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Abstract

Tree-structured reasoning can improve lan-
guage models by exploring multiple intermediate
thoughts, but the branching, scoring, and back-
tracking logic is usually supplied by an external
search wrapper. We ask whether this search con-
troller can instead be realized within an autore-
gressive Transformer itself. We formalize inter-
nal tree-search execution as teacher-forced next-
token prediction over tokenized search trajecto-
ries and study three controlled settings: greedy
search on explicit trees, reward-ordered depth-
first search on explicit trees, and DFS control over
implicit trees generated by a fixed proposal front
end. Across these settings, we construct softmax-
Transformer controllers that implement the re-
quired primitives, including branch comparison,
visited-state detection, forward selection, back-
tracking, and mode routing, under explicit sepa-
ration and rounding conditions. We further pro-
vide finite-sample excess-risk bounds for norm-
bounded Transformer classes and show, for ex-
plicit trees, that low teacher-forced control risk
implies successful rounded autoregressive rollout.
These results show that the core control primitives
of tree-structured reasoning are representationally
and statistically realizable inside Transformer ar-
chitectures.

1. Introduction

Recent advances in language-model reasoning suggest that
performance can improve when models are given addi-
tional computation at inference time. Chain-of-thought
and scratchpad supervision expose intermediate tokens as
a computational workspace (Wei et al., 2022; Nye et al.,
2021), while self-consistency and test-time scaling methods
improve performance by sampling or allocating multiple
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reasoning attempts (Wang et al., 2023; Snell et al., 2024).
These approaches point to a broader view of reasoning in
which useful computation is not limited to extending a sin-
gle sequence, but may involve exploring several possible
intermediate states.

Tree-structured reasoning methods make this exploration
explicit. Tree-of-Thought-style algorithms generate candi-
date thoughts, evaluate partial progress, and search over the
resulting tree of reasoning states (Yao et al., 2023). Related
planning and graph-based methods similarly combine lan-
guage models with externally managed search procedures
(Hao et al., 2023; Zhou et al., 2024; Besta et al., 2024).
In these systems, however, the Transformer typically pro-
vides local generative or evaluative steps, while the global
controller—the component that manages branching, remem-
bers explored states, selects promising continuations, and
backtracks from exhausted branches—is implemented out-
side the model.

This raises a basic theoretical question: can an autore-
gressive Transformer execute the control pattern of tree-
structured thought search within its own token process? In
particular, can it represent partial thoughts, compare can-
didate continuations, track explored branches, and return
to earlier thoughts when the current branch is exhausted?
We ask whether the branching, evaluation, and backtracking
logic used in Tree-of-Thought-style reasoning can be real-
ized by the model itself, rather than imposed by an external
search wrapper.

We study this question by casting tree-structured thought
search as teacher-forced next-token prediction over tok-
enized search trajectories. Explicit trees provide a clean
abstraction of branching thought states and let us isolate core
control primitives such as branch comparison, visited-state
detection, forward selection, and backtracking. We con-
sider three settings: greedy search on explicit trees, reward-
ordered DFS on explicit trees, and DFS control over implicit
trees whose candidate thoughts and rewards are generated
by a fixed front end.

Our results are constructive. For each setting, we build
softmax-Transformer controllers that implement the corre-
sponding search transitions under explicit separation and
rounding conditions. The constructions use nearly orthogo-
nal sign embeddings for discrete states, so the embedding
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dimension scales logarithmically with the number of search-
able states. We further give finite-sample excess-risk bounds
for empirical risk minimization over norm-bounded Trans-
former classes. Finally, for the explicit-tree settings, we
show that low teacher-forced control risk implies successful
rounded autoregressive rollout. These results do not claim
that realistic language models automatically learn such con-
trollers end-to-end; rather, they show that the core control
primitives of tree-structured reasoning are representationally
and statistically realizable within Transformer architectures.

1.1. Contributions

A token-level formulation of internal tree search. We for-
mulate tree-structured thought search as teacher-forced next-
token prediction over tokenized search trajectories. The
formulation separates memory records, selected states, can-
didate branches, rewards, and transition rules, and covers
greedy search, explicit-tree DFS, and implicit-tree DFS
within a common autoregressive interface.

Approximation guarantees for softmax-Transformer
search controllers. We construct softmax-Transformer con-
trollers that implement the search transitions under explicit
separation, temperature, and rounding conditions. The con-
structions realize reward-based branch comparison, visited-
state detection, forward selection, backtracking, and routing,
for both explicit trees and implicit trees generated by a fixed
front end.

Finite-sample estimation guarantees. We prove excess-
risk bounds for empirical risk minimization over norm-
bounded Transformer controller classes. These bounds
quantify how many teacher-forced search trajectories suf-
fice to learn the constructed transitions statistically, with
discrete node identities represented in logarithmic dimen-
sion by near-orthogonal sign embeddings.

A bridge from teacher forcing to rounded rollout. For
the explicit-tree settings, we show that small teacher-forced
control risk implies successful rounded autoregressive exe-
cution. This connects the supervised next-token objective
to closed-loop search behavior, while keeping clear that
our guarantees are constructive rather than claims about
unconstrained end-to-end optimization.

1.2. Related work

External search over thoughts. The closest empiri-
cal motivation comes from Tree-of-Thought-style reason-
ing, planning-based language-agent methods, and graph-
structured reasoning frameworks (Yao et al., 2023; Hao
et al., 2023; Zhou et al., 2024; Besta et al., 2024). These
methods use language models as generators, evaluators, or
world models inside externally managed search procedures.
Our question is different: rather than designing another ex-

ternal search algorithm, we ask whether the search-control
primitives used by such methods can be realized by an au-
toregressive Transformer using its own token sequence as
memory.

Learning search from serialized traces. Closest to our
motivation on the empirical side is Stream of Search (SoS)
(Gandhi et al., 2024), which trains language models on flat-
tened textual search trajectories containing exploration, goal
checks, and backtracking. SoS shows that supervising full
search traces can outperform supervising only optimal so-
lution paths on Countdown, providing evidence that search
behavior can be learned through the language-modeling
interface.

Algorithmic Transformers and learned search policies.
Prior theoretical work shows that intermediate tokens can in-
crease the computational power of Transformers and support
constructive solutions for tasks such as arithmetic, equation
solving, dynamic-programming-like computation, and com-
positional evaluation (Merrill & Sabharwal; Li et al., 2024;
Feng et al., 2023; Yehudai et al.). These works mostly study
linear traces or fixed-order evaluation, whereas we study
adaptive search. A broader literature analyzes algorithmic
computation in Transformer-like models (Pérez et al., 2021;
Weiss et al., 2021; Lindner et al., 2023; Giannou et al.,
2023).

Closest to our explicit-tree DFS setting, De Luca & Foun-
toulakis (2024) simulate BFS, DFS, Dijkstra, and related
graph algorithms using looped Transformers with graph-
interacting attention and hardmax-style selection. Their
DFS result has a different input—output contract from ours.
A graph and its algorithmic state are represented by a node-
wise state matrix together with an adjacency matrix; the
same Transformer block is repeatedly looped until a termi-
nation flag is set; and the final algorithmic output, such as
the DFS predecessor array, is decoded from the terminal
state. Thus intermediate node choices are represented as in-
ternal state updates rather than emitted as a serialized search
trace.

Our goal is instead motivated by tree-structured reasoning
with language models: each search-control move—forward
selection of a child or backtracking from an exhausted
node—is itself the next autoregressive token. The evolving
search state is stored in the generated token history, not
in a recurrent node-wise graph state, and the controller is
trained and analyzed through a next-token interface. This
changes which overhead is relevant. Looped Transformers
share parameters across internal algorithmic iterations and
are natural for producing final graph-algorithm outputs on
explicit graphs, whereas our construction shares the same
controller across autoregressive search tokens but pays for
a serialized history. In exchange, our interface is closer
to Tree-of-Thought-style generation, reward-ordered tree
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search, implicit candidate records, softmax attention, and
finite-sample guarantees for learned controllers.

Yang et al. (2025) analyze symbolic multi-step reasoning
on trees, while Kim et al. (2026) study unknown-tree search
with bandit feedback and externally supplied expansions.
Our focus is internal DFS-style search control: the model
must compare branches, detect visited states, route between
forward moves and backtracking, and, in the implicit set-
ting, control search over generated candidate thoughts. Our
results are therefore positive but deliberately controlled:
we give constructive softmax implementations and finite-
sample risk bounds for teacher-forced internal search exe-
cution, rather than claiming that arbitrary search behavior
emerges automatically in end-to-end trained language mod-
els.

2. Problem Formulation and Model Interface

2.1. Tree instances, rewards, and embeddings

We write a finite tree as 7 = (V(T),E(T),root(T)),
with [V(T)| < S, where V(T) is the set of ordinary tree
nodes, £(T) is the set of directed parent-to-child edges, and
root(7) € V(T) is the root. We adjoin a dummy parent
node 0 ¢ V(T) to the root and write & (7)) := &(T) U
{(0,ro0t(T))}. For v € V(T), let par(v) be the unique
node u such that (u,v) € &(T). Foru € {0} UV(T),
write ch(u) = {v € V(T) : (u,v) € &E(T)}. In the
explicit-tree problems, each node v € V(T) is assigned
a reward r7(v) € R, which measures the quality of se-
lecting that node. We assume |r7(v)| < R. For every
node u with ch(u) # &, sibling rewards are separated:
|r7(v) — 17 (V)] > Agap > 0 for all v,v" € ch(u) with
v # v’. Thus every nonempty subset of siblings has a
unique reward maximizer. Each discrete search symbol
q € {0,e0s} UV(T) is represented by a sign embedding
ag € {£1/V/d}, for some fixed ¢ € (0,1/2), satisfying
(ag,aq) = 1 and [{aq,ay)| < € for g # ¢. Such em-
beddings exist with d = O(¢ 72 log S), and, for trees with
branching factor at most n > 2 and depth at most H, with
d = O(¢72H logn); see Appendix A.

2.2. Teacher-forced search-token interfaces

For each problem j € {I,II,IIT}, we specify a token di-
mension p;, a memory matrix M;(7) € RPs*™3(7) and a
teacher search-token sequence 0;0(7), ..., 0;1,()(T) €
RPJ. The initial token o,  is given in the prefix and is not
predicted. At teacher-forced step k = 0,...,L;(7T) — 1,
define E; 1, (T) := [M;(T),05,0(T),-..,0,,(T)]; the tar-
get is 0j k+1 (T) When MHI(T) = @, EIII,k is simply
the teacher search-token prefix. Teacher forcing means
that F; ;, contains the true previous teacher tokens, not the
model’s previous predictions. We also write Lpax ; =

SUDTcsupp( P, ;) Li (T ), where Py, ; is the training distribu-
tion for Problem j.

Problem I: greedy search on an explicit tree. Problem I
isolates local reward-based branch selection: the explicit
tree and all node rewards are given in the initial memory,
and the teacher starts at ug := root(7), repeatedly moves
t0 Upy1 1= ArgMaXy,cch(u,) 77 (V). Let L1(T) be the num-
ber of greedy transitions; since this path never revisits a
node, Lmax1 < S — 1. Problem I uses the block layout
x = (P,C,r,m;hy), where P,C € R?% r,m € R, and
ht € R??; hence pr = 4d + 2. The memory matrix is
Mi(T) = [(a] ,ar 7 (v),1,07,00) 7 : (u,0) € E(T)].
Fork =0, ..., Li(T), the teacher search-token sequence is
oLi(T) :==(07,a,,,0,0,07,07)".

Problem II: reward-ordered DFS on an explicit tree.
Problem II adds visited-state bookkeeping and backtrack-
ing. The explicit tree and all node rewards are given in
memory. The DFS teacher path starts from ug := root (7).

Given uy, . .., ug, let Vi = {ug,...,ux} and AV =
{v € ch(ug) : v ¢ Vi}. If Ad # 0, the teacher
MOVes (0 Ugt1 1= argmax,c amwa r7(v); if Afvd = )

and uj # root(T), it backtracks to up41 := par(ux).
Let L11(7) be the number of DFS transitions. Since each
tree edge is traversed at most once forward and at most
once backward, Lyax11 < 25 — 1. Problem II uses
the block layout x = (P, C, W, 7, Xmem, Xst; h11), Where
P.CW € RY 7 Xmem; Xst € R, and hyp € R3;
hence p;; = 4d + 6. The memory matrix is My (7T) :=
[(ay,ay,00,77(v),1,0,00,5)" : (u,v) € E(T)]. For
k =0,...,Liu(T), the teacher search-token sequence is

o1k (T) 7= (@ r ) O » @y 0,0, 1,00 5) T

A motivation for considering DFS is that there are simple
depth- H instances where greedy search fails with high prob-
ability, whereas DFS is expected to find the target with
O(H) walk cost; see Appendix E.

