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ABSTRACT

Large language models often appear strong on symbolic and algorithmic tasks, yet
this apparent strength can hide brittle behaviour when problems become longer,
harder, or slightly out of distribution. A major limitation of current reasoning
benchmarks is that many primarily test whether a model can produce a valid
answer, while paying less attention to whether the solution is minimal, robust, and
stable under controlled difficulty scaling. We introduce RecurrReason, a difficulty-
controlled benchmark of four recurrent logic puzzles (Tower of Hanoi, River
Crossing, Block World, and Checkers Jumping) with BFS-optimal trajectories
and a single interpretable difficulty parameter N ∈ {1, . . . , 10}, totalling 10,817
unique puzzles and 285,933 moves. We benchmark two Transformer families, an
encoder-decoder model (T5-style) and a decoder-only model (GPT-2-style), under
consistent data splits and evaluation criteria, training on N=1 to 7 and evaluating
on both held-out in-distribution instances and harder out-of-distribution instances
at N=8 to 10. Fine-tuned pre-trained T5 achieves 97.27% validation and 81.00%
OOD accuracy on Block World; all models score 0.00% on River Crossing under all
conditions. Failure mode analysis reveals that architecture is a stronger determinant
of success than scale. Pre-training transfers only to puzzles with locally structured
transition functions. Our code and dataset will be open-sourced upon acceptance.

1 INTRODUCTION

Recent progress in neural language models has made multi-step reasoning look increasingly accessible.
Models can generate coherent intermediate steps, imitate solver-like behaviour, and often reach the
correct final answer on curated reasoning tasks. However, for algorithmic problems, correctness is
not only about producing a plausible endpoint. A model must repeatedly choose valid intermediate
actions, avoid illegal transitions, preserve consistency across long horizons, and ideally reach the
goal with a minimal-length solution. These requirements become more demanding as problem size
grows, making algorithmic reasoning a useful setting for separating genuine robustness from shallow
pattern matching.

Recent work (Shojaee et al., 2025) argues that models can look competent while relying on brittle
heuristics that collapse under modest difficulty changes. We study this concern in a setting where
every intermediate step is mechanically verifiable. Recurrent logic puzzles are ideal for this: they
are fully state-based with explicit transition rules, allowing us to separately evaluate move validity,
goal attainment, and near-optimal efficiency. A discussion of related work is in Appendix A. Our
contributions include:

• We introduce a unified benchmark (RecurrReason) of four recurrent logic puzzles with BFS-
optimal solutions, scalable difficulty, and stepwise supervision (10,817 puzzles, 285,933 moves).

• We provide a controlled comparison of two Transformer families (T5-style encoder-decoder and
GPT-2-style decoder-only) under consistent preprocessing and splits.

• We design an evaluation protocol focused on complete trajectory rollouts and reasoning-specific
metrics (syntax validity, move validity, termination accuracy, and optimality gap).
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• We show that puzzle structure (specifically transition locality, action space size, and solution
length growth) is the primary determinant of learnability.

2 RECURRREASON BENCHMARK

A recurrent reasoning game is defined by: (1) a finite state set S, (2) actions A with constraint-
respecting transitions, (3) a goal set G ⊆ S, (4) recurrent multi-step structure, and (5) constraint
satisfaction requiring systematic search. We extend four puzzles from Shojaee et al. (2025) with
permutation augmentations, BFS-optimal trajectories, and autoregressive formats, yielding 10,817
puzzles and 285,933 moves (Appendix J).

Table 1: RecurrReason benchmark statistics summary. Full table in Appendix J.

Block World Checkers Jumping Tower of Hanoi River Crossing

N # Puzz. Moves # Puzz. Moves # Puzz. Moves # Puzz. Moves

1 to 7 549 3,214 2,700 76,612 42 1,482 630 2,230
8 to 10 300 2,613 3,000 165,882 18 10,734 3,578 23,166

Total 849 5,827 5,700 242,494 60 12,216 4,208 25,396

3 TASK FORMULATION, TRAINING, AND EVALUATION

Each puzzle is cast as a predict-the-next-step task. States are serialized as strings (e.g. disk-to-peg
lists for ToH, stack contents for BW). From each BFS-optimal trajectory (s0, . . . , sT ) we create step
pairs (st → st+1). At evaluation, the model rolls out autoregressively: ŝt+1 = fθ(ŝt, g), ŝ0 = s0,
with no ground-truth states provided.

Models. Both architectures learn fθ : (st, g) 7→ ŝt+1. T5-small (60M) (Raffel et al., 2020): the
encoder computes bidirectional attention over [st; sg], so every token in st attends to every token in
sg before decoding begins; the decoder generates ŝt+1 via cross-attention to this full representation,
making the goal a first-class conditioning signal at every step. GPT-2 (124M) (Radford et al., 2019):
the causal mask prevents st tokens from attending to sg (which appears later in the concatenated
sequence [st; sg; ŝt+1]), creating a structural bottleneck for goal-directed planning. Full architecture
equations are in Appendix B. Notation is defined in Appendix I.

Training conditions. We evaluate three experimental conditions for each architecture: (1) trained
from scratch on puzzle data only, (2) pre-trained zero-shot (ZS), where we evaluate the base pre-
trained checkpoint without any puzzle-specific training, and (3) pre-trained fine-tuned (FT), where
we initialize from pre-trained checkpoints and fine-tune on puzzle data.

Data and splits. We enumerate instances per N , compute BFS-optimal trajectories, apply puzzle-
specific augmentations, and serialize into model-ready inputs (Appendix E). We split instances from
N=1 to 7 into training and validation sets (80/20 random split within each N); N=8 to 10 serves
as out-of-distribution (OOD) evaluation. Results reported as ”Val (%)” refer to held-out validation
instances from N=1-7; ”OOD (%)” refers to all instances from N=8-10.

Training. All models minimise token-level cross-entropy on predicted next states, masking <PAD>
positions. Both use AdamW (Loshchilov and Hutter, 2019) (LR = 10−4, batch 16) with early
stopping. Full training hyperparameters are shown in Appendix M.

Evaluation and metrics. Rollouts terminate at goal reached, unparseable output, illegal transition,
or horizon Tmax exceeded. Primary metrics are trajectory success rate, move legality rate, and
optimality gap = (|τ̂ | − |τ⋆|)/|τ⋆|, (computed only for correctly solved puzzles), which measures
the percentage of excess steps relative to the BFS-optimal solution length.
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4 RESULTS

A puzzle is solved only if the rollout reaches sg via valid states within Tmax = 2|τ⋆| steps (notation
in Appendix I). Each failed rollout is classified into one of four modes: invalid move (constraint
violation), invalid output (unparseable), loop (cycle), or premature stop (halts before goal).

4.1 CROSS-PUZZLE SUMMARY

Table 2 summarises the best result per puzzle. Block World is the only puzzle with substantial
learning; the other three yield at most 1.11% validation and 0.10% OOD, establishing that puzzle
structure determines learnability more than architecture or pre-training. Checkers Jumping shows
identical performance for both T5 and GPT-2 because both models only solve trivial instances where
the start state equals the goal state, failing on all instances requiring actual moves.

Table 2: Cross-puzzle summary: best model result per puzzle. Full per-puzzle result tables are in
Appendix K.

