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Abstract

We study the task of Multiclass Linear Classifi-
cation (MLC) in the distribution-free PAC model
with Random Classification Noise (RCN). Specif-
ically, the learner is given a set of labeled exam-
ples (z,y), where x is drawn from an unknown
distribution on R? and the labels are generated
by a multiclass linear classifier corrupted with
RCN. That is, the label y is flipped from ¢ to
J with probability H;; according to a known
noise matrix H with non-negative separation
o = min;x; H;; — H;;. The goal is to com-
pute a hypothesis with small 0-1 error. For the
special case of two labels, prior work has given
polynomial-time algorithms achieving the optimal
error. Surprisingly, little is known about the com-
plexity of this task even for three labels. As our
main contribution, we show that the complexity of
MLC with RCN becomes drastically different in
the presence of three or more labels. Specifically,
we prove super-polynomial Statistical Query (SQ)
lower bounds for this problem. In more detail,
even for three labels and constant separation, we
give a super-polynomial lower bound on the com-
plexity of any SQ algorithm achieving optimal
error. For a larger number of labels and smaller
separation, we show a super-polynomial SQ lower
bound even for the weaker goal of achieving any
constant factor approximation to the optimal loss
or even beating the trivial hypothesis.

1. Introduction

A multiclass linear classifier is any function f : R — [k] of
the form f(x) = argmax; ¢ (w; - ), where w; € R< for

“Equal contribution 'Department of Computer Sciences, Uni-
versity of Wisconsin-Madison, Madison, USA 2University of
Athens and Archimedes Al, Athens, Greece. Correspondence
to: Mingchen Ma <mingchen@cs.wisc.edu>, Lisheng Ren
<lren29 @wisc.edu>.

Proceedings of the 42" International Conference on Machine
Learning, Vancouver, Canada. PMLR 267, 2025. Copyright 2025
by the author(s).

Mingchen Ma“! Lisheng Ren”' Christos Tzamos

2

all ¢ € [k]. (If the maximum is achieved by more than one
indices, the tie is broken by taking the smallest index.). Mul-
ticlass Linear Classification (MLC)—the task of learning an
unknown linear classifier from random labeled examples—
is a textbook machine learning problem (Shalev-Shwartz
& Ben-David, 2014), which has been extensively studied
both theoretically and empirically (Platt et al., 1999; Hsu
& Lin, 2002; Aly, 2005; Duan & Keerthi, 2005; Tewari
& Bartlett, 2007; Kakade et al., 2008; Huang et al., 2011;
Beygelzimer et al., 2019). MLC naturally arises in a range
of critical applications, including face recognition (Lihong
et al., 2009), cancer diagnosis (Panca & Rustam, 2017),
ecological indicators (Bourel & Segura, 2018) and more.
In all these settings, the number of labels is much larger
than two—hence they cannot be modeled by binary linear
classification. Moreover, MLC has important connections
with modern deep learning architectures; the last layer of
a neural network is typically a softmax function layer—a
natural extension of MLC.

The sample complexity of MLC is fairly well-understood
in the PAC model, even in the presence of noise. Specifi-
cally, standard arguments, see, e.g., (Shalev-Shwartz & Ben-
David, 2014), give that poly(d, k, 1/€) samples information-
theoretically suffice to achieve 0-1 error opt + €, where opt
is the optimal error achievable by any function in the class.
Yet the computational complexity of this task has remained
perplexing. In the realizable setting (i.e., in the presence of
clean labels), the sample complexity of MLC is O(dk/€)
and the problem is solvable in polynomial-time via a reduc-
tion to linear programming (LP). Notably, the corresponding
LP can be solved efficiently in the Statistical Query (SQ)
model (Kearns, 1998), using a rescaled Perceptron algo-
rithm (Dunagan & Vempala, 2004). Alas, the realizable
setting is highly idealized—in most practical applications,
some form of partial label contamination is unavoidable. It
is thus natural to ask what is algorithmically possible in the
presence of label noise.

If the label noise is adversarial (Haussler, 1992; Kearns
et al., 1994) or even semi-random (Massart & Nédélec,
2006), strong computational hardness results are known
even for binary linear classification, corresponding to k =
2 (Daniely, 2016; Diakonikolas et al., 2022; Diakonikolas
& Kane, 2022; Nasser & Tiegel, 2022; Diakonikolas et al.,
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2023a; Tiegel, 2023). These hardness results, of course,
carry over to the multiclass setting.

Interestingly, if the label noise is random—formalized by
the Random Classification Noise (RCN) model (Angluin &
Laird, 1988)—the binary linear classification task admits a
polynomial-time algorithm. The first such algorithm was
given in (Blum et al., 1998); see also (Dunagan & Vempala,
2004; Diakonikolas et al., 2021; 2023b; Kontonis et al.,
2024). All these algorithms are known to fit the SQ model.

The preceding discussion motivates the algorithmic study of
MLC in the presence of RCN. A positive algorithmic result
for the multiclass case with RCN would be of significant
theoretical and practical interest. As our main contribution,
we give strong evidence that such an efficient algorithm
does not exist.

To formally state our contributions, we require the definition
of multiclass classification with RCN that has been widely
studied in prior works (Patrini et al., 2017; Van Rooyen &
Williamson, 2018; Ghosh et al., 2017).

Definition 1.1 (Multiclass Classification with RCN). Let X
be the space of examples and let Y = [k] be the label space.
A multiclass classifier is any function f : X — Y. A noise
matrix H € [0, 1]**¥ is a row stochastic matrix such that
for every i € [k], 2521 H,; = 1. An instance of multiclass
classification with RCN is parameterized by (D, f*, H),
where f* is the ground truth multiclass classifier, H is the
noise matrix, and D is a joint distribution over X X Y
such that each labeled example (z,y) ~ D is generated as
follows. We have x ~ Dx, where Dx is the marginal of
D over X. The label y of x is drawn from the distribution
such that Pr(y = j | ) = Hy-(y); for j € [k]. The
error of a hypothesis & : X — Y is defined as err(h) :=
Pr; ,)~p (h(x) # y). Given a set S of i.i.d. examples
drawn from D, € € (0,1), and a function class F such that
f* € F, alearner is asked to output a hypothesis h such
that err(h) < opt + €, where opt := min e r err(f).

We will also consider algorithms with approximate error
guarantees, namely aiming for 0-1 error Copt + €, where
C is a universal constant. While the focus of this paper
is on the setting that F is the class of multiclass linear
classifiers, the broader class of multiclass polynomial classi-
fiers will arise in our proof. A multiclass degree-m polyno-
mial classifier fp : R? — [k] is characterized by a collec-
tion P = (p1,...,pr), where p;(z) : R — R,i € [k],
is a polynomial of degree at most m. For z € R,
fp(x) = argmax;¢ ) pj (). (If the maximum is achieved
by more than one indices, the tie is broken by taking the
smallest index.)

If o = min#j H” — Hij > 0, MLC with RCN can
be solved up to error opt + € with sample complexity
min{O(dk/ce), O(dk/€*)} via empirical risk minimiza-

tion (ERM). (Moreover, the ground truth f* achieves the
optimal 0-1 loss of opt.) This can be directly deduced from
(Massart & Nédélec, 2006). Though the sample complexity
of the problem is understood, its computational complexity
has remained open even for the case of 3 labels.

A long line of work (Wang et al., 2017; Patrini et al., 2017,
Van Rooyen & Williamson, 2018; Lipton et al., 2018; Zhang
et al., 2021) has focused on understanding MLC, and more
general multiclass classification, with RCN from an algorith-
mic perspective—both theoretically and empirically. The
methods proposed and analyzed in these works require in-
verting the noise matrix H during the training process, and
achieve sample and time complexity scaling inverse polyno-
mially with the minimum singular value of H. This quantity
could be arbitrarily small or even zero— even if £ = 3 and
separation o = (0.1. Hence, such approaches do not lead to
an efficient algorithm in general.

For binary classification, (Kearns, 1998) showed that any
efficient SQ algorithm that succeeds in the realizable setting
can be efficiently converted into an efficient SQ algorithm
that solves the same problem in the presence of RCN. Unfor-
tunately, no such result is known for the multiclass setting.
This suggests that an efficient algorithm for MLC with RCN
would require novel techniques.

Perhaps surprisingly, here we provide strong evidence that
such an efficient algorithm does not exist, even for the case
of 3 labels. Formally, we establish the first super-polynomial
SQ lower bounds for MLC with RCN, suggesting that the
complexity of the problem dramatically changes for k£ > 3.

SQ algorithms are a class of algorithms that, instead of
having direct access to samples, are allowed to query ex-
pectations of bounded functions of the distribution (see
Definition 3.1). The SQ model was introduced in (Kearns,
1998). Subsequently, the model has been extensively stud-
ied in a variety of contexts (Feldman, 2016). The class of
SQ algorithms is broad and is known to capture a range of
algorithmic techniques (Feldman et al., 2017a;b).

All our hardness results hold even if the noise matrix H is
known and given as input to the learner. Our first main result
pertains to the case of optimal error guarantee, and holds
even if o is a positive constant. In particular, we show:

Theorem 1.2 (Informal Statement of Theorem 6.1). There
is a noise matrix H € [0, 11>*3 with H;; — H;; > 0.1,Vi #
J € [3], such that it is SQ-hard to learn an MLC problem on
R?, with RCN specified by H, up to error opt + €.

