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Abstract

Modern deep learning models are usually highly
over-parameterized so that they can overfit the
training data. Surprisingly, such overfitting neural
networks can usually still achieve high prediction
accuracy. To study this “benign overfitting” phe-
nomenon, a line of recent works has theoretically
studied the learning of linear models and two-
layer neural networks. However, most of these
analyses are still limited to the very simple learn-
ing problems where the Bayes-optimal classifier
is linear. In this work, we investigate a class of
XOR-type classification tasks with label-flipping
noises. We show that, under a certain condition
on the sample complexity and signal-to-noise ra-
tio, an over-parameterized ReLU CNN trained by
gradient descent can achieve near Bayes-optimal
accuracy. Moreover, we also establish a matching
lower bound result showing that when the previ-
ous condition is not satisfied, the prediction accu-
racy of the obtained CNN is an absolute constant
away from the Bayes-optimal rate. Our result
demonstrates that CNNs have a remarkable capac-
ity to efficiently learn XOR problems, even in the
presence of highly correlated features.

1. Introduction

Modern deep neural networks are often highly over-
parameterized, with the number of parameters far exceeding
the number of samples in the training data. This can lead to
overfitting, where the model performs well on the training
data but poorly on unseen test data. However, an interest-
ing phenomenon, known as “benign overfitting”, has been
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observed, where these models maintain remarkable perfor-
mance on the test data despite the potential for overfitting
(Neyshabur et al., 2019; Zhang et al., 2021). Bartlett et al.
(2020) theoretically proved this phenomenon in linear re-
gression and coined the term “benign overfitting”.

There has been a recent surge of interest in studying benign
overfitting from a theoretical perspective. A line of recent
works provided significant insights under the settings of
linear/kernel/random feature models (Belkin et al., 2019;
2020; Bartlett et al., 2020; Chatterji & Long, 2021; Hastie
et al., 2022; Montanari & Zhong, 2022; Mei & Montanari,
2022; Tsigler & Bartlett, 2023). However, the analysis of
benign overfitting in neural networks under gradient de-
scent is much more challenging due to the non-convexity in
the optimization and non-linearity of activation functions.
Nevertheless, several recent works have made significant
progress in this area. For instance, Frei et al. (2022) pro-
vided an upper bound of risk with smoothed leaky ReLU
activation when learning the log-concave mixture data with
label-flipping noise. By proposing a method named “‘signal-
noise decomposition”, (Cao et al., 2022) established a condi-
tion for sharp phase transition between benign and harmful
overfitting in the learning of two-layer convolutional neural
networks (CNNs) with activation functions ReLU? (¢ > 2).
(Kou et al., 2023) further extended the analysis to ReLU
neural networks, and established a condition for such a
sharp phase transition with more general conditions. De-
spite the recent advances in the theoretical study of benign
overfitting, the existing studies are still mostly limited to
very simple learning problems where the Bayes-optimal
classifier is linear.

In this paper, we study the benign overfitting phenomenon
of two-layer ReLU CNNs in more complicated learning
tasks where linear models will provably fail. Specifically,
we consider binary classification problems where the label
of the data is jointly determined by the presence of two
types of signals with an XOR relation. We show that for this
XOR-type of data, any linear predictor will only achieve
50% test accuracy. On the other hand, we establish tight
upper and lower bounds of the test error achieved by two-
layer CNNss trained by gradient descent, and demonstrate
that benign overfitting can occur even with the presence of
label-flipping noises.
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The contributions of our paper are as follows:

1. We establish matching upper and lower bounds on the
test error of two-layer CNNs trained by gradient descent
in learning XOR-type data. Our test error upper bound
suggests that when the sample size, signal strength, noise
level, and dimension meet a certain condition, then the
test error will be nearly Bayes-optimal. This result is
also demonstrated optimal by our lower bound, which
shows that under a complementary condition, the test
error will be a constant gap away from the Bayes-optimal
rate. These results together demonstrate a similar “sharp’
phase transition between benign and harmful overfitting
of CNNss in learning XOR-type data, as previously shown
in works by Cao et al. (2022) and Kou et al. (2023).

i

2. Our results demonstrate that CNNs can efficiently learn
complicated data such as the XOR-type data. Notably,
the conditions on benign/harmful overfitting we derive
for XOR-type data are the same as the corresponding
conditions established for linear logistic regression (Cao
et al., 2021), two-layer fully connected networks (Frei
et al., 2022) and two-layer CNNs (Kou et al., 2023),
although these previous results on benign/harmful over-
fitting are established where the Bayes-optimal classifiers
are linear. Therefore, our results imply that two-layer
ReLU CNNs can learn XOR-type data as efficiently as
using linear logistic regression or two-layer neural net-
works to learn Gaussian mixtures. Notably, learning the
XOR-type data relies on different CNN filters to learn
different features, while in previous works, the optimal
case is in fact when all neurons are (almost) parallel to a
single signal direction. Therefore, the result in this paper
can better reveal the strength of the non-linear structure
of neural networks.

3. Our work also considers the regime when the features in
XOR-type data are highly correlated. To overcome the
technical challenges caused by the high correlation in the
training process, we introduce a novel proof technique
called “virtual sequence comparison”, to enable analyz-
ing the learning of such highly correlated XOR-type data.
We believe that this novel proof technique can find wide
applications in related studies and therefore may be of
independent interest.

A concurrent work (Xu et al., 2023) studies using two-layer
fully connected neural networks to learn an XOR problem,
where for fixed vectors u and v, the two classes of data are
generated from Gaussian clusters N (+u, I) and N(+v,I)
respectively. The authors show that gradient descent can
train a neural network to achieve benign overfitting, and
can exhibit a “grokking” phenomenon. There are several
differences between (Xu et al., 2023) and our work. First,

they assume that the “signal vectors” u and v are orthogo-
nal. In comparison, we can cover the case where the angle
between u and v is small, assuming that the signal vectors
and Gaussian noises are on different patches of the data.
Moreover, they rely on a condition that the signal strength
(Ilu]|2, ||v]|2) increases with the sample size n, while our
result indicates that if n increases, then a smaller signal
strength may be sufficient to achieve benign overfitting. In
addition, they focus on the neural networks trained in the
first \/n-th iterations, while our results are for CNNs trained
until convergence. At last, they mainly focus on the upper
bound of test error, while our result gives matching upper
and lower bounds.

1.1. Additional Related Works
In this section, we introduce the related works in detail.

Benign overfitting in linear/kernel/random feature mod-
els. A key area of research aimed at understanding benign
overfitting involves theoretical analysis of test error in lin-
ear/kernel/random feature models. Wu & Xu (2020); Mel
& Ganguli (2021); Hastie et al. (2022) explored excess risk
in linear regression, where the dimension and sample size
are increased to infinity while maintaining a fixed ratio.
These studies showed that the risk decreases in the over-
parameterized setting relative to this ratio. In the case of
random feature models, Liao et al. (2020) delved into double
descent when the sample size, data dimension, and number
of random features maintain fixed ratios, while Adlam et al.
(2022) extended the model to include bias terms. Addi-
tionally, Misiakiewicz (2022); Xiao et al. (2022); Hu & Lu
(2022) demonstrated that the risk curve of certain kernel pre-
dictors can exhibit multiple descent concerning the sample
size and data dimension.

Benign overfitting in neural networks. In addition to theo-
retical analysis of test error in linear/kernel/random feature
models, another line of research explores benign overfitting
in neural networks. For example, Zou et al. (2021) investi-
gated the generalization performance of constant stepsize
stochastic gradient descent with iterate averaging or tail
averaging in the over-parameterized regime. Montanari &
Zhong (2022) investigated two-layer neural networks and
gave the interpolation of benign overfitting in NTK regime.
Meng et al. (2023) investigated gradient regularization in
the over-parameterized setting and found benign overfit-
ting even under noisy data. Additionally, Chatterji & Long
(2023) bounded the excess risk of deep linear networks
trained by gradient flow and showed that “randomly ini-
tialized deep linear networks can closely approximate or
even match known bounds for the minimum ¢5-norm inter-
polant™.

Learning the XOR function. In the context of feedforward
neural networks, Hamey (1998) pointed out that there is
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no existence of local minima in the XOR task. XOR-type
data is particularly interesting as it is not linearly separa-
ble, making it sufficiently complex for backpropagation
training to become trapped without achieving a global op-
timum. The analysis by Brutzkus & Globerson (2019) fo-
cused on XOR in ReLU neural networks that were specific
to two-dimensional vectors with orthogonal features. Un-
der quadratic NTK regime, Bai & Lee (2020); Chen et al.
(2020) proved learning ability of neural networks for XOR
problems.

1.2. Notation

Given two sequences z,, and y,,, we denote x,, = O(y,,) if
for some absolute constant C; > 0 and N > 0 such that
|zn| < Cilynl for all n > N. We denote z,, = Q(y,,) if
yn = O(x,), and denote z,, = O(y,) if v, = O(y,) and
Zn = Q(yn) both hold. We use O(-), (-), and O(-) to hide
logarithmic factors in these notations, respectively. We use
1(-) to denote the indicator variable of an event. We say
y = poly(z1,...,x1) if y = O(max{|x1], ..., |xx|}7) for
some D > 0, and y = polylog(x) if y = poly(log(z)).

2. Learning XOR-Type Data with Two-Layer
CNNs

In this section, we introduce in detail the XOR-type learn-
ing problem and the two-layer CNN model considered in
this paper. We first introduce the definition of an “XOR
distribution”.

Definition 2.1. Let a,b € R4\ {0} with a | b be two
fixed vectors. For u € R? and 7 € {41}, we say that p and
7y are jointly generated from distribution Dxor(a, b) if the
pair (g, y) is randomly and uniformly drawn from the set
{(a+b,+1),(—a—Db,+1),(a—b,-1),(—a+b,—1)}.

Definition 2.1 gives a generative model of 1 € R? and
7 € {£1} and guarantees that the samples satisfy an XOR
relation with respect to two basis vectors a, b € R?. When
d=2,a=[1, 0" andb = [0, 1], Definition 2.1 recov-
ers the XOR data model studied by Brutzkus & Globerson
(2019). We note that Definition 2.1 is more general than the
standard XOR model, especially because it does not require
that the two basis vectors have equal lengths. Note that in
this model, p = +(a+b) wheny = 1, and p = +(a — b)
when 7 = —1. When ||al|2 # ||b||2, it is easy to see that
the two vectors a + b and a — b are not orthogonal. In
fact, the angles between &(a + b) and £+(a — b) play a key
role in our analysis, and the classic setting where a + b and
a — b are orthogonal is a relatively simple case covered in
our analysis.

Although Dxor(a, b) and its simplified versions are classic
models, we note that Dxor (a, b) alone may not be a suit-
able model to study the benign overfitting phenomena: the

study of benign overfitting typically requires the presence
of certain types of noises. In this paper, we consider a more
complicated XOR-type model that introduces two types of
noises: (i) the p vector is treated as a “signal patch”, which
is hidden among other “noise patches”; (ii) a label flipping
noise is applied to the clean label 7 to obtain the observed
label y. The detailed definition is given as follows.

Definition 2.2. Let a,b € R¥\{0} with a L b be two
fixed vectors. Then each data point (x,y) with x =
xWT x@TT € R and y € {£1} is generated from
D as follows:

l.uw € R and 5 € {#£1} are jointly generated from
DXOR(a, b)

2. One of x| x(?) is randomly selected and then assigned
as p; the other is assigned as a randomly generated Gaus-
sian vector £ ~ N(0,02-(I—aa' /[|al|>~bb " /||b]|?)).

3. The observed label y € {£1} is generated with P(y =
y)=1-p,Ply=-9) =p.

Definition 2.2 divides the data input into two patches, as-
signing one of them as a signal patch and the other as a noise
patch. In the noise patch, the covariance matrix is defined
so that £ is orthogonal to the signal vector p, which helps
simplify our analysis. We remark that this orthogonality
assumption can be potentially removed, and readers may
refer to Section A.1 for details. This type of model has been
explored in previous studies Cao et al. (2022); Jelassi & Li
(2022); Kou et al. (2023); Meng et al. (2023). However, our
data model is much more challenging to learn due to the
XOR relation between the signal patch p and the clean label
y. Specifically, we note that the data distributions studied in
the previous works Cao et al. (2022); Jelassi & Li (2022);
Kou et al. (2023); Meng et al. (2023) share the common
property that the Bayes-optimal classifier is linear. On the
other hand, for (x,y) ~ D in Definition 2.2, it is easy to

see that (x,y) 4 (—x,y), and therefore
Pixy)~p(y - (8,x) >0) =1/2 forany 8 € R**. (2.1)

In other words, all linear predictors will fail to learn the
XOR-type data D.

We consider using a two-layer CNN to learn the XOR-type
data model D defined in Definition 2.2, where the CNN
filters go over each patch of a data input. We focus on
analyzing the training of the first-layer convolutional filters,
and fixing the second-layer weights. Specifically, define

FOW.x) = Y j- F;(W;,x), 2.2
j==%1
where Fj(Wj,x) = 3070, 500 of(w, xP))).

Here, F' 1 (W1, %) and F_1 (W _1,x) denote two parts of
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the CNN models with positive and negative second layer pa-
rameters respectively. Moreover, o(z) = max{0, z} is the
ReL U activation function, m is the number of convolutional
filters in each of F,; and F_4. For j € {£1} and r € [m],
w;,» € R? denotes the weight of the 7-th convolutional filter
in F;. We denote by W the collection of weights in Fj
and denote by W the total collection of all trainable CNN
weights.

Given n i.i.d. training data points (X1,Y1),- .., (Xn, Yn)
generated from D, we train the CNN model defined above
by minimizing the objective function

n

> lyi - (W, xy)),

=1

L(W) = %

where £(z) = log(1 4 exp(—z)) is the cross entropy loss

(t+1) (t)
g = Wir T

nVWj‘TL(W(t)) to minimize the training loss L(W). Here
©) i given by Gaussian
7.7

random initialization with each entry generated as N (0, 03).
Suppose that gradient descent gives a sequence of iterates
W), Our goal is to establish upper bounds on the training
loss L(W(t)), and study the test error of the CNN, which is
defined as

function. We use gradient descent w

1 > 0 is the learning rate, and w

R(W(t)) = P(x,y)ND(yf(W(t)7 X) < O)

3. Main Results

In this section, we present our main theoretical results. We
note that the signal patch p in Definition 2.2 takes values
+(a+b) and +-(a — b), and therefore we see that ||p||3 =
lal|2 + ||b||3 is not random. We use ||p||2 to characterize
the “signal strength” in the data model.

Our results are separated into two parts, focusing on differ-
ent regimes regarding the angle between the two vectors
+(a+ b) and £(a — b). Note that by the symmetry of the
data model, we can assume without loss of generality that
the angle A between a+b and a — b satisfies 0 < cos 6 < 1.
Our first result focuses on a “classic XOR regime” where
0 < cosf < 1/2is a constant. This case covers the classic
XOR model where ||allz = ||bl|2 and cos® = 0. In our
second result, we explore an “asymptotically challenging
XOR regime” where cos § can be arbitrarily close to 1 with
a rate up to ©(1/4/n). The two results are introduced in
two subsections respectively.

3.1. The Classic XOR Regime

In this subsection, we introduce our result on the classic
XOR regime where 0 < cosf < 1/2. Our main theorem
aims to show theoretical guarantees that hold with a prob-
ability at least 1 — ¢ for some small § > 0. Meanwhile,

our result aims to show that training loss L(W ®)) will con-
verge below some small ¢ > (. To establish such results,
we require that the dimension d, sample size n, CNN width
m, random initialization scale o, label flipping probability
p, and learning rate 7 satisfy certain conditions related to €
and . These conditions are summarized below.

Condition 3.1. For certain €, > 0, suppose that

1. The dimension d satisfies: d = Q(max{n2, n| w32
0, ?}) - polylog(1/e) - polylog(1/d).

2. Training sample size n and CNN width m satisfy m =

Q(log(n/6)),n = Q(log(m/d)).

3. Random initialization scale o satisfies: o9 <

O(min{y/n/(opd), n||ull2/(07d)}).

4. The label flipping probability p satisfies: p < c for a
small enough absolute constant ¢ > 0.

5. The learning rate 7 satisfies: n =
O([max{opd®/?/(n*y/m),opd/(nm)}] ).

6. The angle 6 satisfies cos < 1/2.

The first two conditions above on d, n, and m are mainly to
make sure that certain concentration inequality type results
hold regarding the randomness in the data distribution and
gradient descent random initialization. These conditions
also ensure that the the learning problem is in a sufficiently
over-parameterized setting, and similar conditions have been
considered a series of recent works (Chatterji & Long, 2021;
Frei et al., 2022; Cao et al., 2022; Kou et al., 2023). The con-
dition on o ensures a small enough random initialization
of the CNN filters to control the impact of random initializa-
tion in a sufficiently trained CNN model. The condition on
learning rate 7 is a technical condition for the optimization
analysis.

The following theorem gives our main result under the clas-
sic XOR regime.

Theorem 3.2. For any €,0 > 0, if Condition 3.1 holds,
then there exist constants Cy,Co, Cs > 0, such that with
probability at least 1 — 20, the following results hold at
T = Q(nm/(neo’d)):

1. The training loss converges below ¢, i.e., LWT)) < e.

2. If n||pll3 > Ciopd, then the CNN trained by gradi-
ent descent can achieve near Bayes-optimal test error:

R(W™M)) < p + exp(—Canl|p)|3/(opd)).

3. If n||ull3 < Ciopd, then the CNN trained by gradi-

ent descent can only achieve sub-optimal error rate:
RWT) > p+ Cy
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The first result in Theorem 3.2 shows that under our problem
setting, when learning the XOR-type data with two-layer
CNN:s, the training loss is guaranteed to converge to zero.
This demonstrates the global convergence of gradient de-
scent and ensures that the obtained CNN overfits the train-
ing data. Moreover, the second and the third results give
upper and lower bounds of the test error achieved by the
CNN under complimentary conditions. This demonstrates
that the upper and the lower bounds are both tight, and
n||pll3 = Q(o,d) is the necessary and sufficient condition
for benign overfitting of CNNs in learning the XOR-type
data. Moreover, by Theorem 3.2 we can see that an increase
of n||u||3/0,d by a logarithmic factor can sometimes be
sufficient to change the test error from a constant level to
near optimal rate p + o(1), and this matches the phenom-
ena of sharp phase transition between benign and harmful
overfitting demonstrated in (Cao et al., 2022; Kou et al.,
2023).

The condition in Theorem 3.2 also matches the conditions
discovered by previous works in other learning tasks. Specif-
ically, Cao et al. (2021) studied the risk bounds of linear
logistic regression in learning sub-Gaussian mixtures, and
the risk upper and lower bounds in Cao et al. (2021) imply
exactly the same conditions for small/large test errors. More-
over, Frei et al. (2022) studied the benign overfitting phe-
nomenon in using two-layer fully connected Leaky-ReLLU
networks to learn sub-Gaussian mixtures, and established
an upper bound of the test error that is the same as the upper
bound in Theorem 3.2 with o, = 1. More recently, (Kou
et al., 2023) considered a multi-patch data model similar to
the data model considered in this paper, but with the label
given by a linear decision rule based on the signal patch,
instead of the XOR decision rule considered in this paper.
Under similar conditions, the authors also established simi-
lar upper and lower bounds of the test error. These previous
works share a common nature that the Bayes-optimal clas-
sifiers of the learning problems are all linear. On the other
hand, this paper studies an XOR-type data and we show
in equation 2.1 that all linear models will fail to learn this
type of data. Moreover, our results in Theorem 3.2 suggest
that two-layer ReLU CNNss can still learn XOR-type data
as efficiently as using linear logistic regression or two-layer
neural networks to learn sub-Gaussian mixtures.

Recently, another line of works (Wei et al., 2019; Refinetti
etal., 2021; Ji & Telgarsky, 2019; Telgarsky, 2023; Barak
et al., 2022; Ba et al., 2023; Suzuki et al., 2023) studied
a type of XOR problem under more general framework of
learning “k-sparse parity functions”. Specifically, if the la-
bel y € {£1} is given by a 2-sparse parity function of the
input x € {1}, then y is essentially determined based
on an XOR operation. For learning such a function, it has
been demonstrated that kernel methods will need n = w(d?)
samples to achieve a small test error (Wei et al., 2019; Tel-

garsky, 2023). We remark that the data model studied in
this paper is different from the XOR problems studied in
(Wei et al., 2019; Refinetti et al., 2021; Ji & Telgarsky, 2019;
Telgarsky, 2023; Barak et al., 2022; Ba et al., 2023; Suzuki
et al., 2023), and therefore the results may not be directly
comparable. Moreover, the 2-sparse parity problem has sig-
nal strength and noise level roughly equivalent to the setting
lell2 = op = ©(1). According to the conditions for benign
and harmful overfitting in Theorem 3.2, n = w(d) can lead
to a small test error, which is better than the n = w(d?)
sample complexity requirement of kernel methods. How-
ever, this n = w(d) setting is not covered in our analysis
due to the over-parameterization requirement d = Q(nQ)
in Condition 3.1, and thus the comparison is not rigorous.
We believe that d = Q(nQ) is only a technical condition to
enable our current proof, and it may be an interesting future
work direction to further weaken this condition.

