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Abstract

We investigate online learning in finite-horizon episodic Constrained Markov Decision Pro-
cesses (CMDPs) under the most demanding setting: adversarial losses and constraints, ban-
dit feedback, and unknown transitions. The most popular approaches, such as primal-dual
or linear programming, either rely on Slater’s condition (which can yield vacuous bounds) or
require solving a complex optimization problem at each round. Inspired by the groundbreak-
ing work of [Sinha & Vaze| (2024)) in Constrained Online Convex Optimization (COCO), we
map the CMDP instances to a corresponding COCO problem, thus creating simple and ele-
gant algorithms that require only a single Euclidean projection per episode. Our algorithm
first attains O(v/T) regret and O(v/T) hard cumulative constraint violation for adversar-
ial losses and constraints, unknown transition dynamics, bandit feedback, without Slater’s
condition and also without access to a strictly feasible policy. We achieve (’)(\/T ) regret
and (5(\/T) hard violation for known transitions. Additionally, we study the remaining
three permutations of known-unknown transitions and full-bandit feedback, again achiev-
ing optimal regret and hard violation bounds in each case. Besides closing several gaps in
the literature, our simple construction of biased estimators for the sub-gradient could be of
independent interest for didactic purposes. Finally, we conducted rigorous experiments on
several CMDP instances to verify our theoretical results from a practical perspective.

1 Introduction

The arrival of AlphaGo (Silver et all 2017 ignited an unprecedented curiosity about the capabilities of
Reinforcement Learning (RL) (Sutton & Barto) [2018) among researchers. Numerous works highlight that
RL is remarkably effective across multiple domains, including games (Jaderberg et al., [2019; Mathieu et al.,
2023)), robotic locomotion (Smith et al. [2024), control (Hegde et al., [2024; Du et al., [2023), and Large
Language Models (LLMs) such as GPT-4 (OpenAl et al., 2024) and DeepSeek-V3 (DeepSeek-Al et al.
2024)). Quite naturally, a comprehensive understanding of Markov Decision Processes (MDPs) (Puterman)
2014) is essential, as they lie at the core of any RL problem. In other words, RL addresses a sequential
decision-making problem by learning an optimal policy; thus, MDPs are used to model any RL task. The
ultimate goal in vanilla RL is to discover a policy that maximizes the expected cumulative reward. However,
in many real-world scenarios, such as self-driving cars and recommender systems, the agent is often required
to satisfy both safety and budget constraints in addition to maximizing reward. For instance, autonomous
vehicles should not meet with an accident or crash (Wen et al., 2020), and bidding parties in an auction
cannot exceed a budget (He et al., [2021). To address such scenarios, the Constrained Markov Decision
Process (CMDP) (Altman, [1999) serves as an excellent tool, as it naturally incorporates constraints within


https://openreview.net/forum?id=EsInBaX0ko

Published in Transactions on Machine Learning Research (04/2026)

the classical MDP framework. In contrast to MDPs, the objective in CMDPs is to learn a policy that
maximizes the expected cumulative reward, subject to satisfying the constraints.

Online learning in nite-horizon episodic CMDPs, a topic that has long piqued the community's interest (Wei
et al.,[2018; Efroni et all,|2020| Muller et al}, 2024), is the central theme of our work. This setting necessitates
that the learner's objective be to minimize both the regret and the cumulative constraint violation (also
referred to asviolation for brevity). The regret quanti es the di erence between the learner's cumulative
loss and the optimal policy's cumulative loss. Speci cally, the optimal policy is the best-in-hindsight policy
that satis es the constraints during learning. On the other hand, the cumulative constraint violation tracks
the total sum of constraint violations across all episodes. Both the regret and the cumulative violation should
ideally be sublinear in T, i.e., the total number of episodes. We mention speci c directions from the vast
literature of online learning in CMDPs (see Section 2 for detailed related works) that have been instrumental
in motivating this paper:

1. Hard/Soft Violations: Many works on CMDPs are bothered with soft constraint violations (Efroni
et al., 2020; Qiu et al., 2020), in which the e ect of the positive violations is nulli ed (or diminished)
by the negative ones across the whole learning process (Ghosh et al., 2022; Wei et al., 2023). Such
nulli cations are absolutely impractical in real-world environments. On the contrary, hard constraint
violations (Stradi et al., 2025b) are a signi cantly stronger and practical constraint violation con-
dition that solely cares about the positive violations. An example: let a CMDP model a clinical
trial for a newly discovered drug, where each episode represents treating a patient. The aim is to
minimize disease symptoms, and the constraint is to keep the probability of causing a severity below
1%. Say, in the rst episode, the drug causes a hemorrhage to the patient, incurring a massive
constraint violation of +0:99 above the threshold. In the second episode, assume the drug is safe
for the patient and that a violation of  0:01 occurs. The cumulative soft violation across these two
episodes is0:99 + ( 0:01) =0.98, which seems to be lower than in the rst episode. However, the
hemorrhage caused in the rst episode is irreversible and catastrophic. In contrast, a hard violation
would have counted only the positive violations: 0:99 + 0 = 0:99. Thus, correctly identifying that
the drug was unsafe for the patient and the harm caused in an episode cannot be compensated for
by good performance in subsequent episodes.

2. Adversarial/Stochastic Loss and Constraints: A critical aspect of online learning in CMDPs
is the factor of how the losses (or rewards) and constraints are chosen in each episode stochastically
or adversarially? If the choice is made stochastically, then the losses and/or constraints are selected
by sampling from an unknown and stationary probability distribution. In the adversarial case, there
is no statistical assumption on the selection, and the adversary has complete freedom. Hence, it is
widely acknowledged that CMDPs with adversarial losses and constraints are much more complex
to solve than their stochastic counterparts. There exists a plethora of seminal works in the literature
that deal with stochastic losses and constraints (Zheng & Ratli, 2020; Efroni et al., 2020), adver-
sarial losses and stochastic constraints (Wei et al., 2018; Qiu et al., 2020). The works of Germano
et al. (2023) and Stradi et al. (2024b) were among the rst ones to provide regret and violation
bounds for adversarial constraints, but with a dependence on the Slater condition.

3. Bandit/Full Feedback: The feedback received at the end of an episode for the losses and con-
straints is another crucial component for online learning in CMDPs. In the full feedbackcase (Wei
et al., 2018; Qiu et al., 2020), the loss and constraint costs for all the possible state-action pairs
are revealed to the learner when an episode ends. While ihandit feedback(Miller et al., 2023;
Mdller et al., 2024), the loss and constraint costs for only those state-action pairs are given that the
learner had visited on that specic episode. It is naturally understood that working with bandit
feedback is signi cantly more challenging than working with full feedback. Moreover, such settings
can naturally capture the whole essence of numerous real-life problems, e.g., recommender systems
and budget depletion in online bidding.

Based on the above points 1, 2, and 3, we highlight some gaps that are omnipresent in the literature on online
learning in CMDPs. We discuss them one-by-one: (G1) Several approaches have been employed to bound
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Table 1: Comparing our theoretical results with the state-of-the-art methods. The symbol? marks those
works that consider the easier setup of stochastic losses (or rewards) and constraints. denotes the work
with adversarial losses and stochastic constraints. Zhu et al. (2025) is marked by to denote that it deals
with bandit feedback for stochastic losses and full feedback for adversarial constraints. All works reported
in the table address hard violations. F/B is a shorthand for Full/Bandit