Given Theorem 1.2, it is natural to ask whether it is possible
to approximately efficiently learning MLC under RCN. A
learner is said to be C-approximate if it outputs a hypothesis
h such that err(h) < Copt + €, Ve € (0,1), where C' > 1.
By considering larger values of k& and small separation o,
we show that even approximate learning is SQ-hard (even if
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the noise level is small). In more detail, we show:

Theorem 1.3 (Informal Statement of Corollary 6.3). For
any C > 1, there exists a noise matrix H € [0, 1]***, where
k=0(C)and 0 = min,; ; H;; — H; j = Q(1/C), such
that it is SQ-hard to learn an MLC problem on R with RCN
specified by H up to error Copt, even if opt = ©(1/C).

In fact, our final result shows that within the regime o =
min;,; H;; — H;; > 0, itis even SQ-hard to learn a hypoth-
esis with error 1 — 1/k — o(1), even if opt = O(1/k). That
is, it is hard to even find a hypothesis better than guessing
the labels uniformly at random. Specifically, even if we only
add 1% RCN for an instance of MLC, it is hard to learn a
hypothesis with error better than 99% for k& = 100.

Theorem 1.4 (Informal Statement of Corollary 6.4). For
any k € Zy with k > 3, there is a noise matrix H €
[07 ].]ka with o = Inini_j Hiﬂ' — Hi,j = Q(l/d) such that
it is SQ-hard to learn an MLC problem on R with RCN
specified by H up to error 1 — 1/k — o(1), even if opt =
O(1/k).

2. Technical Overview

At a high level, our proof leverages the SQ lower bound
framework developed in (Diakonikolas et al., 2017) and tech-
niques for constructing distributions that match Gaussian
moments from (Diakonikolas & Kane, 2022) and (Nasser
& Tiegel, 2022). We stress that while these ingredients are
useful in our construction, employing them in our context
requires novel conceptual ideas.

Roughly speaking, prior work (Diakonikolas et al., 2017)
and its generalization (Diakonikolas & Kane, 2022) give
a generic framework for proving SQ-hardness results for
supervised learning problems. Consider a distribution D
over R? x [k]—a distribution consistent with an instance
of a classification problem. Suppose that for y € [k], the
distribution of = conditioned on y has the form of PUA, for v
a hidden direction in R¢, such that: (i) z,, the projection of
x on the v direction, follows a one-dimensional distribution
A, and (i) z,. ~ N(0,I). Moreover, suppose that the
one-dimensional distribution A nearly matches the first ¢
moments of N (0, 1), within error v, and has chi-squared
norm at most 3. The any SQ algorithm that correctly distin-
guishes between the case where (x, y) is drawn from such a
D versus the case where the label y is generated indepen-
dently of = according to D,, needs either to make 262(d)
statistical queries or to make a query with tolerance 2,/7,
where 7 = 12 + 2791 3,

To leverage the aforementioned result, it suffices for us to
construct a distribution D with the form discussed above
that is consistent with an instance of MLC with RCN. Un-
fortunately, constructing such a D directly is technically
challenging. To overcome this obstacle, we first note that

one can reduce learning multiclass degree-m polynomial
classifiers with RCN to learning linear classifiers with RCN
using the Veronese mapping, defined as V (z) := (x,1)®™.
Therefore, it suffices for us to give a distribution D that
is consistent with an instance of a multiclass polynomial
classifier f* = argmax{p;(v-x),...,pr(v-z)} withRCN
over RY instead. We remark that as we want to prove SQ
hardness for MLC over R% and d = NO(™) _if m is large,
then we need to prove a stronger hardness result for the poly-
nomial classification problem over R . As we will discuss
in Section 6, a key towards proving our SQ-hardness result
is to choose the correct value of m.

Given the above discussion, it suffices to look at one-
dimensional distributions along v. Our key observation, that
leads to our SQ-hardness result, is that for a noise matrix
H, if the kth row hj can be written as a convex combina-
tion hy, = Zje[k_l] a;h; of the other rows, then an exam-

ple drawn from the marginal distribution jelk—1] % P;‘ !

where P;Y is the marginal distribution for z with f*(x) = j,
will have observed label following the distribution /. In-
tuitively, if D has such a marginal distribution of z, then
the conditional distribution on y € [k] should be a mixture
of the base distributions P, . As long as A;,i € [k — 1]
is close to N (0, 1), this in turn can be shown to imply a
hardness result.

Such an intuition is useful but is not formally correct: in gen-
eral, the conditional distribution is not exactly a mixture of
the base distributions. We overcome this difficulty by mix-
ing examples with f*(x) = i and f*(z) = k carefully to
obtain A;,i € [k — 1]. Specifically, we leverage techniques
for constructing moment-matching distributions from (Di-
akonikolas & Kane, 2022; Nasser & Tiegel, 2022). Roughly
speaking, these works considered the following distribution.
Let Gs¢ be the distribution of z ~ A/(0,1) conditioned on
z€I; =[i0 —&id+ & fori € Zy i.e., conditioned on
equally spaced intervals with width £. The distribution G5 ¢
approximately matches moments up to degree 1/62 up to
error 2-(1/5%) with N (0,1) and its chi-squared norm is
not too large for any £ > 9-2(1/6*) We choose A1 = Gse.
Inspired by (Nasser & Tiegel, 2022), for i € [—m,m], if
we make tiny shifts for A; over these I;, kK — 2 times to
get k — 1 unions of disjoint intervals J;, j € [k — 1], we
obtain distributions Ay, ..., Aj_; that are close to N (0, 1).
Importantly, one can construct polynomials p;(z) > 0 if
and only if z € J;, j € [k —1], and py(z) > 0 if and only if
z & I, = Uj Jj. This implies that D is consistent with an
instance of multiclass polynomial classification with degree
Oo(m).

Moreover, we show that the larger Pr(z € I;,) is con-
structed, the better learning guarantee we can rule out. If
we choose Pr(z € I;,) = ¢, then we are able to rule out
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learning algorithms that achieve error opt + €. Moreover,
by carefully designing the noise matrix H and choosing
Pr(z € I;;,) = 1 — 1/poly(k), we are additionally able to
rule out algorithms with error better than 1 — 1/k, even if
opt = O(1/k).

3. Preliminaries and Notations

Let f* : X — Y be the ground truth hypothesis. For
j € [k], denote by S; = {x | f*(x) = j} C R? the
set of examples with f*(z) = j. Leth : X — Y be an
arbitrary hypothesis. For i, j € [k], we denote by S;; =
{x| f*(z) = j,h(z) = i} C RY, the set of examples with
ground truth label j, but on which A predicts 7. In this paper,
we use S?~! to denote the unit sphere in R%. Let K C R?
be any set; we denote by conv(K), the convex hull of K.
For a noise matrix H € [0, 1]*** we denote by h;,i € [k],
the 7th row vector of H.

For a distribution D, we use Ex..p(z) to denote the expec-
tation of D. Let D be a distribution of (x, %) over R? x [k].
We use Dx to denote the marginal distribution of D over
R? and use D, to denote the marginal distribution of D over
y. In this paper, we will use N (0, I) to denote the standard
Gaussian distribution over R¢ and use N (0, 1) to denote the
standard one-dimensional normal distribution. For N (0, 1),
we use G(x) to denote its density function and use 7y, ¢ € N,
to denote its standard {th moment E,.n(0,1) xt.

Definition 3.1 (SQ Model). Let D be a distribution over
X x Y. A statistical query is a bounded function ¢ :
X xY — [-1,1]. We define STAT(7) to be the ora-
cle that given any such query ¢, outputs a value v such that
|v — E(zy)~pla(z,y)]| < 7, where 7 > 0 is the folerance
parameter of the query. A statistical query (SQ) algorithm
is an algorithm whose objective is to learn some information
about an unknown distribution D by making adaptive calls
to the corresponding STAT(7) oracle.

Definition 3.2 (Pairwise Correlation). The pairwise corre-
lation of two distributions with probability density func-
tion D;,Dy : R? — R, with respect to a distribu-
tion with density D : R? +— R,, where the support
of D contains the support of D and Ds, is defined as
xp (D1, D2) = [pa D1(x)D2(x)/D(x)dx — 1. Further-
more, the x-squared divergence of D; to D is defined as
X2(D1, D) = XD(Dh Dl)

Organization The structure of this paper is as follows: In
Section 4, we introduce an appropriate hypothesis testing
problem and show how to efficiently reduce it to our learning
problem. In Section 5, we construct the hard distribution for
the testing problem. Finally, in Section 6, we prove the main
results of this paper by carefully choosing the parameters
and putting together the reduction of Section 4 and the hard
distribution construction of Section 5.

4. From Hypothesis Testing to Learning

The usual way to prove an SQ-hardness result for a learning
problem is to show hardness for an appropriate hypothe-
sis testing problem that efficiently reduces to the learning
problem. In this section, we explore the properties of multi-
class classification problems and introduce the hypothesis
testing problem. To start with, we give the following condi-
tion, which will be used to create a hard hypothesis testing
problem related to the multiclass classification problem.

