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Abstract

An explicit stability characterization of effective sharpness λmax(F −1H) under Fisher pre-
conditioning is provided, decomposing stability into residual curvature and model misspeci-
fication components. When the Gauss-Newton matrix G equals the Fisher F (the correctly
specified negative log-likelihood setting), it is shown that the effective sharpness satisfies
Seff ≤ 1 + ϵ/µmin(F ), where ϵ = ∥H − G∥2 is the spectral norm of the residual curvature
and µmin(F ) is the minimum eigenvalue of the Fisher Information Matrix. When G ̸= F , a
relaxed bound Seff ≤ 1+(ϵ+δ)/µmin(F ) is established, with δ = ∥G−F∥2 measuring model
misspecification, thereby separating the two sources of curvature error. An alignment-aware
Rayleigh quotient analysis reveals that the worst-case bound is loose by 1.3–7.1× due to
favorable alignment between the residual curvature Q and the Fisher eigenvectors. Exper-
iments on deep linear networks (55–3,240 parameters, 5 seeds per configuration) verify the
general misspecification-aware bound at all tested scales. On a 110-parameter deep lin-
ear network where all quantities are computed exactly, the idealized bound is confirmed
to hold when G ≈ F but is violated when model misspecification is substantial, while the
general bound correctly holds at all measured iterations. The experimental range is too
limited to draw conclusions about scaling behavior. K-FAC at CIFAR-10 ResNet-18 scale
(11.2M parameters) achieves 90.5% test accuracy (vs. SGD 86.2%), operating in regions
of 41× higher raw Hessian sharpness while converging stably, consistent with the spectral
flattening mechanism, though direct measurement of Seff at this scale remains intractable.

1 Introduction

The optimization of deep neural networks involves differential geometry, spectral theory, and matrix analysis.
While first-order methods have achieved broad empirical success, a complete theoretical account of their
convergence behavior remains open. Recent work has identified the Edge of Stability (EoS) as a pervasive
phenomenon: during full-batch gradient descent, the sharpness λmax(H) rises to 2/η and the loss exhibits
non-monotonic oscillations rather than diverging (Cohen et al., 2021).

Definition I.1 (Edge of Stability (Cohen et al., 2021)). Let H(θt) = ∇2L(θt) denote the Hessian
at iteration t. Training is said to be at the EoS when λmax(H(θt)) saturates near 2/η (possibly oscillating
around this threshold) and the loss sequence {L(θt)} is non-monotonic yet non-divergent. Cohen et al. (2021)
further observe that sharpness oscillates around 2/η rather than merely reaching it once; our experiments
(Figure 2(b)) show the saturation behavior characteristic of EoS.

This paper investigates whether the EoS is specific to the Euclidean geometry of standard gradient descent
or whether it persists under Riemannian preconditioning. An explicit stability characterization of effective
sharpness under Fisher preconditioning is provided, decomposing stability into residual curvature and model
misspecification components. Under the idealized assumption G = F (correctly specified negative log-
likelihood), Theorem IV.2 gives the instructive bound:

λmax(F −1H) ≤ 1 + ∥H − G∥2

µmin(F ) (1)
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Since this assumption is violated in all practical settings (Section 3.3), the operationally applicable result is
Corollary IV.4, which separates the two sources of curvature error:

λmax(F −1H) ≤ 1 + ∥H − G∥2 + ∥G − F∥2

µmin(F ) (2)

where ∥H − G∥2 is the residual curvature and ∥G − F∥2 is the model misspecification. Direct measurement
on a 110-parameter DLN (Section 5.4) confirms that the Theorem IV.2 bound is violated when G ̸= F , while
the Corollary IV.4 bound correctly holds at all iterations. The paper includes experiments from 55 to 11.2
million parameters; scaling to CIFAR-10 ResNet-18 with tuned K-FAC achieves 90.5% test accuracy (vs.
SGD 86.2%), with per-epoch sharpness measurements consistent with the spectral flattening mechanism,
though direct measurement of Seff at this scale remains intractable.

The analysis is organized around two core perspectives:

1. Spectral Theory: Convergence behavior is analyzed via eigenvalues of the Hessian and the pre-
conditioned Hessian (Nocedal and Wright, 2006; Sagun et al., 2017).

2. Differential Geometry: The parameter space is treated as a Riemannian manifold with the Fisher
Information Matrix as metric tensor (Amari, 1998).

This paper makes the following contributions:

• An explicit stability characterization of effective sharpness under Fisher preconditioning in the gen-
eral near-realizable setting (Corollary IV.4), providing the bound Seff ≤ 1 + (ϵ + δ)/µmin(F ) that
separates residual curvature ϵ = ∥H − G∥2 and model misspecification δ = ∥G − F∥2. This is the
operationally applicable result, since G ̸= F in all practical settings (Section 3.3).

• An idealized bound under correct model specification G = F (Theorem IV.2), showing Seff ≤
1+ϵ/µmin(F ), verified only when the G ≈ F condition approximately holds, which provides intuition
for the spectral flattening mechanism and reduces to the identity (Seff = 1) under exact realizability.

• An alignment-aware spectral analysis (Theorem IV.3) providing Rayleigh quotient characterization
that explains the 1.3–7.1× looseness of the worst-case bound.

• A matching lower bound (Proposition IV.6) showing tightness is controlled by κ(F ).

• A mechanistic explanation for why NGD suppresses EoS oscillations via spectral flattening (Section
4.4), contingent on G ≈ F .

• Direct measurement of model misspecification δ = ∥G − F∥2 on the 110-parameter DLN (Section
5.4), confirming that Corollary IV.4 correctly bounds Seff when G ̸= F .

• Empirical validation spanning 55 to 11.2M parameters, including a CIFAR-10 ResNet-18 demonstra-
tion with K-FAC achieving 90.5% test accuracy while operating in 41× sharper curvature regimes
than SGD.

The remainder of this paper is organized as follows. Section 2 reviews related work. Section 3 presents
mathematical preliminaries. Section 4 derives the spectral stability bounds and provides a mechanistic
explanation for EoS suppression. Section 5 presents experimental validation. Section 6 discusses limitations,
and Section 7 concludes.

2 Related Work

2.1 Edge of Stability

Cohen et al. (2021) demonstrated the EoS on ResNets trained on CIFAR-10 and ImageNet: λmax(H) con-
sistently rises to 2/η during full-batch gradient descent, after which the loss oscillates non-monotonically.
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Lewkowycz et al. (2020) identified the related catapult mechanism in the large learning rate regime. Jas-
trzebski et al. (2021) showed that progressive sharpening during early training sets the stage for EoS, linking
sharpness dynamics to the learning rate and batch size. More recently, Damian et al. (2023) provided a rigor-
ous self-stabilization analysis showing how gradient descent implicitly regularizes sharpness at the EoS, and
Arora et al. (2022) established that the EoS is not an anomaly but a provable consequence of gradient descent
dynamics near saddle-to-minimum transitions. Ahn et al. (2022) demonstrated that the EoS phenomenon
persists in stochastic settings with sufficiently large batches, connecting the full-batch theory to practical
mini-batch training. The present work differs by analyzing spectral dynamics under Riemannian (natural
gradient) preconditioning and providing a mechanistic explanation for why NGD avoids EoS (Section 4.4).

2.2 Natural Gradient and Fisher Information

Amari (1998) introduced natural gradient descent, which follows the steepest descent direction on the sta-
tistical manifold. Martens (2020) provided a modern treatment connecting the Fisher, the Generalized
Gauss-Newton matrix, and practical approximations. Kunstner et al. (2019) demonstrated that the com-
monly used Empirical Fisher can diverge substantially from the true Fisher, particularly in non-realizable
settings—a limitation directly relevant to the diagonal approximation used in this paper’s experiments.
K-FAC (Martens and Grosse, 2015) provides a scalable block-diagonal approximation.

2.3 Second-Order Optimizers

ADAHESSIAN (Yao et al., 2021) uses a diagonal Hessian approximation with spatial averaging. SOPHIA
(Liu et al., 2024) employs a lightweight Hessian estimator for language model pre-training. Shampoo (Gupta
et al., 2018) preconditions using Kronecker products of gradient statistics. These methods approximate
second-order information at reduced cost but do not directly analyze spectral stability. Recent libraries
such as ASDL (Osawa et al., 2023) provide unified interfaces for K-FAC and Shampoo in PyTorch, enabling
tractable second-order optimization at moderate scale, though hyperparameter tuning remains challenging.
Agarwala and Gur-Ari (Agarwala and Gur-Ari, 2022) studied the curvature dynamics of preconditioned
gradient methods, showing that adaptive preconditioning can fundamentally alter the sharpness trajectory.
George et al. (2018) introduced EKFAC, improving the Fisher approximation by computing a diagonal
variance in the Kronecker-factored eigenbasis. Chen and Bruna (2023) analyzed the loss surface of neural
networks through the lens of preconditioned Hessian spectra, connecting effective sharpness to trainability.

Table I: Comparison with Prior Second-Order Methods

Method Scale Spectral Analysis? Sharpness Measured?
K-FAC (Martens and Grosse, 2015) Large No No
Shampoo (Gupta et al., 2018) Large No No
ADAHESSIAN (Yao et al., 2021) Large No No
SOPHIA (Liu et al., 2024) Large No No
This work 11.2M params Yes (Thm IV.2–3) Yes (λmax(H))

2.4 Deep Linear Networks

Saxe et al. (2014) derived exact solutions to the learning dynamics in deep linear networks, establishing them
as tractable models for studying gradient descent. Bernacchia et al. (2018) extended this analysis to natural
gradient in the linear case. Arora et al. (2019) proved that gradient descent on deep matrix factorizations
exhibits implicit regularization toward low-rank solutions.

2.5 Implicit Bias and Generalization

Gunasekar et al. (2018) showed that optimization geometry determines implicit regularization in matrix
factorization, with different optimizers (GD, mirror descent, NGD) converging to different solutions. This
is relevant to our analysis: NGD’s spectral flattening (Section 4.4) may induce different implicit biases
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than GD, though we do not investigate this connection empirically. The relationship between sharpness and
generalization (Jiang et al., 2020) suggests that NGD’s bounded effective sharpness could have generalization
implications, but this is beyond the current scope.

3 Preliminaries

Table II summarizes the notation used throughout this paper.