Problem III: reward-ordered DFS over an implicit gener-
ated tree. Problem III has no explicit memory: M1(7T) =
(). Local candidates are produced by a fixed front-end, while
the trainable Transformer controls generation, selection,
and backtracking. The generated tree has depth at most H,
branching factor at most C, and at most .S := Zle Cch—1
ordinary generated nodes. Let Z C R? with |22 < Z, and
let ey, ...,ecy+1 be the standard basis of RS+, Each in-
stance contains an initial thought z;,,4 € Z and a root node
root (7). The fixed front-end is a columnwise proposal map
Jpre ZxR¥x{ey,...,ecy1} — ZxR%xR. For a fixed
queried state (2, u), write (z;, a,,,7;) for the j-th proposal,
suppressing its dependence on (z, u), and let Valid; denote
the event that 1 < 5 < C' and this proposal is valid. Then

(zj,avj,rj), Validj,

(04, @eos, 0), otherwise.

gpre(zvauv ej) = {
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Valid thoughts lie in Z, rewards are bounded by R,
and valid rewards generated from the same queried state
are Ag.p-separated. The teacher operates on selected
records (z,7,u,b), where b = 0 denotes a fresh visit
and b = 1 a backtracking return, and candidate records
(', zgre, Ty u, v, 1, §). It starts from (2y00t, 0, r00t(7), 0).
From a fresh selected record (z,,u,0), it successively
queries gpre(2, au,€;j) for j = 1,...,C, appending one
candidate record per valid proposal until an invalid proposal
appears or all C' phases are used; backtracking records skip
generation. At a DFS-control step, let Vi be the set of
current nodes appearing in selected records, and let Af:"d
be the candidate records in the prefix generated from the
current node u whose child is not in V. If AZ’Vd # 0,
the teacher appends the selected record (2’, u, v, 0) for the
highest-reward candidate (2, 2, 7, u,v,r,7) € AW If
Afvd = () and u # root(T), then, writing the most re-
cent selected record with current node 7 as (2,7, 7, ),
the teacher appends (z.,7’,7,1). Problem III uses the
token layout © = (z, zgc, P,U, V,r, ¢, b, ¢; hirr), where
2,206, PLUV € RY rbe € R, ¢ € R and
hipr € R7%5; hence pip = 12d + C + 9. Here
P, U,V store the parent, current, and candidate-child em-
beddings, and ¢« = 1 on legal tokens. Part of Ay is
reserved for proposal registers (G, Gy, Gr). Let Gpre
be the fixed columnwise lift that, for each token z =
(2, zsve, Py U, V1, ,b, 05 hanr),  writes (G, Gy, G,) =
Gpre(2Zsre, U, @) and leaves the visible blocks unchanged.
A selected record is encoded as Sgel(z,m,u,b) =
(z",27,a7,a,,05,0,ef,b,1,0,,5)". The j-th candi-
date record is encoded as sc(md(z Zsres T, Uy U, T, J) 1=
(N7, 20 al al al,rel €;j11,0,1, O7Td+5) . The initial
token is orro(7) = Ssel(Zroot, 0,1r00t(7),0). Let
OI1,05 - - - , OTII, Ly, D€ the tokenization of the teacher record
sequence. Since each generated node contributes at most
one fresh selected visit, at most C' candidate tokens, and at
most one backtracking return, Lyax 111 < (C' +2)S — 1.

2.3. Controller classes and teacher-forced risks

For a token matrix X = [z1,...,2,] € RP*™, and pa-
rameters V. = (Vi,...,V;) and B = (B, ..., By), with
Vi, By, € RP*P_ define a J-head residual attention layer
by Avp(X) = X + 327, Vi X softmax(X " B, X),
where the softmax is applied columnwise. The matrix
By, is the combined key—query score matrix, equivalently
By = (Kh)TQh. For AV7AB > 0, define

2A,(J, Av,AB)

= {AvyB

Let o(t) := max{¢,0}. For integers Ly, Wi, > 1, a
ReLUFFN ¢A b : RP — RPisamap A b = (AL, 0(-)+
bre., )0 +o (A -+b1), where all hidden widths are at most

HVh”OP < AV7 ||BhH0p < A37
h=1,...,J :

Wi, and the input and output dimensions are both p. For
A, cgn > 0, define

\IJP(LHIH WffnaAHn; Cffn)
max{||Ae¢llop, [[belloc } < Aftns
=q%ab ¢

[Yap(@)ll2 < cmllzl2 (¢ € RP)
The corresponding columnwise FFN layer is Fy,(X) =
[(z1), ..., P(m)].
An architecture budget is denoted by A =
(K, J, Ltn, Wen, Av, Ap, Afin, cn).  For  problem
j € {L1II}, define the norm-bounded controller class
directly by

Fi(Aj)

A, €20, (J, Ay, Ap),

% S \I/pj (Lffm Wffna
AHH? Cffn)

fwKoAKo...
O‘leoAlO}—wo

where the components of A ; are understood in the displayed
order. For Problem III, define

Frr(Am)
fwKOAKO"' Arempm(J’AV’AB)’
= o ‘F¢1 [¢) »Al [¢] fi/lo wr S \I/pln (Lfﬁu Wﬁ"na

o Gpre Affn7 Cffn)

Here G, denotes the fixed prefix-level lift defined above;
only the attention layers and FEFN layers displayed be-
fore Gpre are trainable and counted in App. For F' €
F;(A;), define the teacher-forced prediction at step k+1 by
0r,jk+1(T) := F(E; x(T)).—1. The teacher-forced popu-
lation risk is

R;(F)
. Li(T)-1
= 3E7~p, > Norgkea(T) = 051 (T3 -
k=0

Given i.i.d. samples 7y,..., Ty ~ P j, define
R (F)
N L;(Ti)—-1

NZ Z [6F,k41(T5) = 0k a1 (T3 -
i=1 k=0

An empirical risk minimizer is ﬁj, N €
argminpe 7 () ﬁij(F). Let R} denote the opti-
mal teacher-forced risk over all measurable predictors.
Since the teacher transitions in the three problems are
deterministic under the stated tie-free assumptions, R;‘ =0.

For a fixed budget, define

8app,j (A]) = inf

R:i(F)—R:
FEF;(A;) i(F) 7
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~

gest7j,N(Aj) = Rj(Fj,N) - inf

R, (F).
reliia, RilF)

Then

Ri(Fjn) — RS = Eapp,j(Ag) + Eest v (Aj).

3. Approximation Analysis: Transformer
Constructions

We construct reference controllers for the three teacher-
forced transitions defined in Section 2. Construction details
are deferred to Appendix B.

For Problem I, the FFNs prepare parent-matching and
reward-comparison registers, and the attention head uses
them to select the highest-reward outgoing child of the cur-
rent node. The final FFN formats the selected child as the
next selected-state token.

Theorem 3.1 (Exact approximation for Problem I). Un-
der the Problem I assumptions in Section 2, suppose Ay
satisfies K = J = 1, Lgn > 2, Wi 2 d, Ay 2 1,
Ap 2 10g(25)/((1 — 26)Agap), Afin 2 /1 + R+ Agap,
and can 2 1 + R+ Agap. Then there exists F € Fi(Ax)
such that, for every T € supp(Pi1) and every k =
07 .. .,LI(T) — 1, FI*(EL]C(T)):,fl = 01,k+1(T)- Hence
RI(FI*) = 0and (c:app,I(AI) = 0.

For Problem II, the first layer separates visited from unvis-
ited child records, the overwrite FFN turns this soft signal
into exact candidate registers, and the second layer uses
these registers to choose between moving forward to the
best unvisited child and backtracking to the appropriate pre-
vious state. The final FFN formats the routed state as the
next DFS token.

Theorem 3.2 (Exact approximation for Problem II). Under
the Problem Il assumptions in Section 2, suppose Ay sat-
isfies K =2, J =3, Lagy, > 2 Wagy, 2 d, Ay 21, Ap >
log(25) max{1, AL}/ (1—2¢), Agn 2 /T + R+ Agap,
and can, 2 1+ R+ Agap. Then there exists Ffj € Fii(Ai)
such that, for every T € supp(Pi) and every k =
0,...,Lu(T)—1, Fi(Bx(T)).,—1 = o1,k41(T). Hence
RH(Fﬁ) =0and gapp,H(A-H) =0.

For Problem III, a fixed front-end first generates candidate
thoughts, node embeddings, and rewards from the current
source state. The trainable controller then performs selec-
tion over these generated candidates and formats the next
implicit-tree search token; the fixed front-end is not counted
in the trainable budget.

Theorem 3.3 (Approximation for Problem III). Consider
Problem III as defined in Section 2, with the augmented
token layout pyy1 = 12d + C + 9. Let the generated tree
have depth at most H, branching factor at most C, and
S = Zthl C"=1. Assume that generated thoughts satisfy

Izll2 < Z, generated rewards satisfy |r| < R, valid rewards
generated from the same source state are Ny, ,-separated,
invalid proposals are represented by a.os, and generated
node embeddings satisfy the sign-JL condition with € <
1/2. Define yii1 := min{l — ¢, (1 — 2e)Agap }. Suppose
Aqqp satisfies K = 2, J = 3, Lgy > 2, Wiy 2 d+ C,
Av 2 L Am 2 V1I+R+ADgup+Z, can 2 1+ R+
Agap + Z, and A 2 i log((C + 2)S). Then there
exists Ffy; € Fui(Amn) such that candidate-generation
steps are reproduced exactly, and on forward-selection and
backtracking steps all discrete node, phase, and flag blocks
are rounded exactly. Moreover, with Lyax 111 < (C42)5 —
1,

Eapp, 111 (A1)
S ZQLmaX,IH min{l, ((C + 2)5)2 exp[—Q(fymAB)]} .

The constructions encode node identities in d =
O(e7%log S) dimensions, or d = O(¢2HlogC) for
depth H and branching factor C. In Problems I and II,
softmax attention only has to enter a rounding basin, so the
final FFNs recover the discrete search state exactly and the
approximation error is zero. In Problem III, discrete control
is still rounded exactly, but continuous thought vectors z
are transported by attention, leaving the stated softmax-tail
approximation error.

The constructive inverse temperatures are not arbitrary iso-
lated parameters. After the FFN preprocessing, value maps,
and score directions are fixed as in the proofs, each ac-
tive head lies in a one-dimensional temperature family
Byr(An) = A\yBj,. We tune these temperatures using the
source-selection supervision in the teacher-forced trajecto-
ries: each active head is trained to put attention mass on
the oracle source columns. Appendix B.4 shows that, under
the same score-margin conditions used in the approxima-
tion proofs, gradient descent on this source-selection loss
decreases the loss at rate O(1/t) after a standard warm
start. The resulting tail control also bounds transported
payloads: if the oracle value is y and all non-oracle values
are within distance D of y, then the head-output error is at
most D times the non-oracle attention mass; in Problem III,
D < 27 for the continuous thought blocks. Thus the large
inverse temperatures used above are compatible with ele-
mentary gradient-based post-training within the constructed
subfamilies.

4. Excess Risk Analysis

We next bound the population excess risk of empirical risk
minimization over the norm-bounded controller classes.
The approximation results in Section 3 show that the de-
sired search transitions are contained, exactly or up to the
stated softmax error, in these classes. This section quantifies
the resulting excess risk from finitely many teacher-forced
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training trajectories. We state both the standard uniform-
convergence bound and the faster Bernstein-type bound; the
latter uses the deterministic teacher and the nonnegative
bounded squared loss. The proof is deferred to Appendix C.

4.1. Generic excess-risk bound

For a budget A =
(K, Jj, Lt ,j, Wan j, Av,j, A j, Atn,j, Cam,j)» let Dy =
D;(A;) be the number of trainable scalar parameters. For
the controller template in Section 2.3, one may take D; =

0 (KijP? + (K + 1)L, s (Wi, ; + P Wi s + Pj))

For Problem III, the fixed local proposal lift
Gpres equivalently the columnwise operation
(G:,Gv,Gr) = gpre(zsrc, U, @), is not counted in
Dryy.
Let B;(A;) be a uniform envelope for the per-
instance teacher-forced loss, ie., {p;(T) =
L;y(T)—1
v2o T IEE D)1 = open(DIE < By

for all ¥ € F;(A;) and all T in the support. Under
the norm constraints, it is enough to take B;(A;) =

ﬁf(n_;l(]' +J; AV])K Bzy + By J) ’

B, ; bounds the column norm of the input seen by the
trainable controller and B, ; bounds the target-token
norm. In Problem III, B, 17 is taken after the fixed lift
Gpre. In our three settings, we may take (B, 1, By, 1) =
(V3+R2,1), (Bem, Byn) = (V3+R?, \f)
B;c,III = O(l + Z + R), By7[11 =/ 2Z2 + R2 4+ 5.
Theorem 4.1 (Excess-risk bounds for norm-bounded search
controllers). Fix j € {LILIII} and a budget A,. Let
(F). Then, with probability

where

Lmax, J
2

Fjn € argminper a,) Rjn
at least 1 — 6,

Ri(Fjn) — R}

< Eapp,j(A;) + O (Bj(Aj)\/Dj(Aj) ]+Vlog(1/5)) .

Moreover, since the teacher transitions are deterministic
and R} = 0, the same ERM satisfies the Bernstein-type
excess-risk bound

R;(Fjn) — R}

< AEappi(A) + 5<Bj(Aj)Dj(Aj> ;LVlog(l/a)) |

Here O(-) hides only logarithmic factors in
N,6 Y pj, Linax,j, the token radii, and the norm
radii in A ;.

The two displays give slow- and fast-rate upper bounds on
the same population excess risk. The first follows from
uniform convergence, while the second uses the Bernstein

condition for bounded nonnegative losses with deterministic
targets. In the problem-level rates below, we use the sharper
of the two bounds.

4.2. Problem-level excess-risk rates

Letdg := e 2log(S + 2) and /5 := log(1/6). We use the
approximation-feasible budgets from Theorems 3.1, 3.2, and
3.3, taken at the smallest required orders. Thus d < dg for
the near-orthogonal node dictionary, and the required FFN
widths satisfy Wffn,ly WHn,II = dg and WffnJH = C+ds.
Set Mex := 1+ R+ Agap and Mipp == 14+ R+ Agap+ 2.

Problem I. For the greedy-search budget of Theorem 3.1,
the approximation error is zero. Hence, with probability at
least 1 — 6,

Ri(Fin) — RE

~ 2
= O(SMEX min{ds\—i/_ﬁ\/a, ds;&s }) .

Problem II. For the DFS budget of Theorem 3.2, the
approximation error is also zero. Thus, with probability at
least 1 — 0,

RII(ﬁILN) — R

~ 77 g2
:O(SMeSXmin{dSJr éé,dSJrg& }) .
VN N

Problem III. For Problem III, the generated tree has
depth at most H, branching factor at most C, and S =
ZhH:l Ch=1, Let dimp 1= C' + dg. For a fixed attention-
score radius A g, write E,pp 111(A ) for the approximation
term. Theorems 4.1 and 3.3 give, with probability at least
1-4,

RIII(ﬁIII,N) - Rin

Ea Ap) + Ag),
< min pp.111(AB) + ¢ /5 (AB) ’
4Eppii(Ag) +en(AB)

where

im l
e\/N(AB) O((C+2)SM§11;) L +\/>6> )

VN

d2
+ U5
g imp
en(Ap) = 9) ((C + 2)SMlmpN> .
The hidden factors in these two terms include only logarith-
mic dependence on Ap.

