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Abstract

Time reversibility of stochastic processes is a primary cornerstone of the score-
based generative models through stochastic differential equations (SDEs). While
a broader class of Markov processes is reversible, previous continuous-time ap-
proaches restrict the range of noise processes to Brownian motion (BM) since the
closed form of the time reversal formula is only known for diffusion processes.
In this paper, we propose a class of score-based probabilistic generative models,
Lévy-Ito Model (LIM), which utilizes d-dimensional a-stable distribution with
independent components for noise injection. To this end, we derive an exact time re-
versal formula for the SDEs with Lévy processes that can allow discontinuous pure
jump motion. Consequently, we advance the score-based generative models with
a broad range of non-Gaussian Markov processes. Empirical results on MNIST,
CIFAR-10, CelebA, and CelebA-HQ show that our approach is valid.

1 Introduction

The recent successes of score-based generative models [26, 28| [11] and their applications [20} [14,
6] draw huge attention from machine learning communities. Score-based generative models via
stochastic differential equations (SDEs) [28]] rely on the time reversal theory of diffusion processes,
Anderson theorem [[1], which shows that the time reversal of the diffusion process belongs to the
class of diffusion processes again. One can interpret this result as solving a martingale problem which
induces a weak solution to the reverse SDEs [9, 4]]. Due to the advances in the SDE theory with
jump Markov processes [13} 24, [5]], one can desire a positive expectation for applying a class of
non-Gaussian noise distribution to score-based generative models. However, since the closed form of
the time reversal formula is only known for diffusion processes, whether a score-based method is
feasible for a non-Gaussian Markov process other than a Brownian motion has been an open question
in this field. To tackle the challenging problem, we propose an exact formula for the time reversal of
SDEs with Lévy processes and a novel score-based generative method, Lévy-Itd Model (LIM), which
utilizes d-dimensional a-stable Lévy motion with independent components as noise injection. We
apply the proposed method to MNIST, CIFAR-10, CelebA, CelebA-HQ. Our approach and empirical
results establish the bridge between probability theory and generative models.

2 Score-Based Generative Models with Lévy Processes

2.1 Background

1-Dimensional Symmetric a-stable distribution Let o € (0, 2] be a characteristic exponent
which determines the decay rate at which the tails of the distribution, and « be a scale parameter.
1-dimensional symmetric «-stable distributions SaS(7) have the heavy-tail properties P(X > z) ~
x~“ and densities with unknown closed-form expressions, except for & = 1 or = 2.

*Corresponding Author
*When o = 2, it holds SaS(7y) = N (0, v/27).
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Figure 1: (a) PDF of Gaussian and a-stable distributions. The a-stable distributions have heavier
tails as alpha decreases. (b) Trajectories of Brownian motion and the a-stable Lévy processes with
different .. Lévy processes can have infinitely many discontinuous jumps, unlike Brownian motion.

Lévy process and a-stable Lévy motion R<-valued stochastic process Ly = (L;)>o with Lo = 0
is called Lévy process if (i) L; has independent increments, (ii) L, has stationary increments, (iii) L
is stochastically continuous. If each components of the difference, [(L; — Ls)]; and [L;_;]; have the
same distribution following SaS((t — s)/) for s < t, then the Lévy process is called d-dimensional
a-stable Lévy motion L{'. Due to the stochastic continuity (iii), Lévy processes have a countable
number of discontinuous points (i.e. jumps) [33]]. Notably, L¢* is a prototypical pure jump process.
The heavy-tail properties of a-stable distribution imply that the frequency of large jumps of L
increases as « gets smaller (see Figure [I)).

2.2 Lévy-Ito Model: Time-Reversal of SDEs driven by Lévy Processes

Due to Lévy-Ito decomposition [2,[16], we consider a family of SDEs in R¢ driven by a Lévy process
consisting of continuous Brownian motion part B; and pure jump part Ly as follows:

— —

dX: =0b(t, Xy)dt + op(t)dBs + o (¢)dLg, t€[0,1]. (1)
The following exact time-reversal formula is our main result.
Theorem 2.1 (Time-reversal formula of SDEs with Lévy Processes). The reverse SDE of (T)) is

N
— — ) «— 8&T2Vmpt(Xt) _ _
dX: = (b(t, X:) —o5(t)0, logpe(Xt) — - ag(t)—_,)dt + op(t)dB; + o (t)dLy.

pe(X4)
2)
where 8&?2(]01(9;), o falx)) = (8&]2]”1 (x),... ,8&;|2fd(x)) is the partial fractional Riesz po-

tential of order a — 2 with 1 < o < 2 [19] [24] such that F[0}; | f](k) = |k:|*F[f](k) for each

i€{l,....d},x = (21,...,74), k = (ki,...,kq), and F is the Fourier transformation. B; and L,
is a backward Brownian motion and backward d-dimensional a-stable Lévy motion, respectively.

See Theorem [A.10] for more details. We also remark that (Z) recovers the result of [1]] if & — 2.
To shed light on the probabilistic approach with the jump Markov process, we propose Lévy-Ito
Model (LIM), a novel score-based generative model through SDE driven by d-dimensional c-stable
Lévy motion only (c5(t) = 0 in ). Considering a beta-scheduling version of LIM, we obtain
— — — —

dX, = =28 X, + (B(t))/*dLg". Then the solution becomes X; < a(t)Xo + 7(t)e, where <
means equality in distribution, [¢]; ~ SaS(1) foreach ¢ € {1,...,d}, a(t) is exp(— Ot @ds) and
the scale parameter (t) is (1 — a(t))"/® (see Lemma|C.3). Due to the Euler-Maruyama method, we
can induce a stochastic sampling of LIM (see Corollary [C.4.T).

The Probability ODE  We can also derive the probability ODE of (T)):

.
N N 1 — o v pe(X¢)
aX, £ bt X0) =SBV logpi(X) — of ()2t 3)

pt(}t)
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Figure 2: Comparison between (a) Lévy score and (b) ReELS. (c) and (d) the synthetic data sampled
by the SDE with (Z) (v = 1.5) trained with Lévy score and ReELS, respectively. There are divergent
points as indicated in the red circle since the value of Lévy score decreases for large noise.

The proof of (3) can be found in Theorem[B.4] Deterministic ODE sampling of LIM can be deduced
from (3) by using the Euler-Maruyama method (see Theorem[C.3).

2.3 Score function for Lévy-Ito Model

Let g, (x) be the product ¢o(z1)---qga(zy) of density functions ¢ (z;) of SaS(1) for x =

— —

(1, ...,2q). Recall the solution of beta-scheduling version of (2) is X £ a(t)X o + v(t)e with the
transition density function p;(x¢|x). The score function of p;(z:|x¢) satisfies V, log pi(z¢|zo) =
Vlogga(€)/v(t) (See Lemma . We denote S, (z) = V,log g (z). Figure 2](a) shows that
the score function of Brownian motion is linearly decreasing, while the Lévy score functions are
not monotonic. Hence, if we train the score model to target the Lévy score, it is difficult to denoise
the divergent large noise generated at the heavy tail (Figure 2}(b)). These phenomena worsen as «
decreases.

Rectified Enhanced Lévy Score (ReELS) To denoise the large noise at the heavy tail without
losing the nature of the Lévy score function, we propose Rectified Enhanced Lévy Score (ReELS) as
follows:

Sa(z) rx €1y

*Sgn(x)5|$|3 : otherwise ’ pla) € (0,1). “4)

ReELS, (z) = {

Here we set the range I,, as the interval between two local optimum points of the given Lévy score.

