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ABSTRACT

To understand how deep learning works, it is crucial to understand the training
dynamics of neural networks. Several interesting hypotheses about these dynam-
ics have been made based on empirically observed phenomena, but there exists a
limited theoretical understanding of when and why such phenomena occur.

In this paper, we consider the training dynamics of gradient flow on kernel least-
squares objectives, which is a limiting dynamics of SGD trained neural networks.
Using precise high-dimensional asymptotics, we characterize the dynamics of the
fitted model in two “worlds”: in the Oracle World the model is trained on the pop-
ulation distribution and in the Empirical World the model is trained on a sampled
dataset. We show that under mild conditions on the kernel and L? target regression
function the training dynamics undergo three stages characterized by the behav-
iors of the models in the two worlds. Our theoretical results also mathematically
formalize some interesting deep learning phenomena. Specifically, in our setting
we show that SGD progressively learns more complex functions and that there is
a “deep bootstrap” phenomenon: during the second stage, the test error of both
worlds remain close despite the empirical training error being much smaller. Fi-
nally, we give a concrete example comparing the dynamics of two different kernels
which shows that faster training is not necessary for better generalization.

1 INTRODUCTION

In order to fundamentally understand how and why deep learning works, there has been much effort
to understand the dynamics of neural networks trained by gradient descent based algorithms. This
effort has led to the discovery of many intriguing empirical phenomena (e.g. Frankle et al. (2020);
Fort et al. (2020); Nakkiran et al. (2019a;b; 2020)) that help shape our conceptual framework for un-
derstanding the learning process in neural networks. Nakkiran et al. (2019b) provides evidence that
SGD starts by first learning a linear classifier and over time learns increasingly complex functions.
Nakkiran et al. (2020) introduces the “deep bootstrap”” phenomenon: for some deep learning tasks
the empirical world test error remains close to the oracle world error! for many SGD iterations, even
if the empirical training and test errors display a large gap. To better understand such phenomena, it
is useful to study training dynamics in related but mathematically tractable settings.

One approach for theoretical investigation is to study kernel methods, which were recently shown to
have a tight connection with over-parameterized neural networks (Jacot et al., 2018; Du et al., 2018).
Indeed, consider a sequence of neural networks (fn (x; @)) yen With the widths of the layers going
to infinity as N — co. Assuming proper parametrization and initialization, for large N the SGD
dynamics on f is known to be well approximated by the corresponding dynamics on the first-order
Taylor expansion of fx around its initialization Y,

Inain(x;0) = fn(x;0°) + (Vo fn(z;6°),0 — 6°).

Thus, in the large width limit it suffices to study the dynamics on the linearization fy jin,. When
using the squared loss, these dynamics correspond to optimizing a kernel least-squares objective
with the neural tangent kernel Ky (z, ') = (Vo fn(x;0°), Vo fn(x';6°)).

!Their paper uses “Ideal World” for “Oracle World” and “Real World” for “Empirical World”.
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Figure 1: A conceptual drawing of empirical and oracle world learning curves. Stage 1: all curves
are together. Stage 2: training error goes to zero while test and oracle error stay together. Stage 3:
test error remains constant while oracle error decays to the RKHS approximation error. See Section
1.1 for a more detailed discussion. (Dotted lines in stage 3 indicate compressed time interval.)

Over the past few years, researchers have used kernel machines as a tractable model to investigate
many neural network phenomena including benign overfitting, i.e., generalization despite the inter-
polation of noisy data (Bartlett et al., 2020; Liang & Rakhlin, 2020) and double-descent, i.e, risk
curves that are not classically U-shaped (Belkin et al., 2020; Liu et al., 2021). Kernels have also
been studied to better understand certain aspects of neural network architectures such as invariance
and stability (Bietti & Mairal, 2017; Mei et al., 2021b). Although kernel methods cannot be used to
explain some phenomena such as feature learning, they can still be conceptually useful for under-
standing other neural networks properties.

1.1 THREE STAGES OF KERNEL DYNAMICS

Despite much classical work in the study of gradient descent training of kernel machines (e.g. Yao
et al. (2007); Raskutti et al. (2014)) there has been limited work understanding the high-dimensional
setting, which is the setting of interest in this paper. Although solving the linear dynamics of gradient
flow is simple, the statistical analysis of the fitted model requires involved random matrix theory
arguments. In our analysis we study the dynamics of the Oracle World, where training is done on
the (usually inaccessible) population risk, and the Empirical World, where training is done on the
empirical risk (as is done in practice). Associated with the oracle world model f;" and the empirical

world model ft are the following quantities of interest: the empirical training error ﬁn( ft), the

empirical test error R( ft) and the oracle error R(f{") defined in Egs. (1), (2), (3) for which we
derive expressions that are accurate in high dimensions.

Informally, our main results show that under reasonable conditions on the regression function and
the kernel the training dynamics undergo the following three stages:

* Stage one: the empirical training error, the empirical test error, and the oracle error are all close.

» Stage two: the empirical training error decays to zero, but the empirical test error and the oracle
error stay close and keep approximately constant.

* Stage three: the empirical training error is still zero, the empirical test error stays approximately
constant, but the oracle test error decays to the approximation error.

We conceptually illustrate the error curves of the oracle and empirical world in Fig. 1 and provide
intuition for the evolution of the learned models in Fig. 2. The existence of the first and third
stages are not unexpected: at the beginning of training the model has not fit the dataset enough to
distinguish the oracle and empirical world and at the end of training an expressive enough model
with infinite samples will outperform one with finitely many. The most interesting stage is the
second one where the empirical model begins to “overfit” the training set while still remaining close
to the non-interpolating oracle model in the L? sense (see Fig. 2).

In Section 2 we discuss some related work. In Section 3 we elaborate our description of the three
stages and give a mathematical characterization for two particular settings in Theorems 1 and 2.
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Figure 2: A conceptual drawing of the evolution of the empirical and oracle models ft and f". In
stage 1, ft and f{" learn the best linear approximation of f;. At the start of stage 2, ft and f7" learn
the best quadratic approximation. At the end of stage 2, ft interpolates the training set but is close
to fPF in the L? sense. Lastly in stage 3, f T learns f; while ft stays the same as the end of stage 2.

Although the three stages arise fairly generally, we remark that certain stages will vanish if the
problem parameters are chosen in a special way (c.f. Remark 1). We connect our theoretical results
to related empirical deep learning phenomena in Remark 3 and discuss the relation to deep learning
in practice in Remark 4. In Section 4 we provide numerical simulations to illustrate the theory more
concretely and in Section 5 we end with a summary and discussion of the results.

2 RELATED LITERATURE

The generalization error of the kernel ridge regression (KRR) solution has been well-studied in both
the fixed dimension regime (Wainwright, 2019, Chap. 13), (Caponnetto & De Vito, 2007) and the
high-dimensional regime (El Karoui, 2010; Liang & Rakhlin, 2020; Liu et al., 2021; Ghorbani et al.,
2020; 2021; Mei et al., 2021a;b). Most closely related to our results is the setting of (Ghorbani
et al.,, 2021; Mei et al., 2021a;b). Analysis of the entire KRR training trajectory has also been done
(Yao et al., 2007; Raskutti et al., 2014; Cao et al., 2019) but only for the fixed dimensional setting.
Classical non-parametric rates are often obtained by specifying a strong regularity assumption on
the target function (e.g. the source condition in Fischer & Steinwart (2020)), whereas in our work
the assumption on the target function is mild.

Another line of work directly studies the dynamics of learning in linear neural networks (Saxe et al.,
2013; Li et al., 2018; Arora et al., 2019; Vaskevicius et al., 2019). Similar to us, these works show
that some notion of complexity (typically effective rank or sparsity) increases in the linear network
over the course of optimization.

The relationship between the speed of iterative optimization and gap between population and empir-
ical quantities has been studied before in the context of algorithmic stability (Bousquet & Elisseeff,
2002; Hardt et al., 2016; Chen et al., 2018). These analyses certify good empirical generalization
by using stability in the first few iterations to upper bound the gap between train and test error. In
contrast, our analysis directly computes the errors at an arbitrary time ¢ (c.f. Remark 2). The rela-
tionship between oracle and empirical training dynamics has been considered before in Bottou &
LeCun (2004) and Pillaud-Vivien et al. (2018).

3 RESULTS

In this section we introduce the problem and present a specialization of our results to two concrete
settings: dot product and group invariant kernels on the sphere (Theorems 1 and 2 respectively). The
more general version of our results is described in Appendix A.3.

3.1 PROBLEM SETUP

We consider the supervised learning problem where we are given i.i.d. data (z;, y;)i<,. The covari-
ate vectors (z;)i<n ~iig Unif(S?1 (v/d)) and the real-valued noisy responses ; = fq(a;) + &; for
some unknown target function fy € L?(S?*(v/d)) and (¢;)i<n ~iia N(0,02). Given a function
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f € LA(S1(\/d)), we define its test error R(f) and its training error R, (f) as

~ 1 &

R(f) = E(mnew,ynew){(ynew - f(wnew))z}a Rn(f) = E Z(% - f(wz))2 (1)

where (Znew, Ynew) 18 1.i.d. with (x;,y;)i<n. The test error R(f) measures the fit of f on the

~

population distribution and the training error R, (f) measures the fit of f to the training set.

For a kernel function Hy : S**(v/d) x S*(v/d) — R, we analyse the dynamics of the following
two fitted models indexed by time ¢: the oracle model ff™ and the empirical model f;, which are
given by the gradient flow on R and R,, over the associated RKHS 4 respectively

d

I @) = ~VRU @) = BlHa(w, 2)(fal=) - [ (2)) @
@) =~V R(i@) = 3 Halew, @)~ fole), ®

with zero initialization f§* = f = 0. These dynamics are motivated from the neural tangent kernel
perspective of over-parameterized neural networks (Jacot et al., 2018; Du et al., 2018). A precise
mathematical definition and derivation of these two dynamics are provided in Appendix E.1.

For our results we make some assumptions on the spectral properties of the kernels H; similar to
those in Mei et al. (2021a) that are discussed in detail in Section A.2. At a high-level we require that
the diagonal elements of the kernel concentrate, that the kernel eigenvalues obey certain spectral gap
conditions, and that the top eigenfunctions obey a hyperconctractivity condition which says they are
“delocalized”. For the specific settings of Theorems 1 and 2 we give more specific conditions on the
kernels that are more easily verified and imply the required spectral properties.

3.2 Dot PRODUCT KERNELS

In our first example, we consider dot product kernels H,; of the form

Hy(m1,@0) = ha((z1,x2)/d), Vi, x0 € ST™HVd), 4)

for some function kg : [—1,1] — R. Our results apply to general dot product kernels under weak
conditions on hg given in Appendix C.2. In particular they apply to the random feature and neural
tangent kernels associated to certain fully connected neural networks (Jacot et al., 2018).

Before presenting our results for this setting we introduce some notation. Denote by P<, the orthog-
onal projection onto the subspace of L?(S?~!(v/d)) spanned by polynomials of degree less than or
equal to £. The projectors P, and P+, are defined analogously (see Appendix G for details). We
use o4(+) for standard little-o relations, where the subscript d emphasizes the asymptotic variable.
The statement f(d) = w4(g(d)) is equivalent to g(d) = o4(f(d)). We use o4 p(-) in probability
relations. Namely for two sequences of random variables Z; (d) and Z5(d), Z1(d) = 04p(Z2(d)) if
for any e, C. > 0 there exists d. € Z~, such that P(|Z1(d)/Z2(d)| < C.) < e forall d > d.. The
asymptotic notations Og4, Og4 p etc. are defined analogously.

Theorem 1 (Dot Product Kernels). Let {fq € L*(S*~1(\/d))}a>1 be a sequence of functions such
that for some n > 0, || fal| 24 = Oa(1), and let {Hq}q>1 be a sequence of dot product kernels
satisfying Assumption 4. Assume that for some fixed integers j,s > 0 and some § > 0 that

dj+5 <t< dj+175’ ds+5 <n< ds+175'

Then we have the following characterizations,
(a) (Oracle World) The oracle model learns every degree component of fq as time progresses
R() = Pssfall s +02 +0aV), |11 = Peifll o = 0al1).
(b) (Empirical World — Train) Empirical training error follows oracle error then goes to zero
Bo(f) = [Poidll s + 0% + 0ap(1) ift/n=o04(1),
Ru(fr) = 0ap(1) ift/n=wa(l).
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Figure 3: Schematic drawings of the conclusions of Theorems 1 and 2 for three different noiseless
settings. Panels (3a) and (3b) illustrate the performance of a dot product kernel H; for two different
scalings n(d). The full three stages appear in (3a), but the second stages disappears in (3b) since
logn/logd is nearly an integer (see Remark 1). Panel (3c) compares the performance of a dot
product kernel Hy (red) and corresponding cyclic kernel H ;.. (green) for a cyclic target function
fa. The cyclic kernel in (3¢c) generalizes better but optimizes more slowly (see Remark 2).

