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Abstract

We explore a robust version of the barycenter
problem among n centered Gaussian proba-
bility measures, termed Semi-Unbalanced Op-
timal Transport (SUOT)-based Barycenter,
wherein the barycenter remains fixed while
the others are relaxed using Kullback-Leibler
divergence. We develop optimization algo-
rithms on Bures-Wasserstein manifold, named
the Exact Geodesic Gradient Descent and Hy-
brid Gradient Descent algorithms. While the
Exact Geodesic Gradient Descent method is
based on computing the exact closed form
of the first-order derivative of the objective
function of the barycenter along a geodesic
on the Bures manifold, the Hybrid Gradi-
ent Descent method utilizes optimizer com-
ponents when solving the SUOT problem to
replace contaminated measures before apply-
ing the Riemannian Gradient Descent. We
establish the theoretical convergence guaran-
tees for both methods and demonstrate that
the Exact Geodesic Gradient Descent algo-
rithm attains a dimension-free convergence
rate. This is a novel theoretical result for
Riemannian Gradient Descent applicable to
an expanded class of averaging functions.

1 INTRODUCTION

Aggregating multiple data sources has garnered signifi-
cant interest in data science and artificial intelligence
due to its fundamental role and wide range of applica-
tions. When we have to work with data distribution,
one of the useful aggregations is the barycenter of
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those distributions. In the context of optimal trans-
port (Peyré et al.l [2019), where the distance between
distributions is defined as the optimal cost to trans-
port masses, this problem is known as the Wasserstein
Barycenter problem, which has several applications,
including image processing (Ferradans et al.| [2014) (Siy
mon and Aberdam| 2020)), image restoration (Mignon
et al.; 2023)), time-series modeling (Cheng et al., |2021),
domain adaptation (Montesuma and Mboulay, 2021]),
graph representation (Simou et al., [2020), signal pro-
cessing (Simou and Frossard, 2019), matching (Naas
et al. 2024) and medical multi-modal large language
model (Nguyen et al., [2024).

However, a common challenge arises as data often ex-
hibit more complexity, especially in real-world scenarios
where noises and outliers are prevalent, that could dis-
tort the final results of any statistical procedure. In
this paper, we work on the robustness of the barycenter
when the data measures contain noise, akin to extract-
ing the true mean of clean distributions. It is known
that a relaxed version of OT, which is Unbalanced
Optimal Transport (UOT) (Liero et al. [2018)), is able
to reduce the effect of contamination, thus producing
robust estimation of the OT cost between corrupted
distributions. The penalty function often used in the
UOT is the KL divergence, which has been well-studied
(Nguyen et al., 2021} Pham et al.l|2020]) and is preferred
because of its pleasant mathematical properties and
computational advantage over other divergences. Moti-
vated by those mathematical formulas of UOT costs,
we aim to find the barycenter in the contaminated
distributions setting.

The central questions are: (i) how to mathematically
formulate this problem in a meaningful way, and (ii)
whether standard optimization techniques, such as gra-
dient descent, are effective for our formulation across
specific or general classes of distributions. In particular,
when the underlying data distributions are Gaussians,
the difficulty arises because the minimization is carried
out over the Bures manifold (Bhatial [2009)—the man-
ifold of symmetric positive definite matrices—which
possesses positive curvature. Our work makes these
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two primary contributions:

1. We propose a framework for barycenter com-
putation based on the debiased effect of Semi-
Unbalanced Optimal Transport (SUOT) to mea-
sure distances between the barycenter and other
distributions. By establishing that the barycenter
of Gaussian distributions under SUOT remains
Gaussian, the problem reduces to optimizing its
mean and covariance. Building on this, we propose
two efficient methods for Gaussian barycenter com-
putation: (i) a hybrid scheme inspired by
7 and (ii) a Riemannian Gradient De-

scent algorithm leveraging the exact Wasserstein
gradient, enabled by a closed-form expression for
the SUOT distance between weighted Gaussians
a; = mq,, N(a;, ;) in RY,

2. We address a challenging and meaningful theo-
retical question: does the dimension-independent
convergence rate of Gradient Descent on the Bures
manifold, established in|Altschuler et al.|(2021)), ex-
tend to an expanded class of averaging functions?
We prove that it does by providing convergence
guarantees with a dimension-free rate comparable
to that of Altschuler et al.| (2021) on SUOT-based
Barycenter. Our proof technique is non-trivial
and generalizes to a far more complex and non-
symmetric setting, where analyzing smoothness
and geodesic convexity becomes significantly more
challenging.

2 BACKGROUND

Notations. Let Py, (]Rd) denote the space of ab-
solutely continuous probability measures on R? with
finite second moment. For any p,v € P2 qc (Rd), the
generalized Kullback-Leibler divergence is defined as
KL(pllv) = [gaplog (&) dz. We denote the set of
symmetric matrices by S¢, symmetric semi-positive def-
inite matrices by Si, and symmetric positive definite
matrices by Sjl_ 1. The singular values of ¥ € Si in
descending order are {M(Z)}?:l- The Gaussian mea-
sure on R? with mean m € R? and covariance matrix
¥ € S, is denoted N(m,X). The identity matrix
in R4*? is Id. For a vector z € R?, diag(x) is the
diagonal matrix with z on the diagonal. We use ||.||2
as ly-norm of vector in R% and ||.||r as Frobenius norm
of matrix in R4*4,

2.1 Wasserstein distance

Given probability measures p, v € Pa q¢ (Rd) with fi-
nite second moments, the p-Wasserstein distance be-
tween p and v is defined as (Kantorovich| [1942; Peyré|

let all |2019} |Villani et al., 2009):

Wy (u,v) = inf

—_v]P
it Ed|X -V,
where X, Y are independent random vectors in R¢ such
that (X,Y) ~ m, II(u, v) denotes the set of couplings
of u and v, i.e., the set of probability measures on
R? x R? whose marginals are respectively x4 and v. If
p and v have densities with respect to the Lebesgue
measure on R?, the infimum is attained, and the op-
timal coupling is supported on the graph of a map
T : R? — R? such that for m-a.e. (z,9) € R? x RY,
y = T(x). This map T is the optimal transport map
from p to v. Recently, [Korotin et al.| (2022); Mokrov
developed neural network algorithms to
compute OT maps and plans for strong and weak costs.
For Gaussians, the Wasserstein distance has a closed-
form expression [Altschuler et al| (2021])

W3 (N (m, %), N (m/,5))

112 ’ 1/25vy1/2 1/2
:||m—m||2+tr<2+2—2[2 'y } )

We focus on centered Gaussians, represented by their
covariance matrices on Bures-Wasserstein (SPD) man-
ifold Bhatial (2009); |Takatsu (2011]). Gaussians cover
general location-scatter families and play a central role
in Optimal Transport |Altschuler et al. (2021); Bunne,
let al.| (2023)); [Chewi et al| (2020); [Han et al| (2021)),
while SPD matrices have broad applications |Gao et al.|
(2020)); Herath et al.| (2017); [Kobler et al| (2022). All
Gaussians considered are non-degenerate. For a dis-
tance function d, we write d(3,Y’) for the distance
between two centered Gaussians with covariances X
and ¥/ (e.g., Wa(X, %)), and Tx_,» for the correspond-
ing optimal transport map.

Barycenter Problem. Let P be a probability mea-
sure over Py q¢ (Rd). Then, the Wasserstein Barycenter
of P is a solution of

minimize W2(u,-)dP.
MEPz,ac(]g’i) / 2(’u )

[Cuturi and Doucet] (2014) formed the basis for barycen-
ter computation, proposing an algorithm based on the
dual problem and applying it to clustering and per-
turbed images. Additional methods can be found in
[Chi et al.| (2023)); [Korotin et al.| (2021)); [Noble et al.|
2024). A related notion of average is the entropically-
regularized Wasserstein Barycenter of P, which is de-
fined to be a solution of

[ Wi 9ap -+ 1,

minimize
M6P2,ac (Rd)

where H is (negative) differential entropy i.e. H(u) :=
Jpalog (3—‘;) dp(x) Chizat, (2023).

Benamou et al.
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(2015) introduced Iterative Bregman Projections for
solving entropic OT and applied it to the weighted
barycenter problem. In addition, Bonneel et al.| (2015)
extended the barycenter problem to Radon barycenters
(using the Radon transform) and Sliced barycenters
(based on Sliced Wasserstein distance), with applica-
tions in color manipulation.

Unbalanced Optimal Transport. Unbalanced
Optimal Transport (UOT) [Liero et al. (2018]) relaxes
marginal constraints via Kullback—Leibler regulariza-
tion. It solves

coanE B X = VI 4 7KL ) + 7KL G, )
where X,Y are independent random vectors in R?
such that (X,Y) ~ m, MT (R? x R?) is the set of
all positive measures in R? x R% and g, Ty are the
marginal distributions of the coupling 7 corresponding
to u, v, respectively. 7 > 0 is regularized parame-
ter. Iterative scaling methods |Chizat et al.|(2016) and
majorization—minimization approaches |Chapel et al.
(2021)) have been proposed for its solution. UOT is a
robust extension of OT, accommodating measures with
unequal mass and showing resilience to local variations,
outliers, and missing components [Blondel et al.| (2018));
Séjourné et al.| (2023); [Vincent-Cuaz et al.| (2021)).

2.2 Riemannian Gradient Descent

Optimization on SPD manifold, common in machine
learning |Gao et al.| (2020]), is challenging due to its
positive curvature. Unlike Euclidean methods, Rie-
mannian gradient algorithms respect the manifold’s
geometry, using tangent spaces and Riemannian oper-
ators for optimization |Absil et al.| (2008); |Gao et al.
(2020). In our case, the Riemannian gradient space
at point ¥ of SPD manifolds denoted by TgSﬂiH is
identified with the space S?. The inner product for
two matrices A, B, is defined as (4, B)y, := tr (ATB)
which would induce the tangent space norm ||.||s;. The
Riemannian exponential map Expy(+) : 75S%, — S,
maps a tangent vector to a constant-speed geodesic,
while the logarithmic map Logy,(-) : %, — T5S4 | is
its inverse. Specifically, they are given by

Exps;(X) = (Id + X) X (Id + X)
LogE(E’) = TZ—>E’ —Id.

On optimizing a differentiable function f : M — R,
we denote traditional Euclidean gradient as V f and
Riemannian gradient as grad f is a tangent vector that
satisfies for any p € T, M, (grad f(z), 1)z = D, f(z),
where D, f(x) is the directional derivative of f(x) along
w. Instead of using traditional gradient descent update
ptY = 4@ — pVf(p®) which cannot guarantee

that the update remains on the manifold, Riemannian
Gradient Descent [Chewi et al.| (2020]) reads the update

p = Exp ( — gradf(u“))),

for some step size ;. In this way, it ensures that
the updates are along the geodesic and stay on the
manifolds |Gao et al. (2020)). In the context of the
Bures-Wasserstein manifold, we also call the gradient
as Wasserstein gradient.

