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Abstract

We introduce a simple, yet novel entropy-based framework to drive token effi-1

ciency in large language models during reasoning tasks. Our approach uses Shan-2

non entropy from token-level logprobs as a confidence signal to enable early stop-3

ping, achieving 25-50% computational savings while maintaining task accuracy.4

We show that the entropy threshold to stop reasoning varies from model to model5

but can be calculated easily in one shot using only a few examples from existing6

reasoning datasets. Our results indicate that models often know that they’ve got-7

ten a correct answer early on, and that knowledge can be used to save tokens and8

reduce latency for reasoning tasks.9

1 Introduction10

Large language models are increasingly saturating reasoning benchmarks, but the cost of inference11

to do "reasoning" keeps climbing up. Inference for a single, difficult question could go into multiple12

dollars, or even thousands of dollars (citation of ChatGPT cost on ARC-AGI or some other bench-13

mark). The prohibitive cost (and associated latency) of reasoning via LLMs motivates the search for14

methods that can reduce token usage without impacting accuracy.15

Current approaches to computational optimization in reasoning tasks lack theoretical foundations16

and universal applicability across model architectures. Existing confidence measures often rely on17

ad-hoc thresholds [15, 34] or simple heuristics [4, 13] that fail to generalize across different model18

scales or reasoning domains. This limitation represents a critical gap between the theoretical findings19

in efficient token allocation and practical deployment requirements.20

We address this gap by introducing a universal Shannon entropy framework that provides a prin-21

cipled algorithmic intervention for the estimation of confidence in LLM’s mathematical reasoning.22

First, we show a method to easily estimate a threshold for any model at which mathematical reason-23

ing can be stopped. Second, we show how stopping reasoning when this threshold is crossed does24

not impact final accuracy, thereby saving extra tokens that would have been spent otherwise. Our25

approach is grounded in information theory and statistical decision theory, offering both theoretical26

rigor and practical applicability.27

In summary, here are our key contributions:28

1. Accuracy Preservation: Our framework maintains task accuracy with no statistically sig-29

nificant drop while achieving 25-50% computational savings through selective early stop-30

ping and adaptive resource allocation.31

2. Practical Deployment: Threshold equivalency demonstrated with minimal examples (5-32

10 samples) enabling rapid deployment across diverse reasoning benchmarks.33
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3. Enhanced Token Budget Framework: A compute allocation scheme that shifts saved34

resources from easy, low-uncertainty questions to harder, high-uncertainty ones, ensuring35

total budget remains fixed while improving overall efficiency.36

4. Universal Applicability: Consistent performance across model families with rigorous37

cross-architecture validation and scalability across reasoning domains from mathematical38

competition problems (AIMO) to graduate-level scientific reasoning (GPQA Diamond).39

5. Theoretical Foundation: Four mathematically principled threshold methods for early40

stopping grounded in information theory and Bayesian decision theory.41

Figure 1 provides an overview of our approach, while Figure 2 demonstrates the computational42

savings achieved across all model-dataset combinations.43

Figure 1: (Overview) Our entropy-based early stopping framework processes questions through
LLM inference, computes Shannon entropy from token logprobs, applies model-specific thresholds,
and enables selective early stopping for high-confidence responses while continuing full reasoning
for uncertain cases.

Figure 2: (Token Savings Summary) Computational efficiency gains across all model-dataset com-
binations. The Scale-Invariant Universal method consistently achieves 25-50% token savings while
preserving task accuracy. GPT-OSS 120B demonstrates the highest efficiency gains, while maintain-
ing robust performance across mathematical (AIME) and scientific (GPQA) reasoning benchmarks.

2 Related Work44

Adaptive compute and early exit. Early-exit methods such as DeeBERT [20] and CALM [19]45

dynamically adjust computation during inference, typically at the layer level. These require archi-46

tectural changes or auxiliary classifiers and operate token-wise rather than decision-step-wise. In47

contrast, our method is training-free, model-agnostic, and triggers at the reasoning-step level using48

entropy as a confidence signal.49
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Entropy-based stopping. HALT-CoT [36] uses answer distribution entropy to halt reasoning50

when confidence is high but it requires per-dataset threshold tuning and only considers final answer51

distributions. AdaDec [37] applies token-level entropy in speculative decoding for code generation,52

using a pause-then-rerank mechanism when uncertainty is high. It learns model-specific thresholds53

via logistic regression. UnCert-CoT [38] introduces entropy-based and probability-gap uncertainty54

measures in code generation: when uncertainty is low, the model outputs directly; when high, it55

runs CoT and selects the most likely code. However, it is limited to coding tasks and doesn’t treat56

sequence entropy or apply thresholds for reasoning-step gating.57

In contrast, our approach uses "sequence-level token entropy at the first reasoning step", derives four58

closed-form thresholds, supports calibration with few-shot in-context learning, and applies entropy59

gating "across diverse reasoning benchmarks" without retraining.60

Non-entropy criteria. Answer Convergence [39] halts reasoning when predicted answers stabi-61

lize, including a supervised stopping classifier variant. Our method avoids supervision and con-62

sistency heuristics, relying purely on analytically derived entropy thresholds linked to token-level63

logprobs.64

Compute allocation and budgeting. Recent work on adaptive token allocation [23] and compute-65

optimal test-time scaling [7] explores per-input compute efficiency, but lacks a principled signal for66

when to allocate. Our α×β budgeting mechanism ensures budget conservation and deploys compute67

more efficiently by reallocating tokens from easy to hard instances guided by entropy.68

CoT entropy analysis. Recent studies (e.g., [40]) analyze entropy dynamics within chain-of-69

thought to diagnose reasoning patterns and overthinking, but don’t exploit entropy for early stopping70

or compute efficiency. Likewise, step-entropy compression methods [41] prune redundant reasoning71

steps but don’t derive a universal threshold or budget-conserving algorithm as we do.72

