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Abstract
The first-moment buffer of most modern optimizers is an exponential moving average (EMA)
of stochastic gradients with a single scalar decay, imposing the same forgetting horizon along
every direction in parameter space. Yet the per-sample gradient of any linear layer factorizes as
a rank-1 outer product gt = δtx

⊤
t , exposing the input activation as a natural key and the output-

side error as a natural value—structure that EMA’s flat matrix average discards. We propose
DELTAMOMENTUM, which interprets the buffer as an online linear associative memory of these key–
value pairs and updates it via the classical delta rule. The resulting dynamics implement anisotropic
memory transport: directions queried frequently are forgotten quickly, directions queried rarely are
preserved on long horizons, yielding a direction-dependent memory horizon τi = 1/((1− β)+ ηλi)
matched to the eigenstructure of the input-feature covariance. From this single dynamical identity
we obtain: a Tikhonov-regularized Wiener fixed point equivalent to implicit input-side natural-
gradient preconditioning; strictly faster tracking-error contraction along every positive-density
direction under non-stationarity; and width-invariance of the delta coefficient under maximal-
update parameterization. On Llama-2-style language-model pretraining at 67M/370M parameters,
DeltaAdamW reaches AdamW’s terminal validation loss in up to 31.35%/19.28% fewer steps;
per-layer mechanistic diagnostics confirm the predicted dynamical signatures.

1. Introduction

First-order momentum-based optimizers [6, 7, 12] drive modern deep-network training, with the
near-universal choice being an exponential moving average (EMA) of stochastic gradients as the
first-moment buffer:

MEMA
t = βMEMA

t−1 + (1− β) gt, β ∈ [0, 1). (1)

A central but underexploited structural fact reframes this update. For any linear layer y = Wx with
W ∈ Rm×n, x ∈ Rn, and output-side error δ = ∂L/∂y ∈ Rm, the per-sample gradient factorizes as
a rank-1 outer product

gt = δt x
⊤
t ∈ Rm×n, (2)

where xt is naturally a key (where signal arrived in input space) and δt a value (what correction to
apply there). EMA collapses this factored structure into an unstructured matrix average, imposing
the same scalar decay β along every eigendirection.

The cost is misalignment with the anisotropic geometry of deep-network training. Hessian
eigenspectra and activation covariances both concentrate a small bulk of large eigenvalues followed
by a long tail spanning orders of magnitude [2, 3, 9, 10, 13]. The eigenvalues of the input-feature
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covariance Σx = E[xx⊤] measure the directional density of the input distribution: how often the
stochastic process queries each direction. EMA’s uniform horizon is suboptimal at both ends: along
high-density directions, stale gradients are retained at full weight when fresh ones arrive every few
steps; along low-density directions, scarce signal is averaged on the same short horizon as dense,
fast-changing ones. K-FAC [8], Shampoo [4], SOAP [16], and Muon [5] all address this mismatch
through external preconditioning or post-processing of an isotropic EMA buffer; the buffer update
itself remains direction-blind.

Contribution. We take a complementary route: rather than preconditioning or post-processing
an isotropic momentum buffer, we redesign the momentum update so its dynamics natively re-
spect the rank-1 structure of the layer gradient and the anisotropy of input statistics. We propose
DELTAMOMENTUM, derived from the classical delta rule [17], which treats M as an online linear
associative memory storing (xt, δt) pairs. A single bridging identity—anisotropic memory trans-
port (Lemma 1)—governs the entire dynamics and yields, as corollaries: (i) a Tikhonov-regularized
Wiener fixed point, equivalent to implicit input-side natural-gradient preconditioning at no covariance-
inversion cost (Theorem 2); (ii) strictly faster tracking-error contraction along every positive-density
direction under non-stationary distribution shift (Theorem 4); and (iii) width-invariance of the delta
coefficient η under µP. Empirically, on FineWeb-Edu pretraining, DeltaAdamW reaches AdamW’s
terminal validation loss in up to 31.35%/19.28% fewer steps at 67M/370M parameters, and per-layer
mechanistic diagnostics confirm the predicted dynamical signatures.

