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Abstract

This paper focuses on solving a stochastic variational inequality (SVI) problem under relaxed
smoothness assumption for a class of structured non-monotone operators. The SVI problem
has attracted significant interest in the machine learning community due to its immediate
application to adversarial training and multi-agent reinforcement learning. In many such
applications, the resulting operators do not satisfy the smoothness assumption. To address
this issue, we focus on a weaker generalized smoothness assumption called a-symmetric.
Under p-quasi sharpness and a-symmetric assumptions on the operator, we study clipped
projection (gradient descent-ascent) and clipped Korpelevich (extragradient) methods. For
these clipped methods, we provide the first almost-sure convergence results without making
any assumptions on the boundedness of either the stochastic operator or the stochastic
samples. We also provide the first in-expectation unbiased convergence rate results for these
methods under a relaxed smoothness assumption for a < %

1 Introduction

This paper focuses on the stochastic variational inequality (SVI) problem, which consists of finding a point
u* € U, such that

(F(u*),u—u") >0 for all u € U,
where the operator F'(-) is specified as the expected value of a stochastic operator ®(-,-) : U x Z — R™ i.e.,
F(u) =E[®(u,£)] for all u € U,

where ¢ € = is a random vector. Variational Inequality (VI) problems encompass many practical applications,
such as optimization, min-max problems, and multi-agent games. In particular, they play a vital role in
modeling equilibrium problems where it’s important to capture an interaction between many agents. In
machine learning literature, the increasing focus on VIs is due to their relevance to generative adversarial
networks (GANSs) [(Gemp & Mahadevan| (2018); |Gidel et al.| (2019), actor-critic methods |Pfau & Vinyals| (2016)),
adversarial training, and multi-agent reinforcement learning [Sokota et al.| (2022); Kotsalis et al.| (2022). In
many such applications, the corresponding operator is defined as an expected value of stochastic or finite sum
of operators, which motivates us to study SVIs. One of the pivotal works Nemirovski| (2004)); |[Juditsky et al.
(2011)) on SVIs proposed and studied the celebrated Mirror-Prox method under assumptions on monotonicity
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and Lipschitz continuity of an operatorﬂ These assumptions become classical for the analysis of first-order
methods for solving SVIs [Beznosikov et al.| (2022); Hsieh et al.| (2019; [2020); [Loizou et al.| (2021)).

In adversarial and multi-agent training, where the corresponding operator is a gradient of a highly non-
linear neural network model, these classical assumptions might not be satisfied. It is well-known that one
possible remedy for such non-convergent behavior is in clipping, normalization, or adaptive stepsizes, such as
ADAM (Kingma & Baj [2015). This effect might be explained by the experiment conducted in Zhang et al.
(2020). In this work, authors observed that when training deep neural network, the norm of the hessian of
the loss function correlates with a norm of a gradient along the optimization trajectory.

This observation motivated |Zhang et al. (2020)) to introduce a new and more realistic assumption on the linear
growth of the hessian. This led to a great number of works in optimization investigating new assumptions on
generalized smoothness and convergence behavior of classical gradient (Li et al., |2023)), normalized (Chen
et al., [2023), clipped (Koloskova et al. 2023)), and adaptive methods (Wang et al.l |2023; |[Zhang et al., [2024)).
Despite this progress in optimization, there are only a few works on generalized smooth min-max (Xian et al.,
2024) and VI (Vankov et al., 2024]) problems. This motivates us to delve into investigation of the first-order
methods for generalized smooth SVIs.

1.1 Related work

Weaker Assumption on SVIs. More work has focused on stochastic methods for SVI under more relaxed
assumptions to develop and analyze the methods applicable to broader problem classes. In particular, some
studies have explored SVIs under pseudo-monotonicity Kannan & Shanbhag| (2019)), quasi-monotonicity [Loizou
et al.| (2021)), co-coercivity [Beznosikov et al.| (2023) and quasi-sharpness |Vankov et al.| (2023)). |Diakonikolas
et al.[(2021) showed that such conditions may not be satisfied even in two played Markov games and introduced
the weakest known structured non-monotone assumption. Later, weak Minty SVIs were studied [Pethick
et al.| (2023); |Choudhury et al.| (2023)); |Alacaoglu et al.| (2024)) under Lipschitz continuity assumption on the
operator. In our work, we consider the generalized smooth assumption that goes beyond the existing settings.

Normalized and Clipped Methods for SVIs. |Jelassi et al.[(2022) studied the performance of normalized
stochastic gradient descent-ascent and ADAM and suggested the crucial role of normalization for training
GANSs. It is worth noting that, with the right clipping parameters, clipped and normalized step sizes are
equivalent up to a constant. Another line of works |Gorbunov et al.| (2022)) focuses on smooth SVIs under
heavy-tail noise. Using Lipschitz’s continuity of operator and the right choice of clipping parameters, the
authors showed a high probability convergence rate for the clipped stochastic Korpelevich method. Recent
work Xian et al. (2024) considered generalized smooth stochastic nonconvex strongly-concave min-max
problems and provided (9(\/%) convergence rates for variants of stochastic gradient descent-ascent (SGDA)
with normalized stepsizes. Due to the specific structure of the minmax problem and the fact that the gradient
of the corresponding function is nonmonotone in one variable and strongly monotone in another, it is difficult
to compare this work with ours. Moreover, in this work, the crucial part of the analysis is in the fact that the
norm of a gradient can be upper bounded by a function residual. One can not use such bounds in SVIs due
to the absence of function values. In our analysis, we develop a new technique to bound the operator norm in
almost sure (a.s.) sense and in expectation.

Stochastic Analysis of Clipped Methods for Generalized Smooth Optimization. In|Zhang et al.
(2020), authors analyzed clipped gradient method under a.s. bounded error assumption. Koloskova et al.
(2023) showed that the gradient method with standard clipping may not converge to a solution even with
small stepsizes. The authors analyzed clipped gradient descent as a biased method and provided a convergence
rate for non-convex functions. Later, [Li et al. (2024) developed a new technique allowing to bound stochastic
gradients by the function value residual along the optimization trajectory, which helps to find the convergence
rate for the gradient with the right choice of stepsizes. In our work, we do not make an assumption on a.s.

IThe well-studied Mirror-Prox method |Nemirovski| (2004) has been proven to be optimal for solving VIs under strong
monotonicity and Lipschitz continuity assumptions. In fact, this method is the stochastic version of the classical extragradient
method.



Published in Transactions on Machine Learning Research (09/2025)

bounded noise and bounded stochastic gradients. Furthermore, we provide not only in-expectations but also
a.s. convergence of the considered clipped methods.

Contributions. In light of the existing literature, we consider stochastic VIs with p-quasi sharp generalized
smooth a-symmetric operators. We assume a bounded variance of the noise and do not use a restrictive
assumption of bounded stochastic operators or bounded samples. Our key contributions are summarized
below (see also Table [1)):

o We provide the first known analysis of the clipped stochastic projection method (clipped SGDA)
for solving stochastic generalized smooth VIs with p-quasi sharp and a-symmetric operators. The
key feature of our analysis is the use of cleverly chosen clipped stochastic stepsizes v,. We use two
different samples of stochastic the operator, one for clipping stepsizes v and another for the direction
of the method update. This choice allows us to separate the clipping part from the stochastic error
and analyze the method in an unbiased manner. To show a.s. convergence, we prove that the series
of clipped stochastic stepsizes is not summable a.s., i.e. IP(Z,?;O Y = 00) = 1.

o We also provide convergence rate for stochastic clipped projection method for o < 1/2. For p =2
we achieve O(k~1) last iterate convergence. For p > 2, we show the best iterate convergence rate of
O(k=20-9/P) where 1 > ¢ > 1/2 is a parameter of the stepsize choice.

e We provide the first known analysis of the stochastic clipped Korpelevich method for solving stochastic
generalized smooth VIs with p-quasi sharp and a-symmetric operators. By reusing clipping stepsizes
v, for both iterates updates hy and uy, we separate stochastic stepsize from the stochastic error,
similar to the projection method analysis. To show a.s. convergence, we prove that the series of
clipped stochastic stepsizes is not summable a.s., i.e. ]P’(Z;ozo v =o00) = 1.

e Moreover, we prove in-expectation convergence rates for the stochastic clipped Korpelevich methods
for & < 1/2. For p = 2, we show the last iterate sublinear convergence rate O(k~!). For p > 2, we
show the best iterate convergence rate of O(k=2(1=9)/P) where 1 > ¢ > 1/2 is a parameter of the
stepsize choice.

e Finally, we present numerical experiments where we compare the performance of the methods with
proposed stochastic clipping for different stepsize parameter ¢ > 1/2 and quasi-sharpness parameter p.

Stochastic Projection

Stochastic Korpelevich

p>0,a€ (0,1] | Asym (Thm[3.2) Asym (Thm
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P =2 2 L2 12k 12k2 12k
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) <(D0 +0%)*P(Cr + 0)2/p)
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Table 1: Summary of convergence rate results showing the decrease of certain performance measures with
the number k of iterations. We use “Asym" as an abbreviation for asymptotic almost sure convergence
results. For p-quasi sharp operators, with p = 2, and for stochastic projection and Korpelevich methods,
the performance measures are Dy, = E[dist®(ug, U*)] and Dj, = E[dist?(hy, U*)], respectively. For p > 2,
the performance measure for both methods is Dy = E[dist?(ag, U*)], 1) = (ZLO B)~t Zf:o Biug. The
constant C'r denotes the upper bound on E[|| F'(u)||] and E[||F'(hy)||] for stochastic projection and Korpelevich
methods, respectively.

The rest of the paper is organized as follows. In Section [2] we provide the assumption on the operator class
we consider and the first-order methods we focus on. In Section [3] we show the almost sure convergence result
of clipped stochastic projection method. In Section [ we provide a.s. convergence results and in-expectation
convergence rates for the clipped stochastic Korpelevich method. In Section [5] we conduct experiments
on solving generalized smooth SVIs and compare the performance of the stochastic clipped projection and
Korpelevich method for different problem and stepsize parameters. Section [6] concludes our work and presents
some further research directions.



Published in Transactions on Machine Learning Research (09/2025)

2 Preliminaries

In this section, we provide the necessary concepts and assumptions for the considered SVI problem. We start
with a standard definition; the operator F' is said to be Lipschitz continuous on a set U if there exists L > 0
such that

| F'(u) — F(v)|| < L||lu —v|| for all u,v € U. (1)

So far, the Lipschitz continuity of the operator was the most common assumption to study SVIs [Nemirovski
(2004)); [Yousefian et al.| (2014} 2017)); Hsieh et al.| (2019); |Loizou et al.| (2021)); |Alacaoglu et al.| (2024).