(c) (Empirical World — Test) Empirical test error follows oracle error until the empirical model
learns the degree-s component of fq

2
Lo = Od7[p>(1).

N — 2 ~ —
R(ft) = ||P>min{j,s}fd||L2 + U? =+ Od,]P’(l)a Hft - Pgmin{j,s}fd’

The results are conceptually illustrated in an example in Fig. 3a which shows the stair-case phe-
nomenon in high-dimensions and the three learning stages. We see that in both the oracle world and
the empirical world, the prediction model increases in complexity over time. More precisely, the
model learns the best polynomial fit to the target function (in an L? sense) of increasingly higher
degree. In the empirical world the maximum complexity is determined by the sample size n, which
is in contrast to the oracle world where there are effectively infinite samples.

The results imply that generally (but not always c.f. Remark 1) there will be three stages of learning.
In the first stage the oracle and empirical world models are close in L? and fit a polynomial with
degree determined by ¢. The first stage lasts from ¢ = 0 to t = nd~¢ < n for some small ¢ > 0.
As t approaches n, there is a phase transition and the empirical world training error goes to zero at
t = nd® > n. From time nd ¢ till at least d°*! is the second stage where the empirical and oracle
models remain close in L2 but the gap between test and train error can be large. If the sample size
n is not large enough for ft to learn the target function, then at some large enough ¢ we will enter
a third stage where f" improves in performance, outperforming ft which remains the same. On
synthetic data in finite dimensions we can see a resemblance of the staircase shape which becomes
sharper with increasing d (c.f. Appendix F).

Remark 1 (Degenerate stages of Learning). For special problem parameters we will not observe
the second and/or third stages. The second stage will disappear if n < d? for some q € N (see Fig.
3b), or if fq is a degree-s polynomial. The third stage will not occur if P~ fq lies in the orthogonal
complement of the RKHS H.4.

3.3 GROUP INVARIANT KERNELS

We now consider our second setting which concerns the invariant function estimation problem
introduced in Mei et al. (2021b). As before, we are given i.i.d. data (z;,y;)i<, Where the fea-
ture vectors (;)i<n ~iid Unif(Sd_l(\/(?)) and noisy responses y; = fi(x;) + ;. We now
assume that the target function f; satisfies an invariant property. We consider a general type
of invariance, defined by a group G, that is represented as a subgroup of the orthogonal group
in d dimensions. The group element g € Gy acts on a vector z € R? via ¢ — g - .
We say that f, is Gg-invariant if f.(x) = f.(g - ) for all ¢ € G4. We denote the space
of square integrable Gy-invariant functions by L?(S?~'(v/d),G4). We focus on groups G, that
are groups of degeneracy « as defined below. As an example, we consider the cyclic group
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Cycy = {90,91,---,94_1} where for any = = (z1,...,24)"7 € S?1(V/d), the group action is
defined by g; - © = (T441,Tito,...,Ta, T1,Ta, ..., ;) . The cyclic group has degeneracy 1.
Definition 1 (Groups of degeneracy o). Let Vi, be the subspace of degree-k polynomials that are
orthogonal to polynomials of degree at most (k — 1) in L?(S%~(\/d)), and denote by V4 1.(Ga) the
subspace of Vg i, formed by polynomials that are Gq-invariant. We say that Gq has degeneracy o if
for any integer k > o we have dim(Vy 1/ Va k(Ga)) =< d* (i.e., there exists 0 < ¢ < Cj < +00
such that ¢, < dim(Vy i /Vax(Ga)) < Cy for any d > 2).

To encode invariance in our kernel we consider G4-invariant kernels H of the form

Hyjn (1, @2) = [ h((®1, 9 T2)/d)Ta(dg) ®)
Ga
where 7, is the Haar measuare on G4. Such kernels satisfy the following invariance property: for all
9,9 € Gqand for Hy(x1,x2) = Hy(g - 1,9 - x2) for every @1, xo. For the cyclic group, 74 is
the uniform measure. We now present our results for the group invariant setting.
Theorem 2 (Group Invariant Kernels). Let G, be a group of degeneracy oo < 1 according to Def-
inition 1. Let {fq € L*(S*1(\/d),Ga)}a>1 a sequence of Ga-invariant functions such that for

some 1 >0, || fall 2+n = Oa(1), and let { Hq}q>1 be a sequence of Gq-invariant kernels satisfying
Assumption 5. Assume that for some fixed integers j > 0,s > 1 and some 6 > 0 that

dH <t < @IS et <y < getlmass
Then we have the following characterizations,
(a) (Oracle World) The oracle model learns every degree component of fq as time progresses
() = IPsidallys + 02 +0a1). 157 =Peifull, = 0ald).
(b) (Empirical World — Train) Empirical training error follows oracle error then goes to zero
Ru(fo) = |[Psifall s + 0% + 0a2(1) ift/n = 04(d®),
Ru(fy) = 0ap(1) ift/n = wa(d®).

(c) (Empirical World — Test) Empirical test error follows oracle error until the empirical model
learns the degree-s component of fq

2
Lo = Od’p(1>.

R(ft) = HP>min{j,s}deiz + U? + 0d7P<1)a ‘ ft - Pgmin{j,s}fd‘
With respect to the dot product kernel setting (c.f. Theorem 1), in this setting the behavior of the
oracle world is unchanged, but the empirical world behaves as if it has d* times as many samples.
This is illustrated graphically in Fig. 3c. It can be shown that using an invariant kernel is equivalent
to using a dot product kernel and augmenting the dataset to {(g - @;,y;) : g € Ga, 1 € [n]} (c.f. Ap-
pendix E.2). Hence for the cyclic group which has size d* = d, we arrive at the following intriguing
conclusion: if the target function is invariant, then using a dot product kernel and augmenting n i.i.d
samples to nd many samples is asymptotically equivalent to using nd i.i.d samples.

Remark 2 (Optimization Speed versus Generalization). Interestingly, training with an invariant
kernel is slower than with a dot product kernel and takes longer to interpolate the dataset despite
eventually generalizing better on invariant function estimation tasks (c.f. Fig. 3c¢). This conclusion
is not an artifact of the continuous time analysis (c.f. Appendix E.3) and is observed empirically in
Section 4.2 for discrete-time SGD. This example highlights the limitation of stability based analyses
(e.g. Hardt et al. (2016)) which argue that faster SGD training leads to better generalization. While
a faster rate leads to better generalization in the first stage when stability can control the gap be-
tween train and test error, our analysis shows that the duration length of the first stage also impacts
the final generalization error.

Remark 3 (Connection with Deep Phenomena). The dynamics of high-dimensional kernel regres-
sion display behaviors that parallel some empirically observed phenomena in deep learning. For
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kernel regression, we have shown that the complexity of the empirical model, measured as the num-
ber of learned eigenfunctions, depends on the time optimized when t < n and the sample size when
t > n. At a high-level, we also expect a similar story for neural networks but for some other notion
of complexity. It is believed that neural networks first learn simple functions and then progressively
more complex ones, until the complexity saturates after interpolating at some time proportional ton
(Nakkiran et al., 2019b). We have also shown that in kernel regression there is a non-trivial “deep
boostrap” phenomenon (Nakkiran et al., 2020) during the second learning stage: the gap between
the oracle world and empirical world test errors is negligible whereas the train and test errors ex-
hibit a substantial gap. The gradient flow results for kernel regression can also provide insight into
the deep bootstrap for random feature networks SGD as these results can approximately predict
their behavior (see Section 4.2).

Remark 4 (Connection with Deep Learning Practice). Although we believe our results conceptually
shed light on some of the interesting behaviors observed in the training dynamics of deep learning,
due to our stylized setting we may not exactly see the predicted phenomena in practice. Accurately
observing the three stages of kernel regression requires sufficiently high-dimensional data in order
for the kernel eigenvalues to obey a staircase-like decay and for training to be sufficiently long
as the time axis should be in log-scale. Our results hold for regression whereas for classification
the empirical model may continue improving after classifying the train set correctly. Despite these
caveats, certain conclusions can be observed in some realistic settings (c.f. Appendix E.4).

4 NUMERICAL SIMULATIONS

As mentioned previously, Fig. 3 is a “cartoon” of the conclusions stated in Theorems 1 and 2. In
this section, we verify the qualitative predictions of our theorems using synthetic data. Concretely,
throughout this section we take d = 400 and n = d*> = 8000, and following our theoretical setup
(c.f. Section 3.1) generate covariates (&;)i<pn ~iiq Unif (S4-1 (\/3)) and responses y; = fi(x;)+¢;
with (€;)i<n ~iia N(0,02), for different choices of target function f,. All simulations in this
section are for the noiseless case 02 = () but a noisy example is given in Appendix F.

In Section 4.1, we simulate the gradient flows of kernel least-squares with dot product kernels and
cyclic kernels (Fig. 4) to reproduce the three stages as shown in Fig. 3. In Section 4.2 we show
that SGD of (dot product and cyclic) random-feature models (Fig. 5) exhibit similar three stages
phenomena, in which the second stage behaviors are consistent with the deep bootstrap phenomena
observed in deep learning experiments (Nakkiran et al., 2020). Empirical quantities are averaged
over 10 trials and the shaded regions indicate one standard deviation from the mean.

4.1 GRADIENT FLOW OF KERNEL LEAST-SQUARES

Under the synthetic data set-up mentioned earlier, we first simulate the oracle world and empirical
world errors curves of gradient flow dynamics using dot product kernels of the form

H(@y, ®2) = Eyroger [o((w, @1))o ((w, 22))] (6)

for some activation function . We will examine a few different choices of f, and kernel H, which
are specified in the descriptions of each figure.

The oracle world error is computed analytically but the empirical world errors require sampling
train and test datasets. We compute empirical world errors by averaging over 10 trials. The results
are visualized both in log-scale and linear-scale on the time axis. The log-scale plots allow for
direct comparison with the cartoons in Fig. 3. The linear-scale plots are zoomed into the region
0 < t < nd®* since: 1) plotting the full interval squeeze all curves to the left boundary which is
uninformative 2) in practice one would not optimize for very long after interpolation.

In Figs. 4a and 4b we take the target function to be a polynomial of the form

_ 2 .
fe(@) = agHeg(x1) + ... + ar Heg(x1), Hij*HL2 ~ a?j!, @)

where He; (¢) is the ith Hermite polynomial (c.f. Appendix G.4) and the approximate equality in Eq.
(7) holds in high-dimensions. In panel (4a) we consider use the ReLU activation function o (t) =

max(t,0), and take f, to be a quadratic polynomial with (ag, a1,a2) = (1/2,1/v/2,1/+/8). With
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Figure 4: Top row: Log-scale plot of errors versus training time for dot product kernel (4a, 4b) and
{dot product, cyclic} kernels in (4c). In (4a) 0 = ReLU and (ag, a1, a2) = (1/2,1/v/2,1/4/8). In
(4b), 0 = ReLU +0.1 Hes and (ag, a1, as,as3) = (1/2,1/+/2,0,1/v/24). In (4c), f, is Eq. (8) and
0 = ReLU +0.1 Hez. Bottom row: Same as the top row but with linear-scale time and zoomed in.

such a choice of parameters, we can see the three stages phenomenon. In panel (4b) we choose fi
to be a cubic polynomial with (ag,a1,as,a3) = (1/2,1/4/2,0,1/1/24) and o(t) = max(t,0) +
0.1 Hes(t) (we need the third Hermite coefficient of o to be non-zero for stage 3 to occur). This
choice of coefficients for f, is such that |[P~1 f.||22 & ||P>2f«||%2, so that the second stage in (4b)
is longer compared to (4a).

In Fig. 4c, we take the target function to be a cubic cyclic polynomial

d d d
1
folX) = —= ( E T; + E TiTiy1 + E !Ei$¢+1$i+2> (8
V3d \ i i=1 i—1

where the subindex addition in z;1; is understood to be taken modulo d. We compare the per-
formance of the dot product kernel H and its invariant version Hj,, (c.f. Eq. (5)) with activation
function o (t) = max(¢,0) + 0.1 Hez(t). The kernel H,y with n samples performs equivalently to
H with nd samples (c.f. Remark 2), but is more computationally efficient since the size of the kernel
matrix is still n x n. Using Hj,, elongates the first stage by a factor d, delaying the later stages and
ensuring that the empirical world model improves longer.

Although in the simulations, the dimension d is not yet high enough to see a totally sharp staircase
phenomenon as in the illustrations of Fig. 3, even for this d we are still able to clearly see the
three predicted learning stages and deep bootstrap phenomenon across a range of settings. To better
understand the effect of dimension we show similar plots with varying d in Appendix F.

4.2 SGD FOR TWO-LAYER RANDOM-FEATURE MODELS
To more closely relate with deep learning practice and the deep bootstrap phenomenon (Nakkiran
et al., 2020), we simulate the error curves of SGD training on random-feature (RF) models (i.e. two-

layer networks with random first-layer weights and trainable second-layer weights), in the same
synthetic data setup as before. In particular we look at dot product RF models

fdot CB a Zaz ’lU“ a Wi ~iid Unif(Sd71)7

and cyclic invariant RF models

X 1 X
foye(xs;0) = Wi ;ai /gd o({w;, g - x))me(dg), w; ~iq Unif(ST71).
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Figure 5: Top Row: SGD dynamics of random-feature models as described in Section 4.2. The tar-
get function and data distribution of (5a), (5b), (5c) are that of (4a), (4b), (4¢c) respectively. Bottom
Row: The corresponding linear-scale errors of kernel least-squares gradient flow for comparison.