We find parameters ¢, 3 in ReELS by fitting —sgn(z)é|z|? to the Lévy score inside I, (see Figure
[21(b)). This procedure is equivalent to the fitting score function of a generalized Gaussian distribution
to the Lévy score [17]. We remark that utilizing the BM score does not outperform ReELS for
Lévy-driven SDEs because generalized Gaussian distributions have a score function more similar to
the Lévy score function (see Table[D.I] and[D.J3)). The experiments on synthetic data (Mixture of
Gaussian, Two-Moon, Swiss-Roll) demonstrate that LIM trained by ReELS converges to the true
data distribution and performs better than using BM score for Lévy-driven SDEs.

2.4 Loss function

We use the U-net architecture [21] as in DDPM [[11] and apply Lo-loss to train the model Sy (x4, t)
using ReELS,, (¢) as a label through the Denoising Score Matching (DSM) [27] . For [¢]; ~ SaS(1)
foreachi € {1,...,d} and 29 ~ Pgaa, We let z; = a(t)zg + v(t)e where B(t) = Bo + (81 — Bo)t,
a(t) = exp(—%t2 — %t), and y(t) = (1—a(t)*)'/*. Let U(0, 1) denote a uniform distribution.
Then the loss with the relative weight ~(t) is defined as

L(9§ V(t)) = Et~U(O,1)Emn~pde6~SaSHV(t)SG(xtv t) - ReELSa(E)Hg %)

3 Experiment
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Figure 3: Generated MNIST images (a) by DM (Brownian motion, [28]]) and LIM («a-stable Lévy
motion for o« = 1.8,1.5,1.2), and corresponding plots (b) of FID score(].) and bits per dimension (J.)
for different NFEs with various . LIM shows a faster generation speed than DM.

We empirically validate the proposed score-based gener-
ative model on image data including MNIST (Figure [E.T),
CIFAR10 (Figure , CelebA (Figure [E4] [E3), and
CelebA-HQ (Figure . We adjust the model size of each
dataset for training efficiency. For o € {1.8,1.5,1.2}, we
train our model on MNIST for 1000 epochs with 8y = 0.1,
£1 = 5.0 and use the noise clamping to control the large-
scale noise to improve the sample quality. See Section[E]]
to find the other configurations in different datasets. Figure
El(a) shows that LIM with ReELS converges faster than
DM (Diffusion Models [28], v = 2.0). See Figure[3}(b) to
compare FID scores [10] and bits per dimension (bits/dim)
on the MNIST dataset for each number of function eval-
uations (NFE) with different «.. To evaluate bits/dim, we
use a uniformly dequantized test dataset with 5 iterations
and compute log-likelihood by using an ODE solver (See
Section[E.2.2). LIM achieves competitive sample quality
compared to DM at o = 1.5, 1.8, and tends to converge
quickly as lower . Figure[d]shows ReELS can be adaptive to the probability ODE, which enables fast
sampling than stochastic sampling. Although the large jump of the reverse process can be controlled
in the reverse SDE sampling, it is challenging to control the jump size in the deterministic ODE
sampling. Hence, the image quality may degrade due to the effect of uncontrolled large noise, which
leads to the higher bits per dimension in LIM 3.17 (o = 1.8) > 1.67 (o = 2.0).

NFE=700 NFE=850 NFE=1000

Figure 4: (a) SDE sampling results and
(b) deterministic ODE sampling results
with different NFEs. ODE shows a faster
sampling speed than that of SDE.

4 Conclusion

In this paper, we broaden the range of noise distribution used in score-based generative models by
inducing an approximate time reversal formula for SDEs with Lévy processes and by proposing a
novel score-based generative model, Lévy-Itdo Model (LIM) with Rectified Enhanced Lévy Score
(ReELS). Empirical results validate that the proposed approach works well with different ranges of
d-dimensional a-stable Lévy motions in synthetic datasets and various image data. Consequently,
our study presents a feasible solution and demonstrates the potential for applying a broader class of
non-Gaussian Markov processes to score-based generative models.
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Appendix

First, we will explain the core idea of the proof and then describe the necessary theorems. Detailed

definitions are introduced later.

Q is a probability space and b(t,x), o (t, x), o (t, ) is a scalar function from € to R a under some
—

smooth condition. If a R%-valued stochastic process X is a solution of a Stochastic Differential

— — — —
Equations(SDE) driven by Lévy process, dX; = b(t, X;)Idt + or(t, X¢)IdB; + o (t, X¢)IdLT,
the generator L satisfies

2
Liu(z) = b(t, z)Vu(z)+ wAu(a:)—F/[u(x—kaL(t,x)y) —u(z)—Vu(x) or(t,x)ylv(dy)
(6)

where v is a symmetric Lévy measure of L¢'. If for all (¢, z), o1 (¢, ) > 0, then

2
Lou(z) = b(t, 2)Vu(z) + #Au(gx) )
1 dy

+ e )~ (@) = Vute) o) w5 ®

If o, (t, s) = 0, we know the exact time reversal formula [4]]. So, our interest is when o (t,s) =0
and o (t,s) = or(t) > 0 such that

Lou(o) = bit,0) Vu(e) + [ fu(e+ 5~ ula) - Vu(a) y}g;@v(gf@)) ®

—
We know the form of generator £; of the given SDE solution X ;. Therefore we can get the time-
reversal formula of the operator £, [5] such that

Lou(a) = b(t.0)Vule)+ [ [fulr+o)-ule)-Vula) 4 U;(t) pt;f(;y)u(@‘fz 5) a0

where p;(dy) is a marginal distribution of (X),c[o,1] and the backward drift b (¢, ) is given by

b(t,x) + E(t, x)(t,z) = /n y(l + pt;f(:;)y)) O’%l(t) V(ULC(ZE_J’ s)) pt — a.e. (11)

According to this [29]], it can be seen that the reversal of Levy-driven SDE also appears as Levy-
driven SDE. Therefore, it can be derived that[T0]s a generator of a solution of some SDE driven by

«
Lévy process. But exactly what SDE does this generator follow? And b (¢, x) appears as an integral
equation, can the exact form be calculated? We will answer this question in Appendix [A] The proof is
divided into two parts. The first is to find the SDE representation of an operator £; of the form[10]

+—
and the second is to derive the exact form of b (¢, z).

A Time-reversal of SDE

In this chapter, given the generator of the general Markov process with jump kernel, we show that the

reverse form can be deduced into an exact formula under certain conditions. Finally, we introduce

the stochastic sampling and the deterministic ODE sampling of LIM. Let us outline some necessary

lemmas before we move on to the proof. A homogeneous Markov process that corresponds to an
—

inhomogeneous Markov process X, always exists according to Lemma The existence of an
SDE representation of a homogeneous Markov process with a particular generator is given in Lemma
[A.5] Lemma[A.6]introduces the general reverse-time formula. Through the transformation of time-
inhomogeneous Markov processes and an SDE representation of given a specific generator, we find
the SDE representation that corresponds to the generator of the time-reverse process. From these
lemmas, we deduce a reverse SDE representation, on which we also get a stochastic sampling and a
deterministic ODE sampling based on probability ODE if a Markov process is provided as a solution
to (I)).