However, this assumption does not hold in modern deep-learning applications. Based on the experiments on
neural network training provided in |Zhang et al.| (2020]), the norm of Jacobian of the operator correlates with
the norm of the operator. Motivated by this observation, [Zhang et al.| (2020) proposed a new, more realistic,
and weaker assumption named (Lg, L1)-smooth: a differentiable operator F' is (Lo, L1)-smooth operator on a
set U when the following relation holds

IVF(u)|| < Lo+ L1||F(u))|| forallueU. (2)

When the operator F(-) is L-Lipschitz continuous, it satisfies with Lo = L and L1 = 0. Recent work |[Chen
et al| (2023) generalized a class of (Lo, L1)-smooth operators and introduced a new class termed a-symmetric.
The class of a-symmetric operators includes the class of (Lg, L1)-smooth operators and coincides with it
when the operator is differentiable for o = 1. Given that the class of a-symmetric operators includes
(Lo, L1)-smooth and Lipschitz continuous operators, we focus on this class in our work.

Assumption 2.1. Given a convex set U C R™, the operator F(:) : U — R™ is a-symmetric over U, i.e., for
some « € (0,1] and Lo, L; > 0, we have for all u,v € U,

170~ P < (Zo+ L gma 1 Gn)]? ) =l (3)

where wyg = 0u + (1 — O)v.

An alternative characterization of a-symmetric operators has been proved in |Chen et al.| (2023)), as given in
the following proposition.

Proposition 2.2 (Chen et al.| (2023)), Proposition 1). Let U C R™ be a nonempty convex set and let
F:U — R™ be an operator. Then, the following statements hold:

(a) F(-) is a-symmetric with o € (0,1) and constants Lo, L1 > 0 if and only if the following relation
holds for all y,y' € U,

1E(y) = F) < lly =o' (Ko + Kal[F ()| + Kally — y'l|*/ ), (4)

where Ky = L0(2a2/(1—a) + 1)’ K, = L12a2/(1—o¢)30¢} and Ky = L}/(lfa)Qoéz/(l—a)ga(l _ a)a/(l—a).

(b) F(-) is a-symmetric with « = 1 and constants Lo, L1 > 0 if and only if the following relation holds
for ally,y' € U,

1F @) = FOOI < lly — ' (Lo + L[ F ()] exp(Lally — y'l)- ()

Proposition [2.2] is useful for our analysis, since it describes an a-symmetric operator by using two points
y,y" € U, and bypasses the evaluation of maxge o,1) ||F(we)||*. The solution set for the variational inequality
problem defined by the set U and operator F', denoted U™, is given by

Ur={u" eU|(Fu"),u—u*) >0 forallueU}.

Throughout this paper, we make the following assumption on the set U and the solution set.
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Assumption 2.3. The set U C R™ is a nonempty closed convex set, and the solution set U* is nonempty
and closed.

In our analysis we assume that operator F' is p-quasi sharp [Vankov et al.| (2023).

Assumption 2.4. The operator F': U — R™ has a p-quasi sharpness property over U relative to the solution
set U™, i.e., for some p > 0, u > 0, and for all v € U and u* € U*,

(F(u),u —u*) > pdist? (u,U"). (6)

In the optimization community, such assumptions are called error bounds and are widely studied [Zhou &
So| (2017). This class of operators encompasses strongly monotone, p-monotone [Facchinei & Pang| (2003));
Lin & Jordan| (2025)), strongly quasi-monotone |Loizou et al.| (2021) and strongly coherent [Song et al.| (2020)
operators and aligns with the class of operators that satisfy the saddle-point metric subregularity [Wei et al.
(2021)) for p > 2. The are many applications where operator satisfy @, for example robust learning \Wang
et al.| (2023)); Zarifis et al.| (2024), network congestion games Xiao & Shanbhag (2025).

Assumption is one of the most general assumptions with the positive inner product between an operator
value F(u) and u — w*, which is crucial in our analysis.

For solving the SVI problem, we consider stochastic variants of projection and |Korpelevich| (1976]) methods,
where stochastic approximations ®(uy,&x) and ®(hy, &}) are used, respectively, instead of the directions
F(uy) and F(hy). The iterates of each of the stochastic methods are defined as follows:

Stochastic projection method:
ug+1 = Py (ur — 1 ®(uk, &), (7)
Stochastic Korpelevich method:
up, = Py(hy, — v ®(he, &),

- : ®
his1 = Pu(hi — v ®(ug, &),

where {v} is a sequence of stochastic positive stepsizes, and ug, hg € U are arbitrary deterministic initial
pointsﬂ At each operator evaluation of these stochastic methods, a random sample & is drawn according to
the distribution of the random variable . We assume that the stochastic approximation error ®(u, &) — F(u)
is unbiased and has finite variance, leading to the following formal assumption.

Assumption 2.5. The random sample £ is such that for all u € U,

E[®(u,§) = F(u)] =0,  E[|®(u,€) - F(u)|*] <o

Our proof techniques in the following sections can be applied to analyze the a.s. convergence and convergence
rate of the stochastic Popov (Popovl [1980) method with an appropriate selection of stochastic clipping.
However, due to space constraints, we leave this exploration for future research.

3 Stochastic Clipped Projection Method

Common approaches to developing convergent methods for generalized smooth optimization and VI problems
are normalized or clipping stepsizes. We focus on the latter one and present stepsizes for the stochastic
projection method applied to a-symmetric operators:

. 1
%:mm%meﬁM} ®)

where B > 0 for all £ > 0 and 5,% is a random variable, such that 5,3 and & are independent conditionally
on ug. In other words, at every iteration of the projection method, having uy, two independent samples of

2The results easily extend to the case when the initial points are random as long as E[||uo||?] and E[||hol|?] are finite.
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the stochastic operator are drawn: (1) ®(uy,&) for the direction of update and (2) ®(uy, &7) for clipping
stepsize ;. We define the sigma-algebra Fj, for the method:

fk:{€07£(§7"'7£k7£i} for allkzo? (10)

with F_; = 0. In the sequel, we provide important results on the behavior of the iterates of the clipped
stochastic projection method.

3.1 Almost sure convergence

The following lemma establishes a key relation for the iterate sequence {ux} generated by the stochastic
projection method with stochastic clipping stepsizes. Its proof is in Appendix [B.]]

Lemma 3.1. Let Assumptz'ons hold, and {uy} be the iterate sequence generated by stochastic
projection method (@ with stepsizes v defined in (@ Let parameter B; be such that EZOZO Br = oo and
> reo B2 < 0o. Then, the following relation holds almost surely for all k > 0,

Ellluxst — w2 | Faot U < llu — |2 — 2prpdist? (ur, U*) + 363(202 + 1). (11)
Furthermore, almost surely, we have
Z% dist? (ug, U™) < o0, (12)
k=0

and the sequence {||ur — u*||} is bounded almost surely for all u* € U*.

In the conventional analysis of the methods for SVIs with Lipschitz continuous operators, the sequence {~x}
of stepsizes is deterministic and such that Y ;- , v, = co. In our case, 7 is a random variable, and to show
a.s. convergence we have to show that the series Y p- ({7} is not summable. We do so, providing a sequence
of lower bounds for the series and by showing that random variable ||F'(ug)|| is a.s. upper bounded for all
k > 0 and constructing. Moreover, we separate the series into

Z% —Z Wk—Sk)+ZSk7
k=0 k=0

where {S} is a convergent martingale. In the next theorem, we present the first results on a.s. convergence
of the stochastic projection method.

Theorem 3.2. Let Assumptwnsm . m, and- 2.5 hold, and {uy} be the iterate sequence generated by

stochastic projection method (@ with stepsizes vi defined in (@) Let parameter B), be such that Y- Bk =
and Y ;- Br < 0o. Then, the iterates uj, converge almost surely to a point u such that u € U* almost surely.

The proof of Theorem can be found in Appendix Notice that in an unconstrained setting (U = R™)
according to Theorems 3.1 and 3.2 in [Koloskova et al.| (2023)), for any clipping parameters 8 > 0,c¢ > 0, there
exist a stochastic gradient operator V f(-,¢) which satisfies Assumptions (with p = 2), for which
there exists a fixed point ¥ of a standard clipping with one-sample which there exists a solution

IV £, 8l

where ¢ > 0 is a constant independent from a step sizes parameter (3. This observation leads to an unavoidable
bias in one-sample clipped SGD (Koloskova et al., 2023). In contrast, by using two samples in clipped
projection method, we overcome this problem and provide a.s. convergence to a solution.

Ee[femin{l, o }6] =0 and [E[Vf(5.8)]] > 0*/12,

3.2 Convergence rate

The difficulty of the convergence rate analysis is in the randomness of stepsizes ;. To show in-expectation
convergence, we can take a total expectation on both sides of equation of Lemma However, since vy,
is a random variable, we have to provide a lower bound on E[y,dist? (ug, U*)]. With this goal in mind, in the
next lemma we show that the sequence {E[||F(ug)||]} of expected norms is bounded. The proof of the lemma

is in Appendix [B-3]
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Lemma 3.3. Let Assumption[2.1] hold, with o € (0,1/2], Assumptions|2.3, and [2.5 hold, and let {u;,}
be the iterate sequence generated by stochastic projection method @ with stepsizes 7y defined in (@ Let

parameter By be such that Y ;B = 00, and Y 1, Bi < co. Then, the sequence {E[||F(u)|]} is bounded
by some constant C'p > 0.

To prove the preceding lemma, we show that the expected norms of the operator are bounded by some
constant C'r on the trajectory of the method. Unfortunately, even though the sequence {||F(uy)||} is bounded
almost surely, it does not imply that {E[||F(ug)||]} is bounded. To show this, we rely on the properties of the
method and the generalized smoothness of the operator in Proposition to obtain that for all £ > 0, and
arbitrary solution v*,

I (u)[| < 1 F(ur) = F @) + [ F(w7)]|
< Jlug = v* | (Ko + Ki | F ()| + Kllug — o*[|*/C) + | F(0")]. (13)
Notice that by taking an expectation in (13, the RHS is undefined for a > 1/2. For a € (0,1/2], using (I3)
and boundedness of E[[|uy, — v*|]], that follows from taking an expectation in (II)), we achieve the desired

bound on E[|| F(ug)||]. Using this result, in the next theorem, we provide a convergence rate for the projection
method with clipping.

Theorem 3.4. Let Assumption with o € (0,1/2], and Assumptions and hold. Let
{ur} be the sequence generated by stochastic projection method @ with stepsizes v defined in @ Let
Dy, = E[dist?(uy, U*)] and Cp be an upperbound on E[|F(uy)||]. Then, we have:

Case p=2. Let B = ﬁ with a = pmin {1, m} Then, the following inequality holds

8Dy  6(20%+1)

Dy <  Th + R TR for all k> 1. (14)
Case p > 2. Let B = ﬁ, where 1/2 < g <1 and b > 0. Then, the following inequality holds
(11— q)¥? (Do + 3b2(202 +1)/(2g — 1))*”
Dy < L= 0" (Do & 307207+ 1)/ (24 — 1) for all k> 1, (15)

(ab)2/7 ((k +1)1=1 = 21=0)*
where Dy, = Bldist?(a, U")], i = (S 1)~ iz B, and @ = pmin {1, 521 1.

