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ABSTRACT

Machine learning (ML) has emerged as a promising approach to accelerate the
solving of Boolean satisfiability (SAT), with prior research exploiting graph neu-
ral networks (GNNGs) either as standalone ML solvers or to assist existing SAT
solvers. Despite their contributions, the two paradigms mainly suffer from poor
scalability and limited compute budgets, respectively. To address these chal-
lenges, we propose Machine learning Assisting and Solving SAT (MAS-SAT), a
novel framework that synergizes the strengths of both paradigms while mitigating
their weaknesses. In MAS-SAT, standalone ML solvers demonstrate improved
scalability when solving sub-problems generated by ML-assisted solvers, while
ML-assisted solvers achieve both reduced computation by leveraging the parallel
search ability of standalone ML solvers, and improved performance from joint
training with standalone ML solvers. In addition, we develop an efficient asyn-
chronous deployment strategy with influenced heuristics to further hide the infer-
ence time while exploiting the neural heuristics. Extensive experiments across
diverse datasets and GNN architectures demonstrate that MAS-SAT consistently
outperforms both paradigms. When deployed, MAS-SAT achieves up to 2.4 x me-
dian speedup on hard instances and solves 3 more instances on SAT Competition
2023 compared to the base state-of-the-art solver, kissat.

1 INTRODUCTION

Boolean satisfiability (SAT) is a fundamental problem in both theoretical and applied computer sci-
ence. It was the first problem shown to be NP-complete (Cook,|1971), and its state-of-the-art solvers,
conflict-driven clause learning (CDCL) solvers (Marques-Silva et al., | 2021)), are inherently sequen-
tial search algorithms with exponential worst-case complexity. Machine learning (ML) research for
SAT has diverged into two paradigms, standalone ML solvers that use models to directly solve SAT,
and ML-assisted solvers that integrate models as neural heuristics to assist existing solver.

Standalone ML solvers predict SAT solutions in parallel rather than performing sequential
searches (Selsam et al., 2018;|Amizadeh et al., 2018} |Ozolins et al.,|2022;|Shi et al.,|2023)). Although
successful on small satisfiable instances (with up to around 100 variables), they are incomplete as
they cannot guarantee solutions for satisfiable instances or proofs for unsatisfiable instances. More-
over, their success rates drop sharply when instance size scales up (Selsam et al., |2018}; |Ozolins
et al.| 2022), limiting their practical application.

ML-assisted solvers integrate neural heuristics into existing SAT solvers (Selsam & Bjgrner, 2019
Kurin et al., |2020; |Zhang et al., 2021; Wang et al., [2023)), thus inheriting their completeness and
scalability. However, they remain restricted to sequential searches and incur significant inference
overhead, which can be orders of magnitude higher than traditional heuristics. As a result, prior
works have allocated only limited budgets to neural heuristics, likely under-exploiting their potential.

In this work, we propose Machine learning Assisting and Solving SAT (MAS-SAT), a novel frame-
work that unifies the two paradigms to demonstrate a synergy. Specifically, we employ graph neural
networks (GNNs) as neural heuristics in CDCL solvers while enabling them to operate as standalone
solvers. This yields complementary benefits: completeness from CDCL solvers, high-performing
neural heuristics from ML-assisted solvers, and parallel solving from standalone ML solvers. More
importantly, the two paradigms reinforce each other while mitigating their respective weakness. A
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Figure 1: Comparison of paradigms of using machine learning for SAT solving.
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Figure 2: Left: VCG for ¢ = (v1 V —w2) A (v2 V —w3), where solid edges and dashed edges represent
positive and negative connections respectively. Middle: an example of logits decoded from variable
embeddings. Right: how decoded logits can be used as assignment or heuristic for literal ordering.

visual comparison of the two paradigms and MAS-SAT is presented in Figure [T} To deploy MAS-
SAT with actual wall-clock time reduction, we have further proposed an asynchronous deployment
strategy with influenced heuristic to hide the inference time of the ML agent while maintaining its
guidance to the CDCL solver.

‘We summarize our contributions as follows:

1. We propose MAS-SAT, a novel framework that synergizes the two paradigms of utilizing
machine learning for SAT solving, standalone solvers and ML-assisted solvers. Extensive
experiments show that MAS-SAT consistently outperforms both paradigms on a diversity
of datasets and GNN architectures.

2. We develop an efficient asynchronous strategy with influenced heuristics for the deploy-
ment of MAS-SAT. Deployment experiments show that MAS-SAT can generalize to 10x
the instance size as its training set, and is able to accelerate SAT solving in industrial set-
tings, achieving up to 2.4 x median relative speedup on hard instances and solves 3 more
instances on SAT Competition 2023 (Balyo et al., 2023)) compared to the base state-of-the-
art CDCL solver, kissat (Fleury & Heisinger, [2020).

MAS-SAT presents an excellent example of how ML techniques can be combined with complex
algorithmic approaches. SAT solving has over 50 years of history and kissat (Fleury & Heisinger,
2020) represents the state-of-the-art algorithmic approach with over 38,000 lines of code in C. Yet
MAS-SAT is capable of leveraging ML to enhance such a intricate and mature algorithmic system.

2 PRELIMINARY

2.1 BOOLEAN SATISFIABILITY AND INSTANCE REPRESENTATIONS

SAT determines whether there exists an assignment of truth values (True or False) to variables
of a Boolean formula ¢ that makes it evaluate to True. The standard input format to SAT solvers
is the conjunctive normal form (CNF) where the formula is a conjunction (AND, A) of clauses,
each clause is a disjunction (OR, V) of literals, and each literal is a Boolean variable or its negation
(NOT, —). For example, ¢ = (v1 V —w3) A (v V —w3) is a CNF with two clauses ¢; = v1 V —wq and
¢y = vy V —ws3, each having two literals. One solution to it is v; = vo = True, v = False.