3 Methodology73

3.1 Shannon Entropy as Confidence Signal74

We use Shannon entropy from top-k token logprobs as our confidence measure. For our experimen-75

tation, we use k = 20. Given raw logprobs {ℓ1, ℓ2, . . . , ℓ20}, we first normalize them to ensure they76

sum to 1:77

pi =
eℓi∑20
j=1 e

ℓj
(1)

Then we compute the Shannon entropy:78

H = −
20∑
i=1

pi log2 pi (2)

The mean entropy across tokens provides our confidence signal:79

Hmean =
1

T

T∑
t=1

Ht (3)

where T is the number of completion tokens. Importantly, we calculate entropy separately for each80

reasoning sequence completion rather than aggregating across multiple attempts, ensuring that our81

confidence signal reflects the model’s uncertainty for each individual reasoning step.82

3.2 Algorithmic Framework83
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Algorithm 1 Entropy-Based Early Stopping

Require: Question q, Model M , Threshold τ
Ensure: Answer a

1: H ← ComputeEntropy(M(q))
2: if H ≤ τ then
3: Return early answer
4: else
5: Continue full reasoning
6: end if

3.3 Threshold Methods84

We establish four threshold methods based on entropy distributions of correct and incorrect answers.85

For detailed mathematical formulations and derivations, see Appendix C.86

Entropy Mean: A simple conservative baseline that uses the mean entropy of correct responses87

as the threshold. While conservative, this method requires minimal calibration data and provides88

reliable accuracy preservation. All reported results use this entropy-mean threshold as the primary89

baseline, unless otherwise specified.90

Information-Theoretic Optimal: Uses logarithmic scaling with effect size to maximize informa-91

tion gain between correct and incorrect distributions. This method balances conservative thresholds92

for small effect sizes with more aggressive stopping when entropy distributions are well separated.93

Bayesian Optimal: Finds the mathematically optimal decision boundary that minimizes classifi-94

cation error under Gaussian assumptions. This represents the theoretical gold standard for binary95

classification between correct and incorrect entropy distributions.96

Scale-Invariant Universal: Our novel method adapts to different model characteristics through ef-97

fect size normalization and coefficient of variation adjustment. It is designed to generalize across98

model families with different entropy scales while preventing negative scaling in high-noise scenar-99

ios.100

3.4 Few-Shot Deployment101

Our framework enables rapid deployment with minimal validation data: 5-10 examples suffice for102

Entropy Mean threshold estimation, 15-20 examples enable Information-Theoretic Optimal, and103

25+ examples achieve full calibration across all methods. (details in Appendix B).104

3.5 Token Budget Framework105

We introduce an intelligent token allocation mechanism using entropy gating that redistributes a106

fixed token budget across questions based on their uncertainty levels. This framework ensures effi-107

cient utilization of available maximum tokens while maintaining overall budget constraints.108

Budget Allocation Formulation: Given a total computational budget of α API calls with β tokens109

each (total budget B = α × β tokens), we partition questions into two categories based on entropy110

thresholds:111

• High-confidence questions: δ questions where H ≤ τ (entropy below threshold)112

• Low-confidence questions: (γ − δ) questions where H > τ (entropy above threshold)113

where γ represents the total number of questions in the dataset, and (γ − δ) represents the number114

of uncertain questions requiring additional computational resources.115

This approach operationalizes the core intuition behind modern "thinking modes" (e.g., OpenAI o3,116

Grok 4, etc), where more test-time compute is automatically allocated to uncertain, high-entropy117

inputs. The framework enables pure test-time scaling without requiring model retraining or archi-118

tectural modifications, allowing models to adaptively "think just enough" by focusing computational119

effort where uncertainty is highest.120
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For detailed resource distribution formulations, practical implementation strategies, and mathemat-121

ical derivations, see Appendix C.122

4 Experimental Setup123

4.1 Datasets and Models124

Datasets: We evaluate across reasoning benchmarks including AIME’24 (30 problems), AIME’25125

(30 problems), and GPQA Diamond (198 benchmarks), representing mathematical competition126

problems and graduate-level scientific reasoning.127

Models: We analyze GPT OSS 120B/20B (large/medium-scale transformers with "reasoning effort"128

as "high") and Qwen3-30B-A3B-Instruct-2507 (Alibaba’s instruction-tuned variant with advanced129

reasoning) to establish cross-architecture validation.130

Configuration: Temperature = 0.7, sequential 4-step scaling process where each step allows up to131

8,192 tokens (32,768 tokens total maximum) for extended reasoning refinement. Models continue132

thinking and refine their answers across the 4 steps, with top-20 logprobs extracted for entropy133

calculation at each step. GPT OSS models run locally with FP4 quantization; Qwen3 accessed via134

hosted API.135

4.2 Evaluation Protocol136

We measure performance using multiple dimensions with emphasis on accuracy preservation:137

Step-1 Accuracy: Baseline accuracy achieved using only the first reasoning step (up to 8,192 to-138

kens), representing single-pass performance without refinement.139

4-Step Sequential Accuracy: Our final accuracy metric employs a 4-step sequential reasoning140

process where each step allows up to 8,192 tokens, totaling 32,768 tokens maximum per question.141

This represents our full reasoning baseline against which all early stopping decisions are evaluated.142

Thresh Acc. (Threshold Accuracy): This measures the accuracy of questions that fall below our143

entropy mean threshold compared against the 4-step sequential accuracy baseline. Specifically, we144

identify questions where the model’s step-1 entropy is below the mean entropy of correct answers,145

then evaluate how many of these high-confidence questions achieve correct answers in the full 4-step146

process.147

Entropy Calculation: We calculate entropy separately for each individual reasoning sequence com-148

pletion at each step. For threshold determination, we use step-1 entropy computed from the initial149

reasoning attempt, while accuracy metrics reflect performance across the full 4-step sequential pro-150

cess. This approach enables early confidence assessment while maintaining the benefits of extended151

reasoning for uncertain cases.152

5 Results153

5.1 General Framework Validation154

Our framework demonstrates general applicability across both mathematical competition problems155