To derive the convergence rate in terms of E[dist?(uy, U*)] we need to relate the progress at each iteration,
measured by E[ydist? (ug, U*)] to E[dist?(ug, U*)]. Using the boundedness of E[||F(uy)]|], we first bound
E[ydist? (uy, U*)] in terms of E[dist? (uy, U*)]. Finally, we estimate E[dist” (uy, U*)] through E[dist? (uy, U*)]
by applying Jensen’s inequality, which holds for p > 2. The proof of Theorem [3.4] is in Appendix B4}

For the simplicity of convergence rate comparison, assume 2(Cg + o) > 1. Then, from Theorem we obtain

(’)(% + 02(%57:0)2) last iterate convergence rate for p = 2, and O((Dot;jlz;(ffif i
iterate convergence rate for p > 2 with ¢ € (1/2,1). It is worth mentioning that obtained rates are unbiased,
unlike the analysis in [Koloskova et al.| (2023). However, it comes with the price of two oracle calls per iteration.
For p = 2, the rate from Theorem matches the rate (’)(%) obtained in Theorem 4.3 (Loizou et al., |2021))
for SGDA under stronger assumption on quasi-strong monotonicity and Lipschitz continuity of the operator.
Interestingly, for p = 2, the parameter y appears in the rate as ﬁ in both (Loizou et al}[2021)) and in our
Theorem which is known to be the optimal dependence on u (Beznosikov et all [2022). The rate for p > 2
is new in the stochastic case and generalizes the convergence results in deterministic setting (Vankov et al.,
2024). From a theoretical perspective, the clipped projection method and its two-sample variant differ in
several key aspects. In terms of asymptotic convergence, the standard clipped projection method suffers from
an unavoidable bias, whereas our clipped projection method with two samples per iteration enjoys almost
sure convergence. For convergence rates, our theorem shows a sublinear rate for the two-sample variant,
while there are no known results for the standard clipped projection method in the setting of stochastic VIs.
This makes the two-sample clipped projection method more favorable from a theoretical point of view. We
also compare the performance of the two methods in the numerical experiments section.

) average (or best)
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4 Stochastic Clipped Korpelevich Method

The stepsizes for the stochastic Korpelevich method for a-symmetric operators are as given below

. 1
% = b mm{l’ &0 Dl } (16)

where (), > 0 for all £ > 0 and £} is a random variable associated with the stochastic approximation ®(hg, &)
of F(hy). We define the sigma-algebra Fj, for the method, as follows:

Fi =1{&,€,... 61,6 forallk >0, (17)

with F_; = . Notice that to obtain hy4q from a point uy, the stepsize vy clips ®(hy, £} ), not the stochastic
approximation @(uk,éi) of the operator at point wug, i.e., the update for hyy; in relation is given by

1
P —
1 (g, &)

1
hiy1 = Py (hk — B min {L H‘I)(hk,fkl)n} (b(uk‘?gl%)) .

ur = Py (hy — Br min{ } ®(hy, &),

(18)

Thus, sample &7 is drawn after &}, and ®(hy, &L) is completely determined when Fj_1 U {{}} is given, thus
the stepsize is determined as well. This property of the stochastic Korpelevich method with clipping stepsizes
v is crucial for further convergence analysis of the method. In the sequel, we provide important results on
the behavior of the iterates of the stochastic clipped Korpelevich method.

4.1 Almost sure convergence

In the forthcoming lemma, we provide some basic relations that hold almost surely for the iterates of the
stochastic Korpelevich method with clipped stochastic stepsize.

Lemma 4.1. Let Assumptions and [2.5 hold. Also, let {h} and {uy} be iterates generated
by stochastic Korpelevich method (8) with stepsizes i, defined in @ and with parameter By such that
S reoBe =00 and Y 37, 8% < 00. Let v, = |[hi, — u*||* + 1| hk—1 — up—1|? + 2vepdist? (uy, U*), then the
following relation holds almost surely.

1 _ )
Elvg41 [ Fe-1] < vg — §||hk—1 —up_1||* = 2py— 1 dist? (up—y1, U™)
+ 6B7(02 + Ce (B, a)a>™) for all k > 0,

(19)

where Co(Br,a) = K1, when a € (0,1), and Ce(Bk, ) = exp(L18k), when a = 1. Moreover, the following
relations hold almost surely,

> wdist? (u, U*) < o0, Y [[he — ug]|* < oo (20)
k=0 k=0

Furthermore, the sequence {||hy — u*||} is bounded almost surely for all u* € U*.

The proof of Lemma [4.1]is in Appendix

In the standard analysis of the Korpelevich method for SVIs with Lipschitz operators Kannan & Shanbhag
(2019); [Vankov et al.| (2023), a.s. convergence results were achieved for a deterministic stepsize sequence {7 }.
In our case, similarly to projection method analysis, {74} is a sequence of random variables, which makes the
analysis of the methods more difficult and involved. By the choice of stepsizes v as given in and the
iterated expectation rule, the following relation holds true

E[yi(®(ug, &) — Flug),ux —u*) | Fr_1] =0  for all k > 0. (21)
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To prove for the stochastic Korpelevich method, we note that the clipping stepsize is using ||®(hg, &),
which decouples from ®(uy,&2) by properly using conditional expectation. Specifically, we first take the
expectation conditioned on Fj_1 U&} and observe that 7y is completely determined given Fj_1 U &L. Then,
we use Assumption for the sample 7, and the relation follows by the law of iterated expectation.
Interestingly, we do not have to take another sample for the clipping in the stochastic Korpelevich method,
as we have done in the stochastic projection method. Thus, to perform one iteration, we use two oracle calls
in both methods.

Using Lemma we next present the almost sure convergence of the stochastic clipped Korpelevich method.

Theorem 4.2. Let Assumptions|[2.]] and (2.5 hold and {hy}, {ux} be iterates generated by stochastic
Korpelevich method (@ with stepsizes y, defined in (16|). Let parameter By, be such that 220:0 B = oo, and

ZZO:O ,B,% < 0. Then, the iterates hy and ui converge almost surely to a point u such that u € U* almost
surely.

To prove a.s. convergence, we firstly show that Ziozo Y, = 00 a.S., by providing a sequence of lower bounds on
Yk, using a.s. boundedness of ||hy — u*|| of Lemma [£.1] and proving that ||F(hy)| is a.s. bounded. Similarly
to the proof of we separate the series into

oo

= (=S + > Sk
k=0

k=0 k=0

where {S},} is a convergent martingale. The full proof can be found in Appendix[C.2]

4.2 Convergence rate

We start our analysis by taking the total expectation on both sides of equation from Lemma For
further analysis, similar to the stochastic clipped projection method, the challenge lies in the randomness of
the stepsizes 7. To handle this, firstly, we establish a lower bound for E[ygdist? (ux, U*)] by showing that
the sequence {E[|F(ug)|]} of expected norms remains bounded, as shown in the next lemma. The proof of
the lemma can be found in Appendix [B23]

Lemma 4.3. Let Assumption[2.1] with o € (0,1/2], and Assumptions|[2.3, [2]) hold. Let {ux}, {hi} be
iterates generated by stochastic Korpelevich method (@ with stepsizes 7y, defined in (16) and the parameter By
such that > p o B = 00 and > poy B < oo. Then, E[||F (hy)||] is bounded by some constant Cr > 0 for all
k> 0.

Similarly to the analysis presented in Section [3] we bound F(hj) by using a triangle inequality and the
property of a-symmetric operators, and by taking the total expectation, we obtain

E[| F(ur)] < KoElllux — v*[[] + K2E[[Ju, —v*|*/C=N)] + | F (o) || + K| F (") (22)

We can show that the preceding bound has a finite expectation only for 0 < o < 1/2, which motivates the
restriction on « in Lemma Equipped with the boundedness of the sequence {E[||F(hy)||} of expected
norms of the operator along the iterates {hy}, we present the next convergence rate theorem.

Theorem 4.4. Let Assumption[2.1] with o € (0,1/2], and Assumptions[2.3, and[2.5 hold. Let {uy},
{hi} be the iterate sequences generated by stochastic clipped Korpelevich method (&) with stepsizes i defined
in . Let Dy = E[dist?(hy, U*)] and Cr be an upperbound on E[|F(hy)||] then the following results holds:

Case p=2. Let B, =

2 , . )
M’ with a = pmin {17 m} d = max{4p, 2v/3(Ko + K1 + K2)} where

Ky, K1, and Ko are from Proposition (a). Then, the following relation holds

8d> D n 12(0? + K10%%)
a?k? a?k

Diy1 < forall k> 1. (23)
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Case p > 2. Let B = ﬁ,
following inequality holds for all k > 1,

where 1/2 < g < 1 and 0 < b < min{%ﬂ,m}. Then, the
0 1 2

22(=2)/p(1 — g)2/7 (Dy + 6b2(02 + K102%)(20% +1)/(2g — 1))/
(ab)>/P ((k +1)1a — 21-0)*/7

N
IN

; (24)

where Dy, = E[dist? (g, U*)], g = (Zf:o B)~t Zf:o Brut, and a = pmin {1, m}

Similarly to the proof of Theorem m, to derive the convergence rate in terms of E[dist?(hg, U*)] we need
to relate the progress at each iteration, measured by E[yydist?(hg, U*)] to E[dist?(hg, U*)]. Using the
boundedness of E[||F(h)||] and applying Jensen’s inequality, which holds for p > 2 we obtain the final rates.
The proof of Theorem [£.4] is provided in Appendix [C.4]

For the simplicity of convergence rate comparison, assume 2(Cp + ¢) > 1 and Ko + K1 + Ko > 2—\/‘% Then
by denoting K = Kg + K3 + K3, from Theorem we obtain O((CF+U)2K2D° + (02+K102Q)(CF+0)2) last

W2k2 W2k
. 4/p(pD 2, K o2)2/p 2/p .
iterate convergence for p = 2, and O (‘T ( OJ”T#;F/,J kf(l,l) (Crto) ) average (or best) iterate convergence

rate for p > 2 with ¢ € (1/2,1). In both cases p = 2 and p > 2 the convergence rate of clipped stochastic
projection method in Theorem [3.4] and the rate of stochastic clipped Korpelevich method in Theorem [4.4]
have the same dependency in k. For p = 2 the rate from Theorem matches the rate O(%) obtained in
Proposition 5 (Kannan & Shanbhag), 2019)) for stochastic Korpelevich method under stronger assumption on
strong pseudo monotonicity and Lipschitz continuity of the operator. Interestingly, for p = 2, the parameter
1 appears in the rate as /712 in both |Kannan & Shanbhag| (2019) and in our Theorem which is known to
be the optimal dependence on u (Beznosikov et all [2022). For p > 2, the obtained rate is new in stochastic
case and generalizes the results in deterministic setting for Lipschitz continuous operators (Wei et al., [2021))
and a-symmetric operators (Vankov et al., [2024).