Under review as a conference paper at ICLR 2026

© variable @ Original Clause © Learned Clause

Original Graph

2N

(3 Updated Embeddings

(@ Heuristic

Search Loop Combined Graph

Learned Graph

() Assignment

remove: ML Agent
satisfied clauses (Python, CPU/GPU)
assigned variables O

Figure 3: Overview of MAS-SAT with two main components, the CDCL solver and the ML agent.
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In learning-based settings, CNFs are commonly represented as variable-clause graphs (VCGs)
(2023), which are bipartite graphs consisting of variable nodes and clause nodes. The edges
encode the inclusion relationships and their polarities between variables and clauses. An example
of VCG is shown in Figure 2] By decoding from the variable embeddings to obtain logits for the
positive and negative literals, one can either derive an assignment by comparing the two logits for
each variable or a heuristic by sorting the logits. This process is also presented in Figure 2}

2.2 CDCL SOLVERS AND HEURISTICS

The state-of-the-art SAT solvers such as kissat (Fleury & Heisinger, [2020) implement the conflict-
driven clause learning (CDCL) algorithm (Marques-Silva et al.,2021). The CDCL algorithm per-
forms a sequential exhaustive search by constantly assigning a truth value to an unassigned variable,
propagating its implications to infer the truth values of other variables, until either a satisfying as-
signment is found or a conflict occurs. In the latter case, the solver learns a new clause by analyzing
the conflict to prune the search space and performs backtracking. The introduction of clause learning
is crucial to the efficiency and empirical success of CDCL solvers. Pseudo-code of a typical CDCL
algorithm is provided in Algorithm[AT]in Appendix [C]

Heuristics are widely used in modern CDCL solvers. Two of the most important heuristics are
the decision heuristic and the phase heuristic, which respectively determine the variable and the
truth value to assign at each step. Researchers have manually designed heuristics such as vari-
able state independent decaying sum (VSIDS) (Eén & Sorensson), 2003) and variable move-to-front
(VMTF) (Ryan} [2004)), followed by recent efforts that train graph neural networks (GNNs) as neural
heuristics (Selsam & Bjgrner, [2019; [Kurin et al., 2020} [Zhang et all,[2021; [Wang et all,[2023).

3 MAS-SAT

Previous works have successfully built standalone ML solvers (Selsam et al., 2018} [Amizadeh et al.
2018} [Ozolins et al, 2022} [Shi et al} 2023)) or ML-assisted SAT solvers (Selsam & Bjgrner, 2019;
Kurin et al., [2020; Zhang et al., 2021} [Wang et all, 2023). Some of them have also leveraged the
connection between the two paradigms by transferring standalone ML solvers as neural heuristics
to build ML-assisted solvers (Zhang et al., 2021} [Wang et al.| [2023). However, to our knowledge,
none of them has explicitly integrated the two paradigms and allowed the ML agent to perform both
tasks. In this paper, the aim is to demonstrate the mutual benefit (synergy) of such integration.

3.1 FRAMEWORK OVERVIEW

An overview of our proposed MAS-SAT framework is shown in Figure 3] The CDCL solver runs
a search loop that periodically queries the ML agent for decision and phase heuristics. When doing
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80, it encodes the current sub-problem as VCG and passes it to the ML agent. The ML agent takes
VCG from the CDCL solver as input to a recurrent GNN and produces heuristic / and assignment a
to perform as an integration of the two paradigms. We list three joint benefits from such integration,
which will be later verified by empirical evaluation in Section [6]

1. Improved scalability for the standalone ML solver. Since the standalone ML solver
tackles sub-problems produced by the CDCL solver, which are smaller then the original
problem, its success rate is greatly improved compared to solving the whole problem.

2. Improved performance for the ML-assisted solver. We empirically found that, because
of the connection between the two tasks, the GNN backbone for the ML-assisted solver is
better trained after integration, leading to neural heuristics with better performance.

3. Reduced computation for the ML-assisted solver. When the predicted assignment is
verified to be a solution, it can be used to guide the CDCL solver towards solving the
instance and later inference can be bypassed to save computation.

3.2 STATE REPRESENTATION

The substantial difference between the VCG representation adopted by MAS-SAT and previous
works (Kurin et al.| [2020; Selsam & Bjgrner, 2019; |Shi et al., 2023; |Wang et al., [2023) is that we
include learned clauses in the graph, reflecting more dynamics in the solving process and encoding
richer information in the state representation. Just as clause learning is crucial to CDCL solvers,
we argue that the inclusion of learned clauses will help the model understand the previous solving
trajectory and hence make more accurate predictions. Specifically, as demonstrated in Figure[3] we
will build two VCGs, the original graph G, that contains clauses in the original CNF formula and the
learned graph G, that contains clauses learned by the CDCL solver. The two graphs will be merged
into a combined graph G, to encode all the knowledge from clause learning.

The current partial assignment is another aspect of solver dynamics included in our state repre-
sentation (Kurin et al.| [2020). The rationale is that assigned variables and satisfied clauses do not
contribute to the solving process unless backtracked, thus can be safely removed. The result is a
smaller sub-graph corresponding to the current sub-problem, and its size will continue to shrink as
more variables are assigned. This helps the standalone solver scale better to large instances because
it has a higher success rate on smaller graphs.

3.3 MODEL ARCHITECTURE

The proposed MAS-SAT is compatible with any GNN architecture. In this paper, we examine 3
GNN model architectures in G4SATBench (Li et al[2023b) to process VCG: Graph Convolutional
Network (GCN) (Kipf & Welling, 2016), Gated Graph Neural Network (GGNN) (L1 et al., [2015)
and Graph Isomorphism Network (GIN) (Xu et al., 2018)). We add a global attribute to aggregate
global information and significantly reduce the diameter of VCGs (Wang et al., [2023). In addition,
we perform recurrent updates to reuse knowledge accumulated in previous iterations. Specifically,
the embeddings of the original graph G, will be inherited into the combined graph G..

