data quality is
private information that can be strategically misreported. Second, we account for heterogeneity in the
relevance of agents’ data to the learning task, which directly impacts incentives and model accuracy.
[12–14] study incentives for truthful reporting in gradient updates and mean estimation settings. We
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differ from this line of work in two main aspects. First, we fully characterize the optimal mechanism
for general collaborative learning tasks, including both gradient updates and mean estimation. Second,
the platform’s objective in our setting is to jointly optimize model accuracy and revenue, requiring a
mechanism design approach that integrates both monetary and non-monetary incentives.

Mechanism Design. Our paper is related to the literature on mechanism design pioneered by [15].
However, in our setting, each agent’s value depends not only on her type but also on the types of
all other agents, which makes both the analysis and results different from the classical setting. This
interdependence connects our work to the literature on mechanism design with externalities [16–18].

The rest of the paper proceeds as follows. In Section 2, we describe the setting and the problem. In
Section 3, we characterize the optimal data-sharing mechanism. In Section 4, we extend our results
to a setting in which the agents can exert effort in order to increase their data quality. Section 5
concludes, while the appendix includes all the omitted proofs from the text.

2 Environment

We consider n agents, represented by [n] = {1, . . . , n}. Each agent i ∈ [n] has access to a data set
whose quality is privately known to the agent herself and not the others. We can think of the quality
as the number of data points or any other data feature that impacts the performance of the learning
task. The collaboration is happening on a platform that, from previous interactions with each agent,
has some information about their data quality. We model this information by adopting a Bayesian
setting, assuming each agent i’s data quality, denoted by qi, is independently drawn from a publicly
known and absolutely continuous distribution Fi(·) with support Qi over a bounded interval.

When sharing their data with the platform, agent i ∈ [n] reports a quality q̂i, which may differ from
the true data quality qi. The designer then performs the learning tasks, using the shared data from
all agents, and shares the results with the agents. The performance of the learning task depends on
both the true and reported data qualities. For instance, when data quality is measured by size, the
commonly used weighted average method in federated learning places more weight on data with
higher reported quality ([19]). In such settings, having the reported quality equal to the true quality
improves the performance of the learning task, e.g., deriving an unbiased estimator when using the
weighted average method. Therefore, the goal of the platform is to encourage truthful reporting of
the data qualities, with the goal of achieving the highest accuracy for the underlying learning tasks
and also generating revenue from interacting with the agents.

A Data-sharing Mechanism. Based on the reported qualities, the designer determines, potentially
randomizing, whether agent i ∈ [n] receives the outcome of the learning task for task i and the corre-
sponding payment. Specifically, a Data-sharing Mechanism is specified by the tuple {xi(·), pi(·)}i=1

where xi : Q1 × · · · × Qn → [0, 1] and pi : Q1 × · · · × Qn → R for all i = 1, · · · , n. Given the
reported qualities q̂ = [q̂1, . . . , q̂n], agent i ∈ [n] receives the estimator for task i with probability
xi (q̂), which we call allocation probability and pays pi (q̂), which we call payment.

Accuracy and Values. For each task i ∈ [n], given datasets with true qualities q = [q1, . . . , qn]
and reported qualities q̂ = [q̂1, . . . , q̂n], the (expected) accuracy is Ai(q, q̂).1 Notice that, to keep
the analysis general, we assume that accuracy is a function of both the reported qualities (that the
platform may use in the learning tasks) and the true qualities of data. Each agent i’s value for an
estimator, vi(q, q̂), is a strictly increasing and smooth function of task i’s accuracy.

We keep the analysis for general accuracy functions as long as they satisfy the following assumption.

Assumption 1 (Accuracy Function). For i ∈ [n] and q ∈ Q1 × · · · × Qn, the following hold: (i)
Ai(q,q) is non-decreasing in qi; (ii) Ai(q, q̂) is maximized at q̂ = q, i.e., q = argmaxq̂ Ai(q, q̂);
(iii) Ai(·) is twice continuously differentiable, i.e., it belongs to C2.

Assumption 1(i) formalizes the notion of data quality, stating that higher data quality results in higher
accuracy. Assumption 1(ii) asserts that the platform uses the best use of shared information, e.g.,
assigning correct weight to each agent’s data. Assumption 1(iii) is a technical condition that we need
for the analysis.

1We can view the accuracy as a random variable whose mean is Ai(q, q̂), where the randomness comes from
data.
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Platform’s Problem and Truthful Mechanisms. In principle, the interaction between the platform
and the agents and the strategy of the agents can be complex. However, in the appendix, we find
conditions under which, without loss of generality, we can focus on the class of truthful direct
mechanisms—the allocation and payment are such that the agents find it optimal to report truthfully.
Our analysis is more involved compared to the revelation principle of classical mechanism design.
We present the formal argument and details in the appendix, and in the rest of the paper focus on
direct and incentive-compatible (IC) mechanisms.

2.1 Mean Estimation from Gaussian Signals

Consider a collaborative learning setting where agent i ∈ [n] is interested in estimating a parameter θi.
These parameters are interdependent, and we let their distribution be θ ∼ N (0,Σ), an n-dimensional
Gaussian vector with known covariance matrix Σ. We let Σij denote the (i, j)-th entry of Σ and
σ2
i denote the (i, i)-th entry of Σ. Each agent i has access to a data set that essentially gives the

agent a noisy signal of the underlying parameter, denoted by si = θi + zi, where zi ∼ N
(
0, η2i

)
is

independently distributed across agents. This example falls into our setting as the data/signal of each
agent can be used to obtain a better estimation for the others. Here, we define data quality of agent i
as qi := σ2

i /η
2
i ≥ 0. Note that noise variance ηi is strictly decreasing in quality qi. All agents and the

designer share the same prior Fi on the quality qi, and only agent i knows the exact qi.

We now define the accuracy functions. After agents report their qualities q̂ and contribute the vector of
signals s, the platform updates its posterior over θ. However, since the true qualities q are unobserved,
the platform treats the reported qualities q̂ as correct. Thus, the platform’s posterior πi(s, q̂) for
θi is a function of signals and reported qualities. It then uses the posterior mean as the estimator
θ̂i(s, q̂), defined as Eθi∼πi(s,q̂) [θi]. We define the resulting accuracy for estimating parameter θi as
its expected squared error under the true posterior distribution:

Ai (q, q̂) = −Es

[
Eθi∼π(s,q)

(
θ̂i(s, q̂)− θi

)2]
. (1)

In particular, under truthful reports, θ̂i(s,q) minimizes the MSE under the true posterior mean.

We further define the value functions as

vi(q, q̂) := 1 +
Ai(q, q̂)

σ2
i

. (2)

3 Optimal Data-sharing Mechanism

3.1 Preliminary Definitions

Before providing the characterization of the optimal data-sharing mechanism, we introduce a defini-
tion and assumption that state how the notion of virtual values and regularity conditions extend from
the classical setting to our setting. In what follows, we use the notation q−i to refer to the vector of
qualities excluding qi, and interchangeably use vi (qi,q−i) to represent vi ([qi,q−i] , [qi,q−i]).
Assumption 2 (Virtual Values and Regularity). For any i ∈ [n] and q−i ∈

∏
j ̸=i Qj , the virtual

value function ϕi,q−i
(·), defined below, satisfies the single-crossing property at zero.

ϕi,q−i(qi) := vi(qi,q−i)−
∂vi(qi,q−i)

∂qi

1− Fi(qi)

fi(qi)
. (3)

In the appendix, we state simpler conditions that guarantee the above assumption holds. As we
establish in the subsequent sections, Assumption 2 holds for our canonical example of mean estimation
from Gaussian signals under mild conditions.

3.2 Our Characterization

Given the above definitions, we are now ready to present our first main result that fully characterizes
the optimal data-sharing mechanism. For any vector of reported qualities q̂, a personalized threshold
and pricing mechanism allocates the estimation for task i ∈ [n] to agent i if her report q̂i exceeds a
threshold at a personalized price — both determined by the report of others q̂−i.
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Algorithm 1 Optimal Data-sharing Mechanism

Input: Accuracy and value functions Ai(·) and vi(·), quality distributions Fi with support Qi,
and reported quality vector q̂
for each agent i ∈ [n] do

Compute the function ϕi,q̂−i
(q) according to equation (3)

Compute q̄i(q̂−i) := inf
{
q ∈ Qi | ϕi,q̂−i

(q) ≥ 0
}

if q̂i ≥ q̄i(q̂−i) then
Offer the estimation for task i to agent i at price vi (q̄i(q̂−i), q̂−i)

end if
end for

Theorem 1. Under Assumptions 1 and 2, the personalized threshold and pricing mechanism described
in Algorithm 1 is the optimal data-sharing mechanism.

3.3 Our Characterization in the Case of Mean Estimation from Gaussian Signals

In this section, we only restrict quality distributions Fi to have a monotone hazard rate (MHR), i.e.,
non-decreasing fi(·)/(1− Fi(·)).2

Theorem 2. For accuracy and value functions vi(·) defined in equations (1) and (2) and quality
distributions Fi with a monotone hazard rate (MHR) for i ∈ [n], the personalized threshold and
pricing mechanism described in Algorithm 1 is the optimal data-sharing mechanism for the mean
estimation task from Gaussian signals.

Using the characterization in Theorem 2, we explore a key trade-off associated with data centrality:
when agent i’s data becomes more correlated with that of other agents, does the platform charge
agent i more or less? When agent i’s data becomes more correlated, her data becomes more valuable
for others’ estimation tasks, motivating the platform to reduce the price offered to agent i. However,
other agents’ data already reveal much about agent i’s signal, rendering her data. Lastly, despite less
essential data, the platform achieves a more accurate estimation for her task, enabling it to charge
her more. As we next show, the latter two forces outweigh the first: as agent i’s data becomes more
correlated with others, her payment increases.

Example 1. Consider a setting with three agents where data qualities are independently drawn from
the same distribution, but the correlation structure is asymmetric: agent 1’s data is correlated with
that of agents 2 and 3 (with correlation factor ρ), while agents 2 and 3’s data remain uncorrelated.3
In Figure 1, we plot the expected payments in the optimal data-sharing mechanism. As we observe,
when |ρ| becomes larger, all agents’ expected payments increase, with agent 1 paying the most.
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Figure 1: Expected payments of all agents in Example 1

In the appendix, we analytically capture the insights from the above example in the small correlation
regime, defined as follows. For a sufficiently small ε > 0, we define the ε-correlation regime as when
the correlation factors uniformly satisfy |σij | ≤ ε for all i ̸= j.

2This property is satisfied for most common distributions, including but not limited to uniform, exponential,
and gamma, and is commonly used in mechanism design literature (see, e.g., [15]).

3The qualities are uniformly distributed on [0,10]. We let ρ ∈ [−1√
2
, 1√

2
], and set ηi = 1 for i ∈ [3].
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4 What if Agents can Improve their Data Quality?

We extend our model to a setting in which agents can exert costly effort to improve the data qualities.

Effort-dependent Quality Distributions. We begin by presenting the model in general form, though
our main focus will be on the canonical case of mean estimation from Gaussian signals. In the
example above, firms incur an experimentation cost to improve the distribution of their data quality.
For effort level ei ≥ 0, let Fi,ei denote the resulting quality distribution incurred at a cost ci(ei),
where ci : R+ → R+ for all i ∈ [n] with ci(0) = 0 is a strictly increasing function that maps each
effort level to its cost. Naturally, greater efforts improve the data quality that we capture by first-order
stochastic dominance. The sequence of events unfolds as follows: (i) agent i publicly chooses an
effort level ei, incurs the corresponding cost ci(ei), and improves her quality distribution to Fi,ei ; (ii)
the platform then runs the optimal data-sharing mechanism based on the updated quality distributions.

