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Abstract

Position embedding is a core component of current Large Language Models
(LLMs). Rotary position embedding (RoPE), a technique that encodes the po-
sition information with a rotation matrix, has been the de facto choice for position
embedding in many LLMs, such as the Llama series. RoPE has been further
utilized to extend long context capability, which is roughly based on adjusting
the base parameter of RoPE to mitigate out-of-distribution (OOD) problems in
position embedding. However, in this paper, we find that LLMs may obtain a
superficial long-context ability based on the OOD theory. We revisit the role of
RoPE in LLMs and propose a novel property of long-term decay, deriving that the
base of RoPE bounds context length: there is an absolute lower bound for the base
value to obtain certain context length capability. Our work reveals the relationship
between context length and RoPE base both theoretically and empirically, which
may shed light on future long context training.
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Figure 1: Context length and its corresponding lower bound of RoPE’s base value.
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1 Introduction

In the past few years, large language models have demonstrated surprising capabilities and under-
gone rapid development. By now, LLMs have been widely applied across various domains, in-
cluding chatbots, intelligent agents, and code assistants [, 3]. The Transformer [@], based on the
attention mechanism, has been the most popular backbone of LLMs due to its good performance
and scaling properties [8]. One of the key component modules in the Transformer is position em-
bedding, which is introduced to embed positional information that is vital for processing sequential
data. Rotary position embedding (RoPE), which encodes relative distance information in the form
of absolute position embedding [6], has been a popular choice and applied in many LLMs [[Z, 8, 9].

ROPE introduces no training parameters and shows improvement in language modeling and many
other tasks [, T0]. One reason that RoPE is widely used is its ability for context length extrapolation
[T, T7], which extends the context length of a trained LLM without expensive retraining. In practice,
many works [[, T3, 4] have successfully extended the window length by simply increasing base
value, the only one hyper-parameter in RoPE, and fine-tuning on long texts.

The reasons behind the success of these long context extensions are often explained as avoiding
out-of-distribution (OOD) rotation angles [I3, T6] in RoPE, meaning the extended context length
(OOD) can be mapped to the in-distribution context length that has been properly trained. Based on
the OOD theory, a recent study [5] finds that a smaller base can mitigate OOD and is beneficial
for the model’s ability to process long contexts, which inspires us to further study the relationship
between the base of RoPE and the length of context the model can process.

In this paper, we find that the model may show superficial long context capability with an inappro-
priate RoPE base value, in which case the model can only preserve low perplexity but loses the
ability to retrieve long context information. We also show that the out-of-distribution (OOD) theory
in position embedding, which motivates most length extrapolation works [T, 17, T3], is insufficient
to fully reflect the model’s ability to process long contexts. Therefore, we revisit the role of RoPE
in LLMs and derive a novel property of long-term decay in RoPE: the ability to pay more attention
to similar tokens than random tokens decays as the relative distance increases. While previous long
context works often focus on the relative scale of the RoPE base, based on our theory, we derive an
absolute lower bound for the base value of RoPE to obtain a certain context length ability, as shown
in Figure M. To verify our theory, we conducted thorough experiments on various LLMs such as
Llama2-7B [['7], Baichuan2-7B [8] and a 2-billion model we trained from scratch, demonstrating
that this lower bound holds not only in the fine-tuning stage but also in the pre-training stage.

We summarize the contributions of the paper as follows:

» Theoretical perspective: we derive a novel property of long-term decay in RoPE, indicat-
ing the model’s ability to attend more to similar tokens than random tokens, which is a new
perspective to study the long context capability of the LLMs.

* Lower Bound of RoPE’s Base: to achieve the expected context length capability, we
derive an absolute lower bound for RoPE’s base according to our theory. In short, the base
of RoPE bounds context length.

* Superficial Capability: we reveal that if the RoPE’s base is smaller than a lower bound,
the model may obtain superficial long context capability, which can preserve low perplexity
but lose the ability to retrieve information from long context.

2 Background

In this section, we first introduce the Transformer and RoPE, which are most commonly used in
current LLMs. Then we discuss long context methods based on the OOD of rotation angle theory.



Extended context 0.0 Extended cantex

RoPE

0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
Context-size Context-size Context-size

_d_
(a) base=led (b) base=500 (c) base=b - sd-2

Figure 2: An illustration of OOD in RoPE when we extend context length from 4k to 32k, and two
solutions to avoid the OOD. We show the last dimension as it is the lowest frequency part of RoPE,
which suffers OOD mostly in extrapolation. (a) For a 4k context-length model with base value as
le4, when we extend the context length to 32k without changing the base value, the context length
from 4k to 32k is OOD for RoPE (red area in the figure). (b) OOD can be avoided with a small base
value like 500 [I5], since the full period has been fitted during fine-tuning stage. (c) We set base as

b-s7=2 from NTK [C1].The blue line denotes the pre-training stage (base=1e4) and the red dashed

. _d_ .
line denotes the fine-tuning stage (base=b - s7-2), we can observe that the RoPE’s rotation angle of
extended positions is in-distribution.