Denote h,, h and h,, to be the embeddings for variables, clauses and global nodes respectively, the
heterogeneous message-passing of the 3 GNN architectures have unified formulations as

hg}k-&-l) = UPD, <i%%; ({hgk)}) 7h1(Jk)7]AL50k')> , (1)
pF+Y) = UPD, (UAEC;/((;) ({hgp}) LR, h&k)) , (2)
h+D = UPD,, <A(j§;w ({h£k>}) ’ACES;“ ({hgm}) ’hfpk)> 7 3)

where N (-) represents the set of neighbors for a node, and UPD and AGG with different subscripts
are the update and aggregation functions. The exact formulation of the 3 GNN architectures is
detailed in Appendix



Under review as a conference paper at ICLR 2026

After message passing, we can predict assignment, heuristic and value using different MLP heads.

Assignment a = o (MLP,(h,)), 4)
Heuristic h = MLP,,(h,), (5)
Value V' = MLP,(h,,). (6)

4 TRAINING

The loss function of MAS-SAT consists of three terms: 1) the assignment loss £, for the standalone
ML solver, 2) the policy loss £,, for the ML-assisted solver and 3) the value loss £, of the critic
model that aids the training of the ML-assisted solver. The total loss function is formulated as

L =weLly+wply + wy,Ly, 7

where w,, w, and w, are scalar weights of the loss terms.

4.1 ASSIGNMENT LOSS

For the assignment loss, we adopt the unsupervised loss proposed by [Ozolins et al.| (2022)), which
demonstrates the strongest performance on G4SATBench (Li et al., 2023b)). The core idea is to relax
Boolean logic to continuous functions to enable differentiable optimization of assignments. Given
continuous assignment a € (0, 1)#variable the clause value and assignment loss are formulated as

Vela) =1- [T (0 =a) I] @, (8)

i€ct i€c—
La(a) = —log (H vc<a>> =~ > logVe(a), ©
cep cep

where ¢ and ¢~ are the set of indices of positive and negated literals in clause c, respectively.

One thing to note is that sub-problems of a satisfiable instance can be unsatisfiable and have different
landscapes of the assignment loss. Therefore, we compute the assignment loss on the original graph
instead of the combined graph and empirically find the training to be more stable.

4.2 PoLicYy Loss AND VALUE LoOSS

We perform reinforcement learning to train the ML-assisted solver and adopt the advantage actor-
critic (A2C) algorithm (Mnih, |2016) to derive the policy loss L, and the value loss L,. In the
reinforcement learning setting, an episode consists of all the variable decisions and phases that the
CDCL solver chooses to solve an instance. The action space at each timestep ¢ consists of the
positive and negative literals of all unassigned variables. The ML agent determines what variable
and what truth value to assign. We design the reward function to be negatively proportional to
increment of propagations, which is the basic operation in CDCL solvers

r¢ = —B(prop; — prop,_1), (10)

where $ > 0 makes sure that the number of propagations is minimized and SAT solving is acceler-
ated. The pseudo-code of the reinforcement learning algorithm is presented in Appendix [C}

5 DEPLOYMENT

5.1 ASYNCHRONOUS DEPLOYMENT

Previous works allocate very limited compute budgets to ML models by either running inference at
intervals (Selsam & Bjgrner, 2019), for a few first decisions (Kurin et al.||2020), or only once before
solving starts (Wang et al., 2023). We argue that such synchronous deployment in which CDCL
solvers stall and wait for the computation of neural heuristics to finish is highly inefficient.

In light of this, we propose asynchronous deployment where the CDCL solver and the ML agent
run in concurrent threads. The two components will update each other asynchronously, with only
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Algorithm 1 CDCL Solver of MAS-SAT Algorithm 2 GNN Agent of MAS-SAT
Require: Formula ¢, CDCL solver II, interval 7 Require: Original graph G,, GNN M,
G, = ILinit_and _parse(y) solver thread 7
T.=start_agent_thread(G,) while not 7.is_finished() do
while not II.is_solved() do G, = T,.get_latest_learned_graph()
G, = Il.get_learned_graph() G. = combine(G,, G;)
T..update_learned_graph(G;) G..init_embedding(G,)
h, a = T,.get latest_h_and_a() h, a= M(G.)
if p.evaluate(a) is TRUE then Ts.update_h_and_a(h, a)
II.use_solution(a) G,.update_embedding(G..)
end if end while
ILinfluence_and_step(h, 7)
end while

minimal locking overhead introduced to maintain data consistency. Although the heuristic does not
reflect the latest state, it still has accumulated knowledge from previous recurrent updates. This
strategy brings advantage in wall-clock time by hiding the inference time of the ML agent. Note that
during the training time and test time for prediction quality, we still adopt a synchronous setup for
deterministic interactions between the CDCL solver and the ML agent.

5.2 INFLUENCED HEURISTICS

Although we have effectively hidden the inference time of the ML agent with asynchronous de-
ployment, the ML agent is still inherently much slower than the CDCL solver. Therefore, their
interaction remains relatively sparse and the guidance from the ML agent can still be limited. In
light of this, we propose to use the neural heuristic to apply influence on the solver implementa-
tions, effectively extending its guidance. In this way, the neural heuristic will not only take over the
immediate action, but will also impact future actions as the solver uses the influenced heuristics.

We have designed corresponding influence strategy for the two decision heuristics in kissat (Fleury
& Heisinger} [2020). For the queue-based VMTF heuristic (Ryan, 2004), we will reorder the queue
according to the neural heuristic. For the priority-value-based VSIDS heuristic (Eén & Sorensson,
2003), we will influence the values by factors ranging from (1, 2] according to their ranks in the
neural heuristic,

VSIDS'(z) = (1 + 1/Rank(z)) x VSIDS(z). (11)

Combining all the techniques mentioned above, the algorithmic descriptions of the CDCL solver
and the GNN agent are described in Algorithms [2|and |1} respectively.