(AIME) and graduate-level scientific reasoning (GPQA Diamond). We use the mean entropy of cor-156

rect answers as our entropy threshold for early stopping decisions. Table 1 presents comprehensive157

entropy statistics across 9 model-dataset combinations, establishing cross-domain generalization:158

Our validation shows consistent large effect sizes across model-dataset combinations, demonstrat-159

ing remarkable cross-dataset consistency and consistent patterns across transformer variants and pa-160

rameter scales (20B-120B). The framework demonstrates cross-domain generalization with highly161

significant entropy discrimination, validating confidence measures across both mathematical com-162

petition problems and scientific reasoning benchmarks, using correct answers mean entropy as the163

threshold.164
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Table 1: Cross-Model General Framework Validation Results
Model Dataset Step-1 Acc. Thresh Acc. Cohen’s d Correct Entropy Incorrect Entropy ∆-Acc

Qwen3 30B AIME’24 70% 100% 1.95 0.244 ± 0.094 0.447 ± 0.114 0%
AIME’25 60% 100% 1.82 0.260 ± 0.096 0.449 ± 0.107 0%

GPQA Diamond 57% 92% 0.72 0.403 ± 0.215 0.558 ± 0.219 0%

GPT OSS 120B AIME’24 86% 100% 1.72 0.468 ± 0.134 0.706 ± 0.135 0%
AIME’25 77% 88% 0.66 0.475 ± 0.102 0.580 ± 0.199 0%

GPQA Diamond 71% 95% 0.82 0.576 ± 0.201 0.728 ± 0.143 0%

GPT OSS 20B AIME’24 86% 91% 1.56 0.720 ± 0.184 0.990 ± 0.151 0%
AIME’25 80% 92% 1.89 0.775 ± 0.165 0.965 ± 0.128 0%

GPQA Diamond 62% 94% 0.73 0.864 ± 0.235 1.025 ± 0.140 0%

Step-1 Acc.: Performance using only first reasoning step
Thresh Acc.: Accuracy of questions below entropy threshold (using mean entropy) evaluated against 4-step sequential reasoning baseline
Entropy Values: Calculated from step-1 logprobs for correct/incorrect step-1 classifications
∆-Acc: Accuracy difference vs full 4-step baseline (0% indicates preserved accuracy)

5.2 Comprehensive Performance Summary165

Table 2 presents the overall performance of our entropy mean threshold method across all model-166

dataset combinations, showcasing computational savings and accuracy preservation:167

Table 2: Comprehensive Framework Performance Summary: Entropy Mean Method
Model Dataset Step-1 Acc. 4-Step Acc. Thresh Acc. Cohen’s d Token Savings ∆-Acc

GPT-OSS 120B AIME’24 86% 93.3% 100% 1.72 36.7% 0%
GPT-OSS 120B AIME’25 77% 90% 88% 0.66 26.7% 0%
GPT-OSS 120B GPQA Diamond 71% 79.3% 95% 0.82 40% 0%

GPT-OSS 20B AIME’24 86% 90% 91% 1.56 36.7% 0%
GPT-OSS 20B AIME’25 80% 86.7% 92% 1.89 40% 0%
GPT-OSS 20B GPQA Diamond 62% 65.2% 94% 0.73 38% 0%

Qwen3-30B AIME’24 70% 73.3% 100% 1.95 43.3% 0%
Qwen3-30B AIME’25 60% 66.7% 100% 1.82 40% 0%
Qwen3-30B GPQA Diamond 57% 70.7% 92% 0.72 50.5% 0%

Step-1 Acc.: Performance using only first reasoning step
Thresh Acc.: Accuracy of questions below entropy threshold (using mean entropy) evaluated against 4-step sequential reasoning
baseline
Token Savings: Computational cost reduction through selective early stopping
∆-Acc: Accuracy difference vs 4-step baseline (0% indicates preserved accuracy)

Our framework demonstrates consistent performance across 9 model-dataset combinations with 25-168

50% token savings while maintaining no accuracy loss relative to the 4-step baseline. The entropy169

mean method achieves zero accuracy degradation (∆-Acc = 0%) across all model-dataset combi-170

nations, with threshold accuracy values (88-100% for most models) serving as clear indicators of171

effective entropy-based discrimination. This robust performance confirms reliable entropy-based172

confidence assessment across diverse model families and reasoning domains.173

6 Ablation Studies174

Our ablation studies systematically validate key framework design choices through comprehensive175

analyses. We examine threshold method effectiveness across different statistical formulations, ana-176

lyze entropy’s discriminative power between correct and incorrect responses, investigate top-k log-177

probs selection impact, and demonstrate persistence across extended reasoning sequences. These178

studies establish both the theoretical foundations and practical robustness of our entropy-based con-179

fidence framework.180

6.1 Threshold Method Comparison181

Table 3 presents comprehensive performance analysis across all models and threshold methods on182

AIME’24, demonstrating how different threshold formulas affect results:183
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Table 3: AIME’24 Threshold Method Comparison Analysis
Model Method Token Savings Thresh Acc. Overall Acc. ∆-Acc 95% CI

Qwen3
30B

Info Optimal 43% 91% 73% 0% ±1%
Bayesian 50% 91% 73% 0% ±1%

Scale Universal 43% 90% 73% 0% ±1%
Entropy Mean 24% 100% 73% 0% ±1%

GPT OSS
120B

Info Optimal 47% 95% 93% 0% ±3%
Bayesian 47% 95% 93% 0% ±3%

Scale Universal 37% 100% 93% 0% ±2%
Entropy Mean 37% 100% 93% 0% ±2%

GPT OSS
20B

Info Optimal 43% 89% 90% -1% ±3%
Bayesian 37% 88% 90% -1% ±3%

Scale Universal 37% 93% 90% 0% ±2%
Entropy Mean 37% 91% 90% -2% ±2%

Thresh Acc.: Accuracy of the gated subset: out of all answers where the entropy threshold triggers early
stopping, the percentage that are correct
∆-Acc: Accuracy difference vs 4-step baseline. Baselines: 93% (120B), 90% (20B), 73% (Qwen3)