Mean Estimation from Gaussian Signals. A well-known feature of effort-based models is that
agents tend to free-ride by exerting less effort, as shown in [1] in the context of federated learning,
where agents collect and share data to train a common model. In such settings, free-riding emerges
because the utility function is submodular in the effort vector e, implying that the best response of
each agent decreases as the efforts of others increase. This directly follows from Topkis’ Monotonicity
Theorem [20], and we formally establish it in the appendix. A similar pattern arises in our setting if the
mechanism does not account for data centrality: utilities remain submodular, leading to free-riding.

However, we establish a key result (under some assumptions): the optimal data-sharing mechanism
reverses this tendency by inducing a supermodular game. That is, agents are incentivized to increase
their effort in response to others’ increased effort.4 Moreover, we show that the set of equilibria forms
a complete lattice and that under higher correlation, the highest-effort equilibrium features greater
effort levels from the agents. Our findings are formally stated next.

Theorem 3. For any i ∈ [n], suppose Fi,ei = Unif [ei, Q] for ei ∈ [0, Q] for some Q > 4, and the
cost functions ci(·) are such that ci

(√
Q− 2

)
≥ 1. Under ε-correlation regime for sufficiently small

ε > 0, (i) the mean estimation task with effort is a supermodular game; (ii) the set of all equilibria is
non-empty and forms a complete lattice; and (iii) in the equilibrium with the highest collaboration,
the optimal efforts are increasing in the absolute value of correlation factors.

We now clarify the role of the assumptions. The assumption of uniform distributions and ε-correlation
regime are made for tractability. The condition ci

(√
Q− 2

)
≥ 1 is imposed to keep effort levels

relatively small (in comparison to the upper bound Q on data quality), thereby avoiding a trivial
scenario in which the mechanism allocates to all agents irrespective of their reports.

5 Conclusion

In this paper, we study the design of mechanisms that incentivize strategic agents to truthfully
contribute data in collaborative learning environments, thereby improving model accuracy across all
tasks. In particular, we develop a Bayesian mechanism design framework that optimally determines
both allocation and payment rules to elicit truthful reports of data quality while maximizing the
platform’s revenue. Our key result characterizes the optimal mechanism as a personalized threshold
and pricing mechanism, where each agent is allocated the learned estimator if their reported quality
exceeds a threshold and is charged a price based on the relevance of others’ data in the learning
task. We provide a closed-form solution for a canonical Gaussian mean estimation problem and
demonstrate how interdependencies in data affect both allocation and pricing. We also extend the
model to allow agents to exert costly effort to improve their data quality, establishing that the typical
”free-riding” effect in collaborative learning is mitigated by the structure of the proposed mechanism.

Our analysis relies on a few simplifying assumptions that demand further investigation in future works.
One promising direction is to explore richer forms of data heterogeneity, including multidimensional
qualities. Another avenue is to incorporate privacy constraints and study how the optimal mechanism
changes when agents demand data protection. Finally, it would also be valuable to analyze dynamic
environments where data quality evolves over time, or agents interact repeatedly.

4We detail the formal definition of supermodular games and their properties in the appendix. For further
details, see [21].
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Supplementary Materials

The supplementary materials consist of three main parts:

• Appendix A: Additional results and details

• Appendix B: Proofs of the main results

• Appendix C: Auxiliary technical lemmas

A Additional Results and Details

A.1 Extended Related Work

Incentivizing Participation and Data Collaboration in Federated Learning. The issue of incen-
tivizing participation in federated learning has been studied in a range of works [3–11]. See [4] for a
survey. In the context of data exchange, [22] proposes fair outcomes based on data qualities. Our
setting departs from this line of work in two key ways. First, data quality is private information that
can be strategically fabricated (e.g., by sampling from fitted distributions). Second, we account for
heterogeneity in the relevance of agents’ data to the learning task, which directly impacts incentives
and model accuracy. Our work is closely related to studies on free-riding behavior in data collabora-
tion [1, 2], where agents exert less effort and benefit from others’ data. In particular, [1] shows that
when agents can exert costly effort to increase the number of data points (or their data quality), there
will be free-riding, leading to inefficiently low total effort. Besides considering strategic data quality
reporting and data heterogeneity, which are not present in this previous work, we fully identify the
set of all possible equilibria. Specifically, we show that all equilibria form a complete lattice ordered
by total effort, including both the lowest- and highest-effort outcomes.

Incentivizing Truthful Data Collaboration in Federated Learning. Untruthful data collaboration
in our setting broadly relates to free-rider attacks in federated learning [23, 24], where low-quality
local updates degrade the global model performance. [12] studies incentives for truthful reporting
in both gradient updates and mean estimation settings. In the context of mean estimation, [13, 14]
leverage non-monetary incentives to prevent data fabrication. We differ from this line of work in two
main aspects. First, we fully characterize the optimal mechanism for general collaborative learning
tasks, including both gradient updates and mean estimation. Second, the platform’s objective in our
setting is to jointly optimize model accuracy and revenue, requiring a mechanism design approach
that integrates both monetary and non-monetary incentives. Similar to our work, [25] considers both
monetary and non-monetary incentives for truthfulness in general learning tasks. However, their
framework only allows misreporting to lower qualities, which does not capture the common scenario
in free-rider attacks where agents overstate quality to avoid detection.

Mechanism Design. Finally, our paper is related to the literature on mechanism design pioneered
by [15]. However, in our setting, the value that each agent obtains depends not only on her type but
also on the types of all other agents, which makes both the analysis and results different from the
classical setting. This interdependence connects our work to the literature on mechanism design with
externalities [16–18], which typically models additive effects from others’ allocations. In contrast,
our setting features non-linear dependencies on others’ reports, reflecting the role of truthfulness in
determining model accuracy.

A.2 Clarifying Modeling Assumptions

We develop a general framework for collaborative learning in which data quality shapes agents’
strategic incentives:

1. Collaboration takes place on a platform that allocates access to the trained model and sets
payments based on reported qualities.

2. Model accuracy is a function of both true and reported qualities, as reported quality can be
used to select better estimators.
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Monetary Transfers. While payments are not the predominant practice in collaborative learning
settings, recent studies in the literature suggest they can improve participation. In particular, [26]
leverages monetary penalties to discourage free-riding in federated learning. In another line of work,
[27–31] study mechanisms that incentivize participation through spending from a monetary budget.
In contrast, our work investigates how monetary and non-monetary incentives can be used to jointly
maximize accuracy and revenue in general learning tasks.

Accuracy Functions. In our model, agents report qualities based on expected accuracies, where the
expectation is over data distributions parameterized by quality. This applies when agents report before
observing realized data (e.g., reporting the precision in data collection such as staffing levels) or when
accuracy cannot be computed from realized data—common in learning theory, where guarantees
(e.g., generalization bounds) are stated in expectation over IID datasets.

Data Fabrication. We focus on a collaborative setting in which agents do not have any strategic
incentive to harm others—a behavior that arises in competitive environments. Accordingly, each
agent aims to maximize her own expected utility, which depends on her expected allocation, payment,
and resulting model accuracy. Since the platform uses reported qualities to determine allocations and
payments—while only the accuracy functions depend on both the true and reported qualities—agents
might have incentives to misreport their data quality but have no incentive to fabricate the underlying
data itself.

A.3 Mean Estimation from Gaussian Signals

To be more concrete, let us describe two applications of the mean estimation setting in cross-silo
collaborative learning:
Example A.1 (Correlated Demand Elasticities Across Populations). Consider n firms, each
operating in a different regional market and interested in estimating the demand elasticity θi for its
own population. Each firm observes a local dataset (e.g., historical prices and quantities sold) that
provides a noisy signal of its own elasticity, given by si = θi + zi, zi ∼ N (0, η2i ). This noise may
result from sampling variability or modeling errors.5 While each θi pertains to a different market,
demand elasticities are often correlated across similar populations due to shared demographic or
macroeconomic factors. Here, θ ∼ N (0,Σ), where Σ encodes these correlations. Consequently, the
signal si observed by firm i is informative about θi of firm i but also θj of the other firms, making
collaborative learning beneficial.
Example A.2 (Estimating Match Quality from User Features in a Shared Market). Suppose
there is a single population of users, each described by a latent feature vector u ∈ Rd, distributed
as u ∼ N (0,Σ0). Each of n firms offers a product or service, described by a known feature vector
xi ∈ Rd, and seeks to estimate the quality of match with the user population. The match quality is
quantified by the inner product x⊤

i u, and each firm observes a noisy signal of this quantity, given by
si = x⊤

i u+ ϵi for ϵi ∼ N (0, 1).6 Since all signals depend on the shared latent vector u, the match
qualities are jointly Gaussian and correlated as Cov(x⊤

i u, x
⊤
j u) = x⊤

i Σ0xj . Thus, sj contains useful
information for firm i’s estimation of x⊤

i u. Sharing such signals across firms leads to improved
learning and better alignment between user preferences and product offerings.

We now show that accuracy functions defined in equation (1) satisfy the general properties outlined in
Assumption 1. We further derive the closed form of the accuracy and value functions under truthful
reports.
Lemma A.1. The accuracy and value functions defined in equations (1) and (2) satisfy the following:

(i) The accuracy functions Ai(·) satisfy Assumption 1 for all i ∈ [n]

(ii) For any i ∈ [n] and q, the value function is given by

vi(q) =
(Σi1, . . . ,Σin)

(
Σ+ diag

(
σ2
1/q1, · · · , σ2

n/qn
))−1

(Σi1, . . . ,Σin)
⊤

σ2
i

. (A.1)

5The assumption of Gaussian noise is justified by the Central Limit Theorem, as the signal typically aggregates
many small random effects (e.g., consumer behaviors).

6The Gaussian noise reflects randomness in user feedback, measurement error, or behavioral variability.
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A.4 Revelation Principle

Here, we provide conditions under which, without loss of generality, we can focus on direct mech-
anisms where agents truthfully report their private information. Unlike the classical mechanism
design, the revelation principle does not necessarily hold, as agents’ values may depend on both
true and reported qualities. In particular, the reduction to direct mechanisms where agents truthfully
report their data qualities depends on the designer’s objective, which is defined over the tuple of
expected accuracies and revenues. From the designer’s perspective, the expected accuracy for task i
does not directly depend on agent i’s utility, which randomly receives the estimation. For simplicity,
we assume the designer’s objective depends only on the pair of aggregated expected accuracy and
revenue.7 Let ⪯ denote the designer’s preference relation over pairs of aggregated expected accuracy
and revenue.

We make use of the following assumption that says: the platform computes the optimal estimator
given the reported qualities and the true qualities, but it is the case that the accuracy is the highest if
the reported qualities that the platform uses are the true qualities.

Assumption A.1. For any q̂ and i ∈ [n], Ai(q, q̂) ≤ Ai(q,q). Additionally, if for some q̂,
Ai(q, q̂) = Ai(q,q) for all i, then either q̂ = q or Ai(q, q̂) is constant in q̂ for all i.8

Proposition A.1. Suppose Assumption A.1 holds, and the designer’s preference relation ⪯ over
the pairs of aggregated expected accuracy and revenue is lexicographic, with accuracy prioritized
over revenue. Then, there exists an optimal truthful direct mechanism in which all agents choose to
participate.