Puzzle Best Model Cond. Val (%) OOD (%)

Block World T5 (pre-trained) Fine-tuned 97.27 81.00
Tower of Hanoi T5 (pre-trained) Fine-tuned 11.11 0.00
Checkers Jumping T5/GPT-2 (PT) Fine-tuned 1.11 0.10
River Crossing none n/a 0.00 0.00

Block World succeeds where others fail for three compounding reasons. First, its transition function
is local: whether a block can be moved requires checking only the top of its source stack (O(1)
tokens), so the model does not need to reason over the entire board to produce a valid move. Second,
its solution lengths grow linearly (L(N) = O(N)), so compounding rollout errors accumulate slowly.
Third, the training signal is dense and consistent: each of the 549 training puzzles shares the same
move grammar, giving the model many opportunities to generalise the same rule. The other three
puzzles violate at least one of these conditions: ToH has exponential solution length (2N − 1),
RC requires global constraint verification at every step (O(N) tokens), and CJ combines quadratic
solution length with a constrained jump grammar that appears only in very few valid configurations.

Zero-result puzzles. ToH: only 1/9 validation puzzles solved (N=1, one move); all fail at N≥2
because L(N) = 2N − 1 requires recursive decomposition a flat mapping cannot represent. CJ:
1.11% validation corresponds exclusively to trivial instances where start equals goal. RC: 0.00%
everywhere despite low training loss; the global safety constraint and combinatorial action space (up
to 175 candidates at N=5) defeat all models. Full tables: Appendix K.

T5 pre-trained FT achieves 100% at N=1 to 2, stays above 93% through N=7, and degrades
gradually to 75% at N=10 (Figure 1 in Appendix C), consistent with rule generalisation rather than
memorisation. The gradual OOD degradation (84% at N=8, 84% at N=9, 75% at N=10) contrasts
with the abrupt collapse seen in GPT-2, which reaches 21 to 25% validation but drops to 0% OOD
across all conditions. GPT-2’s failure pattern shifts systematically: at validation, loops account for
80 to 92% of failures, while at OOD, invalid move dominates (>91%). This transition indicates
that GPT-2 learns which moves are legal within the training distribution but cannot select among
them based on goal proximity, a direct consequence of the causal attention bottleneck described in
Section 3.

Failure mode breakdowns are visualised in Figure 2 (Appendix D) and tabulated in Appendix L.

5 DISCUSSION

Architecture matters more than scale. T5 (60M) outperforms GPT-2 (124M) on every puzzle
despite having half the parameters, because its encoder provides full bidirectional attention over
[st; sg], making the goal a first-class conditioning signal at every decoder step. GPT-2’s causal mask
prevents st from attending to sg , creating a structural bottleneck for goal-directed planning. Ding et al.
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(2024) proved theoretically that causal language models converge to a suboptimal solution compared
to prefix (bidirectional) models, formalising why our goal tokens cannot be optimally utilised under a
causal mask. Empirically, Wang et al. (2022) showed that encoder-decoder models with non-causal
attention outperform decoder-only models of comparable size after multitask fine-tuning, and Zhang
et al. (2022) found that architectural differences have the largest impact at small scales, exactly the
regime of our experiments. Csórdás et al. (2021) and Tay et al. (2023) further demonstrated that
targeted architectural modifications improve systematic generalization and can transcend scaling
laws, consistent with our finding that a well-matched architecture at 60M parameters surpasses a
mismatched one at 124M.

Pre-training benefit is puzzle-dependent. All models score 0.00% zero-shot. After fine-tuning,
pre-training helps only where the transition function is local: T5 gains +97.27 pp on Block World
(O(1) verification) but +0.00 pp on River Crossing (O(N) global constraint). GPT-2 pre-training adds
only 2.73 pp on BW, confirming the architectural bottleneck limits what pre-training can contribute.
Talmor et al. (2020) showed empirically that pre-training fails on half of their symbolic reasoning
tasks, with gains appearing only where task structure overlaps with natural language distributional
patterns. Mueller et al. (2022) explained the mechanism: pre-training imparts a hierarchical inductive
bias that helps only on tasks with locally decomposable structure. Papadimitriou and Jurafsky (2020)
demonstrated that transfer depends on shared structural properties between pre-training and target
domains, even across modalities. Furrer et al. (2020) confirmed this on compositional generalization
benchmarks, finding that pre-training helps on locally decomposable splits but fails on globally
compositional ones, a precise parallel to our Block World vs. River Crossing results.

Failure modes. Invalid move reflects constraint non-generalisation (McCoy et al., 2019). Loops on
BW signal partial rule learning (legal moves but no goal direction). Premature stopping in GPT-2
on ToH results from the statistical overrepresentation of ⟨STOP⟩ in low-diversity training data. Full
breakdowns: Appendix L.

Learnability is determined by puzzle structure. Three properties set the ceiling: (1) transition
locality (O(1) for BW vs. O(N) for RC), (2) action space size (O(K2) for BW vs. combinatorial for
RC), and (3) solution length growth. Assuming an independent per-step error rate ϵ (small), success
probability compounds across the solution trajectory:

P (success) = (1− ε)L(N) ≈ e−εL(N). (1)

BW has L(N) = O(N); CJ has (N+1)2−1; ToH has 2N−1. This compounding effect is a direct
consequence of autoregressive rollout under imitation learning (Ross et al., 2011). This explains why
even T5’s N=1 ToH success does not extend to N≥2. These findings align with Valmeekam et al.
(2022) and Kambhampati (2024): reliable planning requires search augmentation beyond greedy
next-step prediction. Full derivations of solution length formulas, transition locality, action space
sizes, and the compounding error model are in Appendix N.

6 CONCLUSION

We introduce RecurrReason, a difficulty-controlled benchmark of four recurrent logic puzzles with
BFS-optimal solutions and systematic failure mode analysis. Our comparison of encoder-decoder
(T5) and decoder-only (GPT-2) Transformers reveals that architectural inductive biases matter more
than scale: bidirectional goal-conditioning enables T5 to achieve 81% OOD accuracy on Block World,
while GPT-2’s causal attention bottleneck prevents effective goal-directed planning across all puzzles.
Crucially, pre-training transfers only to puzzles with local transition functions. Block World succeeds
due to O(1) transition verification and linear solution growth, while River Crossing’s global O(N)
constraints and Tower of Hanoi’s exponential solution length (2N − 1) defeat all models despite
low training loss. This structural determinism, formalized through our compounding error model,
suggests that reliable multi-step reasoning requires either architectural search capabilities or explicit
symbolic constraint checking, not merely larger language models. Our benchmark and evaluation
protocol provides a controlled testbed for future work on length generalization, goal-conditioned
planning, and the architectural requirements for systematic algorithmic reasoning.

4



Published as a conference paper at ICLR 2026

REFERENCES

Cem Anil, Yuhuai Wu, Anders Andreassen, Aitor Lewkowycz, Vedant Misra, Vinay Venkatesh
Ramasesh, Ambrose Slone, Guy Gur-Ari, Ethan Dyer, and Behnam Neyshabur. Exploring length
generalization in large language models. In Advances in Neural Information Processing Systems,
volume 35, 2022.

Lili Chen, Kevin Lu, Aravind Rajeswaran, Kimin Lee, Aditya Grover, Michael Laskin, Pieter Abbeel,
Aravind Srinivas, and Igor Mordatch. Decision transformer: Reinforcement learning via sequence
modeling. In Advances in Neural Information Processing Systems, volume 34, pages 15084–15097,
2021.
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Grégoire Delétang, Anian Ruoss, Jordi Grau-Moya, Tim Genewein, Li Kevin Wenliang, Elliot Catt,
Chris Cundy, Marcus Hutter, Shane Legg, Joel Veness, and Pedro A. Ortega. Neural networks
and the Chomsky hierarchy. In Proceedings of the 11th International Conference on Learning
Representations. OpenReview.net, 2023.

Nan Ding, Tomer Levinboim, Jialin Wu, Sebastian Goodman, and Radu Soricut. CausalLM is not
optimal for in-context learning. In International Conference on Learning Representations, 2024.
URL https://openreview.net/forum?id=guRNebwZBb.