For all following experiments we take the activation o to be ReLU and N = 4 x 10° ~ n'4.

For a given data distribution and RF model we train two fitted functions, one on a finite dataset
(empirical world) and the other on the data distribution (oracle world). More specifically, the training
of the empirical model is done using multi-pass SGD on a finite training set of size n with learning
rate 7 = 0.1 and batch size b = 50. The training of the oracle model is done using one-pass SGD
with the same learning rate 1 and batch size b, but at each iteration a fresh batch is sampled from
the population distribution. Both models f;, ' are initialized with a; = 0 for ¢ € [IN]. To speed up
and stabilize optimization we use momentum 3 = 0.9. Note that if we took N — oo, n — 0, and
B = 0 we would be exactly in the dot product kernel gradient flow setting.

In Fig. 5, the data generating distributions of panels (5a), (5b), (5c) are respectively the same as
that of panels (4a), (4b), and (4c) from Section 4.1. The top row of Fig. 5 shows SGD for {dot
product, cyclic} RF models, and the bottom row shows the corresponding gradient flow for {dot
product, cyclic} kernel least-squares. We see that the corresponding curves in these two rows exhibit
qualitatively the same behaviors. Additionally, the results in panel (5c) show that as predicted, even
for discrete SGD dynamics the dot product RF optimizes faster but fails to generalize, whereas the
invariant RF optimizes slower but generalizes better.

5 SUMMARY AND DISCUSSION

In this paper, we used precise asymptotics to study the oracle world and empirical world dynamics
of gradient flow on kernel least-squares objectives for high-dimensional regression problems. Under
reasonable conditions on the target function and kernel, we showed that in this setting there are three
learning stages based on the behaviors of the empirical and oracle models and also connected our
results to some empirical deep learning phenomena.

Although our setting already captures some interesting aspects of deep learning training dynamics,
there are some limitations which would be interesting to resolve in future work. We require very
high-dimensional data in order for the asymptotics to be accurate, but real data distributions have
low-dimensional structure. We work in a limiting regime of neural network training where the
dynamics are linear and the step-size is infinitesimal. It is an important direction to extend this
analysis to the non-linear feature learning regime and to consider discrete step-size minibatch SGD,
as these are considered important aspects of network training. Our results hold for the square-loss
in regression problems, but many deep learning problems involve classification using cross-entropy
loss. Lastly, our analysis holds specifically for gradient flow, so it would be also interesting to
consider other iterative learning algorithms such as boosting.
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A GENERAL SETTING

In this section we present our theory for training dynamics of kernel regression in an abstract setting
similar to that of Mei et al. (2021a). We first introduce the setting of interest, then state the relevant
assumptions, and finally we provide our theoretical results. We provide proofs of these results in
Appendix B.

A.1 PROBLEM SETUP

Consider a sequence of Polish probability spaces (X, v4), where v, is a probability measure on the
configuration space X, indexed by an integer d. We denote by L?(X,;) = L?(X,,v4) the space of
square integrable functions on (Xy, vq). For p > 1, we denote || f[[ 1, (x,) = Egmw, [| f(2)P[]*/? the
LP norm of f. Let Dy C L?(X,) be a closed linear subspace. In some simple applications we will
consider Dy = L?(X}), but the extra generality will be useful in certain applications.

We are concerned with a supervised learning problem where we are given i.i.d data (y;, «;);<,. The
feature vectors x; ~;;q V4 are in X; and the empirical-valued noisy responses y; are given by

yi = fa(x;) + &
for some unknown target function f; € Dy and &; ~;;q N'(0,02).
We consider a general RKHS defined on (X}, v,4) via the compact self-adjoint positive definite
operator Hy : Dy — D, which admits the representation
Hag(w) = [ Ha(z,')g(z')va(d’),
Xa

2 : l ! N L
where Hy € L*(Xy x X;) with the property that fXd Hy(zx,z")g(x")vg(de’) = 0 for g € D
By the spectral theorem of compact operators, there exists an orthonormal basis (1;);>1,
span(¢;,j > 1) = Dy C L?(X,;) and empirical eigenvalues (A\q ;);>1 with nonincreasing ab-
solute values |Ag 1| > |Ag2| > --- and Zj>1 )\ZJ < 00 such that

Hy(@i,2) = ) NG 95(@1)1;(@2)

j=1
where convergence holds in L?( Xy x Xj;).

For S C {1,2,...} we denote Pg to be the projection operator from L?(X,;) onto Dy g :=
span(t;, j € S). We denote Hy g to be the operator

o0
Hus =) N5 0i0;
j=1

and Hy g the corresponding kernel.

If S = {j € N: j </} we will write as short-hand H, < and analogously for S = {j € N : j > (}.
The trace of this operator is given by

’I‘I‘(Hdﬁ) = Z )@J = Emrw/d [Hd7s(a:, iL‘)] < 00.

j€S

Define the test error R : L2(X;) — R and training error R,, : L%(X,;) — R
RU) = B oo {hew = Fnes) P Ral$) ==Y (= f@)? )

i=1
where (£1,91), -, (@n, Yn), (Tnew, Ynew) arejid. For akernel Hy € L?(X;x X;) we will consider

the oracle model f* and the empirical model f; which satisfy the following gradient flows

(@) = ~ VR @) = Eas, [Hala, 2) (fal2) ~ ()] (10)
@) = VR @) = 3 Hae ) i) (1)

12
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A.2 GENERAL ASSUMPTIONS

We now state our assumptions on the kernel and the sequence of probability spaces (Xg, vg).

Assumption 1 ({n(d), m(d) }4>1-Kernel Concentration Property). We say that the sequence of op-
erators {Hg}y>1 satisfies the Kernel Concentration Property (KCP) with respect to the sequence

{n(d), m(d)}a>1 if there exists a sequence of integers {r(d)}q>1 with r(d) > m(d), such that the
following conditions hold.

(a) (Hypercontractivity of finite eigenspaces.) For any fixed q > 1, there exists a constant C'
such that for any h € Dg <,(q) = span(¢s, 1 < s < r(d)), we have

1Pl 20 < CllA] 2

(b) (Properly decaying eigenvalues) There exists fixed 6o > 0, such that, for all d large enough,
o0 4 32
2480 (o= (@1 Ady)
T @1 Ny
o0 2 32
24380 < (Zj:r(d)ﬂ )‘d,j)
— o0 4
2 j=r(d+1 Mg

n(d)

n(d)

(c) (Concentration of diagonal elements of kernel) For (x;);c[n(d)] ~iid Va> we have:

7611[1?()5)] |Ew~ud [Hd,>m(d) (wi7 1;)2] - Em,m’Nud [Hd,>m(d) (w7 m/)QH = Od,P(l) . Ew,m’Nud [Hd,>m(d) (337 w/)2]>

Dhax |Hasm(a) (@i, @) — o [Hy smia) (2, 2)]| = 04.6(1) - Ex[Hy 5m(a) (@, ).

Assumption 1(a) can be interpreted as requiring that the top eigenfunctions of H are delocalized.
Assumption 1(b) concerns the tail of eigenvalues of H,; and is a mild assumption in high-dimensions.
Lastly, 1(c) essentially requires that “most points” in &}; behave similarly in the sense of having
similar values of the kernel diagonal Hy(x, x).

Assumption 2 (Eigenvalue condition at level {(n(d), m(d))}a>1). We say that the sequence of
kernel operators {Hg}q>1 satisfies the Eigenvalue Condition at level {(n(d), m(d))}a>1 if the fol-
lowing conditions hold for all d large enough

(a) There exists a fixed §g > 0, such that

1 oo
n(d)* < Adi (12)
d;m(d)+1 g=m(d)+1
1 oo
n(d)' % < ALk (13)

2
Adm(d)+1 k=m(d)+1

(b) There exists a fixed §g > 0, such that

1 oo
n(d)' = > — Z Aok
Ad,m(d) k=m(d)+1

(c) There exists a fixed 69 > 0, such that
m(d) < n(d)*=%.
Assumptions 2(a) and 2(b) can be seen as a spectral gap assumption. This ensures a clear separa-

tion between the eigenvalues in the subspace Dy <p(q) and the subspace Dy ~m(q)- The technical
requirement 2(c) is mild.

In the asymptotic setting, we will be interested in understanding the model learned at a time ¢ = (d)
which scales with the dimension. The next set of assumptions give requirements for a valid scaling.

13
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Assumption 3 (Admissible Time at {t(d),u(d),n(d),m(d)}4¢>1). We say that the sequence
{t(d), u(d),n(d), m(d)}y>1 is an Admissible Time for the sequence of kernel operators {Hg}q>1 if
the following conditions hold

(a) There exists a fixed 6o > 0, such that for d large enough

1 1

s < Hd)' T < t(d)'T0 < .
)‘d,U(d) d,u(d)+1

(b) Ifu(d) < m(d) for infinitely many d, then

@ Z )‘dk_od)

n(d) k=m(d)+1
(c) There exists a constant C such that
m(d)
Yodese 3
k=m(d)+1

Assumption 3(a) is similar to the spectral gap condition Assumption 2(a), 2(b) for (t(d), u(d))g>1.
Assumption 3(b) relates the ordering of the indices u(d), m(d) to the relative growth of ¢(d), n(d).
Assumption 3(c) requires that the eigenvalue tail does not decay too abruptly.

A.3 MAIN RESULTS

In this section we give the main theoretical results. Recall the problem set-up and notation from
Appendix A.1. We will characterize the gradient flow dynamics dynamics of the oracle model f;*

Eq. (10) and the empirical model ft Eq. (11) for a general kernel H.

Theorem 3 (Oracle World). Let {fq € Dg}a>1 be a sequence of functions and {Hg}q4>1 be a
sequence of kernel operators such that {(Hyg, t(d), u(d))}a>1 satisfies Assumption 3(a), then

R(f) = ||Psuay fal 32 + 02 +0a(1) - |l fall 32+
170" = Pewayfall 2o = 0a(1) - |l full 32 -

where P<(q) and P~ q) are the projection operators onto the subspace spanned by the top u(d)
kernel eigenfunctions and the orthogonal complement respectively, as defined in Appendix A.1.

The error of the oracle model is determined solely by optimization time ¢ through u(d). Due to the
spectral gap assumption 3(a) learning only occurs along the top u(d) eigenfunctions.

The next results describe the empirical model. First we characterize the training error.

Theorem 4 (Empirical World - Train). Let {fy € Dgla>1 be a sequence of functions,
(%i)iem(d) ~ Va independently, and {Hq}a>1 be a sequence of kernel operators such that
{(Hg,n(d), m(d), t(d),u(d)) }a>1 satisfies {(n(d), m(d))}a>1-KPCP (Assumption 1), eigenvalue
condition at level {(n(d), m(d))}a>1 (Assumption 2), and {(n(d), m(d), t(d), u(d)) }a>1 is a valid
time (Assumption 3). Define ky = Tr(Hgy >m(a)) and €(d) = min{u(d), m(d)}. Then for any
n > 0 we have,

Rn(ft) = HP>€(d)fd||iz + Ug + Od,]P’(]-) : (||fd||i2+n + J?)a ift = Od(n/ﬁH)a
Ru(fs) = 042(1) - (Ifall32sn + 02), ift = wa(n/km).

In the early-time regime ¢ < n/ky the training error may be non-zero and matches the oracle world
error if also u(d) < m(d). In the late-time regime ¢ >> n/ky the training error is negligible and the
model interpolates the training set. The quantity «y arises since the empirical kernel matrix can be
decomposed as H = H<q, + H-, and the second component is approximately a multiple of the
identity: Hsp ~ Tr(Hsp) - I, = kg - I,. This term acts as a self-induced ridge-regularizer.

Our final result characterizes the test error of the empirical model.
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Theorem 5 (Empirical World - Test). Let {fys € Da}a>1 be a sequence of functions,
(%4i)iem(a) ~ Va independently, and {Hq}a>1 be a sequence of kernel operators such that
{(Hg,n(d), m(d), t(d),u(d))}a>1 satisfies {(n(d), m(d))}a>1-KPCP (Assumption 1), eigenvalue

condition at level {(n(d), m(d))}a>1 (Assumption 2), and {(n(d), m(d), t(d), u(d)) }a>1 is a valid
time (Assumption 3). Define £(d) = min{u(d), m(d)}. Then for any > 0 we have,

A 2
R(f) = ||Psuayfall > + 02 + 0ap(1) - (| fallf2en + 02),

’ fi— ng(d)fd’

The result shows that the empirical model is essentially the projection of the regression function
onto the first /(d) eigenfunctions. The quantity ¢(d) controls the complexity of the model which
increases with time ¢ up until u(d) > m(d) after which the complexity is limited by n.