A.1 Time-Reversal of General Markov process with jump kernel

—
Let X, be an R%valued continuous time inhomogeneous Markov process on an probability space
(Q, A, P). The evolution system is defined as

- =
T(s,t)u(z) = E(u(X,)|Xs =) fors < t,s,t €[0,1]. (12)
and this operator is well-defined on the set of Borel measurable function u on R?, denoted by B(R?).
The operator is linear and positive preserving with 7'(s,¢)1 = 1 and T'(s,t) = T'(s,r)T(r,t) for
s < r < t. This operator is also strongly continuous such that for each v,w € R,v < wands <t
lm (s ) (o,0) ||U (8, 8)u—U (v, w)u|| oo = 0 where ||-|| o is the supreme norm. For all u € Coo (R?),
the set of a continuous function with vanishing at oo, the generators of the evolution system is given
by
T h)u —
Lou = lim L8 Fhu—u

fm W for each s € R. (13)

A family of linear operators T'(s, t) on C, is a Feller evolution system if it is a strongly continuous,
positive, contraction semigroup on C

Definition A.1 (Space-time process). Let 3 be a Borel algebra in R? and an a state space (R ; xR9, B)
with # € R, x R% and o-algebra B = {B € R, x R% B, € B} , and a new sample space ({2, A)
with @ = (s,w)e Ry x @ =Qand A = {A C R, x Q|A, € A,Vs € R, }. A space-time process
(X,) is defined by

K@) = (5 + 1, Xt (w)). (14)

with the probability measure for A € Aand Z € R, x R? such that P;(A) = P(A| X = (s,x)) =
P(A, |Xg = z) and the transition probablhtles are given by P(X; € B|Xy = Z) = P(X; €

B|X, = (s, z)) = P(XSH € Bs+t|X = z) where B € B, # € R, x R?. The transition function
is defined by P(t, %, B) = P(s,x;s +t, Byiy).

Lemma A.l. Given a inhomogeneous Markov process (X;), the space-time process (X;) on
(€, A, P) is a homogeneous Markov process.

Proof. See Transformation 3.1 in [3]]. O

5
Lemma A.2. Let (X;) be the stochastic process with Feller evolution system U(s,t) and the

— ~
generator of (X;) be L. Let X; be its space-time process with associated semigroup 7'(¢) by
Tiu(%) = E(u(X)|Xo = 2) for & € Ry x R and u € By(R, x R?). Then the extended generator
L of T} is given for all u € Co ([0, 1] x Rd) satisfying some conditions,

Lu(Z) = %u(s,x) + Lsug(z) where T = (s, ) and us(z) = u(s, x). (15)
Proof. See Theorem 3.2 in [3]]. O

A Markov process typically has a generator that takes the form
d

Lu(z) = % Z a”(x)ﬁu(x) +b(z) - Vu(z) (16)
ij=1 L
+ [ (e ) = ) = 1, (- Vuta)) e dy). ()

where b(z) is a locally bounded R¢-valued function and (a;;) is a locally bounded and d x m
matrix-valued function, Bj is the ball with a radius of one and a center of zero and 7 satisfies

/1 A2 [ n(z, dy) < oc. (18)



Suppose there exist A : R x .S — [0,1],4 : R? x S — R<, and a o-finite measure v on a measurable
space (S, S) such that

n(e.T) = /S A, 9)1r (3 1) v(dy).

We decompose S into Sy U Ss such that 15, = 15, (¥((s,2),y)) and 15, = 1p<(§((s,z),y)). We
can rewrite the form of the generator is

d 2
Lu(z) = % > aij(ﬂf)aé)@zju(x)

i,j=1

+ba) - Vula) + [ Mog)ule. (@) = ule) = 1, (0)3.0) - Tule))v(dy).
Lemma A.3. Let the generator £ be the form of (T6). Let £ be a Poisson random measure on
[0,1] x S x [0,00) with mean measure m X v X m, and let {(A) = £(A) — m x v x m(A). Let
(S0, So) be a measurable space, 1 a o p-finite measure on (Sy, Sy) where o5 : R? x Sy — R?

satisfies [g los(z,u)?u(du) < oo and
a(z) = / op(z,u)oh(z, u)p(du). (19)
So

Assume that for each compact K C R?,

sup (16w + [ oo Putdn) + [ A st )i 0)

zeK 1

+ /S e, )5z, u)| A ly(du)) <oco. @D

N
Then X satisfies a stochastic differential equation of the form

— — t — t
X = Xo—l—/ / op(Xs, u)W(du x ds) —|—/ b(Xs)ds (22)
0 JSg 0
s=t U:A()?S,u) N _
—|—/ / / Y(Xs, w)é(dv x du x ds) (23)
s=0 JueS; Jv=0
s=t U:/\()?S,u) N
—|—/ / / A(Xs, u)é(dv X du x ds), (24)
s=0 JueSy Jv=0
Proof. See Theorem 2.3 in [15]]. O

Lemma Ad4. Let A((s, 2),y) = 2250 (s) for o1 (s) > 0 and §((s, ), ) be (0, y) and v/(dy) be
a Lévy measure such that it is a Borel measure on R? and v({0}) = 0 and [, (|z|> A 1)v(dz) < cc.

N
If (X ;) has the corresponding generator £;

Liu(z) = b(x) - Vu(z) + / [u(z +y) —u(z) —y- Vu(z)lg, (y)]wag(t)l/(dy). (25)

Ra pt(x)
where u € By(R?). Then the corresponding generator L of the space-time process X, is
Lu(s,z) = (1,b(x)) - Vu(s, ) (26)
+ / [u((s,2) +((s,2),9)) — uls, 2) = ((s,2),y) - Vuls, 2)Ls, (y)]M(s, ), y)v(dy)-
R4

27

where u € Cog ([0, 1] x R?).

10



Proof.

Lu(s,z) = %u(s,x) + Lsus(z) forus(z) = u(s,x)
— Su(s,2) + (o) - Vaa(o) + [ sl + 1)~ ws(a)

Ve >1sl<y>]pt;f(;‘y) o u(y)

= (1b(@)) - Vu(s,2) + [ [uls,z + ) — u(s.z) — (0.5) - Val@)Ls, ()] 2T 00 (00 (dy)

= (1,b(x)) - Vu(s,x) + +(0,y)) — u(s,x)

~(0.y) - Vula)1s, <y>]w—+y)og<t>u<dy>.
O

Theorem A.5. A generator £; has a jump kernel driven by the 1-dimensional symmetric a-Levy
process represented by . ¢ be a Poisson random measure on R x R? x [0, 0o) with mean measure

m x v x m such that E[{(dv x dy x ds)] = dm x v(dy) x dm and E(A) = £(A) —m x v x m(A).
Then the SDE representation of the generator £ satisfies

__Ps “/+Xt) a( )

— — -
Xt:X0+/ sX ds+/ / / y-&(dv x dy X ds) (28)
s=0 J|y|<1 Jv=0

U,m(erX ) % (s)

/ / / P (Xo) y - £(dv x dy x ds) (29)
s=0 y|>1 v=0

t
= Xo + b(s,Xs)ds + / or(s)dLs. (30)
0 0

Proof: M(s,x),y) is B2 00 (s) for o1, (s) > 0 and 4((s,2),y) is (0,y) with S = {Jy| < 1}

and Sy = {|y| > 1}. We know A satisfies

/A 5,2),y)Ls, () |r((s,2),9))|* + s, (y)v(dy) G
Ps(T+Y) ofy e / Ps(T+Y) o

- /l[ Wyt |y [ Pyt <. @

because [¢ [y[*v(dy) < oo and [y v(dy) < oo with supm’ysﬁfmi&)y)ag(s) < oo. We set

a(s,z) = 0, so that o 3((s, x), ) is 0. Therefore, for any compact set K C R?,

sup(Jb()] + / A(s,2), ) (5, ), ) Pv(du)

(s,x)EK

/52/)\ s.2),9)lr((s2), )] A vldu)) < 0

since [¢ A((s,2), Y)[3((s,2), y)[Pv(du) + [g, [ M(s,2),9)[7((s,2),y)| A v(du)) is well-defined
and continuous with respect to (s, x) and b(s, z) is locally bounded R-valuded function. We can

apply Lemma to_the transformed homogeneous generator L of the inhomogeneous genera-
Ps(U+Xq) a.a(s)
L ~

tor £; from Lemma|A.4] Now, we define ¥; = [, tf|y|<1 f 0 paXa) y - E(dv x dy x

11



pb(y+Xs) 5% (s

ds) + [~ tf|y|>1f —0 pa(Xa) y - &(dv x dy x ds) and Z; = fo or(s)dLY. If we show
Elexp(i(u, Y:)) = E[exp(i(u, Z;)), then we can conclude dX; = b(t, X (¢ ))dt+ o (t)dLy.