Nouha Dziri, Ximing Lu, Melanie Sclar, Xiang Lorraine Li, Liwei Jiang, Bill Yuchen Lin, Sean
Welleck, Peter West, Chandra Bhagavatula, Ronan Le Bras, Jena D. Hwang, Soumya Sanyal, Xiang
Ren, Allyson Ettinger, Zaı̈d Harchaoui, and Yejin Choi. Faith and fate: Limits of transformers on
compositionality. In Advances in Neural Information Processing Systems, volume 36, 2023.

Daniel Furrer, Marc van Zee, Nathan Scales, and Nathanael Schärli. Compositional generalization
in semantic parsing: Pre-training vs. specialized architectures. arXiv preprint arXiv:2007.08970,
2020.

Alex Graves, Greg Wayne, and Ivo Danihelka. Neural Turing machines. arXiv preprint
arXiv:1410.5401, 2014.

Subbarao Kambhampati. Can large language models reason and plan? Annals of the New York
Academy of Sciences, 1534(1):15–18, 2024. doi: 10.1111/nyas.15125.

Brenden Lake and Marco Baroni. Generalization without systematicity: On the compositional skills
of sequence-to-sequence recurrent networks. In Proceedings of the 35th International Conference
on Machine Learning, pages 2873–2882. PMLR, 2018.

Nayoung Lee, Kartik Sreenivasan, Jason D. Lee, Kangwook Lee, and Dimitris Papailiopoulos. Teach-
ing arithmetic to small transformers. In International Conference on Learning Representations,
2024.

Lucas Lehnert, Sainbayar Sukhbaatar, DiJia Su, Qinqing Zheng, Paul McVay, Michael Rabbat, and
Yuandong Tian. Beyond A*: Better planning with transformers via search dynamics bootstrapping.
arXiv preprint arXiv:2402.14083, 2024.

Ilya Loshchilov and Frank Hutter. Decoupled weight decay regularization. In 7th International
Conference on Learning Representations, ICLR 2019. OpenReview.net, 2019.

R. Thomas McCoy, Ellie Pavlick, and Tal Linzen. Right for the wrong reasons: Diagnosing syntactic
heuristics in natural language inference. In Proceedings of the 57th Annual Meeting of the
Association for Computational Linguistics, pages 3428–3448. Association for Computational
Linguistics, 2019.

5

https://openreview.net/forum?id=guRNebwZBb


Published as a conference paper at ICLR 2026

Aaron Mueller, Robert Frank, Tal Linzen, Luheng Wang, and Sebastian Schuster. Coloring the
blank slate: Pre-training imparts a hierarchical inductive bias to sequence-to-sequence models.
In Findings of the Association for Computational Linguistics: ACL 2022, pages 1352–1368.
Association for Computational Linguistics, 2022.

Maxwell Nye, Anders Johan Andreassen, Guy Gur-Ari, Henryk Michalewski, Jacob Austin, David
Bieber, David Dohan, Aitor Lewkowycz, Maarten Bosma, David Luan, Charles Sutton, and
Augustus Odena. Show your work: Scratchpads for intermediate computation with language
models. arXiv preprint arXiv:2112.00114, 2021.

Isabel Papadimitriou and Dan Jurafsky. Learning music helps you read: Using transfer to study
linguistic structure in language models. In Proceedings of the 2020 Conference on Empirical
Methods in Natural Language Processing, pages 6829–6839. Association for Computational
Linguistics, 2020.

Alec Radford, Jeffrey Wu, Rewon Child, David Luan, Dario Amodei, and Ilya Sutskever. Language
models are unsupervised multitask learners. Technical report, OpenAI, 2019.

Colin Raffel, Noam Shazeer, Adam Roberts, Katherine Lee, Sharan Narang, Michael Matena, Yanqi
Zhou, Wei Li, and Peter J. Liu. Exploring the limits of transfer learning with a unified text-to-text
transformer. Journal of Machine Learning Research, 21(140):1–67, 2020.

Scott Reed and Nando de Freitas. Neural programmer-interpreters. In International Conference on
Learning Representations, 2016.
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A RELATED WORK

Neural algorithmic reasoning. Teaching neural networks to execute algorithms has a long history,
from LSTMs trained on simple programs (Zaremba and Sutskever, 2015) and Neural Turing Machines
with external memory (Graves et al., 2014) to the compositional Neural Programmer-Interpreter (Reed
and de Freitas, 2016). More recently, graph neural networks have been applied to classical algorithms
via the CLRS benchmark (Veličković et al., 2022), and Veličković et al. (2020) showed that GNNs
can learn to execute graph algorithms by imitating intermediate execution traces. Our work differs
in that we study whether plain Transformer sequence models, without graph structure or memory
augmentation, can learn recurrent symbolic puzzles purely from textual state-action traces.

Length generalization in Transformers. Transformers notoriously struggle to generalize to input
lengths unseen during training. Anil et al. (2022) demonstrated that scratchpad prompting can help,
while Zhou et al. (2024) proposed the RASP-Generalization conjecture linking length generalization
to the existence of short RASP-L programs. Lee et al. (2024) showed that small Transformers can
learn arithmetic with appropriate data formatting and curriculum. Delétang et al. (2023) connected
architectural expressiveness to the Chomsky hierarchy, finding that vanilla Transformers fail on tasks
beyond regular languages. Our OOD evaluation (N=8 to 10 after training on N=1 to 7) is a direct
test of length generalization; we find that success depends heavily on puzzle structure rather than
model scale.

Intermediate computation and chain of thought. Nye et al. (2021) introduced scratchpads
(supervised intermediate steps) that dramatically improve multi-step reasoning. Wei et al. (2022)
scaled this idea to large models via chain-of-thought prompting. RecurrReason adopts a similar
philosophy: models are trained on full step-by-step solution trajectories, giving them access to every
intermediate state, yet this supervision alone does not guarantee generalization.

Planning with neural networks. Classical planning remains difficult for neural models.
Valmeekam et al. (2023) showed with PlanBench that LLMs perform poorly on standard plan-
ning domains. Lehnert et al. (2024) trained Transformers to imitate A* search dynamics and achieved
strong planning performance, but required explicit search traces. The Decision Transformer (Chen
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et al., 2021) cast reinforcement learning as goal-conditioned sequence modeling, conditioning on
desired returns to generate actions. Our setup is related: the model receives a goal state and must
produce an optimal action sequence, but we operate on fully deterministic symbolic puzzles with
verifiable BFS-optimal solutions rather than stochastic MDPs.

Compositional generalization and reasoning benchmarks. Lake and Baroni (2018) introduced
SCAN to expose systematic generalization failures in sequence models. Dziri et al. (2023) showed
that Transformers reduce multi-step compositional reasoning to linearized subgraph matching, with
accuracy decaying as task complexity grows. Saxton et al. (2019) benchmarked neural models
on mathematics problems of varying difficulty. RecurrReason complements these benchmarks by
providing a setting where difficulty is controlled by a single integer parameter N , every intermediate
step is mechanically verifiable, and the recursive structure of the puzzles exposes whether models
learn genuine algorithmic strategies or merely memorize shallow patterns.

B ARCHITECTURE DETAILS

B.1 ENCODER-DECODER TRANSFORMER (T5)

T5-small (Raffel et al., 2020) is a 60M-parameter encoder-decoder Transformer pre-trained on C4.
Given the concatenation x = [st; sg], the encoder computes a bidirectional contextual representation:

H = Enc(x) ∈ R|x|×d, Aij ∝ exp

(
q⊤
i kj√
d

)
, (2)

where qi,kj ∈ Rd are query and key vectors. The decoder generates ŝt+1 token-by-token via
cross-attention:

P
(
ŝ
(ℓ)
t+1 | ŝ

(1:ℓ−1)
t+1 , H

)
= softmax

(
WO CrossAttn

(
ŝ
(1:ℓ−1)
t+1 , H

))
. (3)

B.2 DECODER-ONLY TRANSFORMER (GPT-2)

GPT-2 (Radford et al., 2019) (124M parameters) concatenates state and goal into a flat causal
sequence [st; sg; ŝt+1]:

pθ(ŝt+1) =

L∏
ℓ=1

pθ

(
ŝ
(ℓ)
t+1 | ŝ

(1:ℓ−1)
t+1 , st, sg

)
. (4)

Training minimises L(θ) = −
∑

ℓ log pθ(ŝ
(ℓ)
t+1 | ·). The causal mask enforces Mij = −∞ for j > i,

preventing st from attending to sg .