2
2
o = 0ar () (Mfallfaer +2).

15



Under review as a conference paper at ICLR 2022

B PROOF OF GENERAL SETTING

B.1 ORACLE WORLD - PROOF OF THEOREM 3

The oracle model ODE Eq. (10) with initialization f§" = 0 can be solved (c.f. Appendix E.1) to
yield the solution

= fa—e My

Therefore the excess risk is given by
R(f7")=02 = Bomu, (fal@)—f7" (@) = | fa(@)e™™ fo(@)va(da) Zexp 20X ) f7.
Xa

where \2 a.x are the kernel eigenvalues and fk = (f4, ¥r) 2 are the Fourier coefficients of f; in the
kernel e1genbas1s (c.f. Appendix A.1). We can control this quantity as follows,

RUS) = 02 = [Pl / L all < ma {pacesp (-20%,). a1 = exp(-20%,) |

< —Q(t\] O(tA
< max {Iggfexp( (tAd 1)), max O d,k)}
< max {exp(—Q(t‘sO)),O(t*‘so)} =04(1)
where the last inequality follows from Assumption 3(a). This shows the first theorem statement,

T 2 2
117" = P<ufallze = 0a(1) - [ fall - -

Now observe that

Peufa—f" = e~k fiapy, — > - ™) fui
k=0

k>u+1

hence

=

—P<ufalliz /I fall72 < max {Iilgxexp( 2tA3 4), kmafl(l mi,k)z}

< - 2 =
_max{rl?ga(exp( 2tN7 1), [hax 1 —exp(— 2t)\d,k)} 04(1)

where the second inequality follows from the fact that (1 — e~%)? < 1 — ¢~ 2% and the final equality
is from the proof of the first part of the theorem. Thus,

r 2 2
1f7* = P<ufall> = 0a(1) - [l fall 2
completing the proof.

B.2 EMPIRICAL WORLD — PRELIMINARIES

We will introduce some useful notations and the objects of analysis for studying the empirical world.

B.2.1 TRAINING DYNAMICS

For the training of the empirical world c.f. Eq. (11), if w(t) = (fi(x1), ..., fi(,)) € R™ then from
Eq. (44) if u(0) = O then
u(t) =y —e "ty = I, —e /M)y, (14)

where H € R™*" with the (¢, j)th element given by H;; = Hg(x;,z;) and y = f + ¢ € R™ with
F=(fa(x1),..., fa(zn))" € R"and e = (e1,...,6,)" € R™.
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For z € RY, define h(x) = (Hy(x1,x),..., Hi(x,, x))T € R". The training and test errors as
defined in Eq. (1) can be written as

RulF) = ~u(t) ~ gl = ~yTe 2 Hmy,
R(fi) = Ba[(fa(z) — w(t)" H "h(z))?].
Expanding R(f;) yields
R(fi) = Ea[fa(@)’] = 2u() TH 'E+u(t) " H ' MH 'u(t) (15)

where E = (Ey,...,E,)T € R", M = (M;}); jein) € R™™, and H = (Hy;); jepn) € R™"
with

B = Eg[fa(@)Ha(x, )],
Mij m[Hd(x’ :Bi)Hd(w’ xj)]’
Hij = Hd(iL'i, iBj).

B.2.2 DECOMPOSITIONS AND NOTATIONS

In this section we recall some useful decompositions of empirical quantities from Mei et al. (2021a).
As mentioned earlier the eigendecomposition of H is given by

Hy(m,y) = Y _ A3 ptn(@) ¢ (y).
k=1

We write the orthogonal decomposition of f, in the basis {1x }1>1 as

fa(z) = Z faxtbr ().
k=1

Define
i = (Yr(@1), -, Yr(@n)) " €RT,
ng = diag(AdJ, )\dﬁg, ey /\d,m) (S Rmxm,
Worm = (Vr(®i))icin) kejm € R™M,
fgm = (fd,l,fd,% cee 7fd,m)T € ]Rm~

We have the following orthogonal basis decompositions of f, H, E and M

o0

F=F<m+ fom, fem=TcmFem fom= > faxtr,

k=m+1

H=Hcn+Hsyn, Hon=%< D2 WL = H.n= Y\, ¢y,

o (16)
E = E<y+ Eop, Ecn=9nD% fem, Eom= Y Npfartr,
k=m+1
M = Mgm + M>ma MSm = lI’SmDim‘II;m? M>m = Z Ag,k#’kﬂ’z'
k=m+1
By Lemma 6 below, under Assumptions 1 and 2(a) the matrices H and M can be written as
H=%..D% ¥l +ru(l,+An), (17)
M = ‘I’SmD%m‘I’gm + rn (I + Awr), (18)
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where
kg = Tr(Hg>m) = E )‘dkv
k>m—+1
Ry — TI' Hd >m E )\d ks
k>m+1
and

max{[|Anl,, |Armop} = 04,p(1).
We will use « as shorthand for the scalar valued dimension dependent quantity e~ (#/")%# and take
Kep =T, — ae”#/M¥<n DL Py 19)
We also introduce the shrinkage matrix defined as

2
-1 .
A

S<m = (Im + %D;i) = diag((s;)jem) € R™*™,  where s; = (20)

2 KH "
>\d' n

If unspecified we will typically use A, A’ etc. to denote matrices with operator norm o4 p(1). For

positive integers £ < m, define [/, m] = {¢+ 1,..., m}. We will use the following notation
Sim = diag((s;)ele,m)) for s; defined in Eq. (20)
W = (V1(@2))icin] hejem € R
fom = Z farr
kel,m]

B.2.3 AUXILIARY LEMMAS

Here we collect some lemmas which will be of use to us.

Lemma 1 (Matrix Exponential Perturbation Inequality). For matrix operator norm || -
R™ ™ are symmetric then

le? =P < A = Bl max{[e®]], [|e®[]}.

JifA,B¢

For general square matrices A, B € R™*™ we have
HeA — 6B|| < ||A — B|lelAllelBIl,

Lemma 2. Let Z € R™*™ & € R™*P D € RP*P gnd t € R. Denote A = Z'® € R"*? and
B =WUTW¥ c RPXP, Then,
ZTt¥D¥ gy _ A tDB

The notations in Lemmas 3-8 all follow the notations given in Section B.2.2.
Lemma 3 (Lemma 12 from Mei et al. (2021a) with A = 0). Let Assumptions I and 2 hold. Then,
[nH"MH™ — @S2 WL /nl| = oar(1).
Lemma 4 (Theorem 6(b) from Mei et al. (2021a)). Let Assumptions I1(a), 2(c) hold. Then,
T _
HlIlgm‘I’Sm/n — Im”op = Ody]p(].).
Lemma 5 (Lemma 13 from Mei et al. (2021a) with A = 0). Let Assumptions 1 and 2 hold. Then,
H‘IlgmH_llI’SmD%m - SSmHOp = Od,]P’(l)-

Lemma 6 (Theorem 6 from Mei et al. (2021a)). Let Assumptions 1 and 2(a) hold. Then we can
decompose the kernel matrices as follows

H = ‘Ilngzgm‘Ilgm + HH(In + AH),
M = ‘I’SmD4§m‘I’;m + HM(In + A]\/[)7
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where
kg = Tr(Hg>m) = Z N e
k>m—+1
KM = Tf Hd >m Z )‘d k»
k>m+1
and

max{||Agllo, s [|Anrllop} = 0ap(1).

Lemma 7. Let Assumption 1(a) hold. Let S,T be disjoint subsets of N. Let D € RISIXISI pe q
diagonal matrix. Then we have that for any n > 0, there exists C(n) (independent of d), such that

E[ff @I ¥ s DO s fr]/n? < C(n) ||Prfall}2en Te(D)/n,

where the expectation is with respect to the randomness in ¥ g, U,

Proof. Lett: S — [|S|] be the bijection such that ¥'s = (¢,~1 (1) (%) )ic[n) ke[ 5| then we have

E[ff Ui s DOLTrfrl/n® = > 3" > Dy Elbu(@:)s(@:)bs(@;) 0 ()] fufs/n

u,v€T s€S i,j€[n]

ST Dius Bl (@) s (@)1 (i)t ()] fu fo /n?

u,vET s€S i€[n]

=3 Dot Bl Prful@)bu(w )

ses

IN

2
¢s ||L(4+2"l)/7l

1 2
ﬁ g DL(S)L(S) HPdeHLQJr”
ses

2
C(n) [IPrfallizen » Dii/n,
i=1
where the second to last inequality is by Holder’s inequality and the last inequality used the hyper-
contractivity assumption as in Assumption 1(a).

Lemma 8 (Exponential Kernel Decomposition). Assume the conditions of Lemma 6 hold and as-
sume there exists 69 > 0, such that (t(d),u(d)) satisfies the condition

t(d)+o% < /\2; (21)
dyu(d)+1
Let j(d) satisfy min{u(d), m(d)} < j(d) < m(d) then
HeftHd/n — e~ W/mMP DLEL T || = ) (1),
op
Proof. First consider the regime t = O4(n/kg). Recall the decomposition,
H=%_,D2, 9L +ry(L, +Apy)
where |[Ay|[,, = 04,p(1). By Lemma 1 and Lemma 4,
m
e - emtma i | < ST oGl /nl (s Al
k>j+1

op

(- max AL [ ¥ LnPam/n],,, + 0ap(1)

IN

< . 2
< Ogp(t gl?fl Azk) +oap(l)

@ 0up(t%) + 0gp(1) = 0gp(1),
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where equality (a) holds by assumption Eq. (21). Now if ¢ = wq(n/kxp), then it is easy to see that

max{”etH/”

’ ’e—(t/n)(‘IISJngj\I'TSj—i-nHI)

} < emnr®) = g,5(1),
op op
and therefore

HeftH/n _ o~ (t/n)(¥<; DL tryl)

op

7 Hef(t/n)(‘I’SjDzsj‘Il;jﬁﬂiHI)
op

< 2maX{He_tH/"

Op} =o04p(1).

B.3 EMPIRICAL WORLD - TRAIN
If t = wy(n/kp), then by Eq. (17) it is easy to see that ||e_2(t/”)H ||Op = 0q,p(1), hence
Ru(f) = oap(1) - || fall7= -
From now on we focus on the case that t = o4(n/kg). Let us decompose the training error as

follows L
Rn(ft) =Ri+ Ry + R3

where
Ry = lfTea(t/n)Hf,
n
Ry = 26T672(t/n)Hf’
n

Ry — EETefQ(t/n)HE'
n

B.3.1 TERM R;

Let us start by analysing R;. We can write

1 - n
Ry = E(fge + foo)Te 2WMHE(F 4 f))
— Ty + 2Ty + Ty

where

T = %f%geﬂ(t/”mfgé,

T, = %fleeﬁ(t/”mfge,

T3 = %fleeiz(t/n)Hbe
Let us analyse the term 77,

T < %f;ee_z(t/n)‘pgD%‘\Iﬁgfgé-
By Lemma 2, denoting B = \Il;z\Ing/n,
%‘I,gzeﬁ(t/n)@gD%g\P;“I,g _ Bef2tD%[B.

We will show that
H Be—2tD%,B

= 0d7]p>(1). (22)
op
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By Lemma 4, since || B||,, = ©4,p(1), for d large B has a positive-definite square root B'/2 wh.p.
Therefore we can write
Be 2tD%LB _ B1/2672tB1/2D2§EBl/2B1/2

and bound the operator norm

HB(?—%D%ZBHOp S HBHOp —2tBl/2D2§zBl/2

k
op
~ B, 2 n B DL B
op
) 2
< HBHOp e~ 2t max (B)Amin (D<) — oap(1).
since by Assumption 3(a), tAmin(DZ,) = Q(t%). Therefore Ty = ogqp(1) - HngdHiQ.
Now we analyse the term 75. Observe that by the inequality 1 —x < e™* <1,
1 1 1
—[Ifsells = (2t/n)= 1, (O< D2, O, + (L, + Ap)) for < Ts < = || f>0ll5-
n n n

We have by Lemma 7,
¢
~ t
ﬂE[ﬂz‘I’le‘I’ﬂD%zq’gz‘l’>£f>€]/”2 <C(n) ||P>€dei?+n (n Z >‘§,5>
s=1

where the last quantity is oq.p(1) - [|[P>e fd||22+,, by Assumption 3(c). Thus we see that
2 2
T3 = ||P>efallpz + 0ap(1) - [P>efallgzen -

Observe that by the Cauchy-Schwarz inequality,
Ty < (TyT3)"? < 0ap(1) [IP<efall g2 IP>efall 2sn -

Putting everything together we see that,
Ry = ||Psefallze + 0ap() - (Ifallzz + IP>efallz2rn)-
B.3.2 TERM Ry

Turning to Ro, we take the second-moment with respect to €

1 4 —2(t/n —2(t/n
?Es[Rg] _ EEE[ETQ 2(t/ )Hj:fT6 2(t/ )HE?]/O'?

g

4 T —4(t/n)H 4 2
= S fTe M MEE < (| fll3/n)
= 0qp(1) - || fall7- -

By Markov’s inequality Ry = 0q.p(1) - || fal|7 02.