State-of-the-art Transition Feedback Regret Violation With Slater
Kitamura et al. (2024) Known F/B L L NA
Unknown F/IB (TN /7 (TN /7 3
Miller et al. (2024) Known F/IB 717 717 NA
Unknown F/IB 7/ Q(T%93)? 7/ G(T93)? 3
Zhu et al. (2025) Known F/B 7/p77 p7/77 NA
Unknown F/B 7/Q( T)? 68 T)47 7
Stradi et al. (2025a) Known F/B 7/p77 7/;)1 NA
Unknown F/IB 7/8( T)? 7/168( T)? 3
Stradi et al. (2025b) | KNown F/B L L NA
Unknown F/B 716( T) 716( T)
. Known FB | ol T)=o( T) | & T=6( T
This Work p— p— p— p—
Unknown F/B G T)=6( T) | G(C T)=B( T)

the regret and violation for online learning in CMDPs, e.g., linear programming (Efroni et al., 2020), upper
con dence (Zheng & Ratli, 2020), and primal-dual (Stradi et al., 2024a;b; 2025a; Miller et al., 2024).
Primal-dual-based algorithms have arguably gained the most prominence over the years. However, these
methods rely on Slater's condition, which assumes the existence of a policy satisfying all constraints with at
least > O slackness (Stradi et al., 2025b; Germano et al., 2023). The guarantees of such algorithms scale
with 1, leading to vacuous bounds (i.e., huge sub-optimal bounds), if is very small. Moreover, assuming
Slater's condition is highly impractical because it requires prior knowledge of a strictly feasible policy or its
slackness parameter, an information that is rarely available in real-world problems; (G2) A large portion of
the works focus on stochastic loss and/or constraints (Efroni et al., 2020; Bai et al., 2023; Liu et al., 2021;
Stradi et al., 2025a), while the ones for adversarial losses/constraints (Stradi et al., 2025a; Germano et al.,
2023) are relatively less. The reason for this trend is the inherent di culty of adversarial cases. (G3) Notably,
the most challenging and non-trivial setup remains scarcely addressed in the literature: online learning in
CMDPs with an unknown transition function and adversarial losses and constraints.

Sinha & Vaze (2024) obtained O(p T) regret and @(p T) cumulative constraint violation (hard) in the
domain of Constrained Online Convex Optimization (COCO) for the rst time. The proposed rst-order
algorithm was e cient and straightforward, requiring only one projection per round. Most recently, Zhu
et?)l. (2025) gave the(%ptimistic Mirror Descent Primal-Dual (OMDPD) algorithm, achieving the optimal
S( T) regret and 8(' T) hard violation for online learning in nite-horizon episodic CMDPs. Employing
some tools from Sinha & Vaze (2024) and optimizing dual variablesODMDPWas the rst algorithm of its kind

to derive optimal regret and violation bounds with adversarial constraints, without any need for Slater's
condition. However, we elaborate on two critical gaps inOMDP[Zhu et al., 2025): (G4) The losses were
stochastic, i.e., sampled from a distribution, for all episodes; (G5) Full feedback was assumed (instead of the
more realistic bandit feedback) while considering adversarial constraints.

Our Contributions: To the best of our knowledge, this work is the rst to pose and tackle the following
guestion for online learning in nite-horizon episodic CMDPs: (CQ) With no reliance on Slater's condition,
with no access to a strictly feasible policy, for adversarial losses pagd constraints, vﬂtﬁ unknown transition
function and bandit feedback, can an algorithm be designed wit8(" T) regret and 8(' T) hard cumulative
constraint violation? . We formally describe our contributions below:



Published in Transactions on Machine Learning Research (04/2026)

Although OMDPBorrowed elements from Sinha & Vaze (2024), they did not capitalize on the poten-
tial of using COCO to solve the setting described in (CQ). However, our work achieves this by map-
ping the CMDP problem to a corresponding COCO instance and employing techniques from Sinha
& Vaze (2024) to provide an elegant analysis that yields optimal regret and hard violation bounds.

Our proposed algorithms are also e cient, because only one Euclidean projection onto a simple
polytope is performed per episode. Unlike primal-dual and linear-programming-based approaches,
our algorithms are easy to understand. The simplicity and elegance of our framework make it a
valuable didactic resource, especially for those interested in the connection between online learning
in CMDPs and COCO.