C BLOCK WORLD PER-N ACCURACY

Figure 1 shows the per-difficulty accuracy of T5 pre-trained FT on Block World. Performance
remains high across in-distribution levels and degrades gradually at OOD, consistent with genuine
rule generalisation rather than memorisation.
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Figure 1: T5 pre-trained FT on Block World per N . Performance is high throughout training and
degrades gradually at OOD, not abruptly.

D FAILURE MODE BREAKDOWN

Figure 2 presents the failure mode distribution across all four puzzles for the best-performing T5
and GPT-2 variants. Invalid moves dominate in globally constrained puzzles (ToH, RC), while loops
are the primary failure mode for Block World, reflecting partial rule learning without goal-directed
selection.
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Figure 2: Failure mode breakdown for T5 pre-trained fine-tuned (T5 PT FT) and GPT-2 pre-trained
fine-tuned (G2 PT FT) across all four puzzles. V: validation set (held-out instances from N=1-7), O:
OOD (N=8-10). BW: Block World, CJ: Checkers Jumping, ToH: Tower of Hanoi, RC: River Crossing.
Values shown are percentages of failed rollouts only (solved rollouts excluded). Invalid move is a
constraint violation. Invalid output is an unparseable state. Loop is a repeated state. Premature stop is
when model halts before goal.
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E TOWER OF HANOI

The Tower of Hanoi is a classic recursive puzzle consisting of three pegs (labeled A, B, and C) and N
disks of different sizes, numbered from 1 (smallest) to N (largest). The puzzle is governed by three
fundamental constraints. (1) Single Disk Movement: Only one disk may be moved at a time. (2) Top
Disk Access: Only the topmost disk from any peg can be selected for movement. (3) Size Ordering
Constraint: A larger disk may never be placed on top of a smaller disk. The objective is to transfer
all disks from a designated start peg to a target end peg while maintaining size ordering (largest at
bottom, smallest at top) throughout all intermediate states. The minimum number of moves required
to solve the Tower of Hanoi with N disks is 2N − 1, making it an exponentially scaling problem that
provides fine-grained control over computational complexity.

Our Tower of Hanoi dataset generation extends the approach described in Shojaee et al. (2025) with
several key enhancements to create a more comprehensive and realistic evaluation benchmark. We
implemented a recursive solution generator based on the classical Tower of Hanoi algorithm. This
recursive function generates the optimal sequence of moves for transferring N disks from the start
peg to the end peg using the auxiliary peg.

Algorithm 1 Recursive Tower of Hanoi Sequence Generation

1: procedure HANOI(n, start, end, aux,moves)
2: if n = 1 then
3: moves.append([n, start, end])
4: else
5: HANOI(n− 1, start, aux, end,moves)
6: moves.append([n, start, end])
7: HANOI(n− 1, aux, end, start,moves)
8: end if
9: end procedure

While the prior work primarily focused on the canonical configuration (start peg A, end peg C), we
systematically generate all possible start-end peg combinations. This creates 6 distinct configurations
for each problem size: peg A to peg B, peg A to peg C, peg B to peg A, peg B to peg C, peg C to peg
A, peg C to peg B. This augmentation tests whether models can generalize the solution strategy across
different spatial arrangements rather than potentially memorizing patterns for specific configurations.

Our dataset includes explicit state tracking at each step of the solution. Initial configuration with all
disks on the starting peg (start state). Target configuration with all disks on the ending peg
(goal state). State before applying each move (current state). State after applying each
move (next state). Each state is represented as a list of three lists (one per peg), where each peg
contains its disks in order from top to bottom. For example, [[1, 2, 3], [], []] represents
disks one, two, and three stacked on peg A.

A critical enhancement is our transformation to an expanded format where each row represents a
single move within a solution trajectory. For a puzzle requiring M moves, we generate M+1 rows.
Each row contains the current state, next state, and the move that connects them. The final row uses
the sentinel move [ , , ] to indicate puzzle completion. This granular representation enables (1)
auto-regressive training: Models can learn to predict the next optimal move given the current state
and goal. (2) Intermediate verification: Each move can be validated independently using puzzle
simulators. (3) Trajectory analysis: The complete solution path can be analyzed for consistency and
optimality. Figure 3 illustrates an example Tower of Hanoi configuration and its solution trajectory.
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N start_state goal_state start_peg goal_peg current_state next_state move num_moves

2 [[], [], [1, 2]] [[], [1, 2], []] C B [[], [], [1, 2]] [[1], [], [2]] [1, 'C', 'A'] 3

2 [[], [], [1, 2]] [[], [1, 2], []] C B [[1], [2], []] [[], [1, 2], []] [1, 'A', 'B'] 3

2 [[], [], [1, 2]] [[], [1, 2], []] C B [[1], [], [2]] [[1], [2], []] [2, 'C', 'B'] 3

2 [[], [], [1, 2]] [[], [1, 2], []] C B [[], [1, 2], []] [[], [1, 2], []] [_, _, _] 3

2
1

21 21 2
1

Figure 3: Example Tower of Hanoi puzzle with N = 3 disks showing the initial state, goal state, and
the optimal solution trajectory. [ , , ] to indicate puzzle completion.

F CHECKERS JUMPING

Checkers Jumping is a one-dimensional constraint-satisfaction puzzle that tests sequential reasoning
and planning capabilities. The puzzle consists of a linear arrangement of N red checkers (R), N blue
checkers (B), and a single empty space ( ), forming a board of length 2N + 1. In the standard
initial configuration, N red checkers are positioned on the left side, followed by an empty space in
the middle, and N blue checkers on the right side. The objective is to swap the positions of all red
and blue checkers, effectively mirroring the initial configuration to reach. The puzzle is governed
by two fundamental movement rules: (1) Slide Movement: A checker can slide forward into an
adjacent empty space. (2) Jump Movement: A checker can jump forward over exactly one checker of
the opposite color to land in an empty space. (3) A critical constraint is that checkers cannot move
backward toward their starting side. Red checkers can only move rightward, and blue checkers can
only move leftward from the initial configuration. The minimum solution length for N checkers
of each color is (N + 1)2 − 1 moves, creating a quadratic relationship between problem size and
solution complexity. This rule only applies when all the red checkers are on one side and all the blue
checkers are on the other.

Our Checkers Jumping dataset generation significantly extends the approach described in Shojaee
et al. (2025) with enhanced state space exploration, computational optimizations, and comprehensive
coverage of puzzle configurations. Unlike Tower of Hanoi which has a known recursive solution,
Checkers Jumping requires search to find optimal solutions. We implemented a memory-efficient
Breadth-First Search (BFS) algorithm with several optimizations:

Instead of storing complete solution paths for each explored state (which causes exponential mem-
ory growth), we maintain only parents (dictionary mapping each state to its predecessor) and
move to state (dictionary mapping each state to the move that created it). Path reconstruc-
tion occurs only when the goal is found, working backward from goal to start. This optimization
reduces memory consumption from O(bd × d) to O(bd) where b is the branching factor and d is the
solution depth.