Definition 4.1 (SQ-Hard to Distinguish Condition). Let
I = (D, f*, H) be an instance of multiclass classification
with RCN. We say that the instance [ satisfies the hard-to-
distinguish condition if it satisfies the following conditions:

1. There exista; > 0,7 € [k — 1], Zi:ll a; = 1 such that

hy, = Zi-:ll azh;.
2. Vi€ [k—1],Pryupy (x € S; |z # Sk) = a;.
3. Hjj - sz' Z O,VJ,Z c [k]

We give some intuition behind Definition 4.1. Given a noise
matrix H, the first condition, Item 1, implies that the kth
row vector of H can be written as a convex combination
of h;,i € [k — 1], with convex coefficients a;. Recall
that an example = with ground truth label 7 has H;; prob-
ability to be observed as label j. If the probability mass
of S1,...,Sk_1 are assigned proportionally to these con-
vex coefficients (Item 2), then a random example drawn
from these regions will have probability Hy; to have label 7.
Specifically, if we draw a random example x ~ Dx, then

Pr =1

(z,y)~D(y )

= Pr (z & Sk) 21;;11 ajHj; + Pr (z € Si)Hy;
ZENDX - INDX

= Pr (x € Sk)Hr; + Pr (xz € Sk)Hy; = Hy;.
z~Dx x~Dx

This implies that the marginal distribution D,, follows the
discrete distribution hg. This suggests that given a set of
examples drawn i.i.d. from D, without exploring the struc-
ture of the data, it is hard to tell whether the labels y are
generated from an instance of multiclass classification or
generated from the distribution Ay independent of x.

Motivated by this observation, we define the following test-
ing problem, which we will show later to be hard to solve if
some additional distributional assumptions are satisfied.

Definition 4.2 (Correlation Testing Problem). A correlation
testing problem B(Dy, D) is defined by a distribution D
and a family of distributions D over X X Y. An algorithm
is given SQ query access to some distribution D and a noise
matrix H, and is asked to distinguish whether D = D
or D € D. In particular, Dy and D satisfy the following
properties.

1. Null hypothesis: z ~ (Dg)x for some known distri-
bution (D) x, where y is independent of 2 such that
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PI‘yN(DD)y (y = 7,) = Hy;, Vi € [k]

2. Alternative hypothesis: D € D, where each distribu-
tion D € D corresponds to a multiclass classification
instance (D, f*, H) that satisfies Definition 4.1.

The correlation testing problem asks an algorithm to test
whether the distribution of y is generated according to an
instance of a multiclass classification problem or is gen-
erated from a known distribution that is independent of
x. In the rest of this section, we establish the connection
between the testing problem of Definition 4.2 and the multi-
class classification problem. We first present the following
error-decomposition lemma, that describes the error of any
multiclass hypothesis . We defer the proof of Lemma 4.3
to Appendix B.1.

Lemma 4.3. Let (D, f*, H) be any instance of multi-

class classification with RCN. Let h : X — Y be an

arbitrary multiclass hypothesis over X. Then, err(h) =
k

> =1 Pr(8;) (1= Hyj) + >, ., Pr(S;i) (Hj; — Hyi) - In

particular, if Hj; — Hj; > 0 for every j € [k, i # j, then

opt = err(f*) = S5 Pr(S;)(1 — Hy;)

Given Definition 4.2, the following lemma reduces the cor-
relation testing problem to the classification problem.

Lemma 4.4. Let D be a family of distribution over X XY
such that each distribution D € D corresponds to a multi-
class classification instance (D, f*, H) that satisfies Defi-
nition 4.1. If there is an SQ learning algorithm A such that
for every instance (D, f*,H), D € D, A makes q queries,
each of tolerance T, and outputs a hypothesis h such that
err(h) < opt+a, where 200 = Z;:ll Pr(S;)(H;;—Hjx),
then there is an SQ algorithm A’ that solves the correlation
testing problem defined in Definition 4.2 by making q + 1
queries, each of tolerance min(t, a/2).

We defer the full proof of Lemma 4.4 to Appendix B.2
and give an overview of the proof below. Recall that the
goal of the correlation testing problem is to tell whether the
label y is generated according to the discrete distribution
hy independent of x (null hypothesis) or is generated ac-
cording to some D from D (alternative hypothesis). In the
former case, no hypothesis will have an error better than
the constant hypothesis h(x) = k, which has an error of
1 — Hyg. In the latter case, by Lemma 4.3, we can show that
err(k) — opt = 2c. This implies that, if we can learn the
multiclass classification problem up to error opt + «, then
we only need to make a single query with tolerance a/2 to
check whether the hypothesis h we learn has error less than
1 — Hyi, — /2 to solve the testing problem.

Given Lemma 4.4, we briefly explain how we will use it to
prove the hardness results. Notice that if we choose H;; —
Hjj, > c, for some constant ¢ > 0 and j € [k—1], then o« =
©(1—Pr(Sk)). Thus, Lemma 4.4 suggests that in this case,

to prove the hardness of the learning problem, it suffices
for us to construct instances of a multiclass classification
problem that satisfies Definition 4.1 and 1 — Pr(S}) is as
large as the desired accuracy «. In particular, the larger
1 — Pr(Sy) can be constructed, the stronger hardness result
we are able to obtain. We defer the details to Section 5.

5. Hardness of Hypothesis Testing

Given Lemma 4.4, we know that it suffices to construct a
correlation testing problem B(Dg, D) that is hard to solve.
Notice that any multiclass polynomial classification prob-
lem can be represented as a multiclass linear classification
problem in a higher dimension via the kernel method. So,
we will consider constructing a family of correlation testing
problems B(Dg, D) for multiclass polynomial classifica-
tion problems. Consider an instance I = (D, f*, H) of
multiclass polynomial classification problem with degree-
m under the SQ-hard to distinguish condition, where f*
is characterized by k degree-m polynomials of the form
pi(v-2),...,pe(v-z),v € STL. Then the label y is com-
pletely dependent on v, which implies that a learner must
look at examples close to v in order to solve the testing
problem. This motivates us to look at the following hidden
direction distribution that is frequently used in the literature
of SQ lower bounds (Diakonikolas et al., 2017).

Definition 5.1 (Hidden Direction Distribution). Let A
be a distribution over R, with probability density A(z)
and v € R? be a unit vector. Define PA(z) = A(v -

) exp (— |z — (v 2)v])? /2) /(27)@=D/2 je PAisa
product distribution whose orthogonal projection onto v is

A and onto the subspace orthogonal to v is the standard
(d — 1)-dimensional Gaussian distribution.

Based on the definition of the hidden direction distribution,
we construct the family of hard distributions D as follows.

Definition 5.2 (Hidden Direction Distribution Family). Let
H € [0,1]*** be a noise matrix that satisfies (1), (3) in
Definition 4.1 with the convex combination coefficients a €
[0,1]* L. Let A = (Ay,..., As_1) be alist of k — 1 base
distributions, where for i € [k — 1], A; is a one-dimensional
distribution that satisfies the following conditions:

1. Jaset of m disjoint intervals .J;, i € [k — 1], such that
A;(z) > 0,forz € J; and A;(z) =0, forx € L;;, \ J;,
where I;,, = Uje[kfl] J;.

2. Vz € R\Izn, AZ(JE) = A](J?),VZ,j € [k‘ — 1]

We define the hidden direction distribution family D =
{D#}, cga-1 over R? x [k] such that (z,y) ~ D is
sampled as follows. With probability a;, x ~ P;‘ If
x € Jj, sample y = ¢ with probability Hj;, otherwise,
sample y = ¢ with probability Hy;.
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Figure 1: Illustration of base distributions for k¥ = 3. His-
tograms that are colored in red (resp. blue) correspond to
distribution Ay (resp. As). p1,p2, p3 colored in red, blue,
and green are polynomials that characterize the target hy-
pothesis f*. Jy(resp. Js) are red (resp. blue) intervals
within the range (—26,26), where examples have ground
truth label 1 (resp. 2). Examples outside J; U Jo have
ground truth label 3.

We summarize the key properties of a hidden direction dis-
tribution family in Theorem 5.3, the main theorem of this
section. Due to space limitations, the full proof is deferred
to Appendix C.2.

Theorem 5.3. Let B(Dy, D) be a correlation testing prob-
lem, where (Do)x = N(0,1) and D is a hidden direction
distribution family. Suppose there exists v > 0 such that
for £ <t € 7, the family of one-dimensional distribution
Ay, ..., Ax_1 satisfies ‘EINAi xl — w| < v. Then:

1. Every distribution D% € D is consistent with an in-
stance of multiclass polynomial classification with RCN
(Do f* H) with degree at most 2m that satisfies Def-
inition 4.1.

2. For any small enough constant ¢ > 0, let § =
max; ;j Xn(o,1)(Ai, A;) and let T := V2 + ctB. Any SQ
algorithm that solves B(Dg, D) must make a query with
accuracy better than 2\/T or make 2°*<(D1 /3 queries.

In the rest of this section, we give an overview of the con-
struction of the hidden direction distribution family as well
as the proof of Theorem 5.3.