3.2. The Asymptotically Challenging XOR Regime

In Section 3.1, we precisely characterized the conditions for
benign and harmful overfitting of two-layer CNNs under
the “classic XOR regime” where cosf < 1/2. Due to
certain technical limitations, our analysis in Section 3.1
cannot be directly applied to the case where cos§ > 1/2.
In this section, we present another set of results based on
an alternative analysis that applies to cosf > 1/2, and
can even handle the case where 1 — cosf = O(1/\/n).
However, this alternative analysis relies on several more
strict, or different conditions compared to Condition 3.1,
which are given below.

Condition 3.3. For a certain € > 0, suppose that

1. The dimension d satisfies: d = Q(n*m?||p[30,?) -
polylog(1/e).

2. Training sample size n and neural network width satisfy:
m = Q(log(nd)),n = Qlog(md)).

3. The signal strength satisfies:
Q(opm).

[ell2(1 — cos®) =

4. The label flipping probability p satisfies: p < c for a
small enough absolute constant ¢ > 0.

5. The learning rate 7  satisfies: n =
O([max{o§d3/2/(n2m),afjd/n}]_l).

6. The angle 0 satisfies: 1 — cos 6 = Q(1//n).

Compared with Condition 3.1, here we require a larger
d and also impose an additional condition on the signal
strength || |- This stronger assumption on d is a technical
assumption that enables our analysis for this more challeng-
ing regime. Moreover, our results are based on a specific
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choice of the Gaussian random initialization scale . The
results are given in the following theorem.

Theorem 3.4. Consider gradient descent with initialization
scale 0y = nm/(opd) - polylog(d). For any e > 0, if
Condition 3.3 holds, then there exists constant C > 0, such
that with probability at least 1—1/polylog(d), the following
results hold at T = Q(nm/(neod)):

1. The training loss converges below ¢, i.e., L(W(T)) < ¢.

2. If ||pl3 (1 —cos6)? > Q(mzaﬁd), then the CNN trained
by gradient descent can achieve near Bayes-optimal
test error: R(WT)) < p 4 exp{—Cn?|p|3(1 —
cos0)?/(o5d?ag)} = p+ o(1).

3. If )3 < 5(ma§d), then the CNN trained by gra-
dient descent can only achieve sub-optimal error rate:
RWT) >p+C.

Theorem 3.4 demonstrates the convergence of the train-
ing loss towards zero, establishes upper and lower bounds
on the test error achieved by the CNN trained by gra-
dient descent. Additionally, we can see that there is a
gap in the conditions for benign and harmful overfitting:
benign overfitting is only theoretically guaranteed when
[1]l5(1 — cos6)? > Q(m?opd), while we can only rig-
orously demonstrate harmful overfitting when ||p|[3 <
6(m0§;d). Here the gap between these two conditions is
a factor of order m - (1 — cos @) ~2. Therefore, our results
are relatively tight when m is small and when cosf is a
constant away from 1 (but not necessarily smaller than 1/2
which is covered in Section 3.1). The contribution of Theo-
rem 3.4 lies in enabling theoretical analysis under this more
challenging setting when the signal angle tends to 0.

Compared with Theorem 3.2, we see that there lacks a
factor of sample size n in both conditions for benign and
harmful overfitting. We remark that this is due to our specific
choice of 0g = nm/(opd) - polylog(d), which is in fact out
of the range of oy required in Condition 3.1. Therefore,
Theorems 3.2 and 3.4 focus on different settings, and do not
contradict each other. We believe that unifying these results
under a more general setting is an interesting future work
direction.

4. Overview of Proof Technique

In this section, we briefly discuss our key technical tools
in the proofs of Theorem 3.2 and Theorem 3.4. We define
T* = n~'poly(d, m,n,e') as the maximum admissible
number of iterations.

Characterization of signal learning. Our proof is based
on a careful analysis of the training dynamics of the CNN
filters. We denote u = a+ b and v = a — b. Then we have

p = =£u for data with label +1, and u = £v for data with
label —1. Note that the ReLU activation function is always
non-negative, which implies that the two parts of the CNN
in equation 2.2, F'y1(W1,x) and F_1 (W _1, x), are both
always non-negative. Therefore by equation 2.2, we see
that F'y1 (W1, x) always contributes towards a prediction
of the class +1, while F_;(W_1,x) always contributes
towards a prediction of the class —1. Therefore, in order
to achieve good test accuracy, the CNN filters w; , and
w_1, r € [m] must sufficiently capture the directions +u
and £v respectively.

In the following, we take a convolution filter w1 ,. for some
r € [m] as an example, to explain our analysis of learning
dynamics of the signals £u. For each training data input x;,
we denote by p; € {£u, £v} the signal patch in x; and by
&; the noise patch in x;. By the gradient descent update of

WE&%’T, we can easily obtain the following iterative equation:

t+1 t
(Wi w) = (wl) u) - L+ L+ - L, @)
where
n /(t) (t) 2
I = —— / )
1 nm Z Ez 1{<W+l,r7“1> > 0}”””27
1€Sfu,+1US _u,—1
n /() (t) 2
I = — ' )
2 nm Z Kz 1{<w+1,r7l"’l> > O}||l"’||27
1€S_u,+1USqu,—1
n t t 2
L=—L 3 0w i) > 0}l cosd,

i€S 4y, —1US_y +1

L=-L >

i€S_y, _1US 1y 11

01w i) > 0|3 cos o,

and we denote Sy, = {i € [n|,u; = p,y; = y} for
p € {+u, +v},y € {£1}, and £ = ' (y; F (WD x7)).
Based on the above equation, it is clear that when cos § = 0,
the dynamics of <W(+t%,m u) can be fairly easily character-
ized. Therefore, a major challenge in our analysis is to
handle the additional terms with cos §. Intuitively, since
cosf < 1, we would expect that the first two summation
terms in equation 4.1 are the dominating terms so that the
learning dynamics of ££u will not be significantly different
from the case cos § = 0. However, a rigorous proof would
require a very careful comparison of the loss derivative

values Eg(t), i € [n].

Loss derivative comparison. The following lemma is the
key lemma to characterize the ratio between loss derivatives
of two different data in the “classic XOR regime”.
Lemma 4.1. Under Condition 3.1, for all i, k € [n] and all
t >0, it holds that €7 /0 < 2 + o(1).

Lemma 4.1 shows that the loss derivatives of any two
different data points can always at most have a scale
difference of a factor 2. With this result, we can see
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that in equation 4.1, for any 4,9 € [n], a non-zero

/(t) 1{<w£rt)1 o) > 0}||p]|3 will always dominate

/(t) 1{<w+1 s i) > 0} 2]|3 cos 6 in the “classic XOR
reglme” where cos # < 1/2. This is the major motivation of
Lemma 4.1.

To study the signal learning under the ‘“asymptotically
challenging XOR regime” where cosf can be close to 1,
Lemma 4.1 is clearly insufficient and tighter bounds on the
ratios between loss derivatives are needed. In the following
key lemma, we introduce a key technique called “virtual
sequence comparison”.

Lemma 4.2. Let &, i € [n] be the noise vectors in the
training data. Define

ll(t) =-1/(1+ exp{Al(vt)})7

AUTY = AW — i/ (nm?) - 21 1S - &) 3.
Here, Sl-(o) = {r € [m] : <Wg(;??7‘,£i> > 0}’ and AEO) =0

foralli € [n]. It holds that

121 — ¢ = O(n/d),
O En 70" <14 0(n/d),

forallt € [T*| and i € [n).

Lemma 4.2 defines “virtual sequences” Z;(t) fori € [n] and
t > 0, which are proved to be close to é;(t), i €[n],t>0.
The motivation of these lz(t) results from our proof which
relies on a careful analysis of update formulas such as equa-
tion 4.1. To find the leading term in equation 4.1, it requires
a very careful comparison among the terms 1, I, I3, 14 in
equation 4.1. The comparison is not easy: during training,
the CNN weights are updated according to the full training
data set, and therefore for t > 1, E;(t), i € [n] are not in-
dependent to each other although (x;,y;), i € [n] are i.i.d.
training examples. This prevents us from using tight con-
centration bounds on the averages of different ﬁg(t)’s. The

“virtual sequences” lz(t) ’s are introduced to overcome these
challenges. By definition, we can see that (i) they follow a
relatively clean dynamical system and are easy to analyze;
(ii) they are independent of the actual weights W (*) of the
CNN and therefore lz(t), i € [n] are independent with each
other, enabling the application of concentration inequalities.
In this way, we can first establish precise comparison results
for g;(t) ’s in Lemma 4.3, and then further convert the results
to precise comparison results for the actual loss derivative

E{(t)’

terms £; ’’s in Lemma 4.4.

Lemma 4.3. Consider Sy and S_ to be any two distinct
index sets among {S+u,+1, Stv +1}, then with probability

at least 1 — 29, it holds that

Sies, 010/ Yies 1Y
< 2Guap (1S_|VIS1] + [S_ VIS5 D)/1S_ 2,

where Ggap, = 204/log(2n/0)/m - \/log(4/6).

= 154/15-]

Combining Lemma 4.2 with Lemma 4.3, we can show a

precise comparison among multiple ) . é;(t) ’s. The results

are given in the following lemma.

Lemma 4.4. Under Condition 3.3, if S;, S_
Lemma 4.3, and

con — Cy/n -log(8n/8) <S4, |S-]
< en+ Cy/n-log(8n/d)

hold for some constant cy, c1,C > 0, then with probability
at least 1 — 29, it holds that

[Sies, 67/ (Cies. 67) — e1/eol
< 4c,C/(c3) - \/log(8n/d) /n.

is defined in

By Lemma 4.4, we have a precise bound for
Yies, b t)/zzes ¢". The results can be plugged
into equation 4.1 to simplify the dynamical systems
of <Wif)1 » ), 7 € [m], which characterizes the signal
learning process during training.

Our analysis of the signal learning process is then combined
with the analysis of how much training data noises &; have
been memorized by CNN filters, and then the training loss
and test error can both be bounded based on their definitions.
We defer the detailed analyses to the appendix.

5. Experiments

In this section, we present simulation results on synthetic
data to back up our theoretical analysis. Our experiments
cover different choices of the training sample size n, the di-
mension d, and the signal strength || g||2. In all experiments,
the test error is calculated based on 1000 i.i.d. test data.

Given dimension d and signal strength || p]|2, we generate
XOR-type data according to Definition 2.2. We consider
a challenging case where the vectors a + b and a — b
has an angle 6 with cosf = 0.4. To determine a and b,
we uniformly select the directions of the orthogonal basis
vectors a and b, and determine their norms by solving the
two equations

lall3 + I3 = llell3,  llall3 — b3 = [lu]3 - cos 6.

The signal patch p and the clean label 3 are then jointly gen-
erated from Dxor(a, b) in Definition 2.1. Moreover, the
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Figure 1. Heatmap of test accuracy under different values of n and od/||||3. The z-axis represents the value of o;d/|| |3, whereas
the y-axis is sample size n. (a) displays the original heatmap of test accuracy, where high accuracy is colored blue and low accuracy
is colored yellow. (b) and (c) show the truncated heatmap of test accuracy, where accuracy higher than 0.8 or 0.7 is colored blue, and

accuracy lower than 0.8 or 0.7 is colored yellow.
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Figure 2. Heatmap of test accuracy under different values of d and n||p||3 /0. The z-axis represents the value of n||p||3 /07, and y-axis
represents dimension d. (a) displays the original heatmap of test accuracy, where high accuracy is represented by blue color and low
accuracy is represented by yellow. (b) and (c) show the truncated heatmap of test accuracy, where accuracy higher than 0.8 or 0.7 is

colored blue, and accuracy lower than 0.8 or 0.7 is colored yellow.

noise patch ¢ is generated with standard deviation o), = 1,
and the observed label y is given by flipping 7 with probabil-
ity p = 0.1. We consider a CNN model following the exact
definition as in equation 2.2, where we set m = 40. To
train the CNN, we use full-batch gradient descent starting
with entry-wise Gaussian random initialization N (0, 03)
and set op = 0.01. We set the learning rate as 10~2 and
run gradient descent for 7" = 200 training epochs. Our goal
is to verify the upper and lower bounds of the test error by
plotting heatmaps of test errors under different sample sizes
n, dimensions d, and signal strengths || g¢||2. We consider
two settings:

1. In the first setting, we fix d = 200 and report the test
accuracy for different choices of n and ||p]|2. According
to Theorem 3.2, we see that the phase transition between
benign and harmful overfitting happens around the critical
point where n||p||3/(c5d) = ©(1). Therefore, in the test
accuracy heat map, we use the vertical axis to denote n and
the horizontal axis to denote the value of ojd/||pu||3. We
report the test accuracy for n ranging from 4 to 598, and the
range of || ||z is determined to make the value of oyd/|| 1|3

be ranged from 0.1 to 10'. We also report two truncated
heatmaps converting the test accuracy to binary values based
on truncation thresholds 0.8 and 0.7, respectively. The
results are given in Figure 1.

2. In the second setting, we fix n = 80 and report the test
accuracy for different choices of d and ||p¢|2- Here, we use
the vertical axis to denote d and use the horizontal axis to
denote the value of n||u||3/07. In this heatmap, we set the
range of d to be from 10 to 406, and the range of || || t¢||2|2 is
chosen so that n|| |3 /o7 ranges from 120 to 12000. Again,
we also report two truncated heatmaps converting the test
accuracy to binary values based on truncation thresholds 0.8
and 0.7, respectively. The results are given in Figure 2.

As shown in Figures 1 and 2, it is evident that an increase in
the training sample size n or the signal length || ut||2 can lead
to an increase in test accuracy. On the other hand, increasing
the dimension d results in a decrease in test accuracy. These
results are clearly intuitive and also match our theoretical

IThese ranges are selected to set up an appropriate range to
showcase the change of the test accuracy.
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results. Furthermore, we can see from heatmaps in Figures 1
and 2 that the contours of the test accuracy are straight lines
in the spaces (opd/||p||3,7) and (n||p|3/0p, d), and this
observation is more clearly demonstrated with the truncated
heatmaps. Therefore, we believe our experiment results here
can provide strong support for our theory. Some additional
experiment results are given in the Appendix I.

6. Conclusions

This paper focuses on studying benign overfitting in two-
layer ReLU CNNs5 for XOR-type data. Our results reveal a
sharp phase transition between benign and harmful overfit-
ting, and demonstrate that CNNs have remarkable capacities
to efficiently learn XOR problems even in the presence of
highly correlated features. There are several interesting di-
rections for future investigation. It is important to generalize
our analysis to deep ReLU neural networks, and it is also
interesting to study benign overfitting of neural networks in
learning unbalanced data.
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A. Discussion of the Proof
A.1. Discussion of the Orthogonality Assumption on the Signal and Noise Vectors

Definition 2.2 assumes that € ~ N (0,02 - (I—aa' /||a[|*> — bb ' /||b||?)). This assumption implies that £ is orthogonal to
both a and b. As a result, the noise vector is also orthogonal to the signal vectors u and v.

The assumption of the orthogonality that £ | u and £ L v is just for the simplicity of the proof. By the gradient descent
updating rule, after direct calculation, we can obtain

o
Wit —wi) S 0w > 0pat S 401wl ) > O}
1€ESLu,+1US_yu,—1 1€S_u,+1US4+u, -1
nJj nJj /
+ > D1 {(w ;?,m>>0}v7% > 01w i) > 0}y
1€ES v, —1US_v 41 1€S_v,—1US v, 41
N X ) ®)
- — L. )1 L &) > 0} A.l
nmgj (i) 1{(wyy. &) > 0} (A1)

As we have discussed in Section 4, our theoretical analysis is based on studying the updating dynamics of the inner products
<Wj(-t7),, u), (w;tz,7 v) and (w (?,7 ). We can take the example of the proof of benign overfitting to explain the reason we
assume that the noise vectors &;’s are orthogonal to u, v, and how we can potentially remove this orthogonality assumption

with more complex analyses.

With the assumption that &;’s are orthogonal to u, v, by equation A.1, we have

t+1 t nJ t t
Wi = w2 T L {(wl) ) > 0 ull3
ies+u,+1US7u171
nJj
o ) > 0}l
1E€ES_u,+1US4u,—1
oY A0 ) > 0} [uf3cosd
€Sy, —1US_v 41
nJ I(t) (t) 2
S > G0 {wy ) > 0l cos .

1€S_v,—1US v 41

We can see clearly that because of the orthogonality assumption, the last term in equation A.1 automatically disappears in
our analysis of the inner product (wg-ti, u). This is the major motivation for us to consider such a setting.

If we remove this orthogonality assumption, then the updating formula of <w§t3, u) will become

i) = wow = 2L O ) > 0}l
1€ESfu,+1US _u,—1
nJj
oy 0w ) > 0}l
1€S_u,+1UStu,—1
nJ /(t 9
) 1{(w!, ;) > 0}[|u3 cos 6
1€S v, —1US v 41
nJj
- Y A ) > 0} uf3 cos 0
1€S_v,—1US v 41
— ST O Gy {(w D, &) > 0} (u, &) (A2)
nm = ? 7,r? 9 )

and we have the last additional term due to the removal of the orthogonality assumption. However, we note that for the case
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of benign overfitting, by simple Gaussian tail bound, with probability at least 1 — d~2 we have

|(w,&)| < 4oy - [|ullz - log(d) < [ull3 - (n/d)"/* - log(d) < |[ul3,
where the second inequality follows by the condition n||u||3 > C1 a;%d, and the last inequality follows by the assumption
that d = fl(ng). Based on this, we can easily show that the last term in equation A.2 is dominated by the other terms,
and therefore the updating formula of (w(-tz, u) for the case without orthogonality is almost the same as the case with the

orthogonality assumption. Therefore, the ofthogonality assumption can be removed, with the expense of a lot of perturbation
analyses in the subsequent proof.

For the case of harmful overfitting, we remark that the orthogonality assumption is not essential either — in this case, the
goal of the proof is to demonstrate insufﬁcient signal learning which leads to harmful overfitting. Therefore, we only need to
establish upper bounds of |< u), \( w, T, v)], and it is easy to show that, even with the additional O(,||u||2) term in
equation A.2, the resulting bounds can still lead to a constant lower bound of the test error. Therefore, the orthogonality
assumption can also be removed in the proof for the case of harmful overfitting.

A.2. More Details in the Discussion of the Proof

With Lemma 4.1, it is clear for us to see the main leading term when cos ¢ < 1/2. For instance, when (w_; ,,u) > 0

and cos < 1/2, itis easy to see that — L 5", ¢ ;(t 1{(w_H s i) > 0} /|3 is the main leading term. With the

leading term, we can thus characterize the growth of <w(+})r, ;). We have the following proposition.

Proposition A.1. Under Condition 3.1, the following points hold:

1. For any r € [m), the inner product between u and w(_t%,r satisfies

(w) . w)| < 2+/log(12m/3) - oollgellz + nllpel3/m.

2. Foranyr € [m], <w(+} -, W) increases if<w(+°} u) >0, <WSF% -, W) decreases if(wfl),r, u) < 0. Moreover, it holds

that
(W), w)| = —2v/log(12m/3) - oollpllz + enllul3/(02d) - log (no?d(t — 1)/(12nm) +2/3) — - ||ull3/m.

3. Fort = Q(nm/(no2d), the bound for ||W H2 is given by:
@(U;Idfl/in/Q) -log (naf,d(t —1)/(12nm) +2/3) < ||w(t> ||2 < 9(051d71/2n1/2) -log (Znagdt/(nm) +1).

We are prepared to investigate the test error. Consider the test data (x,y) = ([u, €], +1) as an example. To classify this data
correctly, it must have a high probability of f(W®) x) > 0, where f(W®) x) = F,;(W,,x) — F_;(W_1,x). Both
Fi1(Wy1,x)and F_;(W_1, x) are always non-negative, so it is necessary for F1 (W 1,x) > F_1(W_1, x) with high
probability. The scale of F, 1 (W1, x) is determined by (wS:)l r, u) and (w 4:1 - &), while the scale of F_1(W_1,x) is

determined by (w(_t)lﬂ., u) and <w(_t)1 &) Note that the scale < W r, E) is determined by Hw ||2 Therefore, to determine

(®) (®)

the test accuracy, we investigated (w.; ., u), (W' ., u), and ||w

bound in conclusion 1 in Proposition A.1 also hold for <w(+}’,ﬂ, v), and the bound in conclusion 2 of Proposition A.1 still

2, as shown in Proposmon A.1 above. Note that the

holds for (w(t) v). Based on Proposition A.1, we can apply a standard technique which is also employed in Chatterji &

—1,r
Long (2021); Frei et al. (2022); Kou et al. (2023) to establish the proof of Theorem 3.2. A detailed proof can be found in the
following sections.