6 EVALUATION

To validate our proposed MAS-SAT framework, we performed extensive experiments on the 7
datasets and 3 GNN architectures in G4SATBench (Li et al., 2023b)).

The 7 datasets come from 3 different domains: 1) SR (Selsam et al., 2018) and 3-SAT are random
problems, 2) Community Attachment (CA) (Giraldez-Cru & Levy, |2015) and Popularity-Similarity
(PS) (Giraldez-Cru & Levy, 2017) are pseudo-industrial problems and 3) k-Clique, k-Dominating
Set (k-Domset) and k-Vertex Cover (k-Vercov) are combinatorial problems. We generate 80k/1k/1k
satisfiable instances at the easy level for each dataset as the training/validation/test set. Description
of datasets is provided in Appendix [A]and implementation details are provided in Appendix

6.1 COMPARISON WITH ML-ASSISTED SOLVERS

First, we compare the performance of MAS-SAT with ML-assisted solvers that are trained without
the assignment loss £,. The comparison is conducted in a synchronous setting to compare the
performance of neural heuristics with deterministic behavior. Similar to |[Kurin et al.| (2020), we
use the median of relative reduction rate compared to kissat to measure the performance of neural
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Table 1: Comparison between MAS-SAT and ML-assisted solvers. The number of GNN message-
passing (n ) and the median relative reduction of propagations with respect to kissat (rr 1) are
presented. The best performance of each column is in bold font.

SR 3-SAT CA PS k-Clique k-Domset k-Vercov Average
nl rt nl rt nl rt nl rt nl rtT nJl r1 nl rT nl rtT
ML-assisted 842 145 1144 198 3592 3.19 1394 154 2604 149 2493 975 23.07 1249 2054 456
MAS-SAT 712 151 1144 218 2240 3.24 1036 1.72 21.12 1.68 14.88 1221 15.14 13.08 14.64 5.09

Arch.  Paradigm

GCN —assignment 849 1.52 1343 219 41.56 291 1457 172 3125 1.68 17.63 1266 2581 13.18 21.82 5.12
—learned 750 151 1146 217 36.10 293 10.11 1.71 32.28 1.58 1532 1221 15.05 12.90 18.26 5.00
ML-assisted 851 146 1435 2.04 37.70 3.00 1436 150 31.88 1.62 2120 13.14 23.14 11.14 2159 4384

GGNN MAS-SAT 771 158 1079 232 2533 3.04 895 175 1937 1.61 9.82 1335 1012 1339 13.16 529
—assignment 894 1.58 1359 232 3831 296 1428 175 1851 1.55 2527 1327 2582 1339 20.67 526
—learned 7.66 157 1087 230 37.68 292 9.07 175 17.27 153 984 1328 1030 1339 14.67 525
ML-assisted 828 1.38 13.85 2.00 3523 3.21 1237 1.61 3022 195 2423 1087 2406 1146 21.18 4.64

GIN MAS-SAT 748 152 1047 225 2125 321 976 1.69 3033 195 1221 1296 1131 13.09 1469 524

—assignment  8.57 152 13.10 224 3795 296 1445 169 3041 195 2518 1278 2558 13.08 22.18 5.17
—learned 7.67 150 1060 222 3463 296 9.84 1.67 3034 194 1221 1296 1132 13.08 16.66 5.19

Table 2: Comparison between MAS-SAT and standalone ML solver. The number of GNN message-
passing (n J) and average success rate of assignment prediction (p 1) are presented. The best
performance of each column is in bold font.

Arch Paradigm SR 3-SAT CA PS k-Clique k-Domset k-Vercov Average
: nl Tt nl pt nl pt nl pt nl pt nl pt nl pt pt

Standalone 8.0 03% 12.0 63% 230 439% 110 203% 220 49.7% 150 30.7% 160 42.8% 27.7%
GCN MAS-SAT 7.1 459% 114 545% 224 924% 104 722% 21.1 518% 149 553% 151 853% 65.3%
—solver 8.0 02% 12.0 2.4% 23.0 0.0% 11.0 00% 220 0.0% 15.0 0.0% 16.0 0.0% 0.4%

Standalone 8.0 0.6% 11.0 56% 260 440% 90 13.6% 200 459% 100 19.8% 11.0 157% 20.7%
GGNN  MAS-SAT 7.7 469% 108 588% 253 90.0% 9.0 782% 194 347% 9.8 940% 101 93.7% 70.9%
—solver 8.0 0.4% 11.0 53% 26.0 0.0% 9.0 70% 200 0.0% 100 23.5% 11.0 11.7% 6.8%

Standalone 8.0 0.5% 11.0 55% 220 464% 100 167% 310 591% 13.0 424% 120 40.3% 30.1%
GIN MAS-SAT 75 456% 10.5 58.8% 213 919% 9.8 750% 303 573% 122 853% 113 92.0% 72.3%
—solver 8.0 03% 11.0 52% 220 0.0% 10.0 39% 31.0 00% 13.0 319% 120 7.1% 7.0%

heuristics (the higher the better), which is formulated as

r = median { propi,kissat/propi,MLfassisted i = 1’ te |D‘} : (12)

We also report the number of GNN message-passing n to measure the computational cost (the lower
the better). From Table[T} it can be observed that MAS-SAT consistently outperforms ML-assisted
solvers and achieves lower n and higher r in most cases.

The advantage of MAS-SAT over ML-assisted solvers can possibly be attributed to two reasons:
1) once the standalone solver finds a solution, the ML-assisted solver can save inference cost and
use the solution to solve the instance; 2) the ML-assisted solver benefit from better GNN backbone
jointly-trained as a standalone solver. To further investigate the two possible reasons, we disable
the assignment head of MAS-SAT after joint training as an ablation study. The results are presented
as the —assignment rows in Table [l From the ablation results, disabling assignment prediction
significantly increases n from 13.16 to 20.67 on average for GGNN, but only slightly decreases r
from 5.29 to 5.26. This evidences that the two reasons both hold. While the integration of standalone
ML solver brings reduction in n, joint training also benefits the performance of neural heuristics and
result in significant increase in r.