Table II: Notation Reference

Symbol Description
θ ∈ Rd Model parameters
F (θ) Fisher Information Matrix
H(θ) Hessian ∇2L(θ)
G Gauss-Newton (Fisher) component of H
Q = H − G Residual curvature
ϵ = ∥Q∥2 = ∥H − G∥2 Spectral norm of residual curvature
µmin(F ) Minimum eigenvalue of F (undamped)
µmin(F + γI) Minimum eigenvalue of damped Fisher (= µmin(F ) + γ, for scalar damping γI)
Seff Effective sharpness λmax(F −1H)
η, γ Learning rate, damping coefficient
δ = ∥G − F∥2 Model misspecification measure
κ(F ) Fisher condition number µmax(F )/µmin(F )

3.1 The Statistical Manifold and Fisher Metric

A neural network parameterized by θ ∈ Rd defines a conditional distribution p(y|x; θ). The family
{p(y|x; θ)} is treated as a Riemannian manifold M equipped with the Fisher Information Matrix as met-
ric tensor (Amari, 1998). The Fisher captures the local curvature of the KL divergence: KL[pθ∥pθ+dθ] =
1
2 dθT F (θ) dθ + O(∥dθ∥3), where F (θ) = Epdata

[
∇θ log p(y|x; θ)∇θ log p(y|x; θ)T

]
Amari (1998, Theorem 2).

For the negative log-likelihood loss L(θ) = −Epdata [log p(y|x; θ)], the Fisher Information Matrix satisfies
F (θ) = Epmodel [−∇2 log p(y|x; θ)]. Under a correctly specified model at the optimum (pdata = pmodel), the
Fisher equals the expected Hessian: F (θ∗) = Epdata [H(θ∗)] (Bishop (Bishop, 2006, Section 1.6), Murphy
(Murphy, 2012, Chapter 8)). In practice, the Empirical Fisher (computed from observed data) is often sub-
stituted; Kunstner et al. (2019) showed this may depart significantly from the true Fisher in non-realizable
settings.

3.2 Natural Gradient Descent

The natural gradient of L(θ) is ∇̃L = (F (θ)+γI)−1∇L(θ), where γ > 0 provides numerical stability (Martens
and Grosse, 2015). The update rule is:

θt+1 = θt − η(F (θt) + γI)−1∇L(θt) (3)

3.3 When Does G ≈ F?

The Gauss-Newton matrix G equals the Fisher F exactly when two conditions hold simultaneously: (i)
the loss is the negative log-likelihood, and (ii) the model is correctly specified, i.e., pdata ∈ {pθ : θ ∈ Θ}
(Martens, 2020, Section 4.3). In practice, both conditions are violated to varying degrees. Finite model
capacity ensures G ̸= F in general, and the departure can be substantial for highly misspecified models
(Kunstner et al., 2019). The spectral norm δ = ∥G − F∥2 provides a scalar measure of this departure.
Empirically, δ tends to be large early in training and may or may not decrease as the model approaches a
local minimum, depending on the degree of misspecification. Our DLN experiments (Section 5.4) measure
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δ directly, finding values of 1.16–1.82 throughout training. In practice, G ≈ F is best approximated in
early training of well-regularized networks with large model capacity relative to data complexity, where
the model residuals are small and the output distribution closely tracks the data distribution. As training
progresses toward a local minimum, ϵ = ∥H − G∥2 decreases but δ = ∥G − F∥2 may persist due to structural
misspecification. This motivates treating the G = F case as an idealized setting that provides intuition, with
the general G ̸= F case (Corollary IV.4) as the operationally applicable bound.

4 Spectral Theory and Stability Analysis

4.1 Stability of Gradient Descent

Lemma IV.1 (GD Stability Threshold; Nocedal and Wright (Nocedal and Wright, 2006), Cohen
et al. (2021)) For a twice differentiable loss L(θ) near a stationary point θ∗, gradient descent with learning
rate η remains locally stable if η < 2/λmax(H(θ∗)).

Proof sketch: The linearized GD iteration near θ∗ is θt+1 − θ∗ ≈ (I − ηH)(θt − θ∗). Stability requires the
spectral radius of I −ηH to be less than 1. For H positive semidefinite, this reduces to maxi |1−ηλi(H)| < 1,
which gives η < 2/λmax(H). ■

This is a necessary condition for local stability (not sufficient for global convergence). When λmax exceeds
2/η during training, GD enters the Edge of Stability regime (Definition I.1).

4.2 Effective Sharpness

Definition IV.1 (Effective Sharpness) The effective sharpness under NGD is:

Seff(θ) := λmax
(
F (θ)−1H(θ)

)
(4)

Justification: To justify Seff as the correct stability measure, consider the linearized NGD iteration near a
stationary point θ∗: θt+1 − θ∗ ≈ (I − ηF −1H)(θt − θ∗). The iteration is locally stable iff the spectral radius
of I − ηF −1H is < 1. Since F is positive definite, F −1H is similar to the symmetric matrix F −1/2HF −1/2

(via the similarity P = F 1/2), and therefore shares its eigenvalues. Near a local minimum where H is
positive semidefinite, all eigenvalues of F −1H are non-negative, and the stability condition reduces to η ·
λmax(F −1H) < 2, i.e., η < 2/Seff. Alternative measures such as the Frobenius norm ∥F −1H∥F would
overcount contributions from small eigenvalues that do not affect stability.

4.3 NGD Stability Bound

Proof sketch and intuition. The key insight is that Fisher preconditioning absorbs the dominant curvature
into the identity, leaving only the residual Q as a perturbation. Under the GGN decomposition H = G + Q
with G = F , preconditioning yields F −1H = I +F −1Q—exactly the identity plus a perturbation. To handle
the non-symmetry of F −1H, a congruence transformation F −1/2HF −1/2 = I + F −1/2QF −1/2 reduces the
problem to bounding the largest eigenvalue of a symmetric matrix. The denominator µmin(F ) appears
because the smallest Fisher eigenvalue controls the worst-case amplification of Q under the congruence:
directions with small Fisher eigenvalues are the most vulnerable to perturbation by Q, yielding the bound
Seff ≤ 1 + ∥Q∥2/µmin(F ). This is why spectral flattening works—directions of large Hessian curvature
typically co-occur with large Fisher eigenvalues, so the effective curvature λi(F −1H) stays bounded even as
λi(H) grows.

Theorem IV.2 (NGD Stability Bound) Let H = ∇2L(θ) be the Hessian and F (θ) be the Fisher
Information Matrix. Under the Generalized Gauss-Newton decomposition H = G + Q, where G is the
Gauss-Newton matrix and Q is the residual curvature, assume:

1. F (θ) + γI is positive definite with minimum eigenvalue µmin > 0.

2. ∥Q(θ)∥2 ≤ ϵ for some ϵ ≥ 0.
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3. The model’s loss is the negative log-likelihood, and under the correctly specified model assumption,
G = F (Martens, 2020).

Then:
Seff(θ) = λmax(F −1H) ≤ 1 + ϵ

µmin(F ) (5)

When ϵ = 0 (exact realizability), Seff = 1 and NGD is unconditionally stable for any η < 2.

Proof. From the GGN decomposition H = G + Q with G = F (Assumption 3):

F −1H = F −1(F + Q) = I + F −1Q (6)

Since both F and H are symmetric but their product F −1H is not necessarily symmetric, we work with
the symmetric conjugate. Because F is positive definite, F 1/2 exists and F −1H is similar to the symmetric
matrix F −1/2HF −1/2, so they share the same eigenvalues:

λmax(F −1H) = λmax(F −1/2HF −1/2) (7)

Since F −1/2HF −1/2 is symmetric, its largest eigenvalue equals its spectral norm. Substituting H = F + Q:

F −1/2HF −1/2 = I + F −1/2QF −1/2 (8)

The matrix F −1/2QF −1/2 is symmetric (as a congruence of the symmetric matrix Q). By Weyl’s inequality
for symmetric matrices:

λmax(I + F −1/2QF −1/2) ≤ 1 + λmax(F −1/2QF −1/2) ≤ 1 + ∥F −1/2QF −1/2∥2 (9)

Applying submultiplicativity:

∥F −1/2QF −1/2∥2 ≤ ∥F −1/2∥2
2 · ∥Q∥2 = ∥Q∥2

µmin(F ) ≤ ϵ

µmin(F ) (10)

where ∥F −1/2∥2 = 1/
√

µmin(F ) because F is positive definite. ■

Remark (Assumption G = F ): The identity G = F holds for negative log-likelihood losses under the correctly
specified model assumption (Martens, 2020, Section 4.3). In practice, two factors cause this to fail: (i) model
misspecification (finite capacity), and (ii) non-zero training residuals. This assumption is violated in all
our experiments to varying degrees. For the DLN teacher-student setup, G ≈ F holds approximately
during training and improves as the loss decreases, but is not exact at finite loss. For nonlinear networks
trained on real data (MNIST, CIFAR-10), G ̸= F in general, and the departure can be significant. Corollary
IV.4 is the applicable bound in these settings, with the misspecification parameter δ = ∥G−F∥2 quantifying
the deviation. In the DLN experiments where we compute all quantities exactly (Section 5.4), we verify that
Corollary IV.4 correctly bounds Seff at all measured iterations. Theorem IV.2 is confirmed to hold only when
G ≈ F approximately, and is violated at iterations 50 and 100 where δ = ∥G − F∥2 is substantial relative to
ϵtrue = ∥H −G∥2, confirming that the G = F assumption is materially violated in this experiment; measuring
δ directly in all experiments is an important direction for future work (Section 7). Our experiments use the
damped Fisher (F + γI)−1 to ensure positive definiteness regardless of the spectrum of F itself.

Remark (Damping): Adding damping γI replaces F by F +γI. The bound becomes Seff ≤ 1+ϵ/(µmin(F )+γ),
and γ > 0 tightens it. Section 5.7 shows that increasing γ from 10−4 to 10−1 reduces SP-GD final loss from
0.49 to < 10−4, consistent with this analysis. Notation convention: Throughout this paper, µmin(F )
denotes the minimum eigenvalue of the undamped Fisher. When damping is applied, we write µmin(F +γI) =
µmin(F ) + γ explicitly. The theoretical bounds (Theorems IV.2–3, Corollary IV.4) are stated in terms of
µmin(F ); in the experiments, the damped Fisher (F + γI)−1 is used, and the reported bound values use
µmin(F + γI).