It remains to choose A so that the approximation term is
absorbed into the statistical scale. Define 1 := min{1 —
€,(1 —2¢)Agap} and

dim T dip + 1
eHI - (C + Z)SMlsrnp i { r i \/>5 P i } .

VN ' N
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Using Linax, i1 < (C' 4 2)S — 1, it is sufficient to take

Ap
log((C +2)5),
e (1 L 2(C+ 2)5)3>

1
2 Yip max

eIl

With this choice, the approximation term is absorbed into
the statistical term, and with probability at least 1 — 4,

RIH(ﬁIII,N) - Rin

C+ds+ 0

/N

(C + ds)2 + U5
N

= 0| (C+2)SM3, min

imp

The hidden logarithmic factors include the logarithmic de-
pendence on the balanced Ap.

For Problems I and II, the feasible budgets have zero ap-
proximation error, so the excess risk is purely statistical. Up
to re~ward- and norm-dependent constants, Problem II scales
as O(Smin{ds/V'N,d%/N}), where the factor S comes
from the DFS trajectory length and ds = O(¢~2log S)
from the node dictionary. Thus the representation of node
identities is logarithmic in the search space, while the su-
pervised loss still sums over the search trajectory. For
Problem III, choosing Ap logarithmically large absorbs
the continuous-payload approximation error into the estima-
tion scale. These are teacher-forced excess-risk guarantees,
not end-to-end optimization guarantees.

5. Rounded Autoregressive Execution

The excess-risk bounds above are teacher-forced. To relate
them to closed-loop execution, we consider Problems I and
II with external rounding of the discrete control blocks after
each autoregressive prediction.

Rounding and control risk. Let II(2) €
arg Mine 1 cosyuv(T) % aglla be  nearest-
neighbor rounding in the node dictionary. Since
llag — agll3 > 2(1 —¢) for ¢ # ¢, the correct node
is recovered whenever ||z — a,4]|3 < (1 —€)/2. Let
Qj,7.k+1 be the legal-token projector that rounds active
node blocks by II7, rounds binary blocks to {0,1},
and resets inactive blocks and scratch registers to their
canonical values. The corresponding rounding radius is
0z ; = min{(1 —¢)/2,1/4}, j € {I,IT}. Under ¢ < 1/2,
this is 67, ; = 1/4.

Let D; . 7 extract the discrete control blocks that must be

rounded correctly at step k£ + 1. Define

rl
RE(F)
Li(T)—1 2
1 DD, gy (F(E; (T)). 1)
LV NEDY
2 Pt = D7 (01141(T)) ||,

Then R$™(F) < R;(F). Starting from 0;0(7T) =
0j.0(T), define the rounded rollout recursively by

Gre1(T) = Qi (F(E(T))i 1 )

where Ej, & 1s the prefix formed from the memory and the
previously rounded tokens. Let Succ?trl(F , T) be the event
that the rounded rollout matches the teacher trajectory on
all discrete control blocks.

Theorem 5.1 (Teacher-forced control risk controls rounded
rollout). Fix j € {I,II} and F € F;(A;). Then

2R F
Prep,., (Succim(F, T)) >1- (;2(1()
rd,j
In particular, the same bound holds with R ;(F') in place of
R;"l(F ).

The proof is given in Appendix D. Combining the theorem
with the excess-risk rates from Section 4 gives the following
ERM rollout guarantee.

Corollary 5.2 (ERM-to-rounded-rollout guarantees). Use
the approximation-feasible budgets from Section 4. Let
ds = e 2log(S + 2), £, = log(1/n), and Mex := 1+
R + Agap. Define

v = SMS min{dS+ \/677 d%—i—(n}

VN N
ds +\/t, d?
t = Sfomin{ S\—;]V n,dsj—\tgn}.

Then, with probability at least 1 —1) over the training sample,
for a fresh test instance T,

PT(succjt“(ﬁj,N, T)) >1-0 (553'

rd,j

), j e {111}

; 2
Since by ;

this is 1 — 6(tj). The hidden logarithmic factors are the
same as in Section 4.

= 1/4 under the standing rounding convention,

Remark on Problem III. Problem III is excluded from
this rounded-rollout statement. There, the continuous blocks
z, Zzsre and 7 are fed back into candidate generation and
reward-based selection, so correct discrete rounding alone
does not determine the future teacher trajectory. A closed-
loop statement relative to the model-generated candidates
and rewards would require a separate on-policy formulation.
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6. Numerical Experiments

We conduct two controlled experiments for Problem II. Both
experiments use synthetic reward-labeled complete trees
and evaluate teacher-forced next-token prediction. They are
intended as diagnostics for the constructive and supervised-
learning claims of the theory, rather than as experiments
on external language data, autoregressive rollout, or out-of-
distribution transfer.

First, we evaluate the explicitly constructed DFS controller
while varying the common attention-score radius Ap. We
use a fixed complete 4-ary tree of depth 4, with fixed node
embeddings, and average over 30 independently sampled
reward assignments. For each parent node, the rewards of
its C' children are given by a random permutation of

{0, Agap, 28gap, . -, (C — 1) Agap },

with Ag,p, = 1. For each Ap, we measure the largest
teacher-forced prediction error before rounding, averaged
over the 30 samples, and the fraction of samples for which
rounding recovers the entire teacher DFS trajectory.

Second, we train a bilinear-attention controller from ran-
dom initialization and evaluate its teacher-forced test per-
formance as the number of training trees increases. In this
experiment, C' = 3, H = 4, so the tree has S = 40 nodes.
The training and test sets use the same complete-tree topol-
ogy and the same node embeddings, but have independently
sampled sibling reward permutations. Thus, this is a held-
out test from the same synthetic data-generating distribution
as the training set; it does not test generalization to new
topologies or new embeddings.

For each reward-labeled tree, the target sequence is the
reward-ordered DFS trajectory from Problem II. Since
S = 40, each tree gives a trajectory of length 25 — 1 = 79,
hence 78 supervised next-token prediction examples. At
each step, the input consists of the explicit edge tokens de-
scribing the tree and the previous tokens from the teacher
DEFS trajectory, and the target is the next token in that tra-
jectory. The trainable parameters are those of the bilinear-
attention controller, including the attention matrices, value
matrices, feed-forward layers, layer-normalization parame-
ters, and final output map; the tree, rewards, node embed-
dings, and teacher trajectories are fixed data.

Figure 1 shows the expected behavior. For the explicitly con-
structed controller, the mean prediction error before round-
ing falls below the rounding threshold as A g increases, after
which the rounded predictions recover the full teacher DFS
trajectory on the sampled trees. For the learned controller,
increasing the number of training trees from 16 to 1024
reduces the test mean-squared prediction error from 0.077
to 0.0038, and the accuracy of simultaneously predicting
the parent and current nodes increases from 0.60 to 1.00.

>
L]

trajectory success

teacher-forced control MSE

normalized pre-round error

training trees N

Figure 1. Problem II experiments. Left: evaluation of the explicitly
constructed DFS controller on a fixed complete 4-ary tree of depth
4, averaged over 30 independently sampled reward assignments.
The blue curve shows the mean prediction error before rounding,
the dotted line is the rounding threshold 1/2, the black dashed
curve is the sufficient softmax-tail bound, and the green curve
shows the fraction of samples for which the rounded predictions
match the entire teacher DFS trajectory. Right: teacher-forced
learning curve for a trainable bilinear-attention controller on com-
plete 3-ary trees of depth 4. Training and test trees share the same
topology and node embeddings and differ only in independently
sampled sibling reward permutations. The reported learning curve
uses one optimization seed.

These results support the teacher-forced supervised formu-
lation in this controlled Problem II setting, but they do not
constitute an end-to-end optimization guarantee or an out-
of-distribution generalization result.

7. Conclusion

We studied whether the search-control logic underlying tree-
structured reasoning can be executed inside an autoregres-
sive Transformer. By formulating tree search as teacher-
forced next-token prediction over tokenized search trajecto-
ries, we isolated the basic operations required for internal
search execution: comparing candidate branches, detecting
visited states, selecting forward moves, backtracking, and
routing between search modes.

For each problem, we constructed softmax-Transformer
controllers that realize these operations under explicit sep-
aration and rounding conditions. We further established
finite-sample excess-risk bounds for norm-bounded con-
troller classes, and showed that small teacher-forced control
risk implies successful rounded autoregressive rollout in the
explicit-tree settings.

These results indicate that the algorithmic components of
Tree-of-Thought-style search are not necessarily tied to an
external search wrapper: in controlled settings, they can be
represented and statistically learned within Transformer ar-
chitectures. Our analysis is constructive and teacher-forced,
and does not claim that such controllers are automatically
found by end-to-end training in realistic language-model
systems. Extending these guarantees to on-policy execution,
learned proposal models, and less idealized reasoning envi-
ronments remains an important direction for future work.
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A. Rademacher Sign Dictionaries

This appendix proves the existence of the near-orthogonal sign embeddings used in Section 2.1. The argument is a standard
Rademacher construction based on concentration and a union bound.

Lemma A.1 (Search-state Rademacher dictionary). Let Tg be a family of search problems with at most S ordinary nodes,
and for each instance T € Tg, write
Zomn(T) :={0,e08} U V(T).

Fixe € (0,1). For every instance T € Tg, there exist embeddings

114
ag € § £— 3 S Icm T )

el aeTumm
such that

<atJaaq> =1 (q € Iemb(T))7
and

|<aq7aq/>| <e (Q7£q/)'

This can be achieved with )

d= [52 log (2(S +2)(S + 1))—‘ .
In particular,

d=0(c"?log(5 +2)),
and, for S > 2,
d=0(c"?log¥).

Moreover, in the explicit-tree setting, if the branching factor is at most n > 2 and the tree has at most H > 1 levels, so that
the number of ordinary nodes is bounded by 1 +n + - - - +nf =1, then the embeddings can be chosen with

d=0(¢"*Hlogn).
Proof. Fix an instance T € Tg. Since
Zemb(T) = {0,e08} UV(T),

we have
|Iemb(T)| S S + 2.

For each symbol g € Z,1,(7) and each coordinate ¢ € [d], draw independent Rademacher random variables

1

Oq,t € {7174’1}’ P(Uql = 1) = ]P)(que = 71) = 57

and set ]
Qq = ﬁ(gq,la - 0q,d)
Then
114
aq S :l:id

and

d
1
(ag, aq) = a 202,2 =1
(=1

Now fix two distinct symbols g # ¢’. Their inner product is

1 d
(ag,aq) = Ezgqfaqﬂt"
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The variables

Xg = Uq,gO'q/,g

are independent Rademacher random variables. Hence, by Hoeffding’s inequality,

d 2
> da) < Zexp(;> .

Taking a union bound over all unordered pairs in Zepp, (7)), we obtain

d

>

£=1

P([(ag;ag}| > ) =P (

P G0 # 45 o ag)| > £) < Lot (T (Ten (7)) = ) exp =5 ).

Since
|Zemb (T)] < S + 2,

the right-hand side is bounded by
2

(S+2)(S+1)exp<—d;>.

With the stated choice of d, this is at most 1/2. Therefore, with positive probability, all pairwise inner products are bounded
by . Hence at least one deterministic realization of the sampled vectors satisfies all desired properties.

It remains only to check the branching-depth specialization. If every explicit tree has branching factor at most n > 2 and at
most H > 1 levels, then the number of ordinary nodes is bounded by

H
-1
1+n++nH71:n7

n—1
Thus
nH —1
Tom < 2.
| Zemb(T)| < 1 T

Applying the preceding construction with this bound in place of S + 2 gives

H _
d—O(ezlog (n ! +2)>.
n—1

H
log <n + 2> = O(H logn),
n—1

Sincen > 2and H > 1,

and therefore
d= O(szHlog n) .

B. Approximation Analysis: Full Constructions
B.1. Problem I: greedy search on an explicit tree

This subsection proves Theorem 3.1. The proof is for arbitrary explicit trees with at most .S ordinary nodes. The specialization
to bounded branching and depth follows by substituting S < S, g =1+n+--- + nH—1,

We construct an explicit FFN-attention—FFN controller. The first FFN is a direct preprocessing map, not a residual increment.
This is important because the FFN layers in F7(A;) are columnwise maps without FEN skip connections, while the attention
layer itself is residual.

11
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Block notation. Throughout this subsection, write
p=pr=4d+2
and decompose
RP = %@%ﬂ@%@%@%&@%}.

For
AT
T = (x1,$2,$3,$4,$5,16) € va

the blocks have the following roles:
r1 = parent embedding, 29 = child/current embedding, xrs = reward register,
x4 = memory/query indicator, x5 = reward-weighted parent register, T¢ = attention summary register.
Internal construction constants. The main theorem only states the order of the required budgets. In this proof we fix the
following construction-specific constants:

ke =1 —2¢, M =14+ R+ Agap,

T 1= R + Agapv )\I = 2R+ Agap + 1, 2

Then
TI—RZAgap, A1 > 1+ R,

and
1 < M, A < 2M;.

These auxiliary constants are used only in the proof.
The preprocessing FFN. Define
ar(x) := x3 + T4, se(x):=Vdar e ((=1,...,d).

Define the state-token detector
1
Cy(x) = p Z [0(\/&:5274 —x4) + 0(—\/;13:2,4 — x4)] .
(=1

Foreach /¢ =1,...,d, define

Pg (x) :

= % [o(ar (@) + Mse(@)) — o (ise(a)) — olar (@) — Arse(@)) + o (~Arse(a)]

and let
P(z) := (Pi(z),..., Py(x))".
The first FEN is the columnwise lift of
Vprep(®) = (21, T2, T3 + 1124, 24 + Cst(2), P(2), 04).
Lemma B.1 (Exact preprocessing on Problem I tokens). For every memory token
my(u,v) = (ay, ay, r7(v),1,04,04),

one has
'wprep (ml(uav)) = (auv Ay TT('U) + 71, 1, (TT(W) + TI)auv Od)

For every selected-state token
SI(U‘) = (0d7 27 07 07 0d7 Od)v

one has
djprep (SI(U)) = (0d7 Aoy Oa 17 0d7 Od)

12
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Proof. First consider a memory token 2z = my(u,v). Since zo = a, € {1/ \/&}d and x4 = 1, for each coordinate
o(Vdzys — 1)+ o(—Vdxy, —1) = 0.