2.1 Attention and RoPE

The LLMs in current are primarily based on the Transformer [4]. The core component of it is the
calculation of the attention mechanism. The naive attention can be written as:

Aij = ai kj (1
ATTN(X) = softmax(A/Vd) v, 2)

where A € RI*L ¢ k,v € R?. Position embedding is introduced to use the order of the sequence
in attention.

RoPE [f] implements relative position embedding through absolute position embedding, which ap-
plies rotation matrix into the calculation of the attention score in Eq. [, which can be written as:

T T T
Aij = (Rioqi)” (Rjoki) = ¢; Rj—iok;j = q; R ok;, 3)
where m = j — i is the relative distance of ¢ and j, R,, ¢ is a rotation matrix denoted as:
cos(mbgp) —sin(még) 0 0 cee 0 0
sin(mbg) cos(mbg) 0 0 cee 0 0
0 0 cos(mby) —sin(mby) .- 0 0
0 0 sin(mby) cos(mby) 0 0
“
6 0 0 0 . cos(méd/zfl) 7sin(m.9d/271)
0 0 0 0 coo sin(mbg e 1) cos(mbg o_1)

Generally, the selection of rotation angles satisfies 6; = base~2%/¢

LLMs is 10,000.

, the typical base value for current

2.2 OOD theory of relative rotation angle

Based on RoPE, researchers have proposed various methods to extend the long context ability of
LLMs, among which representatives are PI [T2] and NTK-series (NTK-aware [I8], YaRN [IT], and
Dynamical-NTK [I49]). Those methods depend on the relative scale s = Ty / Torigin, Where Torigin
is the training length of the original pre-trained model and T}, is the training length in long-context
fine-tuning.

PI  PI directly interpolates the position embedding, and the calculation of A;; becomes:
Aij = (Rissqi)" (R sks) = 4] Rij—iy/sks = a Ronyskij, 5

In other words, the position embedding of the token at position 4 in pre-training becomes /s in fine-
tuning, ensuring the position embedding range of the longer context remains the same as before.



NTK-series The idea is that neural networks are difficult to learn high-frequency features, and
direct interpolation can affect the high-frequency parts. Therefore, the NTK-aware method achieves
high-frequency extrapolation and low-frequency interpolation by modifying the base value of RoPE.
Specifically, it modifies the base b of the RoPE to:

brew = b Sﬁ . (6)

_d-2 _
The derivation of this expression is derived from Thewbnew? = Toriginb™ “Z% to ensure that the lowest
frequency part being interpolated.
A recent study [I3] proposes to set a much smaller base (e.g. 500), in which case §; = base~ 7 is
small enough and typical training length (say 4,096) fully covers the period of cos(t — $)6;, so the
model can obtain longer context capabilities.

One perspective to explain current extrapolation methods is the OOD of rotation angle [I3, I6]. If
all possible values of cos(t — s)6; have been fitted during the pre-training stage, OOD would be
avoided when processing longer context. Figure @ demonstrates how these methods avoid OOD of
RoPE.

3 Motivation
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Figure 3: The superficial long context capability of avoiding OOD by the smaller base. Following
the recent work [I5], we fine-tune Llama2-7B with a small base (500) to a context length of 32k.

Recent advancements in long-context language models have seen widespread adoption of NTK-
based methods [[Z, 13, T4]. However, a curious trend has emerged: practitioners often employ
significantly larger base values than those originally suggested by NTK-aware approaches. This
discrepancy raises critical questions about the efficacy of current theoretical frameworks. Why do
practitioners deviate from the recommendations of NTK-based methods? Is the out-of-distribution
(OOD) theory underlying these methods insufficient to unlock long-context capabilities fully?

On the other hand, recent research [[I5], driven by OOD theory, proposes using a much smaller base
for RoPE to extend context length. However, our findings, as illustrated in Figure 3, suggest that this
approach may only provide superficial long-context capability[?2]. While achieving low perplexity
even at 128k context length (explicable by OOD theory), the model fails to retrieve relevant infor-
mation for context lengths as short as 1kwell below its pre-trained length. The observation suggests
that the small base determined by OOD theory can’t unlock true long-context capability.