Remark (Bound as existence result): The worst-case bound values in our experiments (ϵ/µmin ≈ 1,778–2,483,
Table V) are numerically large, implying a recommended learning rate of η < 2/Seff ≈ 0.0008—far below the
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practically effective η = 0.1. This bound should be interpreted as a structural existence result rather than
a practical hyperparameter guide: it establishes that NGD’s effective sharpness is controlled by the ratio
ϵ/µmin(F ) rather than by λmax(H) directly, providing a mechanistic explanation for spectral flattening. The
operational tightening comes from Theorem IV.3’s alignment-aware analysis: the Rayleigh quotient lower
bound (Table VII) is only 1.3× loose relative to the actual Seff, indicating that the alignment structure—not
the worst-case bound itself—is the correct predictor of stability in practice.

Theorem IV.3 (Alignment-Aware Spectral Analysis) Let the residual Q have spectral decomposition
Q =

∑d
i=1 λQ

i uiu
T
i , and let F have eigenpairs (µi, vi). Define the alignment matrix Aij = (uT

i vj)2 and the
projection coefficients cij = uT

i vj . Then the effective sharpness satisfies the following Rayleigh quotient lower
bound:

Seff ≥ 1 + max
j

d∑
i=1

λQ
i Aij

µj
(11)

which follows because vj are unit vectors in the eigenbasis of F −1/2QF −1/2, and λmax(M) ≥ vT
j Mvj for any

symmetric M . When Q is rank-k with eigenvectors {ui}k
i=1 expressible as ui =

∑
j cijvj in the F -eigenbasis,

the triangle inequality for the spectral norm gives the valid upper bound:

Seff ≤ 1 +
k∑

i=1
|λQ

i |
∑

j

c2
ij

µj
(12)

The gap between these bounds and the worst-case Theorem IV.2 bound is governed by the alignment
structure: when Q’s spectral mass concentrates along well-conditioned Fisher directions (large µj), the
actual Seff is much smaller than 1 + ϵ/µmin(F ).

Proof. We have F −1/2QF −1/2 =
∑

i λQ
i (F −1/2ui)(F −1/2ui)T . Since {vj} forms an orthonormal basis of

Rd, any vector ui can be expressed as ui =
∑

j cijvj where cij = uT
i vj by orthogonal projection. Thus

F −1/2ui =
∑

j(cij/
√

µj)vj . Then ∥F −1/2ui∥2 =
∑

j c2
ij/µj . For the lower bound: note that vj are the

eigenvectors of F , not of F −1/2QF −1/2. However, because F is positive definite, {vj} forms an orthonormal
basis, and the Rayleigh quotient of F −1/2QF −1/2 evaluated at any unit vector provides a lower bound on the
largest eigenvalue. Specifically, vT

j (F −1/2QF −1/2)vj =
∑

i λQ
i (vT

j F −1/2ui)2 =
∑

i λQ
i c2

ij/µj for each j, since
vT

j F −1/2ui = vT
j

∑
k(cik/

√
µk)vk = cij/

√
µj by orthonormality of {vj}. Therefore λmax(F −1/2QF −1/2) ≥

vT
j (F −1/2QF −1/2)vj =

∑
i λQ

i c2
ij/µj by the Rayleigh quotient characterization. Taking the maximum over

j yields the first result. For the upper bound: the vectors wi = F −1/2ui are not generally orthonormal,
so (F −1/2ui)(F −1/2ui)T are rank-1 matrices with spectral norm ∥wi∥2. By the triangle inequality for the
spectral norm, ∥

∑
i λQ

i wiw
T
i ∥2 ≤

∑
i |λQ

i | · ∥wi∥2. Here we use that ∥wiw
T
i ∥2 = ∥wi∥2 since wiw

T
i is a

rank-1 matrix with only nonzero eigenvalue ∥wi∥2. Substituting wi = F −1/2ui =
∑

j(cij/
√

µj)vj gives
∥wi∥2 =

∑
j c2

ij/µj , yielding eq. (12). This upper bound is especially useful when Q is effectively low-rank
(k ≪ d). ■

Remark: Theorem IV.3 explains the observed 1.3–7.1× gap between Seff and the Theorem IV.2 bound in
Table V. The Rayleigh quotient lower bound captures the alignment structure: in our experiments, Q’s
spectral mass concentrates along directions of moderate Fisher eigenvalues (not µmin), so the lower bound
tracks Seff much more closely than the worst-case upper bound. The proximity of the Rayleigh lower bound
to the actual Seff (Table VII) indicates that alignment is the dominant factor determining the gap.

Remark (Triangle inequality tightness): The upper bound of Theorem IV.3 uses the triangle inequality
∥

∑
i λQ

i wiw
T
i ∥2 ≤

∑
i |λQ

i |∥wi∥2, which is tight when the rank-1 matrices wiw
T
i are nearly collinear—i.e.,

when the transformed eigenvectors wi = F −1/2ui are nearly parallel. In practice, this rarely holds: Q’s
eigenvectors tend to be spread across multiple Fisher eigendirections, so the triangle inequality introduces
looseness governed by the principal angles between the transformed eigenvectors wi = F −1/2ui—not simply
the effective rank of Q. The lower bound requires only unit-vector evaluation and is tight for the best choice
of j; its closeness to Seff in Table VII (within 1.3× for the 110-parameter model) indicates that a single
Fisher eigenvector captures most of the relevant alignment.
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Corollary IV.4 (Near-Realizability with Model Mismatch) If the Gauss-Newton matrix G satisfies
∥G − F∥2 ≤ δ (rather than G = F exactly), then H = G + Q = F + (G − F ) + Q, and:

Seff ≤ 1 + ϵ + δ

µmin(F ) (13)

where δ = ∥G − F∥2 measures model misspecification and ϵ = ∥Q∥2 measures residual curvature. This
separates the two sources of bound looseness: δ is large when the model class is misspecified or the loss is
not the negative log-likelihood, while ϵ is large far from a minimizer.

Proof. Write F −1H = I + F −1(G − F ) + F −1Q. By the triangle inequality for the spectral norm
of the symmetric conjugate and submultiplicativity (applying Weyl’s inequality twice): λmax(F −1H) =
λmax(F −1/2HF −1/2) ≤ 1 + ∥F −1/2(G − F )F −1/2∥2 + ∥F −1/2QF −1/2∥2 ≤ 1 + (δ + ϵ)/µmin(F ). ■

Definition IV.5 (Effective Rank (Roy and Vetterli, 2007)). The effective rank of a positive semi-
definite matrix A with eigenvalues λi is rankeff(A) = exp (Hnorm), where Hnorm = −

∑
i pi log pi is the

Shannon entropy of the normalized eigenvalue distribution pi = λi/
∑

j λj .

Proposition IV.6 (Converse: Lower Bound on Seff) Under the assumptions of Theorem IV.2, if Q
is positive semidefinite (which holds when H ⪰ G, i.e., the Hessian dominates the GGN) and λmin(Q) ≥
ϵmin > 0, then:

Seff ≥ 1 + ϵmin

µmax(F ) (14)

where µmax(F ) = λmax(F ). This shows Seff is bounded away from 1 when Q ̸= 0, and approaches the upper
bound (Theorem IV.2) when F is well-conditioned (µmax ≈ µmin).

Proof. By the congruence transformation property, Q ⪰ ϵminI implies F −1/2QF −1/2 ⪰ ϵminF −1. Therefore
λmax(I + F −1/2QF −1/2) ≥ 1 + ϵminλmax(F −1) = 1 + ϵmin/µmin(F ). This gives the stronger bound Seff ≥
1 + ϵmin/µmin(F ); the proposition states the weaker bound using µmax(F ) because µmin(F ) can be near zero
in ill-conditioned settings, making the stronger bound vacuous, while the µmax bound remains meaningful
when F is rank-deficient or near-singular. For the stated result using µmax, we use a logically weaker bound
that avoids dependence on the smallest Fisher eigenvalue, which can make the lower bound vacuous in ill-
conditioned settings. Since F −1/2QF −1/2 ⪰ ϵminF −1 ⪰ (ϵmin/µmax(F ))I, we have that every eigenvalue
of I + F −1/2QF −1/2 is at least 1 + ϵmin/µmax(F ). In particular, Seff = λmax(I + F −1/2QF −1/2) ≥ 1 +
ϵmin/µmax(F ). This bound is weaker than 1 + ϵmin/µmin(F ) but depends on µmax rather than µmin, making
it robust to the Fisher condition number. ■

Remark (Tightness): The Fisher condition number κ(F ) is related to the effective rank of F (Definition
IV.5): when rankeff(F ) ≈ d, eigenvalues are approximately uniform and κ(F ) ≈ 1, tightening the bound.
The gap between the upper bound (Theorem IV.2) and lower bound (Proposition IV.6) is controlled by
κ(F ) = µmax/µmin. When κ(F ) → 1, the bounds converge and Theorem IV.2 becomes tight. In our DLN
experiments, κ(F ) ∼ 103, explaining the observed looseness. Note that the lower bound requires Q ⪰ 0 with
λmin(Q) > 0; when Q is indefinite (as observed in all our experiments, Section 5.15), the lower bound is
trivially 1.0 and provides no tightening. Proposition IV.6 provides a lower bound in the special case where
Q ⪰ 0, which does not occur in our experiments. This indicates that the gap between the upper bound
and actual Seff is not due to the bound being fundamentally loose, but rather to the alignment structure
captured by Theorem IV.3.

4.4 Mechanism: Why NGD Suppresses EoS Dynamics

The EoS occurs because GD’s update ∆θ = −η∇L has magnitude proportional to the gradient, which is
large along directions of high curvature. When λmax(H) exceeds 2/η, the update overshoots along the top
eigenvector of H, producing the characteristic non-monotonic loss oscillations (Cohen et al., 2021).

NGD suppresses this mechanism through spectral flattening. The preconditioned update ∆θ = −ηF −1∇L
rescales each direction by the inverse Fisher eigenvalue. In the F -eigenbasis, if ∇L =

∑
i givi, the NGD

update has component gi/µi(F ) along vi. For the model class where G ≈ F (Theorem IV.2, Assumption
3), the Fisher’s large eigenvalues align with the Hessian’s large eigenvalues (Martens, 2020). Consequently,
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directions of high curvature (λi(H) large) also have large Fisher eigenvalues (µi(F ) large), and the NGD
step size along these directions is ∝ gi/µi ≈ gi/λi—automatically satisfying the local stability condition
η · effective curvature < 2.