2. DELTAMOMENTUM: An Online Associative Memory of Factored Gradients

Update rule. The proposed update is

Mt = βMt−1 + η (δt −Mt−1xt)x
⊤
t , β ∈ [0, 1), η ∈ (0, 1]. (3)

Setting β = 1 recovers the pure delta rule [17]. Factoring out Mt−1 yields the form used throughout
the dynamical analysis:

Mt = Mt−1

(
βIn − η xtx

⊤
t

)
+ η δtx

⊤
t . (4)

The right-multiplying operator βI−ηxtx⊤t is a data-dependent forgetting factor contracting directions
aligned with the current key and leaving orthogonal directions essentially untouched; η δtx⊤t injects
the new association. Every dynamical property below is a property of this operator.

Rationale. The classical delta rule [14, 17, 19], given a target value v at key k, performs M←
M + η(v −Mk)k⊤—exactly one online stochastic-gradient step on the function-space prediction
loss 1

2∥v −Mk∥2. Identifying vt ↔ δt, kt ↔ xt and augmented with a uniform decay β gives (3).
Thus DELTAMOMENTUM stores associations (xt, δt) in M and refreshes them via the delta rule,
with βI − ηxtx

⊤
t erasing stored content along the current key’s direction before writing the new

association.

Modular instantiations and µP width transfer. DELTAMOMENTUM is a drop-in replacement for
the first-moment buffer of any base optimizer: DeltaSGD applies (3) followed by θt+1 = θt − αMt,
while DeltaAdamW applies (3) to the first moment and leaves the second moment, bias correction, and
decoupled weight decay of AdamW unchanged. We deploy the normalized-key variant x̂t = xt/∥xt∥
for input-scale-decoupled stability; this affects no theorem below. With normalized keys the spectral
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norm of the rank-1 forgetting operator is ∥x̂tx̂⊤t ∥op = 1 independent of layer width: under µP
[18], the recurrence admits a fixed-point per-coordinate scale of Θ(n−1/2) iff η = Θ(1), matching
the EMA scale the base optimizer’s µP rule expects, so the base µP learning-rate rule is inherited
unchanged. The high-dimensional consequence is zero-shot width transfer of η, verified by coordinate
checks at widths {128, 256, 512, 1024, 2048} in the appendix.

3. Dynamics: Anisotropic Memory Transport

A single bridging lemma unifies the steady-state, finite-time, and non-stationary behavior of (3).

The bridging lemma. Iterating (4) from M0 = 0 gives a closed-form expansion of Mt as past
error–key outer products transported forward in time by a product of data-dependent contractions:

Mt = η
t∑

ℓ=1

δℓ x
⊤
ℓ

t∏
j=ℓ+1

(
βIn − η xjx

⊤
j

)
︸ ︷︷ ︸

Pℓ→t ∈Rn×n

, Pt→t = In. (5)

Each η δℓx
⊤
ℓ Pℓ→t is the fading memory of the association stored at step ℓ. Along directions orthogonal

to every subsequent key, Pℓ→t reduces to βt−ℓI , a uniform geometric decay; along directions aligned
with subsequent keys, each factor −ηxjx⊤j adds a direction-selective attenuation that erases content
conflicting with the newly arriving key.

Lemma 1 (Anisotropic memory transport) Treat {xj}j>ℓ as drawn independently from a distri-
bution with zero mean and covariance Σx = E[xx⊤] =

∑
i λiuiu

⊤
i . Then

E[Pℓ→t]ui = (β − ηλi)
t−ℓ ui = β̃ t−ℓ

i ui, β̃i := β − ηλi. (6)

Proof By independence, E[Pℓ→t] =
∏t

j=ℓ+1 E[βI − ηxjx
⊤
j ] = (βI − ηΣx)

t−ℓ; eigendecomposing
Σx gives (6).