These phenomena motivate us to delve deeper into the relationship between RoPE’s base and context
length. To address the gap between OOD theory and our observations, we conduct a theoretical
exploration in the next section, aiming to uncover the underlying mechanisms of effective long-
context modeling.

4 Theory Perspective

For attention mechanism in language modeling, we have the following desiderata:

Desiderata 1 The closer token gets more attention: the current token tends to pay more attention
to the token that has a smaller relative distance.
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Figure 4: The upper bound of attention score  Figure 5: The ability to attend more to similar
with respect to the relative distance. tokens than random tokens.

Desiderata 2 The similar token gets more attention: the token tends to pay more attention to the
token whose key value is more similar to the query value of the current token.

Then we examine the desiderata when we apply RoPE to the attention mechanism in LLMs.

4.1 Long-term Decay of Upper Bound of Attention Score

For Desiderata [, the property of RoPE makes the model attend more to closer tokens. This kind of
long-term decay has been thoroughly discussed in previous work [6, Z3]. It comes from the upper
bound of attention score calculation, which can be written as:

/2
|Aijl = lai Rink;j| < max ([ — husa ) > 1Sl
n=1
d/2 n-—1
= max(|hy — hisal) Y| Y070V, ©)

n=1 1=0

where h; = ¢! 20 : 12+ 1]k;[21 : 20 + 1]. Equation @ indicates that the upper bound of the attention
score |A;;| decays as the relative distance increases. Figure B shows the long-term decay curve of
this upper bound, which is in accordance with previous findings [B, Z3].

4.2 Long-term Decay of the Ability to Attend More to Similar Tokens than Random Tokens

In addition to the attention score’s upper bound, we also find there exists another long-term decay
property in RoPE: the ability to attend more to similar tokens than random tokens decays as the
relative distance increases. We define the ability to attend more to similar tokens than random
tokens as:

Eq = [¢" Rim,0k*] — Eq [q" R ok] , ®)

where ¢ € R? is the query vector for the current token, k* = g+ € is the key value of a similar token,
where € is a small random variable, & € R? is the key vector of a random token, R, ¢ is the rotation
matrix in RoPE. The first term in Eq. B is the attention score of ¢ and a similar token £*, the second
term in Eq. B is the attention score of ¢ and random token k. Then we derive the following theorem:

Theorem 1 Assuming that the components of query ¢ € R* and key k € R® are independent and
identically distributed, their standard deviations are denoted as 0 € R. The key k* = q+ € is a
token similar to the query, where € is a random variable with a mean of 0. Then we have:

d/2—1
1
553 (Eq e [¢" R ok*] = gk [¢" R ok]) = > cos(mb;) ©)
1=0

The proof is shown in Appendix Bl. We denote Zfi %_1 cos(méb;) as By, ¢, and according to Theo-
rem [, B,, ¢ measures the ability to give more attention to similar tokens than random tokens, which
decreases as the relative distance m increases, as shown in Figure B. For a very small base value, we
can observe that the B,,, ¢ is even below zero at a certain distance, meaning the random tokens have
larger attention scores than the similar tokens, which may be problematic for long context modeling.



Table 1: Context length and its corresponding lower bound of RoPE’s base.
Context Len. 1k 2k 4k 8k 16k 32k 64k 128k 256k 512k IM
Lower Bound 4.3e3 1.6e4 2.7e4 8.4e4 3.1e5 6.4e5 2.1e6 786 3.6e7 6.4e7 5.1e8

4.3 Base of RoPE Bounds the Context Length

To satisfy the Desiderata D, we will get Eq ¢+ [q¢7 Ry 0k*] > Eq i [¢7 R ok]. According to The-
orem [, B,, ¢ needs to be larger than zero. Given the 6 in RoPE, the context length Ly that can be
truly obtained satisfies:

Ly = sup{L|Bp ¢ > 0,Ym € [0,1, ..., L]} (10)

—2i/d

In other word, if we follow the setting that ; = base , in order to get the expected context

length L, there is a lower bound of the base value basey,:
baser, = inf{base|B,, 9 > 0,¥Ym € (0,1, ..., L]} (11)

In summary, the RoPE’s base determines the upper bound of context length the model can truly
obtain. Although there exists the absolute lower bound, Eq. B and Eq. [l are hard to get the closed-
form solution since B, ¢ is a summation of many cosine functions. Therefore, in this paper, we get
the numerical solution. Table [ shows this lower bound for context length ranging from 1,000 to
one million. In Figure [, we plot the context length and corresponding lower bound, we can observe
that as the context length increases, the required base also increases.