Consider a distribution D% € D (see Figure 1 for an
example), where D is some hidden direction distribution
family. Item 1 in the construction of a hidden direction
distribution family is to ensure each D% is consistent with
some multiclass polynomial classification problem with de-
gree O(m). Since for each i € [k — 1], J; is a set of m
disjoint intervals, we know there is a degree-2m polynomial
pi(t) : R — R such that p;(t) > 0 if and only if ¢ € J;.
On the other hand, since I;, = eonvJ, ., _y) J; is a finite
interval, there is a degree-2 polynomial pi(t) : R — R
such that py(t) > 0 if and only if ¢t ¢ I;,. Since

pdf of x|y=1
pdf of x| y=2
pdf of x| y=3
polynomial p,
polynomial p,

T HRE

polynomial p;

L

6061

[—

T T T T 1

-76-66-56-46-36 36 46 56 66

Figure 2: Illustration of (D3"*),—; for k = 3. p1,p2,p3
colored in red, blue, green are polynomials that characterize
the ground truth f*. Histograms in red (resp. blue, green)
correspond to distribution (D3%),—; (resp. (D)} =2,
(D{4*)|=3). For each i, (D{*)|,—; has many moments
close to the moments of a standard normal.

J;NJ; = 0,Vi # j, we know that for each j € [k — 1],
ifv-a € Jj, then j = argmax{p,(v- z),...,px(v - x)}
andif v -z & I, k = argmax{pi(v - x),...,pp(v - 2)}.
Thus, D;j"“ is consistent with an instance of multiclass poly-
nomial classification with RCN (D¢, f* H), where the

marginal distribution is Z?;ll a; P;‘ ’ and the ground truth
hypothesis f*(z) = argmax{p;(v-z),...,pr(v-x)}. This
gives an overview of the first part of Theorem 5.3.

We next focus on the second part of Theorem 5.3. To
simplify the notation, for each ¢ € [k], we denote by
D! = DXz | y = 1) in the rest of this section.
The proof strategy here is to use the standard SQ dimen-
sion (Lemma A.4). It is well-known that for any small
constant ¢, there exists at least 282 (d) many unit vectors
u,v such that |u,v| < ¢ (see Fact A.5). Thus, to use
Lemma A.4, we only need to bound xp,(D2®, D),
where |u-v| < c as well as xp, (D DA?). Since
XDy (D2, D) = Zf;l Hyixno,n) (D}, D}) , it is
equivalent to upper bounding x n(o,7) (D%, D). However,

even though the base distributions PUA 7 are all close to
N (0, I) (thus have a small pairwise correlation), in general,
conditional on the label y = i, there is no such guarantee
for D?. Here, we make use of Item 2, in the construction of
the distribution family. Under Item 2, every D! is indeed
a mixture of the distributions Py, j € [k — 1]. Formally,
we have the following technical lemma (see Figure 2 for
intuition), the proof of which is deferred to Appendix C.1.

Lemma 5.4 (Distribution Projection). Let D be a hidden
direction distribution family over R and let D+* € D be a
distribution that is consistent with an instance of multiclass
polynomial classification with RCN (D2, f* H). For
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. a . k=1 a;Hj;
every i € [K], Di(w |y = 1) = S22} 42 P (a).
Given Lemma 5.4, to upper bound the pairwise correlation,
it is equivalent to upper bound x (o, I)(PUA i P ). Us-
ing the correlation lemma developed in (Diakonikolas &
Kane, 2022), as long as each A; has many moments close to

those of a standard normal distribution, X n (o, 1) (P;4 7, PJ‘ 7)
is small and we are able to prove hardness result using
Lemma A.4. This gives an overview of the second part of
Theorem 5.3.

Construction of Hard Distributions In the rest of the
section, we will construct the family of hard distributions
Ay, ..., Ax_1. By Theorem 5.3, we require Ay, ..., Ax_1
to be supported in disjoint intervals and have many moments
close to those of a standard normal distribution. The most
natural construction of one such distribution is to restrict
N(0,1) over a sequence of discrete intervals. Related ideas
have been used in proving hardness result of various learning
problems, such as (Bubeck et al., 2019; Diakonikolas &
Kane, 2022; Nasser & Tiegel, 2022; Tiegel, 2024). By
choosing such a distribution as A;, we are able to construct
As, ..., Ax_1 by shifting the intervals constructed in Ay
with different step sizes. Such a construction can be viewed
as a generalization of the technique in (Nasser & Tiegel,
2022) for proving SQ-hardness of learning a halfspace under
Massart noise. We present the formal construction of our
hard distributions in Definition 5.5 and list its properties in
Proposition 5.6. We defer the proof of Proposition 5.6 to
Appendix C.3.

Definition 5.5. For §,¢ > 0 such that § > 4(k —1)¢, 4(k —
1)¢€ < 1, we define

Gse=

E G(x)l(z € [nd — & nd +¢])
nez

and G((;”g) = Gs¢/ ||Gsell,» where G(x) is the density of

N(0,1). We define A;(z) = G((; E) and fori € [k —
define

Ai(z) = {

where m € Z..

1], we

Ai(z+43G —1)E&) x| <md + (46 — 3)¢
Ai(z) x| > md + (4i — 3)E,

Proposition  5.6. The  univariate  distributions
Ay, ..., Ax_1 constructed in Definition 5.5 satisfy

1. 3 a set of m disjoint intervals J;,i € [k — 1] such that
Ai(z) > 0, forxz € J;and A;(z) = 0, forx € I;y, \
Jz,Im) = cony U]E[k 1] J
Vo € R\ Ly, Ai(z) = A(x
Fori,j € [k —1], xn(0,1) (As,
[k —
4(k —

N

Vi, j € [k —1].

4,) < 0(5/¢)2
1] |E:E~A xt_7t| <
1)E(1 + 2md)".

“w

4. For t € N and for i €
O(t!) exp(—Q(1/6%)) +

6. Hardness of Multiclass Linear Classification
Under RCN

In this section, we present our main hardness results for
MLC. The proofs in this section use Lemma 4.4 to reduce
the correlation testing problem (Definition 4.2) to the MLC
learning problem, and construct a hidden direction distribu-
tion family (Definition 5.2) via the hard distribution defined
in Definition 5.5 for the correlation testing problem. We
will carefully choose the parameters for the hard distribution
Ay, ..., Ax_1 to invoke Proposition 5.6 and Theorem 5.3
to get SQ lower bounds for different learning guarantees.

Here we first present the intuition behind the proof of our
hardness results. As we discussed in Section 5, to prove
the hardness result, it is sufficient to construct a hidden di-
rection distribution family D = { D/}, s~ -1 consistent
with a multiclass polynomial classification instance in R
such that the base distributions Ay, ..., Ax_; have many
moments that are close to those of a standard normal. Re-
call that the construction of a hidden direction distribution
family relies on a noise matrix H that satisfies the SQ-hard
to distinguish condition (Definition 4.1). As an example,
consider the noise matrix

06 0 04
H=|0 06 04], (1)
0.3 0.3 0.4

with & = 3, where hz = (h1 + hz)/2. Therefore, we choose
base distributions A1, A5 constructed in Definition 5.5, a =
(1/2,1/2) and f*(2) = argmax{pi (z), po(), ps(w)} il-
lustrated in Figure 1. Recall that the goal of the correla-
tion testing problem is to tell whether the label y is gen-
erated according to the discrete distribution Ay, or is gen-
erated by some D;f‘"‘. By Lemma 4.4, for every D € D
20 := errp(k) — opt = Z?;ll(Hjj — Hji) Pr(S;), the
probability mass of I;,,, the intervals in the middle as shown
in Figure 2, with respect to A;. This implies that the
larger « is chosen, the better learning guarantee we can
rule out. In particular, since Hj; — Hjp,j € [k — 1]
is larger than some universal constant, « is proportional
to Z;:ll Pr(S;). By the construction of Ay,..., Ax_1,
this quantity is exactly Pr...4,(z € I;,) = Pr,oa,(z €
Iin)(|z| < (m+ 1)6). Since A; is an approximation of a
standard normal, the parameters m,d of A; are selected
such that Pr..n(o,1)(|z] < md) o< a. On the other hand,
by Proposition 5.6, for a given pair of m,d, by properly
choosing small £, one can make the accuracy parameter 7
in Theorem 5.3 as small as exp(—poly(1/5)). However,
this does not imply that we can choose § arbitrarily small
for the following reason: to solve the polynomial classifi-
cation problem in R, we need to embed the instance to
R4 d=N O(m) and solve it with an algorithm for MLC.
Therefore, if 4 is chosen too small, m could be too large
to rule out any hardness result for MLC. That is, a good
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tradeoff between m, ¢ is needed to prove our hardness result.

Hardness of Getting Error opt + ¢ Recall that for
binary linear classifiers, there is an algorithm that runs
in time poly(d,1/€) and outputs a hypothesis with er-
ror opt + €. Moreover, the algorithm works even when
min,»; Hy; — H;; = 0. As it turns out, this is not the case
for the multiclass case. Our first SQ-hardness result shows
that even if k¥ = 3 and min, ; H;; — H;; > c for some
constant ¢, to learn a hypothesis up to error opt + €, one
needs super-polynomial SQ complexity. Formally, we es-
tablish the following Theorem 6.1, whose proof is deferred
to Appendix D.1.