Formally, the stability condition for NGD along the i-th eigendirection of the preconditioned system is
η · λi(F −1H) < 2. Under the G ≈ F approximation (Theorem IV.2, Assumption 3), λi(F −1H) ≤ 1 +
ϵ/µmin(F ), which is independent of λmax(H). In the general case where G ̸= F , Corollary IV.4 gives the
tighter characterization λi(F −1H) ≤ 1+(ϵ+ δ)/µmin(F ); the EoS suppression mechanism remains operative
provided δ is not so large that (ϵ + δ)/µmin(F ) exceeds the GD sharpness λmax(H)/µmin(F ). This is the
key distinction: GD’s stability condition (ηλmax(H) < 2) depends on the absolute curvature, which grows
during training; NGD’s condition depends on the relative curvature λ(F −1H), which is bounded by the
approximation quality.

This spectral flattening is distinct from simple preconditioning (as in Adam or AdaGrad). Adam’s precondi-
tioner diag(

√
vt + ϵ)−1 adapts to the gradient magnitude per coordinate, not to the curvature structure. The

Fisher preconditioner adapts to the statistical geometry of the model class, which is specifically what enables
the curvature-dependent rescaling. Whether Adam or other adaptive methods exhibit analogous spectral
stability is an open question (Section 7). Furthermore, we note that deep linear networks trained with gra-
dient descent exhibit implicit regularization toward low-rank solutions (Arora et al., 2019). Whether NGD’s
spectral flattening mechanism induces different implicit regularization than GD—such as faster rank con-
centration or distinct singular value distributions—is left as an important direction for future investigation
(Section 7).

4.5 Relationship to Classical Matrix Perturbation Theory

The proof of Theorem IV.2 employs standard matrix analysis tools: a congruence transformation to sym-
metrize F −1H, Weyl’s inequality for symmetric matrices, and submultiplicativity of the spectral norm (Bha-
tia, 1997). A natural question is whether this constitutes merely a routine application of classical perturbation
theory—for instance, Weyl’s inequality applied to A + E with A = I and E = F −1/2QF −1/2.

Three aspects go beyond generic perturbation bounds:

(a) Problem-specific decomposition. The bound exploits the GGN decomposition H = G + Q, where
G is the Gauss-Newton matrix with G = F under correct specification, giving F −1H = I + F −1Q after
preconditioning. Generic perturbation theory for λmax(A + E) requires bounding λmax(A) separately; here,
preconditioning absorbs this into exactly the identity. The physical content is that NGD under perfect Fisher
information faces an unperturbed preconditioned system—any deviation from Seff = 1 is entirely attributable
to the residual curvature Q.

(b) Alignment-aware analysis. Classical perturbation results such as Weyl’s inequality (Bhatia, 1997,
Chapter III) provide worst-case bounds assuming maximally adversarial alignment between the perturba-
tion and the base matrix. Theorem IV.3’s Rayleigh quotient lower bound reveals that the actual effective
sharpness depends critically on how Q’s spectral mass aligns with F ’s eigenvectors. This alignment structure
is invisible to generic perturbation bounds and explains the empirically observed 1.3–7.1× gap between the
worst-case bound and the actual Seff (Table VII).

(c) Interpretive decomposition. Corollary IV.4 separates the perturbation into two components with
distinct interpretations: residual curvature ϵ = ∥H − G∥2, which vanishes at convergence, and model mis-
specification δ = ∥G − F∥2, which is a permanent property of the model class and loss function. Generic
rank-one perturbation bounds (Stewart and Sun, 1990, Chapter II) do not distinguish these sources of error.
This decomposition enables the mechanistic analysis of Section 4.4 and has direct practical implications for
diagnosing optimizer failure modes.

Classical references for the tools used include Bhatia (1997) for Weyl’s inequality and submultiplicativity,
and Stewart and Sun (1990) for the general theory of spectral perturbation. The present contribution applies
and extends these tools to the specific Fisher-preconditioned GGN structure of the neural network loss.

9



Under review as submission to TMLR

Conceptual Structure: Spectral Stability of Fisher-Preconditioned GD
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j i

Q
i Aij/ j      explains 1.3 7.1× looseness
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Residual curvature Q
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EoS suppression mechanism

G = F
(correct spec.)
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Section IV.D

Figure 1: Conceptual structure of the spectral stability analysis. The Hessian is decomposed as H = G + Q;
under correct model specification G = F , Seff ≤ 1+ ϵ/µmin(F ) (Theorem IV.2). When G ̸= F , δ = ∥G−F∥2
enters the bound (Corollary IV.4). Theorem IV.3 Rayleigh analysis explains the 1.3–7.1× looseness.

5 Experimental Validation

Remark on SP-GD performance across tasks. The scalar-preconditioned GD (SP-GD) exhibits apparently
contradictory behavior: it converges poorly on the DLN regression task (MSE 0.208, Table IV) while achiev-
ing competitive performance on MNIST classification (88.9% accuracy, Section 5.10). This discrepancy has
a unified explanation rooted in the interaction between the scalar approximation and the loss landscape.
On the DLN regression task (MSE loss), the Fisher eigenvalue spectrum spans many orders of magnitude,
and near-zero Fisher eigenvalues cause the scalar preconditioner 1/(∥g∥2 + γ) to either under-correct high-
curvature directions or over-correct low-curvature directions—it cannot do both simultaneously, leading to
slow convergence. On MNIST classification (cross-entropy loss), the Fisher spectrum is more uniform be-
cause the softmax output layer naturally regularizes the gradient distribution across classes, and the scalar
preconditioner provides a more balanced adaptive step size. Additionally, the classification loss landscape is
smoother than MSE near the optimum, so the approximation error has less impact on convergence quality.
This explains why approximation quality matters more for regression than classification with SP-GD, and
motivates the full Fisher experiments (Section 5.5) that confirm the natural gradient principle is sound when
the approximation is adequate.

5.1 Experimental Setup

Table III: Hyperparameters

Deep Linear Network (DLN) Task. A 3-layer deep linear network (depth 3, width 20, input dimension
20, output dimension 1; 820 parameters, no bias terms) was trained on a synthetic regression task. Training
data: N = 500 input-output pairs from a teacher network of identical architecture.

Optimizers. Five optimizers were compared: (1) SGD (η = 0.1); (2) scalar-preconditioned GD (SP-GD,
η = 0.1, γ = 10−3); (3) Adam (Kingma and Ba, 2015) (η = 0.1); (4) K-FAC using block-diagonal Fisher
(η = 0.1, γ = 10−2); (5) SGD with cosine annealing (η0 = 0.1, Tmax = 150). Adam serves as an adaptive
first-order baseline (diagonal preconditioning without curvature), while K-FAC represents a scalable second-
order method. The cosine annealing schedule tests whether spectral stability can be replicated by learning
rate scheduling alone. Shampoo (Gupta et al., 2018) and SOPHIA (Liu et al., 2024) are discussed in Related
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Parameter DLN MNIST CIFAR-10
Architecture 3-layer linear, width 20 2-layer tanh MLP, hidden 64 ResNet-18 (CIFAR-adapted)
Parameters 820 (no bias) 50,890 11,173,962
Loss MSE Cross-entropy Cross-entropy
Data N = 500, teacher-student N = 2,000 (subset), MNIST CIFAR-10 (50,000 train)
Epochs/Iterations 150 iters 200 iters 25 epochs
Seeds 10 (seeds 0–9) 5 (seeds 0–4) 1
η (default) 0.1 0.01 0.1
γ (SP-GD/K-FAC) 10−3 10−3 10−3 (K-FAC best)
Curvature update Every step Every step Every 10 steps
Batch size 500 (full-batch) 2,000 (full-batch) 256
Sharpness estimate Power iteration, 20 iters Power iteration, 10 iters (every 10th step) Power iteration, 10 iters (every epoch)
Hardware CPU (see Appendix A) CPU (see Appendix A) GPU (NVIDIA T4, Colab)
Precision float32 float32 float32

Work but not benchmarked due to computational constraints; these represent natural extensions for future
work.

MNIST Nonlinear Task. A 2-layer MLP with tanh activation (input 784, hidden 64, output 10; 50,890
parameters) on 2,000-sample MNIST. SGD at η ∈ {0.005, 0.01, 0.05} and SP-GD at η = 0.01 (γ = 10−3)
were compared over 200 iterations, 5 seeds, reporting both loss and test accuracy.

CIFAR-10 ResNet-18 Task. A CIFAR-10-adapted ResNet-18 (11,173,962 parameters) was trained on the
full CIFAR-10 training set (50,000 images) with standard augmentation (random crop to 32×32 with 4-pixel
padding, random horizontal flip). The first convolutional layer was modified from 7×7 stride 2 to 3×3 stride
1, and max-pooling was removed to preserve spatial resolution at 32×32 input size. A two-phase protocol was
used: (1) a hyperparameter screening phase testing 9 configurations (damping γ ∈ {10−3, 10−2, 5 × 10−2},
learning rate η ∈ {0.01, 0.05, 0.1}, curvature update interval 10, batch size 256) for 5 epochs each; (2)
extended training of the best configuration for 25 epochs with per-epoch sharpness measurement via power
iteration (λmax(H), 10 iterations, on a 64-sample mini-batch). SGD (η = 0.1, momentum 0.9, weight
decay 5 × 10−4, batch size 256) was trained for 25 epochs as the baseline, also with per-epoch sharpness
measurement. All CIFAR-10 experiments were run on a single NVIDIA T4 GPU (Google Colab).

Reproducibility. All code, experiment scripts, and plotting utilities are available at the anony-
mous repository: <https://anonymous.4open.science/r/sbesfpgd-6079>. Dependencies are managed via
‘uv‘ (CPU experiments) and ‘pip‘ (GPU experiments); a ‘pyproject.toml‘ in the repository specifies
exact package versions for full environment reproducibility. The main results can be reproduced
with three commands: ‘uv run python scripts/reproduce_eos.py‘ (DLN and MNIST experiments),
‘uv run python scripts/cpu_experiments.py‘ (alignment, scaling, and damping ablations), and ‘python
scripts/gpu_experiments.py‘ (CIFAR-10 K-FAC and MNIST compute comparison).

A self-contained verification script for the main theoretical bound is provided in the ‘sbesfpgd-verify/‘ sub-
directory. Running ‘python sbesfpgd-verify/verify_theorem_iv2.py‘ (requiring only ‘torch‘ and ‘numpy‘)
reproduces the Seff values reported in Section 5.4 and asserts the Corollary IV.4 bound at all 21 checkpoints
in under 90 seconds on CPU.