Thus Cs(z) = 0, and the fourth block remains equal to 1.

Moreover,
ar(x) = ryr(v) + m, se(x) = Vd (ay)e € {+1,-1}.

Since |r7(v)| < R,
lar(z)| < R+ 1 < A1

If s¢(x) = 1, then

Pie) = 5 (ar(a) 4 ) = Ay = 0-+0] = “212)
If s¢(x) = —1, then
Pia) = =100~ (ar(a) + )+ A =~ 52,

Hence

T
—
8
S~—
I

ar(z)(aw)e,
and therefore
P(z) = (rr(v) + 11)ay.
Now consider a selected-state token © = sy(u). Then x4 = 0 and 2 = a,, so for each coordinate
o(Vdzas) +o(—Vdzay) = 1.

Thus Cy¢(x) = 1. Also 1 = 04, 3 = 0, and x4 = 0, so a,(z) = 0 and s¢(x) = 0. Hence Py(x) = 0 for all £. This proves
the claim. O

The selection attention head. Set
CI =28

and
log(3C1) log(65)

T =298 0-2980

Define Vi*, By € RP*P by
‘/I*x = (0d7 Oda 0) 07 Oda x2)a

and
Bl*l' = (Od, 0d7 _2€ﬂ1x4; 07 BIan Od)

The operator norms satisfy
”VI*HOp =1, HBI*HOP < B,

because 0 < 2¢ < 1.

Let
ZWN(T) = Fyprey (E1i(T))

be the preprocessed prefix. At teacher-forced step k, the last column is the preprocessed selected-state token
Z((:El)r = (0d7 Qoyy, s 07 17 Od7 Od)
For an edge-memory source column corresponding to e = (u, v), Lemma B.1 gives

Re = (a”U«7 Ay TT(U) + 71, 17 (TT(U) + Tl)auy 0d>

13
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Therefore its score against the current query is
.— 1 B* (k) — —9
qk (6) ‘= Ze D1 Zcur BI (TT(U) + TI) (<aua auk> 6) .
For a selected-state source column zg, the third and fifth blocks are zero, so

qdk (Zst) =0.

Lemma B.2 (Softmax tail for the greedy-selection head). Let

ek = (Uk, Ukt1), Upy1 = arg max r7(v).
vech(ur)

At every teacher-forced greedy step k,
Z#ez_ exp(gx (i)
exp(gi(ef))

Consequently, if wj; denotes the softmax weight on the oracle edge e}, then

<

1
-

1—wp <

==

Proof. For the oracle edge e} = (ug, uk+1),

ar(er) = Pu(ry (ues1) + 1) (1 — 2e).
Let k. =1 — 2e.

First consider another outgoing edge (uy,v) with v # uk1. By the reward-gap assumption,
rr(urs1) — r7(v) > Agap.
Since the parent embedding matches in both scores,
ar(er) — q(uk, v) = Bk (r7(ups+1) — r7(v) 2> BireAgap-
Next consider an edge (u, v) with u # ug. By near-orthogonality,

<au7 auk> S £.

Also
rr(v)+ 11> 1— R = Agp > 0.
Hence
qx(u,v) < —Pre(rr(v) +m) <0.
On the other hand,
qr(er) > Brre(Tt — R) = PrreAgap-
Thus

qr(er) = qr(u, v) > PikeAgap.
Finally, every selected-state source column has score 0. Therefore the same lower bound holds:
ar(er) — qr(2zst) > PrreAgap-
It remains only to count source columns. Since |V(7)| < S, the ordinary edge set satisfies
E(T)] <85 —1.

14
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Problem I follows a simple root-to-leaf path, so the greedy trajectory length satisfies
Li(T)<S—1.

At prediction step k, the prefix contains k + 1 selected-state tokens, and k£ + 1 < Li(7) < S — 1. Hence the number of
source columns is at most
IE(T)|+ (k+1) <28 -2< (.

Therefore 5 (@ (@)
izer CXPUGE\? 1
k < () —B1keAgap) = C —log(3Ch)) = =.
eXp(Qk(ez)) = IQXp( 61‘% g P) Iexp( Og( I)) 3
Since )
1 N Zi;&e; exp(qx(i))/ exp(gr(ef))
W= : ’
P Y exn(an(d))/ explan(er))
we obtain 1/3 )
1—wi < = —.
YE=T111/3 4

The final rounding FFN. For u; = 1/2, define the coordinatewise sign-rounder
1 1 M1 ) 1 ( M1 )
t)y=——+—0(t+ =) - —0o(t- =),
) = =7+ oo (14 2 ) = o (- 2

QILI(Z) = (q#1<21)7 s Qup (Zd))T

and

The final FFN is the columnwise lift of

7/’round (LE) = (Od7 Q,ul (xﬁ)v Oa 0) Odv Od)

Lemma B.3 (Exact rounding after greedy selection). For every T and every teacher-forced step k,

1) = s1(Uk+41)-

YPround <~AVI*,BI* (Z(k) (T))

Proof. The residual attention output at the last column has sixth block
ax = Zwm (2i)2,
i

where z; ranges over the preprocessed source columns and wy, ; are the corresponding softmax weights. For the oracle edge
e = (U, Uk41),
(262)2 = Qupeyy -

All source second blocks are sign embeddings, hence have coordinatewise norm at most 1/ v/d. By Lemma B.2,

1
1—wp <-.
wk, >~ 4
Therefore, for every coordinate,
_ 2 1 1—
||ak—auk,+1Hoo Sﬁ(l—wi)ﬁ ovd = \/8 :

By coordinatewise sign-rounding,
Qlil(ak) = Qupyy -

The final FFN places this rounded vector in the second block and sets all other blocks to zero. Hence

wround (-A\/I*7BI* (Z(k) (T>) ) = (0d7 Qg tqs 07 07 Oda Od) = 51 (uk+1)'

=1

15
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FFN realization and norm bounds. It remains to verify that the two columnwise maps above lie in the norm-bounded
FFN class.

Lemma B.4 (ReLU realization of the Problem I FFNS). There exist universal constants Cyy, Cp, C. > 0 such that the
maps Yprep ANd Yround can be realized by ReLU FFNs with depth at least 2, width at most Cyy d, and bounds

max{[|Aellop, [[belloc} < Cav/Mi,

and
[thprep(2)]l2 < CeMil|z||2, [rouna(®)]l2 < Cellzll2 < CcMil|z||2.

Proof. Both maps are explicit finite ReLU combinations.
The identity copies 1 and x9, and the linear registers x3 + 774 and x4, are implemented by
t=o(t) — o(-t).
The state detector Cy; uses the 2d ReLU units
o(\/Escu — Zy4), 0(—\/&%2,5 — Z4), £=1,....d.
The synthesis register P(x) uses 4d ReLU units,
olar(x) + Ase(x)), o(se(z)), olar(z) — Aise(x)), o(=Ase(x)),

for ¢ =1,...,d. Hence 1pep has width O(d).

The only coefficients depending on the problem scale are 71 and A1, both O(Mj). Using the positive homogeneity of ReL.U,
each group of ReLU units can be balanced so that the largest layer norm is O(+/Mj). The resulting preprocessing map is
homogeneous at the origin and has Lipschitz scale O(Mj), giving

[Pprep(2)[l2 < CMilz]2.

For the final rounder, since g = 1/2, each coordinate is implemented by

G (8) = —% +2o(t+ 2&&) —2a<t— 2\1/;1) .

Thus Q,,; uses 2d ReLU units and all weights and biases are bounded by a universal constant. Moreover g, (0) = 0 and
|qu; (t)] < 2|t|. Hence
||wround(l’)‘|2 = ||Qm(:1:6)||2 < 2“;56”2 < 2||:EH2

If L, > 2, exact identity ReLU layers are inserted using y = o(y) — o(—y), with width O(d). Enlarging the universal
constants absorbs these layers. This proves the claim. O

Proof of Theorem 3.1. Define the reference controller
B = Frouna © Avi By © Fipprey-
By Lemma B.4, the FFNs belong to the specified FFN class whenever
L > 2, Wi 2 d,

Aﬁnzx/l—ﬁ-R—l—Agap, CHHZI-‘,-R—I—Agap.

log(6.5)
(1 —26)Agap

Also
||‘/i*|‘0p = 13 ”BI*”op S BI ==

16
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Thus the assumptions
log(25)

(1 —2¢)Agap

ensure that the attention head is contained in the prescribed attention class. Therefore

AV217 ABZ

FI* 6 JT'.I(AI)

under the budget conditions of Theorem 3.1.

Now fix any
T € supp(Pir1)

and any teacher-forced step k =0, ..., Li(7) — 1. By Lemma B.3,
FY (Ere(T)). = st(uk+1) = orp41(T).
Hence every summand in the teacher-forced squared loss is zero, and therefore
Ri(FY) = 0.

Since the target transition is deterministic, the Bayes risk over all measurable predictors is also zero:

RE = 0.
Consequently,
Eanni(A1) = inf  Ri(F)—RF =0.
pp,1 (A1) FelJ%(AI) 1(F) 1
This completes the proof. ]

Specialization to bounded branching and depth. If the explicit trees have branching factor at most n > 2 and depth
parameter at most H > 1, with H counting tree levels, then, since S < S, g :=14+n+---+ nH-1< 2nH_1, we have

log(2S,,1) < (H —1)logn +log4 = O(H log n). Therefore Theorem 3.1 applies with A = O(&%) .

B.2. Problem II: reward-ordered DFS on an explicit tree
This subsection proves Theorem 3.2. We use the compact tokenization py; = 4d + 6. The construction is
F1 = Fipous © ADFs © Fup,, © Avis © Fupyy

where ;4 is the identity FFN. The first attention layer detects whether a memory-child node has already appeared in the
selected-state trajectory. The overwrite FFN converts this soft visited signal into exact candidate registers and prepares
reward-weighted parent registers for unvisited memory edges. The second attention layer performs reward-weighted forward
selection, backtracking, and fixed-threshold route detection. The final FEN applies route-gated rounding.

Block notation. Write p = p;1 = 4d + 6 and decompose
T = (zPaxCa'rWava'rT‘vxm,a‘rsaxnvx)@xrt) S Rp7

where
d
xp,Tc,Tw,TB € R

and
Ty Ty Lsy Ty T, Trt, € R.

The intended meanings are as follows:
xp = parent block, x¢ = memory child before overwrite, and common node block after overwrite,

xw = state current before overwrite, and forward summary after DFS attention, xp = reward-weighted parent register before DFS att
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z, = reward register, x,, = memory indicator, s = state indicator,

x, = soft unvisited signal, —x, = exact unvisited flag, x,; = route scalar.

The input memory and selected-state tokens are
mH(U, U) = (a’uv Ay Od7 Oda TT(U)7 17 Oa Oa 07 0)7

and
SH(pv ’U,) = (ap7 Odv Aoy Od: 07 07 ]-7 07 01 0)

Internal constants. Let
Reg i— 1726, MH ::1+R+Agap.

We fix the construction-specific constants

M= R+ Agap; M1 = 5, 5vis = 5rt =

Let
CH :=485.

Since the explicit tree has at most .S ordinary nodes, the augmented memory contains at most S edge tokens, and a full DFS
walk contains at most 25 — 1 selected-state tokens. Hence every teacher-forced prefix contains O(.S) source columns, and
C1i is a uniform source-count upper bound.

Choose inverse-temperature scales satisfying

> log(8CH) > log(SCH)

v < > ap >

Ke Re
o 2/ 10g(8CH)’ ,Bf z log(SCH).
1—¢ KeAgap

The constants are chosen large enough for the tail bounds below. Since € < 1/2, all these scales are bounded by

log(25) -1
O( T %% max{l, A .} |-

Visited-state detection. The visited detector uses one head. In the J = 3 architecture, the two unused heads in the first
attention layer are set to zero. Define the visited value map by

Vrvisy = (Od7 0d7 Oda 0d7 07 07 07 Ym» 07 O)a
so that the head writes the total attention mass on memory tokens into the x,, register.

For source y and query x, define the visited score by

1+ 2

QVis(ya ZE) = Qy (<yW7:L'C> - ovys) ) 0y = 5

*
vis

Equivalently, this score is realized by a matrix B satisfying

yTB:in = qvis(yv :L')
The memory-token queries use this head to detect whether their child block has appeared as a previous selected-state current

node.

Lemma B.5 (Visited detector). Let myi(u,v) be a memory query at teacher-forced step k. After applying the visited
attention layer, its x,-register satisfies
xnzl_(svis if’U¢Vk7

and
xngévis lf’UEVk.

18
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Proof. For a memory query = myr(u,v), every memory source has score zero because yy = 04 and ys; = 0. Every
selected-state source sy1(p;, u;) has score
ay ({Gy,, ap) — 0y).

If v ¢ Vg, then no selected-state current embedding equals a,. Thus
(Qu,,av) <€

for every state source, and hence every state-source score is at most
o
OéV(E — 9\;) S —?V

Memory sources have value 1 and state sources have value 0. Since the number of sources is at most Cfp, the total mass on
value-zero sources is at most s for the chosen av,. Therefore x,, > 1 — Jyis.

If v € Vy, there exists a selected-state source with current block a,,. Its score is

Ay Qv Ke
ay(l1—0,)=—(1—-2¢) =
V( V) 2 ( ) 2
All memory sources still have score zero and value 1, while this matching state source has value 0. Hence the mass on
memory sources is at most dyjs by the choice of a,. Therefore x,, < dyis. O

Overwrite FFN. The overwrite FFN converts the soft visited signal into an exact unvisited flag and rewrites each token
into the representation used by the DFS attention layer. On the margin-separated values produced by Lemma B.5, it
implements the following exact map.

For a memory token corresponding to (u, v), define

Xk (u,v) := o ¢ Vi }.
Then
Yow (Avis (B, (T))) () = (Xk () @u; X0 (1, 0) a0, 0a; X (w, 0) (r7-(vV)+711)@us X0 (u, 0) (r7(v)+711), 1, 0, 0, x5 (u, v), 0).
For a selected-state token sy (p, u), it outputs
Yow (s11(p, 0)) = (ap, au,04,04,0,0,1,0,0,0).