Theorem 6.1. There is a matrix H € [0,1]>*3 with H;; —
H;; > 0.1,Yi # j € [3], such that any algorithm A that
distribution-free learns multiclass linear classifiers with
RCN specified by H on R? to error opt + ¢, ¢ € (0,1),
(log® % (d) /e %) queries, or (b)
0.98((1)/61.98)

requires either (a) at least d** i
a query of tolerance at most 1/ d*log

The proof of Theorem 6.1 follows the above intuition. To
show that learning up to error opt + € is hard, we choose
parameters m, 0 such that Pr(1;,) ~ e. By the concentra-
tion properties of N (0, 1), we only need to choose md ~ e.
In the proof, we show that m = /N suffices to give a
super-polynomial lower bound.

Hardness of Approximation and Beating Random Guess
Given the hardness result in Theorem 6.1 of getting error
opt + €, one natural question is what kind of error guarantee
we can efficiently achieve for MLC. For larger values of k
and small separation min;.; H;; — H;;, we show it is also
hard to get any constant factor approximation, or even find
a hypothesis with an error nontrivially better than a random
guess given opt = O(1/k). Formally, we first give the fol-
lowing theorem, whose proof is deferred to Appendix D.2.

Theorem 6.2. Forany k € Z and k > 3, there is a noise
matrix H € [0, 1]*** such that max; ; Hy;—H; j =(>0
and has the following property: For any sufficiently large
d € Z4, any SQ algorithm A that distribution-free learns
multiclass linear classifiers with RCN specified by H on
R to error 1 — 1/k — ¢ — 2u requires either (a) at least
q queries, or (b) a query of tolerance at most i, where
min(q, 1/p?) = d0e” 4 [y particular, this holds even
ifopt <1/k+ ¢+ 1/k3.

Given k € Z, and k > 3, we construct the corresponding
noise matrix H as

S R Tt
P TR S

1 ¢ 1 ¢ 1

R = s SRS a8

Recall that for a hidden direction distribution family D,
errp(k) =1—1/k — ¢, no matter if D = Dy or D € D.
Thus, if we can learn a hypothesis with error 1 — 1/k — { —
o(1), we are able to solve the correlation testing problem.
To make this possible, we need to make opt as small as
possible. By our construction, if an = has ground truth label
f*(z) € [k — 1], the probability that it is flipped is only
1/k 4 €. Thus, if we are able to choose Z;:ll Pr(S;) =
Pr(I;,) = 1—1/poly(k), then opt = 1/k+(+1/poly(k).
By the tail bound of N (0, 1), to make this hold, we choose
md = O(y/logk). Recall that we still need to make m,
the degree of the polynomial we use, as small as possible.
Here we choose m = O(y/N log k), which suffices to give
a super-polynomial SQ lower bound.

Given Theorem 6.2, we immediately obtain two corollar-
ies for the hardness of approximate leaning and beating a
random guess hypothesis respectively in the setting of mul-
ticlass linear classification. We defer the proofs of these two
corollaries to Appendix D.3.

Corollary 6.3 (SQ hardness of Approximate Learning). For
any C > 1, there exists a noise matrix H € |0, 1]’”’“, with
k = O(C) and min, ; H; ; — H; ; = Q(1/C) such that
any SQ algorithm A that distribution-free learns multiclass
linear classifiers on R with RCN parameterized by H to
error Copt given opt = Q(1/C) either

. 0.99 .
(a) requires at least d*(°¢" " 9 queries, or
(b) requires a query of tolerance at most 1/

Corollary 6.4 (SQ hardness of Beating Random Guess).
Forany k € Z, and k > 3, there is a noise matrix H €
[0, 1)**F with min, ; H; ; — H; ; = 1/poly(d) such that
any SQ algorithm A that distribution-free learns multiclass
linear classifiers on R? with RCN parameterized by H to
error 1 —1/k — 1/poly(d) given opt = O(1/k) either

dQ(logO'gg ).

. 10.99 .
(a) requires at least d*(°¢" " D queries, or

(b) requires a query of tolerance at most 1/d9(10go.99 ),

It is worth noting that if we predict the label of an example
with y € [k] uniformly at random, then the error is always
1 —1/k. Therefore, Corollary 6.4 implies that it is not possi-
ble for an efficient SQ algorithm to output a hypothesis with
error nontrivially better than a random guess hypothesis.

7. Conclusion

We conclude this paper with a conceptual implication of
our results. Our SQ lower bounds exhibit the existence of
a very simple multi-index model that is easy to learn with
perfect labels, but is hard to learn even with a small level of
random label noise. Finally, we remark that the results of
our work motivate several interesting directions, including
the algorithmic study of MLC with more structured noise or
structured marginal distributions.
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Supplementary Material

Here we give an organization of the supplementary material. In Appendix A, we provide a complete list of preliminaries
and notations and give more background about statistical query learning. In Appendix B, we present omitted proofs from
Section 4. In Appendix C, we present omitted proofs from Section 5 and in Appendix D we give missing proofs in Section 6.

We want to remark that our SQ lower bound results have immediate implications to another well-studied restricted
computational model—that of low-degree polynomial tests (see (Hopkins & Steurer, 2017; Hopkins et al., 2017; Hopkins,
2018)). (Brennan et al., 2020) established that (under certain assumptions) an SQ lower bound also implies a qualitatively
similar lower bound in the low-degree model. This connection can be used as a black-box to deduce similar lower bounds
for low-degree polynomials.

A. Complete Preliminaries and Notations

Let f* : X — Y be the ground truth hypothesis. For j € [k], denote by S; = {z | f*(z) = j} C R? be the set of examples
with f*(z) = j. Let h : X — Y be an arbitrary hypothesis. For i, j € [k], we denote by S;; = {z | f*(z) = j,h(z) =
i} C R, the set of examples with ground truth label j, but on which h predicts 4. In this paper, we use S?~ to denote the
unit sphere in R%. Let K C R? be any set, we denote by conv(K ), the convex hull of K. For a noise matrix H € [0, 1]’”’“,
we denote by h;,i € [k], the ith row vector of H.

For a distribution D, we use E,.p () to denote the expectation of D. Let D be a distribution of (x,y) over R? x [k]. We
use Dx to denote the marginal distribution of D over R¢ and use D,, to denote the marginal distribution of D over £1. In
this paper, we will use N (0, I) to denote the standard Gaussian distribution over R? and use N (0, 1) to denote the standard
one-dimensional normal distribution. For N (0, 1), we use G(z) to denote its density function and use ¢, ¢ € N to denote
its standard ¢th moment E,. 0,1y ="

Definition A.1 (SQ Model). Let D be a distribution over X x Y. A statistical query is a bounded function ¢ : X X
Y — [-1,1]. We define STAT(7) to be the oracle that given any such query ¢, outputs a value v such that |v —
E(,y)~pla(z,y)]| < 7, where 7 > 0 is the tolerance parameter of the query. A statistical query (SQ) algorithm is an
algorithm whose objective is to learn some information about an unknown distribution D by making adaptive calls to the
corresponding STAT(7) oracle.

Definition A.2 (Pairwise Correlation). The pairwise correlation of two distributions with probability density function
Dy, Dy : RY — R, with respect to a distribution with density D : R? s R__, where the support of D contains the support
of Dy and D, is defined as x p(D1, D3) = [p. D1(x)D2(x)/D(x)dx — 1. Furthermore, the x-squared divergence of Dy
to D is defined as x%(D1, D) == xp (D1, D1).

Definition A.3 (Statistical Query Dimension). For 3,~ > 0, a decision problem B(D, D), where D is a fixed distribution
and D is a family of distribution, let s be the maximum integer such that there exists a finite set of distributions Dp C D
such that Dp is (v, 8)-correlated relative to D and |Dp| > s. The Statistical Query dimension with pairwise correlations
(7, B) of Bis defined to be s, and denoted by s = SD(B, 7, 3). We say that a set of s distribution { Dy, - -- , D} over R? is
(7, B)-correlated relative to a distribution D if x p(D;, D;) < ~yforall ¢ # j, and xp(D;, D;) < B fori = j.

Lemma A.4 ((Feldman et al., 2017a)). Let B(D, D) be a decision problem, where D is the reference distribution and D
is a class of distribution. For v, 3 > 0, let s = SD(B,~, 8). For any 7' > 0, any SQ algorithm for B requires queries of
tolerance at most /v + ~' or makes at least sv' /(8 — ) queries.

Fact A.5 (Fact 31 from (Diakonikolas & Kane, 2022)). For any constant 0 < ¢ < 1/2, there exists a set V. C S~ such
that |V| = 29D and for any u,v € V, |u-v| < c.

B. Omitted Proofs from Section 4

In this section, we provide the omitted proofs in Section 4.

B.1. Proof of Lemma 4.3
We provide the full proof of Lemma 4.3 here and restate Lemma 4.3 as Lemma B.1 for convenience.

Lemma B.1. Ler (D, f*, H) be any instance of multiclass classification with RCN. Let h : X — Y be an arbitrary

11
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multiclass hypothesis over X. Then,

err( ZPI‘ )(1— Hjj) —I—ZPI‘ i) — Hj;).

i#]
In particular, if Hj; — H;; > 0 for every j € [k],i # j, then
k
opt = err(f*) =Y Pr(S;)(1 - Hy;)
j=1

Proof of Lemma 4.3. For j,i € [k], let z € Aj; be any fixed example. Consider two cases, where j = ¢ and j # 4. In the
first case, we have

Pr(h(z) # y(z)) = Pr(y(z) # j) = 1 — Hj;.