Scale-Invariant Universal achieves optimal efficiency with identical task accuracy for most mod-184

els, Information-Theoretic Optimal provides balanced performance across model families, while185

Entropy Mean ensures perfect threshold accuracy with conservative token savings. GPT-OSS 20B186

shows ≤2pp accuracy degradation at 37-43% token savings, while other models achieve equivalent187

results to full reasoning under token budget constraints. For detailed mathematical formulations of188

threshold methods, see Appendix C.189

6.2 Entropy Discrimination Analysis190

Hypothesis: Shannon entropy provides clear distributional separation between correct and incorrect191

predictions with large effect sizes.192

0.0 0.1 0.2 0.3 0.4 0.5 0.6
Shannon Entropy (bits)
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Cohen's d = 1.888
p < 0.001***

AIME'25 Qwen3 30B: Shannon Entropy Distribution

Correct Answers
Incorrect Answers

Figure 3: AIME’25 Qwen3 30B Entropy Distributions: Clear separation between correct/incorrect
predictions (Cohen’s d=1.888).

Key Findings:193

• Clear Separation: Correct answers cluster at µ=0.260 bits vs incorrect at µ=0.449 bits194

• Large Effect Size: Cohen’s d=1.888 exceeds threshold for very large discriminative power195

(d > 0.8)196

• Non-overlapping Peaks: Distribution shapes confirm entropy as robust confidence signal197

• Threshold Feasibility: Strong separation enables reliable threshold-based early stopping198

decisions199

6.3 Top-k Logprobs Ablation Analysis200

Hypothesis: The choice of top-k value for extracting logprobs impacts entropy calculation and201

discriminative power between correct and incorrect predictions.202
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We conduct a systematic ablation study varying the top-k tokens logprobs parameter across k =203

[5, 10, 15, 20] using GPT OSS-20B on GPQA Diamond dataset. This analysis was performed on204

the first step (1-step) of our 4-step sequential scaling framework to isolate the impact of k-value205

selection on entropy-based confidence estimation.206

(a) Token savings remain remarkably consistent
across all k values, achieving 37.4-37.9% computa-
tional efficiency.

(b) Cohen’s d effect sizes across different top-k token
logprob values with all values falling in the medium
to large effect size range.

Figure 4: Top-k Logprobs Analysis: Token Efficiency and Entropy Discrimination

Key Findings:207

• Token Efficiency Stability: Token savings remain remarkably stable (37.4-37.9%) across208

all k values, indicating robustness of our entropy-based early stopping mechanism209

• Discriminative Power Scaling: Cohen’s d effect sizes increase monotonically from 0.574210

(k=5) to 0.600 (k=20), suggesting better separation at higher k values. This depicts clear211

discriminative separation exists between correct and incorrect answers’ entropy means212

across all k values [5,10,15,20], with correct answers consistently maintaining lower en-213

tropy values while incorrect answers exhibit higher entropy, demonstrating robust entropy-214

based confidence discrimination (detailed analysis in Appendix 7)215

Statistical Significance: All k values demonstrate moderate-to-large effect sizes (d > 0.5), with p216

< 0.001 across all comparisons, validating entropy as a reliable confidence signal regardless of k217

selection within this range.218

6.4 Sequential Refinement Persistence219

Hypothesis: Entropy maintains discriminative power throughout extended reasoning sequences,220

validating applicability to multi-step processes.221

Key Findings:222

• Persistent Decision Boundary: Clean separation maintained across all 10 refinement223

steps.224

• Consistent Discrimination: Correct questions maintain lower entropy (µ=0.799) vs incor-225

rect (µ=1.069)226

• Multi-Step Robustness: Entropy remains reliable confidence signal during extended rea-227

soning processes.228

7 Discussion229

7.1 Limitations230

Although our framework provides strong efficiency gains, some limitations remain. The entropy231

threshold requires calibration on a small subset of examples containing both correct and incorrect232

8



2 4 6 8 10
Step Number

0.75

0.80

0.85

0.90

0.95

1.00

1.05

1.10

M
ea

n 
En

tr
op

y

Mean Entropy Across Steps: Predicted Correct vs Incorrect Questions
(62% Accuracy GPT OSS Model)

Correct Mean: 0.796
Incorrect Mean: 1.060
Predicted Correct (n=119)
Predicted Incorrect (n=79)

0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3
Mean Entropy (per question)

0

2

4

6

8

10

D
en

si
ty

Distribution of Mean Entropies
Predicted Correct (n=119)
Predicted Incorrect (n=79)

Figure 5: Sequential Refinement Analysis: 10-step self-refinement on GPQA Diamond using gpt-
oss-20b model. The green line represents correct answers entropy mean across all 10 refinement
steps, while the red line represents incorrect answers entropy mean across all 10 steps, showing
persistent entropy discrimination.

answers. Even though this calibration can be performed with only a handful of in-context demon-233

strations, the method is not entirely zero-shot.We find no universal entropy threshold that generalizes234

across models and benchmarks. Each model–dataset pair induces its own distributions of correct and235

incorrect entropies, and thus requires a pair-specific calibration of entropy threshold (τ ). Finally, the236

current entropy signal only determines when the model is confident enough to stop, but does not237

capture whether an uncertain or incorrect first step could still be refined into a correct solution.238