B. Noise Decomposition and Iteration Expression

In this section, we give the analysis of the update rule for the noise decomposition. We provide an analysis of the noise
decomposition. The gradient = 8L(W) can be expressed as

n

n 6fW Z) 1 m 2
T = ) = S 0 Y ) > 0

i=1
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For each training sample point x;, we define p; € {£u, £v} represents the signal part in x; and &; represents the noise in
x;. The updated rule of wg.tT), hence can be expressed as

t4+1 t nJ Vi t) nJ /t
wi = w0y > 0hut YT 01w ) > Ofu
1€Stu,+1US _u,—1 1€ES_u,+1USu,—1
4 ﬂ t)l (w ) >0 ﬂ /(t 1{(w 0
el {(wjyp) > 0py = %7 {(wil o) >0y gy
1€S v, —1US_v 41 1€S_v,—1US v, 41

RS :
- Zfé(t)(yyi)lﬂ\’vﬁ-fﬁ,é» > 0}&;,
nm &
where S,, , = {i € [n],u; = p,y; = y}. Here, p € {£u,+v}, y € {£1}. Forinstance, S;u—1 = {i € [n],u; =
u,Yy; = —1}
(®

Similar to the previous works (Cao et al., 2022; Kou et al., 2023), we can give the decomposition of w; .
{u,v} and {&;}. Let

into the space of

wil) = wi) +at) 4 > P lElS - € (B.2)
=1

(®)

where a(*) is the projection vector of w; .. onto the space span{u, v}. We have the following lemma.

Lemma B.1. Suppose that the update rule of W( ) ;- Jollows equation B.1, then a¥ and p( )

()

- in equation B.2 exist and are

unique. Moreover, for any j € {£1}, r € [m] and i € [n], p;..; satisfies
t+1 ¢ UG t 0
piid) = o = o (W €0) S -y A =0,

nm

(t) (0)

Proof of Lemima B.1. From the update rule equation B.1, it is clear that w + span{u, v, &;}. Therefore, a®) and

pg Z , €xist. By our data model in Definition 2.2 and the Gaussian dlstrlbutlon all the vectors are linear independent, we

(®) (t)

i ;i has the unique expression

conclude the uniqueness of a®®) and p") . As for the update rule of pJ -i» we have that p;

t) n s (s) .
p§”:_nngl( ' i &) - &3 - gy
Therefore it holds that pﬁr ; ) ; 2 ;= #E;(t) o' ({ 52, &) - 1&I3 - v, pfii = 0, which completes the proof of
Lemma B.1. O

The lemma below presents an iterative expression for the coefficients.

Lemma B.2. Suppose that the update rule of w follows equation B.1, then ( e &) can be decomposed into

t 0 t
(Wi &) = %s+2¢aa@m&m

Further denote ﬁ(t), = pth) 1(,0( ) 0),35,‘2_2_ = p(t) 1(P§t3~@ <0). Then

7,7yt _pjrz

<YM»4N@+ZmM&@mm+Zg”@@mm.

—(t)

Here, p; ., and p(t) can be defined by the following iteration:
—(t+1 —(t n t t .
P =P — 0 o (W.€0) - 16l - 1w = ).
_ n (t) (t) o —(0) _
Bgt:rql) B§t7)«1+% 'Zi ’0/(<W] ) >) ||£Z||21(y1 - _j)v Pjri _p§027 =0.

13
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Proof of Lemma B.2. Note that w( ) e span{u, v, {& .} + wj 7), and span{u, v} L span{{&;}_,}. We can express
( ) )b
y

t n
wit) = wil) = LTS o () ) - i — aY,

where a(‘+1) € span{u,v}. By {£;}7_, and u, v are linearly independent with probability 1, we have that p(t) ; has the

PES
unique expression
n =
t /(s
P = =36 o (Wi €) - &3 - i
5=0
Now with the notation ﬁgtil = p;till(pgtg,z >0),p") = Eti l(pgz?,Z < 0) and the factf ) <0, we get
g =
—(t) /(s) / (s) 2
Pimi =~ Ze co' (w3 €0) - 1613 - 1y = ),
s=
p
0 = N0 () g _
D5i = nm;& o' (wi) &) - I&l13 - 1(ys = ).
This completes the proof. O

C. Concentration

In this section, we present some fundamental lemmas that illustrate important properties of data and neural network
parameters at their random initialization.

The next two lemmas provide concentration bounds on the number of candidates in specific sets. The proof is similar to that
presented in Cao et al. (2022) and Kou et al. (2023). For the convenience of readers, we provide the proof here.

Lemma C.1. Suppose that 6 > 0. Then with probability at least 1 — §, for any i € [n] it holds that

mlog(2n/o
150 = 2] < /2L
Proof of Lemma C.1. Note that ‘S(O | =y, [<Wyl T,£l> ] and P(<wyl ,£l> > O) = 1/2, then by Hoeffding’s

inequality, with probability at least 1 — §/n, we have

’\S”! . 1‘ ., [lor2n/5)
2

7

2m
which completes the proof. O

Lemma C.2. Suppose that 6 > 0. Then with probability at least 1 — 6,

nlog(8n/é
S| (1~ p)a] < o/ 210 EL0)
for all i satisfies p; = +u, y; = +1and p; = £v, y; = —1;
nlog(8n/d
HS,MM — np/4’ < %
for all i satisfies p; = +u, y; = —1land p; = £v, y; = +1.
Proof of Lemma C.2. The proof is quitely similar to the Proof of Lemma C.1, and we thus omit it. O

14
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The following lemma provides us with the bounds of noise norm and their inner product. The proof is similar to that
presented in Cao et al. (2022) and Kou et al. (2023). For the convenience of readers, we provide the proof here.

Lemma C.3. Suppose that § > 0 and d = Q(log(4n/d)). Then with probability at least 1 — 4,

Uzgd/Q < Uzgd - 00‘7;27 -/dlog(4n/d) < HﬁzHi < Uf,d—i— C’oaf) -\/dlog(4n/d) < 30§d/27
(&, &)| < 2072 - \/dlog (4n%/5)

foralli,i" € [n]. Here Cy > 0 is some absolute value.

Proof. By Bernstein’s inequality, with probability at least 1 — §/(2n) we have

| 1&:12 = 02d| < Coo? - \/dlog(4n]?).

Therefore, if we set appropriately d = Q(log(4n/d)), we get
02d/2 < |1&|% < 302d/2.

Moreover, clearly (£;, €;/) has mean zero. For any 4,4 with ¢ # ¢/, by Bernstein’s inequality, with probability at least

1-9/ (2n2) we have
(&, &)| < 202 - \/dlog (4n%/0).

Applying a union bound completes the proof. O

The following lemma provides a bound on the norm of the randomly initialized CNN filter wﬁ?, as well as the inner product

between Wé?r) and u, v, and &;. The proof is similar to that presented in Cao et al. (2022) and Kou et al. (2023). For the
convenience of readers, we provide the proof here.

Lemma C4. Suppose that d = Q(log(mn/d)),m = Q(log(1/0)). Let p = u or p = v, then with probability at least
1-4,

o3d/2 < w3 < 303d/2,
(Wi, )| < v/2Tog(12m /) - oo 2,
(w2 &) < 2¢/log(12mn/6) - 590, Vd

forallr € [m],j € {£1} and i € [n]. Moreover,

min [(w'?, &) > ooo,V/d5/8m

j”r‘?
forall j € {£1} andi € [n].

Proof of Lemma C.4. First of all, the initial weights w§or)

1—46/(6m) we have

~ N(0,00I). By Bernstein’s inequality, with probability at least

Ilwi)13 — 02d| < Co - \/dlog(12m/3)

for some absolute value C' > 0. Therefore, if we set appropriately d = Q(log(mn/J)), we have with probability at least
1—46/3,forall j € {£1} and r € [m],

obd/2 < w13 < 30%d/2.
Next, it is clear that for each r € [m], j - <W§?2, ) is a Gaussian random variable with mean zero and variance o3 ||p|3.
Therefore, by Gaussian tail bound and union bound, with probability at least 1 — §/6, for all j € {£1} and r € [m],

(Wit )| < V2log(12m/5) - oo |l

15
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(0)

Similarly we get the bound of |(w P &;)|. To prove the last inequality, by the definition of normal distribution we have

5
0
P(Itw$0),€9)| = 00, V/db/8m) 21—

therefore we have
. (0) s \™
P(m1n|<wjr,§i>|Zaoap\/aé/Sm)Z 1-—) >1-4.
T ’ m
This completes the proof. O

D. Coefficient Scale Analysis

In this section, we provide an analysis of the coefficient scale during the whole training procedure, and show in detail to
provide a bound on the loss derivatives. All the results presented here are based on the conclusions derived in Appendix C.
We want to emphasize that all the results in this section, as well as in the subsequent sections, are conditional on the event £,
which refers to the event that all the results in Appendix C hold.

D.1. Preliminary Lemmas

In this section, we present a lemma, which provides a valuable insight into the behavior of discrete processes and their
continuous counterparts.

Lemma D.1. Suppose that a sequence az,t > 0 follows the iterative formula

c
41 = ap + —————
t+1 t+1—|—be““

fol somel>c>0andb > 0. Then it holds that
< < ¢
T a xT
¢S 0 T + X
fol allt > 0. Here, Tt is the umque solution Of

Ty + be™t = ct + ag + be®®.

Proof of Lemma D. 1. Consider a continuous-time sequence x;, t > 0 defined by the integral equation

¢
dr
Ty =1 c ——— g = ap. D.1
t =g+ /0 TS bee To= (D.1)
Obviously, x; is an increasing function of ¢, and z; satisfies

dxy c

& Tk 0T

By solving this equation, we have
¢ + be®t = ct + ag + be®.

It is obviously that the equation above has unique solution. We first show the lower bound of a;. By equation D.1, we have

HLdr
e = / T+ ber

1 qr c
<z C — =X P um——
st /t T+ber T T pen

16
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Note that ¢ < 1, 4 ¢/(1 + be®) is an increasing function. By comparison theorem we have a; > x,. For the other side, we
have

t
c
at:aoJrZil_’_beaT
7=0

¢
c
Sao+;7l+be%
c : c
CL()_|_1—|—l)e‘10 +Tz::11+be$7

n c n /t dr
a —dc| —
=0T T ¥ bewo o 1+ be®r

- +/d - 4
Tr=a T —T
1+ beao 0 O 1 + bewo K 0

c
1+ beao + o

Here, the first inequality is by a; > x, the second inequality is by the definition of integration, the third equality is by

% = {opeer- We thus complete the proof. O

D.2. Scale in Coefficients

In this section, we start our analysis of the scale in the coefficients during the training procedure.
We give the following proposition. Here, we remind the readers that SNR = ||p||2/(c,V/d).
Proposition D.2. For any 0 <t < T*, it holds that

0 < [{wii) w)l. | (w2, v)| < 8n- SNR? log(T"), >

] T J T
2
108(11%/9)  ou(T*)  (D3)

0< ), <4dlog(T*), 0> p") = —2+/log(12mn/6) - 590, Vd - 32

forall j € {£1}, r € [m] and i € [n).
We use induction to prove Proposition D.2. We introduce several technical lemmas which are applied into the inductive
proof of Proposition D.2.

Lemma D.3. Under Condition 3.1, suppose equation D.2 and equation D.3 hold at iteration t. Then, for all v € [m],j €
{£1} and i € [n], it holds that

log(4n?/5 . )
(Wi =i &) — ) | <163/ B D gy 2y,
log(4n2/9)

[(wil) —wi &) —5\") | <16 nlog(T*), j=uyi.

]rz

—=(t)

7,75

Proof of Lemma D.3. For j # y; and any t > 0, we have p; . ., = 0 for all ' € [n], and so

& ||272 (&, &)

{Sz/

£’L’€'L +Zp]7ﬂ7/

<W§f7) 507)’€Z> - Zpgtv)” i’
= Zem/ ol (& &) =2 + > 01|

=1 i #i

€52 - (&, &)
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Note that we have

Z*JTZ /‘/HQ 57” Z|7j’l‘l @ ’ |<£1/’€L>‘
i'#i i F#i
log(4n2/§ log( 4n log(4n?/6)
\/72 |—j’l‘l 7]7"1
<164/ 208U/0) g0y,

- d
where the first inequality is by triangle inequality; the second inequality is by Lemma C.3; the last inequality is by
equation D.3 that | B;-t?)n ;| < log(T™). We complete the proof for j # y;.

Similarly, for j = y; we have

(®) (0) —2
< Wir WJT7 ]7z Zp]7z 2 <€7l’€7>7
)
and also
_2 -2
SA el (g e < ST En ]y (g €]
i/ V£
/log 4n2/5 log( 4n log(4n?/0)
Z | j T, 1’ - J r, z’
1 2/6
<16 %n/)nbg(m
where the first inequality is by triangle inequality; the second inequality is by Lemma C.3; the last inequality is by
equation D.3. We complete the proof for j = y;. O
Now, we define
log(4n?/é
K = 56 %nlog(T*) +10y/log(12mn/8) - coo,V/d + 64n - SNR2 log(T™). (D.4)

By Condition 3.1, it is easy to verify that « is a negligible term. The lemma below gives us a direct characterization of the
neural networks output with respect to the time ¢.

Lemma D.4. Under Condition 3.1, suppose equation D.2 and equation D.3 hold at iteration t. Then, for all v € [m] it
holds that

KR
P, (WO x)< 2, —S+— Zpiﬁ’,”_ Wi xi) < Zp(”rﬁf

Here, k is defined in equation D.4.

Proof of Lemma D.4. Without loss of generality, we may assume y; = +1. According to Lemma D.3, we have

1 m
F—yq(w(—tiv ):E [g(<w(_ti”7r,v>)+0'(< —ym’&»}
r=1
1 & log(4n2/§
< 32n - SNRZ log(T™) EZ_: < (W &) +Zp_ym~ og(;”)

log(4n?
< 32n - SNR?log(T™*) + 21/log(12mn /) - ogo,Vd + 16n M log(T™)
< K/2.
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Here, the first inequality is by equation D.2, and the second inequality is due to equation D.3, Lemma C.4 and Condition 3.1.
The last inequality is by the definition of « in equation D.4.

For the analysis of F,, (W), x;), we first have

(Wi &) = (Wi &)

log(4n?/é y
> (w0 &) +p, . —16n M1og(T )
log(4n?
> p;)m — 2+/log(12mn/§) - aoap\/g — 16n M log(T™), (D.5)

where the second inequality is by Lemma D.3, the third inequality comes from Lemma C.4. For the other side, we have

o((wiio &) < [(wii) &)

log(4n2 /6
< |< (0)7‘7£1>‘ +pylrz+16 Mlog(T*)
log(4n?2
< 2+/log(12mn/é) - aoap\[—k pg(lt)” + 16n w log(T™). (D.6)

Here, the second inequality is by triangle inequality and the last inequality is by Lemma C.4. Moreover, it is clear that for
i € {+u, £v},

]- " t *
SEZ §3>H1 <32n'SNR2log(T ),
combined this with equation D.5 and equation D.6, we have

oLy 20 " RO
el < F, (WO x) < S50 L E

This completes the proof. O

Lemma D.5. Under Condition 3.1, suppose equation D.2 and equation D.3 hold at iteration t. Then, for all i € [n], it holds
that

b ® @ 5y 15
+ Zpy,m_yz FOW® xi) < 5+ mzpy,,m

Here, k is defined in equation D.4.
Proof of Lemma D.5. Note that

t
yzf(w(t)vxz) :Fym(Wz(J)’ ) -F—y7 (W(g)/ , X )7
the conclusion directly holds from Lemma D .4 O

Lemma D.6. Under Condition 3.1, suppose equation D.2 and equation D.3 hold for any iteration t < 'I'. Then for any
t < T, it holds that:

I 1/m-Y" [pffb{” ﬁffk)T k) <10g(2) + 2k + 4y/log(2n/8) /m for all i, k € [n].

2. Define Si(t) = {r € [m] <W%,T,£l> >0} and S(t,) ={ien]:y =j(w M7£Z> > 0}. Foralli € [n], r € [m]
and j € {1}, S € 8\, §1° c 51,
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2nod 02d _ _ . .
3. Definec = 1% ,Cc= 1 Jb=e""andb = e, and let T;, z, be the unique solution of
nm Snm

Ty + be™t = ¢t + b,
z, + be™t = ct + b,

it holds that

- 1 1
Z ) <T+e/(1+D), Wg—zg(“sf

forallr € [m]and i € [n).
Proof of Lemma D.6. We use induction to prove this lemma. All conclusions hold naturally when ¢ = 0. Now, suppose that
there exists ¢ < T' such that five conditions hold for any 0 < ¢ < ¢ — 1, we prove that these conditions also hold for ¢ = .

We prove conclusion 1 first. By Lemma D.5, we easily see that

RS PO 0
vi FWWoxi) =y f(WO i) = — >[5y =2 0]| < 5 (D.7)

r=1

—(®)

j’l"Z

Recall the update rule for p;
—(t+1 —(t n t t . 2
P = a0 = L 1w ) 2 0) 1 (i =) el

Hence we have

I ) I~ 1 0 1 0 e 2
—> m/mea;@'EZ(<W@ 0) -1 (yi = j) I&ll3
r=1 r=1 r=1

forall j € {+1},r € [m],i € [n] and t € [T*]. Also note that 5\") := ={rem]: <w§,i)7r,£i> > 0}, we have

1 — 1 — /
S =R = S A ) — s (SO il — 1501 - el
r=1

n
r=1

We prove condition 1 in two cases: 1/m> ., [p?(f Tll) - ﬁy(f:::ﬂ < log(2) + 2k + 34/log(2n/8)/m and

1/my ", [pgfnrlz —ﬁffk :L] > log(2) + 2k + 34/log(2n/d)/m.

When 1/m > | [pyi,rlz) —ﬁz(fk :L] <log(2) + 2k + 34/log(2n/d) /m, we have

1 & _ 1= -1 (-
— Z_; By i = i) = — Z; [Py ) = Py k]

(S e

e A A AT

I

m

t—1 (t—1 n
*Z pq(;l 7’1) _pyk,rgc] + %H&‘H%

<log(2) + 3+y/log(2n/d)/m + 2k + \/log(2n/5) /m
<log(2) + 4+/log(2n/d)/m + 2k.

Here, the first inequality is by |S§£_1)| < m and —Ki(t) < 1, and the second inequality is by the condition of 7 in
Condition 3.1.

I A
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For when 1/m " | [pl(fmlz) — ngi TIH > log(2) + 2k + 34/log(2n/4)/m, from equation D.7 we have

f(W(t b, Xi) = U - f(W(t D) ,xp) > log(2) + 34/log(2n/68)/m,

hence
gl(t 1) 3
g’(t Ty < exp (- FOWED x) — i - F(WED %)) < exp (— & — 3v/log(2n/5) /m) /2. (D.8)
Also from condition 2 we have |S££_1)} = ’S,L-(O)| and ‘S,(f_l)| = | A
L[ I i i 151
|5£t_1)!42,“_1)H&H2 AT
- m - e—3V/log(2n/8)/m o 1+C log(4n/5)/d
~ (0.5m — /2log(2n/0)m) 2 1—Cy/log(4n/é)/d
<1lx1=1.

Here, the first inequality is by Lemma C.1, equation D.8 and Lemma C.3; the second inequality is by

1 —3x

— e <1 when0<z<0.1, r>2C+/log(4n/d)/d.
1-— \/5113 g( / )/
By Lemma C.3, under event £, we have

H|£z“2 d- 0'2‘<COU \/WVZE

Note that d = Q(log(4n/d)) from Condition 3.1, it follows that

SN0 -l < ¢V 1= 607 - el

We conclude that

~ m

1 & _ 1 1) _(i-1
gZ[P&)m Pwk <— pglrj_p;ir;c] < log(2) + 2k + 4+/log(2n/3) /m.

r=1 r=1
Hence conclusion 1 holds for ¢ = ¢.

To prove conclusion 2, we prove Sl-(o) - Si(t), and it is quite similar to prove SJ(OT,) = Sj(tr), Recall the update rule of

(w2, 9. or 7 € 51 we have

(i) = (o500 = el S o ()-8
Iy
Lemma C.3 shows that
—Iy > [0V 02d/2,
and
L] < 326 P] o (WD, €0)) - (€, 60)
i/ #£i
< Z |£Z(-,t~_1)| : 2012) -v/dlog(4n?/§) < 2n‘€E{_1)| ~20§ -+/dlog(4n?/é),
i #i
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where the first inequality is by triangle inequality, the second inequality is by Lemma C.3 and the last inequality is by
induction hypothesis of condition 3 at t = ¢ — 1. By Condition 3.1, we can see —I3 > |I4|, hence we have

< y1777£l>—< y r 7£1>

which indicates that
SO c g1 ¢ g®
We prove that

S© ¢ 5.