In the latter case, we have

Pr(h(x) # y(x)) = Pr(y(x) i) = 1 — Hj..

Thus, we have

koK
err( ZZPI‘ i) Pr(h(z) # y(z) |z € Sj;) = ZZPI‘ Hy;)

j=11i=1 j=11i=1
k
=D D Pr(S)(1 - Hyo) + | Pr(S;) = D Pr(S;) | (1 Hyy) )
J=1i#j i#]
k k
= Pr(S;)(1— Hj;)+ Y > Pr(S;)(Hj; — Hyy).
=1 =1 i

Here, in the second equation, we use the fact that Pr(S;;) = Pr(S;) — Zi# Pr(S;;),Vj € [k]. Since Pr(S;;) >
0,V4,1 € [k], we know from (2) that err(h) > Zle Pr(S;)(1 — Hj;),if H;; — Hj; > 0,4, j € [k]. In particular, by (2),
err(f*) = Z] 1 Pr(S;)(1 — Hj;), which concludes

opt = err( Z Pr(S H;j).

B.2. Proof of Lemma 4.4

We present the full proof of Lemma 4.4. We restate Lemma 4.4 as Lemma B.2

Lemma B.2. Let D be a family of distribution over X XY such that each distribution D € D corresponds to a multiclass
classification instance (D, f*, H) that satisfies Definition 4.1. If there is a statistical query learning algorithm A such that
for every instance (D, f*, H), D € D, A makes q queries and each of them has tolerance 7, and outputs a hypothesis h
such that err(iz) < opt + «, where

20 =Y " Pr(S;)(Hj; — Hy),

then there is a statistical learning algorithm A’ that solves the correlation testing problem defined in Definition 4.2 by
making q + 1 queries and each of them has error tolearance min(t, a/2).

12
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Proof of Lemma 4.4. The algorithm A" works as follows. We run A over D to get a hypothesis h:X — Y. Given h, we
make one more statistical query ¢ to estimate err(h) with tolerance «/2. Denote by eir(h) the returned answer of ¢. We
reject the null hypothesis if efr(fz) < 1 — Hy — «/2 and accept the null hypothesis otherwise. The SQ complexity of the
algorithm directly follows its definition. In the rest of the proof, we prove its correctness.

If D = Dy, since the label y is drawn independently from « and Pr(y = k) = Hy, > Pr(y = j) = Hy;,Vj # k, any
hypothesis h : X — Y has

err(h) > err(k) =Pr(y # k) =1 — Hy.
This implies that, efr(h) > 1 — Hyy, — /2 and A’ will not reject the null hypothesis.

In the rest of the proof, we will show that if D € D, the algorithm A’ will reject the null hypothesis. To start with, we will
show that opt is 2« far from 1 — Hy. On the one hand, by Lemma 4.3, we have

k—1
err( ZPI‘ )(1— Hjj) —I—ZPI‘ (Sjx)(Hj; — Hjk)
j=1

= Z Pr(S Hji) + Pr(Sk)(1 — Hy)
«—_ Pr(s))
= (1 —Pr(Sk)) ; OTr(Sk))(l — Hjx) + Pr(Sk)(1 — Hy)
1—PI‘ Sk Zaj jk —‘y—PI’(Sk 1_chk ZPI’ 1_Hkk)—1_Hkk

Here, the second equation holds because by the definition of the constant hypothesis S; = S;i, V;j € [k] and the fourth and
the fifth equations are followed by Definition 4.1. On the other hand, by Lemma 4.3, opt = Z?:l Pr(S;)(1 — Hj;). Thus,

k
1 — Hgy — opt = err(k) — opt = ZPr )(1 — Hj; +ZPr ke)( ij)—ZPr(Sj)(l—Hjj)ZQ()z,

which gives us that opt = 1 — Hyj, — 2. Given any hypothesis i output by A with err(ﬁ) < opt + «, we have
err(h) <1 — Hyy — o Thus, efr(h) > 1 — Hy, — 2c/2 and A’ will reject the null hypothesis. This concludes the proof
of Lemma 4.4.

O

C. Omitted Proofs from Section 5
C.1. Proof of Lemma 5.4

In this section, we present the proof of Lemma 5.4. For convenience, we restate Lemma 5.4 as Lemma C.1.

Lemma C.1 (Distribution Projection). Let D be a hidden direction distribution family over R and let D2* € D be a

distribution that is consistent with an instance of multiclass polynomial classification with RCN (Df’“, f*, H). For every
i€ [kl

DXz |y =1)= Z Hk”PA

(2

Proof of Lemma 5.4. We consider the density function of D¢ at a fixed point (z, i),
DA“xz Za] ) H pe (1)

13
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By Definition 5.2, we consider two cases for x. In the first case, v - € J, for some ¢ € [k — 1]. By construction of the
distribution family A = (A4,..., Ax_1), Pl (x) =0,Yj # £. Thus,

-1
DA (z,4) Z a; Py (x)Hy; = agPA (x)Hy; + ZajP;‘j (x)Hj; = Z ajP,f‘J' (x)H
J#l j

In the second case, v - x & I;;, and thus f*(x) = k. In this case,

k—1 k—1 k—1
D(x,i) =Y aj P (2) Hyy = P (2) Hy = P (2) Y ajHji = > a; P (x) Hy.
j=1 j=1 j=1

Here, the second and the last equation holds because P, (x) is the same for every j € [k]. The third equation holds because
hy = Zf;ll h;. Since (D;j"a, f*, H) satisfies Definition 4.1, we know that Pr(y = i) = Hy;. Thus, Vo € RY,

k—1

. a;Hji 4
D (x| y=1i) =3 YR @)
ol

Jj=1

C.2. Proof of Theorem 5.3

In this section, we present the proof of Theorem 5.3. For convenience, we restate Theorem 5.3 as follows.

Theorem C.2. Let B(Dg, D) be a correlation testing problem, where (Dg)x = N(0,I) and D is a hidden direction
distribution family. Suppose there exists some v > 0 such that for { <t € 7, the family of one-dimensional distribution
Ay, ..., Ap_1 satisfies |E$NAi xt — ~;| < v. Then,

1. every distribution D** € D is consistent with an instance of multiclass polynomial classification with RCN
(Do) f* H) with degree at most 2m that satisfies Definition 4.1.

2. for any small enough constant ¢ > 0, let 3 = max; ; Xn(0,1)(As, A;) and let T := v? + c'B. Any statistical query
algorithm that solves B(Dy, D) must make a query with accuracy better than 2+/T or make 282:(d) - /B queries.

Proof of Theorem 5.3. We first prove Item 1 in Theorem 5.3.

Since for each i € [k — 1], J; is a set of m disjoint intervals, we know there is a degree-2m polynomial p;(t) : R — R such
that p;(¢) > 0 if and only if ¢ € J;. On the other hand, since I;,, = conv U k—1] Jj is a finite interval, there is a degree-2
polynomial pg(¢) : R — R such that pi(¢) > 0 if and only if t & I;,,. Slnce J;NJ; =0,Vi # j. We know that for each
j € [k—1],ifv-x € Jj, then j = argmax{p;(v-x),...,pr(v-2)} andifv-2 & I;p, k = argmax{p; (v-z),...,pp(v-2)}.
In particular, Pr(v - z € I, \ J; J;) = 0 by the construction of the hidden direction distribution family. Thus, Db is
consistent with an instance of multiclass polynomial classification with RCN (D:%¢, f* H), where the marginal distribution
is Sk i 1 a; Py and the ground truth hypothesis f*(z) = argmax{p1(v- z),...,pg(v - x)}. In particular, by the definition
of (DA, f* H), it satisfies Definition 4.1.

Next, we prove Item 2 in Theorem 5.3. Our proof strategy is to make use of Lemma A.4. To do this, we will bound
XD, (D2, D) for v, u € S for a pair of unit vectors wu, v. For convenience, we mention the following lemma that will
be used in the proof.

Lemma C.3 (Lemma 13 in (Diakonikolas & Kane, 2022)). Suppose there exists some v > 0 such that for { <t € Z, a
univariate distribution A satisfies !Emw axt — W‘ < v, then for every u,v € R%, with |u - v| less than a sufficiently small
constant, we have

Xno.n (PR P < fu- o P (A N(0,1)) + v

14
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We start by upper-bounding the pairwise correlation x p, (Db, DT’?’“).

By Lemma 5.4, we know that for each i € [k],

k-1

) H.; k-1 “ng"iA.
D=y Blipb =R
g=1

. Since for each j € [k — 1],

w~A; T —w| < v and Zk 1 aﬂHﬁ = 1, we know that,

Hp;

E vy .’13£ — Y| S v,
k—1 aj
xNE] 11 Hk Aj

for ¢ < t. Thus, we obtain

XDo(D*, D) = Hiixpyly—=i (D (x| y = 1), D (2 | y = i) ZszXN 0.0 (D, Dy)

k —

<D Hii | ol P Z ﬂAJ,NOD

=1 Jj=1

k k—
:1/2—|—|v-u|tZH;mX Z ﬂA],NO 1)

<4 v-ul'B.