Note: this boundary is not very strict because the stacking of layers in LLMs allows the model to
extract information beyond the single layers’ range, which may increase the context length in Eq.
[ and decrease the base in Eq. [ Notwithstanding, in Section B we find that the derived bound
approximates the real context length in practice.

Long-term decay from different perspectives. The long-term decay in section Bl and section B2
are from different perspectives. The former refers to the long-term decay of the attention score as the
relative distance increases. This ensures that current tokens tend to pay more attention to the tokens
closer to them. The latter indicates that with the introduction of the rotation matrix in attention, the
ability to discriminate the relevant tokens from irrelevant tokens decreases as the relative distance
increases. Therefore, a large B,, ¢, corresponding to a large base value, is important to keep the
model’s discrimination ability in long context modeling.

S Experiment

In this section, we conduct thorough experiments. The empirical result can be summarized in Table
D, the details are in the following sections.

Table 2: In Section B, we aim to answer the following questions.

Questions Answers
Q: Does RoPE’s base bounds the context | Yes. When the base is small, it is difficult to get extrapolation
length during the fine-tuning stage? for specific context length.

Yes. Our proposed lower bound for RoPE’s base also applies

to pre-training. If we train a model from scratch with a small

base but the context length is large (larger than the bounded
length), the resulting model has very limited context length
capabilities, meaning some of the context in pre-training is wasted.

Q: Does RoPE’s base bounds the context
length during the pre-training stage?

The model will get the superficial long context capability.
The model can keep perplexity low, but can’t retrieve useful
information from long context.

Q: What happened when base is set
smaller than the lower bound?

5.1 Experiments Setup

For fine-tuning, we utilized Llama2-7B [[] and Baichuan2-7B [R], both of which are popular open-
source models employing RoPE with a base of 1e4. We utilized a fixed learning rate of 2e-5 and a
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Figure 6: Fine-tuning Llama2-7B-Base on 32k context length with varying RoPE’s base. Although
the perplexity remains low with varying bases, the Long-eval accuracy reveals a discernible bound
for the base value, below which the Long-eval accuracy declines significantly. The dotted line
denotes the lower bound derived from Eq. [ and code is provided in Appendix B

global batch size of 128 and fine-tuning for 1000 steps. For pre-training, we trained a Llama-like
2B model from scratch for a total of 1 trillion tokens. We set the learning rate to 1e-4 and adopted a
cosine decay schedule, with models trained on a total of 1T tokens. The dataset we used is a subset
of RedPajama [24]. More details of the experimental setup are provided in Appendix B.

Our evaluation focused on two aspects: (1) Perplexity: we use PG19 dataset [25] which are often
used in long context evaluation; (2) Retrieval: in addition to perplexity, we also adopt retrieval
since it represents the real long-context understanding ability of LLMs. We choose a) Long-eval
benchmark from [20] and b) Needle in a haystack (NIH) [2T]. The Long-eval benchmark generates
numerous random similar sentences and asks the model to answer questions based on a specific
sentence within the context, while the NIH requires the model to retrieve information from various
positions in the long context.

5.2 Base of RoPE bounds context length in fine-tuning stages

According to Eq. [, there is a lower bound of RoPE’s base determined by expected context length.
We fine-tune Llama2-7b-Base on 32k context with varying bases. As depicted in Figure B, although
the difference in perplexity between different bases is negligible, the accuracy of Long-eval varies
significantly. In Figure BB, the dotted line denotes the lower bound derived from Eq. [, below
which the Long-eval accuracy declines significantly. Additional results are provided in Appendix O.
Notably, this empirically observed lower bound closely aligns with our theoretical derivation. On
the other hand, we can see that base = 2e5 achieves the best perplexity, but the accuracy of Long-
eval is very low, which indicates the limitations of perplexity in evaluating long context capabilities.
We also provide the more comprehensive RULER [P&]benchmark results in Appendix G.

5.3 The Base of RoPE bounds context length in pre-training stages

According to Theorem [l and Eq. I, these constraints could also apply to the pre-training stage. To
validate this, we trained a 2B model from scratch with RoPE base=100. The results, depicted in the
first row of Figure [, indicate that even though the model was trained with a context length of 4,096
tokens, it was capable of retrieving information from only the most recent approximately 500 tokens.
This demonstrates that the base parameter bounds the context length during the pre-training stage as
well. We define the context length from which the model can effectively retrieve information as the
effective context length.