As for the last conclusion, recall that

m

1 o-_ 1 oe-_ n 1 _
D Pyed =D Py~ e G S (Wi €) 2 0) - 1 (s = ) 3

Yi T
m - nm
r=1 r=1 r=1

by condition 2 for t € [t — 1], we have

0)
IS0 _LNtodn 1 IS( |
Py ri = Py, ri 7 X)) H&HQa
) 3

m r=1 m r=1 nm 1 + eXp (ylf(w(t)

then Lemma C.1, Lemma C.3 and and Lemma D.5 give that

(1) 1
2
72 yﬂl—iz y7M+ nm L ~m (-1 1€l

r—1 14+eK.egmr=1 Py, i

m

< c
_72 y“rz — 1 m =(t—-1)"

1 + pem &r=1 Pyiirii
1 7 1/2 — \/2log(2n/d)/m
Zpu) NI o B R I / g(2n/d)/

i,y = Yisry m 1) &l
m nm
r=1 1+€K e7n2r 1P YisTi
m
R S ¢
~m =Yi,ryi 1 5m @D
r—=1 1+ bem™ P =1Py;,ri

Combined the two inequalities with Lemma D.1 completes the first result in the last conclusion. As for the second result, by
Lemma D.5, it directly holds from

7Zpy7r1_ﬁ/2§yi ( Xl S—Zpy 7“1+K//2
[ § n/2.
This completes the proof of Lemma D.6. -

Lemma D.7 (Restatement of Lemma 4.1). Under Condition 3.1, suppose equation D.2 and equation D.3 hold at iteration t.
Then, for all i, k € [n], it holds that

e;(t)/ggt) <2. €3n+4\/log(2n/5)/m =924 0(1)

Proof of Lemma D.7. By Lemma D.6, we have 1/m - >, [p;t)r ;= ﬁ;k) ) < log(2) + 2& + 44/log(2n/d8)/m. The
conclusion follows directly from Lemma D.5 and Eg(t)/ﬁgt) < exp{yi f(W® x;) — yr f (WD x1)}. O

We are now ready to prove Proposition D.2.
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Proof of Proposition D.2. Our proof is based on induction. The results are obvious at ¢ = 0. Suppose that there exists
T < T* such that the results in Proposition D.2 hold for all 0 < t < T — 1. We target to prove that the results hold at t = 7.

We first prove that equation D.3 holds. For Bﬁ-ti ;» recall that BYZ ;, = 0 when j = y;, hence we only need to consider the case

. I— log(4n?/5) *
5 # ;. Easy to see B§'t1)~i < 0. When B§-TM1) < —2/log(12mn/6) - ooo,vV/d — 164/ <22 nlog(T*), by Lemma D.3

we can see
w0 € < pT0 4 (w6 + 16y 2O 5 <,
hence
PP = 0+ L T (w7 6 2 0) - 1 = i) 6113
857;11)> —2y/log(12mn/6) - ooo,Vd — 32 Wnlog(T*).

Here the last inequality is by induction hypothesis. =~ When p(T Vo> —2\/log(12mn/s§) - ogopVd —

—7,T ,l
164/ Wnlog(T*), we have

n T— . 2
P = o0+ T (w0 6 > 0) 1w = =) &5

Zjri Bjri
log(4n?/6) 3nod

log(12mn/8) - oo, Vd — 16 nlog(T") —

2nm

log(4n?
> —24/log(12mn/?) -aoap\/E— 32 log(4n?/3)

nlog(T"),
where the first inequality is by 0 < —¢'(T=1) < 1 and ||&2 < 302d/2, the second inequality is by 161/log(4n2/8)/d -
nlog(T*) > 3no2d/2nm by the condition for 7) in Condition 3.1. We complete the proof that Bﬁ ;= —24/log(12mn/§) -

a00pVd — 32\/@” log(T™). For PS 2 4> it 1s €asy to see ﬁ;tlz = 0 when j # y;, hence we only consider the case
j = y;. Recall the update rule

P =7 = e 6 (w0 ) 2 0) 1 =) il

®

When j = y;, we can easily see that p; _ ; increases when ¢ increases. Assume that ¢;,; be the last time such that

/);1)»2 < 2log(T™), then for p( ") we have

R

P = A ) (w6 2 0) 1= )

nm
n (t) . 2
- Z ~%'€i 1(< j7‘7€7’>>0> (yl:])Hngz
tj)7~y7;<t<T
. 3noid 3no2d
S210g(T)+ﬁ_ Z ﬁ'fgt) (< JT7€Z>_ ) (yz—])
b <t<T
. 3noid )
< 3log(T*) — Z ﬁ .Egt) (<W§t2, ) >0)-1(y; = j).
tjri<t<T

2
Here, the first inequality is by —é;(t” ) <1 and €13 < 307d/2 in Lemma C.3; the second inequality is by 3277:;d <

21og(T™) which comes directly from the condition for 7 in Condition 3.1. The only thing remained is to prove that

3noid
- Y G (wl &) 2 0) 1y =) < log(T7).

tjrs<t<T
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For 5 = y;, we have that

log(4n?/é ;
(Wi &) > (Wi, &)+ —16 %mmT )
2
> —2+/log(12mn/s) - coo,Vd + 2log(T*) — 16 log(4n*/9) /5)nlog(T*)

> 1.6log(T™),

where the first inequality is by Lemma D.3, and the second inequality is by ﬁ(-t) . > 2log(T™*) and Lemma C.4, and the third

7,ry
inequality is by 21/log(12mn/$) - ooo,Vd + /log(16n2/§)/dnlog(T*) < 0.4log(T*). Then it holds that
AR !

L exp {yi - [Fa (W) = Fo (W) ]}
< exp ( -y Fy, (Wz(/ti)’ Xi) + 0.1)

m

<exp(—1/m-> o((wl),,&)) +0.1)) < 2exp(—1.6log(T™)). (D.9)

r=1

Here, the first inequality is by Lemma D.4 that F_,, (W(_t)yb ,x;) < 0.1; the last inequality is by <W§?T, &) > 1.6log(T™).
By equation D.9, we have that

Sy B0 (w6 2 0) 1= )

_ 2nm
tymi<t<T
3no2d * '
< 3 TP exp(-16log(T) - 1((w)) > 0) 1y =)
by <t<T
. 3no3d T 310, d
<. %% 1.61oe(T* 5 < 1 <log(T*).
< Yo exp(— og(T™))- < (T*) 2nm T < log(T")

The last second inequality is by the condition for 7 in Condition 3.1. We complete the proof that 0 < pgt) < 4log(T™).

We then prove that equation D.2 holds. To get equation D.2, we prove a stronger conclusion that there exists a i* € [n] with
y;+ = j, such that forany 0 <t < T,

|< ]77 >‘/p]rz* <8nSNR2 (DlO)

and ¢* can be taken as any sample from S J(OT) . Tt is obviously true when ¢t = 1. Suppose that it is true for 0 < t < T — 1, we
aim to prove that equation D.10 holds at ¢ = T'. Recall that

1 nJ
<W§f: ),u> = <Wj(,t7)‘au> — % Z 1{< ]r7/~l/z> > O}HHHS
1E€Stu,+1US—u,—1
nJ 1 . ,
tom 2 {(wl) i) > 0} l3
1€S_u,+1US}u,—1
nJj ’
S 40 1wl ) > 0}l cosd
1€S4v,—1US_v +1
nJj ’
-y 40w ) > 03 cose.

1€S_v,—1US v, +1
We have |Sy 41 US_u—1|+[S—v,—1U Sty +1] <n/2 + 6(\/77), hence

et el + cosd)

u>| +2(1+0(1)) 5

(D.11)

[(wi ] < [(w
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Here, we utilize the third conclusion in the induction hypothesis. Moreover, for p( )l we have that (w7 W, T, &;+) > 0 by the
condition in Lemma D.6, therefore it holds that

pD. =pTD LT e >pTD =L T 24y, D.12)
Hence we have
i ] _ w20 2
ﬁﬁ)z - 7%@*”‘#'4(; V- o2d/2
S {|<w§7§?‘”,u>| A6 el | < susnie
) o e Yezayen)) T |

where the first inequality is by equation D.11 and equation D.12, the second inequality is by condition 3 in Lemma D.6
and (a1 + a2)/(b1 + b2) < max(a1/b1,az/bs) for ai, az, br, bz > 0, and the third inequality is by induction hypothesis.

We hence completes the proof that | (w; ( n, u)| < 32n - SNR? log(T™). The proof of |(w; ( n, v)| < 32n- SNR®log(T*) is
exactly the same, and we thus omit it. O

We summarize the conclusions above and thus have the following proposition:
Proposition D.8. If Condition 3.1 holds, then for any 0 < t < T*, j € {£1}, r € [m] and i € [n], it holds that

0 < [(wil), )], [(wi!), v)| < 32n - SNR” log(T™),
log(4n?/d
0<p 7() ; < 4dlog(T*), 0> p(t > —2/log(12mn/9) - aoo,Vd — 324/ og( ;L / ) og(T™),
and for any i* € Sj(-?r) it holds that

(Wi w)l/p51) - < 8n-SNR?, - |(wil),v)|/p) . < 8n - SNR®.

Moreover, the following conclusions hold:

I 1/m-Y" [pffb{” p;tk)r k] <log(2) + 2k + 44/log(2n/8) /m for all i, k € [n].

2. =54 Ly 1py ri < yif(W® x;) < &4 LS 1py Mforany@ € [n]. Forany i,k € [n], it holds that
;“ /ajt <24 o(1).

3. Define SZ-(t) = {rem: <w?(,?7r,§i> >0} and Sj(tz ={ien]:y =j(w W r,£l> > 0}. Foralli € [n], r € [m]
and j € {£1}, S c 8\, 5 ¢ 5.

2no2d nold + _ _ . .
4. Definec = P c= L h=c "andb=e" and let T;, x, be the unique solution of
nm 3nm t

Ty + be™ = ¢t + b,
z, +be*t = ct + D,
it holds that
1 /(1) 1

1 m ®
Z‘t = mr 1pyi’r’l = T C/( )a l T, — 7 =1 z z,

forallr € [m] and i € [n).

The results in Proposition D.8 are deemed adequate for demonstrating the convergence of the training loss, and we shall
proceed to establish in Section F. It is worthy noting that the gap between z, and 7; is small. Indeed, we have the following
lemma:
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Lemma D.9. It is easy to check that

IA

o2d 2 2nod
log<npt+><xt log(np t—|—1>,
nm

8 3 nm
2d 92 2no2d
log % t+ - | <z, <log "% t+1).
8nm 3 nm

Proof of Lemma D.9. We can easily obtain the inequality by
be™t < Ty + be®t < 1.5be®t, bt < z, + be®t < 1.5be*t,

and no2d/(8nm) < ¢/b < 2no2d/(nm), no2d/(8nm) < ¢/b < 2nold/(nm). O

E. Signal Learning and Noise Memorization Analysis

In this section, we apply the precise results obtained from previous sections into the analysis of signal learning and noise
memorization.

E.1. Signal Learning

We start the analysis of signal learning. we have following lemma:
Lemma E.1 (Conclusion 1 in Proposition A.1). Under Condition 3.1, the following conclusions hold:

1. If(wfl)’r, u) > 0(< 0), then (wg’r, u) strictly increases (decreases) with t € [T*];

2. If(w(f?w v) > 0(< 0), then (w(j)l}r, v) strictly increases (decreases) with t € [T*];

(0)

30w < W vl /m, [(w) )] < [(w) w4l pl3/m for all t € [T*) and r € [m)].

1,m =

Moreover, it holds that

2
<W(t+1) u> Z <WS:)1,rau> - M Z g;(t)v <w$1),r7u> > 0;

+1,r >
nm €Sy, +1
t+1 t cnllpll3 0
(Wi o < (i + =R ST 0w e <
1€S_u,4+1
2
(t+1) > (w® _077||M||2_ /() (0) .
<W71,T7V>7<W71,7‘7V> nm , Z 61 ’ <W71,T7V>>0’
1€S4v,—1
2
() Ly < (o) cnllpllz /® ©) <0
WP s SnE e 3 80 vee)
1€ES_v,—1

for some constant ¢ > 0. Similarly, it also holds that

C 2
) < (e - SR ST 0wl w0

i€[n]

t+1 t Crllpll3 t 0
( Srl,r)vu> < <W(+)1,rau> + WQ Z 4( )’ <Wgrl),rvu> <0;
i€[n]
(1) oy o (o) _ Cnllpll3 5~ o 0) 0:
<W—1,7- 7V> = <W—1,7-7V> nm Z [ <W—1,7-7V> >

i€[n]

—1,r > -1,

. , Col|pl3 0
WD vy < (wl) vyt WQ S a® w9 v <o,
i€[n]

for some constant C > 0.
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Proof of Lemma E.I. Recall that the update rule for inner product can be written as

t+1 t nJj
<W§',r ),u> = <W§-,l7u> T om Z 1{< ”,HZ> > O}HHHS
€S u,+1US_u,—1
nj
Tom 2 V1w, ) > 0l
ies—u,+1US+u,—1
nj ¢
S 40 1wl ) > 0}l cosd
7:GS-FV,—lus—v,+1
B % Z /(t) 1{< jr7l~l/z> > O}HNH%COSQ,
1€S v, —1US v 41
and
t+1 t nJj . .
vy = o= 3D 6w ) > O ul s cos o
P€S u,+1US w1
nj
oD V1w, i) > 0} |3 cos 0
1€S_yu,+1US}u,—1
nJj ’
+ g (w ) > 0wl
1€S4v,—1US—v 41
- > 01wl ) > 0| ll3
nm ] s

’L‘ES_V,_lUS_*_V,_;_l

When (w(ﬂ) ,»u) > 0, assume that for any 0 < ¢ < T — 1 such that <W$)1 - ) > 0, there are two cases for <w(+% V).

When (wSrT1 Tl), v) < 0, the simplified update rule of (wS:)M, u) have the four terms below, which have the relation:

n /(T—1) /(T—1) 2
. ¢ _ ¢ . 6> 0
(X > 4T ulcoso > o

iES,‘,,Jrl ies—v,—l
n T-1 T-1
L(- X e S AT iz =
iES+u,+1 iESJru,—l

from Lemma C.2 and Proposition D.8. Hence we have

T T-1 n T-1 T-1
el > w4 (= ST AT ) g

1E€Stu,+1 1€S 1 u,—1
(T-1) nHullz (T 1>< 2pn(1 + o(1)) )
> W ,u . E
= < +1,r > ESZ (1 _ p)n(l _ 0(1))
1€S4u,+1

Z(Wfl;l),w CWHI‘HQ. Z E/(T 1

1€S1u,+1
Here, the second inequality is by Proposition D.8, and the third inequality is by p < 1/C fixed for large C in Condition 3.1.
We prove the case when (wg_l Tl), v) < 0.

When (wSrTl;l), v) > 0, the update rule can be simplified as

(Wi w) = (WP )

W+l 7
—M< Z E;(T_l)— Z KQ(T_I)— Z e;(T_l)COSQ—F Z EQ(T_I)cos0>. (E.1)

1€Su,+1 1€S fu,—1 1€S4v,—1 1€S v, 1
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We can select ¢* such that

ST AT <pna- £7Y (14 0(1)),

i€S+u,—1

by the union bound in Proposition D.8, we have that

3 ey 3 ST pn/4- L7 (14 0(1)) < 2pn(1+o(1))
o e @ = = p)a(l—o(D)
€S, —1 1E€Sfu,+1 €S tu,+1
Applying similar conclusions above, equation E.1 shows that

(W ) > (w5 )
nllulg oy (| 2pm(+o())  ZeosO(l+o(1)) | peosd(l—o(1))
e 2 G <1 T-pn(—o(D))  1-o) 20- ><1+o<1>>>'

1€Stu,+1

Note that cos § < 1/2 is fixed, and p < 1/C for sufficient large C', we conclude that when (wg;}), v) >0,

T T—1 cnilp T—1
<Wgr1)rv > > <W5r1,r )’u> H H2 . Z ﬁ/( )

1€Su,+1

for some constant ¢ > 0. Similarly, we have

(t+1) (t) C77||H||§ /(t) (0) .
<W+1,r ’u> < <w+1 'r7u> + W ’ . Z ‘el ’ w+1 r7u> < Ov
1€S_u,+1
t+1 t C77HM||2 0
Wi v = W v SR S 0w v >0
i€S+v,—1
2
(t+1) < (t) C77HN||2_ 7 (0) <0
(ol ) S WS SR 2L 6T (R <0

This completes the conclusion 1 and 2.

To prove result 3, it is easy to verify that |<wf1) SV < \(wJrl V)| 4 nllpll3/(2m), assume that |<wJrl V) <
|<w$1 V)| +nllel|3/(2m), we then prove ‘(ngi), v)| < |<WJrl V)| +nllell3/(2m). Recall the update rule, we have
1 n
Wiy v =l - 3T 40w ) > 0}l cosd
1€S4u,+1US—u,—1
n t) t
o > a0 a{wl ) > 0}l cosd
ieS,u,+1US+u,,1
n t t
s > a0l > 0} 3
1€S v, —1US_v 41
n t t
s > Y > 0} w3

1€S_v,—1US v, +1

We prove the case for <w§r)1 > V) > 0. The opposite case for (w(+)1 V) < 0is similar and we thus omit it. If (wgﬁ V) >0,

we immediately get that

t+1 n t
< S»l,’r)’v> 2 % Z /( ) 1{<W+1 ra“l> > O}||IJ’||2COS9
1€S_u,+1UStu,—1
n t t
o 3 g0 awl ) > 0l
1€S4v,—1US—v 41
—nlpl3/m,
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(®)

where the second inequality is by —¢'(Y) < 1 and Lemma C.2. As for the upper bound, if (w"), u) < 0, we have

PEE
<w(ﬁ:p,v> =(w S:)l V) — 77||HH2 < Z € ) cosf — Z E;(t) cos@)
€S 1€ES_u,+1
12
UHM 3 ( Z /oy 3 g/(t)>
Z€S+V 1€S v, 41

where the inequality is by

Z 62(” cos ) — Z (;(t) cosf > 0,

1€ES _u,—1 1€ES_u,+1

/() /(t)
Y a0+ > q

iGSJrv,fl 7;€S+V,+1

u) > 0, the update rule can be written as

from Lemma C.2 and Proposition D.8. If <vvj(t7),7

(wgfi),v>:<w(+t)1,r,v> 77””2( Z ﬁ ) cosf — Z Kl(t)cose)

2€S+u +1 ’LES+U 1
77||N||2( A /(t))
ZES+V —1 l€S+V +1
/(¢) /(t) /(t)
N (t) 77““”%2165;‘,,,1 67, ZLES+u +1 Ez 9 ZZ€S+U 1 EZ 0
= (Wi, V)— o /0 -cosf — —E'(t) cos
Zi€S+v, 7 ZiGSJrV,,l 7

t t
el Yies,.,, 4" < |y Diesin b )>
/(t
nm ZiES+V,_1 él( )
< (Wi ,.v)

_nllel3 0 (9 e0s0(1 4 o1y P8O0 —0(1) 2p(1 + o(1))
w2 (eoso-+ o) - 2 = — 1 2 )

t
< (wlfh,.v).
Here, the first inequality is by Proposition D.8, the second inequality is by the condition of § and p in Condition 3.1. We

(®)

conclude that when (w; ,,v) , |(w gfi),v)’ < |<W$1 V)| 77||u||2/m The proof for <W5r% V) < 0 is quite

similar and we thus omit it. Slmllarly, we can also prove that [(w ti ;| < |<W 1w +7|[w]|3/m. As for the precise
conclusions for upper bound, by the update rule, we can easily conclude from 1 + cos 6 < 2 that

(t+1) O nj 1(t) ® 2
i < o =S A (wl) ) > 0l
€S u,+1US—u,—1
nj I(t) 0) 2
- — -1 S i) >0 0
WSO wl ) > 0} cos

1€S_v,—1USqv 41

2 2
< (el o) = 2R 57 40

1€[n]

Similarly, we can get the other conclusions. This completes the proof of Lemma E.1. O

In Lemma E.1, it becomes apparent that the direction of signal learning in XOR is determined by the initial state. For
instance, if 7 = +1 and the signal vector is u, the monotonicity in the value of inner product between the weight and u is
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solely dependent on the initialization, whether the inner product is less than or greater than 0. Conversely, for u and the
weight vectors where j = —1, the inner product between them will be relatively small. We give the growth rate of signal
learning in the next proposition.

Proposition E.2 (Conclusion 2 in Proposition A.1). For <W$)1)7,,., u), (w(o) v) > 0 it holds that

—1,r

( (t) ), (w (t)

Wit ), (W) raV>

anuH% nagd 2 2
log(12m/9) - + -1 t—1)+=-)—n- .
og(12m/4) - ool p|l2 Ugd og 120 ( ) 3 n-llpllz/m

For <WSS1) ), <W(01) > V) <0, it holds that

<W$i T ll> <W(q Ll V>

C”H“’H% 776127d 2 2
1 12m/9) - ool|pe -1 t—1)+ +n-llpn .
og(12m/d) - ool|p|2 24 og 12nm( ) 3 [[ell2/m

Here ¢ > 0 is some absolute constant.

