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ABSTRACT

In many real-world applications, systems are typically expensive to evaluate and
influenced by contextual variables whose distributions may shift between training
and deployment. While robust Bayesian optimization methods have been pro-
posed for black-box functions under such conditions, most of them focus solely
on single-objective settings. In practice, however, systems often need to be opti-
mized across multiple criteria simultaneously, which is challenging since the same
environment may affect different objectives in distinct ways. Although robust-
ness against the contextual uncertainty has been investigated for single-objective
problems, its extension to multi-objective optimization (MOO) problems remains
limited, with existing works primarily addressing only input noise—a special case
of the contextual uncertainty. To bridge this gap, in this work, we propose the
first Multi-objective Bayesian Optimization (MOBO) method for the general -
divergence Distributionally Robust Optimization (DRO) problem with shared con-
texts, aiming to obtain robust efficient solutions. Furthermore, a provable regret
bound is provided, which is the first sublinear regret bound without requiring a de-
creasing radius of the DRO uncertainty set, even in comparison to existing works
in the single-objective setting. Moreover, we provide numerical experiments to
validate our theory and the empirical effectiveness of our proposed algorithms.

1 INTRODUCTION

Bayesian Optimization (BO) (Kushner, [1964; Jones et al., |1998; [Shahriari et al.| 2015; [Srinivas
et al.,. 2009) is a popular framework to find optimal solutions for black-box functions, which are
expensive to evaluate. BO finds a lot of practical applications, such as the hyperparameter tuning for
machine learning algorithms (Snoek et al.| [2012), chemical space exploration (Hernandez-Lobato
et al.| 2017), and robot planning and exploration under uncertainty (Martinez-Cantin et al., [2007).

However, in many real-world applications, the goal is to optimize multiple, possibly competing,
black-box functions rather than a single one. For example, vehicle design requires balancing weight,
acceleration, and toe-board intrusion (Liao et al.|[2008)); material selection involves trade-offs among
cost, mass, volume, power-to-weight ratio, and energy density (Ashby} [2000); and drug discov-
ery considers factors such as solubility, toxicity, and potency (Paria et al., [2020). Because these
objectives inherently conflict, improving all of them simultaneously is generally infeasible. The
Multi-Objective Optimization (MOOQO) framework addresses this challenge by identifying the Pareto
Frontier (PF)—a set of optimal trade-offs among objectives and their corresponding solutions.

In many practical applications, black-box functions depend not only on system parameters but also
on context parameters (Krause & Ong, 2011} Feng et al., 2020). For instance, (Tesch et al.| (2011
study policy learning in a robotics setting where the context changes over time. A key challenge in
such scenarios is that the context distribution observed during the training may differ from the true
distribution encountered at deployment, leading to significant performance degradation. To address
this challenge, the DRO framework (Ben-Tal et al., [2013; |Shapiro} [2017; |Rahimian & Mehrotra,
2022;Zhang et al.| [2025};[2024) is widely adopted. DRO constructs an uncertainty set of distributions
centered around the training distribution and seeks solutions that remain robust under the worst-case
distribution within this set. However, most existing DRO studies focus on the single-objective setting
and rely on gradient-based methods. A few recent works (Kirschner et al., 20205 [Husain et al.,|[2023;
Huang et al., |2024; [Tay et al., [2022)) explore Bayesian Optimization approaches to robustify DRO,
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but these too are limited to single objectives. On the multi-objective side, [Daulton et al.| (2022)
investigate robust MOBO, but their formulation only accounts for input noise and measures the
robustness via Value-at-Risk (VaR). The only work addressing the MOBO problem under a DRO
setting is the initial version of Inatsu et al.|(2024)), which assumes mutual independence among the
contexts of different objectives. While simplifying the analysis, this assumption risks producing
overly permissive solutions.

In this paper, we study the MOBO problem, considering a more general robustness towards the
distribution shifts of context variables. Our specific contributions are summarized as follows:

* It is the first work to study the robust MOBO problem with the robustness towards the un-
certainty in the shared context, rather than input noise. Aiming to obtain robust efficient
solutions (Ehrgott et al., |2014)), we propose a novel algorithm using random scalarization
(shown in Algorithm|I)). Our method integrates a wide range of ¢-divergence DRO uncer-
tainty sets, including the well-known TV, XQ, KL, and Cressie-Read family of divergences.

* For our proposed method, we establish a provable sublinear upper bound on the regret,
which quantifies the performance gaps between our obtained solutions and the robust effi-
cient solutions. Our results also extend directly to the single-objective setting. Even com-
pared with existing studies on single-objective problems, our analysis holds under weaker
and more practical assumptions: (1) We eliminate the bounded function values requirement
imposed by [Kirschner et al.| (2020); Tay et al. (2022). (2) With a mild technical cost, the ad-
ditional condition that the reference distribution assigns positive probability to all context
values, we relax the condition of a shrinking uncertainty radius (Huang et al.| [2024; |Tay’
et al., 2022) by allowing it to remain constant, thereby ensuring that our obtained robust
solutions remain effective under distributional shifts in context variables.

* We validate our algorithm through numerical experiments, which include synthetic func-
tions and one real-world problem in single/multi-objective settings.

1.1 RELATED WORK

A wide range of robust optimization methods have been studied. Some works focus on the ro-
bustness under input noise, e.g., VaR (Duffie & Pan, |1997; |Wipplinger, 2007} [Pritsker, |1997) and
Conditional Value at Risk (CVaR) (Rockafellar et al.l |2000; |[Shapiro et al., |2021; Rockafellar &
Uryasev, [2002), while others address the distributional shifts in the context variable (Levy et al.,
2020; [Shapiro, [2017). The latter setting is more general and includes the first one as a special case.
For black-box functions that are expensive to evaluate, many studies have integrated BO methods
(Bogunovic et al., 2018} |[Picheny et al.| [2022; (Cakmak et al.| [2020; Nguyen et al., [2021ab) to ex-
plore the robustness against input noise. However, these methods do not consider the distributional
uncertainty in the context parameters. Recently, [Husain et al.[(2023); Kirschner et al.|(2020); Huang
et al.[(2024)); Tay et al.|(2022) study the DRBO problem. For example, Kirschner et al.| (2020) con-
sider a setting where the objective function lies within a known Reproducing Kernel Hilbert Space
(RKHS). An uncertainty set of distributions is constructed via the Maximum Mean Discrepancy
(MMD). Nevertheless, the algorithm requires solving a complicated minimax problem, which re-
quires extra computations. [Husain et al.|(2023) study the DRBO problem with ¢-divergence, while
Tay et al.[(2022) explore various DRO uncertainty sets. To reduce the computations used for solving
the DRO problem, an efficient method is proposed (Tay et al.l 2022)) to approximate the perfor-
mance under the worst-case distribution. However, this method introduces an estimation error into
the regret bound. Moreover, both |[Husain et al.|(2023)); |Tay et al.| (2022)) require the function value
to be bounded, which may not necessarily hold in the Bayesian setting. [Huang et al.| (2024)) study
the DRBO problem with a continuous context distribution. A kernel-based method is proposed to
estimate the underlying context distribution, and the regret for TV-DRO is theoretically character-
ized. However, for all methods mentioned above, to achieve a sublinear regret, the radius of the
uncertainty sets is required to decrease with time. Though this assumption may be reasonable in the
data-driven setting, where the estimated distribution becomes more accurate with more data, it is of
more interest to study the case where the radius of the uncertainty sets is a constant. The solutions
obtained under a constant uncertainty radius remain robust even when the test context distribution
differs from the training distribution. Moreover, all these methods (Husain et al.| 2023}, |Kirschner
et al.l 2020; |Tay et al.,[2022; Huang et al.| 2024)) are limited to the single-objective setting. In con-
trast, this paper considers the multi-objective DRO problem with a constant uncertainty set radius.
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Method Robustness Objective Radius ! Sublinear Regret °
Kirschner et al.| (2020) MMD-DRO Single (9(%) 4
Tay et al[(2022)  MMD, TV, x2, Wasserstein-DRO  Single O(%) X
Huang et al.|(2024) TV-DRO Single O(%) v
Daulton et al.| (2022) MVaR Multiple N/A N/A
Inatsu et al.[(2024) 3 general risk/DRO Multiple  N/A v
This paper general -divergence DRO *  Multiple Constant v