3 SEMI-UNBALANCED OPTIMAL
TRANSPORT-BASED
BARYCENTER

We define the distance W3, (o, 8,7) between two
measures « and J as

WQZSUOT (O[, ﬂ? 7-)

= inf

Er[|X = Y3 + 7KL (m [|a) ,
rEM*(RIXRT)

(1)
where X, Y are independent random vectors in R¢ such
that (X,Y) ~ 7, Y ~ 8 while 7 > 0 is regularization
parameter, and 7, is the marginal distribution of the
coupling 7 corresponding to a. Now consider a set of
probability measures {«;}?; where the measures are
contaminated. To address the above barycenter prob-
lem, we proposed the empirical SUOT-based Barycen-
ter which is a minimization problem due to probability
measure [3
n

arg minZwiWSSUOT (o, B,7), (2)

i=1

where {w;}}', are given weights satisfying w; >
0; Z?:l w; = 1. Throughout most of this work, we as-
sume uniform weights, setting wy = ws = --- = w, =
%. The intuition behind relaxing only one marginal
constraint lies in the context of computing distances
from measures to their barycenter. In this scenario, the
data are contaminated, making the true distributions
inaccessible. To address this, KL. divergence is used to
penalize the contaminated side, relaxing the marginal
constraint. However, our goal is to find the barycenter
of the true (clean) distributions, which inherently re-
mains free of noise and outliers. Thus, no penalty needs
to be applied to its side, making Semi-UOT the appro-
priate choice over UOT as commonly used in previous
work. This relaxation facilitates the detection of out-
liers by adapting the measures slightly, ensuring that
the barycenter remains representative of the overall
distribution without being overly influenced by indi-
vidual outliers. The SUOT-based barycenter approach
provides a robust framework for handling noise and out-
liers in data distributions, making it highly reliable for
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real-world applications. This is particularly valuable for
tasks like robust learning, data augmentation, interpo-
lation, and other downstream AT applications [Séjourné
et al.[(2023). A toy example in Figure demonstrates
the effectiveness of the Semi-UOT approach, highlight-
ing its robustness and practical relevance.

4 ANALYSIS ON
BURES-WASSERSTEIN
MANIFOLD

Comparison with Related work. To highlight the
contribution of our work, the first part of this section
is to clarify the difference between this paper and other
highly related works.

1. Broader more than [Chewi et al. (2020) and
Altschuler et al.| (2021)), we generalize the barycen-
ter objective to the SUOT framework, which re-
covers the classical OT problem of them as 7 — oo
while preserving dimension-free convergence. Our
main contribution is to establish explicit conver-
gence guarantees for Riemannian gradient meth-
ods over an expanded class of barycenter problems.
The technical challenge arises because the SUOT
closed form is substantially more complex and non-
symmetric compared to OT, making smoothness
and convexity analysis as well as gradient deriva-
tion significantly harder. Unlike prior work, where
the gradient reduces to a simple derivative on the
Bures manifold (with the form 1WZ(A + tC, B)),
our setting requires handling minimization over
SPD matrices with nontrivial operations such as
matrix square roots, necessitating advanced tools
like Lyapunov’s equation.

2. In|Alvarez-Esteban et al. (2016), they proposed a
fixed-point approach to solve the standard barycen-
ter for Gaussians. Alvarez et al.’s approach is
based on equating the first derivative of standard
OT to zero at optimal points to derive equations
for the optimum. However, the closed-form expres-
sions for SUOT in Theorem and its first-order
derivative in Theorem are significantly more
complex than those in standard OT, rendering
such an approach infeasible in our case.

3. [Janati et al.| (2020) and [Mallasto et al. (2022])
derive closed-form expressions for unbalanced En-
tropic Optimal Transport (EOT) between Gaus-
sian measures. Specifically, |Janati et al.| (2020])
obtained a closed-form expression for unbalanced
OT solutions but relied on the dual form of the ob-
jective function. In contrast, our approach directly
addresses the primal objective function, resulting
in a shorter and more streamlined proof. Similarly,

Mallasto et al.| (2022]) used the dual form of the
objective function to derive solutions by solving a
system of derivative equations.

4. Our work and (Gazdieva et al.| (2024) can be viewed
as the first parallel efforts to introduce and study
SUOT for barycenters. Despite starting from a
similar problem formulation, the two works di-
verge significantly in terms of theoretical focus
and empirical goals. While their work then pur-
sues a solver with numerical approximation at
many steps and focus on applications, our work
concentrates on the geometric structure, deriv-
ing an exact closed-form algorithm and aiming to
fully develop the underlying theory. Additionally,
Gazdieva et al.| (2024]) is formulated on a general
measure framework, while our work specializes to
the case of Gaussian measures. Our restriction to
Gaussian measure indeed does not diminish the
generality or applicability of the problem due to
the universality of Gaussian distribution in the real
application. In the theoretical aspect: their work
provides theoretical support via a dual formula-
tion by constructing an appropriate dual function
and recasting the original problem into a max-
imin framework. However, due to the generality
of their setting, neural network parameterization,
and stochastic and heuristic components of their
algorithmic design, they do not provide a rigorous
proof for the convergence. Meanwhile, our work
develops a Riemannian gradient descent method
in Bure-Wasserstein manifold, and we provide a
linear convergence rate to optimal solution. More-
over, the experiments in (Gazdieva et al., 2024])
are designed to demonstrate the effectiveness of
SUQT barycenters for downstream tasks such as
generative modelling. Our experiments, on the
other hand, focus on the optimization behavior
and training dynamics, serving primarily to sup-
port and validate our theoretical results.

4.1 Semi-Unbalanced Optimal Transport has
a Closed-Form Expression for Gaussians

Agueh and Carlier| (2011) showed that the normal
Wasserstein Barycenter of Gaussians distributions, for
f5 cost is also a Gaussian. In our work, we also demon-
strate a similar result for SUOT-based Barycenter.

Theorem 4.1. Let (a;), be zero-mean Gaussian
distributions in R? which have covariance matrices
(). Let 5 € S4, be a SPD matriz. Consider the
SUOT-based Barycenter problem in Equation

. 1= o
argmin L = — W. (ai, B,7),
BeP(Zs) M ; s
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where P(Xg) is the set of zero-mean probability distri-
butions in R which have covariance matriz Y5. Then,
B is itself a Gaussian.

The result of Theorem 4.1 states that within the family
of zero-mean distributions sharing the same covariance
matrix, Gaussian is the optimal solution. In subse-
quent development in this work, this does not impose
an additional covariance constraint; rather, it shows
that for whatever covariance the SUOT-barycenter op-
timization selects, the optimal distribution within that
class is necessarily Gaussian, which justifies narrowing
the problem to the Gaussian family. From a techni-
cal perspective, this result asserts that the Gaussian
form of the barycenter is preserved when the Kull-
back-Leibler (KL) divergence is incorporated into the
formula. This holds because the minimum of the KL
divergence, given specified means and covariance ma-
trices, results in a Gaussian distribution. We give the
proof for the Theorem in Appendix [A]

Then, Theorem [A.2] below shows the closed form for
the solution of problem in the case of Gaussians.

Theorem 4.2. Consider two Gaussian measures
with masses in RY: o = moN(a,X,) and B =
mpgN (b,Xg). Assume that ¥.,%Xs are SPD matri-
ces. Consider minimization problem . Assume that
optimal solution m* is a positive measure such that

T = m,T with T is a probability measure with mean
(ag, b) and covariance matrix

5, = .
< Kly B

We denote
Ty iy o}
Sar =ld+ 255", Tayrs = T TarT5 7,
2 = Tld4 it (|d+(|d+Tz )%)
Y 2 9 a,T,3 a,T,B )
S1= 2505+ %2;’3’5 (1d+ (1d + 27%0,r,0)* )

1
Sy =tr(3,) +tr(Xg) +tr ([Ea,lr,ng} 2) ’
T — J
Sy = —2 log (det [2,57L ,x5'571]),
_ 2 _ T _ _
Su = (||Zakl5 +1) - 227k + Ixglmrieg)

o, 7o o,
7d

Ss; =(a—b)'Sy(a—b)— 5
T=8S,+8S3+8Ss.
Then, we find that
a, = E;le(b —a)+a,

Kyp=A, mg :maexp{_},
-

where A is a diagonal matrix containing singular values

11
of Eg Y2 in descending order. Moreover, for two cen-
tered Gaussian distributions a, 8 (mq =mg=1;a=
b =0), we have

W22$U0T(ZOU EB) = WQZ(EIa ZB) + TKL<Z:E||EO¢)7

Our proof is given in Appendix On the other
hand, we present a proposition linking our optimiz-
ers X, with ¥3 and ¥, through hyperparameter 7
in Appendix [E} In Theorem [£.2} m,, and mg are the
scales of Gaussian measures, when the scale is equal
1, we obtain a Gaussian distribution. It also becomes
apparent in the proof that SUOT distance between
two entities can be succinctly expressed as the sum of
the 2-Wasserstein distance and a KL divergence term.
In the same way, we could derive the closed-form for
sparse solution achieved by Semi-Unbalanced Entropic
Optimal Transport, which is given by adding a regu-
larization term KL (7|l ® ). In particular, we have
Theorem as follows.

Theorem 4.3. Consider two centered Gaussian mea-
sures in R? :

a=N(0,%,) and 3 =N (0,35).

Assume that ¥, X5 are SPD matrices. Consider min-
imization problem

WQQSUOTa(S(a’ B; T)
=minE, | X — Y|?+ 7KL (7, ||o) + 0KL (7]|a ® 8),
stmeM* (Rd X Rd) ,

where X, Y are independent random vectors in R® such
that (X,Y) ~ m,Y ~ B while 7 > 0 is regularized
parameter, and T, is the marginal distribution of the
coupling m corresponding to a. We note that Xngg =

5 0 ) ) .
( a dxd ) Assume that optimal solution 7* is
Ouxa Xp

a probability measure with mean Ogxq and covariance

matric
Yp = . .
( K5 g

Moreover, ¢ is small enough that all eigenvalues of
1 1

EEE% are not smaller than g. Denote

1 T+0_ 1
2a75,775—zﬁ2(|d+ 5 2a1>262.

Then we have

b0

K5 = £33 - 71d,
e Tt 1.5 —

Yo = Ng° {QZQ,ﬁm + 2Za,ﬁ,r,55] X%

[N

where S = [Id + (Id + (27 + 35)204,5,7,6)%] .
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The proof is given in Appendix We observe that
both hyperparameters, 7 and §, contribute to the struc-
ture of ¥,. In terms of the structure of the paper,
theorem serves as a theoretical extension that com-
pletes the concept of SUOT and provides a foundation
for its variants, such as those incorporating negative
entropy.

Under the restriction of theorem 4.1} theorem [.2] be-
comes essential, as it provides a closed-form expression
for SUOT when «, 8 are Gaussian. Together, they form
the theoretical foundation for analysing the structure
of the barycenter of the a;’s and for developing the
latter methods which are the main contributions. Next,
we will present our algorithms: Exact Geodesic Gradi-
ent Descent and Hybrid Gradient Descent, which focus
on updating the covariance matrices of the barycenter
for centered Gaussians. Without loss of generality, we
assume that all weights are equal.