X
Ps y+ e)o.z (s)

Efesp(i(u, Y7))] = E [ exp(i / 0 /| /v_ oo " E(dv x dy x ds)

l”t("/+Xt) o3 (t)

v=
/ / / Pt(Xf)
s=0 J|y|>1Jv

Since jumps y occur countably many,

y - E(dv x dy x ds))}.

P+ Xo) oy - DAY HXe) 0y o) (ae) (33)

= L
ps(Xs) ps(Xs)
for each t € [0, 1]. Thus,

Elexp(i(u, Y:))] = E exp(i(m/s /|y<1/v UL(b £(dv x dy x ds)

s=t v=0%(s )
+/ / / &(dv x dy x ds))}
s=0 Jl|y[>1Jov=

— exp ( /t//%(s (ei<“’y>—l—z'(u,v)-l‘y‘<1(y))dm(v)xdu(y)xdm(s))
= exp ( / [ A =1 = i)ty ) dm(s) % dv(y))

— exp(—ul° - / 03 (5)ds)
— Elexp(i(u, Z0))].

Since the characteristic function uniquely determines the probability distribution, we conclude
Y; = Z; for almost everywhere (a.e). If L{' is a d-dimensional a-stable Lévy motion, then we can
apply[A.5pn the each component [L¢]; of L¢ fori € {1,...,d}. O

So far, we have proven that SDE representations can be found for inhomogeneous Markov processes
that satisfy certain conditions. Afterward, we will examine how the time reversal of a generator
appears when a homogeneous Markov process is given. Then Lemma [A.3]is used to obtain the
score-based reverse formula of Lévy-driven SDE. We use the reversal formula of Theorem 5.7 in [5]]
to propose a new class of generative model, LIM.

—
Lemma A.6. Consider a Markov process (X¢);¢[o,1) With generator L; defined for any function u
in set of continuous functions with compact support C}(R?) such that £,u(z) = b(t,z) - Vu(z) +

5

S [l (z) — Vu(z) - [y — 2]°]J 1.2 (dy), (t,z) € [0,T] x R™ for some § > 0, where b(t, )
—

is a vector ﬁeld, and the jump kernel is J; ,(dy) . Let [z]° = 1|, <s2 Then, under some hypotheses,

P
the Markov generator £, of the time-reversed process is

— — P

Liu(x) = b(t,z) / / — Vu(z) - [y — z]° J .. (dy). 34)

— “—
where p;(dy) is a marginal distribution of (X¢)c[o,1) such that it satisfies p;(dy)J ;. (dx) =
— «—
pi(dx) J o (dy) for almost every ¢ and the backward drift b (¢, ) is given by

b(t,2) + b(t,2) = / = (Jew + Joa)(dy) Py — ac. (35)

12



Proof. See Theorem 5.7 in [5]]. O

If we assume the marginal distribution has the density function p; () such that p;(dz) = p;(z)dx and
— —
J ¢ 2 (dy) is a symmetric kernel with J; ,(dy) = v¢(y — z)dy for some symmetric Lévy measure v,
+—
that is a Borel measure such that v;({0}) = 0 and [ 1A |y|?v:(dy) < oo foreach ¢. Then J; . (dy) =
—

Zzgfg v (y — x)dy. Therefore satisfies b(¢,z) + b (t, z)(t, z) = fly\<5 y- %

vy 1S symmetric, 0 can be oo such that

Loua) = b(t.0) Va(e) + [ [luly +2) ~ ulz) = V(o) - [ In(dy)

ve(y)dy. Since

—
= b(t.0) Vu@)+ [ [luty+ )~ u(w) - Tuta) - ghady).
Thus, if the jump kernel has the symmetric Lévy measure v; then
e +
b(t,x) + b (t,x)(t,x) = / y PUED gy py—ae (36)

pi(7)

Now, we will deal with 1-dimensional symmetric a-stable Lévy motion for simplicity. 1-dimensional
a-stable Lévy motion have the symmetric Lévy measure v of the symmetric a-stable distribution in

R such that v(dy) = |Ul%dy with C = M So, we can useto estimate the reverse
o :
drift term b (¢, ).

Since d-dimensional Lévy motion consists of independent components of 1-dimensional symmetric
a-stable Lévy motions, we can easily extend 1-dimensional results for any d-dimensional cases.
Thus we first show our main results for the 1-dimensional cases and then extend the results for
d-dimensional cases by applying the results component wisely.

— — —
Lemma A.7. If a R-valued stochastic process (X ) is a solution to dX; = — @X +(B()YdLy

—
then the jump kernel of X is

- I'(a + 1) sin(anm/2) o%(t)d
oy dy) - Dot Dsinlan/2) _oi(tdy an
™ ly — |
Proof. See Lemma in [22]. O
By Lemma the reverse drift term of the R-valued solution (X;) to dX; = —=~*X; +

(B(t))/*d L satisfies

b(t, m) i g(t ;1;) (t7 ;(;) _ F(Oé + 1) Sil’lﬂ-aﬂ'/Q)U%(t) /n Y- pt]():z(:)x) ‘y|:1l+a dy pe — a.e. (38)

— — —

Therefore, the Markov generator L, of (X) is the form of (23)). So, we can use Theorem to L
— — «—

such that the reverse SDE of X is dX; = — b (¢, z)dt + 0% (t)d L. Now, we will calculate the exact

—
form of b (¢, z) represented by the integral. For that, we derive a useful equation.

Lemma A8. [ S22 dz = cos(%2) - I'(1 — a).

Lemma A9. [~ m%ﬂe*i(“’y)dy = —2 - julu|*2 cos(ra/2)[(1 — ).

Proof. Letuy =k.If u > 0,

> Y —i(u, _ja—1 > k ik
/,oo rerre Py = Jul /,m rart e 2

> Y i(u,y) [~ k ik
—i(u,y = i
/OO |y‘a+1e dy = —|u| /OO |k|0‘+1e dk.

Ifu <0,
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Therefore,

Y —i(u a— > k )
/We W) dy = —sgn(u)|u) 1[m |k|a+1ekdk

o0 : k
= —2iu|u|a_2/0 51kna dk = =2 - qulu|* > cos(%)F(l —a).

O
— —
Theorem A.10. If dX; = b(t, X¢)dt + o, (t)dL$ then the reverse SDE with respect to backward
— — _ —
integral is d X, = — b (¢, Xt)dJr o(t)dL$ with b satisfying

0% 20, py (x
b(t,2) + b (t,x) = 0%(t) - - Ot Oerr()

(39)
pe(x)
Proof.
O 0pi(a) = - / ] @2 =300 5, () du
= ! Y —iluy+o) s
2. cos(ma/2)T(1 — @) // |y|a—2€ pr(u)dudy

1 Y
2. cos(ma/2)T(1 — ) /pt(z ) ly[ot! w

B ™ Y
2. cos(ma/2) sin(ra/2)l(a + DI(1 — «a) // ly[*—2

o |yl ™

efi(u’“x)ﬁt(u)dudy

« 87 2 0upi(x
and "D — o Thus, b(t, 2)+ b (¢, 2)(t, x) = 0% (t)-a- ‘“"T;;()

sin ma T'(a)

since I'(1—a)() =

If a path measure () on a measure space {2 is given, we denote ¢; as a marginal distribution of Q.
Then its forward carré du champ is the forward-adapted process defined by

Ft(u, v) = Li(uw) — ulyw — ulf. (40)

5

where domI'y = {(u,v);u,v,uv € dom L;}. And the IbP of the Carré du champ is that if u €
— —

domL and Lu € L*(g), then for almose every t

/ {(ﬁtu + Ztu)v + <ft(u, v)}dqt =0. 41)

By equation 1] the proof of the time reversal formula relies on the integration by parts(IbP) formula

for the carré du champ. Thus the reverse formula depends on the form of the Carré du champ.