Table 1: Comparison with settings and results in existing analyses. Explanation of the upper foot-
marks: 1 : We specify the order of the corresponding uncertainty set radius at time ¢ to obtain a
regret in the order of O(y/t). 2 : v indicates that the model is able to obtain the sublinear regret
with the corresponding radius requirements, and X indicates the model fails to obtain the sublinear
regret even when the radius of the uncertainty set is 0. 3: Inatsu et al.|(2024)) assume that the context
for each objective is independent, allowing the identification of the Pareto frontier of the worst-
case vector and providing a distance-based convergence guarantee. 4: Our method works for the
¢-divergence DRO (see equation|6) when M = sup{m : p(m) < a,m > 0} exists, which includes
a lot of DRO problems such as the TV, CVaR, Cressie-Read family with £ > 1, Xz-divergence and
KL-divergence DRO problems.

Multi-objective optimization (MOO) has been extensively studied and finds applications across di-
verse domains (Xiao et al., 2024; [Désidéri, 2012; [Caruanal (1997} Ruder, 2017; Zhang & Yang,
2018). For black-box settings with multiple objectives, multi-objective Bayesian optimization
(MOBO) methods have been proposed (Suzuki et al. 2020j [Paria et al.| 2020} [Chowdhury &
Gopalan, [2021} |Ozaki et al., [2024)), though most approaches overlook robustness considerations.
Existing robust MOBO studies remain limited. For instance, Daulton et al.| (2022) examine ro-
bustness under input noise by leveraging the Multivariate Value-at-Risk (MVaR) criterion (Prékopal
2012), and optimize the hypervolume of the resulting MVaR set. To reduce computational burden,
Chebyshev scalarization (Miettinen|, [1999) is used to map the vector-valued problem into a scalar
one. While their formulation focuses on input perturbations, [Inatsu et al.| (2024)) investigate robust-
ness with respect to contextual uncertainty. Their method assumes that the contexts of different
objectives are independent, and optimizes performance under the worst-case context for each objec-
tive separately. However, this assumption may yield overly permissive solutions. In contrast, our
work focuses on robustness to context variables in a more realistic setting where all objectives share
the same input and context environment. This setting naturally subsumes the case of noisy inputs,
but poses greater challenges since robustness must be ensured jointly across objectives. Table [1]
summarizes the key assumptions and contributions of related studies in comparison with ours.

2 PRELIMINARIES

2.1 GAUSSIAN PROCESS

Single-objective setting. We begin by introducing a single-objective black-box reward function
f: X XxC — R, wherex € X C R< is the model parameter and ¢ € C C R? is the context
variable. At time ¢, the context variable is ¢;, and for a given model parameter x, the current
observation is y; = f(x¢,¢) + 1, where n, ~ N(0, 0]20) is the noise and UJ% is the constant noise
variance. The following GP (Williams & Rasmussen, 2006} Krause & Ong, 2011} [van Bueren et al.,
2021) assumption is widely used in the BO literature: f ~ GP(m, k), where m : X X C — Risa
known mean function and k : X x C x X x C — R is a known covariance function. We follow the
widely used assumptions that m = 0 and k((z, ¢), (z,¢)) < 1forany z € X and ¢ € C.

Multi-objective setting. The objective function is a vector f(x,¢) = [f1(z,¢), ..., fx (z, ¢)] instead
of a scalar where f; : X x C — R is the objective for ¢ € [K] and K is the number of objectives.
We assume that for each 7 under context ¢; at time ¢, the observation is under Gaussian noise as
yi = fi(we, ct) + 13, where 7i ~ N(0,07%) and 0% is the constant variance of the observation noise.
For each i € [K], the objective follows a GP: f; ~ GP(m,, k;), where m; : X x C — R is a known
mean function and k; : X x C x X x C — R is a known covariance function. Similar to the single-
objective setting, we assume that m; = 0 and k;((x, ¢), (x,¢)) < 1 forany z € X and ¢ € C. For
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each i € [K], defined by y! = [yi, .. ,yt’]T the observation vector and A; = {(x1,¢1), ..., (¢, ¢4)}
the dataset at time ¢. Given A; and y;, f;(x, c) follows a GP distribution. Then the correspondmg
mean yi(x, ¢) and the variance (o} (z, c))? can be expressed as:

M?ﬁ(xvc) :kz(mac) (KZ + U;I)_lyti’

(03 (,0))* =ki([w, ], [2,c]) — Ki(w, )T (K + 0} 1) kg (x, 0), (1)
where the kernel vector is defined as k}([z,c]) = [k;([z1,c1], [2,d]), ..., ki([ze, ct], [#,¢])] T and
let K} be the positive definite kernel matrix [k;([z4, ¢o], [%5, ¢b])]a.b<t-

2.2 DISTRIBUTIONALLY ROBUST OPTIMIZATION

The DRO framework has been well studied for single-objective problems (Ben-Tal et al.| 2013}
Shapiro,[2017). The motivation is based on the observation that the test distribution is not necessarily
identical to the training distribution. Thus, only optimizing the expected loss under the training
distribution may lead to significant performance degradation. The key idea of DRO is to construct
an uncertainty set of distributions centered at the training distribution and to optimize the expected
loss under the worst-case distribution. The uncertainty set of distributions is defined as

UP) ={QI|D(Q, P) < &}, 2

where P; is the reference distribution, D is a distance measure and €; € R is the radius. For the
single-objective setting, DRO (Huang et al.| 2024; Tay et al., 2022) aims to optimize the objective:

f B, 3
sup Qéi}(m olf (=, c)l, 3)

In this paper, we consider a general setting with a continuous action set X’ and a discrete context set
C of bounded cardinality |C|.