The expected memory of the buffer along ui thus decays geometrically at rate β̃i, with direction-
dependent memory horizon τi = 1/(1− β̃i) = 1/((1−β)+ ηλi). High-density directions (λi large)
are forgotten quickly; low-density directions (λi≈0) retain an EMA-like horizon ≈ 1/(1− β). This
direction-dependent horizon is the unifying mechanism behind every result that follows.

Steady state: a Tikhonov-regularized Wiener predictor. Any momentum buffer is, to first order
in the learning rate, an estimator of the population gradient Ḡ(θt) = ∇θL(θt): Taylor-expanding
L along −αMt gives L(θt)− L(θt+1) = α⟨Mt, Ḡ⟩F +O(α2), so any deviation pays a first-order
penalty. What distinguishes EMA from DELTAMOMENTUM is which loss the buffer minimizes
online. EMA (1) performs online SGD on the weight-space MSE Jw(M) = 1

2E∥M − δx⊤∥2F , with
fixed point M⋆

w = Ḡ. The pure delta rule (β=1 in (3)) performs online SGD on the function-space
prediction loss Jf (M) = 1

2E∥δ −Mx∥2, with fixed point M⋆
f = ḠΣ−1

x (Wiener-optimal); the two
coincide iff Σx = cI .

Theorem 2 (Tikhonov-regularized Wiener fixed point) Under the quasi-static approximation
(Ḡ,Σx constant) and ρ(βI − ηΣx) < 1, the update (3) converges in expectation to

M⋆ = η Ḡ
(
(1− β)I + ηΣx

)−1
, M⋆ui = ϕi Ḡui, ϕi =

η
(1−β)+ηλi

= 1
µ+λi

, (7)

with Tikhonov ridge µ := (1− β)/η.
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Proof [Proof sketch] Taking expectations of (4): M⋆((1−β)I + ηΣx) = ηḠ. The steady-state ratio
of injection to forgetting along ui is ητi, a direct reading of Lemma 1.

The fixed point (7) interpolates between EMA’s direction-uniform target (µ→∞, ϕi/ϕj→1) and
the unregularized Wiener predictor (µ→0, ϕi→1/λi): high-density directions are down-weighted
by exactly the directional density that EMA leaves intact—implicit input-side preconditioning.

Remark 3 (K-FAC connection) The K-FAC approximation of the Fisher information of a linear
layer is F ≈ E[δδ⊤] ⊗ E[xx⊤], with natural-gradient update E[δδ⊤]−1ḠΣ−1

x . The pure delta-
rule fixed point ḠΣ−1

x is exactly the input-side factor; DELTAMOMENTUM implements input-side
natural-gradient preconditioning without inverting Σx, at the cost of a single rank-1 update per step.

Non-stationary tracking dynamics. In deep-network training Ḡt and Σx(θt) drift continuously.
The same operator that governs the steady state governs the response to distributional shift, with a
strictly sharper rate than EMA along every positive-density direction.

Theorem 4 (Direction-selective tracking under distribution shift) Suppose at step t0 the popu-
lation gradient and input-feature covariance shift to new fixed values (Ḡk,Σk), and let M⋆ be the
corresponding new fixed point. Define the tracking error Tt,i := (Mt −M⋆)ui along eigendirection
ui of Σk. Then

EMA: E[Tt,i | Tt−1,i] = β Tt−1,i, ∀i,
Delta: E[Tt,i | Tt−1,i] = β̃i Tt−1,i = (β − ηλi)Tt−1,i.

EMA contracts uniformly at rate β; DELTAMOMENTUM contracts along ui at β̃i, strictly faster for
every direction with λi > 0, with no regime restriction.

Proof [Proof sketch] Take expectations of (4) and use ηḠk = M⋆[(1−β)I + ηΣk]: E[Mt −M⋆ |
Mt−1] = (Mt−1 −M⋆)(βI − ηΣk). Projecting on ui with Σkui = λiui yields β̃i.