4.2 Exact Geodesic Gradient Descent for
SUOT-based Barycenter

We first show in theorem {.4| that W3, (a,f,7) has
a closed form for its Wasserstein gradient on Bures
manifold, then it is more precise to apply Riemannian
Gradient Descent on SPD manifold for our barycenter
problem.

Theorem 4.4. Consider W3, (3q,%5,7) where
Yo, T are fizred and X5 is seen as the variable. Then the
Wasserstein gradient of W3 (34, g, 7) with respect
to ¥g on Bures manifold is formulated by

1 3 2
21d — (22;}7 +5U+ TM)) + 57T+ %(P +Q),

where

1
~ _1 —172 _1 —1112
Spar = {[Ea,azgzaf;} +r[2a,%zgza}}} ,

_ 1~ _1
M=%,2%; %2

BT

U=3. 5sM+ MSs5; "

1 1l 13
V= [ld + 752,55 2377} :
P=%;'S8.[ld+ V] 52,55
Q=3%i.[ld+ V] 'wi,n2

This directly leads to the subsequent formula for a
condition of barycenter of {2,,}!_; by summing the
first derivatives of the components. The proof is given
in Appendix[C] Consequently, thanks to the closed form
of the Wasserstein gradient, we derive the details of the
Exact Geodesic Bures-Wasserstein Gradient Descent
used to solve the SUOT-based Barycenter problem, as
presented in Algorithm 1 with the initial point ¥ 50
and learning rate 7.

Algorithm 1 Exact Geodesic Bures-Wasserstein Gra-
dient Descent

Require: P = {N(0,%q,)}7
for k=1,...,T do
(k) _ 2 (k—1)
Gi” =2ld + 375

N©,50),7,T,

1 1
k 3 nk—1) =173
M® = zaﬁ,[z;’aim 'y 2
Ui(k) _ E;ilyfzgkfl)M;k) Jr]\451@2231%1)2;‘1)T
G =1y 257) 0+ LU + T
1

1 1
k 3 k—1)1—1s23
Vi = [+ 22, L =501 8s, L 2
1 1
k k—1)1—153 k)] —1s3 k—1)1—
T L i o N | Al I F I 0l
1 1
Q) =& [0+ ViV TISE L)
k n K k
G = 1m X (P + Q)
: k k T k
6 =y (G - G + )
ch) _ G(k)zgc—l)G(k)
: 2 (k—1) 2
if HW2$UOT (P’Eﬁ )_W2SUOT
Output: Xg = Eﬂk which is the solution of the barycenter

(’P, Egc)) H < € then

problem.
end if
end for
Output: X3 = EB(T) which is the solution of the barycenter

problem.

Remark 1: Our consideration focusing on centered
Gaussians does not lose the generality. In fact, the
update equation for the descent step decomposes into
two parts: one for the mean and one for the covari-
ance matrix. However, the updated equation for the
mean is straightforwardly inferred from Theorem
Specifically, by denoting

M, = (||2;_17Hi + 1) Id—2x;l +—n7! yoinst

iy X 2 (X} K3 (2]
then taking the first derivative of W3, _ = with respect
to b is equivalent to taking the first derivative of (a; —
b)T M;(a; —b) with respect to b, which is —2M;(a—Db).
Summing over («a;);_, yields

b= (om) (3 0

Theorem 4.5. Suppose we apply FExact Geodesic
Bures- Wasserstein Gradient Descent Algorithm with
starting points Eg)) € Kujpp =12 € Si+|% <
Xi(X) < p Vi=1,...,d} for fixzed p with learning
rate n and all the updated matrices lie in Ky,
then the algorithm converges to an optimal solution
Y. Moreover, we have convergence guarantees at k-th
iteration

D (zgk)) < <1 -

where D (ng)> =1L (ng)) —L (EE) is distance from
objective function L(-) at k-th iteration to the optimal
value.

k
p(p? +27p)? P
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iy

Figure 1: Overview of hybrid updated iteration

We give the full proof in Appendix The condi-
tion on the set K/, , is natural in the context of
finite distributions and is also employed in |[Altschuler
et al. (2021). The proof hinges on showing that
W3 op (@, 8,7) is 1-smooth on the Bures manifold and

7_2

(p? +27p)3/2
lishes the algorithm’s geometric convergence, with the
added novelty that the convergence rate is dimension-
free, extending the conclusion in |[Altschuler et al.
(2021). From the bound in the result, we see that
a good choice of learning rate is n € (0,d] such that
872n(1—n)
p(p2+27p)3/2
reasonable learning rate here does depend solely on the

data condition number p and contribution of KL di-
vergence T, notably does not depend on the dimension
d.

-strongly convex. Our Theorem [4.5|estab-

€ (0,1). It is worth emphasizing that a

4.3 Hybrid Algorithm for Barycenter UOT

Although Algorithm 1 is precise and theoretically
grounded, computing the exact gradient becomes cum-
bersome if we modify the objective for different mod-
elling scenarios. Even small changes may require re-
deriving lengthy and delicate expressions. This moti-
vated the development of Algorithm 2, which is con-
siderably more flexible. This idea is motivated by
Chewi et al| (2020) within the context of detecting
robust terms. Our algorithm has two alternate steps:
one step is to find the minimizer under the regulariza-
tion of the KL divergence, the other step is to apply
the Riemannian Gradient Descent as in the work of
Chewi et al. (2020). Figure |1| demonstrates the step
in Algorithm 2: lines 3-7 perform the extraction step,
while lines 8-10 update the barycenter covariance using
Chewi’s method. Formally, given set of SPD matri-

ces {Xq,};—, and a starting point E(ﬁo); at k-th up-

Algorithm 2 Hybrid Bures-Wasserstein Gradient De-
scent

Require: P = (N(0,%4,))} . N(0,54), T, ¢
for k=1,...,T do
fori=1,...,n do

S0, = (570) 7 (o gm3) o)

s®=zia+4 (s870) 7 [id+ (1d+ 208D )%]

a;,T,B a;,T,B

(k) (Egc—m)*% (wanB)*l (k) (2?71))
Ti QT Vi
end for : .
s = [(22’“*”)7 LY (22’“*”)5 }w —1,...,n
Rt 2 k3

1 1 1
st = 1 o sF-D)T2 (gk-1)2 (w(k-1)) 72
Eg’“) _;(k>2;}(1>g<k) ) ( By ) ( B )
if HWQQSUOT (P’ E(ﬁkil)) 7W2ZSU()T (73, E(Bk)> H < € then
Output: g = Eg")
problem.
end if

end for
Output: X5 = Zﬂ(T) which is the solution of the barycenter

N

which is the solution of the barycenter

problem.

date E(k), we first find ng) which are minimizers of
W2 (=X, 50) + rKL(EY|S,,) through Theorem

Then given (E(f)) , we find Zgﬁl) as Wasserstein

Barycenter of thenri._1l“heoretically7 the scheme of Hy-
brid Bures-Wassertein algorithm could be seen as a
Block Coordinate Descent on SPD Manifolds [Peng and
Vidal (2023)). In every iteration, the total objective
function decreases, so we will arrive at a solution.

Note that our algorithms rely on closed-form computa-
tions, and even minor changes to the objective require
significant derivations. theorem[f.3 makes these adapta-
tions more accessible, allowing practitioners to replace
the update of X, in Algorithm 2 with the expression
in theorem [£.3] to obtain an algorithm for Entropic
SUOT.

We provide theorem as a guarantee for finding the
optimal solution of Algorithm 2.

Theorem 4.6. Suppose we apply Hybrid Bures-
Wasserstein Gradient Descent Algorithm with start-
ing points E(BO) € Kpjpp =12 € Si+|% < N3 <
p Yi=1,...,d} for fized p and all the updated matri-
ces lie in Kp1/,,,), then the algorithm converges to an
optimal solution.

The full proof is given in Appendix [D.3] employing a
flow similar to Block Coordinate Descent. This result
is meaningful when considering a scenario where we
have contaminated Gaussian data, denoted as Y., and
assume the true underlying data follows a Gaussian
distribution, .s. Intuitively, it is preferable to recover
the true data before performing calculations on it.
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Figure 2: 2D Contour Plot Gaussian Mixture Distribution. From left to right: two Gaussians with their barycenter
(blue); noise is added to one Gaussian on the left, creating a mixture of Gaussians; normal Wasserstein Gaussian
Barycenter (green); SUOT-based Gaussian Barycenter (red).
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Figure 3: Loss on L(X3g) through iterations with different step sizes (0.1; 0.25 and 0.5). (Top): red: Hybrid
Gradient Descent, blue: Exact Geodesic Gradient Descent, orange: Auto-Geodesic Gradient Descent, green:

Auto-Geodesic Gradient Descent with Momentum. (Bottom):

Geodesic Gradient Descent.

5 NUMERICAL EXPERIMENTS

In this section, we provide numerical evidence regard-
ing our presented SUOT-based Barycenter with normal
Wasserstein Barycenter, as well as some ablation stud-
ies on optimization methods. To generate a sample
of the SPD matrix, we suggest the strategy in
(2020). Let A; be a matrix where entries are
i.i.d. samples from AN(0,02%). Our random sample on
the Bures manifold is then given by taking a sym-
metric version of A; as #, then applying matrix
exponential function expm(A) : % — S%, to this
symmetric version. Particularly, if Pdiag(\,)P " is
the SVD decomposition of A, then

expm(A) = Pdiag(e™)P".

: Mini-Hybrid Gradient Descent, blue: Exact

Figure [2a] compares the standard Wasserstein Barycen-
ter with our SUOT-based Barycenter in the presence
of noise. The experiment uses two 2D Gaussian distri-
butions. The first subfigure shows the clean Gaussian
distributions and their barycenter. In the second subfig-
ure, noise is introduced to the left Gaussian by comput-
ing a weighted sum of its PDF with an outlier Gaussian,
resulting in a mixture of Gaussians. We approximate
this mixture of Gaussians by a Gaussian with an esti-
mated mean and covariance matrix for the experiments.
We plot the barycenter of the contaminated measure on
the left and the clean measure on the right using both
the SUOT-based method and the standard Wasserstein
method from |Chewi et al.| (2020). The third subfigure
depicts the standard Wasserstein Barycenter, which
diverges from the true barycenter shown earlier. In
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contrast, the fourth subfigure presents the SUOT-based
Barycenter, which closely aligns with the true barycen-
ter despite the noise. The results demonstrate that the
SUOT-based method is less affected by noise, yielding
a barycenter that better represents the original one.
Quantitatively, the Wasserstein distances from the true
barycenter are 0.2673 for the standard method and
0.06 for the SUOT-based approach.