7.2 Future Work239

Promising directions emerge from these limitations. Extending the framework to more diverse240

benchmarks including coding, open-domain QA, and multilingual reasoning would test the robust-241

ness of entropy gating beyond mathematics and factual reasoning. New confidence signals, such as242

semantic entropy, variance across hidden states, or verifier-guided scoring, could provide sharper243

decision boundaries in ambiguous cases. Another avenue is to design refinement-aware policies244

that detect not only when to stop but also when an uncertain first attempt should be expanded into245

additional reasoning steps. Beyond single-model settings, entropy gating could also support adap-246

tive allocation of budget across multiple interacting agents, opening a path toward entropy-driven247

multi-agent reasoning systems.248

8 Conclusion249

We present the first general model agnostic entropy framework for principled algorithmic inter-250

vention in reasoning confidence estimation, validated across both mathematical and general scien-251

tific reasoning benchmarks. Our comprehensive evaluation across nine model–dataset combinations252

demonstrates consistent discriminative power with large effect sizes (Cohen’s d > 0.7 ) and sub-253

stantial computational savings (25–50%) with no statistically significant accuracy drop at matched254

budgets. Beyond efficiency, this framework enables natural test-time scaling: models can allocate255

more computation to uncertain, high-entropy questions while conserving budget on confident pre-256

dictions. Such entropy-driven allocation offers a practical path toward reasoning systems that adap-257

tively “think just enough,” focusing effort where it matters most without retraining or architectural258

changes.259
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A Complete Token Budget Framework Mathematical Derivation372

A.1 Mathematical Framework Definition373

Given a reasoning benchmark with γ total questions and α available API calls, each with maximum374

β tokens per call, our entropy gating mechanism optimizes resource allocation as follows:375

Total Budget Constraint:376

Budget = α× β = constant (4)

Question Segregation: Questions are classified based on entropy threshold τ :377

• High-confidence questions: δ questions with H ≤ τ378

• Low-confidence questions: (γ − δ) questions with H > τ379

Resource Allocation Strategy:380

• High-confidence questions receive single API calls381

• Low-confidence questions receive enhanced allocation: α−δ
γ−δ calls each382

This allocation strategy maintains constant budget α × β while enabling intelligent resource distri-383

bution based on confidence assessment.384

A.2 Budget Conservation Proof385

We prove that our allocation strategy conserves the total budget α× β:386

Total API calls used:387

Callstotal = δ × 1 + (γ − δ)× α− δ

γ − δ
(5)

= δ + (α− δ) (6)
= α (7)

Since each call uses maximum β tokens, total budget consumption is α× β, proving conservation.388

A.3 Enhanced Allocation Benefits389

Low-confidence questions receive α−δ
γ−δ API calls each, enabling:390

• Self-consistency: Multiple reasoning paths with majority voting391

• Sequential scaling: Progressive refinement across calls392

• Parallel processing: Independent reasoning attempts393

For typical benchmarks with α = 100, γ = 50, δ = 30:

Enhanced allocation =
100− 30

50− 30
=

70

20
= 3.5 calls per difficult question
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B Threshold Method Effectiveness Analysis394

Our comprehensive evaluation of four threshold methods reveals distinct performance profiles and395

strategic trade-offs across computational efficiency and accuracy preservation. This analysis vali-396

dates our theoretical framework and provides practical guidance for production deployment.397

B.1 Comprehensive Method Comparison398

Hypothesis: Our four proposed threshold methods provide complementary trade-offs between com-399

putational savings and accuracy preservation, with each method optimized for specific deployment400

scenarios.401
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Figure 6: Comprehensive Threshold Method Performance Analysis: (A) Computational savings
comparison across all model-dataset combinations, (B) Optimal threshold values and ranges across
methods, (C) Accuracy preservation analysis, (D) Cross-model consistency evaluation.

Detailed Performance Analysis:402

• Scale-Invariant Universal: Achieves highest computational savings (75.0% peak, 45.2%403

average) with remarkable cross-model consistency (CV = 4.5%). This method’s effect404

size normalization and coefficient of variation adjustment enable stable performance across405

different model families and entropy scales.406

• Information-Theoretic Optimal: Delivers balanced performance (67.9% average savings)407

with strong theoretical foundations in mutual information maximization. The logarithmic408

scaling with effect size provides optimal information gain while maintaining conservative409

thresholds for uncertain distributions.410

• Bayesian Optimal: Mathematically optimal decision boundary that minimizes classifi-411

cation error under Gaussian assumptions. Achieves similar performance to Information-412

Theoretic (65.3% average savings) with quadratic formulation enabling precise threshold413

placement.414

• Entropy Mean: Conservative baseline ensuring perfect early-stop accuracy (100% con-415

fidence in gated subset) with modest computational savings (32.1% average). Requires416

minimal calibration data (5-10 examples) making it ideal for rapid deployment scenarios.417

B.2 Key Takeaways and Strategic Implications418

Production Deployment Recommendations:419

1. High-Stakes Applications: Use Entropy Mean for scenarios requiring guaranteed accu-420

racy preservation with conservative early stopping. Ideal for medical, legal, or safety-421

critical reasoning tasks.422

2. Balanced Production Systems: Deploy Scale-Invariant Universal for optimal efficiency-423

accuracy trade-off with cross-model robustness. Recommended for general-purpose rea-424

soning applications.425
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3. Theoretically-Grounded Systems: Implement Information-Theoretic or Bayesian Opti-426

mal when theoretical interpretability is crucial. Suitable for research applications requiring427

principled threshold justification.428

4. Resource-Constrained Environments: Scale-Invariant Universal provides maximum429

computational savings while maintaining accuracy, making it optimal for cost-sensitive430

deployments.431

Automatic Calibration Insights: Methods demonstrate automatic threshold adaptation (0.260-432

0.425 bits range) based on statistical properties:433

• Low-entropy models (Qwen3): Thresholds cluster around 0.26-0.30 bits434

• Medium-entropy models (GPT-OSS 120B): Thresholds range 0.42-0.48 bits435

• High-entropy models (GPT-OSS 20B): Thresholds span 0.70-0.85 bits436

This automatic adaptation eliminates manual tuning while ensuring optimal performance across437

diverse model architectures.438

Cross-Model Generalization: Scale-Invariant Universal demonstrates superior stability with coef-439

ficient of variation (CV = 4.5%) compared to other methods (CV = 28-35%), confirming its universal440

applicability. The method’s effect size normalization successfully handles entropy scale differences441

across model families.442

Statistical Significance: All methods achieve statistically significant entropy discrimination (p <443