5.2 EoS Demonstration

Figure 2 establishes the EoS phenomenon on the DLN task by sweeping learning rates η ∈
{0.05, 0.1, 0.2, 0.5, 1.0}.

At η = 0.05, training converges smoothly. At η ≥ 0.2, the sharpness saturates at 2/η and the loss oscillates,
consistent with the EoS regime defined in Definition I.1.

5.3 SGD vs. SP-GD Spectral Dynamics

Figure 3 compares SGD and SP-GD over 150 iterations (10 seeds, shaded bands = ±1 s.d.).

Direct validation of Theorem IV.2 is provided in Section 5.4 using the exact full Fisher inverse.
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Figure 2: Edge of Stability demonstration. (a) SGD loss at various learning rates: higher η induces non-
monotonic oscillations. (b) Sharpness λmax(H) saturates near 2/η for each learning rate (dashed horizontal
lines), consistent with the EoS phenomenon on this task.
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Figure 3: SGD vs. SP-GD comparison. (a) Training loss: SGD converges monotonically to near-zero MSE;
SP-GD (scalar preconditioner) converges slowly due to the crude scalar approximation. (b) Sharpness: SGD
λmax(H) approaches 2/η = 20; SP-GD shows bounded sharpness, but F̂ −1 = 1/(∥g∥2 + γ) is not the Fisher
inverse, so this does not measure λmax(F −1H). Transient spikes to approximately 100 reflect numerical
instability when ∥g∥2 ≈ 0.
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5.4 Theorem IV.2 Verification

To directly verify the bound, we computed ϵ(t) = ∥Q(t)∥2, µmin(F (t) + γI), the actual effective sharpness
Seff(t) = λmax(F −1H), and the bound 1 + ϵ/µmin at every 5th iteration during 100-step SGD training on a
110-parameter DLN (depth 2, width 10, γ = 10−3, seed 42). Full Hessian and Fisher matrices were computed
exactly.
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Figure 4: Theorem verification with explicit misspecification decomposition. (a) The residual curvature
ϵtrue = ∥H − G∥2, misspecification δ = ∥G − F∥2, and minimum Fisher eigenvalue µmin(F + γI) during
training. (b) The actual effective sharpness Seff (circles, solid), Theorem IV.2 bound (squares, dashed), and
Corollary IV.4 bound (diamonds, dash-dot) on a log-scale y-axis spanning 101 to 104. The crossover where
Seff exceeds the Theorem IV.2 bound after iteration 0 is clearly visible (e.g., iterations 50 and 100), while
Corollary IV.4 remains valid at all measured iterations.

The results reveal that δ is substantial throughout training and the G = F assumption is materially violated.
Importantly, the Theorem IV.2 bound (which assumes G = F and uses ϵtrue = ∥H − G∥2) is violated at
iterations 50 and 100, while the Corollary IV.4 bound 1 + (ϵtrue + δ)/µmin(F ) correctly bounds Seff at all
measured iterations. The detailed measurements at iterations 0, 50, and 100 are as follows.

Model misspecification analysis (δ = ∥G − F∥2). To directly quantify the G = F assumption, we
computed the Gauss-Newton matrix G = (2/N)

∑
i JT

i Ji separately from the empirical Fisher F at iterations
0, 50, and 100. The results reveal that δ is substantial and the G = F assumption is materially violated:

• At iteration 0: δ = ∥G − F∥2 = 1.16, ϵtrue = ∥H − G∥2 = 0.90, Corollary IV.4 bound = 2,069,
Theorem IV.2 bound (assumes G = F , uses ϵtrue) = 905, actual Seff = 902.

• At iteration 50: δ = 1.79, ϵtrue = 0.09, Corollary IV.4 bound = 1,881, Theorem IV.2 bound = 96,
actual Seff = 258.

• At iteration 100: δ = 1.82, ϵtrue = 0.02, Corollary IV.4 bound = 1,847, Theorem IV.2 bound = 25,
actual Seff = 1,080.

Two findings emerge: (i) The Theorem IV.2 bound (using ϵtrue = ∥H − G∥2) is violated at iterations 50
and 100 (Seff > bound), confirming that the G = F assumption is materially violated in this experiment.
(ii) The Corollary IV.4 bound 1 + (ϵtrue + δ)/µmin(F ) correctly bounds Seff at all iterations. As training
converges, ϵtrue → 0 while δ remains large (≈ 1.82), indicating that model misspecification—not residual
curvature—dominates the bound at convergence.

The non-monotonic behavior of Seff (902 → 258 → 1,080) deserves explanation: although ϵtrue decreases
monotonically, the actual effective sharpness depends on the full alignment structure between Q and F
(Theorem IV.3), not just the worst-case ratio. The increase from iteration 50 to 100 reflects the Fisher
becoming more ill-conditioned as training converges (µmin(F + γI) → γ), amplifying even small residual
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perturbations along the least-conditioned Fisher directions. This is consistent with the κ(F ) ∼ 103 observed
in Table VII. The original verification above (which used ϵ = ∥H − F∥2) inadvertently captured both
sources of error via the triangle inequality, producing a valid but conceptually imprecise bound equivalent
to Corollary IV.4.

Remark (Seed Variance vs. Alignment): The value Seff = 258 measured at iteration 50 above is specific to
the single seed (seed 42) used for this tracing experiment. As shown later in Table VII, the mean Seff across 5
different seeds (seeds 0–4) for this exact same 110-parameter architecture (depth 2, width 10) at iteration 50
is 2,201 ± 656. The seed-42 trajectory happens to pass through an uncharacteristically low-sharpness phase
at exactly iteration 50, illustrating how single-seed checkpointing can yield values that are not representative
of the broader distribution, though the bound itself (Seff ≤ 1 + (ϵtrue + δ)/µmin(F )) formally holds pointwise
at every step for every seed.

Remark: When µmin(F ) ≈ γ (i.e., the Fisher has near-zero eigenvalues), the bound is dominated by the
damping coefficient γ, and increasing γ tightens the bound. This is consistent with the damping ablation in
Section 5.7.

5.5 Full Fisher vs. SP-GD

To isolate the effect of Fisher approximation quality, we trained a 110-parameter DLN (depth 2, width 10)
using three methods: SGD, exact full-Fisher NGD (F −1 computed via matrix inversion at each step), and
SP-GD (scalar approximation). Five seeds, 100 iterations.
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Figure 5: Full Fisher NGD vs. SP-GD on a 110-parameter DLN. (a) Loss: full-Fisher NGD converges
comparably to SGD, while SP-GD (scalar preconditioner, not NGD) converges slowly to suboptimal loss.
This demonstrates that the poor convergence in Table IV is due to approximation quality, not the natural
gradient principle. (b) Sharpness: full-Fisher NGD effective sharpness remains bounded; SP-GD produces
unreliable sharpness estimates.

This experiment addresses the apparent contradiction between the theoretical stability prediction and the
poor convergence of SP-GD in Table IV: the full-Fisher NGD achieves competitive convergence, indicating
that the natural gradient principle is sound but the scalar approximation used in the main experiments is
too crude to be considered a valid NGD implementation.

5.6 Regression Results

Table IV: DLN Regression Results (MSE, n = 10 seeds)

*Custom block-diagonal Fisher approximation; not the ASDL implementation. See Section 5.11 for a com-
parison with the ASDL K-FAC implementation, which diverges under the same hyperparameters.
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Method Median MSE IQR Cohen’s d p (Wilcoxon) Sig.
SGD < 10−4 [< 10−4, < 10−4] −1.14 0.002 Yes
Adam < 10−4 [< 10−4, < 10−4] −1.14 0.002 Yes
K-FAC (custom block-diagonal) 0.025 [0.002, 0.027] −1.11 0.037 No
SGD + Cosine 0.001 [< 10−4, 0.001] −1.14 0.002 Yes
SP-GD (scalar preconditioner, not NGD) 0.208 [0.013, 1.203] – – –

All tests use the Wilcoxon signed-rank test (paired by seed) with Bonferroni correction (αadj = 0.05/4 =
0.0125). Median and interquartile range (IQR) are reported for all methods because the SP-GD distribution
is heavy-tailed (mean = 0.646, s.d. = 0.761). Effect sizes are Cohen’s d (pooled).

Interpretation: SP-GD converges poorly relative to all other methods, reflecting the limitations of the scalar
approximation (see Section 5.1 for a full discussion). Direct validation of Theorem IV.2 uses the exact full
Fisher (Section 5.4).

5.7 Damping Ablation

The damping coefficient γ in (F + γI)−1 materially affects SP-GD convergence. We swept γ ∈
{10−4, 10−3, 10−2, 10−1} (5 seeds each, 150 iterations).
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Figure 6: Damping ablation. (a) SP-GD loss trajectories for four damping values. Higher damping (γ = 0.1)
recovers near-SGD convergence; lower damping (γ ≤ 10−3) yields slow convergence. (b) Distribution of final
MSE across seeds for each damping value.

Final MSE (mean ± s.d., 5 seeds): γ = 10−4: 0.488±0.590; γ = 10−3: 0.540±0.862; γ = 10−2: 0.012±0.013;
γ = 10−1: < 10−4. The result is consistent with Theorem IV.2: increasing γ raises µmin(F + γI), tightening
the bound and improving convergence.

5.8 Phase Diagram

The stability region was analyzed by sweeping η ∈ [10−2, 2] on the 820-parameter DLN using 100 iterations
in a single-seed scan (seed 42 shown). The convergence score − log10 Lfinal quantifies how many orders of
magnitude the loss decreased.

SGD exhibits a sharp phase transition: below ηc ≈ 0.5, training converges reliably (high convergence score),
while above ηc, convergence degrades abruptly as the learning rate exceeds the stability threshold. SP-
GD maintains moderate convergence scores across the full range η ∈ [10−2, 2] without a sharp transition,
consistent with the bounded effective sharpness preventing abrupt instability. The qualitative difference—
sharp versus gradual performance degradation—illustrates how even scalar preconditioning fundamentally
alters the optimizer’s stability phase structure, widening the effective stable learning rate range despite using
a crude scalar approximation of the Fisher.
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Figure 7: Stability phase diagram. Convergence score (− log10 Lfinal) as a function of learning rate. SGD
exhibits a sharp transition to instability at η ≈ 0.5, while SP-GD maintains non-divergent behavior across a
wider range.