For the optimization study, we implemented five Rie-
mannian Gradient Descent methods and examined the
behavior of the loss objective over iterations. These
methods include: Ezact Geodesic Gradient Descent
(Algorithm 1); Hybrid Gradient Descent (Algorithm 2);
Mini-Hybrid Gradient Descent, which modifies the Hy-
brid Gradient approach by updating ¥z with a one-step
update as described in |Chewi et al.| (2020)), rather than
performing a complete barycenter calculation; Auto-
Geodesic Gradient Descent, in which the Euclidean
gradient VF(X) is automatically derived using the
PyTorch library, while the Riemannian gradient is ap-
proximated by 2 (VL(E)Z + (VL(E)Z)T> Han et al.
(2021); and Auto-Geodesic Gradient Descent with Mo-
mentum which incorporates momentum. We generated
a dataset comprising 50 centered Gaussians in R, using
diagonal SPD matrices for the covariance matrices to
ensure efficiency and tractability. Figure [3a] illustrates
the convergence of Gradient Descent on the Bures man-
ifold. The step sizes selected were 0.1, 0.25, and 0.5 for
the various methods; however, for the Hybrid method,
the step size was set to 1, as each iteration involves
finding a barycenter through the complete process out-
lined in |Chewi et al.| (2020)), indicating that step sizes
do not influence convergence. Each run began with
a fixed Y30 € Sff_ + and employed the same stopping
condition. All the optimal solutions in this part are
computed using the Pytorch library. All the exper-
iments are conducted on a server with 8 GPU Tesla
v100-sxm2-32GB RAM.

We divide the figures into two sequences for the follow-
ing reasons: At the top, we aim to demonstrate the
consistent convergence rates of our Algorithms 1 and 2
in practice, as well as highlight the importance of com-
puting exact Riemannian gradient in Theorem [£:4] At
the bottom, we compare the reduction in the loss func-
tion achieved by a single downhill step using our gra-
dient in Algorithm 2 against the gradient from |[Chewi
et al.[(2020). From Figure 3, we make the following
observations: (1) For different step sizes, the objective
values of our methods (Exact, Hybrid, and Mini-Hybrid
Geodesic Gradient Descent) consistently identify a de-
scent direction and converge quickly to a solution. This
behavior is not observed with the standard Riemannian
gradient descent using auto-approximated Wasserstein
gradients, as they initially approach a near minimizer

but subsequently diverge. Note that these methods do
not arise from our algorithms; rather, they reflect what
occurs in the absence of theorem [£.2] and theorem [£.4]
which guarantee a correct Riemannian gradient. (2)
The Exact method, when the step size is increased to
0.5, converges more rapidly in terms of iterations com-
pared to the Hybrid method, and the overall runtime
is significantly faster (5.10 seconds per iteration on
average compared to 170.03 seconds per iteration on
average). (3) Across various step sizes, the downbhill
step taken by our Exact method results in a more sub-
stantial decrease in the loss function compared to the
vanilla approach.

For practical use, we recommend Algorithm 1 when
computational efficiency is the priority, as it offers faster
runtime. Algorithm 2, by contrast, provides a more
flexible framework for modifying the objective for differ-
ent modelling purposes. And to avoid the sensitivity to
the chosen step size with Descent methods, we suggest
using an adaptive step-size strategy; which means that
we start with a large value of step size to accelerate
convergence in the early stages, then whenever the loss
function tends to increase, the step size is gradually
reduced by multiplying it with a factor less than 1 (e.g.
0.8). This adjustment helps maintain stability while
ensuring efficient convergence. Additionally, we present
the performance of the Stochastic Gradient Descent
version of these methods and include an ablation study
examining the relationship between the SUOT-based
Barycenter and the parameter 7 in Appendix [E]

6 CONCLUSION

This paper introduces a new approach to barycenter
computation using Semi-Unbalanced Optimal Trans-
port (SUOT) for contaminated Gaussian distributions.
Building on the closed-form expression for the SUOT
distance, we propose two barycenter computation meth-
ods on the SPD manifold, which are shown to converge
consistently through theoretical analysis and experi-
ments. Our work contributes a novel closed-form dis-
tance and its derivative on the SPD manifold, enabling
manifold-based tools for broader applications beyond
barycenter computation. However, our experiments do
have certain limitations related to synthetic datasets,
which we plan to address in future work. There are
several potential directions for applying the SUOT-
based barycenter framework, as in generative modelling
Gazdieva et al. (2024), where it enables conditional
sampling from the barycenter, allowing for the genera-
tion of images that reflect specific attributes or features
based on input conditions, and handle imperfect data
and class imbalance at a large scale.
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Overall, Appendix [A] gives the proof for Theorem about the Gaussian form of the SUOT-based Barycenter.
Appendix [B] contains the proofs for key theoretical results about closed form in Theorem [{.2] and Theorem
[4:3] alongside supporting propositions and lemmas. The proof for the closed-form of the Wasserstein gradient
(Theorem is given in Appendix [C| Appendix |§| presents convergence guarantees under specific conditions, as
Appendix provides a detailed derivation of convergence for the Exact Geodesic Gradient Descent algorithm
and Appendix discusses the Hybrid Bures-Wasserstein, which are central to the numerical methods proposed
in the paper on the Bures-Wasserstein manifold. Appendix [E] includes the ablation study on the impact of the
parameter 7 on the SUOT-based Barycenter, as well as comparisons with standard Wasserstein Barycenter.

A Proof for Theorem 4.1

First, we have the following Proposition.

Proposition A.1. Let ¥, and %y be two positive definite matrices in R%. Consider the problem

inf W2(u,v),
HEP(X1),veEP(X2) Q(H )
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where P(21), P(X2) be the set of zero-mean probability distribution in RY having covariance matriz 1, 3a,
respectively. Then, the result of this optimization of this problem is tr (21 + 3o — (21/22221/2)1/2), and the

problem admits optimal solution.

Proof. The Wasserstein distance can be written as

W2(pu,v) = inf  E[|X]|?] +E[|Y EX'TY
2(wv) = inf E 1] +E[IY]*] - 2E[X "Y].
We have E (|| X||?) = tr( ) and E (||Y[|?) = tr(32). To find the supermum for E[X Y], let ULV " be the
SVD decomposition of $753. Let X = UTS;Y2X,V = V5,2V, then X = £Y/2UX,Y = £Y/?V¥. The
covariance matrices Of X is
EXXT)=EU s’ XX s 2u) = EU T s8] 5720
E[UTU] = Id,

and similarly, E[Y'Y "] = Id. On the other hand,

d
EXTY]=EXTUTS?8)/?VY] = E[XTSY] = Y \(S)E[X,Vi].

i=1

The third equality arises from the fact that we can express X ' 2V = ch'l:1 XTY,Y, where ¥; is a matrix filled
with zeros except for the ii-th element, which is \;. By Cauchy-Schwarz inequality, we have

d
~ ~ - 1/2
3 N(DEX,Y] Z ( [Yf]) —tr(D) = tr ((2}/2222}/2)1/2) .
i=1 i—1
Since E[XX ] = (E[X;X/])ix; and E[XX ] = Id, this implies E[X?] = 1 for all i (similarly, E[Y;?] = 1), leading
1/2
to the second equality. The final equality happens due to tr ((21/22221/2)1/2> =tr ([Ei/QZém(Z%/zZ;ﬁ)T} )
which equals to the sum of singular values of El/ 2 ;/ ’. The equality for Cauchy-Schwartz occurs if and only if

X, =Y (a.s), that mean X=Y, or Uursy V2x = VTZ_l/zY. Particularly, in the case of Gaussian, i.e. p follows
Gaussian distribution, the value of v that minimizes the optimization problem is also a Gaussian distribution. O

This finding is consistent with the results presented in|Cuesta-Albertos et al.| (1996). Now the proof for Theorem
is given as follows

Proof. Suppose that /3 be an optimal solution of Equation , then from the form of SUOT distance, there exists
probability measures (Z;);_, such that

- 1l e
B, (&);_y = argmin Z; W3(8,2:) + TKL (x| ).

Let 8%, (z);_, be the Gaussian probability measure having the same mean and variance as 8, (Z;);,, respectively.
Then, using Lemma 3.3 [Le et al.| (2022) about KL divergence minimum and Proposition we achieve

W2(B*,x2) < W2(B,%;), and KL(x!|a;) < KL(Z;]|ov).

The equalities hold if and only if Z; is Gaussian measure, which implies that B is also a Gaussian measure. Thus,
we can conclude that the optimal solution of Equation is Gaussian measure. O
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B Proofs for Theorem 4.2 and Theorem 4.3

B.1 Proof for Theorem [4.2]

Before giving full proof for Theorem we state some necessary lemmas:

Lemma B.1. Let @ = moN (0,%,) and 3 =mpN (0,%5) be scaled Gaussian measures while & = N (0,%,) and
B=N(0,23) be their normalized versions. Then, the generalized KL divergence between o and 3 is decomposed
as

KL(al|8) = moKL(al|3) + KL (ma[mg)

Proof. Let f(z,%,) and f (z,X3) be the distribution functions of N (0,%,) and N (0, X3), respectively. We
have

KL(a)3) = [ tog (Zeh2e) da(e) - mo +ms

_ f (.Z‘,Za) _ Mea
= /Rd log (W) meda(z) + log (mg) Mo — Mo + Mg
= moKL(a|[5) + KL (ma|[mg) -

) is given by

R )}

Moreover, the expression for KL(a/|

O

Lemma B.2. For positive constants a, 7 and Y, the function

f(z) = Yo 4+ 7KL(z||a)
attains its minimum at x* = aexp {%}
Proof. By taking the derivative of f(x), we have
f'(x) =T + r{log(x) —log(a)}.
Solving the equation f’(z) = 0, we obtain
¥ = exp{TlOg(a)_T} = aexp {_T} .
T T

O

Now we are ready to give the proof for Theorem [4.2

Proof of Theorem[.3 Recall that 7 is a positive measure such that 7 = m,7 with T is a probability measure
with mean (a,,b) and covariance matrix
Yo Eac KxB
K B )

Here the two marginals of T are denoted by 7, and 7, where T, has mean a, and covariance matrix X, while
7, has mean b and covariance matrix >, = ¥3. Let 7, and 7, be two marginals of 7, then 7, = m,7, and
Ty = M;Ty. Note that by our Proposition and Lemma 3.3 in Le et al.| (2022)), 7 needs to be Gaussian. We
also have

E.||X - Y|2 = m. {||ax — b2 tr (,) +tr (Dp) — 2tr (K, )} .
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According to Lemma
KL (7, ||a) = mKL (T ||@) + KL (mx||mg) -
Combining the above results, the objective function between o and £ reads as

. 2 — ||=
Wiio(o i) = min  mo {llae = B3 + tr (%) + tr (Sg) = 2t () + 7KL (7 [@) | + 7KL (mallma)

Denote
T = [la, — b5 +tr (Z,) +tr (Xg) — 2tr (K,5) + 7KL (7. ||a) .

Due to the independence of T with m,, we could minimize T then find m..
Minimization of T: For the KL term, due to Lemma [B.I] we have

7KL (7, ||@) = % [tr (221%,) — d + log (d“@“))] + T (a,—a) 21 (a, — a).

det (X,) 2 @
Now Y reads
T _ det (2,
T =tr(Z;) —2tr (Kup) + 5 {tr (EalEx) + log (detizzi)] + ||laz — b||2 +
d
5 (e —a) 27 (a, —a) +tr (Z) - -

Means part: We first work with the terms involving a,. Let a, —a = a,, then

las — bllg = [la; +a— bHS
= ||&,[|* + 28, (a—b) + [la — b]3.
Hence, sum of all terms which include a, is equal to

TNT 1~
§aI Zoz ag.