Figure 4 shows an example Checkers Jumping configuration.
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Algorithm 2 Optimal Checkers Jumping Solver via BFS

1: procedure BFS SOLVER(sstart, sgoal, dmax)
2: Q← Queue([(sstart, 0)])
3: Visited← {sstart}
4: Parents← {sstart : None}
5: while Q is not empty do
6: (s, depth)← Q.popleft()
7: if depth ≥ dmax then
8: continue
9: end if

10: for each move m ∈ GetMoves(s) do
11: s′ ← ApplyMove(s,m)
12: if s′ /∈ Visited then
13: Parents[s′]← s
14: if s′ = sgoal then
15: return RECONSTRUCTPATH(Parents, sstart, s′)
16: end if
17: Visited.add(s′)
18: Q.append((s′, depth + 1))
19: end if
20: end for
21: end while
22: return None ▷ No solution found within depth limit
23: end procedure

N start_state goal_state blue_direction current_state next_state move
2 [R1,B1,_,R2,B2] [R1,R2,_,B1,B2] Right [R1,B1,_,R2,B2] [R1,_,B1,R2,B2] [B1, 1, 2]
2 [R1,B1,_,R2,B2] [R1,R2,_,B1,B2] Right [R1,_,B1,R2,B2] [R1,R2,B1,_,B2] [R2, 3, 1]
2 [R1,B1,_,R2,B2] [R1,R2,_,B1,B2] Right [R1,R2,B1,_,B2] [R1,R2,_,B1,B2] [B1, 2, 3]
2 [R1,B1,_,R2,B2] [R1,R2,_,B1,B2] Right [R1,R2,_,B1,B2] [R1,R2,_,B1,B2] [_, _, _]
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Figure 4: Example Checkers Jumping puzzle with N = 3 checkers per colour, illustrating the initial
and goal configurations.

G RIVER CROSSING

River Crossing is a constraint satisfaction planning puzzle that tests multi-agent coordination and
safety constraint management. This puzzle is a generalization of classic problems such as the
Missionaries and Cannibals problem and the Bridge and Torch problem, which have been widely
studied in planning literature. The puzzle involves N actors (denoted a1, a2, ..., an) and their
corresponding N agents (denoted A1, A2, ..., An) who must cross a river using a boat with capacity k.
In the initial state, all 2N individuals are on one bank of the river (typically the left bank). The goal is
to transport everyone safely to the opposite bank.
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The puzzle operates under three fundamental constraints. (1) Boat Capacity Constraint: The boat
can carry at most k individuals at a time. (2) Non-Empty Boat Constraint: The boat cannot travel
empty and must have at least one person aboard. (3) Safety Constraint: An actor ai cannot be in the
presence of another agent Aj (where j ̸= i) unless their own agent Ai is also present. This applies
both on the banks and in the boat. The safety constraint creates a complex planning challenge: each
agent must protect their client (actor) from competing agents. Violation of this constraint at any point
(on either bank or during transit) renders the solution invalid.

The puzzle complexity can be controlled by adjusting the number of actor-agent pairs, the boat
capacity, and left or right initial configuration. Our River Crossing dataset generation extends
the approach described in Shojaee et al. (2025) with comprehensive configuration coverage, pair
permutation augmentations, and memory-efficient parallel processing.

To explore the planning complexity landscape and model adaptability to resource constraints, we
evaluate three boat capacity values: k = 2 (minimal capacity for N ∈ {2, 3}), k = 3 (medium
capacity for N ≥ 4), and k = 4 (large capacity for all N ≤ 10). This multi-capacity approach
accounts for the inherent solvability limits dictated by safety constraints; specifically, our preliminary
analysis confirmed that the puzzle is unsolvable for N > 3 when k = 2 and for N > 5 when k = 3,
whereas k = 4 remains solvable across all tested configurations.

River Crossing requires a search-based approach to identify valid solutions. We implemented a
Breadth-First Search (BFS) algorithm, detailed in Algorithm 3, which exhaustively explores the state
space while enforcing all safety and capacity constraints.

Algorithm 3 River Crossing Optimal Solver via BFS

1: procedure BFSRIVERCROSSING(Sstart, Sgoal, Bstart)
2: Q← Queue([(Sstart, Bstart, [])]) ▷ Queue stores (state, boat side, path)
3: Visited← {(Sstart, Bstart)}
4: while Q is not empty do
5: (S,B,P)← Q.popleft()
6: if S = Sgoal then
7: return P ▷ Return optimal sequence of moves
8: end if
9: for each (S′, B′,m) ∈ Successors(S,B) do

10: if (S′, B′) /∈ Visited then
11: Visited.add((S′, B′))
12: Q.append((S′, B′,P ∪ {m}))
13: end if
14: end for
15: end while
16: return None ▷ No valid solution exists
17: end procedure

A core contribution of our dataset is the systematic generation of initial state permutations. Rather than
restricting the task to the canonical starting configuration (where all entities reside on a single bank),
we generate intermediate configurations where a subset of actor-agent pairs has already transitioned.
This approach ensures the model learns generalizable crossing rules rather than memorizing a fixed
sequence from a singular start state.
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Algorithm 4 Systematic Pair Permutation Generation

1: procedure GENERATEPERMUTATIONS(N )
2: X ← ∅ ▷ Set of all valid initial configurations
3: for k = 0 to N do
4: C ← combinations({1, . . . , N}, k) ▷ Subsets of indices of size k
5: for each index set I ∈ C do
6: L← {(ai, Ai) | i /∈ I} ▷ Pairs remaining on start bank
7: R← {(ai, Ai) | i ∈ I} ▷ Pairs already on opposite bank
8: X ← X ∪ {(L,R)}
9: end for

10: end for
11: return X
12: end procedure

This augmentation provides several benefits. (1) Richer training signal: Models see puzzles at
different stages of completion. (2) Partial solution learning: Models learn to complete puzzles from
intermediate states. (3) Generalization testing: Evaluates whether models can solve non-canonical
starting positions. (4) Data efficiency: Generates diverse puzzles without running full BFS from
scratch for each. In addition to pair permutations, we generate puzzles starting from both banks. This
tests spatial invariance: can models solve the puzzle regardless of which bank is the starting point?

States are formatted as tuples of sorted lists: ([’a1’, ’A1’], [’a2’, ’A2’, ’a3’, ’A3’]) representing left
and right banks. Moves are lists of entities traveling together. For example, [’a1’, ’A1’] indicates
actor 1 and agent 1 crossing together. The boat side column stores the current location of the boat
before the move (’L’ or ’R’). goal direction column denotes target bank (”Left” or ”Right”).
Total moves column holds the complete solution length.

Figure 5 illustrates the River Crossing puzzle setup with actors and agents on the two banks.

N boat_capacity start_state goal_state goal_direction boat_side current_state next_state move total_moves
1 2 (['A1', 'a1'], []) ([], ['A1', 'a1']) Right L (['A1', 'a1'], []) ([], ['A1', 'a1']) ['A1', 'a1'] 1
1 2 (['A1', 'a1'], []) ([], ['A1', 'a1']) Right R ([], ['A1', 'a1']) ([], ['A1', 'a1']) [] 1

A1

a1
A1 a1

A1

a1

Figure 5: Example River Crossing puzzle with N = 3 actor-agent pairs, showing the safety constraint
and boat crossing mechanics.

H BLOCK WORLD

Blocks World is a classical planning puzzle that has been extensively studied in AI planning literature
and recently examined for analyzing the planning capabilities of Large Language Models. The puzzle
involves multiple uniquely labeled blocks (A, B, C, etc.) arranged in stacks, where the objective is to
rearrange blocks from an initial configuration to a specified goal configuration. The puzzle operates
under two fundamental constraints: (1) Top Block Movement: Only the topmost block from any stack
can be moved. (2) Valid Placement: A block can only be placed either on an empty stack position or
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on top of another block. These simple constraints create a complex planning problem where the order
of operations becomes critical. Some configurations require temporary placement of blocks to access
those beneath them, necessitating multi-step look ahead planning and state space exploration.