Thus, after overwrite, the x-block is a common node block: it is the unvisited child embedding for memory tokens and the
current-node embedding for state tokens. The x p-block stores the reward-weighted parent register for unvisited memory
tokens and remains zero on selected-state tokens.

Lemma B.6 (Exact overwrite). There exists a ReLU FFN 1)y, with width O(d) and depth at least 2 that realizes the map
above on every teacher-forced prefix. Moreover, its norm bounds are of order

A = O(/ M), cn = O(M).

Proof. The map is a finite combination of ReLU threshold gates and coordinatewise gates. First, since x,, < dyis OF
x, > 1 — dyis, a clipped ReLU ramp with threshold 1/2 gives the exact bit x € {0, 1}. Multiplication by this bit on the
finite sign coordinates is implemented by standard two-ReLU gates. The reward register is first shifted by 771, and then gated
by x. The reward-weighted parent register x(r7(v) + 711)a,, is implemented coordinatewise using the finite sign values
of a,,. Because |7 (v)| < Rand 711 = R + Agyp, all scalar quantities involved are O(Mip). By positive homogeneity of
ReLU, the realization can be balanced so that the layer-norm radius is O(\/m ), while the output-domination constant is
O(M1r). The number of coordinatewise gates is O(d). O

DFS attention layer. Let
ZN(T) = Fpo © Avis © Fug (Brri(T))
be the overwritten prefix. At the last column, corresponding to the current state (pg, ug ), where py = par(uy), we have
Z(k) = (apk s Qg y 0d7 Oda 07 07 17 07 03 0)

cur

The DFS attention layer has three heads.
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Forward-selection head. For source y and query z, define

Qf(yJC) = Bf ((yBa LIJC> — 2 YrZs — 2?/5335) .

The value map is
Viy = (04,04, yc, 04, 0,0,0,0,0,0),

so this head writes the selected child embedding into the vy -block.

Backtracking head. For source y and query x, define

Qb(ywr) = Qp (<yC7xP> —2eysws — 2ymxs) .

The value map is
be = (0d7 Oda 0d7 yp, 07 07 07 07 0) 0)7

so this head writes the parent block of the retrieved state into x 5.

Route head. For source y and query x, define the fixed-threshold route score by

1+¢
Qr(yv x) = Qr (<?JP, :Cc> - eryxxs - stmS) s 0, = 5
The value map is
Viy = (04,04, 04,04,0,0,0,0,0,yy),
so this head writes a scalar route signal into x,+.
The three heads define
ADFS S Q‘pn (3,AV,AB)
whenever Ay 2 1 and A g dominates the scales
ﬂf, A, Q.
Lemma B.7 (Forward-selection head). Suppose A # &, and let
vy = arg max r7(v).
k gveAfgvd 7(v)
Then the xvwy -block of
Apps(Z"(T)). 1
satisfies
1
Ty — Qo> < —F.
Proof. For an unvisited memory edge (u, v), the overwritten source has
Yyp = Gy, Yo = Ay, YyB = (TT(’U) + TII)aua Yr = TT(U) + i1, Ym = 1.

The current query has ¢ = a,,, and s = 1. Thus its forward score against the current query is

Be(r7(v) + mi1) ({@u; Guy ) — 2€) .

For the oracle edge (ug,v}), this is
Bt (rr(vg) + i) (1 — 2e).

Since
TT(U]:) +m>m—R= Agap,

the oracle score is at least
5f"€5 Aga»p .
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First consider another unvisited outgoing child (u, v) with v # v}. By reward separation,
r7(v) = r7(v) = Agap-
Since the parent embedding matches in both scores,

qr (u, vyy) — qe(u, v) = Bk (rr(vg) — r7(v)) > BrkicAgap.

Next consider an unvisited memory edge (u, v) with u # uy. By near-orthogonality,
(Qu, au,) <e.

Also
TT(U) + 71 > Agap > 0.

Therefore
ge(u,v) < —Bee(ry(v) + m1) < 0.

Thus the oracle edge beats every unvisited off-parent edge by at least

5f"€5 Agap .

Visited memory tokens have yp = 04, yo = 04, and y, = 0, hence their forward score is 0. State tokens have yg = Og4,
y = 0, and y; = 1, and hence receive score —23¢. Therefore these tokens are also separated from the oracle by at least

Bf/‘feAgapr

The number of source columns is at most Cy. By the choice of ¢, the total non-oracle softmax mass of the forward head is
at most 1/4. Since all value vectors have coordinatewise norm at most 1/+/d, the convex-combination error in the zy-block
is at most

1
4 o/

ST

Lemma B.8 (Backtracking head). Suppose A = & and uy, # root(T). Let py, = par(uy). Then the x g-block of

Aprs(Z"(T))., 1

)

satisfies
1
128 = apar(po) | < o

Proof. The current query has p = a,,, . Any previous selected-state token whose current node is pj, has

Yc = apy, Ypr = Qpar(py)-
Such a source receives score
Oéb(l - 26).

Any selected-state source with current node different from py, has (yc, a,, ) < €, and hence score at most —ay,e. Memory
sources are penalized by the term — 2, Y., 5. Therefore the total non-oracle mass is at most 1/4 for the chosen ay,.

There may be multiple selected-state sources with current node py, because DFS can revisit a node. However, all such
sources have the same parent block @y (p,,)- Thus the oracle value is unique even if the oracle source set is not a singleton.
The same convex-combination bound gives the stated coordinatewise error. O
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Lemma B.9 (Route head). The x-block of
Aprs(Z8(T)). -1

satisfies
AT
mrtzl_art lfAde#gv

and
Lrt < 6rt l:fAfk;Wd =dJ.
Proof. 1f A};‘”d # o, there is an unvisited memory edge (ux,v) with y,, = 1 and yp = a,, . Its route score is

Ay

o (1—6,) = ?(1 —e).

Every value-one unvisited memory edge whose parent is different from wu, has parent match at most €, and hence score at

most N
ar(e—6,) = —?r(l —e).

Visited memory tokens have value 0 and score 0, while state sources are penalized by —2a,ysxs. Therefore a value-one
matching source dominates all value-zero sources by margin o, (1 — €)/2, and it dominates all value-one nonmatching
sources by margin o, (1 — €). By the choice of «,, the route output is at least 1 — .

It Afc‘”d = @, every value-one unvisited memory edge has parent different from u, and hence score at most

_%(1_6).

A value-zero source with score zero is available, for example from a visited memory token on the current DFS trajectory.
Therefore the mass assigned to value-one sources is at most 6,4, and ¢ < . O]

Final route-gated rounding FFN. The last FFN reads
rp, ¢, TW, IB, It
from the last column. It outputs a selected-state token. If the route scalar indicates a forward step, it outputs
st (g, vg)-
If the route scalar indicates a backtracking step, it outputs

st(par(pr), pr)-
The second component of the backtracking token is obtained from the query-side x p-block, which already stores a,,, .

Lemma B.10 (Exact route-gated rounding). For every teacher-forced DFS step k,

Fipous © ADFS © Fyp,, © Avis 0 Fyy (Er,x(T)), _y = ork41(T)-

)

Proof. 1f Af4 £ &, then by Lemma B.9,
Trt 2 1 - 5rt-

The final FEN therefore takes the forward branch. The next parent embedding is the current embedding x¢ = a,, , which is
exact. By Lemma B.7,

1
lzw — avt floo < BNz
Since pyr = 1/2, coordinatewise sign rounding maps xyy exactly to ayy. Thus the output is

st1(ug, vg).
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If Ai‘”d = o, then the step is a backtracking step unless the trajectory has terminated at the root. For all predicted
backtracking steps, Lemma B.9 gives
Lyt S 5rt7

so the final FFN takes the backtracking branch. Let p;, = par(uy). By Lemma B.8,

1
25 = apasio oo < 5o

Coordinatewise sign rounding therefore gives exactly apar(p,)- The current node after backtracking is py, and its embedding
ap, is already stored exactly in the query-side x p-block. Hence the output is

su(par(p), pr)-
This is precisely the teacher target in Problem II. O

Lemma B.11 (FFN realization and norm bounds). The maps

wida wowa wout
can be realized by ReLU FFNs with depth at least 2, width O(d), and bounds

A = O(VT+ R+ 8gp), o= O+ R+ Agap).

Proof. The identity map is realized by
t=o(t) —o(—t)
coordinatewise, using O(d) width.

The overwrite map was handled in Lemma B.6. It uses margin-separated thresholding and coordinatewise gates. The
only problem-dependent scalar magnitude is O(1 + R + Ag,;,), and the balanced ReLU realization gives layer radius
O(y/1+ R+ Agap) and output-domination constant O(1 + R + Ag,yp,).

The final map uses route-gated coordinatewise sign rounding. Since ¢,y = 1/8 and p; = 1/2, all route and rounding margins
are fixed numerical constants. Thus the route-gated rounding part has constant-size slopes. It is applied coordinatewise to
O(d) coordinates, so the width is O(d). Combining this with the output format registers gives the stated FFN bounds. [J

Proof of Theorem 3.2. The reference controller is
Fii = Fyou, © Aprs © Fy,,, 0 Avis © Fuyy-
The first attention layer uses the visited head and two zero heads, and hence belongs to
A (3,Av, Ap)

whenever Ay 2 1 and
log(25)

1—2¢ "
The DFS attention layer uses the forward, backtracking, and fixed-threshold route heads defined above. Their score matrices
are bounded whenever

Ap 2

Ap > 10g(225

) _
15 max{1, Agalp .
By Lemma B.11, the three FFNs belong to the prescribed FFN class whenever

Lffn > 27 Wffn 2 da

~

AHnZ\/1+R+Agap, CHHZI-‘,-R—I—Agap.

Fﬁ € Fu (AH>

Thus
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under the theorem assumptions.

For every T € supp(P; 11) and every teacher-forced DFS step k, Lemma B.10 gives

Fy (Bk(T)), 4 = ome1(T).

Hence every summand in the teacher-forced squared loss is zero, and therefore
Ru(F1y) = 0.

Since the target transition is deterministic, the Bayes risk over all measurable predictors is also zero:

Rfl - O
Consequently,
Ea An)= inf Rp(F)-Ri=0.
pprt(Au) = inf Ru(F) = Riy
This proves the theorem. O

Specialization to bounded branching and depth. If the explicit trees have branching factor at most n > 2 and depth
parameter at most H > 1, with H counting tree levels, then

S < Sn.m =14n+4---+nf 1 <onf 1

Hence
log(2S,,. 1) = O(H logn).

Therefore Theorem 3.2 applies with

Ap = O(Hlogn max{1, A} ) .

1—2¢ gap
In the same setting, the sign-embedding dimension can be chosen as

d=0(s"?Hlogn).

B.3. Problem III: DFS control over an implicit generated tree

This subsection proves Theorem 3.3. The fixed front-end is a non-trainable columnwise local proposal map. It reads the
source thought, the source-node block, and the one-hot phase, and writes a local proposal

(Gza Gva Gr) - gpre(zsrca Ua (b)

All search-control operations are implemented by the trainable Transformer controller.

Block notation. Write p = prj; = 12d 4+ C' + 9 and decompose a token as
T = (Zv Zsre, P U, V1,0, 0,05 G, Gy, Gy Xeos) Nviss Xunv, £z, Fo, Tt, Bz, Bpa P)

Here
szsrCaPa Ua‘/aGZanaFZaE)an7BZ7Bp € Rdv

7', bvl/vGT‘7XCOS;nviS7Xunvap e R; QZ) G RCJrl.

The visible blocks P, U, V store, respectively, the parent of the source node, the source/current node, and the candidate child
node. The scalar block ¢ is equal to 1 on legal tokens and is used only to implement the centered Problem I-style forward
score. The existing block U is the source-node input to gp,; no additional source-node block is used.

Letey,...,ecy be the standard basis of R“*1. On legal tokens, define the exact phase indicators

C+1

c
sel(¢) := e] ¢, cand(¢) := Z e;—¢, gen(g) := Z equb.
j=2 j=1
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Thus selected-state tokens have ¢ = e, while the j-th candidate token has ¢ = e;;1.
The selected-state and candidate tokens are
Ssel(Z, ™ u, b) = (Z7 Zy Qg y Aoy y Oda Oa €1, b7 17 07d+5)a
and
scand(zlv Zsre, T, W, U, T, .7) = (Zlv Zsrcy gy Aoy Ay, Ty €541, 07 ]-7 07d+5)a j = 17 ceey C.
In particular, selected-state tokens always satisfy zg. = 2.
Construction constants. Let
Ke :=1— 2¢, My = ].—‘rR-I—Agap-i-Z, Nip = (C+2)S

The number Ny upper bounds the number of source columns in any teacher-forced Problem III prefix. Fix 711 := R+ A
o)

gap»

T+ T € [Agap, 2R+ Agap]
for every valid generated reward. Define
i c=min{l — &, ke Agap }

The inverse temperatures in the construction are chosen as universal constant multiples of the available score radius A g,
small enough that all score matrices have operator norm at most A . Thus the visited, backtracking, and route margins
are of order (1 — &) A g, while the Problem I-style forward margin is of order ke AgapAp. The construction therefore has
softmax tails bounded by

Niir exp[—Q(yi1AB))-

In particular, the rounding conditions below hold whenever

Ap 2yt log((C +2)S).

Reference controller. The constructed controller has the form
Fit = Fyo, © Aprs © Fu,,, © Ayis 0 Fyoy © P

where ‘I)f;re is the fixed columnwise lift of g.. This fixed map is not trainable and is not counted in the budget. The first
attention layer uses one active visited-detection head and two zero heads. The second attention layer uses three logical

heads: forward selection, backtracking retrieval, and route detection.

Fixed proposal layer. The fixed layer CIijre acts columnwise. On a token with visible blocks (z, zgre, P, U, V, 7, ¢, b, 1), it
writes

(GZ7 G’U) Gr) = gpre(zsrca Uv ¢)

into the proposal registers and leaves the visible blocks unchanged. It does not decide whether the proposal is used.

Preprocessing FFN. The preprocessing FFN copies all visible and proposal registers and prepares a selected-current
register for visited-state detection. On legal tokens it implements

F, + sel(¢) U,
and sets the remaining search-control scratch registers to zero. Thus selected tokens write their current node into F,, while

candidate tokens write Q.