Proof of Proposition E.2. We prove the first case, the other cases are all similar and we thus omit it. By Lemma E.1, when
0
(wif) . m) >0,

t+1 t C77||N||2 Z t
<Wg—l,r)>u> > <WS-; r’u> - 2. Z;( )
nm )
1€S fu,+1
) enll gl 1
> .
<W+1 T u> + nm Z:n 1ﬁ§/t)r 1+"‘€/2

i€S4u1 1+ em

t enllpll3 1
2 <Wi%,7-7u>+ - 2ﬁ

t
0 cnllull 1
2 (Wil + Y
1
+ beT

t—1
C
> W w+ nllel3 / _dr
: m )

0 enllplly 711
2 <W5rl),rau> T ' Z 0%

(0) cn||pll3_ c-enl|p|3
> +1,r )+ W%—l - T

enllpl3 _

2log(12m/d) - ool|ull2 + 2g -1 (el /m.
Ip

Note that the ¢ here is not equal, and we write ¢ here for the reason that all the ¢ are absolute constant. Here, the second
inequality is by Lemma D.5, the third inequality is by p < 1/C for sufficient large C' in Condition 3.1, | Sy 41| >
(1 — p)n/4.5 in Lemma C.2 and Proposition D.8 which gives the bound for the summation over r of p,, , ;, the fifth
inequality is by the definition of Z;, the sixth inequality is by z; < 2¢ and the last inequality is by the definition ¢ in
Proposition D.8 and Lemma C.4. By the definition of Z; in Proposition D.8 and results in Lemma D.9, we can easily see that

2 Qd )
(t+1) Ly > . enllpllz nopd 2\ 2
(w120 > —EToR(TZm ) - ool + el o (72— 1)+ 3 ) = o

The proof of Proposition E.2 completes. O

Proposition E.3. For <W$)1) ), <W(O) v) > 0 it holds that
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: ¢ Cn |3 2noyd
(Wi ), (w1 ) < 2 A0 (12m/8) - oollala + =57 lom | TREE41).

For (wfl)ﬂ., uy, (w(_ol),r, v) < 0 it holds that

t t Cnl|p|3 2no2d
(Wit ), (W) 2 =2/ log(12m/8) - oollale = — 55 -log (St +1).

Proof of Proposition E.3. We prove the case when <W$1)’T, u) > 0, the other cases are all similar and we thus omit it. By

Lemma E.1, when <W$1)’T, u) >0,

WD ) < (wt) | u) - 2n|pll3 W
i€[n]

+1,r nm
0 2n|| 13 1
< (wiup+ =2y

nm 1 +€% 2T Py e /2

i€[n]
t

0 2|13 1
< (Wi )+ m > 1+ bez-
7=0 =

0 2pl3 1
§<Wi;’r’u>+ m ) o 1+ bexr T

2 2 1t
S I

Cn 2
< 2Toa(zm]8) - ool + CMEIE
de

Here, the second inequality is by the output bound in Lemma D.5, the third inequality is by Proposition D.8, the fifth
inequality is by the definition of z,, and the last inequality is by the definition of ¢ in Proposition D.§ and Lemma C.4. By
the results in Lemma D.9, we have

2no2d
xtglog( "% t+1>.
nm

The proof of Proposition E.3 completes. O

E.2. Noise Memorization

In this section, we give the analysis of noise memorization.

Proposition E.4. Let € and T; be defined in Proposition D.8, then it holds that

forallt € [T*] and r € [m)].

Proof of Proposition E.4. Recall the update rule for ﬁit: 11 ), that we have

HUD _ 50 N .gé(t) . 1(<w(t) £)>0)1(y =) €113

Pjri PR - g
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Hence
1 n ©
2o Pins 2 D P 4 e AN 1
_ ) SO 1,12
ng1+ﬁ 155l
0) 0 2
0SS - &3 1 SOl
> ——dr = (Tp—1 — 1)
nm o 14+bx,—1 cnm
> (Ty—1 —T1)
=5 t—1 1)

Here, the first equality is by [S; (*)| =
definition of ¢. Similarly, we have

oL e
Zpynrifzpyaﬂ’l nm 1+b T, m ||£Z||2

< nm - ||EZH2/ 1 dr
2

nm 1+b-2,_,

< 3nz,.

This completes the proof of Proposition E.4. [

The next proposition gives the Ly norm of W§t2

Proposition E.5 (Conclusion 3 in Proposition A.1). Under Condition 3.1, for t = Q(nm/(no2d) it holds that

2
@(051d71/2n1/2) log (%(t —1)+ ;) lw?]|, < 6(a§1d’1/2n1/2) ‘10g< i dt—i— 1)

Proof of Proposition E.5. We first have the following inequalities:

(t) -1
w.,u)| -
[y )|l = 6 (002012 ]y SNR?) = © (o1 d /20 ? [ull2) = o(1).
O (op 'd1/2n=172) - 0 )

based on the coefficient order " , ﬁgtz l/|(w§t7), u)| =0 (SNR™?), the definition SNR = ||u||2/(0,,V/d) and the
condition for d in Condition 3.1; and also

Hw O (ooVd
2 — = ( ° ) =0 (anpdn_1/2> = o(1).
O (o 'd=1/2n=12) - S B @ (0 d 20 12) S )

Here, we use Proposition E.4 that when ¢t = Q(nm/ (7703 d), T, > C > 0 for some constant C, and hence

Z n l‘t 1—.%‘1)2(2(’/7,).
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We also have the following estimation for the norm || >, pﬁ’?ﬂ &S 263

2

“fZ,z &1

2

—2 —2
Z O el ? 2 30 o e €1 €l (€, )

3

i=1 1<i1<i2<n
— t t t _ _
( - 12/)5,312 > e, - (160,007 - (202 dlog<6n2/5>))
1<i1<ia<n

Y zn:pﬁt?«ﬁ@( 2d’3/2) (Zé%)
=0 (a;2d_1n_1 (ijm> ,

where the first quality is by Lemma C.3; for the second to last equation we plugged in coefficient orders. We can thus upper
(t)

bound the norm of w; © as:
t 0) t 0) t 0 t -
[, = s, + lewith = w2l w2 = w2 Il 3 o0 - el &
2
0 — -1 4— — t
< 4w+ [l W] ulzt + (W) vliz! + © (o, a2 1/2) Zpgiz
1 - - t
0 (ap 1g—1/2, 1/2) Zp;iz (E2)
Here, the first inequality is due to triangle inequality and the second inequality is due to |(w J T, w)/| 2| < ||W(O) I|2-
equation E.2 holds from the above analysis. Moreover, we also have that
lwi)s=© (ap_ld_l/Qn_l/Q) Zpgtil 1-0(1)=6 (ngd_l/Qn_l/Q) SR,
i=1
Combined the equation above with Proposition E.4 and Lemma D.9 completes the proof of Proposition E.5. O

F. Proof of Theorem 3.2

We prove Theorem 3.2 in this section. We first prove a slightly different version as follows:

Theorem F.1. For any ,6 > 0, if Condition 3.1 holds, then there exist constants C1,Cs, C3,Cy > 0, such that with
probability at least 1 — 26, the following results hold at T = Q(nm/(neoad)):

1. The training loss converges below ¢, i.e., LW () < ¢,

2. Ifn||p||3 > Ciopd, then the CNN trained by gradient descent can achieve near Bayes-optimal test error: R(W™) <

p+ exp(— 3 (Ugd))'
3. Ifn||p||3 < Csodd, then the CNN trained by gradient descent can only achieve sub-optimal error rate: R(W ™)) >
p+ Cy.

Clearly, Theorem F.1 is almost the same as Theorem 3.2 except some differences in absolute constants. Below we first prove
this version, and then show that Theorem F.1 can easily lead to Theorem 3.2.

33



Benign Overfitting in Two-Layer ReLLU Convolutional Neural Networks for XOR Data

Proof of Theorem F.1. First of all, we prove the convergence of training. For the training convergence, Lemma D.5 and
Proposition D.8 show that

K
uif (WO, x) > =24+ — Z P

K
2_5"'&75
2
K no,d 2
> = +1 L =
=y Og(l?nmt+3>
2
no=d 2
Z—Fa—i—log(l?;mt—i-?)).

K is defined in equation D.4. Here, the first inequality is by the conclusion in Lemma D.5 and the second inequality is
by Proposition D.8, and third inequality are by Lemma D.9, the last inequality is by the definition of x in equation D.4.
Therefore we have

2d 9 K
L(W®) < log (1 + exp{/i}/(;];:mt + >> < W%

The last inequality is by log(1 + =) < . When ¢t > Q( o ds) we conclude that

e e
L(“](t) < 5 < <e
= Tho2d 5 = 2 =
2amt T3 2/e + 3

Here, the last inequality is by e” < 1.5. This completes the proof for the convergence of training loss.
The proof for the second and third conclusion applies similar technique from Kou et al. (2023).

For the second conclusion, it is easy to see that

1
Pyf(WW.x)>0) = > Plyf(W®,x) > Olxgnatparn = 1) 7 (F.1)
pe{tu,tv}

without loss of generality we can assume that the test datax = (u',£7) T, forx = (—u',€") T, x = (v',£€")T and
x = (—v',£€7)T the proof is all similar and we omit it. We investigate

P(yf(w(t)v X) > O|Xsignal part = 11).

Whenx = (u',£7)7, the true label 7 = +1. We remind that the true label for x is 7, and the observed label is 3. Therefore
we have

P(yf(W(t)7 x) < O|XSignal part = u) = P(?f(w(t)>x) <0,y= y|Xsignalpart =u)
+ P(yf(W(t), X) > O,y 7é y|xsignal part — u)
<p-+ P(?f(w(t)7 X) < O‘Xsignal part = u)-

It therefore suffices to provide an upper bound for P(5f(W®), x) < 0|Xsignat part = u). Note that for any test data with the
conditioned event Xgonal part = W, it holds that

_ 1 — 1 &
yf(W(t),x) = EZFH’T(W(Q’U) + Fiq (W — E; F—lr w() ;) +F—1,r(w(t),§))~
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We have for ¢ > Q(nm/(ncr;d)), Ty > C >0, and

1 m
?f(W(t),X)Z EZRGLU ngi .l ZReLU W(t)l - ZReLU W(t)1 . >)
cn
> ~2/log(12m/9) - aullulla + % Tt - %
_*ZRGLU (W), €) ZReLU ),
r=1

where the first inequality is by F, . (W® &) > 0, and the second inequality is by Proposition E.2 and |{r €

[m], <W$1) ) > 0} /m >1/3. Then for t > T' = Q(nm/(noad)), Ty > z, > C > 0, it holds that

f cnllulh . t
B0 2 S T ZRGLU w . 8) - ZReLU ((w, o)

log(12mn/d) - oo ||l

cn||u||% z _iiR LU (t) — 4:/1og(12 5) - —_9 2
S e eLU((wly .., §)) og(12mn/4) - oo||pll2 — 2nl[pell2/m

>

~ old

5 enllp3 T — liReLU((W(t) £). (F2)
T 202d m 4 —Lr

Here, the first inequality is by the condition of o , 77 in Condition 3.1, and 7;_; > C, the second inequality is by the third
conclusion in Lemma E.1 and the third inequality is still by the condition of o , 77 in Condition 3.1 which indicates that

ellills .,y — 4/log(12mn/8) - ool|ull> — 2nl|ul3/m > 0. We denote by h(€) = L 37 ReLU((w")} ,,€)). By

2
2<7pd m

Theorem 5.2.2 in Vershynin (2018), we have

cx?
PH(E) ~ BA() > 0) < exp ( — it ). ®3)
P Lip
Here ¢ is some constant. By n||u||3/(04d) > C; for some sufficient large C and Proposition E.5, we directly have
Cnllpls o
sz “Ty—1 > ER(E p Z lw), |
P

Now using methods in equation F.3 we get that

2
PEFWY %) < Oxigmaps =) < P - BlAE) > oy - 22 Z I 1)
2

3 |: c (cr;”l‘llbxt 1 - (Up/m) Z’rn HW_17«H2) :|
<exp|—

o2 (7 [wih )"

2 2

¢ (B 5,y — (o (m/B)) S (VT 32 y))

<exp |—0© £

o2 (S, (Vafd- 5 /ay)/m)’
< exp{~Canl|pll3/(opd)}-

Here, C5 = O(1) is some constant. The first inequality is directly by equation F.2, the second inequality is by equation F.3
and the last inequality is by Proposition E.2 which directly gives the lower bound of signal learning and Proposition E.5
which directly gives the scale of Hw(t) ||2 We can similarly get the inequality on the condition Xggnal part = —u and
Xsignal part = V. Combined the results with equation F.1, we have

P(yf(W x) < 0) < p+exp{—Can|pll3/(cpd)}
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for all ¢ > Q(nm/(no2d)). Here, constant C in different inequalities is different, and the inequality above is by || u/|3(1 —
cos0)?/(opd) > C for some constant C.

For the proof of the third conclusion in Theorem F.1, we have

P(yf(W®,x) < 0) = P(af (WP, x) < 0,5 = y) + PHF(WD,x) > 0,5 #y)
=p+(1-2p)PHF(W",x) <0). (F4)

We investigate the probability P (yf(W*),x) < 0), and have
P(mf(W",x) <0)

HOMTCUREIED SELTHEIES SUCEADED LS

T T T

Here,  is the signal part of the test data. Define g(£) = <% o ReLU((w' +1 I D ReLU((w(f?u, E))), itis
easy to see that

P W %) <02 057 (Io(@)] = max{ o) m, ol /m}). €9
since if |g(&)] is large, we can always select 7 given & to make a wrong prediction. Define the set
0= {&:19(0) = max { ol . )/m. S ot )/,

it remains for us to proceed P(€2). To further proceed, we prove that there exists a fixed vector ¢ with ||{]|2 < 0.020,, such
that

S (E+¢) —ali'€)] > 4max{Za<<w$i,r,u>>/m,§ja<<w“i,r,u>>/m}.
jle{£1} r r

Here, p € {£u, £V} is the signal part of test data. If so, we can see that there must exist at least one of &, £ + ¢, =& + ¢
and —& that belongs to 2. We immediately get that

P(QU(-QUQ-OU(-Q () =

Then we can see that there exists at least one of 2, —Q, Q — ¢, —2 — ¢ such that the probability is larger than 0.25. Also
note that ||¢]|2 < 0.020,, we have

|P(Q) = P(Q2 = {)| = [Pern(0.021) (€ € R) — Penr(c.o21) (€ € Q)
||C||2

Op

< 0.01.

Here, the first inequality is by Proposition 2.1 in Devroye et al. (2018) and the second inequality is by the condition
I¢]l2 < 0.020,. Combined with P(€2) = P(—£2), we conclude that P(€2) > 0.24. We can obtain from equation F.4 that

Pyf(W" x) <0)=p+ (1 -2p)P(7f(W,x) <0)
>p+(1-2p)*0.12>0.76p +0.12 > p+ C,4

if we find the existence of ¢. Here, the last inequality is by p < 1/2 is a fixed value.

The only thing remained for us is to prove the existence of ¢ with ||{||2 < 0.020,, such that

S [o(e+¢) —g(e)] > 4max{Za«wﬁi,r,u>>/m,Za<<w<fi,wu>>/m}.

j/E{:tl} r T
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The existence is proved by the following construction:
=X Z = 1)&,

where A = Cyl|p||3/(02d) for some sufficiently large constant Cy. It is worth noting that

4
el =0 (1418 [ ozd) <o |/ “I4L2) < 0.0,
P p

where the last inequality is by the condition n||u|3 < C3o,d for some sufficient small Cs. By the construction of ¢, we
have almost surely that

a(w) &+ ¢) —altw),, &) +a((w),, ~€+¢) — (W], —€)

> (w] . ¢)

> )\{ Z pJr1 i — 2ny/log(12mn/9) - o0o,Vd — 1602 log(T*)+/log (4n2/d) /d|, (F.6)
yi=1

where the first inequality is by the convexity of ReLU, and the second inequality is by Lemma C.4 and D.3. For the inequality
with j = —1, we have

o((w “%T,s+c>> o((w ) +o (W, ~€+ Q) — o] . —€)
< 2| —1 T7C>’
< 2)\{ Z B(_t)“, — 2n+/log(12mn/6) - aoop,Vd — 16n* log(T*)/log (4n2/5) /d}7 (E7)

where the first inequality is by the Liptchitz continuous of ReL.U, and the second inequality is by Lemma C.4 and D.3.
Combing equation F.6 with equation F.7, we have

9(&+¢) —9(&) +9(—€+¢) —g(—§)
> A [Z Z ﬁ&f)m./m — 6n/log(12mn/$) - aoop\/& — 48n? log(T™) log(4n2/5)/d}

r o yi=1

)‘/2 Zzplrl

roy;=1

> (\/2)-SNR2- S o ((w) ) /m>4z (w1 o) /m.

Here, the first inequality is by Proposition D.8 and Condition 3.1; the second inequality is by the scale of summation over p
in Proposition D.8, and when ¢ > Q(nm/ (770% d)), z, > C for some constant C'; the third inequality is by the upper bound
of signal learning in Proposition E.3, and the last inequality is by Condition 3.1. Wrapping all together, the proof for the
existence of ¢ completes the proof of Theorem F.1. O

We can simply adapt the results in Theorem F.1 to prove Theorem 3.2.
Proof of Theorem 3.2. Here we denote C, Ch, C%, C} the constants Cy, Cy, C3, Cy in Theorem F.1, and then Theorem 3.2
can hold by letting C; = C%, Cy = min{—log(1 — p)/C%,C4} and C5 = C). We identify three different cases by

Theorem F.1: (1) n|pl|3/0pd > C1, (2) C4 < nl|p||3/opd < CF, and (3) n||p||3/0pd < C4. We will prove Theorem 3.2
as follows:

1. When n[|u||3 > Cio,d, we have RW™) < p+ exp{—Chn||pll3/opd} < p + exp{—Conl|pl3/opd} due to
Cy < C%;
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2. When Ciopd < n|pl3 < Cjopd, we can bound R(W™) < 1, and by our choice of C,, we have

p+exp{—Conl|pl3/opd} > 1> R(W ™) due to Cy < —log(1 —p)/Ch;

3. When n|p||5 < Ciopd = Cro,d, we have RWI) > p 4+ C) =p+ Cs.

Therefore, from 1 and 2 above we can conclude that when n|lp||3 > Ciopd = Ciopd, R( W)y < P +
exp{—Conl|p||3/0pd} with Cy = min{—log(1 — p)/C4,C3}; from 3 above we have n||;¢||2 < Chopd = Choyd,
R(W™) > p 4 O = p + Cs. This completes the proof of Theorem 3.2. D

G. Analysis for small angle

In this section, we begin the proof for the case when 6 can be small. It is important to note that in this section and
the following section, we only rely on the results presented in Appendix B, C, and Lemma D.1. The analysis for

cos f > 1/2 is much more complicated. For instance, it is unclear to see the main term of the dynamic on the inner product

of <w$)1,r, u), hence additional technique is required.

G.1. Scale Difference in Training Procedure
In this section, we start our analysis of the scale in the coefficients during the training procedure.

We give the following proposition. Here, we remind the readers that SNR = ||p||2/(c,v/d).
Proposition G.1. Forany 0 <t < T, it holds that

0 < |(w! N, w), [ (w N, v)| < 8n - SNR?log(T*), (G.1)

log(4n2/5
0 <), <dlog(T"), 0> p) > —2\/log(12mn/0) - do0,V/d — 32 log(4n?/0)

YR

nlog(T™) (G.2)

forall j € {£1}, r € [m] and i € [n).
We use induction to prove Proposition G.1. We introduce several technical lemmas which are applied into the inductive
proof of Proposition G.1.

Lemma G.2. Under Condition 3.3, suppose equation G.1 and equation G.2 hold at iteration t. Then, for all r € [m],j €
{£1} and i € [n], it holds that

i = wi) = 09| < 16y EE L Do), 2
i = w6 7] < 10y P D mnog(r), 5=
Proof of Lemma G.2. We omit the proof due to the similarity in the proof of Lemma D.3. O
Now, we define
Kk =56 wnmgm) +10+/log(12mn/d) - ooo,Vd + 16n - SNR? log(T™). (G.3)

By Condition 3.3, it is easy to verify that « is a negligible term. The lemma below gives us a direct characterization of the
neural networks output with respect to the time ¢.

Lemma G.3. Under Condition 3.3, suppose equation G.1 and equation G.2 hold at iteration t. Then, for all r € [m] it
holds that

1
F, w9 xy<Z _E 0 %)< L350 4 F
ui xi) < 5, + Epym_ (W, X)_m +0

—Yi Py T 5
r=1
Here, k is defined in equation G.3.
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Proof of Lemma G.3. The proof is similar to the proof of Lemma D.4, we thus omit it. O

Lemma G.4. Under Condition 3.3, suppose equation G.1 and equation G.2 hold at iteration t. Then, for all i € [n], it
holds that

—S = Zpyl,m_yz W.x) < 2 + ;Lipym
Here, k is defined in equation G.3.
Proof of Lemma G.4. Note that
wif (W .30) = Fy (W) ) = Foy (WY, x)
the conclusion directly holds from Lemma G.3 O

Lemma G.5. Under Condition 3.3, suppose equation G.1 and equation G.2 hold for any iteration t < T'. Then for any
t < T, it holds that:

L1/m-Y" [p (t) ﬁ;i)rk] < 3k + 4+/log(2n/8) /m for all i, k € [n)].

r=1 pyl 7,
2. Define Si(t) ={re| <Wy1’r,£1> >0} and S(fr) ={ien]:y =4 <w§tl,£i> > 0}. Foralli € [n], r € [m]
and j € {£1}, S\ = s“) SO =5,
3. Define ¢ = Z;‘Ej(l + /2log(6n/5)/m)(1 + Coy/log(4n/d)/d), ¢ = 72’(:55(1 — y/2log(6n/0)/m)(1 —

Co/log(4n/d)/d), b = e~" and b = e, and let T, x, be the unique solution of

T, + be™ =Ct + b,
x; +be*t = ct + b,

it holds that

(t) 1 /(¢) 1
75 1+0b —_— << —
Ly = PleZ_:CtJrC/(qL) 1+ be®t — i= 1+ bems

forallr € [m]and i € [n).