5 Numerical Experiments

We study the performance of the stochastic clipped projection and Korpelevich methods, for different values
of parameters o > 0 and p > 0. Despite the absence of analysis, we also implement the stochastic clipped
Popov method with v, = S min{1, ”F(}Ik)“,

1 .
(lug—hp—1]+1)2/0=) }
uptr1 = Po(ur — @i, &), s = Pu(ugs1 — Vi1 P (he, &),

where ug, hg € U are arbitrary deterministic initial. We consider an unconstrained minmax game:

) 1 1
min max —||ug ||” + (w1, u2) — —[Juzl|?,
uy uz P p

with p > 1, and u; € R%, uy € R%. Then, the corresponding operator F' : R?¢ — R?? is defined by

_ 25
luallP~2uz — uy (25)

F(u) = {

ot [P~ + u]

We assume that we have an access only to a noise evaluation of the corresponding operator and aim to solve
unconstrained SVI(R??, ) with the following stochastic operator ®(u, &) = F(u) + &, where ¢ is a random
vector with independent zero-mean Gaussian entries and with variance 02 = 1. Then, F(u) = E[®(u, {)]
is an a-symmetric and p-quasi sharp operator due to Vankov et al.| (2024]). We set these parameters to be
{(a=0.33,p=2.5), (e~ 0.5,p=3.0), (e~ 0.8,p=06.0)}. We also compare our results with the projection
method that uses the same sample clipping, meaning stepsizes 7 clip ||®(uk, {x)|| instead of a different sample
(s, )]

In Figure [I} we plot an average distance to solution from the current iterate over twenty runs to the solution
set as a function of the number of iterations. In particular, the stepsizes for clipped stochastic projection

10
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Convergence Convergence Convergence Convergence

—e— Projection —e— Projection
Projection-Same

—+ Popov

—=— Korpelevich

Distance to solution
Distance to solution
Distance to solution

Number of iterations

(a) (@~ 0.33,p=15) (b) (a ~0.33,p = 2.5)

Number of iterations

Figure 1: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and Popov
methods with 8, = 100/(100 + k'/2%¢).

Convergence Convergence Convergence Convergence

—— Projection

—— Projection

Distance to solution
Distance to solution
Distance to solution

Number of iterations.

(d) (« = 0.8,p=6.0)

Number of iterations Number of iterations

(a) (=~ 0.33,p=1.5) (b) (= 0.33,p=2.5)

Figure 2: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and Popov
methods with 8, = 100/(100 + k' ~¢).

and Korpelevich methods are chosen according to Theorems and m respectively, with 8, = % for
g = 1/2 + e with € > 0. Note that, according to Theorems [3.4]and [4.4] the parameter ¢ should be greater
than 1/2; meanwhile, the rates in these theorems are better for smaller choices of g. We also set 8y, = %

for stochastic clipped Popov method and the stochastic clipped projection method using the same sample
D (ug, &) for clipping.

Based on this experiment, we made three important observations. Firstly, the stochastic clipped projection
method and the same-sample stochastic clipped projection method show similar results, despite the fact
that the latter has a biased error. We speculate that this is because the biased error is relatively small,
and in practice dominated by the term ~;dist? (ug, U*). Secondly, although in the stochastic Lipschitz SVI
setting the Korpelevich method outperforms the projection method, we do not observe this advantage in the
generalized smooth SVI setting. This aligns with our theoretical results, since both methods have the same
complexity and require two oracle calls per iteration. Moreover, even in the standard Lipschitz continuous
strongly monotone case, both methods achieve the same order O(1/k) rate in the leading stochastic term,
with the Korpelevich method enjoying a smaller non-leading term because it can use a larger stepsize of
+ Beznosikov et al.| (2022) compared to £5 for the projection method |[Loizou et al.| (2021). However, in the
generalized smooth case, where stepsizes are clipped, the Korpelevich method no longer benefits from larger
stepsizes.

Next, we investigate the performance of the methods for larger values of ¢q. In Figure [2, we set ¢ =1 — ¢,
Br = ﬁ, and run all four methods for the same problem parameter setting. We observe that for
all considered «, despite the theory, a larger choice of ¢ improved the performance of all methods in the
o-neighborhood.

For the same setting, in Figures [3] and [4] now we plot the distance to the solution from the average iterate
up = (Zf:o Bi)~t Zf:o Biu;. In terms of average iterates, we observed that smaller values of ¢ are preferable.
Interestingly, the clipped projection methods outperform the clipped Korpelevich method, even though both
enjoy the same convergence guarantee of order O(1/k>(1=9)/P),

11
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Convergence Convergence Convergence Convergence

Distance to solution

Distance to solution
s
/

rr

’
Distance to solut

Number of iterations

(a) (@~ 0.33,p=15) (b) (o~ 0.33,p = 2.5) (c) (e = 0.8,p = 4.0) (d) (a~08,p=6.0)

Figure 3: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and Popov
methods with 8, = 100/(100 + k'/2%€) for averaged iterates.

Convergence Convergence Convergence Convergence

Distance to solution
Distance to solution
Distance to solution

(a) (= 0.33,p=1.5) (b) (o = 0.33,p=2.5) (¢) (a=0.8,p=4.0) (d) (¢ = 0.8,p=6.0)

Figure 4: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and Popov
methods with 8, = 100/(100 + k=€) for averaged iterates.

6 Conclusion

This paper studied the SVI problem under generalized smooth and structured non-monotone assumptions.
Specifically, we consider a-symmetric and p-quasi-sharp operators, a class of generalized smooth and structured
non-monotone operators for SVIs. For this wide class of operators, we proved the first-known almost sure
convergence of stochastic clipped projection and Korpelevich methods for all parameters p. We also provided
O(1/k) convergence rate for both considered methods when the operator is p-quasi sharp with p = 2. For
p > 2 we provided O(k=2(1=9/P) average (or best) iterate convergence rate for both methods, where ¢ is a
stepsize parameter 1/2 < ¢ < 1. Despite the generality of our results, there are still open questions that
remain. In particular, it would be interesting to know if it is possible to show in-expectation convergence
rates for a-smooth SVI for @ > 1/2. Another attractive direction of further research in generalized smooth
SVIs is in the relaxation of p-quasi sharpness assumption to Minty (1 = 0) or weak Minty conditions (u < 0).
We also believe that our technique for proving almost sure convergence and in-expectation rates can be used
for the analysis of other methods whose stepsizes are random variables, for example, stochastic clipped Popov
method or first-order methods with adaptive stepsizes.
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A Technical Lemmas

In our analysis, we use the properties of the projection operator Py (-) given in the following lemma.

Lemma A.1l. (Theorem 1.5.5 and Lemma 12.1.13 in|Facchinei & Pang (2005)) Given a nonempty convex
closed set U C R™, the projection operator Py (-) has the following properties:

(v—Py(v),u—Py(v)) <0 foralueUwveR™, (26)
lu — Py(v)||? < |lu—v|? = ||v = Py(@)||*> forallu € U,veR™, (27)
1Py (u) — Py(v)]| < |lu—wv| for all u,v € R™. (28)

In the forthcoming analysis, we use Lemma 11 |Polyak! (1987, which is stated below.

Lemma A.2. [Lemma 11 |Polyak (1987)] Let {vi},{z1}, {ar}, and {by} be nonnegative random scalar
sequences such that almost surely for all k > 0,

Elvgt1 | Fi) <(1+ ag)ve — 2x + by, (29)

oo o0
where Fi = {00, .., Vk; 205+ -3 2k, Q05 - - -, Ay bo, ..., bk}, and as. Y 0" gap < 00, >~ by < oo. Then,
almost surely, limy_,, v = v for some nonnegative random variable v and Z/?;o:o z), < 00.

As a direct consequence of Lemma[A.2] when the sequences {vy.}, {2k}, {ax}, {by} are deterministic, we obtain
the following result.

Lemma A.3. Let {v}.}, {Z}, {ar}, {bx} be nonnegative scalar sequences such that for all k > 0,
kg1 <(1+ ar)vx — 2 + b, (30)

where Y po g ar < o0 and Y oo, b < 00. Then, limy,_,00 U = 0 for some scalar © > 0 and e 2k < 00.
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Lemma A.4. Let X be a non-negative random variable such that E[X?] is defined for some p > 1, and
E[X?] # 0, then for every a > 0 it holds
1
P(X > a(E[X?))'/?) < —. (31)
a

Proof. Let Y = X?. By the conditions of the lemma, the expectation E[Y] = E[X*] is well defined. Then, by
Markov’s inequality:
P(X > a(E[X?]))'/?) = P(Y > a’E[X*])
E[X7]
~ arE[XP]

Lemma A.5. Let a1, as be nonnegative scalar and p > 0. Then the following inequality holds:

(a1 + az)” < 2°7'(al + ab).

Proof. Let a = (a1,a2),b = (1,1), then by Holder inequality:
ay + az = ||ab||
< lallpllbllp/p-1)
< (a? + ag)l/p(l + 1)(?*1)/10'

Raising the inequality in the power p we get the desired relation. |

A.1 Auxiliary Results

In our analysis we make use of Lemma 3 and Lemma 7 from |Stich| (2019), as well as the sequences provided
in the proofs in |Stich| (2019)).

Lemma A.6. Let {ry} and {si} be nonnegative scalar sequences that satisfy the following relation
rrr1 < (1 — aog)ri — baygsy + c'y,% for all k >0,

where a >0, b >0, ¢ >0, and
2

(D)
where d > a. Then, for any given K > 0, the following relation holds:

Tk = for all k > 0,

b i N _ 8d? L2
—_ Wy S ar — —
Wi 2 kSk K+1S 5 T0+ s
where w, = 2d/a+k, 0 < k < K, and Wk = Z?:owk-
Lemma A.7. For1>q>1/2 and K > 1, we have

Forq=1/2 and K > 1,

K 1
> —— <log(K +1). (33)
2
2 -1
Forq>1/2 and K > 1,
K
1 1
< . 34
;(t+1)2q_2q—1 (34)
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Proof. Let 1 > ¢ >1/2 and K > 1. Then, it holds

K 1 K ds 1 - .
t=0 (t+1)9 = /)_1 (s+1)¢ = 1— q((K +1) -2 ) (35)

When ¢ =1/2 and K > 1, then

K K

1 ds
Yo < 2 log(K +1). 36
t_0t+1_/s_03+1 og(K +1) (36)

When ¢ > 1/2 and K > 1, we have that

K1</de_1 1 o1 (37
— (t+1)% 7 Joo s+ 12 2¢-1  (2¢— 1)(K +1)271 " 2g -1

t

B Projection Method Analysis

B.1 Proof of Lemma [3.1]

Proof. Let k > 0 be arbitrary but fixed. From the definition of ugyq in , we have |Jugpi1 — y||? =
| P (up — ye®(ug, &) — yl||? for all y € U. Using the non-expansiveness property of projection operator
we obtain for all y € U and k£ > 0,
luksr — yll* < lluk — e ®(ur, &) — yl?
= Jlue — ylI* = 27 (P (ur, &), ur — ) + Vil (ur, &) |12
= [lux — ylI* + 72l ® (ur, &)
= 29 (F(ug), up — y) + 2vk(ek, ur — y), (38)

where e, = F(ux) — ®(ug,&). By the definition of the stepsizes (E[L Vi = Brmin{1
12

1
s Totmeeny ) then the

term vZ||®(uy, &) || can be upper bounded as follows

Vel @ (s E)II* = VRN P (i, &) — Flug) + F(ug) — ®(ug, &) + @ (ur, &)1
2 1
<mmm%www@MP}3
< 3¢ llex® + 367l erll* + 357, (39)
where ey, = D (uy, &) — F(ug), ez = P(ug, &) — F(ug). Thus,

(lex I + llexll* + I (e, €)1%)

a1 = yll* < luk = ylI? = 29 (F (ur), ug = y)
+ 2w uk — y) + 363 (llex® + llex]|* +1). (40)
Plugging in y = u* € U*, where uv* is an arbitrary solution, and using p-quasi sharpness we get:
upss — w2 < g — u*||? = 2prpdist? (g, U*)

+ 2yilen, e — u”) + 357 (lex® + llex]|* + 1) (41)

Using stochastic properties of & and &7 imposed by Assumption and the conditional independence of &,
and &7, we have:

E[ve(er, ur — u™)|Fr—1] = B[y | Fr—1](Elex | Fr—1],ur —u*) = 0.
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Ellexl® | Fea] <0, E[le|* | Fea] < o™

Thus, by taking the conditional expectation on Fj_1 U&F = {&0,&3,...,&—1,&7_1, &2} in relation we
obtain for all u* € U* and for all £ > 0:

* * s 1 : *
Ef|Jugr — u|* | Feor U < Jlug — u”|* + 353 (20% + 1) — 2% min {1, M} dist” (ux, U*). (42)
) Sk
The equation satisfies the condition of Lemma with
v = [lur —u*|?, ar =0, zi =2y | distP(up, U*), bp = 367(20% + 1). (43)

By Lemma it follows that the sequence {v;} converges a.s. to a non-negative scalar for any u* € U*,
and almost surely we have

Z i dist? (ug, U™*) < 0. (44)
k=0

Since the sequence {|lux — u*||?} converges a.s. for all u* € U*, it follows that the sequence {|lux — u*||} is
bounded a.s. for all u* € U*.