According to our theory, the effective context length can be extended as the RoPE’s base increases.
To validate this, we further fine-tune this 2B model on 32k context length, with RoPE’s base set to
le4, as shown in the second row of Figure . While the effective context length increased, it remains
significantly below 32k since the effective context length bounded by base=1e4 is much smaller
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Figure 7: The first row: the results of a 2B model training from scratch with base=1e2. The second
row: The results of fine-tuning the 2B model with base=1e4. The third row: The results of fine-
tuning the 2B model with base=1e6.

than 32k. Further, when we increase the base to 1e6 and fine-tune the base 2B model on 32K (the
third row in Figure M), the model could obtain a larger context length than base=1e4, which is in
accordance with our theory.

To further remove the influence of model size, we also fine-tuned a larger 7B model on a 32k context
length with a RoPE base set to 1e4 and observed an effective context length nearly identical to that of
the 2B model with the same RoPE base (see Appendix ). This is empirical proof that the effective
context length is determined by RoPE’s base.

5.4 Interpretation for the superficial long context capability for small base

Based on our theory and empirical observations, it is easy to explain what happens in Figure B.

Better Extrapolation (Perplexity)? Due to the small base, B, ¢ can be smaller than zero as m
increases, which is shown in Figure B. The model can’t attend more to similar tokens than random
tokens with a large relative distance, so the model tends to focus more on nearby tokens, this will
lead to a smaller empirical receptive field, even smaller than the training length. In this case, the
model has a strong ability to maintain perplexity stability [Z7].

Worse Ability (Long-eval and NIH)! According to our previous analysis, RoPE’s base bounds the
context length, and the context length bounded by 500 is much lower than that bound by 10,000.
Therefore, when the base is set to 500, the effective context length drops sharply, even after training
on 32k context length.

5.5 OOD theory is insufficient to reveal long context capability

Section B mentions that methods based on the OOD theory of rotation angles may not fully reflect the
long context capability. In this section, we conduct further experiments to substantiate and explain
this observation. We present two methods to extend the context length of Llama2 from 4k to 32k.
Both of them are devoid of OOD angles. These methods are delineated mathematically as follows:

* Method 1: 6; = (5¢6)~2¥/4,



Table 3: The comparison of "Method 1" and "Method 2". These methods are designed carefully.
They both are no OOD, but they are very different under our theory.

Long-eval | numbers of m whose B,,, 9 <0
Method | OOD |15 301 | 15k 30k
Method 1 x 0.33 0.27 0 0
Method 2 X 0.40 0.00 | 97 2554
(led)~20/128 /8, i > 44

* Method 2: 0; = {(164* 8128/88)—21‘/1287 i< 44.

We can see from Table B that these two methods exhibit significantly different long context capabil-
ities. Under the perspective of OOD rotation angle, both methods avoid OOD rotation angle, sug-
gesting effective extrapolation. However, despite being trained on a context length of 32k, "method
2" struggles in completing the retrieval task at a context length of 32k. This phenomenon is beyond
the scope which the OOD theory can explain.

Under our perspective, "method 2" is severely violating B, g > 0 when m € [15k, 30k], thereby
impeding its ability to achieve long-context discrimination. We speculate that the model may achieve
better extrapolation in the fine-tuning stage if the base is sufficiently large to surpass a lower bound
and avoid OOD of rotation angles.

6 Related Work

Position embedding. Since its introduction, Transformer [4] has achieved remarkable results in
the field of natural language processing. To make full use of the order of sequence, researchers have
introduced position embedding. The earliest position embedding was based on sinusoidal functions
[@] for absolute positions, learnable absolute position embedding [Z8] and many variants [29, BU]
were proposed. Nevertheless, absolute position embedding has difficulties in extending directly to
texts longer than the training length. Subsequently, researchers proposed relative position embed-
ding methods [B1, 37]. With the development of large language models, rotary position embedding
and its variants [B, 23] has become widely used, such as Llama?2 [7], Baichuan2 [8], Mistral-7B-[B3].
A recent study reveals that no position embedding is also potential [34].

Long context learning. Implementing models with longer or even infinitely long contexts has
always been an important goal in the field of natural language processing. Due to the squared com-
plexity of the transformer model over time, a significant portion of the work focuses on improving
the model structure [39, B9, BA, B7]. However, most of the work is still based on the transformer
architecture. The other part of the work is aimed at reducing the computational complexity of atten-
tion itself, such as sparse attention [BX] and group query attention [39]. In addition, there are also
some optimizations in engineering efficiency, such as flash attention [20] and ring attention [&1].
In the model inference stage, to save time and space, there are also some methods for accelerating
long context, such as KV cache compression [47], etc. And the position embedding is important in
extrapolation. In the process of fine-tuning, methods such as PI [T2], NTK, and YARN [I[1] are used
to change the original position embedding information. FoT [&3] assigns the position information
of the tokens outside the local context as the first token in the local context.