5.9 Eigenvalue Spectrum

Figure 8 compares the full Hessian eigenvalue spectrum after 50 training steps.
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Figure 8: Hessian eigenvalue density after 50 iterations. SGD training produces a wider spectral spread with
larger outlier eigenvalues; SP-GD training yields a more concentrated spectrum.

A positive association between Hessian eigenvalue magnitudes and weight matrix singular values is observed
at iteration 50; a systematic analysis across training stages is left to future work.

5.10 MNIST Nonlinear Validation

Figure 9 shows loss, sharpness, and test accuracy on MNIST (5 seeds, ±1 s.d.).

Final test accuracy (5 seeds, CPU): SGD η = 0.005: 65.4 ± 1.3%; SGD η = 0.01: 72.2 ± 0.5%; SGD
η = 0.05: 85.8 ± 0.3%; SP-GD η = 0.01: 88.9 ± 0.2%. SP-GD enables effective use of learning rates
where SGD under-trains: at η = 0.01, SP-GD achieves 88.9% versus SGD’s 72.2%, a difference of 16.7
percentage points (p < 0.01, paired t-test over seeds). SGD at a higher learning rate (η = 0.05) achieves
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Figure 9: MNIST nonlinear validation (50,890-parameter tanh MLP, 5 seeds). (a) Cross-entropy loss: SP-
GD converges faster than SGD at the same learning rate (η = 0.01). SGD at higher η = 0.05 converges
comparably. (b) Sharpness: SP-GD sharpness does not diverge and is shown relative to the standard GD
reference threshold 2/η = 200 for η = 0.01 (dashed line), while SGD λmax(H) at higher η exhibits larger
excursions. (c) Test accuracy: SP-GD achieves 88.9% vs. SGD 72.2% at η = 0.01.

85.8%, closing the gap to 3.1 points. This is consistent with the mechanism described in Section 4.4—Fisher
preconditioning rescales the effective step size in high-curvature directions, achieving an effect that GD can
partially replicate by using a larger η (at the cost of reduced stability in other settings). Note that SP-GD
uses a scalar preconditioner (see Section 5 preamble); bounded sharpness here may reflect adaptive step
sizing rather than full Fisher geometry.

Compute-Controlled Comparison. To address the potential confound of unequal per-iteration cost,
we performed a time-matched comparison on GPU. The per-iteration overhead of SP-GD relative to SGD
was measured at 1.02× (negligible for the scalar approximation). Under an equal wall-clock budget, SGD
completed 200 iterations while SP-GD completed 195 iterations within the same time:

Method Iters Accuracy
SGD (η = 0.01) 200 69.9%
SP-GD (η = 0.01, time-matched) 195 87.1%

SP-GD retains a 17.2 percentage point advantage even under matched compute budgets. The slightly lower
accuracies compared to the 5-seed CPU results (69.9% vs. 72.2% for SGD; 87.1% vs. 88.9% for SP-GD)
reflect single-seed variability and the GPU run using a different random seed.

Remark (MNIST as a benchmark): MNIST is not a challenging benchmark; state-of-the-art methods exceed
99% accuracy. The limited accuracy (≤ 89%) reflects the small model (50,890 parameters), small data subset
(2,000 samples), and short training (200 iterations)—not a claim about the method’s competitive potential.
The purpose of this experiment is to test whether bounded sharpness persists in nonlinear architectures
under scalar preconditioning, not to achieve state-of-the-art accuracy.

5.11 Fisher Approximation Quality

To systematically evaluate how Fisher approximation quality affects convergence, we tested three approxi-
mation levels on the 820-parameter DLN task (5 seeds, 150 iterations):

1. Scalar Fisher (as in Table IV): F̂ −1 = 1/(∥g∥2 + γ), yielding median MSE = 0.208.

2. True diagonal Fisher: F̂ −1 = diag(1/(Fii + γ)), using the exact diagonal entries of the Fisher
matrix computed via per-sample gradient outer products, yielding final MSE = 0.0017.

3. K-FAC (ASDL (Osawa et al., 2023)): This is distinct from the custom K-FAC implementation
used in Table IV. The ASDL implementation uses Kronecker-factored approximation with a curva-
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ture update period of 50; the custom implementation computes the block-diagonal Fisher exactly at
every step. This configuration yielded divergent MSE > 1010.

0 25 50 75 100 125 150
Iteration

10 15

10 13

10 11

10 9

10 7

10 5

10 3

10 1

101

Lo
ss

 (M
SE

)
(a) DLN Loss: NGD Approximation Quality

SGD
SP-GD (scalar)
NGD (true diag)
K-FAC (ASDL)

0 25 50 75 100 125 150
Iteration

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

Sh
ar

pn
es

s

(b) Sharpness Dynamics

SGD max(H)
K-FAC (ASDL) max(H)
NGD (true diag) max(H)
2/

Figure 10: Fisher approximation quality on the 820-parameter DLN. The true diagonal Fisher recovers
competitive convergence (MSE ≈ 0.002), dramatically outperforming the scalar approximation (MSE =
0.208). K-FAC via ASDL diverges under the default hyperparameters, indicating sensitivity to damping and
learning rate configuration.

The true diagonal Fisher improves convergence by two orders of magnitude over the scalar approxima-
tion (MSE 0.0017 vs. 0.208), indicating that approximation quality—not the natural gradient principle—
determines practical performance. The K-FAC (ASDL) result diverges (MSE > 1010) under the DLN default
hyperparameters (γ = 10−3, η = 0.1, curvature update period 50), demonstrating that even a high-fidelity
approximation can fail without proper tuning. This contrasts sharply with the CIFAR-10 results (Sec-
tion 5.13), where a systematic hyperparameter sweep identified a K-FAC configuration achieving 90.5%
accuracy—indicating that K-FAC tuning, not the approximation structure, was the bottleneck. The curva-
ture update frequency proved critical: period 50 failed on both the DLN and CIFAR-10 tasks, while period
10 succeeded on CIFAR-10 across all 9 tested configurations.

5.12 Scaling Considerations and Approximation Trade-offs

To assess how the spectral stability bound degrades with model size, we swept the DLN hidden width from
5 to 40 (55 to 3,240 parameters), measuring ϵtrue = ∥H − G∥2, δ = ∥G − F∥2, µmin(F + γI), the actual Seff,
and both theoretical ratios ϵtrue/µmin(F ) (Theorem IV.2) and (ϵtrue + δ)/µmin(F ) (Corollary IV.4) at the
end of 50-step SGD training on a depth-3 DLN for each width. Each configuration was tested with 5 seeds
to assess variability.

Table V: Scaling Analysis—Dual Bounds Across Model Sizes (5 seeds, mean ± s.d.) Note: This
table presents both the Theorem IV.2 bound (using ϵtrue = ∥H − G∥2) and the Corollary IV.4 bound (using
ϵtrue + δ, where δ = ∥G − F∥2), validating both theoretical claims directly.

Width Params Seff Thm IV.2 Bound Cor IV.4 Bound Thm IV.2 OK Cor IV.4 OK
5 55 310 ± 150 1940 ± 280 2154 ± 316 Yes Yes
10 210 587 ± 507 1850 ± 650 2102 ± 727 Yes Yes
15 465 273 ± 64 1680 ± 190 1897 ± 208 Yes Yes
20 820 322 ± 194 2150 ± 480 2394 ± 539 Yes Yes
30 1,830 357 ± 117 2120 ± 110 2382 ± 134 Yes Yes
40 3,240 464 ± 166 2250 ± 190 2580 ± 220 Yes Yes

The Corollary IV.4 bound is satisfied at all 30 tested configurations (6 widths × 5 seeds). The actual
Seff remains 1.3–7.1× below the bound across all configurations, consistent with the alignment structure
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Figure 11: Scaling analysis with explicit Theorem IV.2 and Corollary IV.4 ratios (5 seeds per width, error
bars = ±1 s.d.). (a) The Theorem IV.2 ratio ϵtrue/µmin(F ) and the Corollary IV.4 ratio (ϵtrue + δ)/µmin(F )
as functions of model size. (b) The actual Seff (blue), the Theorem IV.2 bound 1 + ϵtrue/µmin(F ) (red), and
the Corollary IV.4 bound 1 + (ϵtrue + δ)/µmin(F ) (green). The Corollary IV.4 bound is satisfied at every
configuration across all seeds, while the Theorem IV.2 curve is shown for idealized-comparison context.

characterized by Theorem IV.3 (Section 5.15). The inter-seed variability is moderate: standard deviations
are 10–40% of the mean, indicating the bound is robust to initialization.

Caveat: This analysis spans 55–3,240 parameters, which is still far below modern scale (106–1010). Whether
the non-degradation pattern extends to larger models with qualitatively different Hessian structure (e.g.,
heavy-tailed eigenvalue distributions in overparameterized networks (Ghorbani et al., 2019; Sagun et al.,
2017)) remains open.

5.13 CIFAR-10 ResNet-18: Empirical Motivation (11.2M Parameters)

To probe whether the spectral stability phenomenon extends beyond the small-model regime where direct
verification is tractable, we trained a CIFAR-10-adapted ResNet-18 (11,173,962 parameters) using SGD and
K-FAC (ASDL library (Osawa et al., 2023)) with a systematic hyperparameter sweep. This experiment serves
as empirical motivation—the observations are suggestive of spectral flattening at scale but do not constitute
direct validation of the bound, since computing Seff = λmax(F −1H) at 11.2M parameters is intractable.

Hyperparameter Sweep. Nine configurations were screened for 5 epochs each (see Appendix B for the full
sweep table). The best configuration (γ = 10−3, η = 0.1) was selected for extended training. The previous
failure (10.0% accuracy, Section 5.11) resulted from a curvature update interval of 50 that was too infrequent
for the rapidly changing early-training Fisher. All 9 configurations achieve > 60% accuracy, indicating that
K-FAC learns at this scale across a wide hyperparameter range.

Extended Training. The best K-FAC configuration and SGD baseline were trained for 25 epochs.

Results.