B.2 Proof of Theorem

Lemma B.1. Let v are given by (@ then the series of {7y} is non-summable almost surely,

Z'yk =00 a.s. (45)
k=0

PT’OOf, We will show that Zliozo 6k- min {1, m
&2
on this series. Consider the following event:

} = oo almost surely by the sequences of lower bound

A ={ll€}] < 20},

where €2 = ®(ug, &) — F(uy) is a stochastic error from the sample for the clipping stepsize v,. Define

— 1
T = min {1, e }, then,
rp = 2pl(Ax) + 2 1(Ag) > 2 1(As), (46)

where the random variable I(Ay) = is the indicator function of the event Ay taking value 1 when the event
occurs, and taking value 0 otherwise.

By the definition of zj, the triangle inequality and definition of I(Ay), we have

1
P —
(@ (ug, EF)]|

1

Zm%mewwmﬁW’

. 1
> min {1, ||F(uk)||+20} I(Ag).

2,I(Ag) = min { }H(Ak)

(47)

18
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By combining the resulting relation with , using the definition of 4, and adding and subtracting
E[I(Ag) | Fx—1], we have the following lower bound

)
+Zﬁk mm{LHF(uk)HJrQJ}]E[H(Ak) | Fr—1]- (48)

To bound py := E[I(Ag)|Fr_1] = P(Ax | Fx—1) we provide an upperbound on P(Ay, | Fj_1) using Markov’s
inequality and Assumption
Efllegll | Frma] 1
A | Fi epll > 2E[|legll | F < e = 49
(A | Fir) = B(lehl > 26lel] | Fial}) < it St = 5 (19)
This implies E[I(Ag)|Fr—1] >
martingale:

3. Define S, = > Br(I(Ax) — E[I(Ag)|Fr-1]), by construction, S, is a

E[Sn+1 | S0, .-y Sn} =S, + E[ﬂn+1(H(An+1) — E[]I(An+1)|]:n]) ‘ S0, ..., Sn] =5,.
We want to show that lim,,_, S, — S < oo almost surely. We provide an upper bound for E[S2]:
=D BEI(A) —pe)?) +2 Y BREII(AL) — pr) (I(A) — )] (50)
k=0 0<k<i<n

By the law of total expectation, and noting that E[I(Ax) — pi | Fr—1] = 0 for any k, we find that for all
0<k<i<n,

E[(I(Ax) = pr)(I(As) — pi)] = E[(I(A) — pr)E[(I(As) = pi) | Fiea]] = 0. (51)

implying that, for alln > 0
= BE[I(Ax) — pr)’] (52)
k=0

Since E[(I(Ax) — pr)? | Fr—1] = Var(I(Ax) | Fx—1) and the random variable I(Ay) is a Bernoulli given Fj_1
with mean pyg, then

E[(I(Ax) — pr)? | Fe_1] = Var(I(Ay) | Fi1) <

=

By taking the total expectation we get E[(I(Az) — pr)?] < %, and combining the previous two relations, we
obtain

1 n
21 < ZZ@% < oo as.
k=0
From Theorem 4.4.6. in Durrett| (2019) it follows that S, converges to S < oo almost surely (and in Ls).

To further lower bound xxI(Ag) we show a.s. boundedness of ||F(ug)|| for all & > 0, using property of
a-symmetric operators. To estimate ||F(ug)||, we add and subtract F'(v*), where v* € U* is an arbitrary but
fixed solution, and get

1E (ue) || = 1 F(ur) = F(v*) + F ()| < [[F(ur) = F@*)[| + [|F ()]
Define the following event:

A={we: ICWw) € Rs.t.Jug(w) —v*|| < C(w) V k> 0}.
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Based on Lemma the sequence {||ux — v*||} is bounded a.s., and thus P(A) = 1. Let w € A, now we can
estimate ||F'(ug(w))|| using the a-symmetric assumption on the operator.
Case a € (0,1).

1 (uk (@) = F@)| < llun(w) = o*[[(Ko + K1 F(0*)|* + Kz ur(w) — v */7), (53)

Since w € A, it follows that ||uj(w) — v*|| < C(w) for all k > 0. Using this fact and we obtain that for
all | > 0,

IF (ur (@) < Cw) (Ko + Kal|F ()] + K20(w)* ) + || F (o). (54)
Therefore, the sequence {|F(ux(w))||} is upper bounded by Cj(w) = C(w)(Ky + Ki||F(v*)||* +
ErC(w)*/ =) + |[F (v7)]].

Case a = 1.
For a = 1 by Proposition 2.2 we have

[ F(ur(w)) = F(0")[| < |lur(w) = v*|[(Lo + L[| F'(v")]]) exp(La[[ug (w) — v*]). (55)
Therefore, for all k£ > 0,

[ (un (@) < 1 (ug (w)) = F@)]| + [[F(07)]]
< lug(w) = o™[[(Lo + La[[F (™)) exp(Lalux(w) = o*[]) + | (7). (56)

Since w € A, we have [luy(w) — v*|| < C(w) for all k > 0, which when used in (56), implies that for all k& > 0,

1 (un (W) < k(@) = v [[(Lo + La[[F(0*)[]) exp(Laflug (w) = v*[]) + [|F(07)]
< C(w)(Lo + L[| F(v")I]) exp(L1 C(w)) + [|F(07)]]. (57)
Hence, the sequence {||F(ug(w))||} is upper bounded by C;(w), where Cij(w) = C(w)(Lo +
Ly || F(v*)]]) exp(L1C(w)) + [[F'(v*)]|. Now, for both cases o € (0,1) and a = 1 in and (57)), respectively,
we have that || F(ug(w))|| is upper bounded by max{Ci(w),C1(w)}. Thus

P(F(ug) is bounded) = 1.

Then almost surely we have (i) F(uy) is bounded (ii) Y°7° Bk (I(Ax) — E[I(Ax) | Fr—1]) converges to S < oo,
(iii) E[I(Ax) | Fe—1] = 3. Consider w € Q such that (i), (ii), and (iii) hold, then in a view of (48) we have

- 1 1 1 -
Brxr(w) Zmin{l,}S(w)erin{l,} Br = 00 (58)
kZ:O Ci(w) + 20 2 Ci(w) +20 kzzo
where the last equality comes from Y7 ) 8 = oo, which concludes the proof.
|
Proof of Theorem [3.2]
Proof. By Lemma [3.1] we have
Z'yk dist? (u, U*) < 00 a.s. (59)
k=0
Due to Lemma the series Z;O:O ~vr = 0o almost surely, then it follows that
lim inf dist? (ug, U*) = 0 a.s. (60)

k—o0
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Since |Jug, —u*|| converges a.s. for any given u* € U*, the sequence {uy} is bounded a.s. and has accumulation
points a.s. Let {k;} be an index sequence, such that

lim dist? (ug,, U*) = lim inf dist? (ug, U*) =0 a.s. (61)

1—+00 k—oco

We assume that the sequence {ug,} is convergent with a limit point u; otherwise, we choose a convergent
subsequence. Therefore,
lim ||ug, —ul| =0 a.s. (62)
1—00

Then, by (60), dist(a, U*) = 0, thus u € U* a.s. since U* is closed. Since the sequence {|luy —u*||} converges
a. s. for all u* € U*, by we have

lim |lup —ull =0 a.s. (63)
k— oo

|
B.3 Proof of Lemma 3.3

Proof. By taking the total expectation in in Lemma and using the definition of the stepsize v, we
obtain for any solution u* € U* and all k > 0,

Eflfursr = w[”] < Elllur — u*[|*] = 2uE[ydist? (ur, U)] + 365 (207 + 1) (64)

The equation satisfies the conditions of Lemma with

@k = IE[Huk — U*HQL dk = 0, Ek = 2,uIE['yk distp(uk, U*)}, Ek = 35]3(2(72 + 1) (65)

Thus, by Lemma it follows that the sequence {E[||us, — u*||?]} converges to a non-negative scalar for
any u* € U*. Therefore, the sequence {E[||ux — u*||?]} is bounded for all u* € U*. Next, using the property
of a-symmetric operators, we show that {E[||F(ug)||]} is bounded. Let v* € U* be an arbitrary, but fixed
solution. Then, by the a-symmetric property of F, we have that

[ (u) || < [ (ur) = (™) || + [ ()]

* *\ || * ||/ (1—a) * (66)
< [lur — 0" |[[(Ko + K| [F(v")[* + Kafur — o7 || )+ IF@)]]-
Taking expectation, we obtain
E[||F(up)] < (Ko + K[| F(0")|*VE[ux — v*[[] + K2E[[Juy, —v*||'+/ 0] + || F (")) (67)

Notice, that E[|juy, — v*||* T/ (=] = E[(]|up — v*]|?)*/2(=)], and for o < 1/2, the quantity 1/2(1 —«) < 1.
Thus, we can apply Jensen inequality for concave function

E[(lur — v*[|*)/20 7)) < Efj|ug — v*|[P]V20 7.
Therefore, using these results and Jensen inequality for the first term in equation ’ we obtain

E[||F(u)l] < (Ko + K1 F(0)|*)Ellux — v* |12 + K2B[[Ju — v |72 4+ [F(0")]. (68)
Since E[||us, — v*||?] is bounded, E[||F(ux)||] is bounded by some constant Cz > 0 for all k& > 0. [ |

B.4 Proof of Theorem 3.4
Proof. Letting y = Py~ (ux) in equation in Lemma and using p-quasi sharpness we obtain