Considering adversarial losses and constraints, we solve four cases: (1) known transition function and
full feedback; (2) known transition function and bandit feedback; (3) unknown transition function
and full feedback; (4) unknown transition function and bandit feedback (the solution to CQ). Thus,
we not only answer CQ in the resounding a rmative but also solve all possible combinations that
could occur with adversarial losses and constraints with known/unknown transitions. To the best
of our knowledge, an exhaustive case analysis of this nature is not present in the literature, nor does
it rely on or assume Slater's condition.

We derive optBnaI regret and cumulative constraint yiolation (hard) boynds in each case, i.e.p(p T)
regret and @(' T) violation for (1) and (2), and &( T) regret and ®(' T) violation for (3) and (4).
We also construct biased estimators of the sub-gradient while solving (2) and (4), which may be of
independent interest for didactic purposes. In addition to the earlier points, responding positively
to (CQ) automatically resolves the gaps G1, G2, G3, G4, and G5. Table 1 compares our theoretical
results with numerous state-of-the-art methods.

Unlike Mdller et al. (2023), we do not require access to a strictly feasible policy. We assume, as
standard, that at least one feasible policy exists, but none of our algorithms need to know which
one. This particular feasibility assumption is almost ubiquitous in the COCO literature (Yi et al.,
2021; 2023).

The rest of this paper is structured as follows: In Section 2, we survey related work on online learning for
MDPs, CMDPs, and constrained online optimization, highlighting both classical results and recent advances.
Section 3 provides the necessary background, including the formal setup of CMDPs, occupancy measures,
and COCO. Section 4 develops our algorithms and theoretical guarantees under known transition dynamics,
analyzing both full and bandit feedback settings. Then, in Section 5, we extend to the more challenging
regime of unknown transitions, again addressing full and bandit feedback. Section 6 presents the results of
experiments we conducted on several toy CMDP instances to empirically validate the derived theoretical
bounds. A brief yet insightful discussion on the optimality of our derived bounds is in Section 7. Finally, in
Section 8, we state the concluding remarks.

2 Related Works

We categorize the prior works into three groups. First, we survey some notable works that have applied
online learning to traditional MDPs over the years. Secondly, we discuss related work on online learning
in CMDPs. Lastly, we brie y examined several critical works on the classical online learning problem with
constraints (Cesa-Bianchi & Lugosi, 2006).

Online Learning in MDPs: The UCRLalgorithm (Jaksch et al., 2010) is one of the seminal works in this
domain that proved (" T) regret for undiscounted MDPs. Neu et al. (2010) showed @(T272) bound on the
regret for undiscounted MDPs where an oblivious adversary ckrp:ie the loss function. The work of Rosenberg
& Mansour (2019b) used entropic regularization to establish@('" T) regret of episodic MDPs with unknown
transitions, adversarial losses, and full feedback. An identical setting with bandit feedback has been dealt
with by Rosenberg & Mansour (2019a) with &(T34) regret. Interestingly enough, the elegantUOB-REPS
algorithm (Jin et al., 2020) was the rst to achieve @(' T) regret upper bound in the same problem setup
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Figure 1: A brief taxonomy of online learning in CMDPs as discussed in Section 2.
[Germano et al. (2023) ]

[Muuer et al. (2023) ]

['V'U”er et al. (2024) ] [Ghosh et al. (2022)] [Wei et al. (2023)]

[Efroni et al. (2020) ] [Liu et al. (2021) ]
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{ LEGEND: KT = Known Transition; UT = Unknown Transition; FF = Full Feedback; BF = Bandit Feedback; }