B.3.3 TERM Rj3

Now let us analyse Rj3. Recalling the definition B = WL, W, /n, we can compute the expectation

i B l —2(t/n)H
(1~ Eelis]) = L Tr(1, )
(;) le—m{t/n TI"(In — e_z(t/")(‘pSED%l‘Il;‘)) + Od,IP(l)
n
(b) 1 —K t/n 2 T
< —e T (2(t/n) (W< D2 ¥ <)) + 0ap(1)
o 1
9 Lt (U BD,) + 04 (1)
2t _oiim
< = B, Tr(DZ) + 0ap(1) = 0ap(1).
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Equality (a) follows from Lemma 8. For (b) we used the inequality 1 —e~* < z and that trace is the
sum of eigenvalues. Equality (c) uses the cyclic property of trace. In the last equality we used that by
Lemma 4, || Bl|,, = Oap(1) and Assumption 3(c) implies that (¢/n) Tr(DZ,) = Oa((t/n)kw) =
04(1) since by assumption we consider ¢t = og4(n/r ). Turning to the variance

Var, [RS] =E. [R%} —E. [RSF

1
— EEE[(J@—?W")H#] — Ec[R3)?
1
< —5Bel(e7e)?]) — o2(1 4 0ap(1))
@ O(1/n) -t + o2 —o2(1+ oa,r(1))
=oqp(1) - 02,

where the first inequality uses that ||e=2(*/")H Hop < land (a) uses that fore; ~ N(0,02), E[e}] =
302. Therefore by Chebyshev’s inequality, R3 = o2(1 + o4p(1)).
Putting everything together yields

Ro(fi) = Ri+ Ro+ Ry = [|Pstl[72 + 0ap(1) - (| fallr2sn + 02).

B.4 EMPIRICAL WORLD - TEST

Recalling u(t) from Eq. (14), let
u(t) = v(t) +&(t)

where

() = (I, —e M, (23)

e(t) = (I, — e H/M)e, (24)
Recall the expansion of the test error from Eq. (15),

R(fi) = Eafa(2)’] = 2u(t) ' H'E+w() T H ' MH 'u(t)
= || fall7s — 270 + To + T3 — 2Ty + 2T5,

where
T, =v(t)"H'E,
Ty =v(t) T H 'MH 'v(t),
Ty =e(t)  H'MH 'e(t),
T,=elt)"H'E,
Ts=e(t) ' H'MH 'v(t)

The proof for the test error is the most involved, but will follow a similar strategy of analysing each
term in the expansion. We first begin by analysing 75 in Section B.4.1, then 7} in Section B.4.2,
and finally terms 73, T}, Ts, which are all simpler than the first two, in Section B.4.3. At the end of
this Appendix section we present the proof of Theorem 5.

B.4.1 TERM T,

As before, we will analyze each term separately. We begin with term T5.
Proposition 1 (Term 75).

2
Ty = o(t)TH ' MH  (t) = HsgefgeHZ +0ap(1) - || fallF2+n
where we recall the shrinkage matrix S<n, defined in Eq. (20) and v(t) in Eq. (23).
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Proof of Proposition 1. To analyze T> we further decompose it into the following terms

Ty = (f<o+ fo0) (X — e /M HMH (I, — e /") (f<) + f0)
=T51 + Tho + Ths,

where
Tor = f2,(1, — e H/MYH I MH (1, — e /™) foy, (25)
Ty =2fL,( L, —e /" H 'MH (1, —e /M) oy, (26)
Toz = f1,(L, — e tH/"MYH I MH (I, — e H/") foy. (27)

Using Lemma 9 and 10 proven below, by the Cauchy-Schwarz inequality,

Ty < (2T T3)"? = 04p(1) - |P<efall 2 || fall p2sn
and hence

2
Ty =Ty + Tog +To3 = Hsge.fgeHQ +oq,p(1) - ||fd||2Lz+n .

Lemma 9 (Term 75, Eq. (25)).

2
Ty = HnggeH2 +0ap(1) - [IP<efall7:

Proof of Lemma 9. Recall the notation a and K<, from Eq. (19). Define A such that

A= (1, —eHM K,
which by Lemma 8 satisfies [|Al|,, = 04,p(1). Then we can split 751 into

To1 =To11 + To12 + To13 + To14
where
oy = LK< W<yS2, WL Ko f<o/n?,
Torz = fL K< Wi S ¥ K<if<i/n”,
Tors = LK< (H'MH ' — ¥ ,82, Wl /n*)K<if<,
Toia = fL,AH'"MH 'K feo + fL, K< cH 'MH 'Afe,+ fL,AH'MH 'Afo,.
We will show that the dominant term is 711 and the others are of lower order. By Lemma 3,
[nH'MH™" — ¥<nS2, WL, /n| = o4p(1),

and since K<y < I, To13 = ogp(1) - ||P§¢fd||iz. By Lemma 3, Lemma 4 and since S<p =< I,
[nH'MH™Y| < [ @S2 8L /n +oap(l) <1+ o04p(1)
hence it is easy to see that Th14 = 0g4p(1) - || ngdeLz- Turning to T12 we have
Tors < % (L, — eIV DEIL g, T (1 qe /DL g
@ 1
n2
< HfgeHz H‘I’;z‘I’ém/”Hip = 04p(1) - [P<efal7e

where the first inequality used S7 < Iy, we used Lemma 2 in (a), and the last equality used
Lemma 4 (note that ¥ <¢¥m/n is an off-diagonal block of lIlT m ¥ <m/n which corresponds to an
all zeroes submatrix of I,). Finally we look at the main term Tu Deﬁmng the matrices

fsre(l - ae*(t/")BDQSE)‘I’Ee‘I'em UL (I- Oéef(t/")BD%‘e)J?gre

1 _ 2 T
A= Wl (e,

1
B:=-9l,w_,
W
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we can write
1 —~
To1y = 72121[\1,2[(1” _ Oée_(t/n)‘l’gzngg‘I’ng)\I}<eSielIl-£[(In _ ae—(t/n)\pgDie\I’;z)qquq
p2dse®< <UP<pFL <eJ<
= f1,(BS%,B —20AS%,B +a*AS%,A) f<i.
Now observe that by Lemma 2,

1 2 @7 2
A — E‘Ilgze—(t/n)‘lfsgDS[‘I/S[lI,Se — Be—tDS[B

and by the same argument used to show Eq. (22),
S<¢ < I, we have

A”Op = Od,]P’(]-)- Since B = 1,, + A’ and

~ 2
To11 = Hsgefng2 +o4p(1) - [IP<efall

hence combining terms

2
To1 = To11 + To12 + To13 + To14 = Hsngngz +oqp(1) - ||P§£fd||iz .

Lemma 10 (Term 753 Eq. (27)).
Tos = f1,(T, — e H/MYH ' MH (T, — e /™) fo ) = 04p(1) - Hfd||2L2+n :

Proof of Lemma 10. Let us define the matrix
G=(I,— e HMH MH (I, — e tH/M),

Using similar reasoning from Lemma 9 we can write
G= 'K 0.8 9L K A
2 <mEF<mO<Lm F<m <m +
1
= EKSg\IJSmS%m\I’EmKSg + A

for matrices A, A’ satisfying max{[|A[[,, , [|A"[|,,} = 0a,p(1). We can split T>3 into

op |
L .7

Taz = Ef>er>z

%(f>m + me)TG(f>m + ffm)

1 2 1
= E.flme>m + Ef;me>m + E-fl:rmefm
= T31 + T3z + Toss + T34

where

1

Tr31 = ﬁflngm‘I’gmsém‘I’ngnggm,
2

Tr3p = ﬁfz:rme>m7

1
Toss = ﬁszmKse‘I’SmS%m‘I';mKﬁfffm’

Thgq = 04p(1) - ||P>lfd||2Lz .

Let us first start with analysing 7531, defining B = \Ilgm\Ilgm /n we have

1 —(t/m\ D2 (t/n 2
Tom = ﬁf;mq’ﬁmam — ae™ )DSmB)S%m(Im — ae™ )BDS'“)‘I’Zm.f>m

(a)
< (14 0ap(W))fLn @@l fom/n®

2
= 0ap(1) - [P>mfallp24n
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where the first equality is by Lemma 2 and the last line follows from Lemma 7, Markov’s inequality,
and by the fact that m/n = 04(1) by Assumption 2(c). To see that inequality (a) holds note that

HIm _ qe—(t/m)DZ,

_ HBA/Q(Im _ aef(t/n)Bl/zD%mBl/Q)Bl/2

op

S HBfl/Q

‘Bl/Z

op op

Since S%m <1,

2
[ — e mDEB) 82, (T — e BPE | < B, Bl = 1+ 00 (1)

where the last equality is by Lemma 4. Now let us turn to 7533, which we can further split into

To33 = To331 + 12332 (28)

where
Toson = 5 FinK <0 W 0% WL K< fon,
Tos3e = %f;ngﬂlI’ZmS[?m‘IlZmKSEme~
Redefining B = lIIZ ;¥ < /n and using a similar argument as for 7531, the first term can be seen as

To331 = 2me\I, WP o(I—ae —(t/n)D%,B )52 (= Oéef(t/")BDﬁf)‘Ilgg‘I’gmfem

IN

(1 + 042 ()| Fon, [ @En 2 </, = 001) - WPom (29)
Turning to the second term 75332, let
o E‘I’Em (In N e—(t/n)(\ygnge\Iﬁgﬁmln)) .
n
then we can write this term as
Toss2 = fomnASZ A fem
< FIA fom < £l Afim + 042 (1) - [Pemfall}: (30)

where the last inequality holds since A < lIlle Wom/n =In_¢+ A by Lemma 4 and so
T Z1/2221/2
= A (I + A)A

By the inequality 1 — e™* < z, in the PSD order we see that
t(1
A= ‘I’em‘I’<eD<z‘I’<e‘I’em % (n\Il;m‘I’Zm> :
Therefore from Eq. (30) we have

kgt (1 ~
T332 < fem‘I’ ‘I’<zD<e‘I’<e‘I’szzm +fh (n‘I’ng‘I’em>f5m + 04p(1) - ||PmedHi2 .

For the second term on the right, by Assumption 3(b) and by Lemma 4,

kgt
Fon— ( v, ‘I’Em)fem—OdP( ) - [|Pemfall -
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For the first term by Lemma 7 and Assumptions 3(b), 3(c),
t ~
[ ¥ < D2 WL W fum] < (/m)C W) [P full 21 Tr(D)
= 04p(1) - [[Pemfallf21n
therefore by Markov’s inequality

Thaza = ogp(1) - ||Pemfd||2Lz+w .
Hence combining terms
Toss = Thgg1 + Taszo = oqp(1) - ||P€mdei2+w .

By the Cauchy-Schwarz inequality

2
T3 = ﬁf;me>m
1 1 1/2
<2 IR G m s TG on

5 \1/2 5\ 1
= 2(T231 +o0q,p(1) - ||P>edeLz) (T233 +oqp(1) - ||P>Zfd||L2)

< 0ap(1) - [P>efall 2en [P>mfall 2in -

Putting everything together we see that

Tog = Tog1 + Toga + Toss + Toza = 0qp(1) - Hfd”iﬂn .

B.4.2 TERMT,

Now we will analyse term 7.
Proposition 2 (Term 7).

— 71 — —tH /n H'E = 1/2 2 . 2
Ti=f (In—e¢ JH™E = |5, f<e||, +0ap(1) - |l fallz2sn -

Proof of Proposition 2. We break T} into the following terms
Ty =T+ T2+ Tus
where
Thn=fl,0-eH/MH Ecy,,
Tio = f1,0— e /M HEc,,
Tiy=fI-eH/MHE .

Using Lemma 11 and recalling Lemma 10,

Tio < (T23)' || Fem||, = 000(1) - [P <ol 2 Nl e

/2

€1V
(32)
(33)

where T53 is as given in Eq. (27). From the analysis of 77; in Lemma 12 and T3 in Lemma 13 we

combine everything to get Proposition 2

2
T = HS;/g?fge’L +04p(1) - || fal Fovn -

Lemma 11. For a vector v € R",

vTH 'E.,, < (vTH*MH*lv)l/?HﬁmH
N =2
1 1 1/2 N
_ (nQUT\IKmSim\I:Lmv +ogp(l)- n||v|2) Hfgmuz.
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Proof of Lemma 11. Recall that E<, = lIISmDQSm fgm. By the Cauchy-Schwarz inequality,
v H 'E., = vTH71W§mD2§mfgm7
< TH DY W E )

27
< (vTH_lMH_lv)l/QHme‘L

1 1 V2,
= (TﬂvT\Il<mS<m\Il<mv+odﬂ»< >'n”””2> | F<n|

where the last equality follows from Lemma 3. O

Lemma 12 (Term 771 Eq. (31)).