[urs1 = Po (i) |* < [Jug = P (ur) |* = 2pydist? (ug, U)
+ 2 (ek, ur — Po-(ur)) + 367 (llexl” + llei]|* +1). (69)
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By the definition of the distance function, we have
dist?(up41, U*) < |Jugr1 — Po-(uz)||*
Thus,
dist?(upr1, U*) < dist? (ug, U*) — 2urypdist? (ug, U*)
+ 2 {en, ur — Pu-(ur)) + 35 (lexll + il +1). (70)
By Assumption and the law of total expectation, and independence of samples & and &7, it follows that

E[vk(ex, ur — Pu~(ug))] = E[E[yk(ex, ur — Pu+(ur)) | Fr-1l]
E[E[vk | Fe—1)(Elex | [Fr-1]; ux — P~ (ug))]
0. (71)

Also, we have E[E[|le.|| | Fr—1] < 02 and E[E[||€Z]| | Fx—1] < 0. Thus, by taking the total expectation
in , we obtain

E[dist? (ugy1, U*)] < E[dist® (ug, U*)] — 2uE[yedist? (ug, U*)] + 362 (202 + 1). (72)
We aim to upper bound 2uE[ygdist” (ug, U*)]. To do so consider an event Ay, defined as follows:
Ap = {I1F (ur)ll + llerll < 2(B[IF (ur)l] + Efllex[]])}-
Then, by the law of total expectation, we obtain
E[yrdist? (ug, U*)] = E[yedist? (ug, U*)|Ax]P(Ax) + E[yedist? (ug, U*)|Ax]P(Ar), (73)

where A denotes the complement of an event A. We want to provide a lower bound on P(Ag). To do so, we
upperbound P(Ay) using Markov’s inequality, as follows:

P(Ar) =P ({I|1F(ux)ll + llex ]| > 2(B[1F (un)|] + Elllexl))})
< _EUF ) [] + Efllexl]
= 2(E[|[F (u)[I] + Efl[ex1])

N |

Thus,
E[ygdist? (ug, U*)] = E[yidist? (ug, U*)|Ax](1 — P(A)) + E[yedist? (ug, U*) | Ax]P(Ag)
1 _ _
> LB {yedist? (s, U)| ] + Elyicist(ue, U") AP

1
> S Elyedist? (ug, U")| A (75)

By the definition of the event Ag, we have

E[yidist? (ug, U*)|A] = BLE [min {1’ m

v
IE (i)l + el
" wEmn
"2(E{LF (ur) 1] + Elllex )

By Lemma E[|F(ug)|] < Cp for all k > 0, and by Assumption and Jensen inequality, we have
Elllex]l] < E[||ek|| ]'/2 < 0. Thus, it follows that

} distp(uk, U*)Ak:|

> BE [min {1 } dist? (ug, U *)IAk]}

> Bk min } E[distp(uk, U*)|Ak] (76)

1

' . 1 .
E[vy,dist? (ug, U")] > 55’“ min {1’ 2(Cp +0)

}E[distp(uk,U*)]. (77)
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Combining equations and , and using @ = pmin {1, m}, we obtain
E[dist?(upy1, U*)] < E[dist® (ug, U*)] — afpE[dist? (ug, U*)] + 382 (202 + 1). (78)
Now let Dy, = E[dist*(uy, U*)], and consider the following two cases:
Case p = 2. When p = 2, equation satisfies the assumptions of Lemma, with
e =Dy, =P sx=0, d=a, c=320%+1). (79)
Then, by Lemma we get the following convergence rate for all £ > 1,

8Dy N 6(20% +1)
k2 a?k

Dy < (80)

Case p > 2. When p > 2, by applying telescoping sum to inequality and rearranging the terms we
obtain

B

k
Ela  Bedist? (us, U*)] < Do — Diy1 +3(20° +1) > _ 5. (81)
t=0 t=0

Since p > 2, the function dist?(-,U*) is convex, thus by defining uj = (Zf:o Br) ! Zf:o Bru; and applying
Jensen inequality be obtain

k k
(3" Bu)E[dist? (i, U*)] < E[S Brdist? (ug,, U)].

t=0 t=0

Since p > 2, by applying Jensen inequality one more time, we obtain

(Dy)?% = (E[distQ(ﬁk,U*)Dp/Q <E [(dist2(ak, U*))”Q} = E[dist? (ay, U")].
Applying these estimates, we get

k k k
(Ek)p/2 Zﬁt < Zﬁth/Q < é (Do — Dpy1 + 3(202 +1) ZBE) . (82)

t=0 t=0 t=0

Since B = ﬁ, with b > 0,1 > ¢ > 1/2, then {0} satisfies the conditions of Lemma Also, by
Lemma [A77] the following inequalities hold: for all k£ > 1,

b b b b
By > ——((k 4+ 1)179 - 2179), 87 < : 83
> = T () D ILES v (83)
Combining equations and , and omitting Dy41, we obtain
_ 1-— D 2(20%2 +1)/(2¢ — 1
(Dk)p/gg( 9) (Do +30*(20% +1)/(2 — 1)) (84)
ab ((k+1)1-2 —21-q)
Raising both sides of the preceding inequality in power 2/p, we obtain
_ o (1- )7 (Do +362(20% + 1) /(2 — 1)) 77
Dy < . (85)
(ab)2/7 ((k +1)1=0 — 21-0)?/7
|
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C Korpelevich Method analysis

Lemma C.1. Let U be a closed convex set. Then, for the iterate sequences {ur} and {hy} generated by the
stochastic Korpelevich method (@ andy €U and k > 0,

s = yl* < Nl = ylI* = 1R — urll® = 2w (F (ur), ur — y) — 27 (et ux — y)
+ 3 1F (hi) = F(un)|I* + 37z (llex |* + e ),
where e}, = ®(hg, &) — F(hy), ez = ®(uk, &) — F(uy) for all k > 0.

Proof. Let k > 0 be arbitrary but fixed. By the definition of a1 in (8), we have ||hyy1 — y|| = || Po(hy —
Ve ®(ug, €2)) — y|| for any y € U. Using the projection inequality, we obtain for any y € U,

k1 = yl* < 1k — @ (un, &) = ylI* = [lhrrr — e + 9@k, €)1 (36)
= o = ylI* = llhars = hall® + 2@ (ur, &), y — i)
Next, we consider the term ||hg1 — hg||?, where we add and subtract ug, thus
1y = bl = hkr = will® + 1w — un® = 2(hars — up, hye — up). (87)
Adding and subtracting 2vx(®(hg, &), uk — hit1), and combining and we obtain

1Prsr = yll? < o = yll* = lhwgr = well® = 1w = ul® + 2(hng1 — wp, by, — )
+ 29 (@ (up, £2), y — wp + up — hig1) + 29k (P (h, E4) — P (hiy &), up — Biy1)
< e = yll* = s — wnll® = ([ — wn | + 2(hasr — wr, b — Y@ (e, €4) — ug)
+ 293 (@ (g, £7), y — un) + 29k (@ (i, §4) — @ (uk, &8), hipr — i)

Since ug, = Py (hg — 7P (hi, &})) and hy1 € U, by the projection inequality in , it follows that

(83)

2(Ppy1 — g, hie — (g, &) — ug) < 0.
Using Cauchy-Schwarz inequality and relation 2ab < a? + b? for a,b € R, we obtain

29 (P (P, &) — P(uk, &7) Pt — ) < 29| @ (P, €4) — @ (g, Eo) [Pt — i
<l ®(h, &) — @ (un, EDNI + I1Prog1 — w|.

Using triangle inequality and relation (321~ a;)? <m Y./~ a? we get

i=1""

1@(hk, &) — @ (ur, ENN? = 1@ (R, &) — F () + F(hi) — F(ug) + F(ur) — @ (ur, &)1
< 3(lerll® + 1 (hw) = F(ur) I? + llezll).

Combining the preceding three estimates with , we get the stated relation

1hegr — ylI? < 1w = yll* = lhie — well® = 29 (F (ur), ue — y) — 2{ex, ur — y)
+ 3% F(hi) — F(ur)|* + 372 (lexll® + llexll?)-

C.1 Proof of Lemma 4.1l
Proof. By Lemma we have for all £ > 0 and for all y € U,
s = yl* < Nl = ylI* = e — urll® = 2y (F (ur), ur — y) — 27 (ek, uk — y)

+ 3RE (he) = F(ur) 2 + 392 (e |* + llei ),
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with ef = ®(hy,&}) — F(hy) and ef = ®(uy, &) — F(uy) for all k& > 0. We want to estimate the term
|F(hi) — F(ux)||* on the RHS of the inequality using the fact that F(-) is an a-symmetric operator for two
cases (a) a € (0,1) and (b) a = 1.

Case a € (0,1). Using the alternative characterization of a-symmetric operators from Proposition a) (as
given in ), when « € (0,1), the next inequality holds for any k& > 0,

1E (hie) = F ()| < 1k — | (Ko + K| E ()| + Kol — ugl]*/ 7). (90)

We want to separate ||F(hy)| into two parts: stochastic approximation of operator ®(hg,&}) and error e}
Recall that e} = F(hy) — ®(hy,&L), then based on triangle inequality ||F(hy)|| < ||®(he, &) + |lef ], and
since o« < 1 we obtain

1F (Rl < (1@ (i €N + e (91)
Thus, combining this fact with we get the following estimation

1E (hie) = F(ui)l| < 1k = wel| (Ko + K| @ (e, EDIN + Kalleq]|® + Kzllhy —ug| /). (92)

By the projection property and the stepsize choice ([L6)), we have

1

m}llfﬁ(hk,fé)ll <pBr <1 (93)

e = u ]| < Yl @ (B, &) = By min{L,

Then, K|lhy — ug]|®/~%) < K, and

Wl F(he) = F(ur) | < (Ko + K1 | @(hie, )11 + Kallep|* + K2)llhy, — ]

1 1

< Br(Ko min{1, ————— 1} + Ky min{1, ————=}[[® (s, &) [|*) [ 7, — i

@ (A, &)l 1@ (A, &)l g (94)
1
+ B (K llegl|* + Ko min{l, rer——ger}) | gy — un|
* 1@ (e, €D
< Br(Ko + K1 + Ka)|lhi — ur]| + B K1 lleg|*1he — usll.