We also perform an ablation study on the inclusion of learned clauses in VCG. When learned clauses
are excluded (presented as the —/earned rows in Table , n increases from 13.16 to 14.67 and r
decreases from 5.29 to 5.25 on average for GGNN. Therefore, we conclude that inclusion of learned
clauses is beneficial for the ML-assisted solvers.

6.2 COMPARISON WITH STANDALONE SOLVERS

Next, we compare the performance of MAS-SAT with standalone ML solvers that are trained with
assignment loss £, alone. We round up n of MAS-SAT and use that for the standalone ML solvers
to ensure fair comparison by allowing them to produce the same number of assignment predictions.
For an instance, if any one of the predicted assignment satisfies the formula, we consider it a success.
We report the average success rate (p) as well as n in Table[2] From the results, it can be observed
that MAS-SAT consistently achieves higher p than standalone ML solvers in most cases.
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Table 3: GGNN deployment results in a synchronous setup. The number of GNN message-passing
(n |) and median relative reduction of propagations with respect to kissat (r 1)) are presented.

- Infl SR 3-SAT CA PS k-Clique k-Domset k-Vercov Average
: nl T nl rT nl rt nJl rT nl rT nl T nl rT nl T
1 771 158 1079 232 2533 3.04 895 175 1937 1.61 9.82 13.35 10.12 13.39 13.16 529
) X 1370 132 2334 149 118.08 133 1602 143 6540 1.00 99.06 2.18 129.94 1.63 6651 148
v 13.13  1.65 21.70 2.07 156.63 1.14 1423 1.61 56.64 101 12.89 624 2420 580 42.77 279
4 X 852 1.16 1444 126 6376 1.15 11.16 129 27.02 1.00 51.78 1.61 71.11 140 3540 127
v 8.04 155 13.10 1.92 90.02 094 9.12 153 2648 1.16 23.09 5.12 15.14 499 2643 246

This advantage of MAS-SAT over standalone ML solvers can similarly be attributed to two possible
reasons: 1) instead of solving the whole instance, the standalone ML solver in MAS-SAT will
solve sub-problems produced by the CDCL solver, which are smaller in scale and much easier than
the original instances; 2) the standalone ML solver can also benefit from better GNN backbone
from joint training. Out of a similar mindset to investigate the two possible reasons, we disable
the integration with CDCL solvers to use MAS-SAT as standalone solvers to solve the original
instances. The results are presented as the —solver rows in Table[2] Surprisingly, p drops drastically
from 72.3% to 7.0% on average for GIN, and is much worse than standalone ML solvers trained
alone (30.1% on average). This indicates that in MAS-SAT, the assignment prediction especially
learns to cooperate with the CDCL solver and to solve the sub-problems, but not to solve static
instances as conventional standalone ML solvers do. That is, only reason 1) holds. Nevertheless, the
success rate and scalability of standalone solvers are still improved in the MAS-SAT framework.

From comparisons presented above, both the ML-assisted solvers and the standalone ML solvers
benefit from their integration in MAS-SAT, demonstrating a synergy. The results are further visu-
alized in n-r and n-p planes in Figure 4} where it can be clearly seen that MAS-SAT is moving
towards corners with smaller n, larger r and higher p, which indicate better performance.

6.3 EFFECTIVENESS OF INFLUENCED HEURISTIC

To validate the effectiveness of our proposed deployment strategy with influenced heuristic, we have
performed ablation studies in a synchronous setup where we gradually increase the interval 7 that the
CDCL solver query the ML agent. The results with and without the influence strategy are presented
in Table[3] Due to space constraints, only GGNN results are reported and the full results are provided
in Appendix [El It can be seen that when 7 is increased to 2 and 4, r drastically degrades from 5.29
to 1.48 and 1.27 respectively. However, with the influence strategy, r can be largely recovered to
2.79 and 2.46 respectively, maintaining the guidance of the neural heuristic.

6.4 DEPLOYMENT ON PRACTICAL BENCHMARKS

From evaluation above, it can be seen that GGNN performs the best out of the 3 GNN architectures,
which aligns with the conclusions drawn by G4SATBench (Li et al |2023b). Therefore, we train
GGNN on all the training dataset combined and perform asynchronous deployment on practical
benchmarks, with the aim of reducing the wall-clock time.
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Table 4: Asynchronous deployment of GGNN on the hard instances of G4SATBench. Each setup is
performed for 10 rounds and the min, median and max r in terms of wall-clock time is reported.

SR 3-SAT CA PS k-Clique k-Domset k-Vercov

Intervalr . . . . . . .
min med max min med max min med max min med max min med max min med max min med max

1000 095 1.01 1.03 081 091 095 108 110 1.15 158 1.71 1.78 214 220 227 184 193 196 1.79 182 1.89
10,000 1.16 121 124 083 093 098 129 134 141 188 193 216 152 217 225 184 189 197 207 217 220
100,000 1.01 105 106 092 097 099 133 137 142 167 208 228 216 233 240 168 183 195 186 198 203

First, MAS-SAT is deployed on hard-level instances in G4SATBench (L1 et al.,|2023b), which can
have up to 10x variables compared to the training set. From Table 4} our asynchronous deployment
strategy achieves consistent improvement on 6 out of 7 datasets (except on 3-SAT, where MAS-SAT
is slightly slower) and can achieve up to 2.4 x median relative speedup over kissat. The deployment
is relatively robust to the interaction interval 7 between the CDCL solver and the GNN agent.