7 Limitation

In this work, we investigate the relationship between the base of RoPE and context length. Although
we have derived that there exists a lower bound for the base of RoPE determined by context length,
the existence of the upper bound for RoPE’s base remains an open question that warrants further
exploration. In addition, because of the lack of effective benchmarks for assessing long-context
capabilities, the scope of long-context capabilities discussed in this paper may be limited.



8 Conclusion

Our work presents a comprehensive study on the role of RoPE in LLMs for effectively modeling
long context. Our main contribution lies in uncovering a novel property of RoPE through theoretical
analysis, demonstrating that as the relative distance between tokens increases, the model’s ability
to attend more to similar tokens decreases. According to our theory, we derive a lower bound for
RoPE’s base in accommodating to expected context lengths. Our experimental results validate that
the base of RoPE bounds context length for not only fine-tuning but also the pre-training stage.
Our theory offers a new perspective on understanding the functionality of RoPE in long-context
modeling. By shedding light on the relationship between context length and position embedding,
we hope our work could provide insights for enhancing the long context capability of LLMs.
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A The proof of Theorem [

Assuming that the components of query ¢ € R? and key k¥ € R? are independent, their standard
deviations are denoted as ¢ € R? and the means are donated as ;1 € R?. The key k* similar to ¢ is
q + €, where € is a random variable with a mean of 0. Then, we have:

E‘I’k* qTRmk* - ]Eq,quRnLk

:]quTqu + ]Eq,eqT}%mE - ]Eq,quRmk
d/2—1
=E, Z (3; cos(mb;) — q2iqai+15in(mb;) + qair1g2isin(mb;) + g3, 1 cos(mb;)) + Eqq” RinEce
i=0
d/2—1
—Eg.x Z (q2ik2i cos(mb;) — qaikair151m(mb;) + qaiv1k2isin(mb;) + qait1kaiq1 cos(mb;))
i=0
d/2—1
= D E(g3;) cos(mby) — paipizisrsin(mb;) + paigzirsin(my) + E(g3;41) cos(mby)) + R0
i=0
d/2—1
— Y (13, cos(mb;) — pigipraip15in(mb;) + piptis1sin(mb;) + p3;y cos(mb;))
i=0

d/2—1
= Z (E(g3; + @is1) — Ma; — H3i41) cOS(mb;)
i=0
d/2—1
= Z (07 + 07, 1) cos(mb;) (12)
i=0

Then we can get:

d/2—1
> (03, + 03,41) cos(mb;) = Egpeq" Rink™ — Eqnq” Rk (13)
1=0

And when all ¢ are equal, we can get:

d/2—1

1
> cos(mb;) = E(quk*qTRmk* —Eyxq" Rink) (14)
i=0

B The detail setting of experiment

For training, we mainly conducted experiments on Llama2-7B [[] and Baichuan2-7B [B]. In addi-
tion, we also trained a 2B model from scratch, whose structure is the same as Baichuan2-7B-Base
but with a smaller hidden size = 2048. Both training and testing are accelerated by FlashAttention-2
[20] and Megatron-LM [44]. The dataset of both fine-tuning and training from scratch is a subset
of RedPajama [24]. The hyperparameters of training are listed in Appendix B. All experiments are
conducted on a cluster of 16 machines with 128 NVIDIA A100 80G.

Table 4: Training hyper-parameters in our experiments

Model Training length ~ Training tokens  Batchsize Base LR LR decay  Weight decay
Llama2-7B-Base 32K 4B 128 2e5 constant 0
Baichuan2-7B-Base 32K 4B 128 2e5 constant 0
Our-2B-Base 4K 1T 1024 2e4 cosine 0.1
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Q/uestion: Below is a record of lines | want you to remember. Each line begins with ‘line <Iine\

index>" and contains a '<REGISTER_CONTENT>" at the end of the line as a numerical value. For
each line index, memorize its corresponding <REGISTER_CONTENT>. At the end of the record, |
will ask you to retrieve the corresponding <REGISTER_CONTENT> of a certain line index. Now the
record start:

line swift-baby: REGISTER_CONTENT is <12821>

line dangerous-breast: REGISTER_CONTENT is <28051>
line bad-sculptural: REGISTER_CONTENT is <32916>
line flashy-college: REGISTER_CONTENT is <34027>
line voiceless-brochure: REGISTER_CONTENT is <8964>
line fast-peony: REGISTER_CONTENT is <5218>

Now the record is over. Tell me what is the <REGISTER_CONTENT> in line dangerous-breast? |
need the number. Answer:

Figure 8: Long-eval sample prompt

For evaluation, we test the long context capabilities comprehensively, the benchmarks are listed
below: perplexity on PG19 [5] test split. We evaluate the perplexity of each sample and get the
mean value across samples.