If the forward generator £; can be decomposed into £; = £} + £2, then its Carré de champ also
— —1 —2

can be decomposed into I'¢(u,v) = T, (u,v) + T'; (u, v) such that T (u v) is the Carré du champ

of L} and I‘ +(u,v) is the Carré du champ of £2. Since Carree du champ Ft is only determined by
1

5
operator L, and if it satisfies I';(u, v) = I‘t (u,v) + Ft (u,v) then
— —
[ = [ 2y Tt o)da @)
51 2
— [ e [ T+ [T s, 3)

31f the time flow is in the forward direction, we need to put a minus sign in front of the drift term. The minus
sign is not needed if the time flow is in backward direction.
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—1 2

Additional drift term and others are derived from fRn +(u,v)dg; and fRn (u,v)dg; and if we
1 2

know each term of fRﬂ ¢ (u,v)dg; and fRﬂ (u, v)dg: respectively, we can get the time-reversal
formula of £;. From thls conclusion, we can 1nduce the time-reversal formula of jump-diffusion
processes.

N
Corollary A.10.1 (The general reversal of SDE). The reverse SDE of dX; = b(t, z)dt + op(t)dB; +
or(t)dLy is

- — ) « aﬁTzvxpt()?t) _ .
dX; = (b(t, X)) —o5(t)Vylogpe(Xy) — o (t) - o —<_>dt +op(t)dB: + o (t)dLy.
pt(Xt)
(44)

where B, L is a corresponding backward Brownian motion and backward d-dimensional a-stable
Lévy motion, respectively.

B Probability ODE

This chapter introduces the fractional Fokker-Planck equation, which is an extended version of the
Fokker-Planck equation in diffusion models into a symmetric a-stable distribution and obtains the
existence of probability ODEs from the equation. By deriving the probability ODE with the fractional
derivative, the computational formula is obtained by using first-order approximation. In order to
prove the existence of probability ODE, we first define fractional calculus.

B.1 Fractional Calculus

Fractional calculus is a concept that extends the existing differentiation and has the characteristic that
it satisfies (46) when Fourier transformation is performed.

Definition B.1 (Partial fractional Riesz potential). For & > —1 and z = (21,...,24) € R4, we
define the partial fractional Riesz potential 9|, (f1(x), ..., fa(x)) as follows [19] [24]:
Oy (fr(@), .., fa(@)) = (O, [r(@), ..., 0, fa(2)). (45)
such that
F105, f1(k) = |ki|* F[f](k1, ... ka) for k = (k1. ka). (46)

where F denotes the Fourier transform.

LemmaB.1. 97, f(z) = —92 002 f(x) = —0,,00 204, f ().

£ |
Proof.
FIOR, 1(k) = Il FLAR) = [k P ka2 FIAR) = FI-00,0% 200 f)(R). (47)

O
B.2 Stochastic Calculus for Lévy-driven Stochastic Differential Equations
— —
Lemma B.2 (Fractional Fokker-Planck equation). Given a Lévy-driven SDE, dX; = b(t, X;)dt +

o(t)dLg for dL§ = (dL{y, ..., dL§ ;) with set of independent symmetric a-stable Lévy motions
(Lﬁi)le. Then the marginal distribution p,(x) satisfies fractional Fokker-Planck equation

Ops(x)
5 = Vbt o)) — ont Zam‘pt (48)
Proof. See Proposition 1 in [30] O

15



Corollary B.2.1 (General Fractional Fokker-Planck equation). Given a Lévy-driven SDE and,
=
X, € R4 which satisfies

— —

dXt = b(t,Xt)dt+UB(t)dBt +0’L(t)dL? (49)
where dB; = (dBi1,...,dBy4) with set of independent Brownian motions (B; ;)¢ ;, and
dLyy,...,dL} ) with set of independent symmetric a-stable Lévy motions (L{;)¢_,. Then the

marginal distribution p; (z) satisfies General fractional-Fokker-Planck equation,

o3 (1) o 0°pi(2)

0 (x) d
3 2 oz~ DO m(@). (50)
! i=1

ot

= —V - [b(t, )pe(z)] +

i=1

Theorem B.3 (Existence of Probability UDE). If p;(x) satisfies Fractional Fokker-Planck equation
then p;(x) satisfies

Opi(x)
ot

==V [(bt, 2) — of () F (¢, 2))pi ()] (51)

A0 20y, pi()

such that F;(t, x) = = . So X, satisfies the ODE,

pt ()

dX; = (b(t, ) — 09 (1) F (L, ))dt. (52)
Proof,

W) _ z 0. (bt )plt, ) = 3 oHO0E, () (53)
- z [02,b:(t,2)p(t, @) + o (DO, p(t, )] (54)
_ -z 00,840, 2)p(0,2) — 05100, 20,,0(0,)] 59
= i O, ( [bi(t, z) — U%(t)W] p(t, x)) (56)
= V- [(b(t.2) — R () F (1, 2))p(t, )] (57)
O

Theorem B.4 (The general Probability WDE). If p;(x) follows Fractional Fokker-Planck equation,
then the transition function p;(z) satisfies

op: (x o (t
o) — o, [0t - 0,100 - ot OF Do) . o)
o7 20u pi(a) =
such that F; (¢, x) = II’T Therefore, X; satisfies the ODE,
- 4 — o2 (t) — —
dXt = |:b(t, Xt) — B2 th logpt(Xt) — U%(t)F(t,Xt)] dt (59)
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Proof.

d d d
Yo bty + DS TPED S oemon pia)  (60)
=1 i=1 T4 i=1
d
_— Z {@Clbl (t, 2)p(t, x) — 2(15) &2 p(t, z) + U%(t)(?lo;ilp(t,x)} ©1)

d

0_2
=3 |t omtn) - B0 pit.) - 030008 Ponnttn)| )

n 0'2 . , T 30;_2VT1 t, Xz
== 0. ([@(t?x) - OBy Tel B p(t,x>> 63
= v [00.2) ~ 200, 0gpt.0) o5 ()F (1 )pl1, ). O (64
O

C General OU process

Given a SDE driven by a d-dimensional a-stable Lévy motions L¢ with [L¢]; ~ SaS(t'/*) for each
i€ {l,...,d} such that

— —
dX; = —BX.dt + (a - B)Y/*dLe. (65)
the solution of the SDE is

N

t
X, L z0e P + (a 5)”@/ e PU=s)qre. (66)
0

Since the each component of integral | fg e~ PAt=9)dL%]; is also a 1-dimensional symmetric c-stable
~ SaS((t)) for some ~(t) as [LY]; is a 1-dimensional symmetric a-stable Lévy motion for each

i€ {1,...,d}. We want to find the scale parameter v(t) of f e Bt=5)dL2 for each t.
Lemma C.1. Given o with 0 < « < 2 and f is a measurable function such that f : [0,7] — R with
fOT |f(s)|*ds < oo. Let R-valued Xt fo s)dL< then

N
X, ~ SaS (/ |f(s)|ads)1/“> . ©7)
0
Proof. If f(t) = sz\; @iX(t;_1,t,) Withto = 0,tn =1,

N t N N
Xti/ S @ix(es 1 (5)dLE = Zal Lo — L 1LY all,, A=t —ti 1. (69)
0 =1

i=1

Using the above equation,

N

E[e(X0)] = Ele™ Z5 b ] = T Ele™eFax] (69)
i=1
N
_ Hef\umamm,; — o T el Atiful® _ o= (fy 1£(s)%ds)ul™ (70)

i=1

5
= X; ~ SasS (fg \f(s)\o‘ds)l/a). Let us prove that f is not a simple function. With the loss of
generality, assume f(t) > 0. If not, we decompose f(t) = fT(t) — f~(¢) such that f*, f~ are
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non-negative functions. Then we can construct an non-decreasing sequence of simple functions
fn such that lim,, oo fr(¢ ) = f(t) for all t € [0,T]. So, sup,, fn(t) < f(¢) for all t. Define

XP = fo fn )dLY. As fo |f(s)|*ds < oo, we can use dominated convergence theorem so that

hmnHOOXt( ) = Xt( ) forallw € Q,t € [0, 7).