Proof of Lemma G.5. We use induction to prove this lemma. All conclusions hold naturally when ¢ = 0. Now, suppose that
there exists ¢ < T such that five conditions hold for any 0 < ¢t < ¢ — 1, we prove that these conditions also hold for ¢t = ¢.

We prove conclusion 1 first. By Lemma G.4, we easily see that
1 m
vi F(WO.x0) =y f(WO i) = =37 (o) =7y ]| < (G4)
r=1

—(t)

7,ryt

Recall the update rule for p;
—(t+1 (¢ n t t . 2
P =B = L 1w &) 2 0) -1 (i = ) l&ll3

Hence we have

I ) _ I~ 1 0 1 0 e 2
—> oA m}pmfa;@~gz<<w@ 0)-1(y: = J) &5
r=1 r=1 r=1
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forall j € {£1},r € [m], i € [n] and ¢t € [T*]. Also note that Si(t) = {re[m]: <Wq(jf)r,€z> > 0}, we have

! . 1 - — n 2 2
g;[piiﬁlﬁ Py k] J=m2l [P = B i) = 5 - (|10 [l&6]15 = 15167 - lell3)-

We prove condition 1 in two cases: 1/m [pi(f“rll) - ﬁz(fk :L] < 2k + 3y/log(2n/6)/m and 1/m >, [p ffurlz)

Pkl 2 26+ 3/0g(2n 8)m.

When 1/m " [pg(fmll) - 7(;9 le] < 2k + 34/log(2n/5) /m, we have

1 & (t 1) (-1
*Z Phri = Py = > [Py = 7 i)
r=1

- (5 e

[ R AR (A )

L o= (1) —(i-1) 7 5
< EZ Pyiri = Py rk) + %Hﬁi\\z

3y/log(2n/d)/m + k + /log(2n/d)/m
4

Here, the first inequality is by |Si(t~71)| < m and —4“) < 1, and the second inequality is by the condition of 7 in
Condition 3.3.

For when 1/m " [p;tmlz) ﬁff;—:M > 2k + 34/log(2n/6) /m, from equation G.4 we have

yi - FOWED x)) — g - F(WED x0) > k4 31/log(2n/8) /m,

hence
g{(f—l) _ .
zj(f‘” <exp (g - F(WEY xp) — g - fF(WED %)) < exp (= & — 3v/log(2n/8) /m). (G.5)
k
Also from condition 2 we have |Si(£_1)} | 0)| and |S(75 1)| |S(0

i e 131 i U -1
T e
(1++/2log(2n/d)/m —3\/log(@n/0)/m _ 4~ _ 1+ Cy/log(4n/d)/d
N ( 2log(2n/0)/m ) 1—Cy/log(4n/d)/d

<lx1l=1.

Here, the first inequality is by Lemma C.1, equation G.5 and Lemma C.3; the second inequality is by

1 .
: + ?m =3 -1 whenO<ax<0.1, &> 20y/log(4n/d)/d.
— 2z

By Lemma C.3, under event £, we have

H’Ele—d 02‘<COU \/WVZE

Note that d = Q(log(4n/d)) from Condition 3.3, it follows that
SO0 70) el < ISt ) e
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We conclude that

1 — N 1 B
Ez[p?(ﬁ)fl pyk,rk SEZ py,,rz_ gcrlk} <3K+4\/W

r=1 r=1
Hence conclusion 1 holds for ¢ = ¢.

To prove conclusion 2, we prove Si(o) = Si(t) , and it is quite similar to prove S} (O) =5 (t) . From similar proof in Lemma D.6,
we can prove one side that

5O ¢ g®
7 — K]
To prove the other side, we give the update rule for r & Si(o). By induction hypothesis, r ¢ Si({_l) we have

n
(il €)= (WD) — LS ot (w1 6)) - (6, 61)

i/ #£i
< (0)T7£’L Z Z ‘€(t , ;(yi/,zﬂﬂéi’>) ! <£Z’7£2>
i ires®,
S O'p('fo\[(s Z Z 57 ’V%(>,|)
t’ 1 ,esgo)T].—l—eT//f( X))
_opo0V/ds | moyd i v 2 log(4n2/3)/d
> 8m nm ] S0 1+eyi/f(W(t’),xi/)
i'c Pies
opooVdé N noad it 3 2-+/log(4n?/6)/d
= 8m nm 1 275;15&/,1»,1-

t'=1yegO l+e*F-e

apaofé Qdi Z log(4n?/9)/d _

- 8m 1+eF.eZe
=150

YiT

Here, the first inequality is by Lemma C.4, Lemma C.3; the second inequality is by Lemma G.4; the third inequality is by
condition 6 in the induction hypothesis. By the definition of z,, that

z, + be®t = ct + b,
we can easy to have
z, < log(ct/b+1).
Then combined the inequality above with b > 1 and ¢ > 1, we have
z, > log (ct/b+1—log(ct/b+1)/b) > log (ct/(2b) +1).

Here, the second inequality is by log(z) < /2. Therefore, plug the lower bound of z, into the inequality of <Wg(/§)7r, £i> we
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have that

<W1(f-)r;£i> < opaoxfé noad i Z log(4n2/d)/d

8m 'y 1+e 5. eZ
apaoxfé T}O,%d i Z log (4n2/d8)/d
- 8m 1+e " (1+ct/(2b))
V=1esO,
_gpgo\/ﬁé N noad -+/log(4n2/8)/d ¢
- 8m m Jo 14+e % (1+ct/(2D))
apaox/aé nogd 2be” e "ct
= .2 . Sloe(4n2 /8) /d - 1 14 &
3 + o= og(4n2/8)/ c og |1+ {1+ e )

< —M + 5n+/log(4n2/5)/d - log?(T™) < 0.
m

Here, the last inequality is by the selection of oy = nm/(o,dd) - polylog(d). We prove that r ¢ SZ-({). Hence we have
Si(t) - Si(o). We conclude that Si(t) = Si(o). The proof is quite similar for Sj(tr)

As for the last conclusion, recall that

1 o~ t+1 1 s ¢ n /(t) 1 . 2

o 2Pt = e D Pina — 0 2w &) 2 0) - 1w =) 4115

m
r=1 r=1 r=1

by condition 2 for ¢ € [f — 1], we have

(0)
Lo Z _(i-1) _ 1 1 |5 )
.. Pyiri = — Py ri — ’ ] ) ||£ZH27
m nm 1+ exp (y; f(WH))

then Lemma C.1, Lemma C.3 and and Lemma G.4 give that

1 = (1) 1 " _(t-1) n 1 1 2
o Py i < — Py;ri + ’ m ,(f n |9 + 210g(6n/6)/m : ||€7||2
mT:1 mT:1 nm 1_|_e—l< em 27 1 Py;,ri 2
<L (1) c
= YiyTsi _ m  =(F-1)"
m & | poh T
S0 l§ —(i-1) n 1 <1 2
—} A2 R+ o (5 - VZIogGn/0)/m ) -l
yﬂ”l Yi,T5t m 7(t 1)
mr:l nm 1_'_61'1 67"27 1P YisTi 2
1 & c
> p(t—l? + 13
- Zyi,ryi 1 xm (t-1) °
miS 1+ bem 21 Lur

Combined the two inequalities with Lemma D.1 completes the first result in the last conclusion. As for the second result, by
Lemma G.4, it directly holds from

1\ (1) ) x
E§pylr’l_ﬁ/2§ylf(w » X <7Zpy ’I"1+H/2
¢ < k/2.
This completes the proof of Lemma G.5. O

We are now ready to prove Proposition G.1.
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Proof of Proposition G.1. With Lemma G.5 above, following the same procedure in the proof of Proposition D.2 completes

the proof of Proposition G.5.

We summarize the conclusions above and thus have the following proposition:

Proposition G.6. If Condition 3.3 holds, then for any 0 <t < T*, j € {£1}, r € [m] and i € [n)], it holds that

log(4n?/0)

0 < [(wi), w)[,|(w!"),v)| < 8n- SNR2log(T"),
0< ), <dlog(T*), 0> ") = —2/log(12mn/6) - oo, Vd — 32 ;

and for any i* € S](O,) it holds that
(w (t)

JT’

w)/p\) . <2n-SNR?, [(w!)

J,r,* ]r’

Moreover, the following conclusions hold:
I 1/m-Y" [pffb{” pl(;jr k) < 35+ 44/log(2n/8)/m for all i, k € [n].

2. -5+ Zrlpy,rz—ylf(w()xz)g + = Zrlpy”foranyze[]

3. Define Sit = {rem: <Wyfyr,§'l> >0} and ijr = {i € [n] ®)
and j € {£1}, S = 8\, 51 = 5(1).
_ nan no,zd
4. Define ¢ = 2-(1 2log(6n/0)/m)(1 + Coy/log(4n/d)/d), ¢ = (1 —
Cov/log(4n/d)/d), b = e=" and b = e, and let T, x, be the unique solution of
Ty + be™t =Ct + b,
z; + be*t = ct + b,
it holds that
LSS o oy o T 1 ) 1
gt—7nzpyi,7“,1—xt—i—c/( +b)’ 1+b6§t - El —1+be£t

r=1

forallr € [m] and i € [n].

v)[/p8) .. < 2n- SNR.

nlog(T™),

2log(6n/6)/m)(1

O

T <Wj’r, i) > 0}. Foralli € [n], r € [m]

The results in Proposition G.6 are adequate for demonstrating the convergence of the training loss, and we shall proceed
to establish in Section H. Different from the previous discussion, it is worthy noting that the gap between z, and 7 is
negligible. It is easy to see that 7, > z, > 0 for ¢ > 0. For the other side, combined with Lemma G.8 and G.10, we have

T —x, <2(1—-b)+ (b—1) +2(€—c)/c=o(1).
Hence, for any time ¢ which lets z, > C' for some constant C' > 0, we conclude that

1 <7Z/z, <1+0(1).
Lemma G.7. It is easy to check that

o2d 2 o2d
1og(77 P t+> Sxt§10g<n P
nm 3

2

P

4

nosd 2 nod
1 t+=) <z <1 1
Og(4nm Jr3> sS4 s Og<2nm

Proof of Lemma G.7. We can easily obtain the inequality by

be®™ < Ty +be™t < 1.5be™,  bet <z, 4 be® < 1.5be"t,

and 3no2d/(8nm) < ¢/b < nold/(nm), 3noad/(8nm) < ¢/b < nond/(2nm).
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G.2. Precise Bound of the Summation of Loss Derivatives

In this section, we give a more precise conclusions on the difference between the summation of loss derivatives. The main
idea for virtual sequence comparison is to define a new iterative sequences, then obtain the small difference between the new
iterative sequences and the iteration sequences in CNNs. We give several technical lemmas first. The following four lemmas
are technical comparison lemmas.

Lemma G.8. For any given number b, c > 0, define two continuous process x and y; with t > 0 satisfy
T + be®t = ct + xg + be™°,
yetel =ct+yo+e’,  xo=yo.

Ifb > 0.5, it holds that

sup |z; — | < max{2(1 —b),b— 1}.
>0

Proof of Lemma G.8. First, it is easy to see that x;, y; > ¢ and increases with t. When b = 1, x; = y, and the conclusion
naturally holds. We prove the case when b > 1 and when 0.5 < b < 1.

When b > 1, we can see that
Ui + b(eyt _ eyU) > i + (eyt _ eyo)
=ct+ Yo
=ct+ i)
= Tt + b(em” — emo))

where the first inequality is by b > 1 and y; > yo. By the function = 4 b(e” — e™°) is increasing, we have that y; > x;. We
investigate the value y; — x;. Assume that there exists ¢ such that y; — x; > b — 1, then we have

0=um; +b(e” — ™) —yp — (e¥* — e¥0)
< be® —e¥ + (1 —0b)+ (1 —b)e*®
=e"t(b—e" ")+ (1 = b)(1+e™)
<e®(b—et )+ (1 —b)(1+e™) <0,
which contradicts to the assumption y; — x; > b — 1. Here, the first equality is by the definition of x; and y, the first and

second inequality is by the assumption y; — x; > b — 1, the last inequality is by the condition b > 1. Hence we conclude
that when b > 1, y; > x; and sup,>q |vs — y¢| < b — 1.

When 0.5 < b < 1, we have
Yt + b(eyt _ eyO) < m + (eyt _ eyo)
=ct+%o
=ct+xo
= Tt + b(emt — exo),

where the first inequality is by b < 1 and y; > yo. Therefore by the function = + b(e* — e*°) is increasing by x, we have
that y; < x;. Assume that there exists ¢ such that z; — y; > 2(1 — b), then we have

0=ux¢+b(e®™ —e™) —y — (e¥* —e¥0)
> be®t —e¥t +2(1—-0)+ (1 —b)e*™
= e (b= ) 4 (1= B2+ )
> e (b— ™) 4 (1-b)(2+€™) >0,
which contradicts to the assumption z; — y; > 2(1 — b). Here, the first equality is by the definition of x; and y,, the first
and second inequality is by the assumption z; — y; > 2(1 — b), the last inequality is by the condition 0.5 < b < 1 which

indicates that b — e**~1) > 0. Hence we conclude that when 0.5 < b < 1, y; < @ and sup,> |z — y¢| < 2(1 — b). The
proof of Lemma G.8 completes.
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Lemma G.9. For any given number b > 0 and 1 > ¢ > 0, define two discrete process m, and n, with t € N satisfy

c
Ry

c
Ngy1 = Ng + 71-’-@"'%7 mo = Ng.

Ifb > 0.5, it holds that

sup |m¢ — n¢| < max{2(1 —b),b—1} 4 2c.
teNy

Proof of Lemma G.9. Let x; and y, be defined in Lemma G.8, we let mg = xg where ¢ is defined in Lemma G.8. By
Lemma D.1, we have

c c
< < _— < < .
xt_mt_xt+1+bemoa yt_nt_yt+1+eno
We have
sup |z — yi| < sup |z, — y| < max{2(1 —b),b— 1}, sup |z¢ — my|, lyr — ne| < ¢,
teN, >0 teN,

by triangle inequality we conclude that

sup |my —ny| < max{2(1 —0),b— 1} + 2¢.
teNL

This completes the proof. O
Lemma G.10. Given any number c1 > co > 0 and define two continuous process xy, y; with t > 0 satisfy

x + €%t =1t + 29 + €0,

yete¥ =cat +yo+e”, xo=yo.

It holds that

C1 — C
sup |z — ye| < (1+e70) . —2.
t>0 Co

Proof of Lemma G.10. Define ag = xo + €™, and the function g(x) with > 0 by
g(z) + eI —qy = 2.
Easy to see that x; = g(c1t), y+ = g(cot) and g(z) is an strictly increasing function. If

_ mi; —m
g(m1) = g(ma) < (14 €7%)  ———=
ma

holds for any my > mo > 0, we can easily see that

_ Cc1 —C
v~y = glert) — gleat) < (1 e7) - A2
2

It only remains to prove that

my —Mma

IN

g(mi) —g(mz) < (1+e")-
holds for any my > mo > 0.
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To prove so, define

we can see f(msg) = 0. Form > mg > 0,

flim) =g'(m) = (14 e*) /mq
1 14e7%0
1 + e9(m) B me
my — (1 + €%0)(1 + e9(™))
- (1 + e9(m))my
my — (1+€%) - (m+1+ a0 —g(m))
(]_ +eg(m))m2
mg —m+ (1L+e %)g(m) —e *m — (1 + e %) (1 + ap)
(1 4 e9(m))my

Here, the second and fourth equality is by the definition of g(m). Define h(m) = (1 + e~ *0)g(m) — e "om — (1 +
e~*0)(1 4 ag), we have f'(m) = (mg —m + h(m))/(1 + 9 Ymy. If h(m) < 0, combined this with my — m < 0 we
can conclude that f/(m) < 0, which directly prove that f(m) < f(mz) = 0.

Now, the only thing remained is to prove that for m > 0,
h(m)=(1+e ™)g(m) —e ™m— (1+e )(1+ag) <O0.
It is easy to check that g(0) < ag = g(0) 4 e9(®) < ag + 1, therefore h(0) < 0. Moreover, it holds that
h'(m) = (L+e ™)g'(m) —e™™

_14em™
T 1resm €

1+ e
~To . [ _—____ —
=¢ <1+69(0) 1) =0

where the second equality is by the definition of g(m), the first inequality is by the property that g(m) is an increasing
function and the last inequality is by o = ¢(0). We have that h(m) < h(0) < 0, which completes the proof. O

—x0

Lemma G.11. Given any number 1 > c¢; > co > 0 and define two discrete process my, ny witht € N satisfy

A
M = e T
N1 = Ny + T en Mo =To
It holds that
_ €1 —C2
sup |my — gl < (1+e ™) ——= 4 ¢1 + co.
teNy Co

Proof of Lemma G.11. Let x; and y; be defined in Lemma G.10, we let mg = x¢ where z is defined in Lemma G.10. By
Lemma D.1, we have

C1 C2
e <my < xp + — <n <y +—.
¢SS T T o Yt S S Yt 11 eno
We have
—zoy €1 —C2
sup |z — ye| <suplay —y| < (1 +e77)- , Sup |y — my| < cp, sup |y — ng| < e,
teNL t>0 C2 teNy teNy
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by triangle inequality we conclude that

C1 — C
sup [me —ng| < (1+4e77) - =——= 4 ¢1 + ca.
teNy Co

This completes the proof. O

We now define a new iterative sequences, which are related to the initialization state:

Definition G.12. Given the noise vectors &; which are exactly the noise in training samples. Define

3 1 Ui ~1(t 0
P S|y | Ry AN T N PATES
' 1 +exp{A§t)} ’ g nm2 ¢ 1571 - 1€3l12

Here, Si(o) ={rem]: <w,(,??r7£¢> >0}, and Ago) = 0foralli € [n].

It is worth noting that the Definition G.12 is exactly the same in Lemma 4.2. With Definition G.12, we prove the following
lemmas.

Lemma G.13 (Restatement of Lemma 4.2). Let A\" be defined in Definition G.12, it holds that
%Z N P A A - T AL AN AR A

forallt € [T*] andi € [n].
Proof of Lemma G.13. By Lemma G.4, we have

1 0 L
(t) s-67s Doy
L+erexp{y 320010y i) L erexp( L S0, ol .}

If the first conclusion holds, we have that

7O g0 - 1 _ 1
T T lreren{n D) L eo{a)
B 1 - 1
1+erexp{L>", pynm} 1+ e‘”exp{AEt)}
1 1

1+e " exp{AZ(.t)} 1+ exp{AZ(-t)}
Lo 50
KA W
Here, the second inequality is by (1+e~"e®) ' —(1+e®) ! < 1—e " and |(1+e ")~ —(1+e "e?2) 7| < L|og—as

for x > 0 and x > 0. The last inequality is by the first conclusion and 1 —e™" < 1.5k. Similarly to get that é;(t) —lz(t) < 3K.
We see that if the first conclusion holds, the second conclusion directly holds.

IA

+1—e " <3k

Simimlarly, we prove if the first conclusion holds, the third conclusion holds. We have

1+ exp{A(t)}
1+e r»exp{m zr lp;?”}

< exp{4r},

7O ¢ _
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where the first inequality is by ¢'(z1)/¢'(22) < exp(|z1 — #2]|). The proof for éé(t) / Z;(t) is quite similar and we omit it.

m —(t)

We now prove the first conclusion. Recall the update rule of % Do Py;.ri» We have that
0
1xnoo S OlEd/m? gi () _ LS00 00 ez
) i m = - 7 iy 7' ] i g
mT:1 Yi Ty0 1+656;LZ lpflt)Tl m ~ y [ ~ Yi Tye an 1 1
L TI\S(OHI&II [’
SEZ Pyiri T Lm0 )

1+6 Kem r=1Py; i

and

O) g2 2
AHD :A§t>+n|5i |||E7,Hz/£m .
1+exp{4;"}

(0) 2 2
Define Bi(tH) = Bi(t) + S WNesllafrm” '”5"“;{3'” , and Bl.(t) = 0, we have
1+e—re”i

72 AW < B0 _ 40
ylrz 7

<2(1— o)+ 2015, |1&il[3/nm? < 3r.
Here, the first inequality is by % PO ﬁ;t)r , < B, ) , the second inequality is by Lemma G.9 and the third inequality is by
the condition of 7 in Condition 3.3 and £ < 0.01. We can similarly have that

1
Agt) - ﬁg(;i)ﬂ",? < 3k,
m r=1

which completes the proof. O
: : (t) o)

We next give the precise bound of } o 67/ > s 4

Lemma G.14 (Restatement of Lemma 4.3). Let /"), S| and S_ be defined in Definition G.12, then it holds that

7(t)
Yies. L |Sh]| _ 2Geap (15-1V/IS5] +1S-1V/1S4])
Sies B0 15117 |S-I2

with probability at least 1 — 25. Here, Gqyy, is defined by

Geap = 201/log(2n/8) /m - \/log(4/5).