However, it is nontrivial to extend equation [3|to the multi-objective case, where f is vector-valued
rather than scalar. In the empirical risk minimization setting, the optimization objective is given by
sup,cy Ecup,[f (2, c)], which is well defined. We say that z1 dominates x if for every i € [K]
we have E.p,[fi(1,¢)] > Ecup,[fi(22, ¢)], and the inequality is strict for at least one 7. The goal
of MOO is to identify a Pareto optimal point x € X such that no other feasible point dominates x.
In contrast, in the DRO setting, the max—min operation is not directly applicable to vector-valued
objectives. To address this, we adopt the notion of the robust efficient point (Ehrgott et al., [2014).
For each € X, define the feasible set by

fu(@) = {Ecnglf (z,0)] : Q € U} )

and Rgo ={z e RX :2 £ 0andz; > 0,Vi € [K]}. For sets A, B, the operator "+ used below
denotes the Minkowski sum, defined as A + B := {a + bla € A,b € B}. We then have:

Definition 1. = € X is called robust efficient if there exists no other x € X such that

Ju(z) C fu(z )+R &)

Definition [T} indicates that a solution Z is assumed to be worse than the solution z if and only if for
every distribution Q € U, there exists a distribution Q) € I/ under which Z attains a worse objective
value than x under (). Thus, the goal of DRO in the multi-objective setting is to identify a set of
robust efficient solutions.

Comparison with data-driven setting: Existing works on single-objective DRBO problems
(Kirschner et al.| 20205 |Huang et al.| [2024; Tay et al., [2022) consider the data-driven setting, which
assumes that there exists a fixed but unknown underlying distribution P*, where the context variable
c ~ P*. At each time ¢, based on the historical observation, an estimated distribution P}, e.g., the
empirical distribution, is constructed. An uncertainty set of distributions centered at P, is built, and
the objective is optimized under the worst-case distribution in this uncertainty set. Due to the fact
that the distance between the underlying distribution P* and its estimate P; decreases with time ¢,
the radius of the uncertainty set is designed to shrink over time. However, existing studies offer no
detailed guidelines for choosing this radius. Moreover, as ¢ increases, the estimated distribution con-
verges to the true distribution, causing the uncertainty radius to shrink toward zero. Consequently,



Under review as a conference paper at ICLR 2026

the solutions obtained from data-driven DRO approaches approach those optimized directly under
P*, which lack robustness when the test-time distribution deviates from P*. In this paper, we inves-
tigate the widely adopted model-based DRO framework (Shapiro| 2017} [Levy et al., 2020), where
the reference distribution P, = P* is known, and the uncertainty set radius is fixed. This enables
our method to produce solutions that remain robust even when the test-time context distributions
change. While the setting with the known P* is standard in the DRO literature (Shapirol 2017
Levy et al.[2020), our framework can also apply to the scenario where the reference distribution is
empirically estimated. In this case, as the estimator converges to the true reference distribution, the
resulting solution remains robust with respect to the reference distribution as well.

3 DISTRIBUTIONALLY ROBUST MULTI-OBJECTIVE BAYESIAN
OPTIMIZATION

In this section, we study the multi-objective BO problem under the general ¢-divergence DRO
setting. For ¢-divergence DRO problems, the distance function is defined as

Dy(Q.P) =Eeer [ (5210 | ©

where ¢ : R — (—o00, o0] is a convex, lower semi-continuous function with ¢(1) = 0, and j—g is
the Radon-Nikodym derivative if Q < P;. Otherwise, we have that D, (P, Q) = +oo.

For our multi-objective setting, f(x,c) = [f1(z,¢), ..., fx(z,c)] is a vector instead of a scalar. As
mentioned in Sec the max—min robustness defined in equation [3|is challenging to generalize
to the multi-objective setting. In the MOO setting, for a fixed x, directly optimizing the objectives
w.r.t. the unknown distribution ) by the following formulation
inf  E.. x,c)l, 7

gaif, Beolf(z, )] @)
yields the Pareto Frontier of the set f,(z) defined in equation Compared with the single-objective
setting, where the result of the minimization over the context distribution () is a scalar, in our MOO
setting, it is not straightforward to find the optimal z for the objective shown in equation [7}

To solve this problem, in this paper, we focus on the max—min robustness proposed in [Ehrgott et al.
(2014), which aims to find the robust efficient points defined in Deﬁnition Moreover, by Theorem
4.3 of [Ehrgott et al.| (2014), the solutions of equation [§|are guaranteed to be robust efficient:

su inf E..ols' f(z,0), 8)
ze/’I\)eru(Pz) ols f(@,c) (

where A := {s] ZZK:1 si =1, ands; > 0,Vi € [K|} and s € A. Though this linear scalarization
can not guarante to enumerate the robust efficient solutions, we adopt it in this paper for the follow-
ing reasons: (1) This scalarization changes the objective from a vector to a scalar, making it easier to
optimize. (2) The solutions obtained by this linear scalarization are guaranteed to be robust efficient.

However, it is still challenging to solve the primal formulation of the DRO problem defined in
equation [8] which requires addressing a max-min problem and optimizing the expected loss under
an unknown distribution. For the ¢-divergence DRO problem, due to the strong duality, solving
equation[8]is equivalent to solving the following dual problem (Ben-Tal et al., [2013):

sup (—77 —Xer — AE.p, [4,0* (W>}> , 9

TEX A>0,nER A

where ¢*(u) := sup,, (uu’ — p(u')) is the conjugate function of . Compared with the primal for-
mulation in equation 8] equation[J]is a simpler maximization problem, and the function is optimized
under the known reference distribution P;. In this paper, we consider the general -divergence DRO,
and we provide several widely used ¢-divergences in the following examples, where closed-form
solutions for the dual variable A or n exist. Note that in|Shapiro|(2017); |[Duchi & Namkoong|(2021)),
only the dual formulation of inf,e x supg ey (p,) Eengls ' f(z, ¢)] is provided, and one can get the

dual for equationby studying —infzex Supgey(p,) —Ecng (8T f(z,c)).
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Algorithm 1 DRMOBO for general ¢-divergence

Input: Number of iterations 7', initial dataset Dy
fort =1to T do
Sample a context ¢; ~ P,
Observe sy ~ Pg
Construct the GP model given D, _
Compute x; € argsup a.(z, s¢) based on equation
Obtain the black-box value i (c;) = f; (w4, ct) + ni(e) fori € [K]
Augment the dataset Dy = Dy_1 Uje(k) (@4, Y, ¢t)
end for

Example 1 (CVaR (Shapiro, 2017)). For any o € (0,1], the o function is set to p(a) = 0 if

a € [0,a™]; otherwise ¢ = +oo. The corresponding conjugate function is p*(a) = [ata]y,
where [a], = max(a, 0). Then solving equation|8|is equivalent to solving

sup =1 — a " 'Eeup, [(=8" f (2, ¢) = 1)+].

neR
Example 2 (TV-divergence (Shapirol [2017)). The ¢ function is set to p(a) = |a — 1| if a > 0,
otherwise p = +o0o. The corresponding conjugate function is ¢*(a) = [a + 1]y — L ifa < 1;

otherwise ¢*(a) = +oo. Then solving equation@ is equivalent to solving

%ilclff(a}, c)+ (1 — 2) sup (77 — (1 — E—t)_l Ecwpt[(fs—rf(x, c)) — 7])+]) .

2 WGR 2

Example 3 (Cressie-Read family (Duchi & Namkoong| 2021)). For k € (1,+00), the ¢ function

k
is set to pr(a) = % if a > 0, otherwise ¢ = +00. The corresponding conjugate function

is ¢*(a) = £[((k — Da + )% — 1], where k* = £5. Then solving equation@is equivalent to

solving

sup —1 = (1 -+ k(k Der) ¥ Eoup, (=8 f(a,¢) — n)k 7.
ne

Note that when k = 2, it reduces to the famous x>-divergence DRO problem, whereas k — 1, it
corresponds to the KL-divergence DRO problem.