Tab = a5 + 23] (a - b) +[la— bl +
Taking derivative according to a, and set equation to 0, we have
2a, +2(a—b) +715,'a, =0,
which turns into
(Id + %2;1) a,—b-a
Denote £, = Id + %Z;l, we obtain
a,=3%,.(b-a),

then a, = X% (b —a)+a. Pull it back to Ta gives

Tapr = (a—b)" {(HE;}THi + 1) ld— 25" + %2—1 z;lz;}T} (a—b).

Covariance matrix part: The second part is to group all factors of ¥, and Kz , which is
Ty = tr(8,) = 2tr (Kop) + 2 [br (2775 — log (det (2,))]
_ Ty-1Y)) _ _T
= tr (zm (ld +3%; )) 2tr(Kp5) —  log (det (,,))

= tr (ZpSar) — 2tr(K,5) — glog (det (2,)) .
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First, we embark on the task of maximizing tr(K,3) while fixing ¥,. Note that matrices ¥, K;3 must satisfy

by K
condition that covariance block matrix ( K% Ew; ) is SPD. This can be equivalently expressed as
zpB

15T
S, — KosB5 Ky = 0
e - (5K, (50 KD ) =0,

1 1
By denoting X, * K;3Y, % as H, this condition can be reformulated as

Id— HH' = 0.

1 1 11 1_1\d
Noting that K,5 = S2HS2, it follows that tr (Kys) = tr (Hzgz,;%). Let (Ai(zgz;)) and (\;(H))L,
i=1

11
represent the singular values of X 52z and H in descending order, respectively. Applying von Neuman inequality,
we get

¥z X2

@
"%w\»-l
RN
»mw

The second inequality is a consequence of the Lemma 3.4 in [Le et al.| (2022)), which states that all singular values

1 1 11
of ¥ ? Kyg¥ g~ lie between 0 and 1. Additionally, if we consider the singular value decomposition UAV of X 52
we can choose H = VTUT, satisfying the condition for H mentioned earlier and

wr (HRSE) = tr(n) Z)\ (2252).

It confirms that when Tx achieves its maximum value, tr(K,g) corresponds to the sum of all singular values of

11
b)) E >z. In such a scenario, we obtain

zng]i) - %log (det (2,)).

@ ol

T = tr(SuSar) — 2tr([z

[N

~ 1 1 1. 1
Let us define ¥ = (Zé EzZE) , which can be expressed as 3, = Eﬂ 2 EQZﬁ 2. Consequently, we obtain

(S Pa,r) = tr (525,750,557 ) = tr($250,7,0).
Additionally, we have

det(2)2

det(%,) = det(S5)"

Now T turns into

= < T det ()2
Ts = tr ($250,5.5) = 2tr(%) — Z1og (5 15v)-
n=tr .8 r(X) -5 og(det(zﬁ))
Note that ¥ is symmetric, so there exists a diagonal matrix A that % is similar to A (which implies ¥2 is similar
to A% Assume that A = diag(\;(X))L; which is decreasingly ordered and (\;(Z4.,.5))%; are eigenvalues of
Ya,8,r in ascending order, by Ruhe’s trace inequality

d
tr (f]QEamg) > > N i1 (Ba.rp),
=1
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where the equality holds when ¥2 and Y8, are commuting. The optimization part now is calculated on
eigenvalues of A, because

Ty >

d d
N () i1 (Bars) =2 Mi(E) — 7log <H Mi))

r=1

1= i1

<
Il
—

(A1 (Bar )22 (E) = 20(8) = rlog (M(S)) ).

Consider the function
f(v) = uww? — 2v — 7log(v).
Take the derivative and set it to 0, we get

Quv? —2u — 7
)
v

14+v/142ur
2u

which has unique positive solution v* = . It verifies that, to attain the minimization of Ty,

M) = 14+ /14 27X —i41(Za,rp)
’ B 2>\n7i+1(za,‘r,ﬁ)

This results in the following expression

S _ 14+ VT 2rh e (S s
Y is similar to A := diag < * \/2)\+ T B ‘H()“v 5)> ]
n—i+1\~a,7,5

Since ¥ and Ya,r,p are commuting, the eigenvalue of ¥ can be computed from the eigenvalues of ¥, ; g, we get

1
2

2 Ea7ﬁ+ |:Ea76+272a7'5i|
The equation 2u(v*)? — 2v* — 7 = 0 deduces that (v*)? = % + 5. Hence, we yield

Sx12
=7 = 22a76+2 22 llat (d+2r2a ).

That leads to the formula for X,

2 1
L 22a75{ld + (id +2szﬁ)2ﬂzﬁ

=

_1
ZI:EB E

For the shake of simplicity, we denote

[NIE

S, = Zld+ Z‘QTB{Id—i—(Id—i-%ZaTB)

)

then

NS S

1
arpirag’

At this optimum, the function Yy takes the value
1
1 - -
Ty = tr(D,) — tr ([2017/32 ]) ~ 5 log (aet [,232 5=5']).
and

Y= tr(S,) +tr(Sp) —tr ([zaiﬁz }) — 5 log (et [=,232 5251521

+(a-b)T {(||2;}T|\§ + 1) ld— 257" + 52;}72;12;17} (a—b)— %d.
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Calculation of m,: Recall that in order to find m,, we minimize
m; T + 7KL (my||ma) .

Considering the mentioned Y. As per Lemma [B:2] we obtain the value of the optimizer m, as

My = My €XP L —
-

WQQSUOT(a,ﬂ,T) = Tmg <1 — exp {;}) .

Hence, we have thus proved our claims. In the preceding proof, the optimization of the trace operator using K,

and final objective function value

11
is not constrained to a single choice. An alternative option involves utilizing Y2 % [’;’ or the geometric mean of X,
and X3. Additional details are in Lemma

Lemma B.3. Given SPD matrices A,B € Sj‘lH_. Moreover, A and B have the same unitary matric in SVD
decomposition i.e. A= SA2ST B = SA3ST. Then we have

tr([A3 BA%)?) = tr(B} A}).

Proof. We note that

It follows that we need to prove

We have

Thus, we get
tr (A%B%) = tr (A1 As).

Furthermore, we have AB and A?A3 have the same set of eigenvalues. It gives

d

tr ([AB] ) - z:l: A (14B2) =30 n (13032 = tr (Asha).

i=1

Then we deduce that

O

Now to see the final expression, from [Altschuler et al.| (2021]), we have Wasserstein distance between Gaussians

a=N(a,X,),8=N(b,2s) as

2 2 % % %
W2 (o, B) = |la— b|2 + tr (za +Y5 -2 [zazﬁza} ) .
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Next, with the assumption that m, = mg, the SUOT distance reads

WQZSUOT(a,ﬂ; 7) := min ||ax — b||§ +tr(X,) + tr(Xg) — 2tr(Kyg) + TKL(7, || ).

1 1
From Lemma at the optimal solution, the term tr (K,3) takes the value tr([EE Y X ] 2). This leads to

@

WQQSUOT (o, B,7) = W22(7Tx, B) + 7KL(7: | Xa)-
As a consequence, we obtain the full conclusion of the theorem. O
Upon to this formula, we have the results that our UOT distance is bounded by Wasserstein distance.
Proposition B.4. Giving two centered Gaussians «, 3. There exists a positive constant &, that we have

57'W22(Za7 Eﬂ) < WQZSUOT (Eaa Zﬂ) < W22(EOH Zﬁ)'

Proof. The second inequality is straight forward while the first inequality happens due to Talagrand inequality
Otto and Villani (2000), we have KL(X,[Zq) > $§W2(2,, Za) for a constant £. It leads to

W225UOT (ZOH Zﬂ)

=Wi(Zs, 25) + TKL(Z,[|Za)
T

W (S, %0)

} (W5 (50, 58) + W3 (32, 54))

> W22(Zxazﬂ) +

> min{l,g
2
min 1,gi
2¥(Wg(zm,zﬁ)+wz(zz,za))2
- min{l,%}
\4_/
&r

WQQ(EQ, 25)

B.2 Proof for Theorem [4.3

Proof. We follow the proof of Theorem to obtain the explicit form of the minimizer and objective function.
Here the two marginals of 7 are denoted by 7, and 7, where 7, has mean 0 and covariance matrix >, while
7Ty has mean 0 and covariance matrix 3, = ¥3. Let m, and 7, be two marginals of 7, then 7, = m,7, and
Ty = Mm;T,. We also have

E.||X - Y2 = m,r{tr (Za) +tr (Z) — 2tr (Kap) }
According to Lemma
KL (m2[la) = ma KL (T |[@) + KL (mx|/ma)
KL (m,]|a ® B) = mzKL (7,||@ ® B) + KL (mx||mamg) .
Combining the above results, the entropic objective function between « and 3 reads as

Waom a(:5i7) = ma {tr(S) +tr (Z) — 2tr (Ku) + 7KL (7. [|@) + 6KL (l[@ @ 5) }

min
TEMH (R xRA)
+ 7KL (mr||ma) + 0KL (my||mamg) .
Denote

T =tr(3,) +tr(Xp) — 2tr (K,5) + 7KL (7, ||@) + KL (7la® B) .
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Due to the independence of Y with m,, we could minimize Y then find m,. For a fixed T, take derivative
according to m, of

mxY + 7KL (mx|/ma) + 6KL (my||mamg) .

and set equation to 0, we obtain the value of the optimizer m, as

(T
My = mamB exp (7_—’_5) .

Minimization of T: For the KL term, due to Lemma [B.I] we have

KL (7, @) = % [tr (37'%,) — d+ log (j‘;gi;)]
K () = [ (5775 - o (500220 ) | - S s -,

—1 1
where (A;(H)) is the i-th largest singular value of H := ¥, * K35, * for all i € [d]. Now T reads

(r+9) det (X4) (t496)d
5 — —_

d
T =tr(X,) — 2tr (K,3) + {tr (23'%;) +log <det (§$) )] - g Zlog (1—XN(H))+tr(Xg) — 5

11
First, we embark on the task of maximizing tr(K,s) while fixing ¥,. Noting that K,5 = £z HX3, it follows
11 1 _1\d 11

that tr (Kyg) = tr (HEE I ) Let (/\i(Eé DI )) represent the singular values of ¥3%2 in descending order.
i=1

Applying von Neuman inequality, we get

d
tr(Kap) < ) Ni(B2%2)\(H).
i=1

Now our task turns into maximizing
d 11 1)
3 [2&» (2525) N(H) + 5 log (1= A(H) |.