Proposition A.1 guarantees that the reduction to truthful direct mechanisms is without loss of general-
ity if the designer prioritizes accuracy over revenue. Furthermore, since any truthful direct mechanism
maximizes the expected accuracy, we focus on characterizing the truthful direct mechanism that max-
imizes expected revenue, i.e., the optimal mechanism under the lexicographic order of preferences.
This way, the platform’s problem becomes finding the optimal data-sharing mechanism, which is the
solution to the following functional optimization:

max
{xi(·),pi(·)}n

i=1

Eq

[
n∑

i=1

pi(q)

]
(A.2)

Eq−i [vi(q)xi(q)− pi(q)] ≥ Eq−i [vi(q, [q
′
i,q−i])xi(q

′
i,q−i)− pi(q

′
i,q−i)] , ∀i, q′i ̸= qi, (A.3)

Eq−i
[vi(q)xi(q)− pi(q)] ≥ 0, ∀i, qi, (A.4)

where the objective is the sum of the payments received from agents, the constraints (A.3) are
incentive compatibility constraints, ensuring that the agents report their qualities truthfully: the
left-hand side is the expected utility agent i receives from truthful reporting, and the right-hand side
is her expected utility from reporting quality q′i while her true quality is qi. The constraints (A.4) are
individual rationality, ensuring that the agents receive a non-negative utility and, therefore, voluntarily
participate and join the platform.

A.4.1 Mean Estimation from Gaussian Signals

To apply the revelation principle in our canonical example of mean estimation, it suffices to show that
the accuracy functions Ai(q, q̂) defined in equation (1) satisfy Assumption A.1.

Lemma A.2. The accuracy functions Ai(·) defined in equation (1) satisfy Assumption A.1.

A.5 Sufficient Conditions for Satisfying Assumption 2

Remark A.1. Assumption 2 holds when the virtual value function ϕi,q−i
(·) is non-decreasing. Under

Assumption 1, the virtual value function ϕi,q−i(·) is non-decreasing if agent i’s value vi(qi,q−i) is
concave in qi, for all q−i ∈

∏
j ̸=i Qj , and the quality distribution Fi has a monotone hazard rate

(MHR), i.e., fi(·)/(1− Fi(·)) is non-decreasing.

7Our results extend to any strictly increasing function of the accuracies and revenues.
8Notice that Assumption A.1 is a stronger variant of Assumption 1(ii).
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A.6 Centrality Measures

In this subsection, we analytically derive the insights on data centrality effects in forming the optimal
data-sharing mechanism in Example 1.
Proposition A.2. Suppose the quality distributions have a monotone hazard rate for all i ∈ [n]. The
following statements hold in the ε-correlation regime, for a sufficiently small ε > 0:

(i) The mechanism in Algorithm 1 for v̂i(·) achieves the optimal expected revenue in the mean
estimation task up to O

(
ε3
)

error, where

v̂i(q) =
qi

1 + qi
+

(
1

1 + qi

)2∑
j ̸=i

σ2
ij

qj
1 + qj

. (A.5)

(ii) Suppose a sufficiently large Q > 0 exists such that Fi is the uniform distribution on [0, Q]
for all i ∈ [n]. There exist constants λ0, λ1 > 0 independent of n and Σ such that agent
i’s expected payment in the optimal mean estimation mechanism satisfies: Eq[pi(q)] =
λ0 + λ1

∑
j ̸=i σ

2
ij +O

(
ε3
)
.

Proposition A.2(i) not only provides a tractable and approximately optimal mechanism that we
leverage in the subsequent section, but also explains why increasing the absolute value of the
correlation factors increases the payment. Moreover, Proposition A.2(ii) provides an intuitive
centrality measure of agent i’s data, captured by

∑
j ̸=i σ

2
ij . We note that while more central agents

pay more in the platform, we prove below that agents’ utilities, in expectation, are increasing in their
centrality measure due to receiving more accurate estimators.

We establish two additional properties for the expected payments and model accuracies under the
approximate mechanism described in Proposition A.2(i).
Corollary A.1. Suppose a sufficiently large Q > 0 exists such that Fi is the uniform distribution
on [0, Q] for all i ∈ [n]. Under the ε-correlation regime, for a sufficiently small ε > 0, for all i and
quality vector of other agents q−i, there exist constants λ′

0, λ
′′
0 , λ

′
1, λ

′′
1 > 0 independent of n and Σ

such that agent i’s expected payment and utility, conditional on q−i, in the optimal mean estimation
mechanism satisfy:

Eqi [pi(q)] = λ′
0 + λ′

1

∑
j ̸=i

σ2
ij

qj
1 + qj

+O
(
ε3
)
, (A.6)

Eqi [Ui(q)] = λ′′
0 + λ′′

1

∑
j ̸=i

σ2
ij

qj
1 + qj

+O
(
ε3
)
. (A.7)

Proposition A.2(i) and Corollary A.1 establish the following insight highlighted in the body of the
paper:

As the correlation between the parameter of agent i and those of others increases—or as the quality
of others’ data improves—the platform achieves higher model accuracy and charges agent i more.

Specifically, the right-hand sides of equations (A.5) and (A.6), neglecting the error terms, are both
increasing in the correlation factors and in the quality of others’ data.9 Additionally, taking expectation
over q−i in equation (A.7) shows that the utilities are increasing in centrality measure

∑
j ̸=i σ

2
ij ,

confirming another insight discussed in the paper:

While more central agents pay more in the platform, agents’ utilities, in expectation, are increasing in
their centrality measure due to receiving more accurate estimators.

9Notice that each agent’s value is strictly increasing in model accuracy.

A-4



B Proofs of Main Results

PROOF OF LEMMA A.1:

For q ∈ Rn
>0, define the matrix Σq := Σ+ diag

(
σ2
1/q1, · · · , σ2

n/qn
)
. We prove each part separately.

(i) We first establish that Ai(·) satisfies Assumption 1(i). Assume i = 1 without loss of generality.
Since θ is normally distributed with mean zero, the vector [θ1, s1, . . . , sn] is also normally distributed
with mean zero and covariance matrix given by

σ2
1 σ2

1 Σ12 · · · Σ1n

σ2
1

σ2
1(q1+1)

q1
Σ12 · · · Σ1n

Σ21 Σ21
σ2
2(q2+1)

q2
· · · Σ2n

...
...

...
. . .

...
Σn1 Σn1 Σn2 · · · σ2

n(qn+1)
qn


.

Thus, θ1 | s1, . . . , sn is normally distributed with mean µ and variance σ2, where

µ = θ̂1(q), σ2 = σ2
1 −

(
σ2
1 ,Σ12, . . . ,Σ1n

)
Σ−1

q

(
σ2
1 ,Σ12, . . . ,Σ1n

)⊤
.

Hence, the optimal estimator for θ1 | s1, . . . , sn is θ̂1(q), which achieves the least mean squared
error equal to the variance σ2. By equation (1), this leads to the following expression for the accuracy
function:

A1(q) =
(
σ2
1 ,Σ12, . . . ,Σ1n

)
Σ−1

q

(
σ2
1 ,Σ12, . . . ,Σ1n

)⊤ − σ2
1 . (B.1)

We next establish that A1(q) is non-decreasing in q1 by showing that ∂A1

∂q1
(q) ≥ 0. Since Σq is

symmetric, its inverse is also symmetric. Let (c1i, . . . , cni)⊤ denote the i-th column of the inverse
matrix Σ−1

q . We use the following identity from calculus:

∂Σ−1
q

∂q1
= −Σ−1

q

∂Σq

∂q1
Σ−1

q , (B.2)

which is derived by taking the derivative of the equation ΣqΣ
−1
q = I with respect to q1.

Additionally, since ∂Σq

∂q1
= diag

(
−σ2

1/q
2
1 , 0, · · · , 0

)
, equation (B.2) implies that

∂Σ−1
q

∂q1
=

σ2
1

q21
(c11, c12, . . . , c1n)

⊤(c11, c12, . . . , c1n). (B.3)

Finally, by equation (B.1), we obtain

∂A1

∂q1
(q) = −(σ2

1 ,Σ12, . . . ,Σ1n)
∂Σ−1

q

∂q1
(σ2

1 ,Σ12, . . . ,Σ1n)
⊤. (B.4)

=
σ2
1

q21
(Σ11,Σ12, . . . ,Σ1n)(c11, c12, . . . , c1n)

⊤(c11, c12, . . . , c1n)(Σ11,Σ12, . . . ,Σ1n)
⊤

=
σ2
1

q21

(
(Σ11,Σ12, . . . ,Σ1n)(c11, c12, . . . , c1n)

⊤)2
=

σ2
1

q21

(
−Σ11

q1
c11 +

(
Σ11

1 + q1
q1

,Σ12, . . . ,Σ1n

)
(c11, c12, . . . , c1n)

⊤
)2

=
σ2
1

q21

(
−σ2

1

q1
c11 + 1

)2

(B.5)

≥ 0,

where the second equality follows from equation (B.3), and the last equality follows from the facts
that Σ11 = σ2

1 and the inner product of the first row of Σq and the first column of Σ1
q is equal to one.
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We next prove that Ai(·) satisfies Assumption 1(ii). Assume i = 1 without loss of generality. As
demonstrated earlier, the random variable θ1 | s1, . . . , sn follows a normal distribution with mean
θ̂1(q). Thus, for any q̂ ∈

∏
j Qj , the estimator θ̂1 (q̂) achieves an accuracy at most as large as that

of θ̂1 (q). Taking the expectation over s1, . . . , sn, we obtain A1(q, q̂) ≤ A1(q,q) as desired.

Finally, Assumption 1(iii) immediately follows by the definition of Ai(·).

(ii) The result in equation (A.1) directly follows from combining equations (2) and (B.1).

PROOF OF PROPOSITION A.1:

For any mechanism M, let β = [β1, . . . , βn] denote the strategy profile of agents i = 1, . . . , n in
equilibrium. Let x̃i(q) := xi(β(q)) and p̃i(q) := pi(β(q)) denote agent i’s expected allocation
and payment. If β(·) is the identity function, then the outcome of mechanism M is equivalent to
the outcome of mechanism M̃ with allocations and payments (x̃i(q), p̃i(q)), where each agent i
truthfully reports her quality qi. Similarly, if the accuracy functions Ai(q, q̂) are constant with
respect to the report vector q̂, we can assume β(·) is the identity function without loss of generality.

Suppose the accuracy functions Ai(q, q̂) are not constant with respect to the report vector q̂. Assume
β(·) is not the identity function, i.e., there exists a subset Q ⊆

∏
j Qj with non-zero measure such that

β(q) ̸= q for q ∈ Q. In this case, the aggregated expected accuracy is given by E [
∑

i Ai(q, β(q))],
which, by Assumption A.1, is strictly less than E [

∑
i Ai(q,q)]. Therefore, the designer strictly

prefers the outcome of any direct mechanism over the outcome of mechanism M with strategy profile
β(·). This concludes the proof since the space of truthful direct mechanisms is non-empty, as the
designer can fully allocate to all agents for free.

PROOF OF LEMMA A.2:

The first part of Assumption A.1 holds because it is the same as Assumption 1(ii), and Ai(·) satisfies
Assumption 1 by Lemma A.1. To establish the second part, assume i = 1 without loss of generality.
Let q̂ be such that

Ai(q, q̂) = Ai(q,q), for all i ∈ [n]. (B.6)

We now show that q̂ = q, as desired. Given signals s1, . . . , sn, we use the arguments in the proof
of Lemma A.1(i) to show that the random variable θ1 | s1, . . . , sn follows a normal distribution
with mean θ̂1(q). Thus, the estimator θ̂i (q̂) achieves the least mean squared error for estimating
θi | s1, . . . , sn for almost every s1, . . . , sn. Since for any random variable X , the best scalar that
estimates X is unique and equal to E[X], it follows that θ̂i (q̂) = θ̂i(q). Thus,

(Σi1, . . . ,Σin)
(
Σ−1

q̂ − Σ−1
q

)
(s1, s2, . . . , sn)

⊤ = 0, for almost every s1, . . . , sn.