AL = Adversarial Loss; AC = Adversarial Constraint; SL = Stochastic Loss; SC = Stochastic Constraint;
Slater = Using Slater's condition; SFP = Access to a strictly feasible policy; MF = Model Free; MB = Model Based;

as of Rosenberg & Mansour (2019a). Lee et al. (2020) obtained data-dependent high probabilit@(p T)
regret bounds with an adaptive adversary and bandit feedback. It used standard unbiased estimators and
a simple learning rate schedule. Furthermore, works such as Bacchiocchi et al. (2024) provided o -policy
regret bounds for adversarial MDPs while Maran et al. (2024) studied online con guration of MDPs with
stochastic losses, bandit feedback, and continuous decision spaces. Apart from the bandit feedback, there
also exists the notion ofaggregate bandit feedbackn such feedback, the learner observes only the total loss
across the entire episode, rather than the individual losses at each state-action pair. Lancewicki & Mansour
(2025) were the rst to develop policy optimization algorithms for nite-horizon MDPs with adversarial
losses and aggregate bandit-feedback. The cases of known and unknown transitions were handled, thereby
improving earlier results. The work of Ito et al. (2025) provided the rst best-of-both-worldsalgorithm under
the nite-horizon MDP setting with aggregate bandit feedback. For known transitions, the algorithms in Ito

et al. (2025) attained O(log T) regret with stochastic losses andO(' T) regret with advebsarial losses. For
unknown transitions, Ito et al. (2025) employed con dence-based techniques to obtaif®(' T) bounds.

Online Learning in CMDPs: Many works in this area emphasized stochastic losses and constraints. In
the presence of bandit feedback, stochastic losses and constraints, and unknown transitions, Efroni et al.
(2020) employed linear programming and primal-dual methods to tackle exploration-exploitation in episodic
CMDPs. Sublinear regret and cumulative constraint violations were guaranteed. Zheng & Ratli (2020)
concentrated on fully-stochastic episodic CMDPs, under bandit feedback and known transitions, achieving
®(T3*) regret. At the same time, its violation was shown to be below a threshold with a given probability.
The seminal work of Bai et al. (2023) provided sublinear regret in the presence of peak stochastic constraints,
unknown transitions, and deterministic rewards.

Focusing only on stochastic losses, numerous works (Liu et al., 2021; Muller et al., 2024; Stradi et al., 2025a)
obtain sublinear bounds for hard violations of stochastic constraints. Various model-free (Ghosh et al., 2022;
Wei et al., 2023) and model-based (Ding et al., 2021; Chen et al., 2022) works have also studied soft violation
in CMDPs. Also, the work of Stradi et al. (2024b) gave bounds for soft constraint violations, but the losses
were adversarial. With a reliance on the Slater's slackness parameter, Stradi et al. (2025a) dealt with hard
constraint violation for the stochastic loss and constraints. The best-of-both-worlds regret and violation were
established in Germano et al. (2023), where the loss and constraints could be both stochastic and adversarial.
Although the results of Ding & Lavaei (2023); Wei et al. (2023), and Stradi et al. (2024c) do not work for
adversarial losses, they establish regret and violation guarantees by considering non-stationary losses and
constraints. Additionally, these works assume bounds on the variances of the loss and consjraints. Very
recently, the OMDP&Igorithm (Zhu et al., 2025) tackled adversarial constraints and obtained®(" T) regret
and @( T) violation without Slater's condition. Given access to a strictly feasible policy and stochastic
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losses and constraints, Miiller et al. (2023) utilized an augmented Lagrangian approach to obtain an optimal
hard violation. Figure 1 contains a schematic categorization of the works as mentioned above.

Online Learning with Constraints: Liakopoulos et al. (2019) examined adversarially chosen long-term
budget constraints. However, their regret was de ned with respect to a comparator satisfying the budget over
a xed window. Castiglioni et al. (2022a) and Castiglioni et al. (2022b) supplied the rst best-of-both-worlds
algorithm with long-term constraints. Hard constraint violations have also been studied in simple stochastic
settings (Pacchiano et al., 2021; Bernasconi et al., 2022), in Online Convex Optimization (OCO) (Guo et al.,
2022b), and in Constrained OCO (COCO) (Sinha & Vaze, 2024). Also, Sinha & Vaze (2024) rst sfpvled
that it is possg)ble to design an online policy in COCO without extra assumptions that achievesO(" T)
regret and @(' T) violation. The recent work of Lekeufack & Jordan (2024) considered a setup in which
the loss predictions and the constraints are accessible. By uBIizing the tools fr Sinha & Vaze (2024),
they (Lekeufack & Jordan, 2024) slightly improved upon the O(' T) regret and (' T) violation bounds.