Lemma B.12 (Preprocessing realization). The preprocessing map above is realized by a ReLU FFN of depth at least 2 and
width O(d + C). Its layer-norm and output-domination constants are bounded by O (/M) and O(Mu), respectively.

Proof. The map consists of coordinatewise identity copies, one-hot phase readouts, and coordinatewise products by the
exact bit sel(¢) € {0, 1} on legal tokens. These are standard finite ReLU gates. The number of coordinate gates is O(d),
and the phase readouts require O(C') width. All copied or gated coordinates have magnitude O(Miy), and the usual
positive-homogeneity balancing gives the stated norm bounds. O
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Visited-state detection. Let
Hy = Fy,.., 0 ®0e(Errg).

For a source column y and query column z, the visited head uses the score

1+4+¢

Quis(Y, ) = avis ((Yr., ov) — Ovissel(yy)) Ovis 1= 5

and value sel(y, ). The value is written into the 7,;s-register.

Lemma B.13 (Visited detector for generated candidates). Let x; be a candidate token in a teacher-forced prefix, with
Vi = ay. Let Vi, be the set of ordinary nodes that have appeared as current nodes in selected-state tokens in the prefix. After
the visited attention layer,
Mvis,g = 1 —Ovis  if v € Vi, Tvis,i < Ovis  If v & Vg,
where
dvis < N1 exp[—Q((1 — ) awis)] -

Proof. For selected-state sources, yr, = yy and sel(ys) = 1. For non-selected sources, yr, = 0q and sel(y,) = 0. If
v € Vg, there exists a selected-state source with yy = a,,, whose score is at least
Qlyis

1—¢).
Every non-selected source has score 0, and every nonmatching selected source has score at most
(1—e).

Hence the matching selected sources dominate the softmax, and the total mass on value-zero sources is at most the displayed
tail.

Oévis(l - Hvis) -

Qyig

O‘vis(g - evis) = -

If v ¢ Vi, no selected-state source matches a,,. Then all selected-state sources have score at most

Qlyig
- (1-e),
while non-selected sources have score 0 and value 0. Therefore the total mass on value-one sources is at most the same tail
bound. O

Overwrite FFN. The overwrite FFN converts the soft visited signal into exact binary registers and prepares masked
registers for the DFS attention layer. On teacher-forced prefixes it implements

Xeos = 1{Gv = aeos}7

and
Xunv = L{cand(¢) = 1}1{V # aeos } 1{nvis < 1/2}.

It also writes the following temporary scoring registers:
Fy < xuw U, Tt < X (r + 1)U, By < sel(@)U,  p < Xunv (7 + T11).

All other temporary registers used by the next attention layer are reset to zero, while the visible blocks, the constant block ¢,
and the proposal registers (G, Gy, Gy, Xeos) are copied.

Lemma B.14 (Overwrite realization). Assume that the visited detector satisfies dyis < 1/4. The overwrite map above is
realized exactly on all teacher-forced Problem III prefixes by a ReLU FFN of depth at least 2 and width O(d + C'). Its
layer-norm and output-domination constants are bounded by O(~\/ M) and O(Mi), respectively.

Proof. The EOS test is a margin threshold on (G, aeos). Since node embeddings are near-orthogonal and ¢ < 1/2, the
threshold (1 + ¢)/2 separates G, = deos from all ordinary generated nodes. The visited signal is separated by Lemma B.13,
so a threshold at 1/2 gives the exact bit. The candidate-phase bit is a linear readout of the one-hot phase. Products of
exact bits with sign coordinates and bounded scalar rewards are implemented by standard ReL.U gates, as in the Problem I
preprocessing construction. The width is O(d + C'), and all scalar magnitudes are O( My ). Balancing the ReLU realization
gives the claimed norm bounds. O
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DFS attention layer. Let
Hy = Fy,, 0 Avis © Fy,.p © Phre(Frng).-

Let the last column have source/current node U, parent P, and ¢ = 1. The DFS attention layer has three heads.
The forward-selection head uses the Problem I-style score
@y, ) = Br (ym, zv) — 26,1,
and writes the source z-block and V'-block into F), and F,,, respectively. Since
YTt = Yxune Ur + T11)YU, Yp = Yxun (Yr + T11),

and z, = 1 on legal queries, only valid unvisited candidate tokens carry a nonzero reward-weighted source register.

The backtracking head uses the score

1+e¢
av(y,z) = o, ((ym,, zp) — Bbsel(yy)) Oy = 7
and writes the source z-block and P-block into B, and B, respectively.
The route head uses the score
1+¢
Qrt(y> {L‘) = Qyy (<va;37U> - ertyxunv) ) Oy = 5

and writes the value g, into the route scalar p.

Lemma B.15 (DFS attention summaries). Let Ai.Wd be the set of valid unvisited candidate tokens in the prefix whose
source-node block equals U..,. There is a quantity

dprs < N exp[—Q(vmA )]
such that the following hold at every teacher-forced step.
If A4 £ () and i* = arg max, ¢ Atwa T4, then after the DFS attention layer,

20

Fz = (1 - 5f)zi* +5f2fa HF‘?) - ‘/1*”00 S ﬁa

P21*5rt7

where ¢, 6,y < dprs and ||Z||2 < Z.

If Afc‘”d = () and the current node is not the root, let the most recent selected-state token with current node P, = a, be
Ssel(zn, @', 7, ). Then after the DFS attention layer,

20y,

Bz - (1 - 5b)z7r + 6b2b7 ||Bp - a‘/r’”oo S ﬁ7 14 S 5rt7

where 6y, 6y < Oprg and ||Zp||2 < Z.

Proof. Consider the forward head. For a valid unvisited candidate from the current source, the score is

Be(r + 1) (1 — 2e).
Among valid unvisited candidates from the current source, the reward gap gives a score margin at least
Bt (1 — 26) Agap.
For a valid unvisited candidate from a different source, near-orthogonality gives (yy, zpy) < €, and hence its score is at most
—Bre(r + mir) < 0.
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Invalid or already visited candidates have v = 0, hence Tt = 0 and p = 0, so their forward score is 0. Since the oracle
valid candidate has shifted reward at least Ag,,, its score is at least

ﬁf(l - 2€)Agap.

Therefore the total non-oracle mass of the forward head is at most dprs. The displayed bounds on F, and F;, follow because
all thought vectors have norm at most Z and all node embeddings have coordinatewise norm 1/+/d.
For the backtracking head, the source register 3, is equal to U on selected-state sources and zero on non-selected sources.
A selected-state source whose current node is P, receives score at least

Qap

ap(1—06y) = 7(1 —e).

Nonmatching selected-state sources receive score at most

Qap

9 (1_6)7

and non-selected sources receive score . Hence the matching selected-state sources dominate. Multiple matching selected-
state tokens, if present, carry the same thought and parent for the generated node, so the retrieved value is unique. This
proves the bounds on B, and B,,.

ap(e —0p) = —

Finally, the route head uses the centered structural score with value . If a forward candidate exists, a value-one matching
source receives score

Qrt,
(1 —Oy) = 5 (1—¢),
while value-one nonmatching sources receive score at most
Qirt

(1 - 5)7

and value-zero sources have score 0. Hence the route output satisfies p > 1 — dpps. If no forward candidate exists, all
value-one sources have negative score while value-zero sources have score zero, giving p < dprs. The displayed exponential
bound follows from the source-count bound Ny and the chosen attention score radius. ]

O‘rt(s - ert) = - 9

Residual scratch correction. The DFS attention layer is residual. The overwrite FFN placed temporary scoring registers
in F,,, B), and p. Thus the final formatter first removes the known pre-attention temporary contribution from the last column:

F, .= F, — xunvU, B, := B, —sel(¢)U, P :=p— Xunv (" + 1111).

The register T} is used only in the forward score and is ignored by the final formatter. After this correction, (F, ﬁv) and
(B, B,) are exactly the forward and backtracking summaries from Lemma B.15, and 7 is the route signal.

Final formatter FFN. The final FFN forms the generation bit
Mgen = 1{b = 0}1{gen(¢) = 1}1{Xeos = 0}.
If mgen = 1 and ¢ = e;, j < C, it outputs the candidate token
Scand (G, Zsre, T, U, 0, Gy §), P=a;, U=a,, G,=a,.

If mgen = 0 and p > 1/2, it outputs

Ssel (F, u,Round(ﬁv), 0), U = a,.
If mgen = 0 and p < 1/2, it outputs

Ssel(B:z, Round(gp), m, 1), P=aqa,.

Here Round denotes nearest sign-embedding rounding on the node dictionary.
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Lemma B.16 (Final formatter and token error). Assume dprs < 1/4. Candidate-generation steps are reproduced exactly.
On forward-selection and backtracking steps, all node, phase, and binary-flag blocks are rounded exactly. Moreover, on any
selection or backtracking step, the squared token error is at most O(Z? 51231«“5)-

Proof. On a candidate-generation step, the fixed proposal layer has already written the exact local proposal (G, G, G,.),
and the final FFN simply formats it as the candidate token with the shifted one-hot phase. Hence the output is exact.

On a forward-selection step, Lemma B.15 gives

||ﬁv —Vir|loo < %’;FS_

T Vd
Since dprs < 1/4, this lies inside the coordinatewise rounding basin, so
Round(F,) = Vix.
The parent block, phase, and flag are written exactly. The only continuous error is in the thought block. Since
F, = (1 — 0¢)z« + 0¢Z¢
with both vectors of norm at most Z, we have
|F. — 2z« ||]2 < 2Z06%.

The selected token contains this thought in both z and zg,., so the squared token error is O(Z 2 5123Fs)~

The backtracking case is identical. The rounded parent block is exact because

~ 20prs
B, — Ar’|lco S )
1By — ol < =2
and the only continuous error is the duplicated thought block B, whose error is at most 224y, O

Lemma B.17 (FFN realization and norm bounds). The maps Yprep, Yow, and oy are realizable by ReLU FFNs with depth
at least 2, width O(d + C'), and bounds

AHIIZO(\/1+R+Agap+Z>7 cin = O(1 4+ R+ Agap + 2).

Proof. The preprocessing and overwrite maps were handled in Lemmas B.12 and B.14. The final formatter consists of
one-hot phase gates, binary threshold gates, coordinatewise subtraction of the known residual scratch terms, coordinatewise
sign rounding on node blocks, and exact copying of visible and proposal registers. The one-hot phase shift e; — €;41 is a
linear map on RE*!. The coordinatewise rounder and binary gates have fixed margins, while the copied or subtracted scalar
quantities have magnitude O(M1). Hence the width is O(d + C), and balancing gives the displayed norm bounds.  [J

Proof of Theorem 3.3. By Lemma B.17, the three FFNs are contained in the prescribed FEN class whenever

LHHZQa Wffnzd""cv

Ain 21+ R+Dgap +2Z, can 21+ R+ Dgap + Z.

~

The visited attention head and the three DFS heads have value-map norms O(1), and the two unused heads in the visited
layer are set to zero, so the attention layers lie in

Q[';17111 (37 AVv AB)

whenever Ay 2 1 and
Ap Z 7t log((C +2)8).

Thus
Fiir € Fun(Am).
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It remains to bound the teacher-forced risk. Candidate-generation steps are exact by Lemma B.16. On each forward-
selection or backtracking step, the squared token error is at most O(Z?63 ). Since the number of predicted steps is at most
Liax,m1 < (C +2)S — 1, and since

dprs < (C' +2)S exp[—Q(nuAg)],

with the trivial bound dprg < 1, we obtain
Eappt11(A111) S Z2 Lipax, i min{1, ((C + 2)S)? exp[—Q(ynAp)] } -

This proves the theorem. O

B.4. Source-selection tuning of constructive attention temperatures

The approximation proofs choose sufficiently large inverse temperatures for the constructive attention heads. This subsection
records a head-wise optimization statement showing that these temperatures can be tuned by a simple source-selection
loss after the FFN preprocessing maps, value maps, and score directions have been fixed as in the constructions. This is
especially useful for Problem III, where some heads transport continuous thought payloads. For such heads, direct squared
loss on the transported thought vector need not give a monotone one-dimensional temperature objective, because different
wrong thought vectors may point in cancelling directions. The source-selection loss avoids this issue by training the head to
put attention mass on the correct source columns.

A single constructive head. Consider one active attention head after the relevant preprocessing FFN has been applied.
For each teacher-forced prefix a, let the source columns be indexed by i = 1, ..., m,, with m, < M. The fixed base score
and value of source ¢ are denoted by

sl(-a) eR, vga) € RY,

The only trainable parameter is a scalar inverse temperature A > 0, so that the attention weights are

(@)
A = P )
D exp(As, )

Let O, C [m,] be the nonempty oracle source set. These are the source columns whose values should be selected by the
constructive head on prefix a. Define the oracle mass and non-oracle tail mass by

paN) = D mYN), ) =1 = Y 7).

i€0, J¢0a

The source-selection loss for prefix a is
£5(N) := —log pa(A),

and the empirical source-selection loss over n prefixes is
ASI‘C 1 - Src
L3e(N) = ﬁZea ).
a=1

We assume a uniform oracle-margin condition: there is v > 0 such that
s gl > (1€0q,j¢0 =1
[ 7 = ? aa]¢ a) 4= a"'vn)'

Let
I' := max max |s§a) - s;a)|.
a ivje[ma]

(a

The proposition below is independent of the geometry of the transported values v; ). The values only enter the final

payload-error consequence.
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Proposition B.18 (Source-selection tuning for a constructive attention head). Under the oracle-margin condition above, for

every prefix a and every A > 0,
7a(A) < M exp(—7)).

Fix 0 < ¢ < 1/2, and suppose the initialization satisfies the warm-start condition
M exp(=yXo) < (.

Then, for all A > )\,
d

— oy L) 2 (1= QL)
dX
Moreover, Z?f‘c is Lsm-smooth on [\, 00), with
Lo < OT?
for a universal constant C' > 0. Hence gradient descent

d ~ _

Aepr =X — - Ly (M), 0<n <Ly,
dA

initialized at \o, satisfies A\yy1 > Ay and

L (o)
2(1-¢)? ASTC ’
14 MU=y Tere ()

Ly (n) <

In particular, R
Ly (M) = O(1/1).