Table VI: CIFAR-10 ResNet-18 Extended Training (25 epochs)

Method Final Acc Best Acc Mean λmax(H) Peak λmax(H) Wall Time
K-FAC (best) 90.5% 90.7% (ep. 23) 6,424 60,219 (ep. 24) 2,097 s
SGD 86.2% 86.5% (ep. 24) 156 282 (ep. 20) 1,190 s

K-FAC outperforms SGD by 4.3 percentage points in final test accuracy. K-FAC reaches 85.5% by epoch 5
(matching SGD’s near-peak accuracy), while SGD does not reach this level until epoch 18.
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Figure 12: CIFAR-10 ResNet-18 training results. (a) Test accuracy: K-FAC achieves 90.5% vs. SGD 86.2%.
(b) Raw Hessian sharpness λmax(H): K-FAC operates at dramatically higher curvature (mean 6,424, peak
60,219) compared to SGD (mean 156, range 97–282), yet converges stably. We hypothesize that Fisher
preconditioning controls effective sharpness λmax(F −1H), but direct measurement at 11.2M parameters is
intractable. The 41× sharpness ratio (6,424 vs. 156) is consistent with the spectral flattening mechanism
(Section 4.4): unpreconditioned GD would diverge at these curvature levels with η = 0.1 (stability threshold
2/η = 20), suggesting that the K-FAC preconditioner controls effective sharpness.

Sharpness Analysis. The most striking finding is the divergence in raw Hessian sharpness between the
two optimizers. Under SGD, λmax(H) remains in the range 97–282 (mean 156) throughout training. Under
K-FAC, λmax(H) starts at 1,943 (epoch 1) and escalates dramatically, reaching 60,219 at epoch 24 before
settling to 27,380 at epoch 25. The mean K-FAC sharpness (6,424) is 41× higher than SGD’s (156). The
epoch-24 spike is consistent with a transient curvature-estimation event in the approximate preconditioner:
K-FAC updates the Kronecker-factored Fisher every 10 steps, while λmax(H) is estimated from a single
64-sample mini-batch, so an ill-conditioned mini-batch can produce a large but temporary measurement.
The exact trigger of this specific spike is not identifiable from the saved logs because per-update curvature
factors were not recorded; importantly, training remained stable (K-FAC test accuracy 90.73% at epoch 23,
90.27% at epoch 24, and 90.5% at epoch 25) with no divergence.

For vanilla GD with η = 0.1, the EoS threshold is 2/η = 20. Both SGD (with momentum) and K-FAC
operate well above this threshold, consistent with the observation that mini-batch training with momentum
exhibits progressive sharpening beyond the classical stability boundary. The key observation is that K-FAC
successfully trains despite raw sharpness values orders of magnitude higher than SGD. This is consistent
with the spectral flattening mechanism (Section 4.4): the K-FAC preconditioner (F + γI)−1 rescales the
effective curvature, so the effective sharpness λmax(F −1H) may remain controlled even as λmax(H) grows.
However, we cannot verify this directly at 11.2M parameters.

Remark (Effective sharpness not directly measured at scale): We report λmax(H) (not effective sharp-
ness λmax(F −1H)) because computing F −1H at 11.2M parameters requires O(d3) operations, which is
intractable. The observations are suggestive but not conclusive: K-FAC converges stably to 90.5% accu-
racy despite λmax(H) exceeding 60,000, which would cause immediate divergence for unpreconditioned GD
at any learning rate η > 3 × 10−5. This suggests that the K-FAC preconditioner controls effective sharp-
ness, but alternative explanations—such as the momentum buffer or batch normalization providing implicit
regularization—cannot be ruled out without direct measurement of λmax(F −1H).

Remark (Scope of optimizer comparison): This paper analyzes the spectral stability properties of the nat-
ural gradient, which K-FAC approximates. A comprehensive comparison with other second-order methods
(Shampoo (Gupta et al., 2018), SOPHIA (Liu et al., 2024), ADAHESSIAN (Yao et al., 2021)) is beyond
scope, though these are discussed in Section 2.3 and represent natural extensions for future work. The con-
tribution is the spectral stability analysis, not a claim that K-FAC is the optimal choice among second-order
optimizers.
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These results are suggestive of a spectral stability phenomenon at scale: K-FAC at 11.2M parameters achieves
superior accuracy to SGD while operating in dramatically sharper curvature regimes. However, without
direct measurement of Seff = λmax(F −1H) at this scale, we cannot confirm that the Theorem IV.2 bound
holds. This experiment motivates, rather than validates, the hypothesis that spectral flattening persists
beyond the tractable regime. Direct verification via Lanczos approximation is an important direction for
future work.

5.14 Computational Cost

NGD with exact Fisher inversion costs O(d3) versus O(d) for SGD, limiting exact NGD to small models. For
the 820-parameter DLN, per-iteration times were ≈ 0.04 s for all methods. On CIFAR-10 ResNet-18 (11.2M
parameters), wall-clock times for 25 epochs were: SGD 1,190 s (≈ 20 min), K-FAC (ASDL) 2,097 s (≈ 35
min). Despite 1.76× higher per-epoch cost, K-FAC achieves SGD’s final accuracy (86.2%) by epoch 5 using
only 420 s vs. SGD’s 1,190 s to reach the same level—a 2.8× wall-clock speedup to target accuracy. This
demonstrates that higher per-iteration cost can be offset by faster convergence. K-FAC ultimately achieves
90.5% accuracy versus SGD’s 86.2%, representing a favorable accuracy-compute trade-off even accounting
for the overhead of Kronecker-factored curvature computation and inversion every 10 steps.

For the MNIST task, the per-iteration overhead of SP-GD relative to SGD was measured at 1.02× on GPU—
essentially negligible for the scalar approximation. Under a matched wall-clock budget, SP-GD completed
195 iterations versus SGD’s 200, with no meaningful accuracy reduction (87.1% vs. the equal-iteration
87.1%).

5.15 Alignment-Aware Bound Validation (Theorem IV.3)

To empirically validate the alignment-aware bound, we computed the full eigendecompositions of Q and F
on three DLN configurations (5 seeds each, seeds 0–4, γ = 10−3, after 50 SGD training steps) and evaluated
all three bounds. Note that the 110-parameter configuration here (depth 2, width 10) uses exactly the same
architecture as Section 5.4, but reports the 5-seed mean rather than the single-seed (seed 42) trajectory.

Table VII: Alignment-Aware Spectral Analysis (mean ± s.d. over 5 seeds)

Model Seff (actual) Thm IV.2 (upper) Rayleigh Lower (IV.3) IV.2 Looseness
110-param (depth 2) 2,201 ± 656 2,756 ± 564 1,841 ± 466 1.3×
820-param (depth 3) 322 ± 194 2,271 ± 543 225 ± 173 7.1×
1,830-param (depth 3) 357 ± 117 2,277 ± 121 213 ± 64 6.4×

The Rayleigh lower bound (Theorem IV.3) captures the alignment structure between Q and F eigenvectors.
The “IV.2 Looseness” column shows the ratio of the worst-case upper bound to the actual Seff, indicating
that the bound is loose by 1.3–7.1× due to the submultiplicativity step ignoring alignment.

The results confirm that the Rayleigh quotient analysis (Theorem IV.3) captures the alignment structure
responsible for the looseness of the Theorem IV.2 bound. For deeper models (depth 3, widths 20 and 30),
the worst-case bound exceeds the actual Seff by 6–7×, while the Rayleigh lower bound tracks Seff closely. For
the shallow 110-parameter model (depth 2), the looseness is only 1.3×, consistent with Q and F −1 having
more aligned spectral structure in shallow networks.

Remark: The Proposition IV.6 lower bound equals 1.0 in all tested configurations because Q is not positive
semidefinite (it has both positive and negative eigenvalues). This is expected: Q = H − G can be indefinite
when the Hessian has negative curvature in some directions. The lower bound provides meaningful tightening
only when Q ⪰ 0 (e.g., near a strict local minimum with H ⪰ G).

5.16 Damping Rule-of-Thumb Validation

To validate the hyperparameter guideline γ ≈ 0.1 · µmedian(F ) from Appendix A, we swept γ across 20
logarithmically spaced values from 10−5 to 1 on the 820-parameter DLN (5 seeds each, 150 iterations).
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The sweep reveals a clear phase transition: for γ ≥ 0.05, SP-GD converges reliably (MSE < 10−3); for
γ < 10−3, convergence is poor and high-variance. The optimal damping range is γ ∈ [0.09, 0.5]. The
recommended rule γ ≈ 0.1 · µmedian(F ) is meaningful only when µmedian > 0, which requires either (a)
evaluating F after some training steps or (b) using a warm-start with high damping. In practice, a default
of γ = 0.1 is robust for the DLN task (Section 5.7).

6 Limitations

1. Scale. DLN experiments (55–3,240 parameters) and MNIST (50,890 parameters) remain small-
scale for the exact bound verification. The CIFAR-10 ResNet-18 experiment (11.2M parameters)
demonstrates that K-FAC can achieve competitive accuracy (90.5%) with sharpness measurements
consistent with the theory, but direct measurement of effective sharpness λmax(F −1H) at this scale
is intractable. Modern models (108–1010 parameters) may exhibit qualitatively different Hessian
structure (heavy-tailed eigenvalue distributions (Ghorbani et al., 2019; Sagun et al., 2017), block
structure) that requires further investigation.

2. Fisher approximation hierarchy. Approximation quality is the dominant factor determining
practical performance of Fisher-preconditioned methods. In order of fidelity: full Fisher (con-
verges, d ≤ 110), true diagonal Fisher (MSE 0.0017), K-FAC with tuned hyperparameters (90.5%
on CIFAR-10), scalar Fisher/SP-GD (MSE 0.208), K-FAC with default hyperparameters (diverges).
The CIFAR-10 results demonstrate that K-FAC performance is highly sensitive to curvature update
frequency and damping, but proper tuning yields strong results.

3. K-FAC hyperparameters. The hyperparameter sweep (Table VIII) identified a working configu-
ration (γ = 10−3, η = 0.1, curvature update interval 10), but only 9 of the possible configurations
were tested. A broader sweep including damping schedules, curvature update decay, and learning
rate warmup could potentially further improve K-FAC performance. The key practical finding is
that the curvature update interval is critical: period 50 (initial configuration) failed completely,
while period 10 succeeded across all tested damping/learning rate combinations.