Here the first inequality holds because of Lemma C.3, and the last inequality holds as follows

2 YI01 A (@) STy e A(w)
2 JZ J Hy; =1 Hy;
X Z AJ,N01) = dr —1
- . G(a)
k—1 k—1
_ ajHji CL@H&* (/OO AJ(.%‘)A4<.’17)dx_ 1)
=1 H]m; — Hk'i — 0 G(IE)
k—1 k—1
a;H;; apHy;
= L : hXN(Ol (Az,A) B.
= Hyi = Hpi

Thus, for every u, v € S¥! such that |u - v| < ¢, we have x p, (D2, D) < v? + k3 = 1.

Similarly, we upper bound x? (D;*), N(0,1)) as follows.

k
X2 (D;"a,N(O,I)) = ZHkiXDo\y i(D11;47a(x ly= Z')?Df’a(.%' ly= Z))

k k k—1 a:H.
Z kX (D, N(0,1)) =Y Heix® | Y o ANO.D ) <8,
i=1 i=1 j=1 v

By Fact A.5, for any small constant ¢ > 0, there exists a set .S of 28 (d)
Thus, SD(B, v, 3) = 2%<(?), By Lemma A .4, we conclude the proof.
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C.3. Proof of Proposition 5.6
In this section, we present the full proof of Proposition 5.6. For convenience, we restate Proposition 5.6 as Proposition C.4.

Proposition C.4. The univariant distributions A1, ..., Ax_1 constructed in Definition 5.5 satisfies

1. T a set of m disjoint intervals J;,i € [k — 1] such that A;(x) > 0, for x € J; and A;(x) =0, forx € L;p, \ Ji, Lin =
cony Uje[k_l} Jj.

2. Vx € R\I”“Al(l‘) = AJ(.%‘),VZ,j S [k‘ — 1].
3. Fori7j € [k - 1]’ XN(OJ) (AL7AJ) S 0(6/5)2

4. Fort € Nand fori € [k — 1], |[Ezua, 8 — | < O(t!) exp(—=Q(1/6%)) + 4(k — 1)&(1 + 2md)t.

Before presenting the proof, it will be convenient to recall the following property proved by (Nasser & Tiegel, 2022).
Fact C.5. For 0, > 0, [||Gsell, — 1] < exp (=Q(1/6%)), [1/[|Gsell, — 1| < O(1) exp (—Q(1/6?)).

Proof of Proposition 5.6. We first prove the first two properties. For i € [k — 1], we define J; :=J_,,, <,,<,, [0 — (4i —
3)€,nd — (4i—5)E]. Notice that I, = conv |,y Jj = [~md — (4k = 7)§, md +£]. By construction, 4;(z) = A;(z) if
2 & Iiy,. On the other hand, consider x € I;;,. Fori =1, and x € I;;,, A1(2z) > 0 if and only if z € J;. By construction for
i€lk—1]and z € I;,, A;(z) > 0if and only if (z 4+ 4(i — 1))¢ € Jq, which is equivalent to x € J;. Since § > 4(k — 1)&,
we know that J; N J; = (), Vi # j. This implies that for every i € [k — 1], and z € I;;,, A;(z) > 0if z € J; and A;(x) =0
ifx e Jj.

We next prove the third property. It is convenient to mention the fact that x? (A1 (z), N(0,1)) < O(5/€)?, proved in (Nasser
& Tiegel, 2022). For any pair of 4, j € [k — 1], we have

[P AAE, [ G, [ A,
XN(0,1) (Ai’Aj) _/—oo G(ZL’) d 1 _/:0€Im G((L’) d +/I€[ d !

<X2(A1(x),N(071))+/eI_ W

in

dx

A;(2)A; (x
[ A,
x€lin
It remains to consider the case where ¢ = j. In this case, we have

2 né—(4i—5)¢ 42 2 nd—(4i—5)¢ 2 .
[ e,y S0 (0) Ly Clo+4(i=1)6)
x€lin

Gz) = L Ine—ui-ne G(@) §) NGsgly o £2,, Jns—ai-s)e G(x)

A SR A0 exp((a(s - g
—2(2) - 1 (43— 1)9)? i
<§> 1Gselly 0<n<m /n§(4i3)£ V2T exp ( 9 exp((4(i )€)7)

=7 @ e iy L (- Dé)Q) exp((46 - DY) < o)

Here, the last inequality holds when £ < 1/k. Thus, for i, j € [k — 1], xn(0,1) (As, 4;) < O(6/€)>.

16



SQ Hardness of Multiclass Linear Classification with RCN

Finally, we prove the last property. It is convenient to mention the fact that |E, 4, 2! — | < O(#!) exp(—Q(1/6?)),
proved in (Nasser & Tiegel, 2022), which implies that it suffices to upper bound [E; 4, ¢ — Egza, 2¢|. We have

E o'~ E of = / 2 dA; (z) — / Ay (z)| = 2 dA; (z) - / (2 — 4(i — 1)€)'d Ay (x)
zr~ Ay an A z€l;n z€lin Lin z€lin
t t
< sup ((@—4(i—1)¢ <Z<> &)fxt=t < 4k —152()
z€lin /=1 =1
< 4(k = 1E(L + [2])" < 4(k — 1)E(1 + 2md)".
This concludes the proof of Proposition 5.6. O

D. Omitted Proofs from Section 6

In this section, we provide the omitted proofs in Section 6.

D.1. Proof of Theorem 6.1

We present the full proof of Theorem 6.1. For convenience, we restate Theorem 6.1 below.

Theorem D.1. There is a matrix H € [0,1]3*3 with H;; — H;; > 0.1,Yi # j € [3] such that any algorithm A
that distribution-free learns multiclass linear classifier with random classification noise specified by H on R? to error
opt + €, € € (0,1) either

. 0.98 1.98 .
(a) requires at least d2(°2" " (D/<°) gyeries, or

(b) requires a query of accuracy at least d—20g® (@) /%),

Proof. Consider following noise matrix,

06 0 04
H=[10 06 04
0.3 03 04

Notice that one can reduce learning polynomial classifiers with RCN to MLC with RCN using the Veronese mapping.
Suppose we have an algorithm A for solving multiclass linear classification problems. Then given an input distribution D
of (z,y) over RY x [k] consistent with an instance of multiclass degree-m polynomial classification problem. We apply
the Veronese mapping V (z) := (x,1)®™ on z. The distribution of (V (x),y) over ROV [k] is consistent with an
instance of MLC with RCN specified by H. Therefore, to get an SQ lower bound for MLC over R, it suffices for us to give
an SQ lower bound for learning degree-m polynomial classifiers over RN, where d = NO(™),

Furthermore, by Lemma 4.4, to get the SQ lower bound for learning polynomial classifiers, it suffices for us to give an SQ
lower bound on a corresponding testing problem. Therefore, we construct a distribution family D of joint distributions of
(w,y) over RN x [K] such that each distribution in D is consistent with a multiclass polynomial classification problem with
RCN (D, f*, H) as required by Lemma 4.4.

The construct D as the hidden direction distribution family defined in Definition 5.2. We choose A; and As as specified in
Definition 5.5, a = (1/2,1/2). Since the noise matrix H satisfies h3 = (h1 + hz2)/2, by Theorem 5.3, we know that each
distribution D is consistent with an instance of multiclass polynomial classification problem with degree-O(m) with RCN
specified by H. To make use of Theorem 5.3 to get an SQ lower bound, it remains to choose parameters for A, A5 such
that it is hard to solve B(Dy, D).

Fix any small enough constant ¢ > 0. We choose the parameters m, § such that md = e. By Proposition 5.6, we know that

for every t € N, we have

E (Et — V¢
z~A; g

< O(t!) exp (—Q(1/6%)) + 12¢(1 + 2mé)’

< O(1) (exp (tlog(t) — Q(1/6%)) + E exp(2et)) .
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We choose 6 = 1/v/N, m = ev/N and ¢ = exp(—2N%9). For any t < N9, we have

< O (exp (tlog(t) — Q(1/6%)) + Eexp(t))
< exp(—Q(N)) + exp(—2N"P 4 N%99) = exp(—Q(N*9)) =: v.

E 2 —

T~ Ay

By Lemma 4.4, we know that any statistical query learning algorithm that learns (D, f*, H) up to error opt + a, where
a=1 Z?Il(Hjj — Hj3) Pr(S;) can solve B(Dg, D). By the construction of D@ and H,

a=0.1 Pr (rel;;,)=0.1 / -—G(z)dx
ES RN 2 e el €@

—m<n<m

nite 5
>0(1) > /ms_E (E)G(a:)dx >01) > 2§(E)G(2m6) > Q(1)(2m 4 1)8 = Q(e).

—m<n<m —m<n<m

Here, the first inequality holds because of Fact C.5, the second inequality holds because G(x) is decreasing with respect
to |x| and the last inequality holds because ¢ = md. This implies that any statistical learning algorithm that learns the
multiclass polynomial classification problem (D¢, f*, H),v € SN~ up to error opt + O(e) must make at least 2°(N)
statistical queries or a query with accuracy better than exp(—Q(N©99)).