E[e@X0] = lim E[eX)] = fim e s @ dlul® — o~(S 1@l (77

n—oo n— oo

—
Xy~ SaS fot |£(s)|*ds)/*) when f is a measurable function. This theorem can be extended

for the solution of the SDE driven by d-dimensional a-stable Lévy motions. O

.

Theorem C.2. If a(t) = e #* y(t) = (1—e )1/ = (1—(a(t))*)/* and X; = a(t)zo+7(t)e
— —

for some € ~ SaS then X, is a solution to dX; = —Xdt + (a - §)'/*dL$ and

N t
Xo L 2ge P+ (o BV / e PU=)qre. (72)
0
Proof. Use Lemma|[C.1] O
— — —
Lemma C.3. If X is a solution to dX; = —@Xtdt + ﬂ(t)l/o‘dL?, then X can be represented
by
- t S - t t s
X, L e Jo BPdsx +/ e~ Ju B& s g(y) Vg2, (73)
0

If we define a(t) = e~ Jo “>45, then the scale parameter ~(t) of fo e~ [u P& ds (B(u)V/odLe
INCE S,

satisfies v* () = (1—a®(t)). If B(t) = Bo+ (81 — Bo)t then E[X;] = e~ 2o 2 20 = a(t)zo,
with log a(t) = _(5127;50%2 — oy,
Proof.
(eft 8 g 5y = ely Bds | @dt—keﬁ @ds(_ @?{tdt—i— (ﬁ(t))l/"dL?)
«Q «

t B(s)
= els s (g(e))1/aarg.

- t s + s
Xi=e" Jo ﬁg)dSXO + fot e—Ju ﬁfy)dsﬂ(u)l/adL?' If we set a( ) — e fO B g then i loga( )
—8) S) . And the scale parameter () satisfies

0= [ 2 = [ L0 o) Liogatutn = ante) [ g

0% () /0 (—a)af;(l“&) du = a® (1) /0 %(a‘a(u))du — @ ()[a=*(t) — a=*(0)].

= (1 —a®(t)).
O

Theorem C.4. The partial fractional Riesz potential can be approximated by

020y, pe (2 —-1)

hoe] % 0y, lo
— o log pe(ze, .. xi—kh, ..., xq) [l — khOy, logpe(x)]
p@)  h 2% § )F( +k)
928, pi(x o
If we only approximate this summation on k=0, then "”"'pt(gf @ s Fr((g)lz) V log ps(z).

See Equation (4.1) in [18]].
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Corollary C.4.1 (Stochastic sampling of LIM). Whent < s, At =s—1

IO 1 Fle—1) 1o
z(t) = (1+ —Ab)z(s)+ - $)At—————= |V, log ps(x(s s)A €. (74
(6) = (1 =2 802(6) +a- (3(6) M s ) Ve logpalals)) + (3(:)A0) e, 74
where [¢]; ~ SaS(1) foreachi € {1,...,d}.
Proposition C.1.
8(t) = —an” ()2, 15)

where A(t) = log %

Theorem C.5 (Deterministic ODE sampling of LIM).

a(t) Na-1) «

T= ot Toary ) O+ sz, s). (76)

: ¥ _ (_BMy _ Tla=1) B() ¥
Proof. We apply Euler-Maruyama method to dX; = (-~ X T2(a/2) ho=2 V log pi(X))dt. For
s > t, we can discretize the ODE such as

Ty = 253965 / s(i)) FF((z/_Q;) ha172 ava(u)%zi)kgg(xu,u)du (77)
a o — o )‘(t)

= a((g Ts + E‘(Q(a/;)) ) /}\( ) e*/\,yaflsg(IA,A)d)\ (78)

- Z((g Ts+ ?g?a/;)) h(fé_g Y (s) (1) (=1 4 €M) Sp (s, s). (79)

O
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D Score Function for Lévy-Ito Models
Lemma D.1. Let g, be the density function of SaS and the value of X, satisfies x; = a(t)xo+y(t)e

for given g and [¢]; ~ SasS for each i € {1,...,d}. Then the score function of the transition
distribution satisfies V log pi(x¢|zo) = V log qu(€)/7(t).

—
Proof. Let X; and Y be defined on a probability space (€2,.4,P) where the transition density

function of X is pi(xe|To) = thg—i&:”) and the density function of Y is ¢, (y) = 7dp(§y§y) .
Let ?(t = a(t)zo + v(t)e. Then
— — —
P(X, < 24| X0 = xo) = Pla(t)zo +v(t)Y < ) since X = a(t)zo +y(1)Y (80)
¢ — a(t)xo
=P(Y < T) (81)
=P(Y <¢) (82)

Then py(x¢|z9) = dP(Xth;LX":x") = dp(igg) /Y(t) = qal€)/~(t). If we take logarithm of

both sides then log p(xt|xo) = logqa(e) — log~(t). Therefore, we can get V., logp(zi|zg) =
V. log 4a(e)/7(1). -

Definition D.1 (Generalized Gaussian distribution). The generalized Gaussian distribution is two
families of parametric probability distributions with a continuous path on R with a shape parameter 3
and scale parameter ¢ such that

DB _ =P
Cosl®) = 55750 1)exp( -) (83)

where I'(+) is the Gamma function.

The score function of the Generalized Gaussian distribution is

VilogG; 5 = —;sgn(x))mg_l (84)

Which is the same form of .
ReELS,, (z) = —sgn(z)é|z|’

whenBzB—landé:

qu‘m:

D.1 ReELS

The principle behind the ReELS approaches to approximate the Lévy score function of the a-stable
distribution is similar to that provided [17]. Because computing the Lévy score exactly requires
higher computation complexity, score functions of generalized Gaussian distribution are employed
[L7] as an approximation technique. ReLES is employed with a similar concept to conduct enough
denoising at large noise to allow data to converge while maintaining the heavy-tailed features. We
empirically observe that /3 becomes an approximation with a value less than 1 when « is less than
2. This means that a distribution with a score similar to each Lévy score is a generalized Gaussian
distribution where £ is less than 2.

D.2 Stochastic sampling for synthetic data

To show that the results predicted by the theory are valid, the performance of the model trained with
the BM score and ReLES with synthetic data is compared with FID. Additionally, it is tested with
synthetic data if the synthetic data converges to the original distribution when using ReELS for LIM.
The synthetic data used as the test were two mixtures of Gaussian, Two moons, and swiss-roll. In
the case of two mixtures of Gaussian, the simplest MLP with a model depth of 3 was used, and for
Two Moon and swiss-roll, MLP with a model depth of 6 was used. Detailed experimental settings are
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described in (Table[D.1] [D.2] [D.3). When using different score functions for each v = 1.2,1.5,1.8, 2,
the generation ability of LIM was compared with FID. As a result of the experiments, the mean value
and variance of FID were low for the overall « in the case of using ReELS. The stochastic sampling
according to the time step when different « is given can be seen in (Figure [E-8 [E9).