Blocks World serves as an excellent testbed for evaluating sequential planning capabilities because
it requires: (1)Dependency reasoning: Understanding which blocks must be moved before others
can be accessed. (2) Subgoal decomposition: Breaking complex rearrangements into achievable
intermediate steps. (3) State tracking: Maintaining awareness of all block positions throughout
the solution (4) Efficient path planning: Finding solutions without unnecessary moves. The puzzle
difficulty can be scaled by adjusting the number of blocks and the number of stacks

Our Blocks World dataset generation significantly extends the approach described in Shojaee et al.
(2025) with advanced memory optimizations, systematic configuration patterns, and comprehensive
parallelization strategies inspired by our successful Checkers Jumping implementation. Following the
successful pattern from Checkers Jumping, we implemented parent pointer tracking instead of storing
complete solution paths during BFS exploration. To ensure computational feasibility across a high
volume of puzzle configurations, we implement a memory-optimized Breadth-First Search (BFS)
as described in Algorithm 5. By utilizing a parent-pointer map π, we avoid the memory overhead
of storing complete partial trajectories in the search queue, and we impose a node exploration limit
Nmax to bound search time.

Algorithm 5 Memory-Efficient BFS with Parent Tracking

1: procedure OPTIMIZEDBFS(sstart, sgoal, dmax, Nmax)
2: Q← Queue([(sstart, 0)])
3: π ← {sstart 7→ None} ▷ Map of state to (parent, move)
4: nnodes ← 0
5: while Q is not empty and nnodes < Nmax do
6: (s, d)← Q.popleft()
7: nnodes ← nnodes + 1
8: if d ≥ dmax then continue
9: end if

10: for each move m ∈ GetValidMoves(s) do
11: s′ ← ApplyMove(s,m)
12: if s′ = sgoal then
13: return RECONSTRUCTPATH(π, sstart, s,m)
14: end if
15: if s′ /∈ domain(π) then
16: π[s′]← (s,m)
17: Q.append((s′, d+ 1))
18: end if
19: end for
20: end while
21: return None
22: end procedure

We apply the same parent-pointer BFS optimization described in the Checkers Jumping section
above.

To ensure a balanced and high-quality dataset despite the potential for search failures in randomly
generated configurations, we employ a parallel oversampling strategy. For each target configuration
(N,K), we generate a task set T of size M ·α, where M is the required number of puzzles and α = 3
is the oversampling factor. These tasks are solved in parallel to extract the first M valid trajectories,
as formalized in Algorithm 6. For each N value requesting 100 puzzles, we generate 300 candidates
(3× oversampling), then select the first 100 successful solutions. This ensures up to 100 puzzles per
N value even if some attempts fail, we obtain sufficient puzzles

Figure 6 shows an example Block World rearrangement problem.
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Algorithm 6 Parallel Dataset Oversampling

1: procedure GENERATEPUZZLES(N,K,M,α, P )
2: T ← {(N,K, seedi) | i = 1, . . . ,M · α} ▷ Create oversampled task set
3: R ← ParallelMap(SolvePuzzle, T ,workers = P )
4: D ← {r ∈ R | r ̸= None} ▷ Filter successful search results
5: if |D| < M then
6: warn ”Insufficient valid puzzles generated”
7: end if
8: return D[1 . . .M ] ▷ Truncate to required dataset size
9: end procedure

N K start_state goal_state current_state next_state move num_moves
3 3 [['B'],[],['A','C']] [['B'],['A'],['C']] [['B'],[],['A','C']] [['B','C'],[],['A']] ['C',2,0] 3
3 3 [['B'],[],['A','C']] [['B'],['A'],['C']] [['B','C'],[],['A']] [['B','C'],['A'],[]] ['A',2,1] 3
3 3 [['B'],[],['A','C']] [['B'],['A'],['C']] [['B','C'],['A'],[]] [['B'],['A'],['C']] ['C',0,2] 3
3 3 [['B'],[],['A','C']] [['B'],['A'],['C']] [['B'],['A'],['C']] [['B'],['A'],['C']] [_,_,_] 3

B A

C

B A

C

B A

C

B A C

Figure 6: Example Block World puzzle with N = 4 blocks across 3 stacks, showing the initial and
goal configurations.

I NOTATION AND DEFINITIONS

Table 3 defines all mathematical notation used in Sections 4 and 5.

J FULL DATASET STATISTICS

K FULL PER-PUZZLE RESULT TABLES

Table 5: Checkers Jumping: full results.

Model Condition Val (%) OOD (%)

T5 (scratch) Trained 0.00 0.00
T5 (pre-trained) Zero-shot 0.00 0.00
T5 (pre-trained) Fine-tuned 1.11 0.10

GPT-2 (scratch) Trained 1.11 0.03
GPT-2 (pre-trained) Zero-shot 0.00 0.00
GPT-2 (pre-trained) Fine-tuned 1.11 0.10
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Table 3: Summary of notation used throughout the paper.

Symbol Definition

S Finite set of all possible puzzle states.
s0 Initial state of a puzzle instance.
sg Goal state; a solution must reach sg from s0.
Svalid ⊆ S Subset of states satisfying all hard puzzle constraints (e.g. no larger

disk on a smaller one in ToH; safety rule satisfied on every bank in RC;
only top-of-stack blocks moved in BW).

ŝt Predicted state at rollout step t; ŝ0 = s0.
πθ Learned transition function parameterised by θ; ŝt+1 = πθ(ŝt).
T ∗ The rollout step at which the goal is first reached, i.e. the smallest t

with ŝt = sg .
Tmax Maximum allowed rollout steps; set per instance to 2× |τ⋆| (twice the

BFS-optimal solution length).
τ⋆ BFS-optimal trajectory for a given instance; |τ⋆| is its length in moves.
τ̂ Model rollout trajectory; |τ̂ | is its length.
L(N) Expected optimal solution length as a function of difficulty N .
ε Per-step error rate in the compounding error model (Eq. (1)).

Failure modes (assigned at first failure event):
invalid move ŝt+1 /∈ Svalid; a puzzle constraint is violated.
invalid output ŝt+1 cannot be parsed into the puzzle’s state grammar.
loop ŝt+1 = ŝj for some j < t; a previously visited state is revisited.
premature stop ⟨STOP⟩ emitted at step t with ŝt ̸= sg; the model halts before reaching

the goal.

Table 4: Full RecurrReason benchmark statistics.

Block World Checkers Jumping Tower of Hanoi River Crossing

N # Puzzles Moves # Puzzles Moves # Puzzles Moves # Puzzles Moves

1 6 6 4 6 6 6 6 6
2 52 105 12 52 6 18 18 30
3 92 336 40 336 6 42 42 110
4 99 497 140 1,928 6 90 60 156
5 100 615 504 10,260 6 186 124 456
6 100 750 1000 28,106 6 378 126 414
7 100 905 1000 35,924 6 762 254 1,058
8 100 915 1000 45,076 6 1,530 510 2,598
9 100 861 1000 54,912 6 3,066 1022 6,186
10 100 837 1000 65,894 6 6,138 2046 14,382

Total 849 5,827 5700 242,494 60 12,216 4208 25,396

Table 6: Tower of Hanoi: full results.

Model Condition Val (%) OOD (%)

T5 (scratch) Trained 0.00 0.00
T5 (pre-trained) Zero-shot 0.00 0.00
T5 (pre-trained) Fine-tuned 11.11 0.00
GPT-2 (scratch) Trained 0.00 0.00
GPT-2 (pre-trained) Zero-shot 0.00 0.00
GPT-2 (pre-trained) Fine-tuned 0.00 0.00
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Table 7: River Crossing: full results. All entries are 0.00%.