This implies that (Σi1, . . . ,Σin)
(
Σ−1

q̂ − Σ−1
q

)
= 0. Repeating this argument for all i ∈ [n] (see

equation (B.6)), we obtain
Σ
(
Σ−1

q̂ − Σ−1
q

)
= 0. (B.7)

Define the diagonal matrices

Dq̂ := diag
(
σ2
1/q̂1, . . . , σ

2
n/q̂n

)
, Dq := diag

(
σ2
1/q1, . . . , σ

2
n/qn

)
.

We have Σq̂ = Σ+Dq̂ and Σq = Σ+Dq. Substituting into equation (B.7), we obtain

0 = Σ (Σ +Dq̂)
−1 − Σ (Σ +Dq)

−1

= (Σ +Dq̂ −Dq̂) (Σ +Dq)
−1 − (Σ +Dq −Dq) (Σ +Dq)

−1

=
(
I −Dq̂ (Σ +Dq̂)

−1
)
−
(
I −Dq (Σ +Dq)

−1
)

= −
(
ΣD−1

q̂ + I
)−1

+
(
ΣD−1

q + I
)−1

.

Hence, ΣD−1
q̂ = ΣD−1

q . Comparing the diagonals of both sides implies that q̂i = qi for all i.
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PROOF OF THEOREM 1:

Let M∗ denote the personalized threshold and pricing mechanism described in Algorithm 1. We begin
by showing that, under mechanism M∗, truthful reporting constitutes an ex-post Nash equilibrium.10

For any given quality vector q, it suffices to verify ex-post individual rationality (IR) and ex-post
incentive compatibility (IC).

Ex-post IR. We show that agent i receives non-negative utility from truthful reporting.

• Suppose qi ≥ q̄i(q−i). Then, agent i’s utility from truthful reporting is
vi(qi,q−i)− vi(q̄i(q−i),q−i) ≥ 0, (B.8)

where the inequality follows from qi ≥ q̄i(q−i), using the monotonicity of vi(·,q−i)
implied by Assumption 1(i).

• Suppose qi < q̄i(q−i). Then, agent i’s utility from truthful reporting is zero.

Ex-post IC. Suppose agent i reports a quality . By Assumption 1(ii), and since vi(·) = gi(Ai(·)) for
some strictly increasing function gi, we have

vi(q, [qi,q−i]) ≥ vi(q, [,q−i]). (B.9)
We prove Ui(q,q) ≥ Ui(q, [,q−i]) by considering four cases:
(I-1) qi ≥ q̄i(q−i) and ≥ q̄i(q−i),
(I-2) qi ≥ q̄i(q−i) and < q̄i(q−i),
(II-1) qi < q̄i(q−i) and ≥ q̄i(q−i),
(II-2) qi < q̄i(q−i) and < q̄i(q−i).

(I-1) Suppose qi ≥ q̄i(q−i) and ≥ q̄i(q−i). Hence,
Ui(q,q) = vi(q,q)− vi(q̄i(q−i),q−i) ≥ vi(q, [,q−i])− vi(q̄i(q−i),q−i) = Ui(q, [,q−i]),

where the inequality follows from equation (B.9).

(I-2) Suppose qi ≥ q̄i(q−i) and < q̄i(q−i). Hence,
Ui(q,q) = vi(q,q)− vi(q̄i(q−i),q−i) ≥ 0 = Ui(q, [,q−i]),

where the inequality follows from equation (B.8).

(II-1) Suppose qi < q̄i(q−i) and ≥ q̄i(q−i). Hence,
Ui(q,q) = 0 ≥ vi(q,q)− vi (q̄i(q−i),q−i) ≥ vi(q, [,q−i])− vi (q̄i(q−i),q−i) = Ui (q, [,q−i]) ,

where the first inequality follows from Assumption 1(i), and the second inequality follows from
Assumption 1(ii).

(II-2) Suppose qi < q̄i(q−i) and < q̄i(q−i). Hence,
Ui(q,q) = 0 = Ui(q, [,q−i]).

Therefore, truthful reporting constitutes an ex-post Nash equilibrium. We next show that M∗ is the
optimal truthful data-sharing mechanism. Let (x∗

i (·), p∗i (·)) denote agent i’s expected allocation and
payment under mechanism M∗. Thus,

x∗
i (qi,q−i) = 1{qi ≥ q̄i(q−i)}, p∗i (qi,q−i) = vi(q̄i(q−i),q−i)1{qi ≥ q̄i(q−i)}. (B.10)

We have
Eq[p

∗
i (q)] = Eq−i [Eqi [p

∗
i (qi,q−i)]]

(a)
= Eq−i [vi(q̄i(q−i),q−i) (1− Fi(q̄i(q−i))]

(b)
= Eq−i

[∫
q̄i(q−i)

(
vi(qi,q−i)−

∂vi(qi,q−i)

∂qi

1− Fi(qi)

fi(qi)

)
fi(qi)

]

= Eq−i

[∫
q̄i(q−i)

ϕi,q−i(qi)fi(qi)

]
(c)
= Eq−i

[
Eqi

[
ϕ+
i,q−i

(qi)
]]

, for all i ∈ [n], (B.11)

10This implies that the resulting equilibrium is prior-free, in contrast to a Bayesian Nash equilibrium.
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where (a) follows from equation (B.10), (b) follows from integration by parts, and (c) follows from
the fact that q̄i(q−i) = inf{qi ∈ Qi | ϕi,q−i(qi) ≥ 0} and that ϕi,q−i(qi) satisfies the single-crossing
property at zero by Assumption 2.11

Let (xi(·), pi(·)) denote a feasible solution of problem (A.2). We show Eq[pi(q)] ≤ Eq[p
∗
i (q)] for

all i ∈ [n], establishing the optimality of M∗. Suppose the support Qi starts at 0 for all i ∈ [n];
all arguments extend to the general case. We first use an auxiliary result with the proof deferred to
Appendix B.

Lemma B.1 (Payment Identity). Suppose the support Qi starts at 0. Let (xi(·), pi(·)) be a feasible
solution of problem (A.2). Under Assumption 1, the following identity holds:

Eq[pi(q)] = Eq−i [pi(0,q−i)− vi (0,q−i)xi (0,q−i)] + Eq−i

[
Eqi

[
ϕi,q−i(qi)xi(qi,q−i)

]]
.

Moreover, by constraint (A.4) in problem (A.2) evaluated at qi = 0, we have

Eq−i
[pi(0,q−i)− vi (0,q−i)xi (0,q−i)] ≤ 0.

Combining this with the payment identity in Lemma B.1, we have

Eq[pi(q)] ≤ Eq−i

[
Eqi

[
ϕi,q−i(qi)xi(qi,q−i)

]]
≤ Eq−i

[
Eqi

[
ϕi,q−i(qi)

+
]]

= Eq[p
∗
i (q)],

where the last equality follows from equation (B.11).

PROOF OF THEOREM 2:

We apply Theorem 1 to establish the optimality of the mechanism in Algorithm 1 for the value
functions vi(·) defined in equation (2). To apply Theorem 1, it suffices to verify that Assumptions
1 and 2 are satisfied. By Lemma A.1(i), Assumption 1 holds. To verify Assumption 2, we use the
following auxiliary result, with the proof provided in Appendix B.

Lemma B.2. For the value function vi(·) defined in equation (2) and quality distribution Fi with
a monotone hazard rate (MHR), the virtual value function ϕi,q−i(·) defined in equation (3) is non-
decreasing for all i ∈ [n] and q−i ∈

∏
j ̸=i Qj .

Combining Lemma B.2 with Remark A.1, we conclude that Assumption 2 holds.

PROOF OF PROPOSITION A.2:

(i) For v̂i(·) defined in equation (A.5), we define the approximate virtual value function as

ϕ̂i,q−i
(qi) := v̂i(q)−

∂v̂i(q)

∂qi

1− Fi(qi)

fi(qi)
. (B.12)

We start by using an auxiliary result, with the proof provided in Appendix B.

Lemma B.3. Under ε-correlation regime for an 0 < ε < 1/
√

3(n− 1), for any quality distribution
Fi with a monotone hazard rate (MHR), the approximate virtual value function ϕ̂i,q−i(·) defined in
equation (B.12) is strictly increasing for all i ∈ [n] and q−i ∈

∏
j ̸=i Qj .

We first establish the following claim: it suffices to show that ϕ̂i,q−i(qi) uniformly approximates
ϕi,q−i(qi) up to an error of O(ε3) for all i ∈ [n] and q ∈

∏
j Qj . By Lemmas B.2 and B.3, the virtual

value functions ϕi,q−i
(qi) and ϕ̂i,q−i

(qi) are non-decreasing in qi. Thus, the optimal mechanism

described in part (i) yields an expected revenue of r∗ =
∑n

i=1 E
[
ϕ+
i,q−i

(qi)
]

(see equation (B.11) in
the proof of Theorem 1). Similarly, Lemma B.1 implies that the approximate mechanism described

11Note that ϕ+
i,q−i

takes a non-negative value at the upper end of support Qi.
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in part (ii) yields an expected revenue given by

r̂ =

n∑
i=1

E
[
ϕi,q−i(qi)1 {qi ≥ q̄i(q−i)}

]
=

n∑
i=1

E
[(

ϕi,q−i
(qi)− ϕ̂i,q−i

(qi) + ϕ̂i,q−i
(qi)
)
1 {qi ≥ q̄i(q−i)}

]
=

n∑
i=1

E
[(

ϕi,q−i
(qi)− ϕ̂i,q−i

(qi)
)
1 {qi ≥ q̄i(q−i)}+ ϕ̂+

i,q−i
(qi)
]
,

where the last equality follows from the monotonicity of ϕ̂i,q−i
(·). Thus,

|r∗ − r̂| ≤
n∑

i=1

E
[∣∣∣ϕi,q−i(qi)− ϕ̂i,q−i(qi)

∣∣∣+ ∣∣∣ϕ+
i,q−i

(qi)− ϕ̂+
i,q−i

(qi)
∣∣∣]

≤ 2

n∑
i=1

E
[∣∣∣ϕi,q−i

(qi)− ϕ̂i,q−i
(qi)
∣∣∣] .

Therefore, to establish the desired result that |r∗ − r̂| = O(ε3), it suffices to show∣∣∣ϕi,q−i
(qi)− ϕ̂i,q−i

(qi)
∣∣∣ ≤ Cε3, (B.13)

for some constant C > 0 independent of i ∈ [n] and q ∈
∏

j Qj .

Assume i = 1 without loss of generality. By equation (A.1) in Lemma A.1(ii), we have

v1(q) =
(σ2

1 ,Σ12, . . . ,Σ1n)Σ
−1
q (σ2

1 ,Σ12, . . . ,Σ1n)
⊤

σ2
1

.

We next establish the following:

v1(q) = v̂1(q) +O
(
ε3
)
, (B.14)

∂v1(q)

∂q1
=

∂v̂1(q)

∂q1
+O

(
ε3
)
. (B.15)

Note that to obtain equation (B.15), one cannot directly differentiate equation (B.14) with respect to
q1, as the approximation error may depend on q1 in a non-smooth way. We then conclude the proof
by combining equations (B.14) and (B.15), which yields equation (B.13).

We first approximate the inverse matrix Σq. Given q ∈
∏

Qi, we express the covariance matrix Σq

as D + εM , where

D :=


σ2
1

α1
0 · · · 0

0
σ2
2

α2
· · · 0

...
...

. . .
...

0 0 · · · σ2
n

αn

 , αj :=
qj

1 + qj
, for all j ∈ [n], (B.16)

M :=
1

ε


0 Σ12 · · · Σ1n

Σ21 0 · · · Σ2n

...
...

. . .
...

Σn1 Σn2 · · · 0

 .