Furthermore,

1 & -~
o2 ma(A) S ().
a=1

If, in addition, all oracle sources carry the same value
(a) _ ; O
v, =Y (i € O,),

and
— (@) _ 00
D= mngyg%f [[v; Yall2 < o0,

then the head output

Ma

faN) = 3" 7 (A0
=1

satisfies
[fa(X) = Yalla < D7a(N),

and hence

1 < ~ e
- D Nfa(Ae) = wall3 < D?Li(N) = O(D?/t).
a=1

If the temperature is constrained to an interval [\o, A, the projected gradient update moves monotonically toward A until

the projection becomes active.

Proof. Fix a prefix a. Let
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For every j ¢ O, and every i € O,, the margin assumption gives

exp()\s(-a)) < exp(—7yA) exp(As

(a)
7 7 )

Averaging this inequality over ¢ € O, gives

exp(s®) < T2 4 )
Ol
Summing over j ¢ O, yields
Ba() < Mexp(—1A) Aa(N).
Therefore
B.()\) < B.(\)
Aa(A) + Ba(A) 7 Aa(X)

Ta(A) = < M exp(—A).

Next we compute the derivative of the source-selection loss. Let

Sico, T (A\)st”
pa(A)

/J'O,a(>\) =

be the oracle-restricted mean score. If 7,(A) > 0, define
Zig0, ™ Wy
Ta(N)

as the non-oracle-restricted mean score. If 7,(\) = 0, the following derivative inequality is trivial. Otherwise, the margin
assumption implies

ﬂN,a()‘) =

10,a(A) = (X)) > .
The derivative of the oracle mass is
Pa(N) = PaN)Ta(N) (10,a(A) = piar,a(N) -
Thus p ')
Src _ Paq
e M=

For A > g, the tail bound and warm-start condition imply

= Ta(/\) (MO,a()‘) - ,u./\/'.,a()‘)) = 77—‘1()\)'

Ta(N) < C.
Since ’
— — < <
log(1 7')_1_7_ 0<7<1),
we have
Ta(A) = (1 = 7a(A)EE(A) = (1= O ().
Therefore d
_7€SI‘C A > 1_ éSrC A .

S0 2 (1= Q)
Averaging overa = 1,...,n gives

d

— L) 2 (1= QL)

It remains to record smoothness. The loss can be written as

£ = logz exp()\sl(-a)) — log Z exp(/\sl(-a)).
i=1

€0,
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Hence its second derivative is the difference between the score variance under the full softmax distribution and the score
variance under the oracle-restricted softmax distribution. Since all scores for prefix a lie in an interval of length at most I,
both variances are bounded by O(T'?). Therefore

’Wg;rc ’ <cr?

for a universal constant C' > 0, and the same smoothness bound holds for Ei“.

Let
ey i=7(1= Q).
For 0 < 1 < L}, the descent lemma gives
LS (\ < LSTC()N\,) — 2 Lsrc by
) < 0 - 3 (5T
Using
d src sSrc
—d)\ (At) > C'YL’ (At)
we obtain

~ -~ 7763 =~ 2
L) < L) — - (L)
Solving this scalar recursion gives
~_ LSI’C A
Bie(n) < —b )
1+ 2tLye(Ao)

Since the derivative is nonpositive throughout [\g, c0), the gradient descent iterates are nondecreasing:

A1 > Ap

The average tail bound follows from
Ta(A) < —log(1 — 74(N)) = £5°(N).

Finally, if all oracle sources carry value y,, then
FaV) = va = > IV N —ya).
j¢0a
Thus
”.fa()‘) - ya”Q < DTa()\)~
Since 7,(\)? < 7,(N\) < £57¢()), averaging gives

1 - Tsrc
=" 1falh) — wallf < DAL ()
a=1

The projected-gradient statement follows because the unprojected update is monotone increasing, so projection onto [Ag, A]
only clips the iterate at the upper endpoint. O

Constructive-head instantiations. The preceding proposition applies to the active constructive heads after the corre-
sponding preprocessing FFNs, value maps, and score directions are fixed. The source-selection oracle set O, is the set of
source columns that carry the value selected by the constructive proof. For selection and retrieval heads, this is the best child
or the retrieved previous state. For binary visited or route heads, it is the source class carrying the required binary value and
separated by the constructive score margin.

The relevant source-count bounds and margins are summarized below. One may take M; = 25, My = 45, and
MIH = (C + 2)5
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Problem head source-selection margin vy,
I greedy selection (1—2¢)Agap

I visited detection (1—-2¢)/2

il forward selection (1 —2e)Agap

II backtracking retrieval 1 — 2¢

I route detection (1—-¢)/2

I visited detection (1- 5) /2

I forward selection (1—2¢)Agap

I backtracking retrieval (1 —¢)/2

I route detection (1-¢)/2

For Problem III, the forward-selection and backtracking heads also transport continuous thought payloads. In those cases,
the transported thought vectors satisfy ||z||2 < Z, so the payload diameter in Proposition B.18 is bounded by

D <27

Therefore source-selection tuning gives

TS alh) — wal = 021

for the transported thought block, after the warm start and within the fixed constructive subfamily. This payload conclusion
does not require any nonnegative-alignment condition on wrong thought vectors; it follows only from source-selection tail
control.

Interpretation. The proposition is head-wise and conditional on the constructive score directions and preprocessing
maps. It does not assert that unconstrained end-to-end gradient descent over all Transformer parameters finds the full
controller. Rather, it shows that the large inverse temperatures used in the approximation theorems can be reached by
elementary post-training within the one-dimensional temperature subfamilies. The supervision used for this post-training is
the source-selection signal available from teacher-forced search trajectories. In Problem III, this gives a clean optimization
route for continuous thought transport: the temperature is trained to select the correct source column, and the transported
continuous payload is controlled as a consequence of the resulting softmax-tail bound.

C. Excess Risk Details

This appendix proves Theorem 4.1. The proof is generic and applies to all three problems after substituting the corresponding
token dimension, trajectory length, norm radii, and approximation error. The fixed local proposal lift G in Problem III is
treated as a non-trainable preprocessing map and is not counted in the parameter dimension. When the slow- and fast-rate
bounds are used on a common event, we apply the two arguments with confidence parameter /2 and combine them by a
union bound. Replacing log(1/8) by log(2/4) only changes the logarithmic factors hidden in O(-).

C.1. Envelope and covering estimates
We first record the deterministic bounds used in the empirical-process argument. Fix j € {I,II, 11T} and a budget
A; = (K, Jj, Lan,j, Wi j, Av,j, AB j, Aftn j, Coin )

Let B, ; bound the column norm of the input seen by the trainable controller, and let B, ; bound the target-token norm. For
Problem III, B, 111 is taken after the fixed lift G e, Which writes (G, Gy, Gr) = gpre(Zsrc, U, ¢) columnwise.

Lemma C.1 (Controller output envelope). For every F' € F;(A;) and every teacher-forced prefix E; 1,(T),
Kj+1 ,
|1 F(Ejk(T)):,~1lly < Bout,j 1= Cira (1+J; AVJ) "Bg,;-
Consequently, the per-instance teacher-forced loss satisfies

1Lj(7')*1
0<lp;(T):== Z |F(E;k(T)):,—1 — 0j k41 (T )||2 < B,(A)),

2
k=0
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where
Bi(A;) = —axi (p + B 2
j( j) : 2 ( out,j .%j) :

Proof. Each residual attention layer maps a matrix with column norm at most B to a matrix with column norm at most
(1+J;Av, ;) B, because each attention head outputs a convex combination of value-transformed columns and ||V}, ||op < Ay
Each FFN is cqy j-output dominated. Iterating over K; attention layers and K; + 1 FFN layers gives the displayed output
bound. The loss bound follows from the triangle inequality and L;(7) < Luax ;- O

Let
L;i(Aj) :={lr; : F € Fj(A))}
be the induced per-instance loss class.

Lemma C.2 (Parameter count and loss-class entropy). Let D;(A;) be the number of trainable scalar parameters in the
attention and FFN layers. One may take

Dj(A;) = O(K;Jip5 + (Kj + 1) Len (Wi, j + pjWen,j + ;) -

For Problem IlI, the fixed lift Gpye is not counted in Diii.  Moreover, there is a quantity A;(A;), polynomial in
Djs Lmax,js Ba.j, By,j» K, Jj, Len,j, Wamn,j and the norm radii in Aj, such that for every 0 < e < B;(A;),

log N'(L;(A)),2, | - [l0) < CDj(Aj)log(1 + Aﬂ“‘”) ,

3

where C' > 0 is universal.

Proof. Each attention head contains a value matrix and a combined key-query score matrix, both of size p; x p;, giving
O(K;J; p?) trainable scalars. A depth-Lg, j, width-W, ;, input-output dimension p; ReLU FEN has O( Ly, ; (Wf%m ;T
pjWemn ; + p;)) parameters, and there are K; + 1 such FFNs.

It remains to pass from parameter covers to loss covers. Matrix operator-norm balls have volumetric covers of

size (1 4+ 2A/e)© (). The same volumetric argument applied to the FFN parameter tuples gives covers of size
(1 + poly(A;,pj, Lffw, Wi ;)/e)°Pim). On the deterministic ball supplied by Lemma C.1, attention, residual at-
tention, and output-dominated FFNs are Lipschitz in both their inputs and their parameters, with constants polynomial in
Djs Lmax,j, Bz, By,j, Kj, Jj, L, j, Wem,; and the norm radii. Propagating these Lipschitz bounds through the finite-depth
composition gives a parameter-to-loss Lipschitz constant absorbed into .4, (A ;). Combining the component covers yields
the stated entropy bound. O

C.2. Slow-rate excess-risk bound

We prove the first part of Theorem 4.1.

Lemma C.3 (Uniform convergence from entropy). Let L be a class of functions bounded in [0, B]. Suppose that for some
D,A>0,

log N'(L,e, ]| - |loo) <Dlog<1+A) (0<e<B).

Then, for i.i.d. samples Z1, ..., Z N, with probability at least 1 —

E((Z —7213 <CB\/D+IOg1/5\/+10g N)

Proof. Take an £g-net of £ in sup norm with g := B/N. Hoeffding’s inequality and a union bound over the net give, with
probability at least 1 — 4,

sup
lel

where C' > 0 is universal.

Dlog(1+ A/eg) + log(1/9)
< CB\/ NO :

Ely — *Zéo

sup
LoEN<,
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Every ¢ € L is within £( in sup norm of some net element, so replacing ¢, by ¢ adds at most 2¢¢. Since g = B/N, this
term is absorbed by the displayed bound after increasing the universal constant. O

Proof of the slow-rate part of Theorem 4.1. Apply Lemma C.3 to £;(A;) with B = B;(A,), and use Lemma C.2. This
gives, with probability at least 1 — 4,

_ ~ D;(A,) +log(1/9)
ey A R;(F) - Rj,N(F)‘ < O<B.1(Aj)\/ N ) :

Fix n > 0, and choose F;' € F;(A;) such that

Since F; y minimizes the empirical risk,

Therefore R R
R;(Fjn) —R;(F}) <2 sup ’Rj(F) - Rj,N(F)’-
FeF;(A))
Adding
Rj(F;]) - R; < 5app,j(Aj) +n
gives
~ ~ D;(A;) +1og(1/9)
Rj(Fjn) = R} < Eapp,j(Ay) +77+O<Bj(Aj)\/ B :
Letting 1 | O proves the slow-rate excess-risk bound. O

C.3. Fast-rate excess-risk bound

We now prove the Bernstein-type fast-rate statement. The only additional ingredient is that the per-instance losses are
bounded and nonnegative, and the teacher transitions are deterministic, so R = 0. Hence, for any loss ¢ € [0, B],
Var(¢) < Ef? < BE/.

Lemma C.4 (Relative deviation for bounded nonnegative classes). Let L be a class of functions bounded in [0, B] and
satisfying

A
log N'(L, e, |+ [l) SDIOg<1+€) (0 <e < B).
Then, with probability at least 1 — 0, every £ € L satisfies

Dlog(1+ AN/B) + log(1/d)
N )

El < 2Pyl + CB

and also

Dlog(1+ AN/B) +log(1/6)

Pyl <2E{+ CB N )

where Pyt = N~V SN 0(Z;), and C > 0 is universal.

Proof. The proof is the standard peeling form of Bernstein’s inequality for bounded nonnegative losses. For a fixed /,
Bernstein’s inequality and Var(¢) < BE{ imply a relative deviation bound of the form

t t
E( < 2Py(+CBw,  Pyl<2E(+CB—,

with probability at least 1 — e~¢. Apply this inequality on dyadic peels of the range of E/, and take a union bound over a
B/N-net of the loss class. The entropy bound gives t < Dlog(1 + AN/B) + log(1/4). Passing from the net to the full
class adds O(B/N), which is absorbed into the displayed term. O
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Proof of the fast-rate part of Theorem 4.1. Apply Lemma C.4 to £;(A;) with B = B;(A;), and use Lemma C.2. Fix
7 > 0, and choose F} € F;(A;) such that

Rj(F)') = R} < Eapp,i(Aj) + 1.
On the relative deviation event,

~

Ri(Fjn) < 2R;n(Fjn) +0 (Bj(Aj)

Dj(Aj) + 10g(1/5)>
¥ :

By empirical optimality, R

Rin(Fin) < Ry (E]).
Applying the second relative inequality to Fj" gives

Ry (F) < 2R;(F1) + O (Bj(Aj) D;(A)) ;log(1/5)> |

Combining the last three displays yields

~ ~

Rj(Fjn) < AR;(F!) + O(Bj( Ay D) + log(1/5>> |

N

Since Rj = 0, this implies

Ry (Fyn) = RS < 4(Eapp(Ay) + 1) + 5(Bj(Aj)Dj(Aj) +losll) ‘”) |

Letting 1 | O proves the fast-rate excess-risk bound. O

C.4. Deriving the problem-level excess-risk rates

We briefly justify the simplified rates stated in Section 4.2. Let dg := e 2 log(S+2), €5 := log(1/8), Mex := 1+ R+ Agap,
and Mimp := 1+ R+ Agap + Z. The near-orthogonal dictionary uses d < ds.