Then, to demonstrate the performance of MAS-SAT on industrial instances, we further deploy it on
the 400 instances from SAT Competition 2023 (Balyo et al., [2023)) with the same timeout 5,000s
as the competition. Using interval 7 = 10,000, MAS-SAT is able to solve 3 more instances than
kissat (Fleury & Heisinger, 2020) (264 vs 261). More details can be found in Appendix [F

7 RELATED WORKS

NeuroSAT (Selsam et al., [2018) first reported the ability of recurrent GNNS to predict satisfiability
and act as standalone solvers when trained with supervision. It also proposed to decode the satisfied
assignments by clustering the embeddings. QuerySAT (Ozolins et al., 2022)) proposed an unsuper-
vised loss to relieve reliance on labelled data, and a query mechanism to boost the performance
of standalone solvers. DG-DAGRNN (Amizadeh et al.| 2018)) and DeepSAT (Li et al., 2023a) ex-
plored other graph representations of SAT (circuit-DAG and AIG, respectively). SATFormer (Shi
et al.| [2023) explored other model architecture (Transformer) and multi-task learning. The major
shortcomings of standalone ML solvers are incompleteness and poor scalability to large instances.

NeuroCore (Selsam & Bjgrner, [2019) brings the success of standalone ML solvers to ML-assisted
solvers by transferring a model trained for unsatisfiable core prediction as decision heuristics. In a
similar vein, SATFormer (Shi et al.,[2023) transferred a model trained for satisfiability and unsatis-
fiable core prediction as decision heuristics and NeuroBack (Wang et al., [2023)) transferred a model
trained for backbone variable phase prediction as phase heuristics. However, these surrogate tasks
only indirectly connect to SAT acceleration, which might lead to sub-optimal heuristics. Graph-Q-
SAT (Kurin et al., [2020) first adopted reinforcement learning (RL) to learn decision heuristics.

It is challenging to achieve wall-clock time reduction for ML-assisted solvers because neural heuris-
tics can be orders of magnitudes slower compared to well-optimized heuristics in modern SAT
solvers. In face of this challenge, previous works limit the computation budget of the ML agent
in various ways. NeuroCore (Selsam & Bjgrner], 2019) calls neural heuristics at pre-determined in-
tervals to reduce the frequency of inference. Graph-Q-SAT (Kurin et al.,[2020) only consults neural
heuristics for a first few decisions. NeuroBack (Wang et al., |2023) only performs inference once
before solving. Although these strategies reduce the inference cost, the sparse interaction between
solvers and ML agents makes it very likely to under-exploit the ability of neural heuristics.

8 CONCLUSION

In this work, we propose Machine learning Assisting and Solving SAT (MAS-SAT), a novel frame-
work that achieves synergy of the two current paradigms of using machine learning to accelerate
SAT solving, standalone ML solver and ML-assisted solver. We have also proposed an efficient
asynchronous deployment strategy with influenced heuristics to hide the inference time of the ML
agent and promote its impact. Experiments on a diversity of datasets and architectures demonstrate
that MAS-SAT is able to largely enhance the performance of both paradigms. Compared to the
base state-of-the-art CDCL solver, kissat (Fleury & Heisinger},2020), MAS-SAT has achieved up to
2.4x median speedup in wall-clock time on hard SAT instances and solves 3 more instances on the
benchmark for SAT Competition 2023.
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ETHICS STATEMENT

This work does not involve human subjects, sensitive personal data or experiments that raise ethical
concerns. We use publicly available codebase and datasets, including kissat (Fleury & Heisinger,
2020) and G4SATBench (Li et al., [2023b). Therefore, we do not foresee any ethical risks. All
authors have read and adhere to the ICLR Code of Ethics.

REPRODUCIBILITY STATEMENT

We have taken care to ensure that all experiments and results presented in this paper are reproducible.
Detailed descriptions of datasets, architectures, algorithms, hyperparameters and implementation are
included in Appendix [A] [B] [C| and [D] The codebase is provided in the supplementary material and
will be released upon acceptance.

USE OF LARGE LANGUAGE MODELS (LLMS)

In this work, large language models (LLMs) were used solely as assistive tools for secondary tasks,
such as proofreading and the implementation of standard algorithms. They were not involved in gen-
erating research ideas or designing novel methods. All outputs from LLMs were manually checked
for accuracy and correctness.
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A DATASETS

We provide detailed description of the 7 datesets in G4SATBench (Li et al.} 2023b)) in Table
along with the statistics of our generated test sets in Table

B GNN ARCHITECTURES

We provide detailed formulation of the message-passing algorithms in the 3 GNN architectures we
examined in Table

C ALGORITHMS

We provide the pseudo-code of typical CDCL algorithm in Algorithm[A.T|and the Advantage Actor-
Critic reinforcement learning algorithm in Algorithm

D HYPERPARAMETERS AND IMPLEMENTATION DETAILS

The hyperparameters used in MAS-SAT is reported in Table[A.4]

All of our experiments are performed on server machines with AMD EPYC 7V13 64-Core Proces-
sors and AMD Instinct MI210 GPUs. The models are built using PyTorch (Paszke et al., 2019) and
PyTorch Geometrics (Fey & Lenssen, 2019).

E FULL RESULTS ON THE EFFECTIVENESS OF INFLUENCED HEURISTIC

The full results on all 3 GNN architectures that validate the effectiveness of the proposed deployment
strategy with influenced heuristic are presented in Table [A.5] The same conclusion as drawn in
Section[6.3]holds. Applying influence on solver heuristics effectively extends the guidance of neural
heuristics when the interval 7 increases and the interaction between the CDCL solver and the ML
agent gets sparse.

F DETAILED RESULTS ON SAT COMPETITION 2023

We provide the survival plot and detailed statistics of kissat and MAS-SAT on SAT Competition
2023 Balyo et al.| (2023) in Figure [A.T] and Table [A.6] respectively. Compared to kissat [Fleury &
Heisinger|(2020)), MAS-SAT is able to solve 3 more satisfiable instances and reduce the PAR-2 score
(penalized average runtime in seconds) by 93.84.