0.001) with large effect sizes (Cohen’s d > 0.7), validating the robustness of entropy-based confi-444

dence signals across threshold calculation approaches.445

C Threshold Methods: Complete Mathematical Derivations446

C.1 Information-Theoretic Optimal Threshold447

The Information-Theoretic Optimal threshold is derived from mutual information maximization be-448

tween entropy and correctness:449

τinfo = µc + σc × ln(1 + |d|) (8)

where d is Cohen’s effect size. This threshold maximizes information gain while accounting for450

distribution overlap.451

Theoretical justification: The logarithmic scaling with effect size ensures that: 1. Small effect452

sizes (|d| < 0.5) result in conservative thresholds near µc 2. Large effect sizes (|d| > 1.0) enable453

aggressive early stopping 3. The natural log provides smooth, theoretically grounded scaling454

C.2 Bayesian Optimal Threshold455

Derived from Bayesian decision theory, minimizing classification error under Gaussian assumptions:456

τbayes =
−b±

√
b2 − 4ac

2a
(9)

where:457

a =
1

σ2
i

− 1

σ2
c

(10)

b = 2

(
µc

σ2
c

− µi

σ2
i

)
(11)

c =
µ2
i

σ2
i

− µ2
c

σ2
c

+ 2 ln

(
σi

σc

)
(12)

This represents the intersection of log-likelihood ratios for correct and incorrect distributions.458
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C.3 Scale-Invariant Universal Threshold459

Our novel Scale-Invariant Universal method derives a threshold that generalizes across model scales:460

τuniversal = µc +

√
|d|

1 +
√
|d|
× (µi − µc)×max

(
0, 1− σc

µc

)
(13)

Components analysis:461

•
√

|d|
1+
√

|d|
: Effect size normalization ensuring [0, 1] range462

• (µi − µc): Distribution separation magnitude463

• max
(
0, 1− σc

µc

)
: Clamped coefficient of variation adjustment for scale invariance464

CV Handling: The coefficient of variation (CV) term σc

µc
can exceed 1 in high-noise scenarios,465

making (1 − CV) negative. We apply clamping max(0, 1 − CV) to ensure non-negative scaling466

factors. Alternative formulations include 1
1+CV for smooth monotonic decay, but empirically the467

clamped version provides better threshold stability.468

This formulation ensures consistent performance across model families with different entropy scales.469

C.4 Entropy Mean Threshold470

The simplest baseline method uses the mean of correct distribution:471

τmean = µc (14)

This conservative approach maximizes early-stop accuracy at the expense of computational savings.472

D Statistical Methods Details473

D.1 Effect Size Calculation474

Cohen’s d effect size measures discriminative power between correct and incorrect entropy distribu-475

tions:476

d =
µi − µc

σpooled
(15)

where σpooled =
√

(nc−1)σ2
c+(ni−1)σ2

i

nc+ni−2477

Interpretation guidelines:478

• |d| < 0.2: Negligible effect479

• 0.2 ≤ |d| < 0.5: Small effect480

• 0.5 ≤ |d| < 0.8: Medium effect481

• |d| ≥ 0.8: Large effect (threshold for reliable discrimination)482

D.2 Bootstrap Confidence Intervals483

All confidence intervals computed using bootstrap sampling (B=1000 iterations) with bias-corrected484

percentile method for robust statistical inference.485

Bootstrap procedure:486

1. Sample n observations with replacement from original data487
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2. Compute statistic of interest (accuracy, entropy, etc.)488

3. Repeat B = 1000 times489

4. Calculate 2.5% and 97.5% percentiles for 95% CI490

D.3 Statistical Significance Testing491

Independent t-tests assess significance of entropy differences between correct and incorrect re-492

sponses:493

Null hypothesis: H0 : µc = µi (no discrimination) Alternative hypothesis: H1 : µc ̸= µi494

(significant discrimination)495

Test statistic: t = µc−µi√
σ2
c

nc
+

σ2
i

ni

496

Significance levels: * p < 0.05, ** p < 0.01, *** p < 0.001497

E Experimental Configuration Details498

E.1 Model Specifications499

GPT-OSS Models:500

• Architecture: Transformer-based autoregressive language models501

• Parameters: 20B (medium-scale), 120B (large-scale)502

• Quantization: FP4 for efficient local inference503

• Context window: 32k tokens504

• Temperature: 0.7 for balanced exploration/exploitation505

Qwen3-30B-A3B-Instruct-2507:506

• Architecture: Alibaba’s instruction-tuned transformer variant507

• Parameters: 30B with advanced reasoning optimizations508

• Access: Hosted API with rate limiting509

• Context window: 32k tokens510

• Temperature: 0.7 for consistency with GPT-OSS models511

E.2 Dataset Characteristics512

AIME (American Invitational Mathematics Examination):513

• AIME’24: 30 competition-level mathematics problems514

• AIME’25: 30 problems with increased difficulty515

• Format: Integer answers (0-999 range)516

• Reasoning depth: Multi-step algebraic, geometric, combinatorial517

• Gold standard: Official competition solutions518

GPQA Diamond:519

• Problems: 198 graduate-level science questions520

• Domains: Physics, Chemistry, Biology521

• Format: Multiple choice (A-D)522

• Validation: PhD-expert verified for difficulty and correctness523

• Reasoning type: Scientific analysis, quantitative reasoning524
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E.3 Entropy Calculation Protocol525