Notice that αj is a function of q. Under the ε-correlation regime, we have Mjk = O(1). Therefore,
since αj ∈ [0, 1] and D−1

jj = αj/σ
2
i = O(1) for all j ∈ [n], all entries of M and MD−1 are

uniformly bounded for all i ∈ [n] and q ∈
∏

j Qj . Hence, there exists a constant L > 0 independent
of i ∈ [n] and q ∈

∏
j Qj such that max

{
∥M∥, ∥MD−1∥

}
≤ L. Thus, for sufficiently small

B-5



ε < 1/(2L), we have ∥εMD−1∥ < 1, which implies that

Σ−1
q = (D + εM)

−1

=
((
I + εMD−1

)
D
)−1

= D−1
(
I + εMD−1

)−1

= D−1

(
I − εMD−1 + ε2MD−1MD−1 +

( ∞∑
k=3

(−1)kεk
(
MD−1

)k−1
M

)
D−1

)
= D−1

(
I − εMD−1 + ε2MD−1MD−1 +RD−1

)
, (B.17)

where all entries of matrix R are O
(
ε3
)

uniformly for i ∈ [n] and q ∈
∏

j Qj . This is because

∥R∥ ≤
∞∑
k=3

εk
∥∥MD−1

∥∥k−1 ∥M∥
(a)

≤
∞∑
k=3

εkLk =
ε3L3

1− εL

(b)

≤ 2ε3L3 = O
(
ε3
)
, (B.18)

where (a) follows from max
{
∥M∥, ∥MD−1∥

}
≤ L, and (b) follows from ε < 1/(2L).

Therefore, we have

v1(q) =
(σ2

1 ,Σ12, . . . ,Σ1n)Σ
−1
q (σ2

1 ,Σ12, . . . ,Σ1n)
⊤

σ2
1

(a)
=

(
σ2
1 , εM12, · · · , εM1n

)
D−1

(
I − εMD−1 + ε2(MD−1)2 +O

(
ε3
)) (

σ2
1 , εM12, · · · , εM1n

)⊤
σ2
1

= σ2
1D

−1
11 + ε2

∑
j ̸=1

(
M2

1jD
−1
jj − 2M1j

(
D−1MD−1

)
1j

)
+ σ2

1

(
D−1

(
MD−1

)2)
11

+O
(
ε3
)

(b)
= α1 + ε2

(
1− 2α1 + α2

1

)∑
j ̸=1

M2
1jαj

σ2
1σ

2
j

+O
(
ε3
)

= α1 + (1− α1)
2
∑
j ̸=1

(εM1j)
2
αj

σ2
1σ

2
j

+O
(
ε3
)

= α1 + (1− α1)
2
∑
j ̸=1

σ2
1jαj +O

(
ε3
)

(c)
=

q1
1 + q1

+

(
1− q1

1 + q1

)2∑
j ̸=1

σ2
1j

qj
1 + qj

+O
(
ε3
)

(d)
= v̂1(q) +O

(
ε3
)
,

where (a) follows from equations (B.17) and (B.18), (b) is derived using the following algebraic
identities:

D−1
11 =

α1

σ2
1

,

D−1
jj =

αj

σ2
j

,
(
D−1MD−1

)
1j

= α1
M1jαj

σ2
1σ

2
j

for all j ̸= 1,

(
D−1

(
MD−1

)2)
11

=
α2
1

σ2
1

∑
j ̸=1

M2
1jαj

σ2
1σ

2
j

,

(c) follows from substituting αj = qj/(1 + qj) for all j ∈ [n], as defined in equation (B.16), and (d)
follows from equation (A.5). Hence, we proved the approximation error in equation (B.14).
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We now establish equation (B.15), which completes the proof. Let c11 denote the first diagonal entry
of the inverse matrix Σ−1

q . Using the approximation in equation (B.17), we have

c11 =
α1

σ2
1

1 + ε2
∑
j ̸=1

M2
1jα1αj

σ2
1σ

2
j

+

(
α1

σ2
1

)2

R11

=
α1

σ2
1

1 + ε2
∑
j ̸=1

M2
1jα1αj

σ2
1σ

2
j

+ α2
1O
(
ε3
)
. (B.19)

We have

∂v1(q)

∂q1

(a)
=

1

σ2
1

∂A1(q)

∂q1

(b)
=

1

q21

(
−σ2

1

q1
c11 + 1

)2

(c)
= (1− α1)

2

(
−σ2

1(1− α1)

α2
1

c11 +
1

α1

)2

(d)
= (1− α1)

2

1− ε2(1− α1)
∑
j ̸=1

M2
1jαj

σ2
1σ

2
j

− σ2
1(1− α1)O

(
ε3
)2

(e)
= (1− α1)

2

1− ε2(1− α1)
∑
j ̸=1

M2
1jαj

σ2
1σ

2
j

+O
(
ε3
)2

= (1− α1)
2

1− 2ε2(1− α1)
∑
j ̸=1

M2
1jαj

σ2
1σ

2
j

+O
(
ε3
)

(f)
= (1− α1)

2

1− 2(1− α1)
∑
j ̸=1

σ2
1jαj +O

(
ε3
)

(g)
=

∂α1

∂q1

∂v̂1(q)

∂α1
+O

(
ε3
)
=

∂v̂1(q)

∂q1
+O

(
ε3
)
,

where (a) follows from equation (2), (b) follows from equation (B.5), as derived in the proof of
Lemma A.1(i), (c) follows from substituting q1 = α1/(1−α1), (d) follows from equation (B.19), (e)
follows from 1−α1 ∈ [0, 1], (f) follows from εM1j = Σ1j and σ1j = Σ1j/(σ1σj) for all j ̸= 1, and
(g) follows from ∂α1/∂q1 = 1/(1 + q1)

2 = (1− α1)
2 and v̂(q) = α1 + (1− α1)

2
∑

j ̸=1 σ
2
1jαj .12

(ii) Assume that Q is sufficiently large such that

Q > 16. (B.20)

As shown in part (i), the expected payment of each agent i ∈ [n] under the mechanism with
approximate value functions v̂i(·) matches her payment in the optimal mechanism up to an O

(
ε3
)

error. Thus, since the approximation in part (ii) is of the same order, it suffices to approximate the
expected payments under the approximate mechanism.

Assume that ε > 0 is sufficiently small such that

0 < ε <
1√

3(n− 1)
. (B.21)

For any given q−i ∈
∏

j ̸=i Qj , define Sq−i
:=
∑

j ̸=i σ
2
ijqj/(1+qj). Under the ε-correlation regime,

we have |σij | ≤ ε for all j ̸= i. Thus,

Sq−i
=
∑
j ̸=i

σ2
ij

qj
1 + qj

≤ ε2
∑
j ̸=i

qj
1 + qj

≤ (n− 1)ε2 < 1/3, (B.22)

12Note that we treat αj = qj/(1 + qj) as a function of qj .
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where the last inequality follows from equation (B.21). Moreover, from equations (A.5) and (B.12),
we have

ϕ̂i,q−i
(qi) = v̂i(qi,q−i)−

∂v̂i(qi,q−i)

∂qi

F̄i,ei(qi)

fi,ei(qi)

=

(
qi

1 + qi
+

(
1

1 + qi

)2

Sq−i

)
−
(

1

(1 + qi)2
− 2

(1 + qi)3
Sq−i

)
(Q− qi)

=

(
qi

1 + qi
− Q− qi

(1 + qi)2

)
+

(
1

(1 + qi)2
+

2(Q− qi)

(1 + qi)3

)
Sq−i

. (B.23)

Therefore,

ϕ̂i,q−i(0) = −Q+ (1 + 2Q)Sq−i < −Q+
(1 + 2Q)

3
=

1−Q

3
< 0, (B.24)

where the first inequality follows from equation (B.22), and the last inequality follows from
equation (B.20). Moreover, by Lemma B.3, the function ϕ̂ei,i,q−i

(·) is strictly increasing. Therefore,
equation (B.24) implies that

q̄q−i = inf
{
q ∈ [0, Q] | ϕ̂i,q−i(q) ≥ 0

}
> 0.

Combining this with the continuity of ϕ̂i,q−i
(q) (see equation (B.23)), q̄q−i

is the solution to
ϕ̂i,q−i

(q̄q−i
) = 0. Thus, equation (B.23) implies that(
q̄q−i

1 + q̄q−i

−
Q− q̄q−i

(1 + q̄q−i)
2

)
+

(
1

(1 + q̄q−i)
2
+

2(Q− q̄q−i)

(1 + q̄q−i)
3

)
Sq−i = 0. (B.25)

Multiplying both sides by
(
1 + q̄q−i

)3
, we derive

Sq−i
= g(q̄q−i

), (B.26)
where we define

g(q) :=
−q(1 + q)2 + (Q− q)(1 + q)

(1 + q) + 2(Q− q)
. (B.27)

By equation (B.26) and the fact that Sq−i ∈ [0, 1/3] from equation (B.22), Lemma C.2(i) implies
that q̄q−i = g−1(Sq−i). Hence,

Eqi [pi(q)] =
Q− q̄q−i

Q
v̂i(q̄q−i

,q−i)

=
Q− q̄q−i

Q

(
q̄q−i

1 + q̄q−i

+

(
1

1 + q̄q−i

)2

Sq−i

)
= Y

(
Sq−i

)
,

where we define

Y (S) :=
Q− g−1(S)

Q

(
g−1(S)

1 + g−1(S)
+

(
1

1 + g−1(S)

)2

S

)
, for all S ∈ [0, 1/3]. (B.28)

By Lemma C.2(ii), given that Q > 16 from equation (B.20), we have that Y (S) is strictly increasing
in S ∈ [0, 1/3]. Therefore, constants λ0, λ̂1 > 0 independent of n and Σ exist such that

Y (S) = λ0 + λ̂1S +O(S2). (B.29)
Combining this with Sq−i

= O(ε2), we obtain

Eq[pi(q)] = Eq−i [Eqi [pi(q)]] = Eq−i

[
Eqi

[
λ0 + λ̂1Sq−i +O(ε4)

]]
= λ0 + λ1

∑
j ̸=i

σ2
ij +O(ε4), (B.30)

where we define

λ1 := λ̂1

(
1− 1

Q
log(1 +Q)

)
This concludes the proof as the error in equation (B.30) is O

(
ε4
)
.
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PROOF OF COROLLARY A.1:

The result in equation (A.6) follows directly from the proof of Proposition (A.2)(ii). Specifically,
the approximation in equation (B.29) establishes the claim. Similarly, the result in equation (A.7)
follows from the proof of Theorem 3(i). Specifically, when the effort level ei = 0 and ε is sufficiently
small—specifically, ε < 1/

√
3(n− 1)—equation (B.36) yields

Eqi [Ui(q)] =
1

Q
H
(
Sq−i

)
,

where H(·) is defined as in equation (B.37) and Sq−i
:=
∑

j ̸=i σ
2
ijqj/(1 + qj). Since by Lemma

C.2(iii), function H(·) is strictly increasing, its first-order Taylor approximation leads to the result in
equation (A.7).

PROOF OF THEOREM 3:

In what follows, we use e and [ei, e−i] interchangeably to refer to effort profiles. We begin by
showing that each agent participates in the game and exerts an effort level in the interval

[
0,
√
Q− 2

]
.

Since ci(0) = 0 for all i ∈ [n], each agent can obtain non-negative utility from collaboration without
exerting any effort.13 Thus, all agents participate. Moreover, since ci(·) is strictly increasing, we have
ci(ei) ≥ 1 for ei ≥

√
Q− 2. Additionally, agent i’s value for any quality vector q satisfies

v̂i(q) =
qi

1 + qi
+

(
1

1 + qi

)2∑
j ̸=i

σ2
ij

qj
1 + qj

≤ qi
1 + qi

+
1

3

(
1

1 + qi

)2

<
qi

1 + qi
+

1

1 + qi
= 1.

Therefore, agent i’s expected value is strictly less than one for all effort profiles e. Combining this
with ci(ei) ≥ 1 for ei ≥

√
Q− 2, we conclude that all agents choose effort levels in

[
0,
√
Q− 2

]
.