For Problem I, the approximation theorem uses K = J = 1, p1 = O(dg), Wi 1 =< dg, and Lyax1 < S — 1. Taking the
feasible budget at the smallest required order gives Dy = O(d%) and By = O(SMY,). Since E,pp,1 = 0, Theorem 4.1 gives

7 ~ 2
Ra(Fuw) — RY = O<SM§X mm{ds;ﬁﬂ?, Aty }) |

For Problem II, the approximation theorem uses K = 2, J = 3, pi1 = O(ds), W11 < dg, and Lyax 11 < 25 — 1. Taking

the feasible budget at the smallest required order gives Dy; = O(d%) and By = O(SMZ,). Since Eapp 11 = 0,
ds + \/Z; d% + L })
vVN = N '
For Problem I1I, S = Zthl Ch=1, prr = 12d + C 4+ 9, Wagn 111 < C + dg, and Lyax 11 < (C +2)S — 1. Hence, up to
logarithmic dependence on the attention-score radius,

D = O((C + ds)?)

Ru(Fiin) =Ry =0 <5M§X min{

and

Bur = O((C + 2)SME

imp
For a fixed A g, Theorem 4.1 gives the slow and fast statistical scales

~ C+ds++0s
and )
en(Ap) = 6((0 + 2)5M§1PW> ,

where the hidden factors include only logarithmic dependence on A . Combining these scales with the approximation
bound and then choosing A p as in Appendix C.5 yields the Problem III rate in the main text.
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C.5. Balancing A in Problem III

This subsection justifies the balanced choice of A used in Section 4.2. Write
i = min{l — ¢, (1 — 2)Agap }
The approximation theorem gives, for universal constants Cy, ¢ > 0,
Eapp, 11 (AB) < CoZ? Lipaxm min{1, ((C +2)S)? exp(—cyinAp)} -

Let

imp

d 2
e = (C 4 2)SMS min{OjL s+ Vil (C+ds) +55}'

VN ’ N
It is enough to make the exponential branch of the approximation bound at most a constant multiple of ¢ry;. Since
Linax,it < (C 4 2)S — 1, this is ensured by

- Z2((C+2)8)*
A 2 fyIHl log<1 + (())> .
111
In addition, the approximation construction itself requires
Ag 2 g log((C +2)S).
Combining the two requirements yields the sufficient balanced choice

Z2((C + 2)5)3) } .

Ap 2 vt max{log((C +2)5), log (1 + 5
111

With this choice,
Eapp,i1(AB) S en-

The dependence of the entropy bound on the balanced A 5 enters only logarithmically through Ajrr(Aqrr), and is therefore
absorbed into the O(+) factor. Hence, with probability at least 1 — 4,

{O+%%7(C+d;)2+65}>.

imp

RIII(ﬁIII,N) - Rin = 6((0 +2)SM3 min

D. Rounded Autoregressive Execution: Proofs

This appendix proves the rounded-rollout statements in Section 5. Throughout this appendix, j € {I, IT}.

D.1. Nearest-neighbor rounding margins

Let
A(T) :={aq : g € {0,e0s} UV(T)}.

By the sign-embedding condition, for any two distinct symbols ¢ # ¢/,
llag — aq’”% =2—2ag,aq) 2 2(1 —¢).
Lemma D.1 (Nearest-node rounding basin). Let ¢ € {0,eos} UV(T). If

1—¢

e - aglly < =5,

then
IIr(2) = q.
Equivalently, the rounded embedding block satisfies

aHT(z) = Qq-
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Proof. Forany ¢’ # q,

1—c¢ 1—c¢
Iz = ayll > llog — aylls~ s~ alls > VAT =2 - /155 =15

Thus ||z — ag||2 > ||z — aql|2, so ¢ is the unique nearest-neighbor symbol. Hence II7(z) = ¢, and the embedding written
into the rounded token is ary.. () = aq. O

Lemma D.2 (Legal-token rounding basin). For j € {I,11}, if

1D,5,7(y) = Dy (0,051 (T)) 5 < 6245,

then
Q)7 k+1(y) = 0j k1(T).

Proof. The squared error of every block selected by D 3 7 is bounded by the displayed masked squared error. Since

61?d,j = min{(1 —¢)/2,1/4},

every active node block lies in the nearest-node rounding basin of Lemma D.1. Thus, for each active node block z,
the symbol II7(z) is the correct node symbol and the embedding written into the rounded token, arr(»), is the correct
embedding block. The same threshold also gives correct nearest rounding for binary blocks, because the two legal binary
values are separated by distance 1. The projector Q; 7 141 then formats all inactive blocks and scratch registers to their
canonical legal values. For Problems I and II, all search tokens in the rollout theorem are selected-state tokens, so these

rounded control blocks and canonical inactive blocks determine the full teacher target token 0; 441 (7). O

D.2. Proof of teacher-forced to autoregressive conversion

Proof of Theorem 5.1. Fix j € {I,1I} and F. Define the teacher-forced local control error
S (B T) = Dy, 7 (F(Bjk(T)):—1) = Djre7(0j,6+1(T)) -

Let
G (F,T) = {6 (R T < 0 forallk=0,.., 1;(T) ~ 1}

On G, (F,T), the rounded autoregressive rollout matches the teacher trajectory by induction. At k = 0, the initial prefix
contains the true token o0, o(7), so the autoregressive prefix equals the teacher-forced prefix. If the prefixes agree up to step
k, then the model is evaluated on exactly E; (7). The event G;(F,T) and Lemma D.2 imply that the rounded output is
0 k+1(T). Hence the prefixes agree at step k£ + 1. Thus

G;(F,T) C SuccS™ (F, T).

It remains to lower-bound P(G; (F, T)). If G;(F, T) fails, then

L;(T)—1
> e ETIE > 6%

k=0

By Markov’s inequality,

Er S0 sl (P, ]
Pr(G;(F.T)) < —=0—

rd,j

By the definition of the control risk,

L;(T)-1
Br 3 ISHR I = 2R57(F)
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Combining the last three displays gives

ctrl
2R (F)

Pr (Succgm(F, 7')) >1- o
T ’J

The conservative version with R;;(F) follows from RS™ (F) < R;(F). O

Proof of Corollary 5.2. Apply the estimation bounds of Section 4 to Problems I and I with confidence parameter /2 each.
By a union bound, with probability at least 1 — 7 over the training sample,

RI(E,N) < 6(t1), RII(ﬁII7N> < é(tn),
where replacing log(1/n) by log(2/n) is absorbed into the O(-) factor. Since
RS n) < Ry(Fyn),

Theorem 5.1 with ' = ﬁ] N gives

rd,j

P (Succgtrl(ﬁﬂv,’TD >1- 6((;) . je{LIm.

Under the discrete-control rounding convention, (5r2d1 ;=1/4,sothisis 1 — 6(tj). The hidden logarithmic factors are the

same as in Section 4. O
E. A Separation Between Greedy Search and DFS

This appendix gives a diagnostic complete-binary-tree example separating an irreversible forward-only policy from a
backtracking policy under depth-dependent ranking noise. The point is not to claim that DFS is uniformly preferable, but to
isolate a basic computational distinction: a forward-only policy cannot recover from a wrong local commitment, whereas a
DEFS policy can spend additional test-time computation to revisit earlier states.

Search problem. Fix H > 2. Let
By :={0,1}=#

be the complete binary tree of depth H, rooted at the empty string (). For a node u € {0, 1}<#, its two children are u0 and
u1. Fix a unique accepting leaf

§* = (s1,...,8m) € {0,1}7.
A leaf v € {0, 1}* is accepting if and only if v = s*.
Fori=1,..., H, write
sti=(51,...,8-1), s*gi = (81, 8i),
with s%; = (). At the target-prefix node s% ,, the correct child is s%;, and the wrong sibling is s% (1 — s;).

Let
r, o =H —1+1.

Thus, if DFS first explores the wrong sibling at the ¢-th target-prefix decision, the wrong sibling subtree contains
2" —1
nodes.

40



Internal Tree Search Execution in Transformers

Reward model. Fix a constant

- 1
0< (<=,
¢ 2
and define
Ly = [log, H].
We use the following depth-dependent ranking-error probabilities:
C_.v r; < LH7
G = 1 (1)
W’ r; > LH
Let
XiNBer(Q), izl,...7H7
independently.

At the target-prefix node s’ ;, the reward ranking is defined as follows. If X; = 0, then the correct child receives reward 1,
and the wrong sibling receives reward 0:

p(sZir %) =1, p(sZiysZi(1 = s4)) = 0.
If X; = 1, the ranking is reversed:
P(5*<z‘7 5%1) =0, P(S*<z'v sti(1—s4) =1
At all off-target-prefix internal nodes, assign any fixed strict ranking, for example
p(u,u0) =1, p(u,ul) = 0.
Thus all rewards are bounded in [0, 1], and every local reward gap is equal to 1.

The schedule (1) is a hard-threshold coarse-to-fine ranking-noise model. The final O(log H) local rankings have constant
error probability, while the earlier rankings have much smaller error probability. The formal separation below uses only this
depth-dependent ranking model.

Policies and cost convention. The forward-only greedy policy starts at the root and repeatedly moves to the child with
larger reward. It never backtracks. It succeeds if the leaf it reaches is s*.

The reward-ordered DFS policy is the usual walk-based DFS. It recursively explores children in decreasing reward order.
When the current node has no unvisited child, the next DFS state is its parent; after returning to that parent, the policy may
move to the next highest-reward unvisited child. The policy stops when it first visits s*.

We count node visits in the DFS walk, including the initial root visit, the first visit to s*, and revisits caused by backtracking.
Thus, if the DFS walk moves

T—=Y— T2,
then both visits to = are counted.

Theorem E.1 (Forward-only greedy inference fails with high probability). For the construction above, the forward-only
greedy policy succeeds with probability

H
P(Greedy succeeds) = H(l —Gi)-
i=1
Moreover, -
P(Greedy succeeds) < (1 — C)LH < CzH,
where 1
=:=1 —— >0
V¢ 089 1-¢

and C¢ > 0 is a constant depending only on C. Hence

P(Greedy fails) > 1 — CzH ™.
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Proof. Greedy reaches s* if and only if every target-prefix decision is ranked correctly. Indeed, if X; = 1 for the first time
at level i, then greedy moves into the wrong sibling subtree s% (1 — s;). Since this subtree does not contain s*, and since
greedy never backtracks, the policy can no longer reach the accepting leaf.

Therefore, by independence,

H
P(Greedy succeeds) = P(X; =--- =Xy =0) = H(l —Gi)-
i=1
For the last Ly target-prefix decisions, we have r; < Ly, and hence
G=¢
Thus
P(Greedy succeeds) < (1 — ¢{)¥#.
Since Ly = [log, H],
(1 _ E)LH < CC_H_ logz(l/(l—f))7
which proves the claim. O

Theorem E.2 (DFS succeeds with small walk cost). Let TS2 be the number of node visits in the reward-ordered DFS
walk up to and including the first visit to s*, including revisits caused by backtracking. Then DFS finds s* with probability
one, and

H
Toes =H+1+2) X;(27 - 1). 2)
i=1
Consequently,
E[T33s] = O(H).
More explicitly,

) - 2
E[T5aK) < H + 1+ 8CH + =

Moreover, with probability at least 1 — H-3,
TYaE < 9H + 1.

Thus DFS finds the target using O(H) node visits with high probability.

Proof. Since By is finite and has a unique accepting leaf, unbudgeted DFS eventually visits s* with probability one.

We first prove (2). The DFS walk always visits the H + 1 target-path nodes

* *
@, Sgl,...,S<H.

At the target-prefix node s%,, if X; = 0, DFS moves to the correct child first, and hence it does not enter the wrong sibling
subtree before finding s*. If X; = 1, DFS first enters the wrong sibling subtree. This subtree has

m; = 2” 7].

nodes and does not contain s*.

Because we count the DFS walk rather than only first-time node expansions, exhausting this wrong sibling subtree and
returning to s’; contributes exactly 2m; additional node visits. Indeed, the connected component consisting of the wrong
sibling subtree together with the edge from s% ; to its wrong child has m; edges. Before DFS can move to the correct child,
it traverses each of these edges once downward and once upward. Each edge traversal adds one node visit to the walk.
Hence the additional walk cost of this mistake is

2(2" —1).
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The wrong sibling subtrees corresponding to different target-prefix levels are disjoint. Therefore

H
Tops =H+1+2) X;(2" —1).

i=1

Taking expectations and using » = H — ¢ + 1, we obtain

Ly H
. _ 1
ET5p) <H+1+2) (27+2 > 2",

H22r
r=1 r=Ly+1
The first sum is bounded by
Ly
2 ¢2r <202ttt < 8(CH,
r=1

because 2L# < 2H. The second sum is bounded by
H
1 2
20 mEy
r=Lg+1

Thus

- 2
E[T58] < H +1+8CH + 2 = O(H).

It remains to prove the high-probability bound. Let ., be the event that no ranking error occurs in the upper part of the
tree, namely at levels with r; > L. By the union bound,

S| 1 1
PEw) S DL gpy < pgta <
r=Lg+1

On Eyp,, every wrong-first DFS exploration before s* lies in the final Ly levels. Even if all of these low-level rankings are
wrong, the total additional DFS-walk cost from wrong sibling subtrees is at most

Ly
23 (2" —1) <2t <8H.
r=1

Therefore, on Exqp,
Toak < H+1+8H =9H + 1.

Hence
P(TSas < 9H + 1) > P(Eyop) > 1 — H2.

O

Discussion. The separation follows from two consequences of the depth-dependent ranking noise in (1). First, the final
O(log H) local rankings have constant error probability. A forward-only policy must resolve all of these noisy decisions
correctly in a single irreversible path, which gives only polynomially small success probability.

Second, on the event E,p, all wrong-first DFS explorations before s* occur in the final O(log H) levels. The total walk
cost of fully exploring and returning from all such wrong sibling subtrees is O(H ). The factor 2 in (2) is precisely the cost
of walking down through a wrong subtree and then backtracking to the prefix node before trying the other child.

This example uses a complete binary tree. Thus wrong branches are not dead ends; they contain full subtrees. The distinction
is between an irreversible forward-only commitment and a walk-based search process that can revisit earlier prefixes.
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