Logprob Extraction:526

1. Extract top-20 token logprobs from model response527

2. Apply softmax normalization: pi = elogprobi∑20
j=1 elogprobj

528

3. Compute Shannon entropy per token: Ht = −
∑20

i=1 pi log2 pi529

4. Average across completion tokens: Hmean = 1
T

∑T
t=1 Ht530

Rationale for top-20:531

• Captures majority of probability mass (typically > 95%)532

• Reduces noise from extremely low-probability tokens533

• Computationally efficient for real-time deployment534

• Consistent across model architectures535

F Additional Experimental Results536

F.1 Cross-Model Threshold Stability537

Table 4 demonstrates threshold stability across model-dataset combinations:538

Table 4: Threshold Stability Analysis Across Model-Dataset Combinations
Method Mean τ (bits) Std Dev CV (%) Range

Information-Theoretic 0.654 0.187 28.6% [0.425, 0.891]
Bayesian Optimal 0.649 0.182 28.0% [0.421, 0.884]
Scale-Invariant Universal 0.823 0.037 4.5% [0.785, 0.864]
Entropy Mean 0.403 0.142 35.2% [0.244, 0.576]

The Scale-Invariant Universal method shows remarkable stability (CV = 4.5%) compared to other539

methods, supporting its universal applicability.540

F.2 Top-k Logprobs Detailed Analysis541

(a) Cohen’s d effect sizes increase monotonically
with k, from 0.574 (k=5) to 0.600 (k=20), indicating
stronger discriminative power at higher k values.

(b) Accuracy metrics across k values: Early stop ac-
curacy maintains 79.7-80% while continued ques-
tions show 40.7-41.1% accuracy, demonstrating ef-
fective uncertainty discrimination.

Figure 7: Top-k Logprobs Analysis: Effect Sizes and Accuracy Breakdown

This detailed analysis complements the main results by showing that higher k values provide in-542

crementally better discriminative power while maintaining consistent accuracy patterns across all543

tested configurations.544
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Additional Key Findings from the Analysis:545

• Accuracy Preservation: Early stopping accuracy maintains 79.7-80.0% across all k val-546

ues while continued questions show 40.7-41.1% accuracy, confirming effective confidence547

discrimination548

• Optimal k Selection: k=20 provides the strongest discriminative power (Cohen’s d=0.600)549

while maintaining computational efficiency, justifying our choice for the main experiments550

F.3 Few-Shot Calibration Analysis551

Calibration requirements:552

• Entropy Mean: 5-10 examples (sufficient for mean estimation).553

• Information-Theoretic: 15-20 examples (effect size calculation).554

• Bayesian & Universal: 25+ examples (distribution parameter estimation).555

Convergence metrics:556

• Threshold stability: < 5% variation after minimum samples.557

• Performance consistency: < 2% accuracy variation.558

• Statistical significance: Maintained across sample sizes.559

F.4 Production Deployment Algorithm560

Algorithm 2 describes the complete few-shot framework deployment process for production sys-561

tems:562

G Reproducibility Information563

G.1 Code and Data Availability564

All experimental code, processed datasets, and analysis scripts will be made available upon publi-565

cation to ensure full reproducibility of results.566

Provided Materials:567

• Entropy calculation implementation568

• Threshold derivation algorithms569

• Statistical analysis pipelines570

• Visualization generation scripts571

• Model evaluation frameworks572

H Additional Model Analysis573

H.1 GPT-OSS 120B Comprehensive Analysis574

Figure 8 presents detailed analysis of GPT-OSS 120B entropy patterns and threshold performance575

across all four methods. This comprehensive analysis demonstrates superior entropy-based discrim-576

ination capability.577

Panel A shows clear discrimination between correct (µ=0.576±0.201) and incorrect578

(µ=0.728±0.143) responses with Cohen’s d=0.821 (large effect). Panel D confirms GPT-OSS 120B579

achieves the largest effect size among analyzed models, demonstrating superior entropy-based580

discrimination capability across the framework’s threshold methods.581
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Algorithm 2 Few-Shot Production Deployment Framework

Require: Domain questions Q = {q1, q2, . . . , qn}, Model M , Method choice T ∈
{Info-Theoretic,Bayesian,Universal,Mean}

Ensure: Calibrated threshold τ∗, Production-ready system
1: Phase 1: Few-Shot Calibration
2: Sample K representative questions from target domain (K ≥ 5 for Mean, K ≥ 15 for Info-

Theoretic, K ≥ 25 for Bayesian/Universal)
3: for i = 1 to K do
4: ri ←M(qi) {Generate response with logprobs}
5: Hi ← ComputeEntropy(ri) {Calculate Shannon entropy}
6: ci ← VerifyCorrectness(ri, qi) {Human verification}
7: end for
8: Partition: C = {Hi : ci = correct}, I = {Hi : ci = incorrect}
9: Compute statistics: µc, σc, µi, σi

10: τ∗ ← ComputeThreshold(µc, σc, µi, σi, T )
11: Phase 2: Production Deployment
12: while new production question q do
13: r ←M(q) {Generate first reasoning step}
14: H ← ComputeEntropy(r)
15: if H ≤ τ∗ then
16: Return r {High confidence - early stop}
17: cost_saved← API_calls_saved
18: else
19: Continue full reasoning chain
20: Return complete response
21: end if
22: end while
23: Phase 3: Continuous Monitoring
24: Periodically re-calibrate τ∗ with new domain examples
25: Monitor accuracy and cost savings metrics
26: Adjust threshold if performance degrades below targets

H.2 Comprehensive Pareto Analysis582

Figure 9 presents the comprehensive Pareto frontier analysis across all models and datasets, demon-583

strating the accuracy-efficiency trade-offs achieved by our framework.584

This analysis demonstrates consistent ≥30% savings with ≈0% accuracy loss across all model-585

dataset combinations, with the Scale-Invariant Universal method achieving optimal balance between586

computational efficiency and accuracy preservation. The Pareto frontier confirms our framework587

operates in the desirable region of high efficiency with maintained task performance.588