12



Under review as a conference paper at ICLR 2026

Table A.1: Description of datasets in G4SATBench (Li et al.,|2023b)

Dataset

Description

Parameters

Random Domain

SR

The SR dataset contains satisfiable and unsatisfiable instance
pairs that only differs in polarity of a single literal. Given
the number of variables n, random clauses with length k =
1 + Bernoulli(b) + Geometric(g) and random literals are
continuously generated until the instance becomes unsatisfi-
able. By negating the first literal in the last clause, a satisfi-
able instances is generated to pair the unsatisfiable one.

General: b = 0.3,g = 0.4, same as in
NeuroSAT (Selsam et al.|2018),

Easy: n ~ Uniform(10, 40),

Medium: n ~ Uniform(40, 200),

Hard: n ~ Uniform(200, 400).

3-SAT

The 3-SAT dataset contains instances at the phase transi-
tion (Gent & Walsh![1994), where the generated numbers of
satisfiable and unsatisfiable instances are roughly the same.
Given the number of variables n, the number of clauses m is
calculated and the clauses are generated by uniformly sam-
pling the literals.

General: m = 4.258n + 58.26n"%/3,
same as |Crawford & Auton|(1996),

Easy: n ~ Uniform(10, 40),

Medium: n ~ Uniform(40, 200),

Hard: n ~ Uniform(200, 300).

Pseudo-Industrial Domain

CA

The CA dataset (Giraldez-Cru & Levy![2017) contains SAT
instances with a power law distribution in the number of
variable occurrences (popularity) and good clustering be-
tween them (similarity). Given the number of variables n,
the number of clauses m, the average size of clauses k, the
exponential parameters (3, 3" and the temperature parame-
ter T' are sampled. Random angles 0;,0; € [0,2n] are
assigned to each variable ¢ and clause j, then variables in
clauses are randomly sampled with probability P = 1/(1 +
(i%5° 0:;/R)T), where 0;; = 7 — |7 — |0; — ;]| and R is
a constant that ensures the average size of clauses is roughly
k.

General: m ~ Uniform(6n, 8n),
k ~ Uniform(4, 5),

B ~ Uniform(0, 1),

p=1

T ~ Uniform(0.75, 1.5),
Easy:n ~ Uniform(10, 40),
Medium:n ~ Uniform(40, 200),
Hard:n ~ Uniform(200, 300).

Combinatorial Domain

k-Clique  The k-Clique problem determines whether there exists a all- ~ General: p = (z) ~1/() R
connected clique with a specific size in the graph. Given the  Easy:v ~ Uniform(5, 15),
clique size v and the number of cliques k, the edge probabil- &k ~ Uniform(3,4),
ity p is calculated according to[Bollobds & Erdds|(1976) and  Medium:v ~ Uniform(15, 20),
Erd6s—Rényi graphs are generated, which is later converted & ~ Uniform(3,5),
to SAT instances by CNFGen (Lauria et al.|2017). Hard:v ~ Uniform(20, 25),
k ~ Uniform(4, 6).
1/k
k-Domset  The k-Domset problem determines whether there exists a  General: p = 1— (1 - (2)71/ (1’7k>> / )
domlpatmg set with at most k vertices s0 that all vertices Easy:v ~ Uniform(5, 15),
are either in the set or adjacent to a node in the set. Givenk 5. Uniform(3, 4),
and the number of vertices v, the edge probability p is cal-  \rodium:v ~ Uﬁiform(l 5,20),
culated according to|Wieland & Godbole|(2001) and Erd6s— ;. Uniform(3, 5), ’
Rényi graphs are generated, which is later converted t0 SAT 4.0, ~ Unifo;m(QO 25),
instances by CNFGen (Lauria et al.|[2017). k ~ Uniform(4, 6). 7
k-Vercov  The k-Vercov problem determines whether there exists aver- ~ General: p = (”) -1/(3) s

tex cover with k vertices so that all edges have at least one
endpoint in the set. Given k£ and the number of vertices v,
the edge probability p is calculated and Erd6s—Rényi graphs
are generated, which is later converted to SAT instances by
CNFGen (Lauria et al.|[2017).

Easy:v ~ Unif(lgrrn(fl7 15),

k ~ Uniform(3,5),

Medium:v ~ Uniform(10, 20),
k ~ Uniform(6, 8),

Hard:v ~ Uniform(15, 25),

k ~ Uniform(9, 10).
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Table A.2: Statistics of the generated test instances

Difficulty  Statistics SR 3-SAT CA PS k-Clique k-Domset k-Vercov
#Variable 25.19 26.10 33.33 23.39 35.39 40.96 40.753
Easy #Clause 148.49 117.86 334.67 159.30 600.13 354.98 380.01
kissat propagations 64.27 123.16 128.24 74.51 137.50 661.85 668.24
#Variable 120.64 122.98 122.39  109.817 70.30 89.56 97.46
Medium #Clause 658.93 525.80 1710.84 746.18 2257.39 1690.20 2134.22
kissat propagations ~ 2229.43 6.62e4  1302.60 1.73e4 555.67 2962.69 3203.78
#Variable 295.64  250.64 300.42 249.24 113.62 136.99 176.68
Hard #Clause 1592.72 1068.20  4204.03 1693.38 5580.48 4006.43 6971.43
kissat propagations 6.71e4 1.24e6 1.99¢4 3.58e5 1579.46 8455.47 1.26e4

Table A.3: Formulation of GNN architectures

GCN (Kipf & Welling| 2016)

MLPF (n(F) MLP (h{F)
Variable A"t = Linear, ([Eceu+ MLpd (n7) S e #,hﬁ),h(g’“)b

Vidfaf T Vaza,

Clause h,gkﬂ) =

Linear. ZvEc"’ W’Zuec— \/ﬁ
Global A = Linear, (|3, c, b, 0., b, h‘g’“)])