Proof of Lemma G.14. By Lemma G.11, we have
0 0
2|01 1€ 113/nm? — 1| S ||1€x 3 /nm?]
— . 0 0
min{n|S{V(|[&[|2/nm?, ]S |[|€x 12 /nm?}
0 0
(SS111€:113 + 15711k 112)-

’A@ — AW

4nm?2

By Lemma C.1 and Lemma C.3, we can see that

m mlog(2n/d) ) (a0, ™M mlog(2n/6)
AR Bt =Nl AP TSl <= it -\l

— Coopn/d-log(4n /) < ||&l13, 1€k < opd + Coopn/d - log(4n/5).
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By the condition of d in Condition 3.3, we easily conclude that

1S 111€113 — 152 [1€x113]

- < 24/log(2n/8)/m, (G.6)
min{| S\ |[1&113, [ |[1€x[13}
we conclude that
1A% — AP | < 5\/log(2n/8)/m. (G.7)

The inequality is by the equation G.6 and the condition of 7 in Condition 3.3. For any { between Agt) and A,(f), we have
167 (Q)] < (1+exp(¢))~*. and

-1
(1+exp(¢))~* — 2(1 + exp (AE”)) <0

by ’C — Agt)‘ < 54/log(2n/d)/m < 0.01. We have that for any i # k,

-0 = | i

1+ exp{Ag)} 1+ eXp{AZ(-t)}

< 97'® .

AD AP

By equation G.7, we conclude that
|12 /21 — 1| < 10\/1og(2n/3) /m
for all 4, k in the index set S and S_.

Conditional on the event £, we can see that the bound above holds almost surely. We denote ng’f) by an independent copy of

Z;(t), and note that lz(t) and Z;C(t) are independent and have same distribution, we assume that C(*) = ]Elz(t) / E;C(t), easy to see
0.5 < CY) < 2. By Hoeffeding inequality we have

P(‘l S 2020 oW
15+l 5

(| 3o Eo0 - oo

1€S

~ tl) = QGXP{ T 20 1:;;:/%5) m)? }

~ t2> = Zexp{ T 20 155255) Tm)? }

Let t; = (204/log(2n/0)/m)/~/2[S+| - \/log(4/6) and t; = (204/log(2n/d)/m)/+/2]S—| - \/log(4/5), and write
Geap = (20/1og(2n/8)/m) - \/log(4/4) in short hand, we conclude that

P(s+| OO — Gy 8] < | S8 ED| < 184] - CO 4 Gy - \/s+|) >1-4/2,
iES+

P(S_ . C(t) - ggap AV ‘S_‘ S Z g;(t)/gg(t) S |S_| . C(t) +ggap \ |S_|> Z 1 — 6/2
1€S_

By the inequality
P(ANB) > P(A)+ P(B) — 1,

we have that

7(1)
P(|S+| -C® — Ggap - V154 < Zi€S+ b < N c + Ggap - v S+|> >1_
|S_|~C’(t) + Ggap * 1 /|5_| - Zies, K;(t) - \S_\~C(t) — Ggap - EN
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By 0.5 < C® < 2, we directly get that

7(t)
P(‘Zie‘SJr E‘ _ |S+|
Zies, g;(t) ‘S"

< 29 (|S-|V/]5+| + [S-[V/5+])

= S )z1-s

Let event &1 be

7(t)
Zi€5+ b . S|
Zies, lz(t) ‘S"

< 29 (|S-[V/[S+| + [S-|V/]S+])

- |52

we have
P(£1,€) = P(&[€) - P(€) > (1-6)* > 1 - 24,

This completes the proof. ]

We are now ready to give the proposition which characterizes a more precise bound of the summation of loss derivatives.
Proposition G.15. If Condition 3.3 holds, then for any 0 < t < T*, it holds with probability at least 1 — 26 such that

/(t)
Yies, b 1S4l| _ 2Geap(IS—[VISHT + 1S-|VIS+])  ss 1541
e < 5 e + 10k .
Yieg 00 1S S| S|

Here,

Geap = 201/log(2n/8) /m - \/log(4/5).
Proof of Proposition G.15. By Lemma G.13, we have
|£{(t)/g{(t)| |g{(t)/€{(t)‘ < otr
By Lemma G.14, we obtain that

a1(t)
Liesi i 154l| _ 20eap(1S- VISt +15-1VIS+])
/SR EN] [S-P2 '

%

We conclude that

7(t) /(t) 51(t)
o8 Zieer & < ZieS+ 4 < o8 Zies+ 4

Ties 00 Tes €0 T 1 9
€5 "1 1ES_ T 1ES_ T
Combined the results in Lemma G.14 with equation G.8, we conclude that
I(t)
Liesili 19¢l] _ 2aap(S_ VIS +IS-VISED | sn 0, 154
Sos 00155 S[? 5|
Here, the inequality is by the fact that  is small. This completes the proof. O

From Proposition G.15, we can directly get the following lemma.

Lemma G.16 (Rstatement of Lemma 4.4). Under the same condition of Proposition G.15, if

con — Cy/n -log(8n/d) < |1S4|,|9-] < exn+ C+/n - log(8n/d)

holds for some constant cy, ¢y, C > 0, then it holds that

Zies+ ég(t) C1

_al_4aC  [log(8n/d)
dies_ A

) .
Co n
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Proof of Lemma G.16. By the condition

con — Cy/n -log(8n/d) < 1S4, |5-] < ean+ Cy/n - log(8n/d),

it is easy to see that

2ggap(|s—|\/m+|s_|\/m) :0(1/\/’71) 10k - @ :0(1/\/5)

152 15—
where we utilize £ = o(1/+/n) by Condition 3.3. Hence we have
ZiGSJr Ei(t) |S+|
Sos /(t) 1S_|| = <o(1/vn). (G.9)
€

Moreover, we have

(con — C/n -log(8n/d)) <Cl 3?0 log(8n/(5)/n) > cin+ Cy/n-log(8n/d),
€o 0
Cl 3610
(con — C+/n -log(8n/9d)) log(8n/d)/n | < cin+ Cy/n-log(8n/d)
&
we conclude that
‘S+| C1 3010
— - =< -4/1 §)/n.
2 <2 /)

Replacing the equation above into equation G.9 completes the proof. O

G.3. Signal Learning and Noise Memorization

(t)

We first give some lemmas on the inner product of w ~ and u, v.
:

Lemma G.17. Under Condition 3.3, the following conclusions hold:

1. If(wff’r, u) > 0(< 0), then (wg’r, u) strictly increases (decreases) with t € [T*];

2. If (w 01) - V) > 0(<0), then (w @ v) strictly increases (decreases) with t € [T*];

—1 )

(wi ol < (W ) +nllpl3/m forall t € [T*] and 1 € [m).

3 (Wi v < (W v a3 /m,

Moreover, it holds that

2 1-2
(Wl u) > (w) w—% S0 T (1 cosh), (W), w) >0

+1,r +1,r z —
1€S u, 41 2(1 p)
1-2
ot < (e + ZIEE S0 LI s i ) <
’ €S 2(1_p)
—u,+1
1-2
) = = R ST A0 B ost), () >0
, L 2(1—p) ’
€Sy, —1
1-2
(W' v < (W v+ UH’LHQ- > 40 gy st W v) <o
7 : -p ’
i€S_v,—1
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Similarly, it also holds that

2
(1) e (®) _ 20llplly 5~ o (0) 0:
(w u) < (w u) o E i (Wi ) >0

+1,r > +1,rm
i€[n]
2 2
WD < (] 2R S 00 <o
i€[n]
2 2
(W(_t;r,i),ﬂ > <W(_t)17T7V> - % Z Z;(t), (w(_()iT,v) > 0;
i€[n]

2
1) oy < (oot 20| p]l3 > 7® (0) <0
<w71,r 7V> — <W71,r7v> + nm < ] <w—1,rav> .

Proof of Lemma G.17. Recall that the update rule for inner product can be written as

<W(t+1)

Jir

/ nJ
= wiw - ST G {(wy) ) > 0}l

1€ES{u,+1US_yu,—1

nJ
4+ 3 G 1wt i) > 0}|psl3

1€S_u,+1US4u,—1

nJ /
Y Y 1wl ) > 0}l cosd

1€S v, —1US_v 41

nJ /(1) (t) 2
SW Sl ) > )l coso,
1€S_v,—1UStv, +1

and

(i vy = wilov) = ST afw ) ) > 0}l cos 0
1€S u,+1US u,—1

nj
+ Y A a(wl) ) > 0|3 cos
iGSfuy+1US+u,71

nJ

o Y aw ) > 0}l
1€S v, —1US_v 41

nJ

- N (W) ) > 0} wl3.

nm .
1€S_yv, —1UStv 41

When ( © u) > 0, assume that for any 0 < ¢ < T — 1 such that (w(ﬁ’r, u) > 0, there are two cases for (

Wil
When (w7, v) < 0, we can easily see

n H(T—1) H(T—1) (T-1) 2
— l — Z -1 i 0 50 > 0,
nm( > > 4 ) (Wi ) > O} all3 cos 0>

iES,vd,l iES—v,—l

U _ /(T—1) (T-1)\ (T-1) 2

nm( DT Yk ) (W ) > 0}l > 0
€S tu,+1 1€S 1 u, 1

(T-1)

(T) (T-1)

from Lemma C.2 and G.16. Hence (w ., u) > (wy, ~/,u) > 0. When (w, "/, v) > 0, the update rule can be
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simplified as

W w) = (w2 )

77||H|2< Z E’(T b Z ﬁ;(f_l)— Z E;(T_l)cose—i— Z E;(T_l)cow).

1ES+U +1 i€S+u771 iES+V‘71 71654,\,14,1
(G.10)
Note that by Lemma C.2 and G.16, it is easy to verify that
Z E;(Tfl) cosf + Z f;(fil) cosf > 0,
1€S 4y, —1 1€S_v, 41
thus for both cases (w - v) > U and (w < 0, we have that there exists an absolute constant C, such that
hus for both (w0 v) > 0and (w5V,v) < 0, we have that th bsol C, such th
(T) (T-1) 13 (1) p  C  [log(8n/s)
(W) > (i) = S0 D G0 (I g T
1€ESfu, 41
2 o C log(8n/d
el DDA U og(8n/d) L P Y cost.
) 4 n 1—p
ZES+U1+1

Here, the inequality comes from Lemma G.16. By the condition of # in Condition 3.3 that

1—cosf > Q(1/v/n),
we have

(1 _ 2p)/(1 _p) + C . log(8n/J) 3C log(in/&)
— . - - cosf =1 —cosf — 8 - cos 6
log(8n log(8n
(1=2p)/(1—p) = § -/ EG (1=2p)/(1—p) = § -/ 552
s(1—2p) 2(1 —p)
2(10050)~<1 T T =(1—cosf)- lfT
16" 1-p
1—
> w_ (G.11)

Here, the inequality is by the condition of € in Condition 3.3, cos < 1 and 2C'- 4/ M < (1-2p)/(1 —p). Therefore,

we can simplify the inequality of (wSrTl)’T, u) in equation G.10 and get that

w w u
+m tlr o nm 1-p 4 n 5

( (1) u) > ( (T-1) ) — 13 Z /(T (1 _r ¢ 10g(8n/5)> 3(1 —cosb)

i€S+u,+1

Y

nm

o1 nllel3 oy 1 p
<w£r1m),u>— Zl Z 4( )'5 1—1 ’ - (1 —cosb)
1€S4u,+1
(T-1) nllell3 (r-1y 1—2p )
Z<W+1r’u>—m' >4 'm'(l—wb@)-
1€S u,+1
Here, the first inequality is by equation G.11, and the second inequality is still by 2C' - W < (1-2p)/(2(1 —p)).
Therefore we conclude that
= 2 = 1—2
( (T) ) > <W(T 1) ) — nlleell Z f;(T . 5 P (1 —cosf).

w
+1,7 +1,r > nm (1 7 p)
1€S4u,+1
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We conclude that when <w£r1) ) >0,

(t+1) (t) w3 (@ 1—2p
<W+1,r 7u> > <W+1,r7u> - Wiesz gl . m . (1 — COS 0)
“+u,+41

Similarly, we have
2 1-2
(wgi}.),u) < (wgﬂ.,u) + M . Z Z;(t) i (1 — cosb), (wfl),7.,u> < 0;

m 1€S_u,+1 2(1 7p)

5 1-2
WD vy > (w vy - B s e 122 g ) W@ vy s

nm 2(1-p) -
3 +v,—1
D) oy < (oo w3 iy 1-2p \ (0)
<W—1,r V) < <W—1,mV> + o Z & 21— p) (1 —cos0), <W_1,T,V> < 0.
1€S_yv -1

The proof for the first, second and the precise conclusions for lower bound completes.

To prove result 3, it is easy to verify that |<wf1) V) < \<w$1> V)| + nllpl3/(2m), assume that |<w52 V)] <
(W) V)] nll |3/ (2m), we then prove [(w''T 1, v)| < [(w') ., v)| + nl|l|3/(2m). Recall the update rule, we have
1 n
v =Wl = 3T Y {(w ) > 0|l cos
i€S+u_’+1U37u171
7
LY 9wl ) > 0} cosd
1€S_u,+1US4u, -1
n t t
o aw ) > 0wl
1€S v, —1US_v 41
n /(f (t) 2
__n 1 i) >0
v > (Wi mi) > 0} [pll

€S _v,—1UStv 41

We prove the case for (WS:)LT, v) > 0. The opposite case for (wgﬂ., v) < 0 is similar and we thus omit it. If <Wg,r’ v) > 0,

we immediately get that

t+1 n t
Wiz ST 0w ) > 0} 3 cos
1€S_u,+1UStu,—1
Ly aw ) > 0 ulB
nm i 41, M M2
1€S v, —1US_yv 41
—lll|3/m,
where the second inequality is by —¢'(!) < 1 and Lemma C.2. As for the upper bound, if <W§t27 u) < 0, we have
(wﬁi?,v) = (wgﬁjr,ﬂ UHMH2 ( Z € ) cosf — Z K/(t cos@)
i€S_ 1€S _u,+1
nHullz ( Z CE e"”)
1€S 4y, — 1€EStv, +1

< (wi),.v),

where the inequality is by

Z E;(t) cos ) — Z E;(t) cosf > 0,

iGS-u,—l i€S_uy+1

/(t) /()
ooav+ > q

1€S1v, 1 1€S1v, 41
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from Lemma C.2 and G.16. If <w(-t,). u) > 0, the update rule can be written as

3
R IR (D SV SR
1€Sfu,+1 €8 u,—1
77||H|2< Z g O Z g t))
ZES+V ZES+V +1
S S, 47 T 27 Tiesin il
(t) N2 1€ES v, -1 1 1€ESfu,41 0 1€Sfu,—1 1
=(Wyy,,V) — p— o) -cosf — = 0 -cosf
Zies+v,71 gl‘ ZiES+v,—1 gl

alel Lies,, _, 4 (_ | it z;“’)
/(T
Zi€s+v,—1 ZZ( )
2 1-2 2 1) /1
wl) vy el 3 €/<t>,( P (cosh — 1) + S50+ D) og(Sn/5))

L nm ‘ 1—p 8 n

nm

i€S+V,_1

< (wi],.v).

Here, the first inequality is by Lemma G.16, the second inequality is by the condition of € in Condition 3.3. We conclude

that when <w(+)1 V) , <w$fi), v)| < ‘<W$)1) > V)| + 1|]|3/m. The proof for <w(+)1 V) < 0is quite similar and

we thus omit it. Similarly, we can also prove that |(w(t)1 ] < |(W(Of W] +7nllpl|3/m. As for the precise conclusions
for upper bound, by the update rule, we can easily conclude from 1 + cos < 2 that

(t+1) (t) nj )
(Wi, ou) <(w; ,u) — v Z ) 1{(w ”,lm > 0}/ l2
1€Sfu,+1US_u,—1

nJj ’
- S Y {wi ) > 0} |3 cos

1€S_v,—1US v, +1

t 21| |3 t
< (Wl o) = =R S

i€[n]

Similarly, we can get the other conclusions. This completes the proof of Lemma G.17. O

The next proposition gives us a precise characterization for w’; . and u, v.

O]
3,7
Proposition G.18 (Conclusion 2 in Proposition A.1). For (wg_f s ), (w(_of V) > 0t holds that

t t
(w ), (w v

n||wl|3(1 — cos ) nond 2 5
log(12m . pll2 + -1 —D+=2)—n- m.

For <w$1) s ), <W(01) V) <0, it holds that

<W$; T u> <W(q ,T V>

ot P30 —cos®) | modd 2\
loa(12m/5) - ool = ot 51 1o (Gt = 1)+ 5 ) /.

Proof of Proposition G.18. We prove the first case, the other cases are all similar and we thus omit it. By Lemma E.1, when
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(w ) >0,

2
D) N s w® _nlleds (1= cosh) - L=2p
<W+17r ,U.> = <W u> Z v ( o8 ) 1

+1,m —
2nm - D
5 1—cosf 1-2
> <W$%,r7u> + % . Ty — o . — p
€8 a1+ em &r=1Pyini p
¢ nlpl3 1—2p
= Ei-)lﬂ“’ ) 972@ (1 —cosh)
t
©) w3 1—-2p
(Wi, w+ om '; e (1 — cosf)
2(1—cosf) (' 1-2
> <W$)1)r7u>+77““”2( €08 )/ 2P 4
’ Im 1 14 bemr
2(1 — cosé t=11_9
> (wif,u) + UHNHQ(gm )/1 . P

nllpf3(1 — cos6)(1 —2p) _  enlu||3(1 — cosO)(1 - 2p)
2002d = 1002d

2
n||p||5(1 —cos@)(1 —2p) _
—VaTog(2m 0] - oolfull, + ML SO g
p

> (wl u) +

Y

Here, the second inequality is by Lemma G.4, the third inequality is by p < 1/2 for in Condition 3.3, |Sty +1| >
(1 — p)n/4.5 in Lemma C.2 and Proposition G.6 which gives the bound for the summation over r of p,, , ;, the fifth
inequality is by the definition of Z;, the sixth inequality is by Z; < 2¢ and the last inequality is by the definition ¢ in
Proposition G.6 and Lemma C.4. By the definition of Z; in Proposition G.6 and results in Lemma G.7, we can easily see that

2 _ 2d 2
(t+1) > /21 12 5) - nHIJ’”Q(l COSG) .1 770'p t—1 =) . 2
(T ) 2 =TI ) -l + "yt 5 s (RN 1)+ ) -l

The proof of Proposition G.18 completes. O

We give the upper bound of the inner product of the filter and signal component.

Proposition G.19. For (w'"} u),(w) . v) > 0 it holds that

t t 51| pl|3 noZd
(w ), (w L v) < 2y/log(12m/3) - oo ]2 + -z 2 log (5t 1).

For <WS_01)7T, u), (w') . v) < 0it holds that

—1,r

t t sulluly | (1054
(Wit (w5 ) 2 2V A0 (12m/B) - ool = =57 -log (50t +1).

Proof of Proposition G.19. We prove the case when (wfl)W, u) > 0, the other cases are all similar and we thus omit it. By
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Lemma G.17, when <w(+{ ) >0,

<W(t+1) w) < <W(t) ) — 20| pll3 ) Z /®

+1,r > +1,m nm
€[n]
® 21| pll3 1
< nllillad PR
>~ <W+1,r7u> + nm 162[71] 1+ 6’%‘ >y ﬁyi,r,if"i/Q
t
©) 20| p|I3 1
< e -
< (Wipew)+— - TZ:;) 1 + bet-
t
©) 277|u||3/ 1
< d
(weo o) + m Jo 1+bet
2
< (w®) w1 Ziledz n\lullg / Lis
5n| |3
21log(12m/d) - ool pll2 + 7a||2d”2 Ty
p

Here, the second inequality is by the output bound in Lemma G.4, the third inequality is by Proposition G.6, the fifth
inequality is by the definition of z,, and the last inequality is by the definition of ¢ in Proposition G.6 and Lemma C.4. By

the results in Lemma G.7, we have
o2d
z, < log (’7 P t—l—l).
2nm

The proof of Proposition G.19 completes. O

For the noise memorization, we give the following lemmas and propositions.

Proposition G.20. Let ¢ and T, be defined in Proposition G.6, then it holds that

n
Bnzy > 3Py > 5 (W — )
=1

ol 3

forallt € [T*] and r € [m).