3 Preliminaries

Forany n 2 N-g and z 2 R, we de ne the notations [n] f 1;2;:::;ng, [n] * f O;1:::;n 1g, and (2)*
(or z*) max(0;z). We use the notationk k to denote the L2-norm throughout the document. Also, unless
mentioned otherwise, we denote by r the sub-gradient of an arbitrary convex function r.

3.1 Constrained Markov Decision Process

A nite episodic Constrained Markov Decision Process (CMDP) (Altman, 1999), is de ned as the tuple
M = (T;H;S;A;P;f g, ;fagl; ), where: T is the total number of episodes;H is the length of each
episode;S and A are a nite state and action space with j[Sj = Sand jAj = A;P:S A S! [0; 1]
is a transition probability function; f*;gl.; and fe,gl., are the sequence of loss and constraint vectors
respectively. For a xed t and for all h 2 [H] %, the vector *y 2 [0;1]° A H constitutes of the loss
“th S Al [0;1], suered by the learner for playing action a 2 A in state s 2 S at the h-th step in the
t-th episode. Similarly, for a xed t and for all h 2 [H] 1, the componentsc., : S A! [ 1;1] of the vector
¢ 2[ 1,1]° A H encode the cost of the constraint incurred by the learner on taking actiona 2 A in state

s 2 S. Note that for each state-action pair, multiple constraints can be replaced by a single constraint, which
is the point-wise maximum of the given constraints. Therefore, in this work, we assume that the learner is
presented with only one constraint. The loss values:., (s; @) are con ned to [0; 1] for normalization, which is
standard in the literature (Jin et al., 2020; Stradi et al., 2024a). The constraint costsc:y, (S; @), however, are
allowed to range over[ 1;1]. A negative value indicates that the chosen action at states not only satis es
the constraint but does so with a margin, i.e., a slack . In contrast, a positive value represents an actual
violation. This signed representation is natural in constrained problems (Guo et al., 2022b; Yi et al., 2021,
Sinha & Vaze, 2024) because it allows the learner to distinguish between safe choices (negative or zero cost)
and unsafe ones (positive cost). Without loss of generality, we consideM to be loop-free i.e., we assume

are the initial and terminal states, respectively. For all s 2Sy, when playing action a in state s, P( j s;a)
is the distribution of the next state. We assume that P(s®j s;a) 6 0 only whens 2 S, and s°2 Sy, for
someh <H .

Online learning in CMDPs with adversarial losses and constraints is conducted ovell episodes, each con-

sisting of H steps. In each episodé 2 [T], the learner chooses a stochastic policy; : S A! [0; 1], where
t(aj s) is the probability of selecting the action a 2 A in the state s 2 S. The adversary also selects the

loss vector*; and the constraint vector ¢, at the beginning of an episodet 2 [T]. Starting from sq, the

learner executes ; for H steps and observes the trajectory (Sh;an; th (Sh;an); Ceh (Sh;an)) ::01 (where
the action ay t( j sn), and the next state sp+1 P ( j sh;an)) before reachingsy . It is only when the
t-th episode ends that the adversary reveals; and ¢, to the learner, either in full or bandit feedback. In
the full-feedback case, the loss and constraint costs for each state-action pair are disclosed to the learner. In

1For example, if the constraint limits a certain risk to be at most 0:1, a constraint cost of  0:05 means the incurred risk is
only 0:05, leaving a slack of 0:05.
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Algorithm 1 Interaction between the learner and the CMDP

The learner chooses a policy; : S A!  [0;1].
The adversary decides the loss and constraint vectors, i.e:; and ¢;.
The learner starts from the xed initial state sg.
for h=0;:::;H 1do
The learner plays the action ay, t( jsn)-
A new state sh.1 P ( j sh;an) is reached.
The learner observes the new states,+1 .
end for
The adversary reveals’; and ¢; to the learner in full or bandit feedback.
end for

contrast, for bandit feedback, the loss and constraint costs for only the observed state-action pairs (in a tra-
jectory) are revealed to the learner. We consider an episodic setting in which the policy remains xed within
each episode and is updated only at the end. Algorithm 1 formally describes how the learner communicates
with the CMDP.