)
2

125 |2 2
Ty = |[SY7 Fet| |, + 042() - IP<mful

Proof of Lemma 12. First note that by Lemma 8 for some A such that [|A|[,, = oap(1),
Ty =Tin + T2
where
Tlll - _f;[(]: — e_(t/n)(‘PSZDZSZ‘IlEZ+HHIn))H*].Egm’
Tz = fL,AH 'Ecp,.
By Lemma 11,

2 2 1 1 /2y~ 2
Tiaz < (1AIZ, (1 F<el3/m) [nH ME|,) || Fem||, = 002(1) - IP<mfal}: -

‘We now consider
Ti1 =T — Thie

where
T = f;zH_lEgm
Tinz = Oéfle@_(t/n)q’g[)éﬂﬁgH71E§m~
Note that by Lemma 5, B
WL H ' oD, — [S<i; 0], = 0ap(1),

where 0 is a £ x (m — ) matrix of zeros. Hence for the first term 77111,

Ty = f<z‘1’ LH' D2 nf<m = H51/2f<eH +0ap(1) - |[P<mfall7s -

Define H<y := lIISgD%Z\Il;Z. For the second term 77112, by Lemma 11

1/2)) ~
Tine < (S +0ap () - [P<efulls) || Fam,

; (34)

where 1
= ﬁf;ee_(t/"mi“‘PSmS%m‘I’Eme_(t/")H“fse-

Define A := L WT e~ (/"H<e g, We have
S < f<[ t/n H<Z‘I,< ‘Il<m€ (t/n H<[f<e

1
— 7fT —(t/n) H<eq;,<£§[; J€ (t/n)ngfQ + 7f'<|' e—(t/N)ng\pZm\pT e_(t/")HS’»’fg

I /\

-f<Z t/n)H<2\I;<€\I; Ze —(t/n) H<zf<[ + Hf<eH H\Il<£‘11pm/’ﬂ||

fgeA F<e+o0ap(1) - [P<efall]e

=o0ap(1) - |P<efall72
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since as noted before in Eq. (22), ||A|,, = 04,p(1). Therefore

2
T =T + Tz +Thie = HS;/ngSE‘L +oqp(1) - ||P§mfd|‘i2 :

Lemma 13 (Term T3 Eq. (33)).

Tig = 0ap(1) - [[P>mfall 2 [ fall g2 -

Proof of Lemma 13. We have
|T13| — |fT(I _ e—tH/n)H—lE>m|
-1
< £l |, 1B,

Note that we have IE[HfH;] =n Hfd||2LQ. Further by Eq. (17), we have | H ~* HoP < 2/k g with high
probability. Finally, recalling the definition of E- , from Eq. (16), we have

2 r 2
BllBonl?] = Y Abuf? < mx A IPon il
k=m+1 -

As a result, we have

T15] < Oap(1) - [Psmfallpe [ fall 2 [0 ax S IR

= Oap() - IP>mfall 2 1 fall 2 [ max A3 /pZHAz,k

= Od,ﬂ"(l) : HP>mfd||L2 ||fd||L2 s

where the last equality used Eq. (13) in Assumption 2(a). O]

B.4.3 TERMS T3, Ty, T

To analyse the terms 75, Ty, Ts we can adapt the corresponding steps for the proof of Theorem 4 in
Mei et al. (2021a). For the following analysis we recall the definition of e(t) from Eq. (24).

Lemma 14 (Term T3).
T3 =e(t)  H 'MH 'e(t) = 0gp(1) - 02

Proof of Lemma 14.
1

o2
UE

E.[T3] = Tr((In - e—fH/")2H—1MH—1)

<Tr(H'MH™")
Y Ty (@S2 WL, /1) + 0ap(1)

® 1
< = Tr(¥<m®l,) + 0ap(1)

o) 1
9 ﬁnm(l + 0ap(1)) + 0ap(1) = 0qp(1),

where (a) used Lemma 3, (b) used S<m, =< I, and (c) used Lemma 4 and Assumption 2(c). The
lemma then follows from Markov’s inequality. [

Lemma 15 (Term T}).

Ty =e(t) H 'E=o04p(1)- (02 + | fall ).
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Proof of Lemma 15.

1 1

E]Es [T42] = ?EE [ET(I _ eftH/n)HflEETHfl(I _ eftH/n)E]
€ €
_ ETHfl(I _ eftH/n)2H71E
<E'H’E

Notice that M = ¥~ LD4§ L\Ilg 1, forany L € N, by the decomposition of Eq. (16). Therefore

sup |DZ 9L H W D2 || = Sup |[H™ ' DL, @l HY|
(35
S ||H71MH71||op = Od_][p(l),
where the last inequality follows from Lemma 3. Hence,
E"H?E = lim E1, H2El,
L—oo — -

@ 4. 2T 2 T 17-2 2 17
= thgo fgL[DgL‘I’gLH ‘I’SLDgL]fSL
® . 2 ol -2 2 : =P
< limsup|| D2, @L, H 2@, DL, |- Jim ||fs |

Isoo ST = L—oo 2

(c) )

< oap(1) - [l fallz2
where (a) follows from the definition of E<,, (b) follows from the definition of operator norm, and
(c) follows from Eq. (35). Therefore we get

Ty =04p(1) - 0c - || fall 2 = 0ap(1) - (62 + || fal 72)-

O
Lemma 16 (Term T%).
Ts = e(t) H 'MH "o(t) = 045(1) - (02 + || fall724»)-
Proof of Lemma 16. We can write term T} as
Ts =Ts1 + Ts2
where
Tsy =e(t)"TH*MH NI, — e HH/™)f
Tsy =e(t)'H'MH (L, — e "H/™) fo,.
Note as in Eq. (35), that by Lemma 3 and Lemma 4,
HMWH”MU2 = |[H'MHY| = o0up(1),
op
and taking the second moment of 75, yields
1 1 _ _ —tH /n _tH /nn 1y — _
P1Ef_:[T§1] < EEE[ETH "MH (X, — e /") fof 1,1, — e /MY H ' MH €]
€ €
_ f-SrZ(In _ eftH/n)[HflMHfl]Q(In o eftH/n)fée
< HMl/zH—le/z M1/2H_1(In _e—tH/n,)qu?
- op - 2
=o04p(1) -T2
= 0ap(1) - [P<cfall?s
where T5; is as given in Eq. (25). Similarly we get that
1
—Ee[T5] = 0ap(1) - Tos = 0ap(1) - [l fal Fosn
€
where To3 is as given in Eq. (27). By Markov’s inequality we deduce that
T5 = 0ap(1) - 0c - (IP<efall o + | fall poen) = 0ap(1) - (02 + || fal F2sn)-
O
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Finally putting Propositions 1, 2 and Lemmas 14, 15, 16 together for terms 75, 7T1,75,T, and T5

respectively leads to the proof of Theorem 5

Proof of Theorem 5.
R(f) = [fall > — 271 + Ty + Ts — 2Ty + 2T

= |IPsefallze + Hﬂ”j - 2Hsgef§eH2 + Hsnggzuz

+04p(1) - (Ifall 72 + 1 fall 7210 + 02)

= [~ S<o) P, + WP etalls + o)) (5alle + 1alEasn + 7).
By Assumption 2(b), ki /n = 04(1) - max;<y Afi’j hence

2
3 2
|@=5<of<i|, = 0ar (V) - Il
and as a result we obtain the first part of the theorem

R(fi) = IPsefallz + 0ap(1) - (1 fallZe + 1 fall 240 + 02).
Now observe that similar to Eq. (15) we have the following decomposition

. 2
Hft - PgédeL2 = IP<efallz> — 2u(t) " H ' E<o + uw(t) T H ' MH u(t),
where u(t) is given in Eq. (14). Therefore we can write

o 2 ~
|fi = Peetal| , = RGD = IPsefullfa + 2u() H s
We now focus on the term
ut)TH'Esy=v(t) H 'Ex +e(t)TH 'E-,.
By choosing L = ¢ in the proof of Lemma 15, it follows that
e(t) H ' E<y = 042(1) - (02 + [P<efull72).
hence combining with the bound for 7} in Lemma 15 yields
et) ' H'E-y =Ty —e(t)"TH 'E<,
= oap(1) - (02 + [|fall72) — 0ap(1) - (02 + [IP<efall72)
= 04p(1) - (02 + | fall 7).
We will now show that
v(t) T H ™ Exg = 0ap(1) - [IP>efall g2 |l fall 2 -

(36)

(37

(38)

If {(d) = m(d), then Eq. (38) follows from Lemma 13. Otherwise, consider the case £(d) = u(d).

Following similar logic to the proof of Lemma 13, because E[|| f ||§] =n]| fd||iQ and

2 2 2
ElBslls] =n D> Nwfi < nXgusr IPsofallze
k=u+1
we also get Eq. (38) since

o) H ol = |fT(I— e H/"H ).
< (/| | (X M e /)| Bl

(@)
< Oap(1) - IP>ufallpe lfall 2 tAG w41

®)
= 0ap(1) - [P>ufallpz | fall L2 »

where (a) used the inequality (1 — e™*)/ax < 1 and (b) used Assumption 3(a). Therefore
wt)TH 'Ewy = 04p(1) - (62 + || fal/32), hence by Eq. (36) and Eq. (37) we obtain the final

part of the theorem

“ 2
fe=Peafa| , = 0az() - (Ifallfarn + ).
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C Dot PRODUCT KERNELS ON S%1(+/d)

C.1 SETTING

We now apply our general theorems to the setting of dot product kernels on the sphere. Concretely
we take Xy = S 1(v/d) and v4 = Unif(S%~!(v/d)) and consider dot product kernels Hy which

take the form of Eq. (4). Note that by Eq. (61) any dot product kernel h,; can be decomposed as
ha((w1, @2) /d) = By ounita-1)loa((w, 1) )oa((w, 22))]

for some activation function 4. We state mild assumptions on o4 and show that under these condi-
tions we can apply the results in Section A.3.

C.2 ASSUMPTIONS

We state our assumptions on o4 after some definitions. See Appendix G for additional background.
Denote by P~ the orthogonal projection onto the subspace of L?(S¢~*(+/d)) spanned by polyno-
mials of degree less than or equal to . The projectors P, and P are defined analogously. Let us
emphasize that the projectors ﬁg ¢ are related but distinct from the P<,,: while 5§ ¢ projects onto
the eigenspace of polynomials of degree at most ¢, P<,, projects onto the top m-eigenfunctions.
The assumptions given on the activations are the same as Assumption 3 of Mei et al. (2021a).

Assumption 4 (Assumptions for Dot Product Kernels at level s € N). Let { Hy}4>1 be a sequence
of dot product kernels with associated activation functions {o4}q>1 as in Eq. (61). We assume the
following hold

(a) There exists an integer k and constants ¢; < 1 and c¢g > 0, such that |og(x)| <
coexp(c1a?/(4k)).

(b) We have

mind”* |[Proa((e. )], = 2a(L),

= 2
[P>2st10a((e, )|, = Qa(1),
where e € S is a fixed vector (it is easy to see that these quantities do not depend on e).

Consider t(d), n(d) such that
dj+50 <t< dj+1*50 d5+50 <n< d5+1*50

for some j,s € N and 6y > 0. We now verify that if {04 }4>1 satisfies Assumption 4 at level s, then
for an appropriate choice of (u(d), m(d)) the conditions in Appendix A.2 are satisfied and lead to
Theorem 1. We set u(d) and m(d) to be the number of eigenvalues associated to spherical harmonics
of degree less than or equal to j and s respectively

u=> B(dk)=04d), m=> B(dk)=04d).

k=0 k=0

The verification of Assumption 1 (Kernel Concentration Property) and Assumption 2 (Eigenvalue
Condition) at level {(n(d), m(d)} is the same as the treatment in Theorem 2 of Mei et al. (2021a).
We only need to verify Assumption 3. To see part 3(a), note that 1/A7 , ;) = Oa(d) and 1/77 , =

©4(dT1). For part 3(b), the condition holds because u(d) < m(d) for large d if and only if j < s.
Assumption 3(c) is easily seen to hold since the trace of the kernel operator Tr(Hy) = ©4(1).

31



Under review as a conference paper at ICLR 2022

D GROUP INVARIANT KERNELS ON S%~1(/d)

D.1 SETTING

We now apply our general theorems to the setting of group invariant kernels on the sphere. Con-

cretely we take X; = S%~!(v/d) and v4 = Unif(S?~'(v/d)) and consider kernels H; which take
the form of Eq. (5) for some function h. By Eq. (61), for some activation function o4

Hd(whﬂh):/g ]EENUnif(sdfl)[Ud((wl,’w>)0d(<w279"w>)]7fd(d9)~ (40)

We state mild assumptions on o4 and show that under these conditions we can apply the results in
Appendix A.3. For additional technical background refer to Appendix G.

D.2 ASSUMPTIONS

We will assume that 04 = o for all d and make the following assumptions on ¢ which are the same
as Assumption 1 in Mei et al. (2021b).