Model Condition Val (%) OOD (%)

T5 (scratch) Trained 0.00 0.00
T5 (pre-trained) Zero-shot 0.00 0.00
T5 (pre-trained) Fine-tuned 0.00 0.00
GPT-2 (scratch) Trained 0.00 0.00
GPT-2 (pre-trained) Zero-shot 0.00 0.00
GPT-2 (pre-trained) Fine-tuned 0.00 0.00

Table 8: Block World: full results.

Model Condition Val (%) OOD (%)

T5 (scratch) Trained 0.00 0.00
T5 (pre-trained) ZS 0.00 0.00
T5 (pre-trained) FT 97.27 81.00
GPT-2 (scratch) Trained 21.82 0.00
GPT-2 (pre-trained) ZS 0.00 0.00
GPT-2 (pre-trained) FT 24.55 0.00

L PER-PUZZLE FAILURE MODE BREAKDOWNS

Table 9: Failure mode breakdown (validation, fine-tuned/trained conditions). Values are percentages
of failed rollouts only.

Puzzle Model Inv. Move (%) Inv. Output (%) Loop (%) Prem. Stop (%)

Block World
T5 PT FT (Val) 0.0 0.0 66.7 33.3
T5 PT FT (OOD) 4.2 0.0 58.3 37.5
GPT-2 PT FT (Val) 0.0 12.0 80.7 7.2
GPT-2 PT FT (OOD) 91.4 5.0 3.6 0.0

Tower of Hanoi T5 PT FT (Val) 100.0 0.0 0.0 0.0
GPT-2 PT FT (Val) 33.3 0.0 0.0 66.7

Checkers Jumping T5 PT FT (Val) 86.5 0.0 13.1 0.4
GPT-2 PT FT (Val) 87.3 3.1 8.4 1.2

River Crossing T5 PT FT (Val) 62.7 0.0 0.0 37.3
T5 PT FT (OOD) 92.4 0.0 0.0 7.6

M MODEL HYPERPARAMETERS

Table 10: Training hyperparameters for all model families.

T5 GPT-2

Parameters 60.5M 124M
Optimizer AdamW AdamW
Learning rate 10−4 10−4

Batch size 16 16
Stopping patience=5 patience=5
Pre-training C4 WebText
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N LEARNABILITY ANALYSIS: DERIVATIONS AND COMPLEXITY

Section 5 of the main text argues that three structural properties of a puzzle determine its learnability
ceiling for autoregressive sequence models: transition locality, action space size, and solution
length growth. This appendix provides formal derivations for each quantity and spells out the
compounding-error model that ties them together.

N.1 SOLUTION LENGTH DERIVATIONS

For every puzzle we derive the optimal (BFS-verified) solution length L(N) as a function of the
difficulty parameter N .

Block World: L(N) = O(N).

Setup. N uniquely labelled blocks are distributed across K stacks. A single move takes the top
block of one stack and places it on another stack (or on an empty stack position).

Worst-case argument. In the worst case every block must be moved exactly once: the initial and
goal configurations share no block in its correct final position. Because each move repositions exactly
one block, at least N moves are required. Conversely, when K ≥ 3 there is always at least one empty
stack (or a stack whose top block is already in its goal position) that can serve as a temporary buffer,
so N moves are also sufficient in the worst case with enough stacks. More precisely, when stacks are
limited, some blocks may need to be moved aside temporarily and then returned, but the total number
of moves remains bounded linearly:

LBW(N) = Θ(N). (5)

Checkers Jumping: L(N) = (N + 1)2 − 1.

Setup. A linear board of 2N + 1 cells contains N red checkers on the left, one gap in the centre,
and N blue checkers on the right. Red may only move right; blue may only move left. A checker
may slide one cell forward into the gap or jump over exactly one checker of the opposite colour into
the gap. The goal is to swap the red and blue groups.

Derivation. The optimal strategy alternates slides and jumps in a structured pattern. Each of the N
red checkers must cross all N blue checkers (one jump each) and also traverse the gap (one slide).
Symmetrically, each blue checker does the same. The total number of jumps is N ×N = N2 (each
red jumps over each blue once) and the total number of slides is N +N = 2N (each checker slides
exactly once). This gives:

LCJ(N) = N2 + 2N = (N + 1)2 − 1. (6)

Tower of Hanoi: L(N) = 2N − 1.

Setup. N disks of distinct sizes sit on 3 pegs. Only the top disk of a peg may be moved, and a
larger disk may never rest on a smaller one. The goal is to transfer all disks from the source peg to
the target peg.

Derivation Let T (n) denote the minimum number of moves for n disks. The base case is T (1) = 1.
For n > 1:

1. Move the top n− 1 disks from source to auxiliary peg: T (n− 1) moves.
2. Move the largest disk from source to target: 1 move.
3. Move the n− 1 disks from auxiliary to target: T (n− 1) moves.

Hence
T (n) = 2T (n− 1) + 1, T (1) = 1. (7)
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Solving by substitution (T (n) = 2n − 1 satisfies 2(2n−1 − 1) + 1 = 2n − 1) or by the change of
variable U(n) = T (n) + 1 which gives U(n) = 2U(n− 1), we obtain:

LToH(N) = T (N) = 2N − 1. (8)

Optimality. The Frame-Stewart lower bound for 3 pegs shows that any algorithm must move the
largest disk, and to do so the n− 1 smaller disks must be cleared from above it and later restacked.
Hence T (n) ≥ 2T (n − 1) + 1, matching the recursion above, so 2N − 1 is both achievable and
minimal.

River Crossing: L(N, k) depends on N and boat capacity k.

Setup. N actor-agent pairs must cross a river using a boat of capacity k. The safety constraint
requires that actor ai is never in the presence of agent Aj (j ̸= i) unless Ai is also present, on either
bank or in the boat.

Solution length. Unlike the previous puzzles, River Crossing has no single closed-form L(N)
because the solution length depends jointly on N and k. The first forward trip carries up to k
individuals. Each subsequent round-trip (one return, one forward) moves a net of at most k − 1
individuals across, since at least one person must return with the boat. After the first trip transports k
people, the remaining 2N −k require ⌈(2N −k)/(k−1)⌉ round-trips, each consisting of 2 crossings.
Including the initial forward trip, a transport-only lower bound is:

LRC(N, k) ≥ 2

⌈
2N − k

k − 1

⌉
+ 1. (9)

For N=2, k=2 this gives 2⌈2/1⌉+1 = 5, matching the BFS optimum. However, the safety constraint
often forces suboptimal groupings, so the actual BFS-optimal length can exceed this transport-only
lower bound.

N.2 TRANSITION LOCALITY ANALYSIS

We define the transition locality of a puzzle as the number of tokens (or state components) that a
model must inspect to verify whether a proposed action is legal in the current state. This directly
affects how many attention steps are needed for the model to perform correct next-step prediction.

Block World: O(1) locality. A move “take the top block of stack i and place it on stack j” requires
checking exactly two things:

1. Stack i is non-empty (the block to be moved exists).

2. Stack j either exists and can receive a block, or is an empty position.

Both checks involve reading only the top element of two stacks, independent of how many blocks are
below. The number of tokens inspected is O(1) regardless of N .