This work studies the case where both losses and constraints are adversarially chosen. It is very important
to analyze adversarial settings because they naturally arise in many settings. For example, a routing agent
minimizes latency (i.e., a form of loss) subject to bandwidth constraints. An adversary (e.g., network
congestion) can dynamically spike latency or throttle bandwidth. Again, consider an online advertising
auction in which a bidder aims to maximize clicks (i.e., minimize loss) while staying within a daily budget
(i.e., a constraint). Competing bidders may adapt their bids in response to the learner's behavior, e ectively
making the cost per click and the remaining budget unpredictable and adversarial.

For an episodet 2 [T], a policy ¢, and a loss vector'; 2 [0;1]° A ", we call the episodic lossthe expected
total loss of the learner in that episode. It is de ned as:
"lj( . #
V (so; ') = E ‘th(sn;an) @  «(jsn);shea P (jsnian) ; 1)
h=0

where the learner starts from the initial state sg and follows ; subsequently. It is clear from the de nition
above that V t(sy;t) = 0. The episodic loss can be generalized to start from any state, with an arbitrary
loss vector™, and following afterwards as:V (s;”) = Ea (js) Q (s;&") , whereQ (s;a;") = “(s;a) +
lsss, Esop (jsa) V (s%7) (where *(s;a) is a component of the vector®) is the Bellman equation denoting
the expected loss starting froms, taking action a, and following afterward. Similar to the episodic loss
V t(sp;"t), we dene V t(sg;¢) for computing the expected violation of the constraints in an episode as:

K1 #

V “(so;&) = E Cth(Sh;an) an t(JSn)iSher P (]Snian) : ()
h=0

We term V t(sp;¢t) as the episodic constraint violation which can also be generalized to start from any state
s, with an arbitrary constraint vector ¢, and following afterwards as: V (s;c) = E; (js) Q (s;a¢0) ,
where the Bellman equationQ (s;a;¢) = ¢(s;a)+ lses, Esop (jsa) V (s%c) (wherec(s;a) is a component
of the vector ¢) denotes the expected constraint violations starting froms, taking action a, and following

afterward. For a known transition function P, the expectations in Eqn. 1 and Eqgn. 2 will only be taken
on the randomness in sampling the actions. One could simply write/ t(*;) and V t(¢;) when the starting
state is clear from the context.

P
Let us assume ? 2 argmin , ';1 V t(sp; ) to be an optimal policy in hindsight that satis es the

constraints over the episodes, i.e., tT=1 (v ?(so;ct))" = 0. We denote by the class of all stochastic
policies. The nal objective of the learner is to learn a policy that jointly minimizes the expected regret and
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the expected cumulative constraint violation over all the episodes:

"xT 4
ERr =E V (so;"t) V "(s0;"1); and 3)
t=1 t=1
" # 0" #
)@— +
EZr =E max O;V t(sp;&) =E V t(sp;&) - 4)
t=1 t=1

In the bandit feedback setting, the expectations in the above equations are taken with respect to the random-
ness in the choice of ; at the beginning of each episode. In the full feedback case, there is no stochasticity
in the policy, so expectations do not appear in Eqn. 3 and Eqgn. 4.

3.2 Occupancy Measures

It is well known that any policy  and a transition probability function P induce an occupancy measure

P S Al [0;1] (Altman, 1999; Rosenberg & Mansour, 2019b), where P* (s;a) is the probability of
visiting the state-action pair (s;a) when the learner starts from the initial state and acts according to
Consider the following de nition, which formalizes the notion of occupancy measures.