FID |\a | 1.2 L5 1.8

Lévy Score | 304192 £233  25410+98 1966 + 31
ReELS 2.01 +£0.08 0.34+0.02 0.14+0.01
BM Score 2.61 +0.09 0.71+£0.03 0.20+0.01

Table D.1: FID score (mean £95% CI) of stochastic sampling on synthetic data (Mixture of Gaussian).
The mean values of the data distributions are (5,5), (-5,-5), respectively, and the covariance is 0.21.
The training data is 5000 pieces and the test data is 5000 pieces. As a score model, an MLP model
with a depth of 3 and a channel of [3,32,2] is used. Sy is set to 0, 3; is set to 10, and the clamp is set
to 20. It can be seen that the FID is low when ReELS is used for all « = 1.2,1.5, and 1.8.

FID|\a | 12 L5 1.8

Lévy Score | 22258 + 182 3145 + 62 316 +26
ReELS 0.85+0.013 0.21+£0.0053 0.11 +£0.0032
BM Score | 0.99+£0.023 0.34+0.0083 0.16 +0.0038

Table D.2: FID score (mean +95% CI) of stochastic sampling on synthetic data (Two-moon). The
noise of two-moon synthetic data was set to 0.05. The training data is 5000 pieces and the test data is
5000 pieces. As a score model, an MLP model with a depth of 6 and a channel [3,32,64,64,32,2] is
used. 5 is set to 0, B; is set to 5, and the clamp is set to 20. It can be seen that the FID is low when
ReELS is used for all o« = 1.2,1.5, and 1.8.

FID [\a | 1.2 1.5 1.8

Lévy Score | 1486 + 3.68 197.54 £ 0.73 17+0.13
ReELS 1.16 £0.090 0.210 £ 0.0087  0.114 + 0.0019
BM Score | 0.952 +0.11 0.44 +£0.017 0.210 = 0.0087

Table D.3: FID score (mean +95% CI) of stochastic sampling on synthetic data (Swiss-roll). The
noise of Swiss-roll synthetic data was set to 0.1. The training data is 5000 pieces and the test data is
5000 pieces. As a score model, an MLP model with a depth of 6 and a channel [3,32,64,64,32,2] is
used. Gy is set to 0, By is set to 5, and the clamp is set to 20. It can be seen that the FID is low when
ReELS is used for all « = 1.2,1.5, and 1.8.

D.3 Deterministic ODE sampling for synthetic data

In this chapter, we demonstrate the validity of the probability ODE (Theorem 3) from the deterministic
ODE sampling of LIM by showing the ability to generate synthetic data. We train score models
by using three synthetic data such as Two mixtures of Gaussian, Two moons, and Swiss roll. The
deterministic ODE sampling according to the time step when different « is given can be seen in

(Figure [ET0} E-TT} [E-T2).
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FID [\o | 1.2 1.5 1.8 2.0

Two mixture | 30.36 £0.094 2.39+0.0076 2.39+0.0076 0.21 +0.0021
Twomoon | 35.67+0.170  0.99 +0.028 0.99+0.028  0.41 £ 0.0026
Swiss roll 30.96 £0.584 0.77+£0.0097 0.15+0.0021 0.39 +0.0039

Table D.4: FID (mean +95% CI) of deterministic ODE sampling on synthetic data (Two mixtures,
Two moons, Swiss-roll). The mean values of the Mixture of Gaussian distributions are (5,5), (-5,-5),
respectively, and the covariance is 0.21. The training data is 5000 pieces and the test data is 5000
pieces. [y is set to 0, 51 is set to 10, and the clamp is set to 20. It can be seen that the FID is low
when ReELS is used for all « = 1.2,1.5, and 1.8.

E Dataset Experiment

E.1 Implementation Detail

Our diffusion model is U-Net[21]] following DDPM|L1], which replaces weight normalization[23|]
with group normalization[32]] for simple implementation. We set the model size suitable for the
dataset, such that MNIST (28 x 28) is [16, 32, 64], CIFARI10 (32 x 32) is [128, 256, 256, 256],
CelebA (64 x 64) is [128, 256, 256, 256, 1024], and CelebA-HQ (256 x 256) is [128, 256, 256,
256, 1024, 1024], but fix the number of residual blocks with 2 in each resolution level, and add
self-attention block only in 16 x 16 resolution level. Continuous diffusion time ¢ € [0, 1) is injected
into the model through Transformer sinusoidal position embedding[31]] after adding with 0.0001, and
we use swish function as the activation function.

We train our MNIST model used in experiments for 1000 epochs with batch size 128, CIFAR10 model
for 250 epochs with batch size 128, CelebA model for 140 epochs with batch size 128, and CelebA-
HQ model for 160 epochs with batch size 32. All training and experiments are conducted on NVIDIA
A100 GPU and NVIDIA GeForce RTX 3090, and we tune the batch size for sampling adjusted for
computation resources. Because the target distribution of our model is a-stable distribution, sample
quality is very sensitive to hyperparameter setting according to the « scale. So we improve sample
quality by tuning hyperparameters to be optimized for each dataset:

e Though DDPM]11] used linear noise schedule with fixed 5, = 0.1, 51 = 20, we
tuned Sy, 81 for each « because variance of a-stable distribution depends on « scale.
For MNIST dataset, we fixed the /3 schedule as Sy = 0.1, f; = 5 in all « values. In
CIFAR10/CelebA/CelebA-HQ, we chose 31 = 20 for « = 1.8, and 8y = 15 fora = 1.5 to
optimize convergence into sample space, and fix 5y to 0.1.

* Different from Gaussian distribution, a-stable distribution can have large-scale noise at
lower «v values, which leads to sample quality degradation. To prevent this problem, we used
noise clamping as a heuristic in the training and sampling phase. It consists of 3 clamps,
clamp(training, init sample, SDE sample), and we adjusted the scale of clamps suitable for
each dataset:

- 10, 10, 10 at &« = 1.8, and 100, 50, 100 at « = 1.5, 1.2 for MNIST.
- 30, 30, 30 at @« = 1.8, and 100, 50, 100 at o = 1.5 for CIFAR10.
- 10, 10, 10 at « = 1.8, and 50, 50, 50 at & = 1.5 for CelebA and CelebA-HQ.

— In the case of deterministic ODE sampling, we only used clamp(training, init sample),
and set them to 10, 5.

E.2 Evaluation Metric

E.2.1 FID(Fréchet Inception Distance) score

To evaluate generated sample quality, we choose the widely used FID score metric([10]]), where a
lower score means better sample quality. After computing both mean/variance of distributions in

the training dataset and generating 50k samples by using the pre-trained Inception-V3 model, we
calculate distances between two distributions as FID score.
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E.2.2 Likelihood computation

Our ReELS method is adaptive to probability ODE(Figure[d), so we can compute the exact likelihood
on any input data in the same way as [28]. By replacing the score V log p;(X;) with score model
Sp(X4,t), we can rewrite (3] as

X, = (b(t, X) = So(Xs, t)m Zé(_? ) dt. (85)

::fg(}tat)

Then we can compute the log-likelihood of py(Xj) such that

— — T U
log po(Xo) = log pr(Xr) + / V- fo(Xot)dt (86)
0

where X7 is noise mapping to X, which can be obtained by solving the probability ODE in (3]
—

with ODE solver. Because of the expensive computation of V - fg(X +, 1), we estimate it by using the
Skilling-Hutchinson trace estimator([25]], [[12]), which is following [8]].

To solve the integral term in @) we choose the RK45 ODE solver[7]] which can be used as
solve-ivp function in scipy.integrate library. As same [8], we also set parameters atol=1e-5,
rtol=1e-5. We use a test dataset applied uniform dequantization, and take the average of the
bits/dim values over 5 repeats for exact likelihood computation. By changing initial time ¢y of

o
integral ftf V - fo(X4,t)dt after adding 0.001, we compute bits/dim with varied number of function
evaluations(NFE) like Figure [3[b).