MLPi(hSJk)) M h(k) h<k)})
yfte 5 1bg

GGNN (Li et al.| 2015)

cev

Variable A"V = GRU, ( Yot MLP (hik)) 3
Classe  h{*"Y = GRU, ( > peet MLPY (hfﬁ’) 1 Dvee
Global  h{™) = GRU, ([, i, e, bV ] 40

_ MLP; (h&’”) AP
_ MLP; (hSﬁ’) A ,hﬁk))

S

GIN (Xu et al.,[2018)

Variable AT = MLP, ( Y ocps MLPF (hﬁ’“)) 5y
Clause A" = MLP, ( > yeet MLPY (hvgk)) ) 2vee
T (S

cev

~MLP; (h®) 0 nP])
~MLpy (n7) a8, ] )

Algorithm A.1 Typical CDCL Algorithm

Require: CNF formula ¢
v« {},dl + 0// initialize assignment, decision level
while not AllVariablesAssigned(y, v) do
(x,v) « PickBranchingLiteral(ip, v/)
vvU{(z,v)}, d +dl+1
if UnitPropagation(y, v) == CONFLICT then
B «+ Conflict Analysis(y, v) // backtrack level
if 8 < 0 then
return UNSAT
else
LearnClause(p, v, 8)
Backtrack(p, v, 8)
dl +
end if
end if
end while
return v

14
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Algorithm A.2 Advantage Actor-Critic

Require: start time ¢4+, policy network 7(a|s), value network V' (s), discount factor v € (0, 1)
Returns: policy loss L,,, value loss L,
t < totart, Lp <0, L, <0
Get state s,
repeat
Perform a; according to policy 7(a¢|s:)
Receive reward 7; and new state s;41,¢ <t + 1
until terminal s; or t — tgi0rt == trnas
R— 0 for terminal s,
~ 1 V(st) fornon-terminal s,
fori ¢ {t —1,... 7tsta7't} do
R+ r;+~R
Ly Ly +logm(ass;) (R — V(s.)
Ly« L, +(R-V(s;))?
end for
return L;D/(t - tStaTt)a Lv/(t - tstart)

Table A.4: Hyperparameters used by MAS-SAT

Name Value Note

Model Architecture

Hidden dimension d 128

Number of MLP layers 2 For all MLPs, including in message-passing and in heads.
n per call 1

Activation function ReLU

Layer normalization True Before every MLP and Linear layer.

Reinforcement Learning

Discount factor ~y 0.99

Propagation weight 0.01

Environment vector factor 4 How many episodes are run together.
Optimization

Assignment loss weight w, 5.0

Policy loss weight w,, 1

Value loss weight w,, 0.1

Batch size 128

Learning rate 107*

Learning rate schedule cosine annealing

Weight decay 1078

Optimizer Adam (Kingma & Bal[2014)

Adam betas 0.9, 0.999

Adam eps 1078

Gradient clipping 2.0 L2 norm is used.

Gradient reduction coefficient 0.8 Used between GNN message-passing to reduce gradient norm.
Validation frequency 1000

Total optimization step 20000
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Table A.5: Full experimental results on the effectiveness of influenced heuristic in a synchronous
setup. The first three columns are the model architecture, the query interval and whether the influ-
ence strategy is used, respectively. The number of GNN message-passing (n |) and median relative
reduction of propagations with respect to kissat (r 1)) are presented.

Arch Int. Infl SR 3-SAT CA PS k-Clique k-Domset k-Vercov Average
N " : nl rt nl rt ny rt ny 1T ny rt nl rt nl rt nl rt
1 712 151 1144 218 2240 324 1036 1.72 21.12 1.68 14.88 12.21 15.14 13.08 14.64 5.09
GCN 2 X 1449 131 21.67 158 11344 123 1880 147 5252 1.00 10543 225 150.73 1.62 68.15 149
v 1359 142 2046 215 15298 1.01 2232 142 70.77 122 13543 2.55 23.19 586 82.68 223
4 X 871 1.18 1346 1.35 61.16 1.12 1236 125 2658 1.00 49.72 1.76 65.66 1.51 3395 131
4 843 141 1215 200 9367 081 1144 132 3579 1.14 3182 445 1951 455 3040 224

1 771 158 1079 232 2533 3.04 895 175 1937 1.6l 9.82 13.35 1012 1339 13.16 529

GGNN 2 X 1370 132 2334 149 11808 133 1602 143 6540 100 99.06 218 129.94 1.63 6651 148
v 13.13  1.65 21.70 2.07 156.63 1.14 1423 1.61 56.64 1.01 1289 624 2420 580 4277 279

4 X 852 1.16 1444 126 6376 115 1116 129 27.02 100 5178 1.61 71.11 140 3540 127

4 8.04 155 13.10 192 90.02 094 9.12 153 2648 1.16 2309 5.12 15.14 499 2643 246

1 748 1.52 1047 225 21.25 321 976 1.69 3033 1.95 1221 1296  11.31 13.09 14.69 524

GIN ) X 1458 127 2327 147 10544 136 2138 140 5333 1.00 99.17 212 14026 153 6535 145
4 1554 139 2230 204 12449 132 2236 154 6598 125 2460 6.11 2144 591 4239 279

4 X 8.69 1.12 14.86 125 5739 123 1283 123 2812 100 5120 172 68.69 1.44 3454 1.28

4 826 131 1281 191 7298 1.12 1234 146 3420 122 2548 520 1342 499 2564 246
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Figure A.1: Survival plot of experiment on SAT Competition 2023.

Table A.6: Detailed statistics on SAT Competition 2023. PAR-2 score is penalized average runtime
in seconds where each timeout counts as 2x the time limit, the lower the better.

PAR-2 Score]  Solved? Solved SATT Solved UNSAT?

kissat 3915.07 261 119 142
MAS-SAT 3821.23 264 122 142
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