=1
1 1
Consider the function f(\;(H)) = 2\; (z : 2;) Ai(H) + Slog (1 — A;(H)). Taking derivative and setting it to 0
we get

0 1 0
-V =0 <~ )\z(H):l_il

;

Note that due to Lemma 3.4 [Le et al.| (2022)), all values of A\;(H) should be in interval [0, 1]. Hence,

o=

11
o If )\ (Zé Z;) > % (equivalent to 1 — S E— 0), maximum value attains at

i (z 253 )

)
A(H) =1 - ———.
ax (m3m3)
11

o If )\ (Zé Ef) < g (equivalent to 1 — ——2%— < < 0), maximum value attains at

w(zix?)
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In conclusion
otherwise

In this proof, we assume that J is small enough that AJ(H) =1 — g)\i ! (E Y ) Vi. Since the equality of von

)
11
Neuman inequality holds when H and X2Y? are commuting, the eigenvalues of H could be calculated from

eigenvalues of Eé Eé; we obtain
dgtg-4
H=Id—- ZZ‘T Eﬁ ,
which gives
K,p—sixt i
zf = Hxr g T Z s
and
d
> log (1= Ai(H)) = log (I, (1= A (H)))
i=1
g(det(ld —H))
) 1 _1
—1og((4yhmt(zxzzﬂz)>
(5 1 1
= 2
= dlog(7) +log (det S )) +log (det (25 ))

In such a scenario, we care about minimizing
) +9 _ det (X
> + (T 5 ) [tr (Z'%,) +log< Ea )]

)] -
log (det (X)) — glog (det (E;%))
7d 4d )

8(7)-

o)) +log (det (=

—-é[dlog(g)-+log<det(2
(r —21— J) [tr (2513,) —

u(zm)—zu(zézg)
log (det(X2,)) — glog (det (Eﬁ 3 )) +tr(Xp)

~ 5 - g log

2

T+46

+
Letting $252 = 5, S50 = 557 (Id+ 25,1) 5,2 then
T =tr (E Eagﬂg> — 2tr (i) (t+ 5)10g (det( )) — dlog (det (Eg))

Td 0d 6

—7——log(4)

+ 2 0 [log (det(X4)) + log (det (25))} +tr(Xp)

The only left part now is minimizing
~ 3 ~
tr (E Y8 5) — 2tr (E) —(r+ 55) log (det (E))

Note that ¥ is symmetric, so there exists a diagonal matrix A that ¥ is similar to A (which implies ¥? is similar
which is decreasingly ordered and (A;(3q,4,- 5))d are eigenvalues of

to A?. Assume that A = diag (/\i(f]))?zl
Ya,8,r,s in ascending order, by Ruhe’s trace inequality

d
tr (Zapr0) 2 3 ME) Aiit1(Zapira),
=1
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where the equality holds when ¥2 and Y8, are commuting. The optimization part now is calculated on
eigenvalues of A

d

d
Z )\2 n H—l « [3,7',6) -2 Z )‘z(i) - (T + 26) log <H Az(i))

— r=1 i=1
2/ 3 S
=3 (M1 Bapr )N E) = 20(E) = (7 + S0 log (M () ).
i=1
Consider the function
f(v) = uv? — 2v — flog(v).
Take the derivative and set it to 0, we get

2uv? — 20— 0
v

:O’

1+\/ 1+2u

which has unique positive solution v* = . It verifies that, to attain the minimization of Yy,

)\(i) L+ /14 @21 +30)A—it1(Za,p,r5)
¢ 2Mn— z+1(E 7/377'75) .

This results in the following expression

~ _ 1 14+ 27+ 30)M—it1(Zas.r
Y is similar to A::diag( Jr\/ + 27+ 30)An—i11(Fap, ’6)>.

2An—it1(%a,8,7.5)
Since ¥ and Ya,B,r,6 are commuting, the eigenvalue of 5. can be computed from the eigenvalues of Ya.8,r,5, We get

Sk 1 -1 1 -
= 550 hs t 5 [Tadies (27 +30)27% ]

N

The equation 2u(v*)? — 2v* — 6 = 0 deduces that (v*)? = % + 2. Hence, we have

2 T -1 1

[i*] - §Za,5,‘r,6 + §Za B,7,0 {Id + (ld + (27— + 35)2(1’6’7’6) %}

That leads to the formula for ¥,

1
2

a2 g1+ (1d+ 2 +30) S0 p.7s) H P

[N

_ifr
Yo =2p" | 5Xaprs

Hence we complete the proof. O

C Proof for Theorem [4.4]

First we need these below lemmas
Lemma C.1 (Trace). Let A and B be SPD matrices of the same size. Then

1. w([AB)%) = w([BA]Y) = tr([A2 BAS]Y) = wr([BEABH] ),
we([(4B2 +r48)] ) = w({[42 A + r[a2Baz]} ).

Proof. For part (1), first we note that
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Thus, we get

1 1
The above equations also means that [AB] 2 and [A%BA%] 2 are similar matrices. That follows that their

1
2

eigenvalues sets are coincidence. Note that the eigenvalues of [A%BA%] are square root of eigenvalues of

[A%BA%]. Furthermore,
A*BA* = AZB2B3 A7,

Note that matrices UV and VU have the same set of eigenvalues. Hence, AzBA? and Bz AB? have the same
set of eigenvalues. Finally, all four matrices have the same sets of eigenvalues.

[N

For part (2), since the formula in part (a) between [AB]z and [A%BA%] , we have
(AB)? +7(AB) = A3[A3 BA?|’A™% + 7A3[A BAZ| A3
= ab{[atBat]? 4 r[a}Bal]}Ah,

It follows that

N|=

[(AB)2 + T(AB)} —A

[N
@
s
5

We deduce that

SIS
SIS

tr([(AB)2+T(AB)] ) :tr({[A%BA%]2+T[A%BA%]} )
O
Lemma C.2. Let A and B be two symmetric matrices of the same size. Then
Ologdet(A +tB) :tr(A_%BA_f)
ot t=0
Proof. Note that A+ ¢B = A% [ld + tA"3 BA~3] A%. Then
log det(A + tB) = log det(A) + logdet (Id + tA~2 BA™%)
d
= logdet(A) + Zlog (1 + 1\ (A’%BA’%))
i=1
Taking derivative with respect to ¢ of both sides
Ologdet(A + tB) B 4. N(ATEBATE) . d (A-tpa-t
ot ‘t=0_;1+tAi(A—$BA—§)‘t=0_;)\’(A BA7Z)
—tr(A"2BA"z).
O

The next lemma is about the Taylor expansion for trace of square root matrix.

Lemma C.3. Given B € SL, we define the Lyapunov’s operator L as:

£: St —st,
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where Lp[A] is the matric satisfying Lp[A]B + BLg[A] = A. Then let o and A be SPD matrices in S%

Nl

) = tr(zé) + 1ttr(ﬁ 1[A4]) + o(t).

tr([So + tA] Sr(L)

Moreover, we have

1 1
Proof. Assume that [So +tA]? = £¢ +¢X, then
So +tA =[S +tX]7 = S + t[SE X + X502 ] + £2X2
= A=¥2X 1 XTZ.

Then the Lyapunov’s operator produces X from ¥y and A is equal to X = Lz% [A]. We have

0

Nl

So A= X 45X,
_1

that leads to 3tr(3) ? A) = tr(X).

Now we are ready to give the full proof for Theorem [£.4]

Proof. Use the notation X, as an optimal solution to problem [{.2] Denote
by i]®
[zﬁzwzﬁ] =Y.
Since ¥, g and X, ;3 share the same set of eigenvectors, we have

|

1 —92 —1
Ew,,@ = 5204,7-,5 + 5 [Ea,r,ﬁ + 27—20«7,5}

=

The objective function W3, («,,7) is equal to
tr(Ss) —tr(Xa8) — ilog det(X,) + constant.
Let v(t) = ¥g_,, for ¢t € [0,1] be the geodesic on Bures-Wasserstein manifold from X3 to X, then
Sz = [+ (T, 5. — 1) | Sa[1d + ¢(Ts, 5. — 1d)]
=35 +t(Tp:Sp + XpTs:) + t*T3.S4Tp-,

where T, = Tx, ,», — Id. We consider the derivative of the loss function on the geodesic ~(t).

Derivative of tr(X3): By the above formula,

otr(Xs-21)
ot

o = 2tr(EﬁT52) = <2|d’Tf8Z>ZB'

Derivative of tr(2, g): We recall the formula of ¥, 5 as

1¢ B 13
() =t (3{Zaho+ [Ba 4 mil) )
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We deal with each term separately. We start with 3, - .
Sars =57 (1d+ 32;1)2;%
= st,=%2 (1d+ 32;1)_125
= tr(z7h ) = (Sl + ST = wr(2s3)).
It follows that
otr(x ! )

o, T,B—z,t

ot <22;T’Tﬂz>25'

t=0

We move to the next term. We first recall that

1 113 1 113

t(Ze) = tr([Zhm33] ) = o [mEmexi]”)
1 1 T a1 -1_1 . 1

sl =5 (ld+§za ) TE=33%..%}.

o, 7,8

If we define

then 2;17 P and E;ﬁlﬁﬁ share the same set of eigenvalues. Hence,

LT L (e :
w([Za2p+moats]”) = w([Zh, 2kl
Instead of working with the LHS, we work with the RHS. Then, we have
2 : e T I T N &
([Za B, + Tza .8, ‘r:| ) = tr({ [Za,TZBEa,T] + T[EQ,TZBZQ,T] }

Replace 25 by X, =25+ t(ngzg + EBTﬁz) + t2ngzﬁTﬁz, we have

Nl
N—

_1 _1 _1 _1 _1 _1 _1 _1
Ea,‘zrzﬁ—m,txa,i :Za,?rzﬁza,% + tza,%’ (Tﬁzzﬂ + ZﬂTBz)Ea,% + t22a,‘2rTﬂzEBT,6zZa,3'
1 _112 _1 _172
SadTponTat] = [Saizsmal] +0(E)+
_1 _1 _1 _1 _1 _1 _1 _1
H{ [Ba 1 (Tp:Tp + 2pTp:) Ta d] [FaiTpad] + [Baizeral] [Bal (Te:Tp + BpTh:) Tal] |+

1
2
77-'

t2z;é— {Tﬁ225T522;1725 =+ EﬂZ;}TTgZZﬁng (ngzg =+ Eﬁng)E (ngzg =+ Eﬁng)} »

Denote

Nl=

1 _172 1 1 .
{[2;3252&}} +T[2a,3252a}]} =Spar

Taking derivative gives

[N

({[mams el s fmatns )
2 ot
= 7tr (85 4 £ [503 (T:55 + 575:) 521]).