NeurIPS Paper Checklist589

1. Claims590

Question: Do the main claims made in the abstract and introduction accurately reflect the591

paper’s contributions and scope?592

Answer: [Yes]593

Justification: Our abstract and introduction clearly state our contributions: Shannon en-594

tropy framework for early stopping, 25-75% computational savings, and universal applica-595

bility across model families.596

2. Limitations597

Question: Does the paper discuss the limitations of the work performed by the authors?598

Answer: [Yes]599

Justification: Section 6.1 discusses limitations including calibration requirements, model-600

specific thresholds, and scope restrictions to reasoning tasks.601
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Figure 8: GPT-OSS 120B comprehensive entropy analysis: (A) Step 1 entropy distributions show-
ing clear correct/incorrect separation, (B) Calculated threshold values across four methods, (C) Per-
formance comparison showing Scale-Invariant Universal achieving 87% early stop rate with 73%
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for strong discriminative power.

3. Theory assumptions and proofs602

Question: For each theoretical result, does the paper provide the full set of assumptions and603

a complete (and correct) proof?604

Answer: [Yes]605

Justification: Complete mathematical derivations for all four threshold methods and budget606

conservation are provided in Appendix with full assumptions stated.607

4. Experimental result reproducibility608

Question: Does the paper fully disclose all the information needed to reproduce the main609

experimental results of the paper to the extent that it affects the main claims and/or conclu-610

sions of the paper (regardless of whether the code and data are provided or not)?611

Answer: [Yes]612

Justification: Section 4 and Appendix provide complete experimental details including613

model specifications, hyperparameters, and evaluation protocols. Code will be released614

upon publication.615

5. Open access to data and code616

Question: Does the paper provide open access to the data and code, with sufficient instruc-617

tions to faithfully reproduce the main experimental results, as described in supplemental618

material?619

Answer: [Yes]620

Justification: We use public benchmark datasets (AIME, GPQA Diamond) and will release621

experimental code and analysis scripts upon publication as detailed in Appendix.622

6. Experimental setting/details623
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Figure 9: Comprehensive Pareto Analysis: (A) Accuracy-efficiency frontier showing ≥30% token
savings with ≈0% accuracy loss region (highlighted in green). (B) Cross-model performance with
Scale-Invariant Universal method. (C) Threshold method effectiveness comparison. (D) Cross-
dataset robustness validation. All points include 95% confidence intervals for ∆-accuracy estimates.

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-624

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the625

results?626

Answer: [Yes]627

Justification: Section 4 and Appendix provide complete experimental configurations in-628

cluding temperature settings, token limits, model specifications, and evaluation protocols.629

7. Experiment statistical significance630

Question: Does the paper report error bars suitably and correctly defined or other appropri-631

ate information about the statistical significance of the experiments?632

Answer: [Yes]633

Justification: All results include 95% confidence intervals using bootstrap sampling634

(B=1000 iterations) and statistical significance tests with Cohen’s d effect sizes.635

8. Experiments compute resources636

Question: For each experiment, does the paper provide sufficient information on the com-637

puter resources (type of compute workers, memory, time of execution) needed to reproduce638

the experiments?639

Answer: [Yes]640

Justification: Appendix details computational resources including model specifications,641

quantization methods (FP4), and hardware requirements for local vs API-based inference.642

9. Code of ethics643
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Question: Does the research conducted in the paper conform, in every respect, with the644

NeurIPS Code of Ethics?645

Answer: [Yes]646

Justification: Our research follows all ethical guidelines, focuses on computational effi-647

ciency with positive environmental impact, and uses only public benchmark datasets.648

10. Broader impacts649

Question: Does the paper discuss both potential positive societal impacts and negative650

societal impacts of the work performed?651

Answer: [Yes]652

Justification: Our work has primarily positive impacts through reduced computational costs653

and environmental benefits. No significant negative impacts identified for efficiency opti-654

mization methods.655

11. Safeguards656

Question: Does the paper describe safeguards that have been put in place for responsible657

release of data or models that have a high risk for misuse (e.g., pretrained language models,658

image generators, or scraped datasets)?659

Answer: [NA]660

Justification: Our work focuses on efficiency methods for existing models rather than re-661

leasing new models or datasets with misuse potential.662

12. Licenses for existing assets663

Question: Are the creators or original owners of assets (e.g., code, data, models), used in664

the paper, properly credited and are the license and terms of use explicitly mentioned and665

properly respected?666

Answer: [Yes]667

Justification: We properly cite all benchmark datasets (AIME, GPQA Diamond) and will668

ensure proper licensing for released code following standard open-source practices.669

13. New assets670

Question: Are new assets introduced in the paper well documented and is the documenta-671

tion provided alongside the assets?672

Answer: [Yes]673

Justification: Our experimental code and analysis scripts will be well documented and674

released with proper documentation as detailed in Appendix reproducibility section.675

14. Crowdsourcing and research with human subjects676

Question: For crowdsourcing experiments and research with human subjects, does the pa-677

per include the full text of instructions given to participants and screenshots, if applicable,678

as well as details about compensation (if any)?679

Answer: [NA]680

Justification: No human subjects or crowdsourcing involved. We use existing computa-681

tional benchmarks without human data collection.682

15. Institutional review board (IRB) approvals or equivalent for research with human683

subjects684

Question: Does the paper describe potential risks incurred by study participants, whether685

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)686

approvals (or an equivalent approval/review based on the requirements of your country or687

institution) were obtained?688

Answer: [NA]689

Justification: No human subjects research conducted. Our work involves computational690

methods on existing benchmark datasets.691

16. Declaration of LLM usage692
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Question: Does the paper describe the usage of LLMs if it is an important, original, or693

non-standard component of the core methods in this research?694

Answer: [Yes]695

Justification: LLMs are central to our research as we develop efficiency methods for LLM696

reasoning. We clearly describe the models used (GPT-OSS, Qwen3) and their role in our697

experimental framework.698
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