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Abstract

Time reversibility of stochastic processes is a primary cornerstone of the score-
based generative models through stochastic differential equations (SDEs). While
a broader class of Markov processes is reversible, previous continuous-time ap-
proaches restrict the range of noise processes to Brownian motion (BM) since the
closed form of the time reversal formula is only known for diffusion processes.
In this paper, we propose a class of score-based probabilistic generative models,
Lévy-Itō Model (LIM), which utilizes d-dimensional α-stable distribution with
independent components for noise injection. To this end, we derive an exact time re-
versal formula for the SDEs with Lévy processes that can allow discontinuous pure
jump motion. Consequently, we advance the score-based generative models with
a broad range of non-Gaussian Markov processes. Empirical results on MNIST,
CIFAR-10, CelebA, and CelebA-HQ show that our approach is valid.

1 Introduction

The recent successes of score-based generative models [26, 28, 11] and their applications [20, 14,
6] draw huge attention from machine learning communities. Score-based generative models via
stochastic differential equations (SDEs) [28] rely on the time reversal theory of diffusion processes,
Anderson theorem [1], which shows that the time reversal of the diffusion process belongs to the
class of diffusion processes again. One can interpret this result as solving a martingale problem which
induces a weak solution to the reverse SDEs [9, 4]. Due to the advances in the SDE theory with
jump Markov processes [13, 24, 5], one can desire a positive expectation for applying a class of
non-Gaussian noise distribution to score-based generative models. However, since the closed form of
the time reversal formula is only known for diffusion processes, whether a score-based method is
feasible for a non-Gaussian Markov process other than a Brownian motion has been an open question
in this field. To tackle the challenging problem, we propose an exact formula for the time reversal of
SDEs with Lévy processes and a novel score-based generative method, Lévy-Itō Model (LIM), which
utilizes d-dimensional α-stable Lévy motion with independent components as noise injection. We
apply the proposed method to MNIST, CIFAR-10, CelebA, CelebA-HQ. Our approach and empirical
results establish the bridge between probability theory and generative models.

2 Score-Based Generative Models with Lévy Processes

2.1 Background

1-Dimensional Symmetric α-stable distribution Let α ∈ (0, 2] be a characteristic exponent
which determines the decay rate at which the tails of the distribution, and γ be a scale parameter.
1-dimensional symmetric α-stable distributions SαS(γ) have the heavy-tail properties P (X > x) ∼
x−α and densities with unknown closed-form expressions, except for α = 1 or α = 2. 2.
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2When α = 2, it holds SαS(γ) = N (0,

√
2γ).
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Figure 1: (a) PDF of Gaussian and� -stable distributions. The� -stable distributions have heavier
tails as alpha decreases. (b) Trajectories of Brownian motion and the� -stable Lévy processes with
different� . Lévy processes can have in�nitely many discontinuous jumps, unlike Brownian motion.

Lévy process and� -stable Lévy motion Rd-valued stochastic processL t = ( L t )t � 0 with L 0 = 0
is called Lévy process if (i)L t has independent increments, (ii)L t has stationary increments, (iii)L t
is stochastically continuous. If each components of the difference,[(L t � L s)] i and[L t � s]i have the
same distribution followingS� S(( t � s)1=� ) for s < t , then the Lévy process is called d-dimensional
� -stable Lévy motionL �

t . Due to the stochastic continuity (iii), Lévy processes have a countable
number of discontinuous points (i.e. jumps) [33]. Notably,L �

t is a prototypical pure jump process.
The heavy-tail properties of� -stable distribution imply that the frequency of large jumps ofL �

t
increases as� gets smaller (see Figure 1).

2.2 Lévy-Itō Model: Time-Reversal of SDEs driven by Lévy Processes

Due to Lévy-Ito decomposition [2, 16], we consider a family of SDEs inRd driven by a Lévy process
consisting of continuous Brownian motion partB t and pure jump partL �

t as follows:

d
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X t = b(t;

!
X t )dt + � B (t)dBt + � L (t)dL �

t ; t 2 [0; 1]: (1)

The following exact time-reversal formula is our main result.
Theorem 2.1(Time-reversal formula of SDEs with Lévy Processes). The reverse SDE of (1) is
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where@� � 2
jx j (f 1(x); : : : ; f d(x)) = ( @� � 2

jx 1 j f 1(x); : : : ; @� � 2
jx d j f d(x)) is the partial fractional Riesz po-

tential of order� � 2 with 1 < � < 2 [19] [24] such thatF [@�
j x i j f ](k) = jki j � F [f ](k) for each

i 2 f 1; : : : ; dg, x = ( x1; : : : ; xd), k = ( k1; : : : ; kd), andF is the Fourier transformation.�B t and �L t
is a backward Brownian motion and backward d-dimensional� -stable Lévy motion, respectively.

See Theorem A.10 for more details. We also remark that(2) recovers the result of [1] if � ! 2.
To shed light on the probabilistic approach with the jump Markov process, we proposeLévy-I tō
Model (LIM), a novel score-based generative model through SDE driven by d-dimensional� -stable
Lévy motion only (� B (t) � 0 in (2)). Considering a beta-scheduling version of LIM, we obtain
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!
X t
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!
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means equality in distribution,[� ]i � S � S(1) for eachi 2 f 1; : : : ; dg, a(t) is exp(�
Rt

0
� (s)

� ds) and
the scale parameter
 (t) is (1 � a(t))1=� (see Lemma C.3). Due to the Euler-Maruyama method, we
can induce a stochastic sampling of LIM (see Corollary C.4.1).

The Probability ODE We can also derive the probability ODE of (1):
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Figure 2: Comparison between (a) Lévy score and (b) ReELS. (c) and (d) the synthetic data sampled
by the SDE with(2) (� = 1 :5) trained with Lévy score and ReELS, respectively. There are divergent
points as indicated in the red circle since the value of Lévy score decreases for large noise.