In what follows, we always assume

e ∈
[
0,
√
Q− 2

]n
. (B.31)

(i) For each agent i ∈ [n], we show that her expected utility from participating in the mechanism
has increasing differences in (ei, e−i). This implies that the game is supermodular, since the cost
functions depend only on each agent’s own effort level. Let Fe−i

denote the joint distribution over
other agents’ data qualities. For any given q−i, define Sq−i

:=
∑

j ̸=i σ
2
ijqj/(1 + qj). We have

Sq−i =
∑
j ̸=i

σ2
ij

qj
1 + qj

≤
∑
j ̸=i

σ2
ij < 1/3, (B.32)

where the first inequality follows from qj ≥ 0 for all j ∈ [n]. Moreover,

ϕ̂ei,i,q−i
(qi) = v̂i(qi,q−i)−

∂v̂i(qi,q−i)

∂qi

F̄i,ei(qi)

fi,ei(qi)

=

(
qi

1 + qi
+

(
1

1 + qi

)2

Sq−i

)
−
(

1

(1 + qi)2
− 2

(1 + qi)3
Sq−i

)
(Q− qi)

=

(
qi

1 + qi
− Q− qi

(1 + qi)2

)
+

(
1

(1 + qi)2
+

2(Q− qi)

(1 + qi)3

)
Sq−i

. (B.33)

Notice that the virtual value function ϕ̂ei,i,q−i
(qi) is independent of ei, since the hazard rates do not

depend on efforts.

We first derive some useful properties. From Lemma C.2(i), the inverse function g−1(S) exists
for S ∈ [0, 1/3], where function g(·) is defined in equation (B.27). Define q̄0 := g−1(1/3). Since
g(q̄0) = 1/3, Lemma C.1(ii) implies that(

q̄0
1 + q̄0

− Q− q̄0
(1 + q̄0)2

)
+

(
1

(1 + q̄0)2
+

2(Q− q̄0)

(1 + q̄0)3

)
1

3
= 0. (B.34)

13See the description of the setting in Section 4, where we assume ci(0) = 0.
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Additionally, Lemma C.2(i) implies that

q̄0 ≥
√
Q− 2 ≥ ei, (B.35)

where the last inequality follows from equation (B.31). Furthermore, by equation (B.33), Lemma
C.1(i) implies that ϕ̂ei,i,q−i

(qi) is strictly increasing. Combining this with equation (B.35), we have

ϕ̂ei,i,q−i(ei) ≤ ϕ̂ei,i,q−i (q̄0)

=

(
1

(1 + q̄0)2
+

2(Q− q̄0)

(1 + q̄0)3

)(
Sq−i −

1

3

)
< 0,

where the equality follows from equation (B.34). As a result, since

q̄i,q−i,ei = inf
{
q ∈ [ei, Q] | ϕ̂ei,i,q−i

(q) ≥ 0
}
,

we have ϕ̂ei,i,q−i
(q̄i,q−i,ei) = 0. Combining this with equation (B.33), Lemma C.1(ii) implies that

q̄i,q−i,ei = g−1(Sq−i
).

This implies that the threshold q̄i,q−i,ei is independent of ei for any ei ≤
√
Q− 2. To simplify the

notation, let q̄ := q̄i,q−i,ei . We have

Eqi [Ui(qi,q−i)] =
1

Q− ei

∫ Q

q̄

vi(qi,q−i)− vi(q̄,q−i) dqi

=
1

Q− ei

(∫ Q

q̄

qi
1 + qi

+

(
1

1 + qi

)2

Sq−i
dqi − (Q− q̄)

(
q̄

1 + q̄
+

(
1

1 + q̄

)2

Sq−i

))

=
1

Q− ei

(
log

(
1 + q̄

1 +Q

)
+

Q− q̄

1 + q̄
− (Q− q̄)2

(1 + q̄)2
Sq−i

1 +Q

)
=

1

Q− ei
H(Sq−i

) (B.36)

where we define

H(S) := log

(
1 + g−1(S)

1 +Q

)
+
Q− g−1(S)

1 + g−1(S)
−
(
Q− g−1(S)

)2
(1 + g−1(S))

2

S

1 +Q
, for all S ∈ [0, 1/3]. (B.37)

Consequently,

Eq∼Fe [Ui(q)] =
1

Q− ei
Eq−i∼Fe−i

[
H(Sq−i

)
]
. (B.38)

Hence, for any j ̸= i, we have

∂Eq∼Fe [Ui(q)]

∂ei∂ej
=

1

(Q− ei)2
∂

∂ej
Eq−i∼Fe−i

[
H(Sq−i

)
]
. (B.39)

To establish supermodularity, it suffices to show that Eq−i∼Fe−i

[
H(Sq−i)

]
is non-decreasing in ej .

We prove a stronger, pointwise property: for any fixed q−i,j , the function Eqj∼Fj,ej
[H(Sqj ,q−i,j

)]

is non-decreasing in ej . Define the function G(qj) := H(Sqj ,q−i,j ). By Lemma C.2(iii), H(S) is
non-decreasing in S ∈ [0, 1/3]. Moreover,

Sqj ,q−i,j
= σ2

ij

qj
1 + qj

+
∑
k ̸=i,j

σ2
ik

qk
1 + qk

∈ [0, 1/3]

is non-decreasing in qj . Therefore, G(qj) = H(Sqj ,q−i,j
) is non-decreasing in qj . Moreover, for any

ej ≥ e′j , Fj,ej (uniform on [ej , Q]) stochastically dominates Fj,e′j
(uniform on [e′j , Q]). This implies

that Eqj∼Fj,ej
[G(qj)] is non-decreasing in ej , as desired.
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(ii) We invoke two classical results:

TOPKIS’ MONOTONICITY THEOREM ([20]): Let X ⊂ R be a compact set and T be some partially
ordered set. Assume that the function f : X × T → R is continuous in x for all t ∈ T and has
increasing differences in (x, t). Define x(t) ≡ argmaxx∈X f(x, t). Then, we have:

(i) For all t ∈ T , x(t) is nonempty and has a greatest and least element, denoted by x̄(t) and

¯
x(t), respectively.

(ii) For all t′ ≥ t, we have x̄(t′) ≥ x̄(t) and
¯
x(t′) ≥

¯
x(t).

TARSKI’S FIXED POINT THEOREM ([32]): Let (L,≤) be a complete lattice, and let T : L → L be
an order-preserving mapping. Then:

(i) The set of fixed points of T , defined as {x ∈ L | T (x) = x}, is a non-empty complete lattice.
(ii) In particular, T has a least fixed point and a greatest fixed point in L.

For each agent i ∈ [n], let BRi(e−i) denote her best response effort to others’ efforts.14 That is,

BRi(e−i) = argmax
ei∈[0,

√
Q−2]

Eq∼F(ei,e−i)
[Ui(q)]− ci(ei).

As shown in part (i), Eq∼F(ei,e−i)
[Ui(q)]− ci(ei) has increasing differences in (ei, ej) for any j ̸= i.

Thus, by Topkis’ Monotonicity Theorem, BRi(e−i) is non-decreasing in e−i.

We now define the best response mapping BR(e) :
[
0,
√
Q− 2

]n →
[
0,
√
Q− 2

]n
as

BR(e) :=
(
BR1(e−1), . . . , BRn(e−n)

)
.

This mapping is order preserving: for any e′ ≥ e, BR(e′) ≥ BR(e). Since
[
0,
√
Q− 2

]n
is a

complete lattice, Tarski’s Fixed Point Theorem implies that the set of fixed points of BR is non-empty
and forms a complete lattice, i.e., it has a greatest and least element. We conclude the proof by noting
that the set of fixed points of the best response mapping is the set of all equilibria.

(iii) Let Σ̂ = (σ2
ij)i ̸=j denote the matrix of squared correlation factors. We show that the ex-

pected utility of agent i has increasing differences in (ei, Σ̂). This complements part (ii), where we
established increasing differences in (ei, ej).

By equation (B.38), we have

∂Eq∼Fe [Ui(q)]

∂ei∂Σ̂ij

=
1

(Q− ei)2
∂

∂Σ̂ij

Eq−i∼Fe−i

[
H(Sq−i)

]
=

1

(Q− ei)2
Eq−i∼Fe−i

[
∂

∂Σ̂ij

H(Sq−i)

]

=
1

(Q− ei)2
Eq−i∼Fe−i

[
qj

1 + qj
H ′(Sq−i

)

]
≥ 0,

where the last inequality follows from Lemma C.2(iii) and that Sq−i ∈ [0, 1/3] for all q−i ≥ 0 (see
equation (B.32)). Finally, since Sq−i is independent of Σ̂kj for k, j ̸= i, we conclude that agent i’s
expected utility has increasing differences in (ei, Σ̂).

We now apply standard arguments from supermodular game theory (e.g., [33]). As shown in part
(ii), agent i’s best response is non-decreasing in others’ efforts. A similar argument shows it is also
non-decreasing in σ2

ij . Define the best response mapping BR(e, Σ̂) :=
(
BR1(·), . . . , BRn(·)

)
. For

any Nash equilibrium eNE , we have BR(eNE , Σ̂) = eNE . Thus, the set E(Σ̂) := {BR(e, Σ̂) ≥ e}
includes all Nash equilibria.

We show that E(Σ̂) has the largest element e(Σ̂), and it is the largest Nash equilibrium in the
lattice order. Let e0 ∈ E(Σ̂). Define the sequence of best response dynamics ei+1 := BR(ei) for

14If the maximizer is not unique, we select the greatest one.
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i ≥ 0. Because e0 ∈ E(Σ̂) and BR(·, Σ̂) is non-decreasing, {el}∞l=0 is a non-decreasing sequence.
Because el ∈

[
0,
√
Q− 2

]
is upper bounded, the sequence converges to some e∞ ∈

[
0,
√
Q− 2

]
.

By continuity of the best response mapping, we obtain BR(e∞) = e∞, and thus e∞ is a Nash
equilibrium. Let ē(Σ̂) denote the largest Nash equilibrium. Since e∞ is a Nash equilibrium, we have
ē(Σ̂) ≥ e∞ ≥ e0. Therefore, ē(Σ̂) = max E(Σ̂). Finally, because BR(e, ·) is non-decreasing, we
obtain E(Σ̂) ⊆ E(Σ̂′) for any Σ̂ ≤ Σ̂′ (entry-wise). This implies that ē(Σ̂) is non-decreasing in Σ̂ as
desired.
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C Auxiliary Technical Lemmas

PROOF OF LEMMA B.1:

For agent i, define her interim expected utility as:

Ui(qi) := Eq−i [vi (qi,q−i)xi (qi,q−i)− pi(qi,q−i)] . (C.1)

We first show that

Ui(qi) = Ui(0) + Eq−i

[∫ qi

0

∂vi(s,q−i)

∂qi
xi(s,q−i) ds

]
, for all qi ∈ Qi.

We then derive the payment identity by taking the expectation over qi, as we will elaborate on later in
the proof.