)

t=0

_1 _1 _1 _1
ttr(T5 ke [Bad (To: D + T6Tp2) Sarr BpTat + a8 Ta,r (T5: 3 + BpTs:) Ta k)
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The first term of the RHS is equal to

(52355 Sak 155 + 5675 ) = (20, T52>Eﬁ7

where we denote

M=x,25:1 w.%

B,

Similarly, the second term of the RHS is equal to

tr([SabSeM + MY L) (T35 + BTs:] ) = (2U,Tpe ),

2

where we denote
U=3,-5gM+ M5}
Hence, the derivative of RHS is equal to

(TM + U, Tp.)y,

and final derivative of tr(3; g) is

(S h+ = [TM + U], Tpz )y,
Derivative of the log det: We recall some formulas
-1 2
det(Ez) = det(EB_m’t) det (ZI*,ﬁ—}Z,t)
Taking the logarithm of both sides
logdet(X,) = —logdet(Xp—,,¢) + 2logdet(Xp+ gz i)-

For the second term,

Nl=

Sar porer = Dok ﬁ%t{ld + [1d+ 750 r 5z

}

then

(NI

log det(X 4+ g—2,) = —log det (Ea,r,ﬁ—m,t) + log det (Id + [Id + TZQ,T75_>z,t] )
For the first sub-terms
log det (Ea,r,5-2,) = logdet (Spoz,) + det(S74),

then we have

[N

log det(X,) = —3logdet(Spo.,¢) — 2det(E, %) + 2logdet (Id + [Id + 784 7, 5-2.¢]

For the first term RHS of the new expression,
log det(Xs_,,1) = logdet(Xg) + 2logdet(ld + tT3,).

We also have

d
Ologdet(ld + tTg,) Z Ni(T32)

ot 1+ thi(Ths) |,

=tr(Tp:) = (35", T52 )y,

t=0 =1
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then % = <2§]El7 Tﬂ2>zﬁ' For the second sub-terms, observe that

t=0

-1
[(Id +1T5.)55(1d + tTﬁz)} = (Id + tT5.) 'S5 (1d + T5.) !
ld — tTp. + °T5.) S5 (Id — tTp. + £*T3.) + O(t?)

251 — (T2 + 5T + 12 [Tﬁzzg + 55T 4 1555 s, + O(F).

Hence

1

1 1 1 1
Ea,r,ﬁ—m,t = Eozz,'rzglzé,r - tzgz,r (T,Bzxgl + EElTBZ)E&T
1 1
= Sarp — 188, (Tp:55" + 55 Tp.)2é

Put it into the form

1

1 1 1 1
ld+ 780 r 8520 =+ 783, 55'82 ; — 1788 - (T35 + 5 T5.) 22 1.
Then by Lemma

1 1 1
[1d+ T80 r 0] = V = L0 [r880 (To: 55 + 55 T5) | + 0(0).
1 1l 132
where [Id RaIERD I 23,7} = V. Therefore, applying Lemma |C.2| we get the derivative of the last term as

— tr([ld + V] -t [Tzéﬂ' (T,BZEEI + Zngﬁz)Zé’T}>
- T<P +Q, T/52>25’

where

and the derivative of log det term
< — 6251 — 2T(P + Q)’TBZ>2g

Hence, in conclusion, we get the first order Wasserstein gradient according to ¥z of the objective function

2|d—(22 += (U+TM)>+3TZ + = (P+Q)

D Proof for Theorem [4.5] and 4.6

D.1 Proof for Convexity

Lemma D.1. Given two SPD matrices A, B € S%, Recall that {\;(X )} _, 1s the eigenvalues of a matriz ¥ in
descending order. Then we have tr(AB) > A\g(A)t (B)

Proof. Note that this is equivalent to proving that tr([A — )\d(A)Id]B> >0. Let A — Mg(A)ld =UAUT be its
spectral decomposition, where A = diag(a;). Let C = [¢;;] = UT BU. Then

tr( [A— M\(A)d]B) = tr(AU " BU) = tr(AC) a;ciy; > 0,
(14— Aa()d] B) = tr( =2

since both A and C are symmetric positive semi-definite matrices. 0
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Lemma D.2. Consider the function
. Qd
f:8%, =R
1
e —tr ([22 4273 7).
Assume that ¥ € Ky, - TheQn we have f"(3): S + x S + — R is positive definite. Specifically, f is strongly

convexr with coefficient ———— .
1 (p? +27p)3/2

Proof. The square root function and z +— 22 + 272 respectively be the analytic function in (0,00) and R, thus
function x — —v/22 + 272 is an analytic function in (0, 00). Thus, we can define the function f in the set of of
SPD matrix using the Taylor expansion. Thus, the derivative of f(o) can be calculated as

ﬁ

-

=f(2) = (T +7ld) [ +27%] 2,

or in the operator viewpoint,

af

TS —tr ((z +71d) [£2 + 27%] ‘521) .

d
For the second derivative, we have to take the derivative respect to ¥ of the function d—g(El). In the interval
(—1,1), consider the well-known Taylor expansion

RS 2 2K\ i1
vVi—-z=1 ;4k+1(k+1)<k)x .

Taking the first and second derivatives of both sides, we achieve for x € (—1,1)

o0

1 1 (2K
iz & @\k)"

1 =2 [2k
B — = kb=t
(1-2) ,;4k<k> !

11—z

(]

Let g(x) = gﬂf”j{m, then g(z) = %2 Using the Taylor expansion formula, the calculation of the second
" G+n?

derivative of f can be implemented as

fr(E+5) % — f/(E)%

t
. -1
= lim —tr ({g(X + tX2) — g(¥)}%1)
t—0 ¢
k 1
= lim - X
ﬂ%t”( e (k)<2+ﬂd (E+t22+ﬂd)%) 1)
. o T2k 2k ok
—tlgr(l)ttr<kz_o4(k) (Z+71d)7%*F — (S + 15y + 71d) ") 54
= lim ~tr iik 2k (Z + 2 + 71d) "2 ((Z + 55 + 71d)?* — (2 + 71d)?*) (T + 71d) ~2F%
P50 ¢ i 4 k 2 2 1
o 7% 2k — 2k—1 2k
1 T2k . C1eg _
—th_% St ; 1 (k) Y+ 7ld)” ZO(E—I—TId) (t32)(X + 7ld) (X4 7ld)="%,
= q=

2k—1
< D (Z 4TIy, (B 4 Tld)qu}l)) .
=0
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Now we prove that this bilinear form is positive definite by showing that for arbitrary ¥; = ¥y be symmetric
matrices, it has a positive lower bound. Firstly, we can verify that \g((Z + 71d)~%) > (p + 7) % for k < 0 and
Y e IC[I/p’ o In the formula of second derivative, let ¥; = Y5, according to Lemma we have for 0 < ¢ <2k—1

tr ((E + Tld)q—%zl(E + Tld)—l—qzl) > (p+ T)q_2ktr(21(2 4 rld)~1eny)
> (p+ 1) AT (5, 5)

= (p+ 7))l

Thus, we have the lower bound for the coefficient a-convexity of the second derivative is

o 728 (2k —1-2k
k=1
On the other hand, by substituting z = ﬁ in the Taylor expansion formula of (1—93)%\/?’ we have

oo

(1 g )1 1 72 Zﬁ(Qkk)k(M‘%)k_l@m%ﬁ(Q:) (p:_7_>2(k1),

R rI=oL TGz k=L k=1

In other words, the lower bound can be expressed as

7_2

= 72k 2k
(0% +27p)>/%

s 2 7172]6:
(3204
k=1

As a consequence, we obtain the conclusion of the lemma.
O

Proposition D.3. WQZSUOT (Xa,23,7) is Euclidean convex with respect to Xg. Moreover, if £5 € K1y, then it
P

72

(77 + 2772

0l
18 -strongly conver.

Proof. From the proof of Theorem with the same notation, we need to prove the Euclidean convexity of
tr(2s) — tr(Sa,8) — ilog det(X,).
The Euclidean convexity of tr(3g) is obvious. We move to the next term —tr(3, g), which is known to be
reformulated as
1o, 179 N T
- ”(§Ea,ﬁ,r +3 [Eaﬂﬁ + QTEa,ﬂ,r} )

1.4 I IR T
= —tr(537h,) — (5%, + 222k
_1 1
Note that ¥7L =2, 23,%. 2 is linear transformation of , then the first term is obviously convex. For the
o, s B > ?
second term, we must prove the convexity of —tr( [22 + 27'2] 2). Consider the function
. Qd
f:85, =R
1
e —tr ([22 4 2r%) 7).
2

.
7 + 277
—logdet(3;), we know that

Due to Lemma fis -strongly convex. Subsequently, we assert the claim. For the last term

—log det(X;) = logdet(X3) — 2logdet(X, ).
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-1
a,B,1

Similarly, the transformation ¥z — X
of

is linear, then we can convert our problem into proving the convexity

)

[NIE

log det(X) — 2log det (; (E + [2% +27Y]

Il
|
\G]
—_
@]
(F]
(oW
[©)
+
/T\
™
[
™
+
™
(V]
+
—
)
\]
M
._M.H
—
"

Il
|
[N}
5}
09
o,
)
-+
/‘_\
—~
™
[N
+
™
+
[N}
i
k=)
N
~—
"

It is equivalent to prove the concavity of
S s log det (2% +[2+ 2T|d]%) = f(2).
Consider two matrices X1, Yo, by the concavity of log det function

f(Z1) + f(2)
2

1 1 1 1
Y2 32 by 271d) 2 by 271d) 2
Slogdet( 1—; 2+(1+ 7id) ;(2+ Td)).

1 1

1 1 1
By the fact that two SPD matrices A, B satisfy A2 > B? then A > B, we have inequality 2 ;ZZQ =< (2”2'22) ’

1\ 2 1 1
Indeed, we have (21% — E;) > 0, which is equivalent to £; + X9 + ZfZé + 22%215 = 2(X1 + X3). Then we have

1 1 1
»Z4x2 2 .
L ; 2 < (21'522) . Hence, we yield

f(31) + f(22)
2

3 3 1 1
< log det <E1 ;—EQ N (31 +271d)2 ;- (g 4 271d)? >

1
OIS AR SRS ¥ 1
< log det ((1;2> + [% + 27ld] 5)

:f<21;22>.

Upon achieving the required concavity, we conclude the convexity. Hence we finish the proof. O

D.2 Proof of Theorem [4.5]

Proof. First, we must show the a-smoothness of Wi (a,$,7) on Bures-manifold. Consider the functional
F 1 Pa2ge (Rd X Rd) X P2,qc (Rd X Rd) — R defined as

F(25,%,) = Wi (22, 85) + 7KL (2] Za) -

In fact, W3 (o, 8,7) = ming, F (¥g,%,), and for each ¥z let

Y5 =argminF (X5,%,).
S

x

Due to inequality 3.3 in |Altschuler et al.| (2021), we know that F is 1-smooth in the first variable.