Proof of Proposition G.20. Recall the update rule for p( 7+ i ), that we have

_(t+1 _ n
D =B = =l (wif &) 2 0) - 1y = ) &5

Hence
(=1 " 1 (0) 2
2 Pins 2 D P+ Ty 1S el

0
81 €qls

_an 1+be )
IS5 Il / L Sl
2

nm 14+ b1 cnm

Ty —71)
(Tp—1 — T1).

n
)
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Here, the first equality is by |S ](t2| =
definition of ¢. Similarly, we have

®) P 1 O T

2 P £ 2 P ¥ o T gy Ve 8
0

nIS§| - ||sz||2/ 1
dr
nm 2 1+b'§7—_1
< 3nz,.
This completes the proof of Proposition G.20. O

The next proposition gives the Ls norm of W§ 2

Proposition G.21. Under Condition 3.3, for t € [T*], it holds that

lwii2ll, = ©(eoVa).

Proof of Proposition G.21. We first handle the noise memorization part, and get that

2

n
Zpﬁtiz &ls? - &
1=1 2

—2 t —2
me lel > +2 > o o gl €l - (€ €

1<iy <ia<n

(2d 12,)52; S e, - (160,407 - (202 dlog<6n2/6>))

1<i1<ia<n
(t) —2 7-3/2 (t)
Y8 /)(zp,,l)
=0 (0,2 'n ") <2p§t32> (02d),

where the first quality is by Lemma C.3; for the second to second last equation we plugged in coefficient orders. The last
equality is by the definition of oy and Condition 3.3. Moreover, we have

(W w] sl < nllpl N
o) - @(agdwm)) = @(om.am) ot

where the first inequality is by Lemma G.19 and oy ||p||2 < n||]|3/(03d). The second inequality utilizes nlc\r;; l2 G,
(t)

u)| - lull5t = o(cov/d). Moreover, we have

the last equality is due to o9 = 275 - polylog(d). Similarly we have |<w
P

Jir?
that |<w§?r), w)| - ulz" < O(o0) = o(09V/d). We can thus bound the norm of Wgtz as:
w2 = 1w + ofo0Vd) = ©(00 V), (G.12)
g ;
The second equality is by Lemma C.4. This completes the proof of Proposition G.21. O
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H. Proof of Theorem 3.4

We prove Theorem 3.4 in this section. Here, we let 6 = 1/polylog(d). First of all, we prove the convergence of training.
For the training convergence, Lemma G.4, Proposition G.6 and Lemma G.7 show that

yf (WO x;) > -2y =
m

2 T:1pyi77"7

K
Z*§+Lt

2
> % n7yd 2
- 2 nm 3
2
no.d 2

> —k+1 P_¢

K+Og<4n 3)

K is defined in equation G.3. Here, the first inequality is by the conclusion in Lemma G.4 and the second and third
inequalities are by z, > log(ct/b+ 1) > log (" 7, t+ ) in Proposition G.6, the last inequality is by the definition of x in

equation G.3. Therefore we have

2
nosd 2 er
L(W®) <log (”eXP{"}/ (o 3)) S

Anm

The last inequality is by log(1 + =) < . When ¢t > 2”2736 we conclude that

eK,

&
< <e
Ty 2T 2fe 5T

dnm

LW®) <

Here, the last inequality is by e® < 1.5. This completes the proof for the convergence of training loss.

As for the second conclusion, it is easy to see that

H.1)

1
P(yf(W(t),X) > 0) = Z P(yf(w(t),x) > lesignal part — ,Ll,) : 17

pe{tu,£v}

without loss of generality we can assume that the test datax = (u',£")7, forx = (—u', "), x = (v',£")T
x = (—vT,£€7)T the proof is all similar and we omit it. We investigate

P(yf(W(t)v X) > O|Xsignal part — 11).

Whenx = (u',£7)7, the true label ¥ = +1. We remind that the true label for x is 7, and the observed label is y. Therefore
we have

P(yf(w(t)7 X) < 0|Xsignal part — 11) = P(yf(w(t)7x) < an = y|xsignal part = u)
+ P(@f(w(t),x) > Ovy 7é ylxsignal part — u)
< p+ P(yf(w(t)a X) < O‘Xsignal part — u)-

It therefore suffices to provide an upper bound for P(7f(W® x) < 0[Xignal part = ). Note that for any test data with the
conditioned event Xgignal part = U, it holds that

_ 1 — 1 &
yf(W(t),x) = EZFH’T(W(Q’U) + Fiq (W — E; F—lr w() ;) +F—1,r(w(t),£))~
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We have for ¢ > Q(nm/(ncr;d)), Ty > C >0, and

_ 1 — 1 & 1 —
TAWOx) 2 ) ReLU((w ,w) — D ReLU((w!] €)= - ReLU((w! , w)
r=1 r=1 r=1

9 2
n|lp||5(1 —cos8)(1 —2p) _ iz
> —./log(12m75) - ool + "L 60(,%)( ), - 2l
1 m
_—ZReLU w “,5 ZReLU ,u)),

where the first inequality is by Fym(W(t),&) > 0, and the second inequality is by Proposition G.18 and |[{r €
im], (W'’ ., u) > 0} /m > 1/3. Then for t > T = Q(nm/(no2d)), T, > z, > C > 0, it holds that

- n|lpll3(1 —cosf)(1—2p) _ ¢
7f(W® x) > 2 6002 Ty 17—;ReLU w()”, ZReLU w “, u))

log(12mn/d) - oo |2

a0 —cos®)(1-2) 1 o
> GOO'ZQ,d T Ti—1 — E;ReLU«W—l,WE»

log(12mn/6) - ool mll2 — 277||M|\2/m

nflpl3(1 —cos0)(1 —2p) _ -
> 100024 Ty — — ZReLU wl) L €). (H2)

Here, the first inequality is by the condition of ¢ , 17 in Condition 3.3, and T;_; > C, the second inequality is by the
third conclusion in Lemma G.17 and the third inequality is still by the condition of o¢ ,  in Condition 3.3. We have
oollpll2 < 6(n\\u\|§/(agd)) We denote by h(§) = L >, ReLU((w(t)1 ., &)). By Theorem 5.2.2 in Vershynin (2018),
we have

/2

P(h(€) — Eh(£) > z) < exp ( - ”>. (H.3)

apllhllE;,
By ||p]/5(1 — cos 6)? > S~2(m20f;d) and Proposition G.21, we directly have

nlul3(1 — cos6)(1 - 2p)
10002d

"Tyq = Eh(§ ZH Ml = ©(op00 V).

Here, the inequality is by the following equation under the condition ||p]|4(1 — cos 8)2 > Q(m2cid):

P

nlll301 = cos0) ~<u||%<1—cose>)

>0 > 1.
o3d3/2aq U%\/am

Now using methods in equation H.3 we get that

P(yf(w(t)a X) < O‘Xsignal part — u)

nllpl3 —cosf)(1 - 2p) _ o
< p(mg) S LCEDY o a2 S,
st e LR ]
§ exp |:— p (t) :|

< expl-CrP (1 - cost) (ol o33}
< exp{~Cl|ull3(1 — cos6)?/(m?aid - polylog(d))} = o(1).
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Here, C' = O(1) is some constant. The first inequality is directly by equation H.2, the second inequality is by equation H.3
and the third inequality is by Proposition G.18 which directly gives the lower bound of signal learning, and Proposition G.21

which directly gives the scale of Hw(_t)17 |- The last inequality is by ||/|3(1 — cos 6) > Q(m20id). We can similarly get
the inequality on the condition Xgjgnal part = —U and Xgignal part = =v. Combined the results with equation H.1, we have

P(yf(W x) <0) < p+o(1).

for allt > Q(nm/(no2d)). Here, constant C in different inequalities is different.

For the proof of the third conclusion in Theorem 3.4, we have
P(yf(W®,x) < 0) = P(af (WP, x) < 0,5 = y) + PEF(WD,x) > 0,5 #y)
=p+(1-2p)P(f (W, x) <0). (H.4)
We investigate the probability P (i f (W x) < 0), and have

PEf(w® x) <0)

L OILCCREIED SECVIED SECTNMED pele )

T ” T

Here, p is the signal part of the test data. Define g(&) = (% > ReLU((wJrl HE) == ReLU((W(_t)M, >)), it is
easy to see that

P, <0) 2057 (lo€) 2 max { S otlwlh ) /m, Yol ufm} ). 1)
since if |g(&)] is large, we can always select 7 given & to make a wrong prediction. Define the set
2= {&: 1)1 2 max { ol )/ ol )

it remains for us to proceed P(€2). To further proceed, we prove that there exists a fixed vector ¢ with ||¢]|2 < 0.020,, such
that

> [oli'e+ <) -9 > tmax { Sl Y o () fm .
Jjre{£1} r -

Here, p € {£u, +v} is the signal part of test data. If so, we can see that there must exist at least one of &, £ + ¢, —€ + ¢
and —& that belongs to 2. We immediately get that

P(QU(-Q)UQ - U(-Q—()) =

Then we can see that there exists at least one of 2, —Q, © — ¢, —2 — ¢ such that the probability is larger than 0.25. Also
note that ||¢||2 < 0.020,, we have

|P(Q) = P(Q — )| = [Pern(0,021,) (€ € Q) — Pern(c,o21,) (€ € Q)
< €z

< 0.01.
- 20p

Here, the first inequality is by Proposition 2.1 in Devroye et al. (2018) and the second inequality is by the condition
[I¢]l2 < 0.020,. Combined with P(€2) = P(—£2), we conclude that P(€2) > 0.24. We can obtain from equation H.4 that

Plyf(W® x) <0) =p+ (1 - 2p)P(7f(W,x) <0)
> p+(1—2p)%0.12 > 0.76p + 0.12 > p + Cy
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if we find the existence of ¢. Here, the last inequality is by p < 1/2 is a fixed value.

The only thing remained for us is to prove the existence of ¢ with ||{||2 < 0.020,, such that

S (E+C) —a(i€)] > 4max{Za«w(ﬁ,mu>>/m,za<<wﬁi,mu>>/m}.

jle{£1} r T

The existence of ¢ is proved by the following construction:
0
C=A\- Z Wii“
where A\ = co,,/(y/oamd) for some small constant c. It is worth noting that

¢z = ﬁ \fm-a3d- (1 0(1)) < 0.020,,

where the first equality is by the concentration. By the construction of ¢, we have almost surely that

o((w +1T,s+<:>> << O 0) +o(w),, —€+¢) — (W], —&)

> o' (W1 )W . 0) 0" (Wl =€) (Wl . ¢)

> (w . ¢)

> \|o2d — 2m~/log(12mn/é) - 02v/d — Q(nmoy/(o,V/d))

> Mopd - (1 —o(1)), (H.6)
where the first inequality is by the convexity of ReLU, the second last inequality is by Lemma C.4 and G.2, and the last
inequality is by the definition of 0. For the inequality with j = —1, we have

o((w'), T,e +¢) = oW ) +o (W, —g+¢) —a((W] . —8))

S 2‘ W 1 T C>’

< 2X-o(0dd), H.7)

where the first inequality is by the Lipschitz continuous of ReLU, and the second inequality is by Lemma C.4 and G.2.
Combing equation H.6 with equation H.7, we have

9(§+¢) —9(&) +9(—€+¢) —g(—=§)
> (\/2) - 02d/2
= Cgijor\/g = CZ\\}»polylog(d)

nlpl3
>Q< 024 >4Z (wi) ) /m

Here, the second inequality is by the definition of oy and the condition ||||% < O (mopd) and § = 1/polylog(d), the last

inequality is by Proposition G.19 and ao||p||> < n|u||3/(c2d) from the condition ||p]|> = Q(mo,/d). Wrapping all
together, the proof for the existence of ¢ completes. This completes the proof of Theorem 3.4.

I. Additional Experiments

L.1. Training Losses in Section 5

In Seciton 5, we presented heatmaps of the test accuracy of two-layer CNNs trained on XOR data to demonstrate the phase
transition between benign and harmful overfitting. In this subsection, we aim to further backup the experiments results in
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Seciton 5 by giving the corresponding heatmaps of training losses. This is to demonstrate that the experiments are indeed
trained until convergence and thus the CNN indeed achieves overfitting.

We give the heatmaps of training losses in Figure 3. These heatmaps of training losses are corresponding to the two cases of
experiments in Section 5. Figure 3 illustrates that, in the final epoch of training, almost all the training losses converge to
zero. This demonstrates that the CNNs are sufficiently trained to overfit the training data.

Training Loss Heatmap 0.7 Training Loss Heatmap 07
544- e 199 06
484 - 330-
o 290- 0.5
< 424- 05 2
o S 250- 0.4
N 364~ 04 £ 210-
2 304- £ 170- -0.3
2 -03 0O
% 244 - : 130- -0.2
¥ 184- o2 90-
: 0- -0.1
124- >
-0.1 10~ ] ! ! ! ! l I I . -0.0
64- © 9 9 9 @ 9 @ 9 9 9
o o o o o o o o o o
4~ . . \ \ \ \ . \ ! -0.0 NN NN NN NN NN
o o+ o+ H o+ N N N NN - 0 R 5 2 383 285 S
S H N m < 1N © N o o —
ogd/|lull3 nl|ull3/op
(a) Training loss for different d (b) Training loss for different d

Figure 3. Heatmap of training losses under the two cases in Section 5.

1.2. Experiments on the Angle 6

In this subsection, we conducted additional experiments to investigate the impact of the angle 6 on the test accuracy. We
generate XOR-type data following the distribution in Definition 2.2. We fix d = 200 and n = 80, and report the test
accuracy on different choices of the width m based on 1000 i.i.d test data.

We give the hyper-parameters in the data distribution below. The setting is similar to Section 5. The vectors a + b and

a — b has an angle 6 with cos @ = 0.8. The directions of vectors a and b are uniformly generated as two orthogonal vectors,
and their norms are determined by solving

all + IblI3 = llel3,  llallz — bl = [l - coso.

The signal patch p and the clean label 7 are jointly generated from Dxor(a, b) in Definition 2.1. The noise patch £ is
generated following the noise distribution defined in Definition 2.2 with o, = 1, and the observed label y is given by flipping
y with probability p = 0.1.

We consider training CNN models with different widths m under the cases ||p||2 = 1, |||l = 5 and |||z = 9. We
initialize the model parameters as entry-wisely independent Gaussian random variables N (0, o2) and set o9 = 0.01. We set

the learning rate as n = 103, and run full-batch gradient descent for 7' = 200 training epochs. The final test accuracy of
neural networks with cos § = 0.8 are reported in Figures 4 and 5.

As depicted in Figures 4 and 5, Theorem 3.2 accurately predicts the boundary, even when the technical assumption
cos 6 < 1/2is imposed. We still observe the line when cos @ = 0.8. This is because, in our experiments, we fix the value of
cos 6, and the threshold serves as a technical condition rather than a fundamental limitation. From a broader perspective, the
setting explored in Section 3.1 represents scenarios where the angle between signal vectors is fixed, and the setting studied
in Section 3.2 tackles a particularly challenging scenario where the angle approaches zero asymptotically.

1.3. Experiments on the Width m

In this subsection, we conducted additional experiments to investigate the impact of the width of the neural networks on the
test accuracy. We generate XOR-type data following the distribution in Definition 2.2. We fix d = 200 and n = 80, and
report the test accuracy on different choices of the width m based on 1000 i.i.d test data.
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Figure 4. Heatmap of test accuracy under different values of n and o5d/||||3. The z-axis represents the value of od/|| |3, whereas
the y-axis is sample size n. (a) displays the original heatmap of test accuracy, where high accuracy is colored blue and low accuracy
is colored yellow. (b) and (c) show the truncated heatmap of test accuracy, where accuracy higher than 0.8 or 0.7 is colored blue, and
accuracy lower than 0.8 or 0.7 is colored yellow.
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Figure 5. Heatmap of test accuracy under different values of d and n||ps||3 /. The z-axis represents the value of n||pa||3 /oy, and y-axis
represents dimension d. (a) displays the original heatmap of test accuracy, where high accuracy is represented by blue color and low
accuracy is represented by yellow. (b) and (c) show the truncated heatmap of test accuracy, where accuracy higher than 0.8 or 0.7 is
colored blue, and accuracy lower than 0.8 or 0.7 is colored yellow.

We give the hyper-parameters in the data distribution below. The setting is similar to Section 5. The vectors a + b and
a — b has an angle 6 with cos @ = 0.8. The directions of vectors a and b are uniformly generated as two orthogonal vectors,
and their norms are determined by solving

lall3 + Ibl3 = llel3,  llal3 — b3 = [le]3 - cos 6.

The signal patch p and the clean label 7 are jointly generated from Dxor(a, b) in Definition 2.1. The noise patch £ is
generated following the noise distribution defined in Definition 2.2 with o}, = 1, and the observed label y is given by flipping
7 with probability p = 0.1.

We consider training CNN models with different widths m under the cases ||p|l2 = 1, ||[t]l2 = 5 and ||p]j2 = 9. We
initialize the model parameters as entry-wisely independent Gaussian random variables N (0, 03) and set g = 0.01. We set
the learning rate as 7 = 102, and run full-batch gradient descent for T' = 200 training epochs. The final test accuracy of
neural networks with different widths are reported in Figure 6.

As shown in Figure 6, the case when || ]2 = 1 corresponds to harmful overfitting and the test accuracy is always around 0.5
regardless of the width of the network. When ||u||2 = 5 or ||t||2 = 9, as the width m increases, there is a significant growth
of test accuracy when m < 3, and the test accuracy does not significantly change with m after m > 3. This demonstrates
that as long as m is large enough, the test accuracy is not sensitive to the neural network width m, which aligns with our
theoretical analysis. It is also worth noting that the conditions of benign and harmful overfitting in Theorem 3.4 explicitly
depend on m. This is because our proof technique for the “asymptotically challenging XOR regime” can only cover a
specific initialization scale oy which depends on m. It remains open questions for the general initialization scales that do
not depend on m in the “aysmptotically challenging XOR regime”, and we believe that the test error should still not be
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Figure 6. Test accuracy of neural networks with different widths m under different signal strengths. The x-axis represents the value of
width m ranging from 1 to 40, whereas the y-axis is the test accuracy. The different lines on the plot represent the test accuracy achieved
under different norms of || ]|2.

sensitive to m.

L.4. Real data experiments

In this subsection, we conduct real data experiments by training LeNet based on the MNIST dataset (LeCun et al., 1998)
of handwritten digits. However, since this paper focuses on XOR-type data, we will first manipulate the original MNIST
images to construct an XOR-type learning problem. We descibe the experiment design as follows.

In our experiment, only images of digits 1 and 2 are selected. Subsequently, we apply an XOR operation to these chosen
images. To clarify, for the class labeled as +1, we randomly pick images of digits 1 and 2 and then either directly add them
together, or set each pixel values to negative and then add them together. Conversely, for the class labeled as —1, we perform
subtraction, subtracting the images of digit 1 from those of digit 2, or subtracting the images of digit 2 from those of digit 1.
Thus, images resulting from the operations “1 + 2 and “-1 - 2” are assigned to the +1 class, while images from “-1 + 2”
and “1 - 2” are assigned to the —1 class.

Note also that it is hard for us to accurately define the SNR in the real data due to the reason that we do not know which part
is the signal or noise. Therefore, we multiply the pixels with a positive value named “Scaled SNR”. We then add Gaussian
random noises with mean 0 and standard deviation 0.1 to the outer regions with a width of 5. In this way, we can roughly
use the Scaled SNR to represent the signal-to-noise ratio in the data.

We train the classical LeNet model by setting learning rate to be 0.01, batch size to be 64, and the number of training
epochs to be 100. We consider different training data sizes n ranging from 200 to 3800, with increment of 400, and consider
different scaled SNRs ranging from 0.1 to 1 with increment of 0.1. Figure 7 gives the example figures for “1 + 2” and “1 - 2”
with Scaled SNR equals to 1 and 0.1, respectively.

The heatmaps of test accuracy for different sample sizes and different values of scaled SNR are given in Figure 8. In addition,
we also draw a red curve indicating the shape of the rate y = ©(z~*). Clearly, the results in Figure 8 also align with our
theoretical findings. As depicted in Figure 8, the boundary between high and low test accuracy indeed matches the rate
y = O(z~*%), as predicted by our theory. Our theory also suggests that increasing the training sample size n and Scaled
SNR will improve the test accuracy, which is also evident in the results. This demonstrates that our study of benign/harmful
overfitting in learning XOR data understands the essence of real-world image classification problems.
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Figure 7. llustration of modified MNIST images. (a) shows the digit “1+2” with Scaled SNR = 1, (b) shows the digit “1-2” with Scaled
SNR = 1, (c) shows the digit “1+2” with Scaled SNR = 0.1 and (d) shows the digit “1-2” with Scaled SNR = 0.1.
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Figure 8. Heatmap of test accuracy under different values of training sample size n and Scaled SNR. The z-axis represents the value of
Scaled SNR, and y-axis represents the training sample size n. (a) displays the original heatmap of test accuracy, where high accuracy is
represented by blue color and low accuracy is represented by yellow. (b) shows the truncated heatmap of test accuracy, where accuracy
higher than 0.9 is colored blue, and accuracy lower than 0.9 is colored yellow. The red line satisfies n - Scaled SNR* = C for some
constant C' > 0.
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