By inequality (93), we have ||, — ux|| < 1, and using this estimate in equation we obtain

Wl F (hi) = F(ug)|| < Br(Ko + K1 + Ka)l|hx — ul| + BrE [|eg ]| (95)

Case a = 1. Based on the alternative characterization of a-symmetric operators from Proposition b) (as
given in ), when a = 1, the following inequality holds for any k& > 0,

1 (hw) — F(un)|| < 1he = url|(Lo + L || F'(ha)[]) exp(Lalhx — ugl])- (96)
We upperbound ||F(hy)|| using equation and get
1F (hie) = F(ur) | < i = well(Lo + Lal|® (R, )l + Lallexl]) exp(Lallhn — ). (97)

Note that relation in holds irrespective of the value of a. Thus, since ||hr — ug|| < 1, we have
exp(Lq||hx — uk|]) < exp(L1fk), and we obtain

Wl F(he) = F(ur) || < (Lo + L[| ®@(hw, &)l + Lulleg ) exp(LaBe) [ — ]

— exp(L1 ) LB min{(1, m}mk —
+ exp(L1B4) L By min{1, M}H‘I’(hm €91k — ux (98)
. 1
+ exp(L1B) L1k min{1, m}lleiﬂ ([P — we|

< exp(L1 )8k (Lo + Ly + Lilleb || — s
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By inequality (93), we have ||y — uy| < 1. Using this estimate in (98], we further obtain

Yl F(he) = F(up)|| < exp(L1Br)Br(Lo + Lu)llhw — ur]| + exp(L1fe) Belex - (99)

Now, we are done with the cases of a values. Let

) = {(iglﬁ{k)&l{f P (100)
Also, define
=
Then, by inequality (3>°/", a;)*> <m Y., a?, for both cases we have
Vel F (hie) = F(ur) | < 287Ca(Br, )| — unl* + 288Ce (Br, a)?[leg [ ** (102)
Combining preceding inequality with we obtain that for any k > 0,
s = ylI* < llhe = ylI* = (1 = 687Ca(Br, @))lhwe — url® — 2 (F (ur), ur — y) (103)

= 2yi(eR, ur — y) + 657 Ce(Br, @) [l P + 3R (llex]” + llex )

Next, we plug y = u*, where u* € U* is an arbitrary solution and use p-quasi sharpness of the operator F' to

obtain ) ) ) ) )
[Ak1 — w17 < b — w*[|* = (1 = 68;Ca(Br, @) [~ — ugl|” — 2y pdist? (uy, U™)

: . (104)
— 2yk(eR, uk — u) + 657 Ce (Br, @) [leg I + 3 lle|” + llex®)-
By the stepsize choice v, < Bk, thus
[kr = < s =[] = (1 = 687Ca(Br, @)?) | e — k|| — 2yppdist? (ug, U*) (105)
— 2yk(eR, uk — u) + 657Ce (Br, @) [lex | + 35l |* + llek 1)
Since "3, B2 < oo, it follows that 3, — 0. By definitions of Cy (S, @) and Ce( m, in » and ,
respectively, there exists N > 0 such that the stepsizes satisfy 1 — 632Cq(Bg, a)? > % Ce(Br, a)
max{Ky,exp(L18;)} < max{Kj,2}. Thus, the following inequality holds for any &k > N,
1hesr —a[* < [lhy — u*? — 1Hhk — ug||* = 2y pdist? (ug, U)
- 2 (106)

= 2y{ei, uk — u*) + 367 (e | + llex]|* + 2 max{K7, 2} [lex]*).

By rearranging the terms, defining vy = ||k — u*||? + %[|h—1 — up—1]|* + 27k pdist? (ug, U*) and adding, and
substituting %Hhk,l — up—1]|? + 27y, _1pdist? (ug_1, U*) on the RHS we obtain

1 .
N up—1]]* — 2vp—1 pdist? (ug—_1, U*)

= 2y{ei, uk — u”) + 367 (lex | + llexl|* + 2 max{K7, 2} [lex]*).

(107)

Recalling that e}, = ®(hy, &) — F(hy), 3 = ®(ug, &) — F(uy) and using the stochastic properties of &}, &7
imposed by Assumption [2.5] and method’s updates, we have

E[yi (et ur — u*) | Fro1] = Ely(Elef; | Feo1 U{&} up —u™) | Frma] =0
since stepsizes 7y is measurable in Fi_; U {g,ﬁ} Also, it holds that for all £ > 0,

EE[leill* | Fr1 U{&HIFu-1] <0, and Eflles]|* | Fra] <o
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Moreover, since o < 1, the conditional expectation E[||let||*¥|F,_1] is finite, and by Jensen inequality, it
follows that for all k > 0,
Eflley || Fra] < .

Therefore, by taking the conditional expectation on Fj_; in relation (107)), we obtain for all u* € U* and for
all k> N,

1
Elv Fic1] < vp — =||hi, — ui||? — 2y dist? (ug, U™
[or+1 [ From] < vk = Sllw — well” = 21 dist? (ur, U™) (108)
+ 687 (0? + max{Ky,2}o*).
By Lemma it follows that the sequence {||hx — u*||?} converges a.s. to a non-negative scalar for any
u* € U*, and almost surely we have

Z’ykdistp(uk, U*) < oo, Z g — u|)® < oo. (109)
k=0 k=0

Since the sequence {||hy — u*||*} converges a.s. for all u* € U*, it follows that the sequence {||hx — u*||} is
bounded a.s. for all u* € U*.

|
C.2 Proof of Theoreom
Lemma C.2. The stepsizes v, are given by (@) are nonsummable almost surely,
ivk =00 a.s. (110)
k=0

Proof. We will show that Y.~ 8 min {1, m} = oo almost surely by the sequences of lower bound
1Sk

on this series. Consider the following event:
A = {Jleg]l < 203,
where e}, = ®(hg,&}) — F(hi) is a stochastic error from the sample for the clipping stepsize v;,. Define
) = min {1, m}, then,
x = 2pl(Ag) + 2pl(Ag) > 21(Ay), (111)

where the random variable I(Ay) is the indicator function of the event Ay taking value 1 when the event
occurs, and taking value 0 otherwise.

By the definition of xj, the triangle inequality and definition of I(Ay), we have
1 1 } I(Ag)
) k
1@ (hee, &)l

1

= min{l’M}H(Ak)

. 1
> min {17 ||F(hk)||+20} I(Ag).

23I(Ay) = min {

(112)
Adding and subtracting E[I(Ay)|Fr—1] and combining (111f), (112)) we have the following lower bound

oo oo ) 1
> e 23 i {1 s } 040 ~ Bl A

)|+ 20
+;O,Bk mln{l,ij}E[H(Ak)|fk_l]. (113)
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To bound py := E[I(Ag)|Fr_1] = P(Ax | Fx—1) we provide an upperbound on P(Ay, | F_1) using Markov’s
inequality and Assumption [2.5

= I 1 Efllegll | Fe-1] 1
P(Ay | Fr—1) = P(llex || > 2E[|lex || | Fr-1]}) < m =3 (114)

This implies E[I(A)|Fi—1] > §. Define S, = >}'_, Br(I(Ax) — E[I(A)|Fr-1]), by construction, {S,} is a
martingale:

E[Sn+1 | So,s--sSn] = Sn + E[Bni1(l(Ant1) — E[I(An+1)|Fn]) | So,---, Sn] = Sn.
We want to show that lim,,_,+ S, — S < oo almost surely. We provide an upper bound for E[S?]:
E[Sp] =) BE[I(Ax) —pr)?]+2 > BRE[I(Ax) — pi) (I(A;) — pi)] (115)
k=0 0<k<i<n

By the law of total expectation,and noting that E[I(Ax) — px | Frx—1] = 0 for any k, we find that for all
0<k<i<n,

E[(I(Ax) — pr) (L(A:) — pi)] = E[(I(Ax) — pr)E[(L(A:) — ps) | Fioa]] =0, (116)
implying that, for all n > 0,

B2 = 3 BE[(AL) — po)’] (117)
k=0

Since E[(I(Ag) — pr)? | Fr—1] = Var(I(Ag) | Fr—1) and the random variable I(Ay) is a Bernoulli given Fj_;
with mean py, its variance cannot exceed 1/4, i.e.,

E[(I(Ar) — p)* | Fr—1] = Var(I(Ay) | Fi—1) <

W~ =

By taking the total expectation we get E[(I(Ay) — px)?] < %, and combining the preceding two relations, we
obtain

1 n
E[S7] < ;D BE < oo
k=0
From Theorem 4.4.6. in [Durrett| (2019)) it follows that S,, converges to S < oo almost surely.

To further lower bound z;I(Ay) we show a.s. boundedness of ||F(hg)| for all k& > 0, using property of
a-symmetric operators. To estimate ||F'(hy)|, we add and subtract F(v*), where v* € U* is an arbitrary but
fixed solution, and get

[E(hi)ll = |1F'(he) — F (%) + F ()| < [|F(he) — F(07)[| + [[F(v7)]].
Define the following event:
A={we: ICWw) € Rs.t.]|ht(w) —v*|| < C(w) ¥V Ek > 0}.

Based on Lemma the sequence {||hx, — v*||} is bounded a.s., and thus P(A) = 1. Let w € A, now we can
estimate ||F'(hx(w))|| using the a-symmetric assumption on the operator.
Case a € (0,1).

1E (i (w)) = F(u*)|| < he(w) = o*[[(Ko + Ki|[F(0")|* + Kb (w) — v*[[*/07). (118)

Since w € A, it follows that ||hg(w) — v*|| < C(w) for all k£ > 0. Using this fact and (118) we obtain that for
all k >0,

IE (hi(@))]] < Cw) (Ko + Kal|F ()] + K20(w)* ) + || F (o). (119)
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Therefore, the sequence {|F(hx(w))||} is upper bounded by Cj(w) = C(w)(Ky + Ki||F(v*)||* +
ErC(w)*/ =) + |[F (v7)]].

Case a =1.

For a = 1 by Proposition 2.2 we have

[F(hi(w)) = F(0")|| < [[h(w) — 0" [|(Lo + L[| F(v™) ) exp(La || n(w) — v™]). (120)
Therefore, for all k£ > 0,

[E (R (@) < [F(hi(w)) = F @) + [[F(07)]]
< 1k (w) = o™[[(Lo + L[ F(v*)[]) exp(Lallhw(w) — v*[]) + [|F (7). (121)

Since w € A, we have ||hg(w) —v*|| < C(w) for all k¥ > 0, which when used in (121)), implies that for all & > 0,

[E (R (@) < [lhx(w) = v*[[(Lo + L[| F(v)[]) exp(Lalhx(w) — o™ [[) + [[F(7)]|

< CW) (Lo + La[[F(0)])) exp(L1C(w)) + [[F(v)]]. (122)
Hence, the sequence {||F(hi(w))||} is upper bounded by C;(w), where C;(w ) = C(w)(Lo +
Ly ||F(v*)|]) exp(L1C(w)) + [|F(v*)||. Now, for both cases a € (0,1) and a@ = 1 in and (122)), re-
spectively, we have that ||F(hy(w))]| is upper bounded by max{C;(w),C(w)}. Thus

P({F (hi)} is bounded) = 1.

Thus, almost surely we have (i) {F(h)} is bounded, (ii) > ,_, Be(I(Ax) — E[I(Ag) | Fr—1]) converges to
S < oo as n — oo, and (iii) E[I(Ax)|Fx—1] > 2. Now, consider w € Q such that (i), (ii), and (iii) hold, then
in a view of (113 we have

Tp(w) >ming 1, =—— » S(w) + = min = 123
2 Pl = { 01<w>+2a} @+ gmin{ 1. T +za}z (123)
where the last equality comes from Z:io B = 0o, which concludes the proof.
]
Proof of Theorem [4.2]
Proof. By Lemma [£.1] we almost surely have
Z edist? (ug, U*) < oo. (124)
k=0
By Lemma we have Z;OZO v = oo almost surely, than from (124) it follows that
lim inf dist” (ug, U*) =0 a.s. (125)

k—o0

By Lemma [4.1] the sequence {||hx — u*||} converges a.s. for any given u* € U*. Thus, the sequence {hy} is
bounded a.s. and, consequently, it has accumulation points a.s. In view of relation in Lemma it
follows that

lim [|hy —uk|| =0  as. (126)
k—o0

Therefore, the sequences {ur} and {hx} have the same accumulation points a.s.