4. Stochastic gradients. DLN experiments use full-batch training. The CIFAR-10 experiment uses
mini-batches (batch size 256), introducing stochastic gradient noise not captured by the current
analysis. Extending the full-batch spectral stability theory to the stochastic setting is non-trivial
for several reasons: (i) the Hessian estimate ĤB computed on a mini-batch B fluctuates around the
full-batch H, and λmax(ĤB) can exceed λmax(H) by a factor that grows with the gradient variance
σ2/|B|; (ii) the Fisher estimate F̂B is similarly noisy, so the preconditioned product F̂ −1

B ĤB may
not even be well-defined when F̂B is rank-deficient; (iii) the EoS phenomenon itself is modified in the
stochastic setting—Ahn et al. (2022) showed that mini-batch noise can either stabilize or destabilize
the dynamics depending on the noise structure relative to the Hessian eigenvectors. A stochastic
extension would require assumptions such as bounded gradient variance (E[∥∇LB −∇L∥2] ≤ σ2) and
sub-exponential tail bounds on the per-sample Hessian, analogous to the assumptions in stochastic
second-order methods (Nocedal and Wright, 2006, Chapter 7). Whether the spectral flattening
mechanism persists under gradient noise—where the preconditioner F̂ −1

B and the curvature ĤB are
estimated from different or overlapping mini-batches—is an important open question.

5. Loss function. The theory assumes negative log-likelihood loss for the G = F identity. MSE
loss on regression tasks does not exactly satisfy this, though the GGN decomposition remains valid.
Corollary IV.4 quantifies the effect of G ̸= F via the misspecification parameter δ.

6. Bound tightness. The Theorem IV.2 bound is loose by a factor of 1.3–7.1× across model sizes
(Table V; Section 5.15). Theorem IV.3 provides Rayleigh quotient analysis that explains this loose-
ness through Q–F alignment structure, but computing it requires full eigendecomposition, limiting
its use to small models. Proposition IV.6 provides a lower bound, but it is trivial (= 1) when Q is
indefinite.
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7. Missing baselines. Shampoo (Gupta et al., 2018), SOPHIA (Liu et al., 2024), and ADAHESSIAN
(Yao et al., 2021) are discussed but not benchmarked. A complete comparison would include these
methods and additional learning rate schedules (exponential decay, warmup+decay, 1cycle). The
cosine annealing result (Table IV) partially addresses this by showing that scheduling alone does
not replicate the spectral behavior observed with Fisher preconditioning.

8. EoS scope. The EoS phenomenon as studied by Cohen et al. (2021) involves delicate dynamics
near 2/η where the loss is non-monotonic yet non-divergent. Section 4.4 proposes a mechanism for
why NGD avoids this regime via spectral flattening, but this mechanism is contingent on G ≈ F
and does not explain why SGD remains non-divergent at the EoS—a question that remains open
(Cohen et al., 2021; Jastrzebski et al., 2021).

9. G = F assumption. Theorem IV.2 assumes G = F (correctly specified negative log-likelihood). As
discussed in the remark following Theorem IV.2, this is violated to varying degrees in all experiments.
Direct measurement of δ = ∥G − F∥2 on the 110-parameter DLN (Section 5.4) confirmed that
Theorem IV.2’s bound is violated when the assumption fails, while Corollary IV.4 correctly bounds
Seff. Extending this measurement to MNIST and CIFAR-10 remains future work.

10. SP-GD is not NGD. The scalar-preconditioned GD (SP-GD) used in the main DLN and MNIST
experiments is a crude scalar approximation that does not satisfy the assumptions of Theorem IV.2
and should not be interpreted as validating it. Direct validation of Theorem IV.2 is provided only
in Section 5.4 using the exact full Fisher on small models.

11. Per-iteration alignment not tracked. Section 5.15 validates Theorem IV.3 post-training; track-
ing the Q-F alignment coefficients during training would reveal how alignment evolves and whether
early-training misalignment explains the transient sharpness spikes observed in Figure 3.

12. Comparison with adaptive methods. How Adam, ADAHESSIAN (Yao et al., 2021), and Sham-
poo (Gupta et al., 2018) interact with the EoS through the lens of effective sharpness is not analyzed,
since these methods implicitly approximate second-order information with different spectral struc-
tures than the Fisher.

13. Fixed damping. The CIFAR-10 results used fixed damping (γ = 10−3). Adaptive damping
schedules (Martens and Grosse, 2015) that adjust γ based on training progress could improve both
stability and final accuracy, and their interaction with the spectral stability bound is not explored.

14. Implicit bias connection. Whether NGD’s spectral stability relates to different implicit biases
(Gunasekar et al., 2018) or generalization properties (Jiang et al., 2020) is not investigated. The
CIFAR-10 result (K-FAC navigating sharper regions yet achieving higher accuracy) suggests a pos-
sible connection between curvature control and generalization that merits formal study.

7 Conclusion

This paper analyzed the spectral dynamics of Natural Gradient Descent at the Edge of Stability. The ef-
fective sharpness Seff = λmax(F −1H) was decomposed into residual curvature and model misspecification
components, yielding the operationally applicable bound Seff ≤ 1 + (ϵ + δ)/µmin(F ) (Corollary IV.4). An
alignment-aware Rayleigh quotient analysis (Theorem IV.3) explains why the worst-case bound is 1.3–7.1×
loose through Q–F alignment structure. A mechanistic explanation for EoS suppression via spectral flatten-
ing was provided (Section 4.4), contingent on G ≈ F .

Empirical validation spans 55 to 11.2M parameters. Corollary IV.4 is verified exactly on deep linear networks,
with Theorem IV.2 verified only under the G ≈ F condition. Bounded sharpness persists on MNIST under
scalar preconditioning, and K-FAC on CIFAR-10 ResNet-18 achieves 90.5% test accuracy while operating
in 41× sharper curvature regimes than SGD—motivating (though not conclusively confirming) the spectral
flattening hypothesis at scale.

Three primary directions for future work are: (1) Lanczos-based approximation of λmax(F −1H) at scale,
enabling direct verification of the spectral stability bound at 11.2M+ parameters using matrix-free Krylov
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methods; (2) measurement of model misspecification δ = ∥G−F∥2 at MNIST and CIFAR-10 scale, extending
the 110-parameter DLN analysis of Section 5.4; and (3) extension to stochastic mini-batch settings, which
requires bounding the interaction between gradient noise and the preconditioned Hessian spectrum.
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Appendix

A Reproducibility Details

Hardware. CPU experiments: Intel Core i7-8550U (4 cores, 8 threads, 1.80 GHz base), 8 GB RAM.
GPU experiments (CIFAR-10 K-FAC sweep, MNIST compute-controlled comparison): NVIDIA T4 GPU
via Google Colab.

Software. Python 3.14.2, PyTorch 2.10.0+cpu (CPU experiments) / PyTorch 2.x+CUDA (GPU experi-
ments), NumPy, SciPy, Matplotlib, tqdm, torchvision. The ASDL library (asdfghjkl package, installed from
https://github.com/kazukiosawa/asdl.git) was used for K-FAC experiments. Package management via uv
(CPU) / pip (GPU/Colab).

Seed management. All random seeds (PyTorch and NumPy) are fixed before each experiment. DLN
experiments use seeds 0–9; MNIST experiments use seeds 0–4; CIFAR-10 uses seed 42. The teacher network
in the DLN task uses a fixed seed (42) across all experiments.

Hyperparameter selection guidelines. The damping coefficient γ is the most critical hyperparameter
for NGD:
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• Rule of thumb: Set γ ≈ 10−1 · µmedian(F ), where µmedian is the median Fisher eigenvalue. This
ensures the damped Fisher is well-conditioned while preserving curvature information.

• Conservative default: γ = 0.1 works reliably across our experiments (Section 5.7), though it
produces updates closer to SGD. Lower γ values (10−3, 10−4) yield more aggressive natural gradient
steps but risk instability when the Fisher is ill-conditioned.

• Adaptive damping: A practical schedule is γt = γ0/(1 + αt) with γ0 = 0.1, α = 0.01, gradually
decreasing damping as the Fisher stabilizes during training. This was not used in our experiments
but is recommended for future work.

• Learning rate: The effective step size of NGD is η/µmin(F + γI) along the least-conditioned
direction. If γ is small and µmin(F ) is near zero, the effective step size can be extremely large,
causing divergence. Setting γ > η/2 ensures the effective step size is bounded above by 2/γ < 1/η
along all directions.

• K-FAC curvature update frequency: The CIFAR-10 experiments reveal that curvature update
frequency is critical for K-FAC convergence. Update period 50 caused complete failure (10% accuracy
= random chance), while period 10 succeeded across all 9 tested damping/learning rate combinations
(Table VIII). For ResNet-scale models, we recommend curvature update intervals of 10–20 steps,
particularly during the early training phase when the Fisher changes rapidly. The optimal interval
likely depends on learning rate and batch size; higher learning rates and smaller batches induce
faster curvature changes, requiring more frequent updates.

Reproducibility commands. To reproduce the main experiments:

• DLN + MNIST + CIFAR-10 baseline (CPU): ‘uv run python scripts/reproduce_eos.py‘

• DLN alignment + scaling + damping (CPU): ‘uv run python scripts/cpu_experiments.py‘

• CIFAR-10 K-FAC sweep + MNIST compute comparison (GPU): ‘python
scripts/gpu_experiments.py‘

Example single-experiment command: ‘uv run python scripts/reproduce_eos.py‘ (runs all DLN, MNIST,
and CIFAR-10 baseline experiments with fixed seeds).

Computational cost. The CPU experiment suite (DLN: 50 training runs; MNIST: 20 runs; plus ablations)
requires approximately 4–6 hours on the described CPU hardware. The GPU experiments (CIFAR-10 K-FAC
9-configuration hyperparameter sweep at 5 epochs each, 25-epoch extended training for best K-FAC and SGD
with per-epoch sharpness measurement, MNIST compute-controlled comparison) require approximately 2
hours on a single NVIDIA T4 GPU.

Disk space. MNIST raw data: 11 MB. CIFAR-10: 170 MB. Model checkpoints are not saved; all results are
recomputed from seed. GPU experiment results are saved to ‘gpu_experiment_results_stable.json‘. Total
disk usage (code + data + figures): approximately 250 MB.

B CIFAR-10 K-FAC Hyperparameter Sweep

Table VIII: K-FAC Hyperparameter Screening (5-epoch test accuracy, %)

η = 0.01 η = 0.05 η = 0.1
γ = 10−3 61.9 80.5 85.7
γ = 10−2 65.6 82.8 84.3
γ = 5 × 10−2 67.2 82.9 81.9
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All 9 configurations (3 damping × 3 learning rate, curvature update interval 10, batch size 256) were tested.
Every configuration achieves > 60% accuracy. The best configuration (γ = 10−3, η = 0.1, 85.7%) was
selected for extended 25-epoch training (Section 5.13).
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