Finally, we conclude the proof of Theorem 6.1 by embedding the multiclass polynomial classification problem
(D&a, f* H),v € SN"Linto R, d = O(N™) as a multiclass linear classification problem via choosing m properly.
By choosing m = ev/N, we obtain that

log(d) = ©(mlog(N)) = O(eV'Nlog(N)).
any statistical learning algorithm that learns the multiclass linear classification problem over R up to error opt + O(€) must
make at least

eXp(Q(NO.QQ)) _ dsz(N°-99/1og(d)) _ dQ(log”S(d)/el”)

statistical queries or a query with accuracy better than exp(—Q(N0-99)) = ¢—®(log” **(d)/e"?")

D.2. Proof of Theorem 6.2

We give the proof of Theorem 6.2 below. For convenience, we state Theorem 6.2 as Theorem D.2.

Theorem D.2. Forany k € Z, and k > 3, there is a noise matrix H € |0, l]ka such that max; ; H; ; — H; j = ¢ >0
and has the following property: For any sufficiently large d € 7., any algorithm A that distribution-free learns multiclass
linear classifier with random classification noise specified by H on R? to error 1 — 1/k — ( — 2y either

(a) requires at least q queries, or

(b) requires a query of tolerance at most p,
where min(q, 1/p2) = d2008”” 4y particular, this holds even if opt < 1/k + ¢ + 1/k3.

Proof of Theorem 6.2. Given k € Z, and k > 3, we construct the corresponding noise matrix H as

(k—1)/k—¢ 0 k4
. 0 (k=1)/k—=¢ - 1/k+¢

Uk—Clk=1) k—C/(k=1) - 1/k+C
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Namely, for all i € [k — 1], the ith row is defined as H; ; = (k — 1)/k — (, H; , = 1/k + ( and H; ; = 0 for any j such
that j # i and j # k. Then the kth row is defined as Hy , = 1/k + ¢ and Hy ; = 1/k — (/k for any j # k.

Given the noise matrix H, we will construct a hidden direction distribution family D over RY that is consistent with a
family of multiclass polynomial classification problems with RCN (DA%, f*  H) using polynomials of degree O(m) for
some m to be determined later and prove the SQ hardness for these multiclass polynomial classification problems. Given
the hardness, the hard instance of multiclass linear classification problems with RCN, would be an instance in R<, where
d = N9 of the form (M (z),y), (z,y) ~ D**, where M (z) : RN — R? defined as M (z) = [x, 1]®™ is the degree-m
Veronese mapping that maps a vector € R to monomials of degree at most m.

To start with, we construct the hidden direction distribution family D using the distributions A1, ..., Ax_1 constructed
in Definition 5.5. Notice that H satisfies Definition 4.1 because h; = Zie[k—l] a;h;, where a; = 1/(k — 1) for all 4.
We know from Theorem 5.3 that for every A = (Ay,..., Ag_1), where A;,..., Ap_1 are one dimension distributions

constructed in Definition 5.5, D = { D%}, cgn-1 is a hidden direction distribution family consistent with a family of
multiclass polynomial classification problems with RCN (D4, f* H) using polynomials of degree O(m). Now, we
choose parameters for Ay, ..., Ax_1 such that it is hard to solve 5(Dg, D).

We will choose § = 1/v/N, € = exp(—N°logk) and m = [C'/Tog k/d], where C is a sufficiently large constant. By
Proposition 5.6, we know that for every ¢t € N, we have

E 2! — | <O#)exp (—Q(1/6%)) + 12¢(1 + 2md)"

r~A;

<0 (exp (tlog(t) — Q(1/6%)) + £ exp(ty/log k;)) .

Therefore, we get for any ¢ < N©99,

E 2/ —
oA, Ve

<0 (exp (tlog(t) — Q(1/62)) + & exp(t/log k))
< exp(—Q(N)) + exp(—N"?log k + N*%/log k) = exp(—Q(N")) =: v.
By Proposition 5.6, we know that

B 1= max (o) (A A7) = 0(6/6)° = exp(O(N**log k).

This implies that (we take the constant ¢ in Lemma C.3 as ¢~ > 210108 k)
7 =12+ B < exp(—QN"9)) + exp(— QN log k)) = exp(—Q(N9)).

By Theorem 5.3, we know that to solve the correlation testing problem B(Dy, D), one need at least 2+ (V)7 /3 = 29 (N)
(given N is at least a sufficiently large constant depending on V) statistical queries or a query with accuracy better than
2,/T = exp(—Q(N99)). Furthermore, since N is at least a sufficiently large constant depending on k, the lower bound on
the number of queries is 2%+ (V) > 22(0V"™") 'where we simply take N°-%1 > ¢(k) and c(k) is the constant factor in 22 (V)
that depends on k.

Notice that by Lemma 4.3, for any D € D, we have
opt =(1/k +¢) . lz;r [t € [-mdo,md]] + (k—1)/k—¢) Pr [t € (—o0,—md— /2] U[md+§/2,00)]
~Gs.e

t~Gs,e

<(1/k+¢) —i—tNIZr [t € (—o0,—md — 6/2] U [md + §/2,00)]

i0+E€

<(1/k+0) +2Z/ Gse(t)

>m

<Q/E+Q+2, Pr ft>ma] = (1/k-+0)+1/poly(k)

On the other hand, if the input distribution is Dy, then every hypothesis & has an error
errp,(h) >1—(1/k+¢()=1-1/k— (.
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Therefore, any algorithm for learning multiclass polynomial classification with RCN matrix A and achieving an error better
than 1 — 1/k — ¢ — 2p can be used to solve B(Dy, D) with one more query with accuracy 2u. Thus, any such algorithm
must either uses ¢ queries or a query of tolerance at most 1, where ¢ = 1/ = 2N oo,

Finally, we conclude the proof of Theorem 6.1 by embedding the multiclass polynomial classification problem
(D&e, f* H),v € SN tintoR?, d = O(N™) as a multiclass linear classification problem and rewrite. Given d = O(N™),
we get that 22(N"™") = g /m) — gAN"*/(cVIogk)) > gUN®™) > gQm®?) > (o)) Therefore, any statisti-
cal learning algorithm that learns the multiclass linear classification proob!)em over R9toerror 1 — (1/k+¢) =1—1/k—¢

(even given opt < 1/k + ¢ + 1/poly(k)) must make at least d2((1°8 9)"") statistical queries or a query with accuracy better
than ¢~ (o)) O

D.3. Proof of Corollary 6.3 and Corollary 6.4

We present the proof of Corollary 6.3 and Corollary 6.4. For convenience, we restate Corollary 6.3 and Corollary 6.4 as
Corollary D.3 and Corollary D.4 respectively.

Corollary D.3 (SQ hardness of approximate learning). For any C > 1, there exists a noise matrix H € [0,1]*** where
k= O(C) and min; ; H; ; — H; ; = Q(1/C) that has the following property: For any d € Z. that is at least a sufficiently
large constant depending on o, any algorithm A that distribution-free learns multiclass linear classifier on R% with RCN
parameterized by H to error Copt given opt = Q(1/C) either

. 0.99 .
(a) requires at least d*(°2" " 9 queries, or

(b) requires a query of tolerance at most 1/dQ(10g°'99 ).

Proof. This directly follows from Theorem 6.2, where we take k = [3C| and ¢ = 1/(100k). Then we have opt =
1/k+ ¢+ 1/k3 =1.01/k + 1/k3. An algorithm that achieves error copt given opt = O(1/C) will in this case, output a
hypothesis with error copt < (k/3)opt < 2/3. Notice that the SQ lower bound in Theorem 6.2 holds against any algorithm
that outputs a hypothesis with error at most 1 — 1/k — ( — 1/poly(d) = 1 — 1/k — 0.01/k — 1/poly(d) > 2/3. This
completes the proof. O

Corollary D.4 (SQ hardness of beating random guess). Forany k € N and k > 3, there is a noise matrix H € |0, 1]’“ <k that
min, j H; ; — H; ; = O(1/d) and has the following property: For any d € 7. that is at least a sufficiently large constant
depending on k, any algorithm A that distribution-free learns multiclass linear classifier on R with RCN parameterized by
H to error 1 — 1/k — 1/poly(d) given opt = O(1/k) either

. 0.99 .
(a) requires at least d*(°2" " 9 queries, or

(b) requires a query of tolerance at most 1/dQ(1°g0'99 ),

Proof. This directly follows from Theorem 6.2. Suppose that there is an algorithm achieving error 1 — 1/k — 1/d° for
any ¢ > 0. Then we take ¢ = 1/(2d). Given d is a sufficiently large constant depending on £, it is easy to check that
opt = 1/k+(+1/k® =1/k+1/(2d°) + 1/k* = O(1/k). Furthermore, the SQ lower bound holds against any algorithm
that outputs a hypothesis with error at most 1 — 1/k — ¢ — 1/poly(d) =1 —-1/k —( —27 > 1—1/k — 1/d°, where the
last inequality follows from 7 = d21°8d)”** This completes the proof. O

Remark D.5. We want to remark that in Corollary 6.4, to rule out an efficient learning algorithm that has a better error
guarantee than 1 — 1/k, any choice of ¢ = o0;(1) is sufficient, and the separation min;; H;; — H;; of H is in fact O(().
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