The proof of(3) can be found in Theorem B.4. Deterministic ODE sampling of LIM can be deduced
from (3) by using the Euler-Maruyama method (see Theorem C.5).

2.3 Score function for Lévy-Itō Model

Let q� (x) be the productq� (x1) � � � q� (xn ) of density functionsq� (x i ) of S� S(1) for x =

(x1; : : : ; xd). Recall the solution of beta-scheduling version of(2) is
!
X t

d= a(t)
!
X 0 + 
 (t)� with the

transition density functionpt (x t jx0). The score function ofpt (x t jx0) satis�esr x t logpt (x t jx0) =
r � logq� (� )=
 (t) (See Lemma D.1). We denoteS� (x) = r x logq� (x): Figure 2.(a) shows that
the score function of Brownian motion is linearly decreasing, while the Lévy score functions are
not monotonic. Hence, if we train the score model to target the Lévy score, it is dif�cult to denoise
the divergent large noise generated at the heavy tail (Figure 2.(b)). These phenomena worsen as�
decreases.

Recti�ed Enhanced Lévy Score (ReELS) To denoise the large noise at the heavy tail without
losing the nature of the Lévy score function, we proposeRecti�ed EnhancedLévy Score (ReELS) as
follows:

ReELS� (x) =

(
S� (x) : x 2 I �

� sgn(x)ĉjxj �̂ : otherwise
; �̂ (� ) 2 (0; 1): (4)

Here we set the rangeI � as the interval between two local optimum points of the given Lévy score.
We �nd parameterŝc; �̂ in ReELS by �tting � sgn(x)ĉjxj �̂ to the Lévy score insideI � (see Figure
2.(b)). This procedure is equivalent to the �tting score function of a generalized Gaussian distribution
to the Lévy score [17]. We remark that utilizing the BM score does not outperform ReELS for
Lévy-driven SDEs because generalized Gaussian distributions have a score function more similar to
the Lévy score function (see Table D.1, D.2, and D.3). The experiments on synthetic data (Mixture of
Gaussian, Two-Moon, Swiss-Roll) demonstrate that LIM trained by ReELS converges to the true
data distribution and performs better than using BM score for Lévy-driven SDEs.

2.4 Loss function

We use the U-net architecture [21] as in DDPM [11] and applyL 2-loss to train the modelS� (x t ; t)
usingReELS� (� ) as a label through the Denoising Score Matching (DSM) [27] . For [� ]i � S � S(1)
for eachi 2 f 1; : : : ; dg andx0 � pdata, we letx t = a(t)x0 + 
 (t)� where� (t) = � 0 + ( � 1 � � 0)t,
a(t) = exp( � ( � 1 � � 0 )

2� t2 � � 0
� t), and
 (t) = (1 � a(t) � )1=� . LetU(0; 1) denote a uniform distribution.

Then the loss with the relative weight
 (t) is de�ned as

L(� ; 
 (t)) := Et � U (0 ;1) Ex 0 � pdataE� �S � S k
 (t)S� (x t ; t) � ReELS� (� )k2
2 (5)

3 Experiment
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Figure 3: Generated MNIST images (a) by DM (Brownian motion, [28]) and LIM (� -stable Lévy
motion for� = 1 :8; 1:5; 1:2), and corresponding plots (b) of FID score(#) and bits per dimension (#)
for different NFEs with various� . LIM shows a faster generation speed than DM.

Figure 4: (a) SDE sampling results and
(b) deterministic ODE sampling results
with different NFEs. ODE shows a faster
sampling speed than that of SDE.

We empirically validate the proposed score-based gener-
ative model on image data including MNIST (Figure E.1),
CIFAR10 (Figure E.2), CelebA (Figure E.4, E.5), and
CelebA-HQ (Figure E.6). We adjust the model size of each
dataset for training ef�ciency. For� 2 f 1:8; 1:5; 1:2g, we
train our model on MNIST for 1000 epochs with� 0 = 0 :1,
� 1 = 5 :0 and use the noise clamping to control the large-
scale noise to improve the sample quality. See Section E.1
to �nd the other con�gurations in different datasets. Figure
3.(a) shows that LIM with ReELS converges faster than
DM (Diffusion Models [28], � = 2 :0). See Figure 3.(b) to
compare FID scores [10] and bits per dimension (bits/dim)
on the MNIST dataset for each number of function eval-
uations (NFE) with different� . To evaluate bits/dim, we
use a uniformly dequantized test dataset with 5 iterations
and compute log-likelihood by using an ODE solver (See
Section E.2.2). LIM achieves competitive sample quality
compared to DM at� = 1 :5; 1:8, and tends to converge
quickly as lower� . Figure 4 shows ReELS can be adaptive to the probability ODE, which enables fast
sampling than stochastic sampling. Although the large jump of the reverse process can be controlled
in the reverse SDE sampling, it is challenging to control the jump size in the deterministic ODE
sampling. Hence, the image quality may degrade due to the effect of uncontrolled large noise, which
leads to the higher bits per dimension in LIM 3.17 (� = 1 :8) > 1.67 (� = 2 :0).

4 Conclusion

In this paper, we broaden the range of noise distribution used in score-based generative models by
inducing an approximate time reversal formula for SDEs with Lévy processes and by proposing a
novel score-based generative model, Lévy-Itō Model (LIM) with Recti�ed Enhanced Lévy Score
(ReELS). Empirical results validate that the proposed approach works well with different ranges of
d-dimensional� -stable Lévy motions in synthetic datasets and various image data. Consequently,
our study presents a feasible solution and demonstrates the potential for applying a broader class of
non-Gaussian Markov processes to score-based generative models.
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