Using equation (C.1), we express problem (A.2) as:

max
xi(·),pi(·):i∈[n]

n∑
i=1

Eq [pi(q)] (main)

s.t. Ui(qi) ≥ Ui(q
′
i) + Eq−i [(vi ([qi,q−i] , [q

′
i,q−i])− vi (q

′
i,q−i))xi (q

′
i,q−i)] ,∀i, q′i ̸= qi, (IC)

Ui(qi) ≥ 0,∀i, qi. (IR)

Moreover, by Assumption 1(iii), the accuracy function Ai(·) belongs to C2. Hence, since vi(·) =
gi(Ai(·)) for a strictly increasing function gi ∈ C2, we have vi(·) ∈ C2. Thus, a uniform bound
D < ∞ exists such that∣∣∣∣vi([q′i,q−i], [qi,q−i])− vi([qi,q−i], [qi,q−i])

q′i − qi

∣∣∣∣ < D, for all qi, q′i ∈ Qi,q−i ∈
∏
j ̸=i

Qj . (C.2)

Additionally, for any q−i ∈
∏

j ̸=i Qj , we have qi = argmaxAi(q, [,q−i]) by Assumption 1(ii).
Since vi(·) = gi(Ai(·)) for a strictly increasing function gi, we obtain qi = argmax vi(q, [,q−i]).
This implies that ∂vi(q,q)

∂ = 0. Combining this with vi(·) ∈ C2, we have

lim
q′i→qi

vi([q
′
i,q−i], [qi,q−i])− vi([qi,q−i], [qi,q−i])

q′i − qi
=

∂vi
∂qi

(q,q)

=
∂vi
∂qi

(q,q) +
∂vi
∂

(q,q)

=
∂vi
∂qi

(qi,q−i), for all qi ∈ Qi, (C.3)

Moreover, for q′i > qi, constraint (IC) implies that

Eq−i

[
vi([q

′
i,q−i], [q

′
i,q−i])− vi([qi,q−i], [q

′
i,q−i])

q′i − qi
xi(q

′
i,q−i)

]
≥ Ui(q

′
i)− Ui(qi)

q′i − qi

≥ Eq−i

[
vi([q

′
i,q−i], [qi,q−i])− vi([qi,q−i], [qi,q−i])

q′i − qi
xi(qi,q−i)

]
. (C.4)

Combining this with xi(·) ∈ [0, 1] and equation (C.2), we obtain

|Ui(qi)− Ui(q
′
i)| ≤ D |qi − q′i| , for all qi > q′i.

Therefore, Ui(qi) is Lipschitz continuous, and thus, its derivative U ′
i(qi) exists almost everywhere

and satisfies

Ui(qi) = Ui(0) +

∫ qi

0

U ′
i(s) ds, for all qi ∈ Qi. (C.5)

Let DUi
:= {qi ∈ Qi | U ′

i(qi) exists} and qi ∈ DUi . We next characterize U ′
i(qi) by taking the

limit q′i − qi → 0 in the right-hand side of equation (C.4). Given the pointwise convergence by
equation (C.3) and uniform bound by equation (C.2), the Dominated Convergence Theorem yields

U ′
i(qi) ≥ Eq−i

[
∂vi(qi,q−i)

∂qi
xi(qi,q−i)

]
.
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A similar argument, by using constraint (IC) for q′i < qi, implies that

U ′
i(qi) ≤ Eq−i

[
∂vi(qi,q−i)

∂qi
xi(qi,q−i)

]
.

As a result, we obtain

U ′
i(qi) = Eq−i

[
∂vi(qi,q−i)

∂qi
xi(qi,q−i)

]
, for all qi ∈ DUi .

Since Qi \ DUi
is of measure zero and Ui is Lipschitz continuous, equation (C.5) implies that

Ui(qi) = Ui(0) + Eq−i

[∫ qi

0

∂vi(s,q−i)

∂qi
xi(s,q−i) ds

]
, for all qi ∈ Qi. (C.6)

Additionally, combining equations (C.1) and (C.6) yields

pi(qi) = −Ui(0) + Eq−i

[
vi(qi,q−i)xi(qi,q−i)−

∫ qi

0

∂vi(s,q−i)

∂s
xi(s,q−i) ds

]
.

Thus, taking the expectation over qi implies that

Eqi [pi(qi)] = −Ui(0) + Eq [vi(q)xi(q)]− Eq−i

[
Eqi

[∫ qi

0

∂vi(s,q−i)

∂s
xi(s,q−i) ds

]]
. (C.7)

Moreover, we have

Eqi

[∫ qi

0

∂vi(s,q−i)

∂s
xi(s,q−i) ds

]
=

∫
qi∈Qi

∫ qi

0

∂vi(s,q−i)

∂s
fi(qi)xi(s,q−i) ds dqi

=

∫
s∈Qi

∫
s

∂vi(s,q−i)

∂s
fi(qi)xi(s,q−i) dqi dsi

=

∫
s∈Qi

∂vi(s,q−i)

∂s
(1− Fi(s))xi(s,q−i) dsi

= Eqi

[
∂vi(qi,q−i)

∂qi

1− Fi(qi)

fi(qi)
xi(qi,q−i)

]
. (C.8)

Combining equations (C.7) and (C.8), we have

Eqi [pi(qi)] = −Ui(0) + Eq[vi(q)xi(q)]− Eq−i

[
Eqi

[
∂vi(qi,q−i)

∂qi

1− Fi(qi)

fi(qi)
xi(qi,q−i)

]]
= −Ui(0) + Eq−i

[
Eqi

[(
vi(qi,q−i)−

∂vi(qi,q−i)

∂qi

1− Fi(qi)

fi(qi)

)
xi(qi,q−i)

]]
(a)
= −Ui(0) + Eq−i

[
Eqi

[
ϕi,q−i

(qi)xi(qi,q−i)
]]

(b)
= Eq−i

[pi(0,q−i)− vi (0,q−i)xi (0,q−i)] + Eq−i

[
Eqi

[
ϕi,q−i

(qi)xi(qi,q−i)
]]

,

where (a) follows from the definition of the the virtual value function ϕi,q−i
(qi) in equation (3), and

(b) follows from the the definition of the interim utility Ui(·) in equation (C.1).

PROOF OF LEMMA B.2:

We apply Remark A.1 to establish that the virtual value function ϕi,q−i
(·) is non-decreasing. Since

Fi has a monotone hazard rate, it suffices to show that vi(q) is non-decreasing and concave in qi.

Assume i = 1 without loss of generality. By equation (2), v1(q) is non-decreasing in qi since the
accuracy function Ai(q) is non-decreasing in qi using Lemma A.1(i). To establish the concavity of
v1(q), we first derive two properties of the inverse matrix Σ−1

q , where

Σq =


σ2
1(1+q1)

q1
Σ12 · · · Σ1n

Σ21
σ2
2(1+q2)

q2
· · · Σ2n

...
...

. . .
...

Σn1 Σn2 · · · σ2
n(1+qn)

qn
.

 .
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Fixing q−1, let cq1 denote the first diagonal entry of Σ−1
q , and m1j denote the determinant of the

matrix obtained by removing row 1 and column j from Σq. We have

cq1 =
m11

σ2
1(1+q1)

q1
m11 +

∑
j≥2(−1)1+jΣ1jm1j

=
1

σ2
1(1+q1)

q1
+ γ

, (C.9)

where γ :=
∑

j≥2(−1)1+jΣ1j
m1j

m11
. Note that γ does not depend on q1, since only the first diagonal

entry of Σq is a function of q1. We next show

σ2
1 + γ ≥ 0. (C.10)

Since Σq is a covariance matrix for all q, it follows that Σq is positive definite.15 Hence, Σ−1
q

is positive definite as well, which implies that cq1 > 0 for all values of q1. Combining this with
equation (C.9), we conclude that

0 ≤ lim
q1→∞

1

cq1
= lim

q1→∞

σ2
1(1 + q1)

q1
+ γ = σ2

1 + γ.

We now establish the desired result that vi(q) is concave in qi. We show the partial derivative ∂v1(q)
∂q1

is non-increasing in qi. Using equation (B.5), we derive

∂v1(q)

∂q1
=

1

q21

(
−c11

σ2
1

q1
+ 1

)2

=
1

q21

−
σ2
1

q1

σ2
1(q1+1)

q1
+ γ

+ 1

2

(C.11)

=
1

q21

 σ2
1 + γ

σ2
1(q1+1)

q1
+ γ

2

=

(
σ2
1 + γ

q1(σ2
1 + γ) + σ2

1

)2

,

where the second equality follows from equation (C.9). We conclude the proof by noting that γ does
not depend on q1 and σ2

1 + γ ≥ 0 by equation (C.10).

PROOF OF LEMMA B.3:

We use a similar argument as in the proof of Lemma B.2. Specifically, we apply Remark A.1 to
establish that the approximate virtual value function ϕ̂i,q−i(·) is non-decreasing. Since Fi has a
monotone hazard rate, it suffices to show that v̂i(q) is non-decreasing and concave in qi.

Assume i = 1 without loss of generality. For any 0 < ε < 1/
√
3(n− 1), we have

1/3 > (n− 1)ε2 ≥
∑
j ̸=i

σ2
ij ≥

∑
j ̸=i

σ2
ij

qj
1 + qj

, for all i ∈ [n], (C.12)

where the second inequality follows from ε ≥ |σij | for all j ̸= i under the ε-correlation regime, and
the last inequality follows from qj ≥ 0. Moreover,

∂v̂(i)(q)

∂qi
=

1

(1 + qi)3

(1 + qi)− 2
∑
j ̸=i

σ2
ij

qj
1 + qj

 > 0,

∂2v̂(i)(q)

∂q2i
=

−2

(1 + qi)4

(1 + qi)− 3
∑
j ̸=i

σ2
ij

qj
1 + qj

 < 0,

where both inequalities follow from qi ≥ 0 and equation (C.12). Combining these two inequalities
completes the proof.

15As mentioned in the paper, we always implicitly assume that Σq is invertible. Thus, Σq is positive
semi-definite and invertible, and therefore positive definite.

C-3



Additional Technical Lemmas

Lemma C.1. For S ∈ [0, 1/3] and Q > 0 the following statements hold:

(i) The function

B(q) :=

(
q

1 + q
− Q− q

(1 + q)2

)
+

(
1

(1 + q)2
+

2(Q− q)

(1 + q)3

)
Sq−i

(C.13)

is strictly increasing in q ∈ [0, Q].

(ii) B(q) = 0 if and only if g(q) = S, where function g(·) is defined as in equation (B.27).

PROOF OF LEMMA C.1: We prove each part separately.

(i) First, we rewrite B(q) as:

B(q) =

(
q

1 + q
+

1

(1 + q)2
S

)
−
(

1

(1 + q)2
− 2

(1 + q)3
S

)
(Q− q).

For all q ∈ [0, Q], we compute the derivatives:

∂

∂q

(
q

1 + q
+

1

(1 + q)2
S

)
=

1

(1 + q)3
((1 + q)− 2S) > 0,

∂

∂q

(
1

(1 + q)2
− 2

(1 + q)3
S

)
=

−2

(1 + q)4
((1 + q)− 3S) < 0,

where both inequalities follow from S ≤ 1/3. Since Q− q is strictly decreasing in q ∈ [0, Q], we
conclude that B(q) is strictly increasing in q ∈ [0, Q].

(ii) Multiplying both sides of the equation B(q) = 0 by (1 + q)3 and algebraic simplification
implies the desired result.

Lemma C.2. Suppose Q > 4. Let functions g, Y , and H be defined as equations (B.27), (B.28), and
(B.37). For S ∈ [0, 1/3], the following statements hold:

(i) The inverse function g−1(S) exists and is strictly decreasing in S. Additionally,

g−1(S) ∈
[√

Q− 2,
√
1 +Q− 1

]
. (C.14)

(ii) If Q > 16, then the function Y (S) exists and is strictly increasing in S.

(iii) The function H(S) exists and is strictly increasing in S.

PROOF OF LEMMA C.2: We prove each part separately.