Example 4 (KL-divergence (Shapirol 2017)). The ¢ function is set to p(a) = zln(z) — x + 1 if
a > 0, otherwise p = +00. The corresponding conjugate function is ¢*(a) = e* — 1. Then solving
equation[8)is equivalent to solving

sup —Ae; — AEq~p, [exp <8Tf(z76))] .

A>0 A

We then introduce our method, as shown in Algorithm[T] In the MOO setting, we begin by randomly
sampling the coefficients s; based on a known distribution Py with the support A (Paria et al.,[2020)).
The solution of equation [§]for each s € A is guaranteed to be robust efficient, while the distribution
P serves only to assign probability density across the resulting solutions. In this paper, we take Pg
to be the uniform distribution. After the random scalarization, an acquisition function is defined as
follows:

ool 8g) = sup (_n_ X — XEop, l¢*<—sz mt_l(x,c)wfat_l(x,c))—n)D’

A>0,7€R A
(10)
where )u't—l(xv C) = [M%—l('x’ C)v EERE) /ng(—l(x7 C)]T and o't—l(xa C) - [O-tl—l('ra C)v e 70'15121(377 C)]T'
We then select the action z; € argsup,cy a(z,s;) that maximizes the acquisition function and
sample the corresponding observation. In practice, since ¢* is convex and both @, ; and o;_; are
available and both A, ny are scalars, the optimal solution of equation [10]can be efficiently computed.
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4 THEORETICAL RESULTS

Define 7 € argsup,cy infgeu(p,) Ecnqlsy (2, c)], which is the robust efficient solution we

aim to obtain. Since f(z,c) is a black-box function that is expensive to evaluate, we then use
1

pi—1(z, c)+ B2 or—1(x, c) to estimate the black-box function in our acquisition function shown in

equation[I0] This estimate inevitably introduces some errors, which we quantify through the regret
defined as follows:

= inf E..o[s, f(zF, c)] — f E.. ,c)]. 11
Tt QEIZ{}(Pt) c Q[St F(zf,c)] Qellftl(Pt) Q[st [z, 0)] (11)

This regret is widely studied (Husain et al., 2023} Kirschner et al., |2020) in the single-objective
setting, and equation |1 I{extends it to the multi-objective setting.
To provide a theoretical analysis of the regret, we adopt the following widely used assumptions:

Assumption 1. Let X C [—r,7]% be a compact and convex set (Paria et al., 2020; Srinivas et al.|
2009), where d € N and r > 0. The underlying distribution of the context P* is discrete and |C| is
bounded.

Assumption 2. We assume that for each i € [K], the kernel k;((x,c), (2, ")) meets the require-
ments (Paria et al.| 2020; |Srinivas et al.| 2009) such that the derivatives of f; are upper bounded
with high probability. To be more detailed, there exist some constants a,b > 0 such that for any
ceCandj € [d],

ofi
Oz,

L/b)?.

sup > L (12)

zeX

holds with probability not larger than ae=(

Assumption [2] s a standard smoothness condition in BO and requires that the objective functions
do not vary too fast with respect to x. The theoretical results in [Husain et al.| (2023); [Tay et al.
(2022) require that sup, . c v xc f(, ¢) or the RKHS norm || f||; is bounded in the single-objective
setting. In contrast, our analysis does not rely on such assumptions, yet we establish regret bounds
with the same convergence rate through a tighter analysis. In fact, f(x,¢) ~ GP(m,k) and the
function value of f can be unbounded. Our regret bound depends on the maximum information gam
Y4 := sup apl (yT7 F4) for each objective i, where [ is the mutual information, yi = [y%, ..., yi] T,
fi=[fi,.. f5]" and A7 = {(z1,c1), ..., (zt,cr)} C X x C is the dataset. Moreover, with
the RBF kernel (or Matern kernel with » > 1), it can be shown that v& < O(log(T yd+d+1)
<0r v < O(TZV(*(-I(J:’Q’(’?L{E’QU log(T ))) (Husain et al., 2023). We assume that there exists an

> 0 such that M = sup{m : p(m) < TG

for all of our examples. Under this assumption, for any @@ € U(P;),c € C, it can be shown that

g((”c)) < M. Otherwise we have that D, (Q, P;) = > .. Pi(c)p (g((?)) > p(m)inf, Pi(c) > &,

which contradicts Q € U(P;). Then, by constructing a finite e-net X} at time ¢, we have that:

Theorem 1. With Assumptlonsland@holdmg for each fz, let | X;| = (2dt?br+/log(8d|C|a/d)),
By = 21og(8|X,||C|m/d) for any 0 < 6 < 1 and my = T, it follows that

}+. This condition is easily verified to hold

T K ;
28770 T <24K) 72
<4M — - +16MKlo + =
LT ;mg(ua 2) U0 )"

holds with the probability larger than 1 — 6.

Our proposed algorithm and theoretical results are directly applicable to the single-objective setting
(see Appendix [B). While most existing theoretical analyses focus only on single-objective formu-
lations, our results have several advantages even in the single-objective setting: Compared with
Srinivas et al.[(2009), which does not consider the robustness, our solution achieves the robustness
at the cost of only an additional term 16M K log (24K ) Compared with the robust BO method

(Huang et al.; 2024), where the regret bound is of order O(4/ Zthl ef + Tiigz ) with D, denoting
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the dimension of the context, our regret bound depends only logarithmically on |C| without requiring
the uncertainty set radius to shrink to guarantee sublinear regret.

Beyond regret guarantees, our method advances robust BO by relaxing assumptions and broadening
applicability. In particular, it eliminates the bounded function value assumption (Husain et al.,[2023;
Tay et al.,2022) and supports a broad class of ¢-divergence DRO uncertainty sets without requiring
the uncertainty set radius to shrink in order to guarantee a sublinear regret. To achieve that, we first
construct an e-net over the general set X' and then derive a tighter upper bound on the estimation
error between the black-box function and its surrogate. We then show the proof sketch.

Proof Sketch. The detailed proof can be found in Appendix Note that the set X can be
continuous and we construct a finite e-net X; of size (27;)¢ to guarantee that for all z € X,
||l —[z]¢||1 < rd/T¢, where [x]; represents the closest point in the net X;. In this paper, we construct
a net that has 27; points uniformly distributed in each coordinate. We then have that:

Lemma 1. Forany 6 € (0,1), let |X;| = (2dt*br\/1og(8d|C|a/6))? and B; = 21og(8|X;||C|m¢/d).
Formy > 0 such that 3, 7, b = 1, we have that

i 3 i 1
Vt20,Vz € X, Ve € G |fi(w, ) = pa ([zls, ) < BP0 ([a]e, ) + 55
holds for each i € [K| with probability at least 1 — g.