Long-eval [20]. This test generates massive random similar sentences and asks the model to answer
questions according to a specific sentence in the context. Because the long context consists of many
similar patterns, it’s more difficult to get the right answer. We find this test is harder than other
long context evaluations such as Perplexity, Passkey Retrieval [25], Needle in Haystack [ZT]. A test
sample is list in Figure B

needle in haystack(NIH) [ZT]. NIH tests the long context capability not only under different context
lengths but also at different positions where the correct answer is located in the context, which
provides a more detailed view of the long context capability.

C Baichuan2-7B-Base: Lower bound Base of RoPE

T S i B o B B e e : — : -
—— 32K-base:led 0.6 1 E
18 —— 32K-base:2e5 _: | ]
16 32K-base:9e5 ] v 0.5 | 3
. —— 32K-base:5e6 4 Y | ]
2 ] 0.4 4
= —— 32K-base:led ] g I ]
@ —_— _hace- 9 ] q =
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6 = _: 0.0 | —-—_ Lower bound -E
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(a) Perplexity (b) Long-eval 32k

Figure 9: Fine-tuning Baichuan2-7B-Base on 32k context length with varying RoPE’s base. Al-
though the perplexity remains low with varying bases, the Long-eval accuracy reveals a discernible
bound for the base value, below which the Long-eval accuracy declines significantly. the dotted line
denotes the lower bound derived from Eq. [l.

D Long Context Test Results on Various LLMs
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5

E The python code for calculating the low bound base for a context length of
32k

"""the python code for calculate the
low bound base for a context length of 32k"""

3 import torch

4

5

import numpy as np
def get_BMtheta_expectation(base,context_size=2**15,dim=128) :
realdim = dim / 2
d= torch.arange (0, realdim, 1)
theta = base ** (-2xd/dim)
dist= torch.outer (torch.arange (0,context_size) ,theta).cos()
return dist.sum(dim=1) / realdim
search_base = []
for x in range(3,10):
for i in range(1,10):
for j in range (10):
search_base.append ((i+j/10)* (10%*x))
for base in search_base:
ans = get_BMtheta_expectation(base)
if True not in (ans<0):
print ("Find!Base=", Dbase)

break
idx = np.argmax(ans < 0)
print (’base’, base, ’first zero position’, idx)

F A empirical verification of Desiderata 2

The Desiderata 2 introduced in Section B is intuitively plausible, but its empirical validity requires
verification. To investigate this, we conducted a detailed empirical analysis. The similarity between
tokens is measured by the cosine similarity (denoted as A) of their corresponding hidden states,
while the attention allocation between tokens is governed by the attention score (denoted as B). The
desiderata "similar tokens receive more attention" implies that a higher value of A should lead to a
higher value of B.

To test this desiderata, we performed experiments using Llamal-7B, Llama2-7B, and Llama3-8B
models. We selected 200 segments from the PG19 dataset, each containing 1024 tokens, and com-
puted Spearmans rank correlation coefficient between (A) and (B). A positive correlation coefficient
would indicate that as token similarity (A) increases, the corresponding attention score (B) also
increases. The magnitude of the coefficient reflects the strength of this correlation.

The results, presented in Figure [3 confirm that Spearmans rank correlation coefficient is positive,
validating the desiderata that "similar tokens receive more attention". Furthermore, we observe
that this positive correlation is more pronounced in the Llama3-8B model compared to Llama2-
7B and Llamal-7B, suggesting that larger and more advanced models are better at capturing this
relationship.

G Evaluation results on RULER
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Figure 15: Spearmans rank correlation coefficient between the similarity and the attention score of
two tokens. The thick line represents the mean u calculated from different samples. The upper and
lower boundaries of the line are 14 + o and p — o, respectively, where ¢ is the standard deviation of
different samples.

Table 5: Evaluation results on RULER. We finetune Llama2-7b to 32k context length (the low bound
base is 6e5) using different RoPE’s bases. NS is short for NIAH-single and NM is short for NIAH-
Multikey.