E.3 Additional Samples

Additional sampling results on MNIST 28 x 28, CIFAR10 32 x 32, CelebA 64 x 64, CelebA-HQ
256 x 256 are reported in below figures.

B3S76008300 Q0FC2b023322/1 Ws50/7640S38 391,99 V7149
03/16b3xC73¢6 Y4 L7GOSSERAS /ER0724 /7 L[/ 1T/64R8753
S7M105792017 2268827 R34 Q4296048 05C 5996969575
DOF 400D 158 L7¢727262&720 H/ 408047274 91313010
04532502 27081L39223 7852032020 8011 1"37100
57803L7 1] 6352303/ 273 0sS3AL3ILIO> £9457949119
IOMOTIYII3 #A0G298H433 7428 08559/ 21672611990
272201 V4 /4 §523¥89230 Sqbs56y92/742 1006485493
16293 7Q222 295039590320 310%v2234£a8 3729077417
2S625634 35 ORUDLE R q9 &33 127927 10/ 751983/
a=2.0 (M) a=1.8(LM) a=15(LM) a=12(LM)

Figure E.1: Samples generated by DM(Brownian motion, [28]]), and LIM(c = 1.8, 1.5,1.2) with on
MNIST(28 x 28) dataset.
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Figure E.2: Samples generated by LIM at @ = 1.8 on CIFAR10(32 x 32) dataset.
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Figure E.3: Samples generated by LIM at o« = 1.5 on CIFAR10(32 x 32) dataset.
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NFE=0 NFE = 500 NFE = 750 NFE =825 NFE=900 NFE = 1000

Figure E.6: Samples generated by LIM(a = 1.8) with 0, 500, 750, 825, 900, 1000 number of function
evaluations(NFE) on CelebA-HQ(256 x 256) dataset.

28



1

rigina

—~
s
N
ol
i
o
v
7 I o
v o =
vy S 3=
vy S —_
Y] o S =
ALy $ ° 2 ~ D
N = = 3 = o
BERE S S B SR
a a = =
o T Sw
— 2
o2
L O
v/ ¢ =
/ [}
/P on O
//n =
7/~ .mwb
o
248 5 g
g _:
B .mo
9}
2o
< =
Oy
S en
=)
=3 wn
= o
) 2 m.m
lllll 9 mc
= m .m.l
©
2
=
[T
©

timestep 250

Score function

E
1}
a
|
15}
a

Data point
Data point

(c) a = 1.8, and (d) BM-driven synthet

° Data point
— Score function

k)

5

timestep 1
Figure E.7: Stochastic sampling

a=1

29

distribution of two moons.



_

=
VU
FID=0.093

—

e -

N A NN

Lo e A0 .« N N e e PERSECE N
(e B, NN et PR
Vror s /7 T TP\ NN LSS .l“‘o'i!f’/

R

[
[SSSNNN VY S S
R R P

Tt N
A i LY
™ A
INSSNNNVWYL
NNSSNNSNN\ WS 77
e O |

%

-,
— l-‘/

-

]

-
)

ca)
Data point
Score function
S I
Data point

o = 1.8, and (d) BM-driven synthetic image. The orange color represents the original distribution of

Figure E.8: Stochastic sampling(C.4.T) of two moons using ReELS for (a) o = 1.2, (b) o = 1.5, (c)
two moons.

30



AN

FID=1.16
i
V77 Pt
S/ T AN

NN

[RNN

ot L[ e

o

A

AN
AN
ANNN

¥

&

i

o S0
4 .

NN LiLY
INN AN
INN v
[ /? s 10

\ e, Vs ,M\
/wh. AN unuﬂ
/ww BRI M 1
RTINS
,,\x g {\_ RSN
\ w N
\ 7T
/\\ BERRN

[ R REi
\HWMV,¢%%u#K\“W
INNNESY e Y el
NN e PR "2
/ Lk st

\L;;;/
e
/:?;" 3
o
]
¥
f’;‘é}\
1

A R
| 5o RN
o ook iae ]
155 340
\rs TN

S

\
\

e\

N
N
O NN

VT NN

KT NN

4o e NSNS
W

P

i

o e

7

4

v
.o

RN
| LA NN
,\\\ VANAN

/ VAN
NN 11707/
W// (s

A N4
NN hod A
/N o

iy
o,
.

Data point

ion of

1000

1 distribut

timestep

igina

750

timestep

ReELS for (a) a = 1.2, (b) a = 1.5, (¢)

500
11 using

timestep:
1SS 10
31

. The orange color represents the or

250
ic image

timestep

ven synthet

I1

1

Stochastic sampling(C.4.1) of sw

and (d) BM-d

timestep
11.

Figure E.9
a = 1.8,
SWiSS 1o



Data point

30.36

FID=

AN
s s 1YLl

Data point

Score function

Data point

R\ VUNNNN

FID=0.21

N

Data point

S
v

Time step 20

Time step 15

Time step 10

Time step 5

Time step 0

=1.2,

there is a

small number of points that do not converge to modes. The existence of these points is presumed
to have occurred because ODE sampling cannot directly clamp the noise size in the middle of the

Treverse process.

and (d) BM-driven synthetic image. Unlike stochastic sampling,

Figure E.10: Deterministic ODE sampling(C.5F) of Mixture of Gaussian synthetic data for (a) a
=15,(c)a=1.8,

(b) o

32



o

N

—

PR

N

£
i3

FID=0.99

T

NSNS S *%20r s
NSNS
e

g

\
FID=0.41

7

L AN NN
AR

KR

VNN
EANNNNN

: | -N 5 5
— £ u.mm Am.m mm
1 © - 9 - 9o ¥ o
e 8 a 2 a 2 8 2
g rs @ s g o
L-. 8 ® O ~® 9 T 9

T 8 8 8 8 8 8

o | %] %] (7]

e oﬁ, o_
| !

=100

timestep

=75

timestep:

=50

timestep

=25

timestep

=1

timestep:

=1.2,(b)

Figure E.11: Deterministic ODE sampling(C.5k) of Two Moons synthetic data for (a) o

= 1.8, and (d) BM-driven synthetic image. Unlike stochastic sampling, there is a

small number of points that do not converge to modes. The existence of these points is presumed
to have occurred because ODE sampling cannot directly clamp the noise size in the middle of the

a=15()a
TEVErse process.

33



/ 7\
VLY
° Data point

— Score function
5 e

- .
- VallT ol
° Data point

s
s

red

f /S
° Data point vy
¥
e

— Score function

©
° Data point 5;
— Score function ii/
(d)
/PPN

timestep=15 timestep=20

Figure E.12: Deterministic ODE sampling(C.3k) for Swiss Roll synthetic data when (a) o = 1.2,
(b) a = 1.5, (c) @ = 1.8, and (d) BM-driven synthetic image. Unlike stochastic sampling, there is a
small number of points that do not converge to modes. The existence of these points is presumed

to have occurred because ODE sampling cannot directly clamp the noise size in the middle of the
reverse process.

34



	Introduction
	Score-Based Generative Models with Lévy Processes
	Background
	Lévy-Itō Model: Time-Reversal of SDEs driven by Lévy Processes
	Score function for Lévy-Itō Model
	Loss function

	Experiment
	Conclusion
	Acknowledgment
	Appendices
	Time-reversal of SDE
	Time-Reversal of General Markov process with jump kernel

	Probability ODE
	Fractional Calculus
	Stochastic Calculus for Lévy-driven Stochastic Differential Equations

	General OU process
	Score Function for Lévy-Itō Models
	ReELS
	Stochastic sampling for synthetic data
	Deterministic ODE sampling for synthetic data

	Dataset Experiment
	Implementation Detail
	Evaluation Metric
	FID(Fréchet Inception Distance) score
	Likelihood computation

	Additional Samples