(i) We first show that g−1(S) exists for S ∈ [0, 1/3]. It suffices to show that for any S ∈ [0, 1/3], a
unique q ∈ [0, Q] exists that satisfies g(q) = S. By Lemma C.1(ii), this is equivalent to B(q) = 0,
where B(·) is defined in equation (C.13). To show that a unique q ∈ [0, Q] exists that satisfies
B(q) = 0, it suffices to show that B(q) is strictly increasing in q ∈ [0, Q], B(0) ≤ 0, and B(Q) ≥ 0.
The monotonicity follows from Lemma C.1(i). Moreover,

B(0) = S − (1− 2S)Q
(a)

≤ 9S − 4
(b)
< 0,

B(Q) =
Q

1 +Q
+

1

(1 +Q)2
S > 0,

where (a) follows from Q > 4, and (b) follows from S ∈ [0, 1/3]. Therefore, by monotonicity of
B(·), there exists a unique q ∈ (0, Q) such that B(q) = 0. Hence, g−1(S) ∈ (0, Q) exists for all
S ∈ [0, 1/3].
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We next show that g−1(S) is strictly decreasing in S ∈ [0, 1/3]. We first show g(q) is strictly
decreasing at g−1(0). Define q̃ := g−1(0). Thus,

0 = g(q̃) =
−q̃(1 + q̃)2 + (Q− q̃)(1 + q̃)

(1 + q̃) + 2(Q− q̃)
=

(1 + q̃) (−q̃(1 + q̃) +Q− q̃)

(1 + q̃) + 2(Q− q̃)
,

where the second equality follows from the definition of g(·) in equation (B.27). Therefore,

Q = q̃2 + 2q̃. (C.15)

As a result, we derive

g′(q̃) =
(−2q̃(1 + q̃)− (1 + q̃) +Q− q̃)(1− q̃ + 2Q)

(1− q̃ +Q)2

=
(−1− 2q̃(1 + q̃)− (1 + q̃)− q̃)(1− q̃ + 2Q)

(1− q̃ +Q)2
< 0.

Thus, since g−1(S) exists for all S ∈ [0, 1/3], we have that g(q) is strictly monotone for q in between
g−1(0) and g−1(1/3). Combining this with the fact that g(·) is strictly decreasing at g−1(0), we
conclude that g−1(·) is strictly decreasing. This implies that for all S ∈ [0, 1/3],

g−1(S) ∈
[
g−1(1/3), g−1(0)

]
.

We next show the result in equation (C.14). By equation (C.15), we have g−1(0) =
√
1 +Q − 1.

Moreover, we show g−1(1/3) ≥
√
Q− 2, completing the proof. Define q̄0 := g−1(1/3). We have

1

3
= g(q̄0) =

−q̄0(1 + q̄0)
2 + (Q− q̄0)(1 + q̄0)

1− q̄0 + 2Q
,

which implies that

Q =
1 + 2q̄0 + 3q̄20 + 3q̄0(1 + q̄0)

2

1 + 3q̄0
= (1 + q̄0)

2 +
2q̄20

1 + 3q̄0
≤ (1 + q̄0)

2 + 2q̄0 < (2 + q̄0)
2.

Thus, q̄0 >
√
Q− 2 as desired.

(ii) Define the interval
:=
[√

Q− 2,
√
1 +Q− 1

]
. (C.16)

Since g−1(S) exists for all S ∈ [0, 1/3], equation (B.28) implies that Y (S) exists for all these values.
We have Y (S) = K(g−1(S)), where

K(q) :=
Q− q

Q

(
q

1 + q
+

(
1

1 + q

)2

g(q)

)
.

To establish that Y (S) is strictly increasing for S ∈ [0, 1/3], it suffices to show K(q) is strictly
decreasing for q ∈. Note that g−1(S) ∈ is strictly decreasing in S by part (i). By definition of g(·) in
equation (B.27), we have

K(q) =
Q− q

Q

(
q

1 + q
+

(
1

1 + q

)2 −q(1 + q)2 + (Q− q)(1 + q)

1 + q + 2(Q− q)

)

=
Q− q

Q

(
q (1 + q + 2(Q− q))− q(1 + q) + (Q− q)

(1 + q) (1 + q + 2(Q− q))

)
=

Q− q

Q

(
(Q− q)(1 + 2q)

(1 + q) (1 + q + 2(Q− q))

)
=

(Q− q)2(1 + 2q)

Q(1 + q) (1 + q + 2(Q− q))
.
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Thus, we derive

K ′(q) =
2Q3 +Q2

(
−6q2 − 14q − 2

)
+Q

(
8q3 + 12q2 − 4q − 2

)
+−2q4 + 6q2 + 2q

Q ((1 + q) (1 + q + 2(Q− q)))
2 .

We next show that the numerator is negative for all q ∈, which shows the monotonicity of K(·). It
suffices to establish the following for all q ∈:

2Q3 +
(
−2q2 − 14q − 2

)
Q2 ≤ 0, (C.17)

−4q2Q2 +
(
8q3 + 12q2

)
Q ≤ 0, (C.18)

Q(−4q − 2)− 2q4 + 6q2 + 2q < 0. (C.19)
Note that summing these three inequalities implies the desired result. We show each separately:

Equation (C.17). Since q ∈, we have q ≥
√
Q− 2. Hence, given that Q > 16, we have

(q + 2)2 ≥ Q > 16. (C.20)
Thus,

2Q3 +
(
−2q2 − 14q − 2

)
Q2 ≤ 2Q3 +

(
−2q2 − 8q − 8

)
Q2 = 2Q3 − 2 (q + 2)

2
Q2 ≤ 0,

where both inequalities follow from equation (C.20).

Equation (C.18). Since q ∈, equation (C.16) implies that (1 + q)2 ≤ 1 +Q. Thus,

q2 + 2q ≤ Q, (C.21)
which leads to
−4q2Q2 +

(
8q3 + 12q2

)
Q ≤ −4q2

(
q2 + 2q

)
Q+

(
8q3 + 12q2

)
Q =

(
−4q4 + 12q2

)
Q ≤ 0,

where the last inequality follows from q > 2 by equation (C.20).

Equation (C.19). By q > 2, we have
Q(−4q − 2)− 2q4 + 6q2 + 2q ≤ Q(−4q − 2) ≤ 0.

(iii) Since g−1(S) exists for all S ∈ [0, 1/3], equation (B.37) implies that H(S) exists for all
S ∈ [0, 1/3]. We have H(S) = L(g−1(S)), where

L(q) := log

(
1 + q

1 +Q

)
+

Q− q

1 + q
− (Q− q)

2

(1 + q)
2

g(q)

1 +Q
.

To establish that H(S) is strictly increasing for S ∈ [0, 1/3], it suffices to show that L(q) is strictly
decreasing for q ∈. Note that g−1(S) ∈ is strictly decreasing in S by part (i). By definition of g(·) in
equation (B.27), we derive

L′(q) =
(Q− q)N(q)

(1 + q)2(1 +Q)(−q + 2Q+ 1)2
,

where we define
N(q) := −2Q3 + (2q2 + 8q)Q2 +

(
−6q3 − 15q2 − 4q − 1

)
Q+ 2q4 + 2q3 − 5q2 − 4q − 1.

We next show that N(q) ≤ 0 for all q ∈, which shows the monotonicity of L(·) using Q− q > 0. It
suffices to establish the following:

−2Q3 +
(
2q2 + 8q

)
Q2 +

(
−4q3 − 8q2

)
Q ≤ 0, (C.22)(

−2q3 − 7q2 − 4q − 1
)
Q+ 2q4 + 2q3 ≤ 0, (C.23)

−5q2 − 4q − 1 < 0. (C.24)
Note that summing these three inequalities implies the desired result. We show each separately:

Equation (C.22). Dividing both sides by 2Q > 0, it suffices to show that T (Q) ≤ 0, where

T (Q) := −Q2 + (q2 + 4q)Q+
(
−2q3 − 4q2

)
.

First, we derive T
(
q2 + 2q

)
= 0. Moreover, by equation (C.21), we have q2 + 2q ≤ Q. Combining

this with T ′ (q2 + 2q
)
= −q2 ≤ 0, we obtain T (Q) ≤ T

(
q2 + 2q

)
= 0.

Equation (C.23). Since Q > q, we have(
−2q3 − 7q2 − 4q − 1

)
Q+ 2q4 + 2q3 ≤ −5q3 − 4q2 − q ≤ 0.

Equation (C.24). The result directly follows from q ≥ 0.
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Submodularity Under Full Allocations and No Payments

As established in Theorem 3(i), the optimal data-sharing mechanism induces a supermodular game.
Here, we show that if the mechanism allocates fully to agents with no payments, the game becomes
submodular. This confirms the intuition that data collaboration games are submodular in the absence
of payment incentives. We show this result in the general setting described in Section 4.
Proposition C.1. Under the full allocation mechanism with no payments, the mean estimation task
with effort is a submodular game. Additionally, each agent’s best response is decreasing in the other
agents’ effort.

PROOF OF PROPOSITION C.1: To prove submodularity, since the cost function ci(ei) for agent i
solely depends on her effort ei, it suffices to show that the expected utility from participating in the
mechanism is submodular in (ei, e−i). Under full allocation, it suffices to show that the expected
value of agent i is submodular in (ei, ej) for all j ̸= i.

We first show that the value function vi(q) has decreasing differences in (qi, qj). Let cii denote the
i-th diagonal entry of the inverse matrix Σ−1

q . Using the same argument as in equation (C.11), we
have

∂vi(q)

∂qi
=

1

q2i

(
−cii

σ2
i

qi
+ 1

)2

. (C.25)

Thus,
∂2vi(q)

∂qi∂qj
=

−2σ2
i

q3i
· ∂cii
∂qj

(
−cii

σ2
i

qi
+ 1

)
≤ 0, (C.26)

where the inequality follows from ∂cii
∂qj

≥ 0 and −cii
σ2
i

qi
+ 1 ≥ 0, as we establish below.

First, by equation (A.1), we derive

vi(q) = 1− 1

qi

(
−cii

σ2
i

qi
+ 1

)
.

By definition, vi(q) is the relative decrease in MSE compared to the variance. Thus, vi(q) ∈ [0, 1]

for all q. Combining this with equation (C), we conclude that
(
−cii

σ2
i

qi
+ 1
)
≥ 0. Moreover, using

equation (B.2), we derive
∂Σ−1

q

∂qj
=

σ2
j

q2j
(cj1, cj2, . . . , cjn)

⊤(cj1, cj2, . . . , cjn).

Therefore,
∂cii
∂qj

=
σ2
j

q2j
c2ji ≥ 0.

As a result, vi(q) has decreasing differences in (qi, qj) for all j ̸= i.

We next show that Eq∼Fe [vi(q)] has decreasing differences in (e1, ej). Conditional on ql for l ̸= i, j,
the expected utility of agent i is

Eqi∼Fi,ei
,qj∼Fj,ej

[vi(q)] =

∫
vi(qi,q−i)fi,ei(qi)fj,ej (qj) dqi dqj

= vi(0, 0,q−i,j) +

∫
∂vi(0, qj ,q−i,j)

∂qj
F̄j,ej (qj) dqj +

∫
∂vi(qi, 0,q−i,j)

∂qi
F̄i,ei(qi) dqi+

+

∫
∂2vi(qi, qj ,q−i,j)

∂qi∂qj
F̄i,ei(qi)F̄j,ej (qj) dqi dqj ,

where we define the tail distributions F̄l,el(·) := 1− Fl,el(·) for l ∈ [n]. Hence,

∂2

∂ei∂ej

(
Eqi∼Fi,ei

,qj∼Fj,ej
[vi(q)]

)
=

∫
∂2vi(qi, qj ,q−i,j)

∂qi∂qj

∂F̄i,ei(qi)

∂ei

∂F̄j,ej (qj)

∂ej
dqi dqj ≤ 0,

where the last inequality follows from equation (C.26) and the fact that Fl,el stochastically dominates
Fl,e′l

for l ∈ [n] and el ≥ e′l. Taking the expectation over q−i,j implies that the game is submodular.
Thus, by Topkis’ Monotonicity Theorem, each agent’s best response is non-increasing in the effort
levels of other agents.
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