By Lemmal[I] each black-box function f; can be decomposed into two components: the surrogate

. 1
estimate p;_; + 87 o;_, and the corresponding estimation error. Due to the fact that 2; maximizes
the acquisition function defined in equation[T0and the estimate is an upper bound on the true worst-
case performance, we can further show that

K
1 .
re <2 Z Ecnqr[B7 0t _1 (x4, c)] + other terms,
i=1
where Q; € arginfgoey(p,) Ecnqls{ f(z1,c)]. In the Bayesian optimization setting with |C| =
i 1 .
1, 23:1 Ecvqs |87 041 (1, ¢)] reduces to 23:1 B2 oi_1(xt), which can be upper bounded by a

2T Byl
log(l—&-o‘;z)
Cauchy-Schwarz inequality and the following Lemma 2]

function of the maximum information gain: with non-decreasing 3; according to the

Lemma 2. (Information bound in |Srinivas et al.|(2009)) The sum of predictive variances can be
upper bounded by the information gain as follows:

d O_i 1(-Tt Ct)2 < 2’7%
§ t— ) = 2\
— log(1+0,7)

However, in DRO setting, the LHS becomes Zle Ecvg: [Btl /2 ol (zy, c)}, which is an expec-

tation under @); and the information bound in Lemma [2| only applies to Zthl ! /2 ol (x4, cp).

Therefore, Lemma@] cannot be invoked directly, and additional analysis is needed.

Since Q7 € U(P,), it follows that %((CC)) < M for all ¢ € C. Thus, the expectation under
7 can be bounded by at most a constant factor M times the corresponding expectation un-
der P;. This reduction allows us to control 3 ,_, Ecvq: {Btl & ot (x4, c)} via the simpler form
Zthl tl /2 ot (x4, ct), evaluated only at the sampled contexts ¢;. As a result, the information
bound in Lemma 2] can be applied, completing the proof. O

5 NUMERICAL RESULTS

We then present numerical experiments for the multi-objective setting, conducted on synthetic func-
tions. More details and further experiments are provided in Appendix [D] We evaluate our method
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Cumulative Regret vs Optimal Value: MOTV Hartmann

525
g

& 20
g

515
310
— [cl=10

5 |cl=100
— Ic1=1000

0 25 50 75 100 125 150 175 200
Iteration

(a) Regret vs Iteration for Hartmann with TV DRO

Cumulative Regret vs Optimal Value: MOCHi2 Hartmann

— [cI=10
cl=100
— IcI=1000

0 25 50 75 100 125 150 175 200
Iteration

(b) Regret vs Iteration for Hartmann with x2-DRO

Figure 1: Results for multi-objective Hartmann functions.
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Figure 2: Results for multi-objective Modified Branin functions.

on three widely used synthetic functions with context variables (Surjanovic & Bingham)), e.g., the
Ackley function, Modified Branin function, and Hartmann function. In our multi-objective formu-
lation, all objectives share a common context variable c. Despite Huang et al.|(2024) only focusing
on the single-objective setting, while we study the multi-objective setting, additional key differences
distinguish the problem studied in this paper: 1. Context environment: Huang et al. (2024) choose
a Gaussian kernel to estimate the context distribution, and in this paper, we follow the method in
Huang et al.|(2024); [Kirschner et al.|(2020) to discretize the context space into the size of [|é | 1/D 1P,
where D is the dimension of the context variable; 2. Model-based setting: While [Huang et al.
(2024) assume a decreasing radius of the DRO uncertainty set, we instead consider a constant ra-
dius to obtain solutions that remain robust under shifted context distributions; and 3. Acquisition
function: From an algorithmic standpoint, the primary distinction between [Huang et al.[(2024) and
this work lies in the acquisition function, which corresponds to the dual formulation of the DRO
problem. In this paper, we investigate the model-based setting with a constant DRO radius and
further extend the TV-DRO problem to a broader class of (-divergence problems. Our results for
the Modified Branin and Hartmann functions under both TV- and x2-DRO settings are presented in
Figures |I|and [2} The results show that, even with a fixed radius of the DRO uncertainty sets, the
cumulative regret exhibits sublinear growth, which is consistent with our theoretical results.

6 CONCLUSION

In this paper, we investigate the Bayesian optimization problem in contextual environments, where
we consider the distributional robustness in the context variable. We develop frameworks for both
single- and multi-objective settings and establish provable sublinear regrets. Compared with exist-
ing works under the single-objective setting, our method does not require a decaying radius of DRO
uncertainty sets and applies to a wide range of p-divergence DRO problems. For the multi-objective
setting, our method can obtain robust efficient solutions (Ehrgott et al., [2014)), with regret bounds
of the same order as in the single-objective case. We further validate the effectiveness of our ap-
proach through numerical experiments. In future work, we aim to extend our framework to support
additional DRO uncertainty sets, such as the MMD and Wasserstein sets. We also plan to apply the
framework to large-scale real-world applications, such as vehicle design and drug discovery.
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Algorithm 2 DRBO for general (-divergence

Input: Number of iterations 7', initial dataset Dy
fort =1to T do
Sample a context ¢; ~ P*
Construct the GP model given D,_
Compute z; € argsup a;(z) based on equation|[14]
Obtain the black-box value y; = f(x¢, ) + 0
Augment the dataset D; = D1 U (x4, yt, ¢t)
end for

A USE OF LARGE LANGUAGE MODELS

In this paper, we only use LLMs to aid and polish writing.

B SINGLE OBJECTIVE

Single-objective model: We study a black-box reward function f : X xC — R, where z € X C R?
is the model parameter and ¢ € C C R? is the context variable. We assume at time t, the context
variable is ¢, and given model parameter x;, we obtain the current observation y; = f (x4, ¢t) + 1,
where 7; ~ N(0, 0'%) is the noise and o7 is the constant noise variance. The following GP (Williams
& Rasmussen, 2006, Krause & Ong, 2011} [van Bueren et al., 2021) assumption is widely used
in the BO literature: f ~ GP(m,k), where m : X x C — R is a known mean function and
k: X xCxXxC — Ris aknown covariance function. We follow the widely used assumptions that
m = 0and k((x,c), (z,¢)) < 1forany x € X and ¢ € C. Denote by A; = {(z1,¢1), ..., (x¢,¢:)}
the dataset at time ¢, and let y; = [y1, ..., yt}T be the observation vector. Given A; and v, it can be
shown that the posterior over f(z, ¢) follows a GP distribution, whose mean and variance are given
by

pi(x,¢) =ke(z,0) (K¢ + 071) 'y,
(oe(x,¢))* =k([z, ], [x,€]) — ke(x,¢) T (K¢ + o 1T) ke (2, 0), (13)
where we define the kernel vector k¢([z,c]) = [k([z1,c1], [z, ¢]), ..., k([zs, ], [z,¢])] T and the
positive definite kernel matrix K; = [k([z4, ca], [b, ¢b])]ab<t-

We then provide our method, shown in Algorithm [2| We first sample a context based on the un-
derlying distribution P;. According to equation[I3] given x; and ¢;, we can estimate the mean and
variance of f(x, ¢;). For the general p-divergence DRO problem, we define the acquisition function
as follows:

on(z) = sup (77 “ et — ABoorp, lQp* <—/~Lt1($,c) - ﬂjahﬂmw) - Tl>‘|) (4

A>0,nER

1
where p—1(z,¢) + B2 or—1(x, ) is used to estimate f(z,c). At time ¢, the model parameter z; €
arg sup,c y ou () is selected to maximize the acquisition function. It is hard to solve the max—min
problem in equation 3]directly. However, maximizing the acquisition function defined in equation[14]
is easy since the distribution is known and it is a pure maximization problem.