Assumption 5 (Assumption on Group Invariant Kernel at level s). Let {Hg}q>1 be a sequence
of invariant kernels with associated activation functions o4 = o as in Eq. (40). We assume the
following conditions hold

(a) For Gg = Cycy, we assume o to be (s + 1) V 3 differentiable and there exists constants
co > 0and ¢y < 1 such that |O'(k)| < coecluz/Qfor any2 <k <(s+1)Vv3.
For general G4, we assume that o is a (finite degree) polynomial function.

(b) The Hermite coefficients (o) (c.f- Appendix) verify py, # 0 for any 0 < k <.

(c¢) We assume that o is not a polynomial with degrees less than or equal to s.

Consider t(d), n(d) such that
dj+50 < t < derlf(;o’ d57a+50 < n < dS*OLJrlf(so

for some j,s € N and dg > 0. We now verify that if o satisfies Assumption 5 at level s, then the
conditions given in Appendix A.2 are satisfied for an appropriate choice of (u(d), m(d)) which leads
to Theorem 2. We set u and m to be the number of eigenvalues invariant polynomials of degree less
than or equal to j and s respectively

u=> D(d,k)=0u(d"*), m=> D(dk)=0ud ),
k=0 k=0

where D(d, k) is the dimension of the subspace of invariant polynomials of degree k, c.f. Appendix
G.6. The verification of Assumption 1 (Kernel Concentration Property) and Assumption 2 (Eigen-
value Condition) at level {(n(d), m(d)} is exactly the same as in Theorem 1 in Mei et al. (2021b).

We must verify Assumption 3. To see part 3(a), note that 1/A3 W) = Og(d) and 1/2 wa) =

©4(d*1). For part 3(b), the condition holds because u(d) < m(d) for large d if and only if j < s in
which case

t(d) dj+1750 —a —260 gj—s+1
@ Tr(Hd’m(d)) S m@(d ) - O(d OdJ + ) = Od(l).

Assumption 3(c) can be seen to hold from the fact that Tr (Hd7>m(d)) = 0O(d*~ ) and

DN =D &,D(d k) =O(sd™*) = O(d™")
j=0

k=0

from which it follows that for some constant C

Em: Ao, <C i A
j=0

j>m
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E AUXILIARY RESULTS

E.1 SOLUTION TO KERNEL DYNAMICS

Recall that we are interested in the following dynamics given in Egs. (2), (3),

< (@) = Elfa(a, 2)(falz) ~ ()

—ft ZHd x, i) (yi — fi(x))

with zero initialization f§" = fo = 0. In this section we clarify the derivation, validity, and solution
of these dynamics. Let us consider the maps R : Hy — R and R,, : H4s — R defined in Eq. (1).

R(f) = /X (F(@) — falw))? dva (@) + 02,

Bl = = S (f o) )

=1

First, we recall the definition of the Fréchet derivative of a functional V' : H4; — R at f. The Fréchet
derivative DV (f) is the linear functional such that for g € H,

L VU 9 = V) - DV()(9)
gy, —0 l9ll4,
The gradient VV (f) € H, is defined such that
(VV(f),9)ns = DV()(9)
exists uniquely by the Riesz representation theorem. The gradients of the risk functionals are
VR(f) =Ha(f — fa),
~ 1 <&
VR.(f) ==Y (f(@:) = yi) Ha,,

n -
i=1

=0.

where Hy,(x) := Hgy(x;, x) and Hy is the kernel operator as in Section A.1. A proof of this fact
is given in Proposition 2.1 of Yao et al. (2007). Taking f?"(x) as shorthand for f°*(t,x) where

fOr(t,-) € Hq is the oracle model at time ¢ and similarly for f;(x), the following gradient flows
with zero initialization are well-defined for ¢ > 0,

% = —VR(f{") = —Ha(f{" — fa) = B=[Ha(-, 2)(fa(2) — 7*(2)] @D

*ft

3\'—‘

Z :E’L yz x; — ZHd :L'z - ft(mz)) (42)

The oracle model ODE Eq. (41) is simply a linear differential equation which has the following

solution involving the operator exponential exp(A) := > A*/k!
ki

= fa+exp(—tHa)(f5" — fa) = fa — exp(—tHa) fa. (43)
For the empirical model ODE Eq. (42) we first consider the system of scalar differential equations

induced at the points {(w’uyl)}’LG[n] Letting u’(t) = (ft(w1)7 ceey ft(w’n))T’ Yy = (y17 s ay’ﬂ)T’
and H = (Hy(x;,x;)); jen) We have

d 1
U = ——H(u(t) ~ y),

with initial condition %(0) = 0. As this a linear ODE, the solution is given by
u(t) =y +e T (u(0) —y) = (L, — e /M)y, (44)
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For x € RY, define h(z) = (Hy(x,x1), ..., Ho(x,x,))" € R". Leta(t) = (
will show that the function f;(-) := (h(-),a(t)) € Hq4, which satisfies (ft(azl)
u(t), satisfies the following equation

R™. We
z,))"

Am

kh>\-/

%fﬁ(m) - %W“f')»y —u(t)) = %(h(a:), e tHiny),
which is Eq. (42) at point 2. Indeed, by the chain rule
d; d
3 /1@ = 3 (h(=),a(®))

= (h(@), Salt)

11 —tH/n
= (h(z),H IHHG tH/ Y)

which is what we wanted to show.

E.2 EQUIVALENCE BETWEEN INVARIANT KERNELS AND DATA AUGMENTATION

In this section we will show an equivalence between the (time rescaled) gradient flows for training
invariant kernels and using an augmented dataset. Specifically consider a group G and a kernel H
that is G-equivariant, that is

H(g-x1,9-x2) = H(x1,22) Vg€G, Ve, 20 € X.

Given a G-equivariant kernel H, we define a G-invariant kernel H;,, as the group averaged kernel

Hiny = / H(x1,g - 22)m(dg)
g
for the Haar measure 7 on G (c.f. Eq. (5)). Note that any dot product kernel is G-equivariant for G a
subgroup the orthogonal group e.g. the cyclic group Cyc (c.f. Section 3.3).
Given a dataset (X, y) = {(z;,¥;) : ¢ € [n]} consider the augmented dataset
(Xg7yg) = {(g : fBz»%‘) ‘g€ g7l € [’I’L]}

We consider the (rescaled c.f. Remark 5) empirical dynamics Eq. (3) of the gradient flow on (X, )
using Hjp,, which we denote f; ijny

d - .
@ft,inv(m) = *mVRn(ft,inv = - Z ft inv mz - z) 1nv(m77m)
and the empirical dynamics of the gradient flow on (Xg¢, yg) using H which we denote fmug

dtft aug = _722 ft ,aug g wz yz)H(gian)

g€eg i=1

Proposition 3. Let G be a finite group with m elements. Given a G-equivariant kernel H, if 7 is the
uniform measure on G then

ft,inv = ft,auga vt > 0.
Proof. LetG = {g1,...,9m} Where gy is the identity. Define the output vectors

Winy (1) = (frim (@1) -, frime(@n))T € R,
ug(t) = (ft,aug(g : wl)? LR ft,aug(g : mn))T S Rn»
Uaug (t) = (g, (1), ..., uq,, )" e R™.
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Furthermore, define the kernel matrices
Hy, = [H(g- xi,g ;)] jepn) € R" " forg, g’ €3,
Hoyg = [Hg,g]g,geg € RT™,
Hi,y = [Hiny (%, %5)]i jein)-

Note that by definition Hj,, = % 21 H, g;- We will show that
j=

Uaug (t) = (Uinv (1), Uiny (1), . . ., Winy (¢)) forall ¢ > 0. (45)

From this the result follows by Theorem 4.1 in Li et al. (2019) since ft,inv, ft,aug are given by kernel
regressions with targets winy (t), Uaug () and kernels Hiyy, H respectively.

By Eq. (42), we can write
Uiny (t) = (I - exp(_thinv/n))yv
Uaug(t) = (I — exp(—tHaug/n))yg,

where yg = (y,...,y) € R™". By expanding the matrix exponential series and using linearity, it
suffices to show that

Hfugyg = (mkHi’;Vy, mkHi’;vy, . ,mkHi’fwy) for all k € N.
in order to show Eq. (45) holds. We prove the above by induction on k. For & = 1, observe that

m

m
Hangyg = Znggjy
=1

m
Z Hglxgjy
j=1

m

= (mHiny)i%,

where the second equality follows from G-equivariance of H. Assume the inductive hypothesis
holds for k. Then

i=1

Hk+1yg = Haugnggyg

aug
m

m
_ k§ : k
- m Hgi7ngiDVy
J=1 =1
k‘ m
m m
= E Hy, g4, E :Hgl g0 | Y
Jj=1 Jj'=
=1
k+1 m
m
= E :Hrh,q; Yy
Jj=1
i=1

= (mkHH'kHy)?;l

mv

where the second equality applies the induction hypothesis and the third equality uses equivariance.
Thus the inductive claim is proved and the proof is complete.

O

Remark 5. The scaling factor m in the gradient flow for ft,inv, leads to a natural comparison with

ft’aug as elaborated in Appendix E.3. As argued in that section, in the gradient descent discretiza-
tion, it is natural to take a step-size inversely proportional to the maximum kernel eigenvalue. In the
case of high-dimensional invariant kernels, note that

)\max(Haug) = mAmax(H) ~ mAmax(Hinv)

hence the step-size for the invariant kernel flow should be m times larger.
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E.3 DISCRETIZING TIME

Comparing different “speeds” of optimization algorithms only makes sense for discrete-time algo-
rithms. Consider the following gradient descent dynamics with step-size 7, obtained as the dis-
cretization of the empirical gradient flow Eq. (42)

frsr = fr =1V Ru(fi) = fi - 77% D (@) —y)H(ai), k=0,1,... (46)
i=1

We will argue that it is natural to take 1 ~ n/Apax(H ) where H is the kernel matrix.
Define the sampling operator S : Hq — R™ by S(f) = (f(2;))"; € R™ and let S* : R" — H4
be its adjoint, defined by S*(y) = % Zn: yiHz, (see Yao et al. (2007) Appendix B for more details).
Then we can rewrite the gradient desézrllt equation Eq. (46) as

fre1 = fe—n(S*Sfi — S*y), k=0,1,... (47)
Let T = S*S and define H := SS* = %H to be the normalized kernel matrix. Let
b:= S*H_ly € Hg4 and note that since Tb = S*y, we can rewrite Eq. (47) as

ferr=fo—nT(fe —b), k=0,1,... (48)

Denote the eigenvalues of H as \; > Ay > ... > )\, > 0. By the spectral theorem, there exists
a set of orthornomal eigenvectors ¢1,...,¢, € Hq such that T = zn: Xig;dr. Define a; (k) =

i=1
( fk —b, ¢;) € R. By taking Eq. (48) then subtracting b and taking the inner product with ¢; on both
sides, we get the coordinate evolution equations fori = 1,...,n
ai(k+1) = ((id — nT)(fr — b), &)

= ((fr =), (id = nT)¢s)

= (L= nAi)ai(k)
where the second equality holds since 7 is self-adjoint and the last equality is since ¢; is an eigen-
vector of T'. Tt is easy to see that a; (k) = (1 — n);)¥;(0). Therefore we see that gradient descent
Eq. (46) is guaranteed to converge if n < 1/(2);) and may not otherwise. Therefore it is natural to
choose the step-size 7 to scale asymptotically as 7 ~ 1/ yax (H).

For a dot product kernel H and its corresponding invariant kernel H;,, the kernel matrices have
operator norms of the same order

Anrla}((I{) ~ )\max (Hinv)

hence no time rescaling is need to compare the corresponding optimization speeds asymptotically.

E.4 SIMILARITIES WITH EMPIRICAL PHENOMENA

In this section we elaborate upon Remark 4 and mention some connections with empirical observa-
tions in Nakkiran et al. (2020). Although the metric in our setting is the squared loss, we can still
observe three stages in classification problems when measuring the soft error. In Fig. 6a taken from
Nakkiran et al. (2020) we can observe stage 1 and stage 2. Either training has not continued long
enough to observe stage 3 or n is large enough so that the models have converged to the approxima-
tion error of the neural network class (c.f. Remark 1). In Fig. 6b taken from Nakkiran et al. (2020),
although the train errors are not plotted, by extrapolating from Fig. 6a, presumably for each n stage
1 and stage 2 occur. From the dimmer curves in Fig. 6b we can see that for n < 50000 stage 3
occurs as well.

In Fig. 7a, we see a parallel between the use of cyclic versus dot product kernels and the use data
augmentation versus not for a Resnet-18 trained on CIFAR-5m (note that using a cyclic kernel is
equivalent to using a dot product kernel with data-augmentation c.f. Appendix E.2). In both our
theoretical results and in the empirical results of Nakkiran et al. (2020) we observe that the ideal
world optimization speed of augmented and non-augmented training are the same, but for augmented
training the real world training speed is slowed down, eventually leading to better generalization for
long enough training.
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Real World vs. Ideal World: Varying Train Size

Real vs. Ideal: SoftError 0.6
0.9 -~ Ideal World
—— Real Test
0.8 Real Train 0.5
0.7 ---- Ideal Test

Real (n=1000)

o
IS

Real (n=2000)

Real (n=5000)

Real (n=10000)
Real (n=25000)

Test Soft-Error
o o
) w

Real (n=50000)

0.1
0.0 0.0
0 10000 20000 30000 40000 0 5000 10000 15000 20000 25000 30000 35000 40000
SGD lIterations SGD lterations
(@ (b)

Figure 6: Soft-error curves for Resnet-18 trained on CIFAR-5m taken from ref. Nakkiran et al.
(2020). Panel (6a): n = 5 x 10* (Fig. 6 in ref). Panel (6b) Varying n (Fig. 4a in ref).