Now, let {k; | i > 1} be a (random) index sequence such that

lim dist? (uk,;, U") = liminf dist? (ug, U*) =0 a.s. (127)

i—00 k—o0
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Without loss of generality, we may assume that {hy, } is a convergent sequence (for otherwise, we will select a
convergent subsequence), and let @ be its (random) limit point, i.e.,

lim ||hg, —ul| =0 a.s. (128)
1—> 00

By relation , it follows that limy_, o ||hx — uk|| = 0 a.s., which in view of the preceding relation implies
that

lim |jug, —ul| =0 a.s.
1—00

By continuity of the distance function dist(-, U*), from relation we conclude that dist(u,U*) = 0
a.s., which implies that @ € U* almost surely since the set U* is closed. Since the sequence {||hy — u*||*}
converges a.s. for any u* € U*, it follows that limy_, o ||hr — @l = 0 a.s. By relation we conclude that
limg 00 [|Jur — €| =0 a.s. [ ]

C.3 Proof of Lemma 4.3

Proof. The choice of parameters S, ensures that 1 — 68%(Ko + K1 + K3)* > 1/2. Then, by taking the
expectation in of Lemma, and using Assumption and definition of C, (8, a) = K; for a € (0,1),
we obtain

1 . .
Ellhn1 = w|*) < Bl — w|*) = SB[l — ugl|*] - 2E[yiepdist? (ux, U)]

(129)
+682(0? + K10°%).
The equation (129)) satisfies the condition of Lemma with
ﬂk:E[Huk—U*W], ar =0, Bk=6ﬁ£(02+K10’2a),
_ . X 1
Zr, = 2uE[yg dist? (ug, U™)] + §]E[Hhk —uil|?). (130)

By Lemma it follows that the sequence E[[|hy — u*||?] converges to a non-negative scalar for any u* € U*.
Since the sequence {E[|hs, — u*||?]} converges for all u* € U*, it follows that the sequence {E[||hs — u*|*]}
is bounded for all u* € U*. Next, using property of a-symmetric operators, we show that E[||F(hg)]||] is
bounded for all & > 0. Let v* € U* be an arbitrary but fixed solution. Since o < 1/2, it holds that

[E (i)l < 1 F(hx) = F @) + [ F(07)]|

* * (| *||a/(1—a) * (131)
< (g — 0" [[(Ko + KA [[F(v")[|* + Kz — o7 || )+ I F @)
Taking the expectation, we obtain
E[| F(hi)|] < (Ko + E1[|F (") [|*)E[|lh, — v*[[] + B[y, — o* [T/ 0= 4+ | F(v")]. (132)

Notice that E[||hy — v*||1T/O=N)] = E[(||hg — v*]|?)/2=))] and, for o < 1/2, the quantity 1/2(1 — ) < 1.
Thus, we can apply Jensen inequality for concave function

E[([x — " )"20 7)) < E[jlhe — 0|72,

Therefore, using the preceding relation and Jensen inequality for the first term on the RHS of equation (132]),
we obtain

E[|F(h)] < (Ko + K1 F ") |*)Ellhx — o™ |12 + K2E[|| g, — v* ]2 4 [ F(07)]]. (133)

Since E[||hy — v*||?] is bounded, it follows that E[||F(hy)||] is bounded by some constant Cr > 0 for all
k>0. [ ]
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C.4 Proof of Theorem [4.4]

Proof. The choice of the parameters (), ensures that 1—68%(Ko+ K1 +K2)? > %, then by letting u* = Py (hy)
in (106) in the proof of Lemma with Ce (B, ) = K7, we get

| his1 — Poe(hy)||> < dist? (hy, U*) — §||hk — ug||? — 2y pdist? (ug, U*)

134
— 2yk(eR, uk — u) + 35 (IR l” + llepl® + 2K le |*). e
By the definition of the distance function, we have
dist® (hyq1, U*) < [|hgsr — Po= ()|
Thus,
dist?(hgy1, U*) < dist?(hy, U*) — %Hhk — up||* = 2y pdist? (ug, U*) (135)
— 2yk(eR, un — u) + 357l ll? + llekl® + 2K [lex ]|*).
Next, we estimate the term dist”(ug, U*) in (135). By the triangle inequality, we have
i — | < llu — hll + g — w*| for all w* € U,
and by taking the minimum over u* € U* on both sides of the preceding relation, we obtain
dist(hy, U*) < |Jug — hg|| + dist(ug, U™). (136)
Applying Lemma with p > 0 in equation yields
dist? (hg, U*) < (|lug — hg|| + dist(ug, U*))? (137)
< 207N uy, — hy|P + 2P~ dist? (ug, U™).
Using projection inequality , and stepsizes choice , we obtain
luk = hiell < lye®(he, &) < 1.
Combining this result with equation (137)), with p > 2, we get
dist? (hy, U*) < 2P~ Y|y — hy||2T P72 4 20~ dist? (g, U*) 138)

< 277 Y|uy — hy||? + 2P~ dist? (ug, U™).
By dividing the relation in (138]) with 2?~1 and by rearranging the terms, we obtain the following relation
—dist? (up, U*) < |lug — hg||* — 24P dist? (hy, U*). (139)

Combining the preceding inequality with (135]), we find that for any k > 0,

) N ) N _ ) N 1
dist® (hjt1, U*) < dist®(hy, U*) — 227 prydist? (hy,, U*) — §||Ulc — Pl 4 20 [lur — PP (140)

— 2y(ei, uk — u”) + 3R (llek | + llekll” + 2K lex[|*).

2
By the choice of 8, we have 5, = EZEAY where a = p min {1, m} and d > 4. Thus, for all k£ > 0,
1 1 1
< =-< — 2 < —.
Pu< o< " = #Be < 5
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By the definition of the stepsize 7, we always have v, < ;. Therefore, 2uvy; < 2uf; < % for all k£ > 0, thus
implying that

1
— 5 k= 2+ 2pe [ = > < 0. (141)

Using the stochastic properties of & imposed by Assumption [2.5) we have for all & > 0,

EE[vE[(ef, ur — ") | Foo1 U{&} | Faoall =0,
EE[lezl® | FomrU{g3] < 0®,  EE[leg]* | Fro]] < 0 (142)

Moreover, since a < 1 then the conditional expectation E[||e}||?*|Fx—1] is defined, and by Jensen inequality
E[|lef]|?*|Fx—1] < 0@ for all k > 0. Thus, by taking the total expectation in relation (140) and using an
estimate from (141)), we obtain for all ©* € U* and for all £ > 0,

E[dist? (hpy1, U*)] < E[dist? (hg, U*)] — 22 P uR[yedist? (hg, U*)] + 662 (0% + K102%). (143)

The equation (143)) is similar to equation in the proof of Theorem [3.4] with the same stepsize structure.
Thus, by following the same arguments from equations to equation ([78]) in the proof of Theorem we
arrive at

1
E[dist2(hk+1, U*)} < E[diStQ(hk, U*)} — 22_1’,uﬁk min {1, 5

(CFH)} E[dist? (hi, U*)]

(144)
+ 6@3(02 + K10°%),

where CF is an upperbound on E[||F'(hy)||] from the statement of Lemma Now let Dy, = E[dist?(hg, U*)],
and consider two cases p =2 and p > 2.

Case p = 2.

We note that by the definition of @ = g min {1, m} and d, we have that d > 4 and p > a, implying that
d > a. Hence, for p = 2, relation (144) satisfies the conditions of Lemma with the following identification

1
re = Dy, a—,umin{l,2( }, ar=PBr, sp=0, c=6(c%+ Ki0%). (145)

CF-"-O')

2
Therefore, for the choice B = m, we get the following convergence rate for all £ > 1,
a(2d
8d°Dy  12(0? 4+ Ki0%%)
D < . 146
R = Tg2k2 a?k (146)
Case p > 2.
When p > 2, by applying telescoping sum to inequality (144)) and rearranging the terms we obtain
k k
E[2°77ay  frdist? (hi, U™)] < Do — Diy1 + 6(0” + K10™) > B7. (147)
t=0 t=0

Since p > 2, the function dist?(-,U*) is convex, thus by defining uj = (Zf:o Br) 1 Zf:() Bihs and applying
Jensen inequality be obtain

k k

(> Br)E[dist? (hi, U*)] < E[Y _ Brdist? (hi, U*)].

t=0 t=0

Since p > 2, by applying Jensen inequality one more time, we obtain

(Dy)?’? = (E[dist?(hg,, U")))"* < B [(dist2(}_zk, u)” 2] = E[dist? (hy, U)).
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Dy — Digy1 + 6(02 + K10°*) S8 82
22-Pq .

k k
(Dy)P’? Zﬁt < Zﬁt(Dt)p/z <

t=0 t=0

(148)

. . b 1
Now, we use the choice for 8y, i.e., B = SR where 0 < b < WA Kot KT KD and 1/2 < g < 1. Then, the
sequence {f} satisfies the conditions of Lemma Furthermore, by Lemma we have that for all £ > 1,

b b b b2
By > ——((k+ 1177 — 2179, B2 < ) 149
; f 1_q(( ) ) t;t 59— 1 (149)

Combining equations (148]) and ((149)), and omitting Dy41, we obtain for all k > 1,

2°72(1 — q) (Do + 6b*(02 + K102%)(20% +1)/(2¢ — 1)) '

(Dk)l’/2 < ab((k T+ 1)-a —21-q) (150)
Raising both sides of the preceding inequality in power 2/p, we have that for all k& > 1,
L PO g (Do + 6 (0 + Kio™)(20 +1) /(20 = 1)) (151)
< (ab)?/P ((k+1)1—9 — 21_q)2/p
|

D Additional Experiments

We investigate the robustness of the methods for a larger choice of the initial parameter value 8y. In Figure
we set ¢ = 1 — ¢, and corresponding [ = %, so the initial stepsize By =~ 5 and run all four methods
for the same problem parameter choice. We observe that for a generalized smooth SVI when we increase
stepsizes, the performance of clipped stochastic Popov and Korpelevich is comparable to that of both clipped
stochastic versions. While in smooth SVI, the stepsizes for stochastic Korplevich and Popov methods can be
much larger than for stochastic projection methods, improving the convergence performance of stochastic
Korplevich and Popov methods.

Convergence Convergence Convergence

—e— Projection —e— Projection —e— Projection
Projection-Same 100 Projection-Same 0 Projection-Same

—e— Popov —e— Popov —e— Popov

—=— Korpelevich —=— Korpelevich —=— Korpelevich

Distance to solution
Distance to solution
Distance to solution

a0 600 80 200 00 50 800 200 a0 00
Number of iterations Number of iterations Number of iterations

(a) (=~ 0.09,p = 2.5) (b) (e = 0.5,p=3.0) (¢) (a=0.8,p=6.0)

Figure 5: Comparison of the clipped stochastic projection, same-sample projection, Korpelevich, and Popov
methods with 8 = 50/(10 + k'~¢).
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