The following regret (Husain et al.l [2023; |Kirschner et al.l 2020) is defined to mea-
sure the performance gap between our selected z; and the optimal z; such that x; €

arg sup,e v infoeu(p,) Eenqlf (2, 0)]:

ry= inf [E.o zi,c)]— inf E.. Ty, c)l. 15
b= ot Eevolf(af )] = it ool (e )] (15)
Our regret bound depends on the maximum information gain vz := sup,, I(yr; fr) at time
T, where I is the mutual information, y; = [y1,.., %] » fi = [fi,.,fr]" and Ap =

{(z1,¢1), .., (g, c7)} C X x C is the dataset. Then, we have the following theorem:

13
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Theorem 2. Under Assumptionsand@ let By = 21og(8|X:||Clme/6) for i = %, and |X;| =
(2dt%br+/1og(8d|Cla/8))%. It then follows that

d 281y T 24\ 72

S oro<dM, [T 4 16M log () +—

—~ log(1+0;7) d 6

holds with the probability at least 1 — 6.

B.1 PROOF OF LEMMA[I
Proof. By assumption[2]and the union bound, we can show that
Pr{Vj,Vz € X,and Ve € C,|0f/(0x;)| < L} > 1 — d|Clae~%"/¥".
It follows that
Vz,z' € X,andc € C, |f(x,c) — f(2',c)| < L||lz — 2’|

holds with the probability at least 1 — d|C|ae*L2/l’2. Set L = by/log(8d|C|a/d) and 7, =
dt?br+/log(8d|C|a/J), we have that

1

Vee X, [f(x) = f([z])] < by/Iog(8d|Cla/d)x — [z]:lly < 5

t2

holds with probability at least 1 — 2. With 7, = d¢t?bry/log(8d|C[a/5), it can be shown that

|X:| = (2dt%bry/log(8d|C|a/5))?. Based on Lemma [3| and the union bound, setting 8; =
21og(8|X:||C|mt/d), we can show that

(16)

Vo € X, ¥Vt > 1land Ve e C,|f(x,c) — pe—1(x, )| < ﬂfat,l(%c) (17

holds with probability > 1 — g. Based on equation equation , and the union bound, it can be
further shown that

1 1
Ve € X,Vt > 1andVe € C,|f(z,¢) — pe—1([z]s, )| < B ov—1([z]e, ) + o)

holds with probability > 1 — g. This completes the proof. [

Lemma 3. (Adapted Lemma 5.6 in |Srinivas et al| (2009) ) For any 0 < § < 1, set By =
2log(|Xt|me/5) with 32,4 7, =1 and 7y > 0. Then, for any ¢ € C, it can be shown that
1
YV € Xtvvt > 17 ‘f(ZC,C) - :ut—l(z7c)‘ < 61‘/2 O't—l(‘r7c)

holds with probability at least 1 — 0.

B.2 DETAILS ABOUT LEMMA 2]

Denote by the maximum information gain vz := sup 4. I(yr; fr) at time T', where [ is the mutual

information, y; = [y1,....,u:] » ft = [f1, ..., fr]" and Ap = {(z1,¢1), ..., (x,e7)} C X x Cis
the dataset. Based on Lemma 5.3 and Lemma 5.4 in |Srinivas et al.| (2009)), we have the following
lemma:

Lemma 4. (Information bound in |Srinivas et al.|(2009)) The sum of predictive variances can be
upper bounded by the information gain as follows:

zT:a2 (24, ¢1) < _ 2
t—1 ’ — —2\°
—~ log(1+0,7)

14
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B.3 PROOF OF THEOREM [2]

Proof. The regret can be written as

= inf E.. x _ inf E,. ol
= oo olf(zi,c)] oot olf(z¢, )]

which can be further bounded as
re = inf Eeoglf(zf,c)]— inf E.oglf(z,c)]

Qeu(P,) Qeu(Py)
1 *
= Qeig}(fpt)ﬂ‘:m@[f(x?, c)] - Qeig{l(fpt)ECNQ[ﬂt—l([xﬂt’ ) + B¢ ov-1([z{]t, )]

+ inf ECNQ[/Lt71([fL':]t7 C) + ﬁz&éatfl([xr]t’c)}

QEU(P)
1
- i f ECN — ) 2 — )
ocnte Qlue—1(xe,¢) + B o1 (2, )]
inf  Eowolue1 (e, o, 1(20,0)] — inf Eo. o). 18
NPT Qlue—1(ze, ¢) + Bf or—1 (a4, ¢)] achir) Qlf(ze, 0] (18)

Based on the dual formulation, for (-divergence DRO problem, we can show that

1
ai(zy) = Qeibr}(fpt) Eeolpi—1(zs, ¢) + B2 o1 (4, ¢)],

where a is defined in equation[I4] Since x; € argsup, oy (z), it can be shown that

1 . 1
infoeu(r)Be~gli—(lzel,€) + B ora(zile )] = ) o Eenglu(ze,€) + B ora (@, o))

< ag([afle) — () < 0. (19)
According to Lemmal[l] it follows that

7@t €) = ma (e ] < Broa(lahe) +

holds with probability > 1 — g. With this inequality, we can further show that

V> 1 (20)

1
infocu(r)Be~qlf(ze, O =  dnf ) ool (l2rle ) + B o (lwils, o))
1 1 1
< i f ]E('N *7 - i f E(‘N — ; ) 7 — : ) ) )
_Qelll}(Pt) ~Qlf (7, )] Qelgll(Pt) ~Q |p—1([z]e, ¢) + B or—1([x(]e, ) + 2 + 2
1
S 21
We then bound the last item shown in equation [I8] which can be expressed by
1
i f ECN — ) ? — 9 - i f ]ECN )
Inlgeu(pr,) Qlut—1(xe,¢) + B or—1(xt, 0)] Qelbf{l(Pt) Qlf(xe, )]
1
<Ecnq; [p—1(T1, ¢) + B or—1(x1, ¢) — flat, )], (22)

where Q7 € arginfocy(p,) Ecnqlf(2t,c)] and the inequality holds due to the fact that

3 1
infoeu(r,) Ecnglui-1(ze,¢) + Bfor-1(zi,¢)] < Eevgylp—1(zi,¢) + Bfoi—1(we,c)] and
infoeyp,) Ecnglf (76, ¢)] = infoey(p,) Ecnglf (74, c)]. Similar to Lemma [3} with our selected
B¢, it can be proved that

Ve e C V> 1, | f(we, ¢) — pu—1 (x4, ©)| < B or—1(z¢,¢) (23)

holds with probability at least 1 — %. With the inequality in equation holds, equation [22|can be
further bounded as

ianeu(Pt)Ech[:U't—l(Zta c) + 5,?0:&—1(%&,0)} - Qeig(fpt)ECNQ[f(xt’ c)]

S ECNQI [Mt,l(.ﬁh C) + Bt%0t71($t7 C) - f(xt7 C)]
< By [BE 011 (21, 0)). .
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Thus, based on the union bound, combining equation[I8] equation[T9] equation [21]and equation 22}
we have that

1 1
re L2Benq: [Bf or—1(24, €)] + 2 (25)

hold with probability at least 1 — 2. It is hard to directly bound Zthl Ecngr [Bt% ot—1(x¢, c)] based

on the information gain shown in Lemma , which can only bound Zle o? (w4, c). Based on the
definition of uncertainty set in equation [2]and equation [f] for any ¢ € C, we have that

nn(§) <m o (5) <

ceC

Thus there exists an upper bound on M > 0 such that % < M. As aresult, we have that