CBW
verify = O(1). (10)

Checkers Jumping: O(N) locality. A checker at position p may slide to p± 1 (if empty) or jump
to p ± 2 (if p ± 1 holds an opposite-colour checker and p ± 2 is empty). While each individual
move check is O(1) in the board representation, the directional constraint (red moves only right, blue
moves only left) requires knowing the colour of the checker at position p, which in our serialized
representation requires the model to parse the full board state to determine which checkers are which.
Furthermore, to determine whether a given move leads to a dead-end (a configuration from which no
solution exists), the model must effectively evaluate the positions of all 2N checkers. Hence:

CCJ
verify = O(N). (11)
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Tower of Hanoi: O(N) locality. Moving disk d from peg i to peg j requires verifying:

1. Disk d is on top of peg i (no smaller disk above it).
2. No disk on peg j is smaller than d.

Check (2) requires comparing d with the top disk on peg j. In the worst case, up to N − 1 disks may
be on peg j, and the model must parse the peg contents to find the top disk. In our serialized state
representation (a list of three lists), identifying the top disk of a peg requires scanning through the
state tokens. Since the total state has Θ(N) tokens distributed across 3 pegs, locating and comparing
the relevant disk sizes requires:

CToH
verify = O(N). (12)

River Crossing: O(N) global constraint. After every boat trip, the safety constraint must be
verified on both banks and inside the boat. For a single bank with entities E, checking whether actor
ai ∈ E is safe requires verifying that for every agent Aj ∈ E with j ̸= i, the corresponding agent Ai

is also in E. In the worst case all 2N entities are distributed across the two banks, so:

CRC
verify = O(N) (per entity, summing to O(N2) for the full state). (13)

This is a global constraint: every entity’s safety depends on which other entities share its location. A
model must attend to the full state representation at each step, in contrast to Block World’s purely
local top-of-stack check.

N.3 ACTION SPACE ANALYSIS

The branching factor b measures the number of legal actions available in a typical state. Larger
branching factors make next-step prediction harder because the model must distinguish the correct
action from more alternatives.

Block World: O(K2). With K stacks, a move is specified by a source stack and a destination stack
(i ̸= j). The number of possible moves is at most K(K − 1). In practice, only non-empty source
stacks contribute, but the upper bound is:

bBW = O(K2). (14)

In our benchmark K = 3, giving at most 3× 2 = 6 moves per state. This is a small, fixed branching
factor independent of N .

Checkers Jumping: O(1). Only checkers adjacent to the single gap can move: at most two cells at
slide distance (p± 1) and two at jump distance (p± 2), giving at most 4 candidate moves per state
regardless of N . Directional constraints further reduce this:

bCJ = O(1). (15)

Empirically, the number of legal moves per state is between 1 and 3. The difficulty of Checkers
Jumping comes not from branching but from quadratic solution depth and the need to avoid dead-end
configurations.

Tower of Hanoi: O(1). With 3 pegs, each non-empty peg can potentially move its top disk to one
of the other 2 pegs. The number of legal moves is therefore at most 3× 2 = 6, but the size ordering
constraint typically reduces this. Crucially, the branching factor is constant:

bToH = O(1). (16)

The difficulty of Tower of Hanoi comes not from action space breadth but from exponential solution
depth.

River Crossing: combinatorial O
((

2N
k

))
. On the boat-side bank, any subset of 1 to k entities can

be loaded onto the boat. The number of candidate boat loadings is:

bRC =

k∑
j=1

(
|bank|

j

)
≤

k∑
j=1

(
2N

j

)
. (17)
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For k = 2 and 2N entities on one bank, this is
(
2N
1

)
+

(
2N
2

)
= 2N +N(2N − 1) = O(N2). For

larger k the growth is polynomial in N of degree k, i.e., O(Nk). Many of these candidates violate
the safety constraint and are pruned, but the model must still implicitly evaluate them to select a legal
move. This combinatorial branching factor, combined with the O(N) global constraint check per
candidate, makes River Crossing the hardest puzzle for autoregressive models.

N.4 COMPOUNDING ERROR MODEL

We formalise the compounding-error argument from Eq. (1) in the main text.

Setup and independence assumption. Let a model produce a trajectory ŝ0, ŝ1, . . . , ŝL of length
L = L(N). We assume:

• Step independence. At each step t, the model produces the correct next state with probability
1 − ε, independently of previous steps. This is a simplifying assumption; in practice, errors
may be correlated. However, the assumption yields a useful upper bound on success probability
because positive correlations (an error at step t making step t+1 harder) can only reduce the
actual success rate.

• Uniform per-step error. The error rate ε is the same at every step. In reality, ε may increase with
t as the model drifts from trained distributions, so the uniform assumption is again optimistic.

Exact formula and Taylor approximation. Under these assumptions, the probability of producing
a fully correct trajectory of length L is:

P (success) =
L∏

t=1

(1− ε) = (1− ε)L. (18)

Taking logarithms:
lnP (success) = L ln(1− ε).

For small ε we use the Taylor expansion ln(1− ε) = −ε− ε2

2 − · · · ≈ −ε, giving:

P (success) ≈ e−εL ≈ 1− εL (when εL≪ 1). (19)

The first approximation (e−εL) is accurate whenever ε2L ≪ 1; the second (linear) approximation
holds when εL itself is small.

Per-puzzle scaling. Substituting each puzzle’s L(N):

PBW(N) ≈ e−ε·cN (linear decay in N ), (20)

PCJ(N) ≈ e−ε [(N+1)2−1] (quadratic decay in N ), (21)

PToH(N) ≈ e−ε (2N−1) (exponential decay in N ), (22)

PRC(N, k) ≈ e−ε·LRC(N,k) (at least linear decay in N ). (23)

The qualitative ordering is clear: Block World’s success probability decays slowest (linearly in N ),
followed by Checkers Jumping (quadratic), River Crossing (at least linear, compounded by the O(N)
constraint verification difficulty), and Tower of Hanoi (exponential).

Numerical examples. Table 11 illustrates the compounding-error model with ε = 0.05 (5%
per-step error rate).

Interpretation. Even with a modest 5% per-step error:

• Block World retains ≈ 60% success at N=10, consistent with our empirical 75% (the model’s
actual ε is lower than 5% on BW).
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Table 11: Predicted success probability P (success) = (1−ε)L(N) for ε = 0.05. BW uses L(N) = N
(best case); CJ uses L(N) = (N+1)2 − 1; ToH uses L(N) = 2N − 1. RC values use representative
BFS-optimal lengths from our dataset.

Block World Checkers Jumping Tower of Hanoi

N L P L P L P

1 1 0.950 3 0.857 1 0.950
2 2 0.903 8 0.663 3 0.857
3 3 0.857 15 0.463 7 0.698
5 5 0.774 35 0.166 31 0.204
7 7 0.698 63 0.039 127 0.001

10 10 0.599 120 0.002 1023 ≈ 0

• Checkers Jumping drops below 5% by N=7 and is effectively zero by N=10. Our empirical
0 to 1% success rate is consistent.

• Tower of Hanoi is effectively unsolvable for N ≥ 5 under any non-negligible ε. With 1,023
steps at N=10, even ε = 0.001 gives P ≈ e−1.023 ≈ 0.36. Our empirical observation (11% at
N=1 for T5, 0% everywhere else) is consistent.

• River Crossing combines moderate solution length with the hardest per-step constraint (O(N)
global verification), so ε is itself large, driving P (success) to zero across all tested configurations.

N.5 SUMMARY OF COMPLEXITY PROPERTIES

Table 12 consolidates the three structural properties and their effect on learnability.

Table 12: Structural complexity of each puzzle and predicted learnability. L(N): optimal solution
length. Cverify: tokens inspected to verify one transition. b: branching factor. The rightmost column
shows the dominant factor in the compounding-error decay of P (success).

Puzzle L(N) Cverify Branching b P (success) decay

Block World O(N) O(1) O(K2) e−εN (linear)

Checkers Jumping (N+1)2−1 O(N) O(1) e−εN2

(quadratic)

Tower of Hanoi 2N − 1 O(N) O(1) e−ε 2N (exponential)
River Crossing ≥ Ω(N/k) O(N) O(Nk) e−εL(N,k) (at least linear)
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