Thus for I/VQQSUOT (o, B, T), consider two points Xg,,Xa, in S‘_Lr. Let ¥g,(0 < s <1) be geodesic connecting them.
Then we have

(1 - S)]: (2507 Zﬁo,w) + sF (Zﬂl’ 251,91) - 5(1 - S)W22 (2507 Zﬂl)

< (1= 8)F (S0, Bp.a) + F (Bp,, 8p,.2) — s(1 — $)W5 (Sp,, 5,)
S ‘F(Eﬁc726mx) ?

where the first inequality happens due to Xg, , = argminF (Xg,,2,), X, » = argminF (Xg,,%,) and the second
. 5

inequality happens due to 1-smoothness of F according to Xg Then W22$UOT (o, B,7) is 1-smooth in Py 4 (Rd)
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with Bures-Wasserstein metric. Thus,
1 n
L(zﬁ) = =Y W2 00 (Tas B5,7)
i=1

is also 1-smooth. That means if E(ﬁk), Egﬁl) are two SPD matrices in update process, then from the 1-smoothness
of the barycenter functional, we obtain the descent step

L(3) -2 (347) < -0 (1= 3) a2 (5) -

Summing up gives

() - () 2 (1= 2) 3 st (1)

It is equivalent that Zle |l grad L (E(ﬁk)) ||22(k> has the upper bound as L (Eéo)), it is also non-decreasing
B

2
sequences then limg_, o ngadL (Egk)) H = 0. It leads to that Z(Bk) converges to the optimal point 373.
b

(k)
B

Now to see the convergence rate, first we prove that if X5 € Kpy/,,,), then

* P 3 2
L(3) — L (%3) < @(,02 +27p)* |[grad L(Xs)|ls;,, -
Indeed, from the second claim in Proposition and since K[y, ,] is convex with respect to Euclidean geodesics,
we see that for ¥ € K1/,

1 72 2
BRI 125 — 255

1 72

1 2
= 5 ( grad L(%p), ¥ = ), = 2 (P 1 2p)? =6 = Z5lle »

L(25) = L (Z5) < (VL(Z), Zp — Zh)

where the last line uses Appendix A.5 of |Altschuler et al.|(2021)). Next we observe that by combining Cauchy-
Schwarz with Young’s inequality we get that for all r > 0,

(grad L(Xs), ¥ — 35,

IN

1
) ||gradL(ZB)||25 Hzﬂ - 2”2;1

N |

IN

1
1o lerad L(Ss) 3, + S 55 - 55

IN

15 lerad (S5, + £ [ - 3517

where in the last inequality, we note that HZB—ZE

2
_— tr((Zs - THTTF (S - 2p)) =

2
tr ((zﬁ —N)(8s — zg)ngl) < (S5 ((zﬂ —N)(8s — 22)T> <p Hzﬁ - EEH . Putting r = 2p(p +
F
27’p)% yields the result. Then, with the assumption that all updated covariance matrices lie in K1/, ;) throughout
the optimization trajectory, we have

L(s) 2 () = £ (S5 - () £ (50) - £33
2

< (1-2) [erad (=) Hg;;» +L(25) - L(zp)

< (1m0 DT () ).

2" p(p* +27p
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Then integrating gives

2 _n k
L (ggﬂ) - L(Zp) < (1 - W) {L (Egn) I (22)}.

As a consequence, we obtain the conclusion of the theorem. For the uniqueness of the optimal solution, we
recall that the optimization is carried out over the set K1/, . The Euclidean and Bure-Wasserstein metrics
induce different geometries on the same underlying object K1, ,, but they do not alter the feasible region itself.
Therefore, the optimal solution is intrinsic to this set and is independent of the chosen geometry. In particular,
the optimum is identical whether the problem is viewed under the Euclidean or Bures—Wasserstein metric. [

D.3 Proof of Theorem [4.6]

Proof. We rewrite the SUOT objective function as

.  min > W3 (5., 8p) + TKL(Zs,[|Za,)-

YT (i=1,..., n) ;—1
First we prove its Euclidean convexity in n + 1 variable. Indeed, convexity of KL (2., ||2,,) according to ¥, is
well known. We only need to prove the convexity in two variable of W3 (X,,,¥5). Consider (X1,%)), (32,%%) €
St (R?) x S; 1 (RY). Taking samples (X1, X}), (X2, X4) such that

X1 ~N(0,%1),X] ~N(0,2))
XQNN(0722)5X5NN(OaE/2)7

where (X1, X71) and (X5, X}5) satisfy the coupling minimizing; (X7, X]) and (X», X}) are independent. Then we
have

W2 (S0, 5) + (1= )W (2, 55)
=E [t]1X; - X{|* + (1 - )| X2 - X3

2
=K [(\/E(Xl - XD+ V({1 —1)(Xg - Xé)] } (due to the independency).
> W2E (2 + (1 — )%, t8) + (1 —1)%5).

Then it is Euclidean convex by the definition. Next, we see that the barycenter objective function F' decreases
during the iterations (suppose that all the updated matrices lie on a compact set IC[%7 p}). Indeed, the scheme of
Hybrid Bures-Wassertein algorithm could be seen as a Block Coordinate Descent on SPD Manifolds |Gutman and
Ho-Nguyen| (2023); [Peng and Vidal| (2023]). At each iteration, we fix ¥z to update {X,, }?" ;, then fix {X,,}7; to
update > . Both these updates should be done on SPD manifolds. In detail, at iteration k-th,

o If we fix X3 = Egk), then ng)s which are minimizer of Y . W;(Ezi,E(ﬁk)) + 7KL(Z,,
the forms in Theorem [.2] of our paper.

Y,) must satisfy

i

o If wefix ¥, = 2;’? Vi=1,...,n, we need to minimize Y ;. W3(Z,,,%3) according to X5. The updates

from |Chewi et al.| (2020) will give the minimizer for this problem as Egﬂ'l) theoretically supported by

Theorem 7 |Chew1 et al.| (2020)).

o0
Now, the objective function decreases with corresponding solutions sequence {Egc) }k . Moreover, the sequences
=1

o0
{ch)}k should not tend to infinity; otherwise, the objective function will also tend to infinity. Thus, we can
=1

)

o0 ~
extract a subsequence {ch")} which converges to a limit X3. ng" will also converge to the corresponding

S



Running heading title breaks the line

Now we leverage the fact that the derivative of L is continuous. Indeed, the function L is defined as the sum
of Wasserstein distances and KL divergence. Both of them have closed form of expression as analytic functions
(i.e. functions that we can take the derivative as many times we want, and the derivatives are helpful for

Taylor’s expansion). For Wasserstein distance: W2 (X1, Ys) = Tr(32; + 3o — 2(2}/22221/2)), for KL divergence:

det®
KL(%1]|25) = log( detEj

the continuity of the derivative of the loss function is automatically guaranteed.

) —d+ Tr(X5'%1), where d is the dimension of the matrices ¥y and ;. As a result,

Applying this for non-invariant time function dL(-) with the sequence {(E(ﬁk"), Zgj"))} satisfying 0

oL _
(kn) s(kn)y —
o=, sy

for all n and {(E(ﬁk"), 250’“”))} converges to (X3,%,,), it yields ¥5 and ¥, satisfy that ;TLﬁ =0, 8%1 =0, then

they will be the stationary points. Following Appendix W22$U op 18 strictly Euclidean convex then these points
are unique optimal points. Moreover, {L (E(ﬁk"), Ef(ﬂk)) }k and {L (E(Bk), 2&’“))} are decreasing sequences

=1
then {L(Egc), ng?)}g"zl decreases to this optimal value, leading to {(Egc), 2;’“))} converges to the optimal points

(25,%2,). O

E Additional Experiments

For the SGD study, we implemented Fzact Geodesic Stochastic Gradient Descent; Hybrid Stochastic Gradient
Descent; Auto-Geodesic Stochastic Gradient Descent, Auto-Geodesic Stochastic Gradient Descent with Momentum.
At each iteration, we account for one covariance matrix from the samples. We run for 100 iterations and observe
the behaviour of loss function.

The figure demonstrates that for SGD methods, the exact algorithm converges faster than the hybrid approach.

0009 o0

0006

0004 0004 |

0 110 120 130 140 130 160 170 180 150 200
eration Reraton T T Teeration

Figure 4: Loss on L(X3) through iterations with different step sizes (0.1; 0.25 and 0.5). red: Stochastic Hybrid
Gradient Descent, blue: Stochastic Exact Geodesic Gradient Descent, : Stochastic Auto-Geodesic Gradient
Descent, green: Stochastic Auto-Geodesic Gradient Descent with Momentum.

Next, we present the proposition regarding the relationship between ¥, and the marginal matrices ¥, and 3.

Proposition E.1. Considering the optimizer X, of Theorem[[.3, the following convergences hold

T7—0

1. ¥, — 25,

— 00

2. |z = Zallp =7 0.

-1

Proof. The first part is trivial. When 7 goes to zero, we could easily compute that E;}T goes to Id, then ¥~ 5

goes to ¥ and X, goes to Xg. For the second part, we note that

-1 2 2 !
yol = (ld + %2;1) =%, <2a + Id) 7
’ T T

2
Ea;—;za T

0.

F

Actually, we have
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SO

F

o, T

H2122a
T

-1
QEQKQEQHd) .d]
T T

-1
(22a+ld) —1Id
:

When 7 goes to infinity, %Ea + Id goes to Id then limit of RHS is 0. It follows that our comment is true. Then we
have

F

2
< 2 %allr

F

T -1 3 3| T
ng D 0

ar,B

1 1
due to 3% , = $25. 152, Hence, we have

a,7,8

_12 T 1 1
122 = 2l < 257, (5500 - 252

+
Q
/N
\‘\

o

)

It verifies our conclusion. O

The first figure visualizes our barycenter for various values of 7. The experimental settings are the same as those
described in Section [5| but with the variable 7 ranging from 0.005 to 100. The figure shows that when 7 is large
enough, the SUOT-based Barycenter produced by our method resembles the normal Wasserstein Barycenter (as
shown in the last subfigure), thereby verifying our theoretical analysis in Proposition

To quantify this, we calculate the distances between the standard Wasserstein Barycenter learned by the method
of |Chewi et al.| (2020) and our barycenters using the OT distance between Gaussians, as described in Proposition
3 of Appendix A.1. The second figure illustrates the distances under the effects of varying 7.
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T = 0.005 T=0.01 T=0.02

0.0 25 5.0 75 100 125 15.0 175 20.0 0.0 25 5.0 75 100 125 150 175 20.0 0.0 25 5.0 75 100 125 150 17.5 20.0

T=0.05 T=0.1 T=0.5

0.0 25 5.0 75 100 125 150 175 20.0 0.0 25 5.0 75 100 125 150 17.5 20.0 0.0 25 5.0 7.5 100 125 150 17.5 20.0

T=1 T=5 =10

0.0 25 5.0 75 100 125 150 17.5 20.0 0.0 25 5.0 75 100 125 150 17.5 20.0 0.0 25 5.0 7.5 100 125 150 17.5 20.0

T=50 =100

- -2
00 25 50 7.5 100 125 150 17.5 20.0 00 25 50 75 100 125 150 17.5 200 -2

00 25 50 75 100 125 150 175
Xaxis

Figure 5: Ablation study of the dependence between the SUOT-based Barycenter and parameter 7. From top to
bottom, left to right, we calculate the barycenter with values of 7 as 0.005,0.01,0.02,0.05,0.1,0.5, 1, 5, 10, 50, 100.
The bottom right corner subfigure is normal Wasserstein Barycenter in Figure 2 of the main manuscript
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Bures-Wasserstein Distance
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Figure 6: Bures-Wasserstein Distance from SUOT-based Barycenters to the barycenter learnt by |(Chewi et al.

(2020)
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