Real vs Ideal: Effect of Data Aug

0.9
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Figure 7: Panel (7a): Data-augmentation for Resnet-18 on CIFAR-5m. (Fig. 5a from Nakkiran et al.
(2020)). Panel (7b): Cyclic versus dot product kernel (Fig. 5c from this work)
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F ADDITIONAL FIGURES

To see the effects of varying the dimension d, in Fig. 8 we replicate the log-scale plots of kernel gra-
dient flow with dot product kernels from Fig. 4. We take n = d'-® and vary d € {50, 100, 200, 400}.
Each plot is averaged over 10 runs with the shaded region representing one standard deviation around
the mean. We can see that as d increasing the standard deviation decreases and the curves approach

the theoretical high-dimensional prediction.

Figure 8: Each column replicates a kernel gradient flow experiment from Fig. 4 over d €
{50,100, 200, 400}. Column 1: Replicates Fig. 4a Column 2: Replicates Fig. 4a but with 02 = 0.2.
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Column 3: Replicates Fig. 4b. Averaged over 10 trials.
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G TECHNICAL BACKGROUND

G.1 NOTATIONS

For a positive integer, we denote by [n] the set {1,2,...,n}. For vectors u,v € R, we denote
(u,v) = ugvy + ... + uqvg their scalar product, and ||uls = (u,u)'/? the /5 norm. Given a
matrix A € R™*™, we denote ||Al|op, = max|y,=1 [|[Aul2 its operator norm and by [|Al[r =

(Z i Afj)l/ ? its Frobenius norm. If A € R"*" is a square matrix, the trace of A is denoted by
TI‘(A) = Zie[n] A“

We use Og( - ) (resp. o4(-)) for the standard big-O (resp. little-0) relations, where the subscript d
emphasizes the asymptotic variable. Furthermore, we write f = Qg(g) if g(d) = Oq4(f(d)), and
f=wa(g) if g(d) = 04(f(d)). Finally, f = ©4(g) if we have both f = O4(g) and f = Q(g).
We use Ogp( - ) (resp. ogp( - )) the big-O (resp. little-0) in probability relations. Namely, for h4 (d)
and ho(d) two sequences of random variables, hi(d) = Ogp(ha(d)) if for any e > 0, there exists
C. > 0and d. € Z~q, such that

P(|h1(d)/h2(d)] > Ce) <, vd > d.,
and respectively: h1(d) = oqp(h2(d)), if h1(d)/ha(d) converges to 0 in probability. Similarly, we
will denote hq(d) = Qqp(ha(d)) if ha(d) = Ogp(hi(d)), and hi(d) = wap(h2(d)) if ho(d) =
Od’]}»(hl(d)). Finally, h1 (d) = @d’p(hg(d)) if we have both hl(d) = Od’]p(hg(d)) and hl(d) =
Qa,p(h2(d)).

G.2 FUNCTIONAL SPACES OVER THE SPHERE

For d > 3, we let S¥~!(r) = {z € R? : ||z||s = r} denote the sphere with radius r in R%.
We will mostly work with the sphere of radius v/d, Sd_l(\/g) and will denote by 7, the uniform
probability measure on S?~!(v/d). All functions in this section are assumed to be elements of
L?(S%1(+/d), 4), with scalar product and norm denoted as (-, - )2 and || - ||z2:

(f gz = / f(@) g(x) 7a(dz) (49)
Sd—l(\/g)

For £ € Z>, let Vd,f be the space of homogeneous harmonic polynomials of degree £ on R? (i.e.
homogeneous polynomials ¢(x) satisfying Ag(z) = 0), and denote by V;, the linear space of

functions obtained by restricting the polynomials in ‘N/dﬁg to S*~1(v/d). With these definitions, we
have the following orthogonal decomposition

L*(S" ' (Vd), 7a) = @ Ve - (50)
£=0
The dimension of each subspace is given by

dim(Vy) = B(d, f) = 2L71=2 (ﬁ td- 3) .

d—2 14
For each £ € Z>, the spherical harmonics {Ye(?) }<j<B(d,r) form an orthonormal basis of V ,:

d d
VYD) 12 = 6,50k
Note that our convention is different from the more standard one, that defines the spherical harmonics

as functions on S~ (1). It is immediate to pass from one convention to the other by a simple scaling.

(S

We will drop the superscript d and write Y, ; = YZ(C;) whenever clear from the context.

We denote by P}, the orthogonal projections to Vy  in L?(S?~1(v/d), 74). This can be written in
terms of spherical harmonics as

B(d,k)

ﬁkf(a:) = Z <f, Ykl>L2Ykl(m). (52)

=1
We also deﬁneﬁg = Zi:oﬁk"ﬁ>€ = I—ﬁg[ = Zzozf-i-l ﬁk, andﬁd = ﬁgg_l,ﬁzg = ﬁ>g_1.

39



Under review as a conference paper at ICLR 2022

G.3 GEGENBAUER POLYNOMIALS

The ¢-th Gegenbauer polynomial Qf) is a polynomial of degree ¢. Consistently with our convention
for spherical harmonics, we view Qéd) as a function Qy) : [-d,d] — R. The set {di)} ¢>0 forms

an orthogonal basis on L?([—d, d], 7}), where 7} is the distribution of v/d(z, e;) when  ~ 7,
satisfying the normalization condition:
1

(@4 (Vter, 1), Q4" (Vter, D) s vay = By 9

In particular, these polynomials are normalized so that Qéd)(d) = 1. As above, we will omit the

superscript (d) in di) when clear from the context.

Gegenbauer polynomials are directly related to spherical harmonics as follows. Fix v € S4~1 5 \/&)
and consider the subspace of V; formed by all functions that are invariant under rotations in R* that
keep v unchanged. It is not hard to see that this subspace has dimension one, and coincides with the

span of the function Q@d) (v, ).

We will use the following properties of Gegenbauer polynomials

1. For z,y € ST 1(+/d)
1

QP (), QL ((y, )2 = méjkcz;d><<w,y>>. (54)
2. Forz,y € S“1(Vd)
1 B(d,k)
@) = g 2 Y @Y ). (55)

These properties imply that, up to a constant, Q,(gd) ((x,y)) is a representation of the projector onto
the subspace of degree-k spherical harmonics

e =Bk [ QL (@) S o). (56)

For a function ¢ € L?([—V/d,V/d],7}) (where 7} is the distribution of (e;,x) when = ~
Unif(S?~1(v/d))), denoting its spherical harmonics coefficients £ 1 (o) to be

E41(0) = / o(2)Q\" (Vda)r}(de), (57)
[_\/av\/g]
then we have the following equation holds in L?([—V/d, v/d], T}) sense

o(z) = 3" €ur(o)B(d, K)QL (V).
k=0
For any rotationally invariant kernel Hgy(xzi,x2) = hg((x1,x2)/d), with hg(V/d-) €
L2([—V/d,/d], 7}), we can associate a self adjoint operator H4 : L*(S?1(v/d)) — L*(S*~*(V/d))

Haf@)= [ hall@.1)/d) f(@) raldas). (58)
Sd—l(\/a)
By rotational invariance, the space V}, of homogeneous polynomials of degree k is an eigenspace

of H4, and we will denote the corresponding eigenvalue by &4 x(hq). In other words Hqf(x) =
> e €ak(ha)Pyf. The eigenvalues can be computed via

Ease(ha) = /NWE] ha(z/Vd) Q" (Vdz)r}(dz). (59)
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For a dot product kernel Hy(x,y) = hq({(x,y)/d) consider the Gegenbauer expansion of hy in

L*([-Vd.Vd), 7))
ha((w,y)/d) = Zakdhd QY (. y)). (60)

Using Eq. (54) we can equivalently write the kernel as an expectation over random features for some
activation oy

ha((z,y)/d) = Eyunitse—1) [oa({(w, 2))oa((w, y))] (61)
by taking
oa(z) = 3 Ean(ha)/*B(d, k)Q\ (V). (62)
k=0

Note that o4 € L?([—V/d,V/d], 7}) as long as h(1) < oo

G.4 HERMITE POLYNOMIALS

The Hermite polynomials {Hey}x>o form an orthogonal basis of L?(R,~v), where y(dz) =

e 2dg /+/2m is the standard Gaussian measure, and Hey, has degree k. We will follow the classi-
cal normalization (here and below, expectation is with respect to G ~ N (0, 1)):

E{Hej (G) Hek(G)} =kl 5jk- . (63)

As a consequence, for any function g € L?(R, ), we have the decomposition

oo

-2 %

1k (9) = E{g(G) Her(G)} . (64)

The Hermite polynomials can be obtained as high-dimensional limits of the Gegenbauer polyno-
mials introduced in the previous section. Indeed, the Gegenbauer polynomials (up to a /d scaling
in domain) are constructed by Gram-Schmidt orthogonalization of the monomials {z*};>¢ with
respect to the measure 7, whlle Hermite polynomial are obtained by Gram-Schmidt orthogonaliza-
tion with respect to «. Since 7 = ~y (here = denotes weak convergence), it is immediate to show
that, for any fixed integer £k,

dIHEO Coeff{ngd)(\/gx) B(d, k)/?} = Coeft { (k';lm Hey (x )} . (65)

Here and below, for P a polynomial, Coeff{P(x)} is the vector of the coefficients of P. As a
consequence, for any fixed integer k, we have

pi(0) = lim &44(0)(B(d, k)k!)'/, (66)

where (o) and €4 1, (o) are given in Eq. (64) and Eq. (57).

G.5 THE INVARIANT FUNCTION CLASS AND THE SYMMETRIZATION OPERATOR

Let G4 be a group that is isomorphic to a subgroup of O(d), the orthogonal group in d dimension.
That means, each element of G, can be identified with a matrix in O(d) C R*4 and the group
addition operation in G, can be regarded as matrix multiplications in O(d). For any = € S~ (v/d)
and g € Gy, we define group action g - « to be the multiplication of matrix representation of g
with the vector . We equip G4 with a probability measure 74, which is the uniform probability
measure on G4. More specifically, the Borel sigma algebra on G, is defined as the Borel sigma
algebra of O(d) restricted on G,4. The uniform probability measure 74 satisfies the property that, for
any Borel-measurable set B C G, and any g € G4, we have

ma(B) = ma(9B).
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Let L?(S?1(v/d)) be the class of L? functions on S?~'(1/d) equipped with uniform probability
measure Unif(S?~1(v/d)). We define the invariant function class to be

LS (VA),00) = { € LA (V) : f(@) = flg @), Yo €SN (VA), Vg€ G}

We define the symmetrization operator S : L?(S%!(v/d)) — L*(S?*'(v/d),Gy) to be

(Sf)(@) = [ flg-z)ma(dg).

Ga
G.6 ORTHOGONAL POLYNOMIALS ON INVARIANT FUNCTION CLASS

We define V; <;, € L?(S?"1(1/d)) to be the subspace spanned by all the degree ¢ polynomials,
Visk = Vdf<k C L?(S%*(+/d)) to be the orthogonal complement of Vy <, and Vy = Vi< N
Vd%< 1 In words, Va i, contains all degree k polynomials that orthogonal to all polynomials of
degree at most k — 1. We further define Vg <1, = Vg <p—1 and Vg > = Vi sp—1.

Let P<, to be the projection operator on L?(S?~!(v/d), Unif) that project a function onto Vj <,
the space spanned by all the degree ¢ polynomials. Then it is easy to see that P<, and S operator
commute. This means, for any f € L?(S%~1(1/d)), we have

P<[S(f)] = S[P<u(f)]-

Similarly, we can define Py, Py, Py, 524, which commute with S. We denote Vy,(Gq) =
Py(S41(+/d), Gy) to be the space of polynomials in the images of P,S. Then we have

Pe(Aa, Ga) = Pe(L (8" (Vd), Ga)) = S[Pe(L*(Aa))).

We denote D(d; k) = D(S4 '(Vd);Ga; k) = dim(Pr(S*(v/d),Gq)) to be the dimension of
Pr(S*1(V/d), G4). We denote {7,(5)} le[D(s-1 (va):k) L0 be aset of orthonormal polynomial basis
in P, (S (v/d), G4). That means

5-(d) 37(d)
Emenif(Sdfl(\/E)) [Yklll(w)YkQIQ (w)] = 1{k1 = k2’ ll = 12}’

and
—(d —(d _
Vi () =V (g- @), Yo e S1(Vd), Vg€ Ga.
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