Base | Context Len. Sub tasks Ave.
NS-1 NS-2 NS-3 NM-1 NM-2 NM-3 NIAH_Multivalue NIAH_Multiquery VT CWE FWE QAl QA2
4k 230 310 260 31.0 13.0 110 73.0 75.0 2.0 595 537 510 29.0]36.78
500 8k. 150 18.0 11.0 140 2.0 3.0 50.0 37.0 1.0 463 46.0 18.0 21.0]21.72
16k 50 80 50 90 2.0 1.0 28.0 33.0 0.0 230 407 230 2701574
32k 1.0 10 20 40 1.0 1.0 10.0 12.0 0.0 1.5 227 160 24.0] 7.40
4k 99.0 100 960 91.0 850 65.0 66.0 99.0 90.0 34.1 7733 66.0 44.0 77.88
led 8k. 530 550 58.0 59.0 340 4.0 49.0 84.0 1.0 337 27.67 30.0 29.039.80
16k 21.0 240 28.0 360 17.0 3.0 72.0 75.0 0.0 493 8.67 10.0 25.02838
32k 50 80 110 130 7.0 0.0 38.0 39.0 0.0 171 133 19.0 26.0]|14.19
4k 100 100 100 97.0 97.0 77.0 99.0 99.0 100 79.6 86.0 450 45.0]86.51
25 8k. 100 100 100 100 96.0 48.0 97.0 100 100 429 65.00 44.0 40.0|79.46
16k 100 100 100 97.0 740 23.0 92.0 100 97.0 20.7 833 38.0 37.0 (6823
32k 99.0 100.0 950 950 320 9.0 62.0 87.0 820 27.0 39.0 29.0 38.0(61.08
4k 100 100 100 97.0 96.0 650 99.0 100 100 84.6 90.0 52.0 49.0]87.12
665 8k. 100 100 100 99.0 96.0 40.0 93.0 100 100 434 6633 34.0 47.0 | 78.36
16k 100 100 100 950 740 37.0 93.0 99.0 98.0 274 62.67 37.0 41.0 |74.16
32k 100 100 94.0 96.0 47.0 120 70.0 89.0 97.0 205 63.67 25.0 39.0 |65.63
4k 100 100 99.7 97.0 951 71.0 99.0 99.7 100 83.6 885 493 469 |86.91
95 8k. 100 100 100 984 963 484 92.7 100 100 44.66 67.53 35.8 46.7 79.27
16k 100 100 100 93.8 788 424 90.9 99.3 98.6 27.58 59.97 364 40.1 |74.45
32k 100 100 958 963 527 183 64.3 89.6 979 17.26 63.77 26.2 39.0 | 66.24
4k 100 100 99.0 97.0 93.0 85.0 99.0 99.0 100.0 81.2 85.0 43.0 42.0|86.40
566 8k 100 100 100 97.0 97.0 68.0 92.0 100 100 476 703 40.0 46.0 |81.38
16k 100 100 100 100 91.0 90.0 55.0 86.0 100 100 28.0 53.7 35.0|79.90
32k 100 100 100 97.0 66.0 33.0 51.0 91.0 100.0 9.7 640 29.0 39.0 | 67.67
4k 100 100 100 95.0 96.0 72.0 100 99.0 67.0 63.8 777 419 29.080.11
169 8k 100 100 100 96.0 90.0 54.0 95.0 100 88.0 350 60.0 28.0 35.0|7546
16k 100 100 100 96.0 77.0 43.0 83.0 100 720 237 513 27.0 35.069.85
32k 100 100 100 93.0 69.0 23.0 58.0 92.0 940 18.1 557 17.0 35.0 [65.75
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We claims the paper’s contributions and scope in the abstract and the last part
of the introduction in Section [

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations of the work in Section [.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer:[Yes]
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Justification: We provide the assumptions of Theorem [ in itself and provide the proof in
Appendix A.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide the experimental details and hype-parameters in Section Bl and
Appendix B.

Guidelines:

The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-

missions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: Due to some privacy policies and the complexity of training large language
models, we are unable to provide the data and code. But we believe that based on the
open-source LL.Ms and open-source code, our results can be reproduced.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (bttps:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We provide the experimental details and hype-parameters in Section B and
Appendix B.
Guidelines:
* The answer NA means that the paper does not include experiments.
» The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.
* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer:
Justification: Due to the high computational cost of large language models, it is difficult for
us to perform the same experiment multiple times to get the error bar. However, we provide

the results of different models and their performance under various evaluation metrics to
support our perspective.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We provide the information in Section B.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have read the NeurIPS Code of Ethics and the research conducted in our
paper conform, in every respect, with the NeurIPS Code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

e If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our paper focuses on the impact of key parameter settings in the model on its
capability. To our knowledge, this does not involve any social impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: In this work, we don’t release any data or model.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer:[Yes]
Justification: We cite existing papers and url.
Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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14.

15.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research

with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
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