1 1
Ecgs B2 or—1(xt,0)] < ME.wp,[B20t—1(x¢, C)]. (26)
Applying Lemma 5]to equation [26] it can be proved that
d 1 K 24
> MEep,[BEo1-1(zi,0)] <2M Y BEor_1(xi,¢r) + 8M log (5) (27)
=1 t=1

holds with probability at least 1 — %. Based on the information bound in Lemma we have that

20371(%7%) < %’YT,
— log(1+0,7)

which further implies that
T
2'YTT
Or—1(x,¢) < | ——————5—. 28
> ora(wc) og(1 + 077 (28)

Combining equation[25] equation[26] equation[27]and equation 28] the fact that j3; is increasing, and
by the union bound, we can prove that

2 T 24
Zrt<4M 20T +16M10g< )+7T
log(1+o %) 0 6
holds with probability at least 1 — ¢. This completes the proof. O

Lemma 5. (Lemma 3 in|Kirschner & Krause|(2018).) Denote by S; > 0 a non-negative stochastic
process, which is adapted to a filtration {F;}. Let m; = E[S;|F¢_1] be the conditional expectation.
We assume that there exists a B > 1 such that Sy < B. Then we have the following inequality

T T
1
> m §225t+4310g5+8310g(43)+1

t=1 t=1

T
68
t=1

holds with probability at least 1 — 0 forany T > 1 and 0 < § < 1.

C MULTI-OBJECTIVE SETTING

C.1 PROOF OF THEOREM[I]

The regret can be written as

= f ]Ec~ *7 - f ECN ) )
Tt Qelz{tl(Pf) Q[St f(zf,c)] Qellrll(Pt Q[St Sz, 0)]
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which can be further bounded as

= inf E(.N T * . inf E.. T
re=of B Qlse f(zy,c)] oot Ee olss fae,0)]
1
= i f ]EC"’ . *7 - i f ECN T _ * , 2 _ * 7
ot Eengls) £ 0l = inf | Eovgls) (e-a([efle,0) + B ora([ef)e, )]
3 *
+ Qeig}(fpt)ECNQ[S:(Ht—l([JUﬂt, c) + B¢ or_1([zf]i, 0))]

1
_ inf ]ECN T — s z — )
oot Qlse (mt—1(ws,¢) + B or—1(w1,¢))]

1 .
+ Qeig}fpt)Ec~Q[s;r(Mt—1($t’C) + B ot—1(w1,0))] — Qelgll(fpt)Ec~Q[3tTf(xt,C)}- (29)

Based on the dual formulation, for (-divergence DRO problem, we can show that

1
ai(zt, 8t) = Qeill;l(fp)Ec~Q[StT(Mt—1(JUt70) + Bfot—1(zt,0))],

where o (z, s) is defined in equation[10} Since z; € argsup, oy (z, s¢), it can be shown that

1
infgeu(p) Benq(se (Be—1([27]s,¢) + B oe—1([2{]:, 0))]
1
— inf Eewols) (pe—1(ze,¢) 4+ BZoe_1(xy,c
odittp olsd (pe—1(zs,¢) + BEor—1(21, )]

S at([x,ﬂt) — Oét(ﬂft) S 0 (30)

We can then slightly change Lemma By setting 8; = 2log(8K|X;||C|m;/8) for 3o, 7y ' = 1,
it can be shown that for any i € [K],

* i * 3 7 * 1
vt > 1, |fi(xt’c) - Mt—l([xt]t’c” < 5t2 Ot—l([$t]tvc) + 1?27

holds with probability > 1 — &. By the union bound, it can be further proved that

vt > 1,Vi € [K], |f¢(sct,c) - Nt—l([xt]tacﬂ < 5 Ut—l([xt]tvc) + 2

holds with probability > 1 — %. This further implies that

1
infgeu(r,) Ecnqls f(a7,c)] - L Ec~qlse (te—1([27)t,€) + B¢ o—1([2}]s, )]

< inf ECN T *’
<, nt Eeqls] f(ai.0)

. . s ) 1 1
- i Eevg o] (oalleilie) + 8l orealoilee) + 5 )| + 3

1

<3 €Y

holds with probability at least 1 — %. We then bound the last item shown in equation , which can
be expressed by

1
inf ECN . — ) 2 — ) - inf ECN . )
infoeu(p) Eenq[8t (Ht—1(zt,¢) + Bf 0t—1(71,0))] ot Qlse f(xt,0)]
T 1
<Ecvq: [St (Mt—l(l’t, c)+ fBro—1(xe,c) — f(It,C)ﬂ ; (32)

where Q} € arginfgey(p,) Ecng [s{ f(z¢,c)]. Similar to Lemma with our selected [, it can be
proved that

Ve € C,Vt > 1,Vi € [K], | fi(xs,¢) — pt_y (x4, )| < 550271(377570) (33)
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holds with probability at least 1 — g. With equation [33[holds, it can be further proved that

inf ger(p) Benqlsy (-1 (21,¢) + B oe_a(21,0))] — Qeibf}zfpt)EmQ[StTf(xn c)]

<Eeng; [8) (Hima(o0,e) + B ova(@0,0) = Fan,0))]

1
<2Ecnq: (B2 Sz—at—l (x4, )]

Thus, based on the union bound, combining equation 29} equation [30] equation[3T]and equation 32}
we have that

1 1
re S2Benq; [B7 8¢ ora (@) + 5 (34)

hold with probability at least 1 — %. Moreover, we can find a constant M such that
i, 1.
EC’\‘Q: [IBtZ Uz—l (xt7 C)] S MECNPt [5152 O'é—l (‘Tta C)] (35)

Applying Lemma 5] it can be proved that for any i € [K],

d 1 T 24K
> Bewn sl u(orn) <230 sl ol s(ane) +1o (5] ao)
t=1 t=1

)

holds with probability at least 1 — 35,

can be further shown that

where si is the i-th element of s¢;. By the union bound, it

r 1 N UK
Vi€ (K], Eewp,[sB70)_1(21,0)] <23 siBFoi_i(z1,c) + 8log ((5) (37)
t=1 t=1
)

holds with probability at least 1 — 7. According to the information bound in Lemma [2} the

Cauchy—Schwarz inequalit and similar to equation 28] it can be shown that

T K

T T K i
_ 2~i. T
s;o_1(xy, ¢ < s 2 0.7.2 Ty, C < 4. 38
SR END I D RN EN DI N

t=1 i=1 i=1

Combining equation [34] equation 33] equation [36] equation 38] the fact that 3, is increasing, and
by the union bound, we can prove that

K

T .

2874 T UK\ 1
Sr<anr |3 2T 16K log () + 3
t=1 i=1 log(1 + 9 ) 0 t

holds with probability at least 1 — §. This completes the proof.