Theorem 4 is the cleanest dynamical expression of DELTAMOMENTUM’s mechanism: it follows
immediately from Lemma 1 and applies in expectation along every direction. What gets forgotten
and what gets preserved is coupled to input-direction density: high-density directions, where the
local gradient changes rapidly with θ, are overwritten on a short horizon; low-density directions,
where the gradient is approximately stationary, are preserved on an EMA-like horizon—exactly
the data-driven schedule the function-space prediction loss prescribes. The same identity sharpens
finite-time behavior in linear regression: per-direction iteration determinants satisfy det(ADelta

i ) =
β̃i < β = det(AEMA

i ), giving ρDelta
i < ρEMA

i in the underdamped regime (appendix).

4. Empirical Validation

We test the three operative predictions of Section 3 by comparing DeltaAdamW vs. AdamW on
Llama-2-style [15] language-model pretraining (SwiGLU FFN α = 8/3, RoPE, pre-RMSNorm;
dmodel ∈ {384, 1024}, nlayers = 24) on FineWeb-Edu 10BT [11], seq. 2048, batch 256, bfloat16,
cosine LR with 500-step warmup, ∼19k steps. AdamW is the unique baseline differing from
DeltaAdamW only in the first-moment update. Hyperparameters tuned on 67M with Optuna [1] and
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transferred to 370M by µP; 67M is 3-seed averaged, 370M single-seed. Per-block FLOP overhead
≈ 15.74% (realized 7.3%/11.0%); zero persistent-state memory overhead.
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Figure 1: Validation loss on FineWeb-Edu (10BT). 67M curves are 3-seed means (per-seed finals
2.824/2.825/2.836 vs. AdamW 2.867/2.853/2.837); 370M single-seed. (a,c) Per-sample.
(b,d) Per theoretical-FLOP: DeltaAdamW is Pareto-superior across the horizon after the
crossing (∼2.5k steps).

Findings. At both scales (Figure 1), after a ∼2.5k-step crossover DeltaAdamW reaches AdamW’s
validation loss in fewer steps—max 31.35% at 67M and 19.28% at 370M, mean 22.11%/13.80%
across matched loss levels—and continues to a lower terminal value; net of measured per-step
overhead this is a FLOP reduction up to 26.37%/10.43% to reach a fixed target. The advantage
opens post-warmup, persists through cosine decay, and does not degrade with scale—consistent with
Theorem 2: the buffer relaxes toward a fixed point that down-weights high-density input directions,
scaling Ḡui by ϕi = 1/(µ + λi) vs. EMA’s uniform 1. The downstream dynamical signature is
verified directly: feature spectra under DeltaAdamW remain meaningfully healthier (Figure 2), and
appendix diagnostics on the 67M run confirm strictly higher cos(Mt, gt), lower ∥Mt − gt∥F /∥gt∥F ,
and lower held-out prediction error of δ̂t = Mtx̂t vs. the true δt at every logged step—direct
verification that DELTAMOMENTUM minimizes the function-space objective EMA does not.
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Figure 2: Per-layer input-feature covariance on the 67M run. Layers under DeltaAdamW (blue)
maintain healthier spectra than AdamW (orange) throughout training—the downstream
dynamical signature of the implicit input-side preconditioning predicted by Theorem 2.

Discussion. DELTAMOMENTUM replaces the EMA accumulator with the classical delta rule,
treating the first-moment buffer as an online associative memory of factored gradients δtx⊤t . The
single data-conditioned operator βI−ηxtx⊤t produces a direction-dependent contraction β̃i = β−ηλi

that unifies steady-state (Theorem 2: implicit input-side natural-gradient preconditioning), non-
stationary (Theorem 4), and width-transfer (zero-shot η under µP) behavior; the empirical signature
agrees with all three predictions confirms the gain transfers beyond Adam’s diagonal preconditioner.
K-FAC, Shampoo, SOAP, and Muon process an isotropic EMA externally; DELTAMOMENTUM

addresses anisotropy inside the buffer and is complementary—DeltaMuon/Shampoo/SOAP and 1B+
scaling are the immediate follow-ups.
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