D NUMERICAL EXPERIMENTS

All the random seeds are set from 100 — 104 (Huang et al.| 2024). For the context, we uniformly
discretize the space into the size of [|C|'/P]P, where D is the dimension of the context variable. We
consider the TV and x2-DRO problems with a fixed uncertainty radius p = 0.1. We use the CVXPY
Python package (Diamond & Boyd, 2016) to find the optimal dual variable in the DRO problem.
The update of the Gaussian models and the solutions of the acquisition function are obtained by
Botorch (Balandat et al., [2020). We share the same model parameter as [Huang et al.| (2024),
where \/f3; is set to 1.5. For the optimize acqgf function in Botorch, the num restarts
issetto 10 and raw samples is set to 128. All Gaussian processes are calculated in one Nvidia
H100, and all CVXPY are computed in AMD EPYC Milan 7713 CPUs. Here are the details of the
functions used in the experiments.
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D.1 SINGLE-OBJECTIVE OPTIMIZATION

Ackley function: the input of this function is a 2-dimensional variable x € [0, 1]? and 1-dimensional
context variable ¢ € [0,1]. We uniformly discretize the space into the size of |C| and function is

expressed by
Fla,e) = ae" (i, 32+e2) n e%(z'?:l cos(hi;)+cos(hé)) _ a—e,

where a = 20,b = 0.2, h = 27 are some constants and Z = 65.536x — 32.768, and ¢ = 65.536¢ —
32.768. The reference distribution Pj is set to the uniform distribution over the discrete set.

Modified Branin Williams|(2000): the input of this function is a 2-dimensional variable z € [0, 1]?
and 2-dimensional context variable ¢ € [0, 1]2. We uniformly discretize the space into the size of
[IC|*/?]? and function is expressed by

f(z,¢) = —/h(15z1 — 5,15¢1) - h(15¢5 — 5,15x3),
where h(u,v) = a(v—bu?+cu—r)?+s(1—t) cos(u)+switha =1,b= 25, c=2,r =6,s =10

472>
and = <. The reference distribution P; is set to the uniform distribution over the discrete set.

1
8w
Hartmann: the input of this function is a 5-dimensional variable z € [0,1]% and 1-dimensional

context variable ¢ € [0,1]. We uniformly discretize the space into the size of |C| and function is
expressed by

4

f(Z,C) = 720[1' exp 7ZA”(£CJ — Rj)2 — Aig(c — Pz )2 s

i=1 j=1

where « = (1.0, 2.0, 3.0, 3.2)T, A =110,3,17,3.50,1.7,8;0.05,10,17,0.1, 8, 14;
3,3.5,1.7,10,17,8;17,8,0.05,10,0.1, 14] and P = 10~4[1312, 1696, 5569, 124, 8283, 5886; 2329,
4135, 8307, 3736, 1004, 9991; 2348, 1451, 3522, 2883, 3047, 6650; 4047, 8828, 8732, 5743, 1091, 381].
The reference distribution Ps is set to the uniform distribution over the discrete set.

Real-World problem (Cakmak et al.,2020; Nguyen et al., 2021b; Huang et al.,|[2024): the input
of this function is a 3-dimensional variable x € [0, 1]°, which represents the risk and trade aversion
parameters, and holding cost multiplier in the portfolio optimization system. The 2-dimensional
context variable ¢ € [0, 1]? denotes the bid-ask spread and borrowing cost. The objective function
is set to the posterior mean of a Gaussian process fitted by 3000 samples.

The results for TV and x2-DRO problems are shown in Fig. [3|and |4} From the results, we can
observe that our methods introduce sublinear regrets, and the size of the context set has little impact
on the model performance.

D.2 MULTI-OBJECTIVE OPTIMIZATION

We conduct experiments on Ackley, Modified Branin, and Hartmann functions in a multi-objective
optimization setting. In each experiment, there are 2 functions to be optimized, and the scalarization
parameter s follows a uniform distribution. While the first objective is the same as in the single-
objective setting, the shared context has a different impact on the second objective. For the Ackley
function, we have that

by/3(Z2, 32+2) n 6_%(2;%‘:1 cos(hd;)+cos(hé)) _ a

fa(z,¢) = ae” —e.

For the Modified Branin function, we have that
fo(z,¢) = —/h(15x1 — 5,15(1 — ¢1)) - h(15(1 — ¢2) — 5, 15z5). (39)

For the Hartmann function, we have

4 5
fQ(I,C) = — ZO@ exp — ZA”(.’L‘j — Pij)2 — Aiﬁ(l — C — Pi6)2
7j=1

i=1

The results for TV and x2-DRO problems are shown in Fig. and |5| From the results, we can
observe that our methods introduce sublinear regrets, and the size of the context set has little impact
on the model performance.
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Cumulative Regret vs Iteration: TV Ackley Cumulative Regret vs Iteration: TV Hartmann
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(a) Regret vs Iteration for Ackley with TV DRO (b) Regret vs Iteration for Hartmann
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Figure 3: Results for single-objective TV DRO problems.
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Figure 4: Results for single-objective x2-DRO problems.
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Figure 5: Results for multi-objective Ackley functions.
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Mean and 95% CI of Chi2 Regret for Modified Branin
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Figure 6: Regret vs Iteration for Modified Branin with x2-DRO

D.3 COMPARISON WITH BASELINES

In this section, we present the numerical results and compare our method with two baselines. The
first baseline is random sampling, where solutions are uniformly sampled from the feasible set. The
second baseline is the vanilla MOBO method, where the solution at each iteration t is selected

1
¢ € arg sup o (z, 8;) := Ecwp, SZ(Nt—l(l", )+ B or—1(z, C))] '
TEX

We conduct experiments on the synthetic functions such as Modified Branin, and Hartmann func-
tions and one real-word problem, the newsvendor problem (Huang et al,[2024}; [Eckman et al.}[2021)),
in a multi-objective optimization setting. In each experiment, there are 2 functions to be optimized,
and the scalarization parameter s follows a uniform distribution. While the first objective is the same
as in the single-objective setting, the shared context has a different impact on the second objective.
The detailed function setup for the synthetic functions follows Appendix [D.2] For the Newsvendor
problem, we have a vendor that buys z units liquid and sells to the customers with a demand of
c. The cost for each unit is sg, the sell price for each customer is s; and the unsold liquid can be
returned for a price of w for each unit. Thus the profit can be written as a function of decision = and
context c: f(x,¢) = sy min{x, ¢} + wmax{0,z — ¢} — sox. We follow the same setting in Huang|
et al.| (2024)); [Eckman et al.| (2021)), where sg = 5, s1 = 9 and w = 1. The context c follows a Burr
Type XII distribution, where the PDF can be written as p(c; «; 5) = aﬂ% with o« = 2 and

8 = 20. In the multi-objective setting, we consider an environment where the context ¢ changes,
defining f1 = f(z,(c—0.1)1) and fo = f(x, (c+ 0.1)4), where ¢, = max{0, c}.

Figures [(HI0| show the results compared with the proposed baselines. The uncertainty radius is
set to p = 0.5 for synthetic functions and 1.0 for real-world applications. All the context space is
discretized into the size of 100. Each experiment is repeated with random seeds from 100 to 104 to
compute the mean and 95% confidence intervals. As shown, the regret of random sampling increases
linearly, indicating that this baseline fails to approach the optimal solutions. In all settings, the regret
of our method grows more slowly over time compared with the vanilla MOBO, demonstrating that
the proposed approach achieves higher efficiency and faster convergence.
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Figure 7: Regret vs Iteration for Modified Branin with TV-DRO
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Figure 9: Regret vs Iteration for Newsvendor with TV-DRO
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Figure 10: Regret vs Iteration for Newsvendor with y2-DRO
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