De nition 1 (Occupancy Measure) For everys 2 S anda 2 A the occupancy measure®: :S Al [0;1]
induced by a policy and a transition function P is the probability of visiting the pair (s;a) when the agent
begins fromsy and then follows in an episode. Therefore, the probability of visiting a states 2 S in an
episode will be:

P; X P
(9) = * (s;a): ®)
a2A
From now on, we omit writing P in P for simplicity (unless absolutely required). Let = f | 2 g

be the set of all valid occupancy measures From the work of Luo et al. (2021), we have an alternative
characterization for  that is widely used in the literature, and it is elucidated in the following de nition.

De nition 2  (Valid Occupancy Measures) We have the following equivalent de nition of :
( X X )
2[01F A H  (s0)=1; (9= (s;a)P(s’js;a);8s°2 Sy and8h 2 [H] 1 @ (6)
s2Sh a2A

Any 2  corresponds to the occupancy measure induced by the policy with (ajs)= %5, ie,

(ajs)/! (s;a). ltis evident from Eqn. 1 and Eqn. 2that V t(sp; t) andV t(Sp;€;) are non-convex in .
It is important to note that t, *t, and ¢; are vectors of dimensionS A H. Thus, being equipped with
De nition 1, the episodic loss V t(sp; *t) and the episodic constraint violation V t(sp;¢;) can be re-written
ash t;%i and h t;ci respectively, thereby, makingV t(sg; t) and V t(sp;¢) linear in the occupancy
measure t. Consequently, the expected regret in Eqn. 3 and the expected cumulative constraint violation
in Eqn. 4 can be equivalently expressed as:

" #
X 2
ERT =E h ;i ; and @)
t=1
" # " #
X
EZy =E max O;h ';¢i =E h tqit (8)
t=1 t=1

As before, the expectations in Eqn. 7 and Eqgn. 8 will not be present in the full feedback case. From now
on, we will employ the shorthand ; and 7 instead of t and ’ respectively. Also, note that Eqn. 8
and Eqn. 4 naturally encapsulate the notion ofhard constraint violation. It is worth noting that we focus
on achieving sublinear hard constraint violation and not on providing high-probability per-trajectory safety

guarantees.
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3.3 Constrained Online Convex Optimization

Online Convex Optimization (OCO) (Hazan, 2016; Orabona, 2025) provides a valuable arsenal for tackling
online decision-making problems. The framework of Constrained Online Convex Optimization (COCO) (Guo

et al., 2022a; Sinha & Vaze, 2024) generalizes OCO by modeling a round-based game between an online policy
and an adversary. At each roundt 2 [T], the online policy selects an actionx; 2 X , where X is called the
admissible set Then, a convex cost function ; : X ! R and a convex constraint function { : X ! R are
chosen by the adversary. To be speci ¢, on playing the actiorx;, the online policy su ers a cost (x;) and

a constraint violation (x;).

Let X? be the set of all admissible actions satisfying the constraint on every round, i.e.X” = fx 2 X j
t(x) 0;8t 1g. The set X? is called the feasible setin the standard COCO literature. The end goal
of any COCO problem is to build an online policy that jointly minimizes regret and cumulative constraint
violation, which are de ned as:

X X ,
Regret; = t(Xt)  inf t(x"); and 9)
t=1 XX T
X
CCVt = max 0; ¢(X;) = NCOME (10)
t=1 t=1

We state three standard assumptions prevalent in the COCO literature (Yi et al., 2021; Guo et al., 2022a; Yi
etal., 2023). The rst one, i.e., Assumption 1, is on the convexity of the admissible seX , while Assumption 2
describes the Lipschitz continuity of f (g]_;, and f g/, . The direct implication of this assumption is that
the L?-normof fr g/, andfr g, is uniformly upper bounded by the Lipschitz constant. Assumption 3
states that the feasible setX ? is non-empty.

Assumption 1  (Convexity). The admissible setX  RY is closed and convex and has a nite Euclidean
diameter of D. For all t 2 [T], the cost functionsf (gl., and the constraint functions f ;g/_, are convex.

Assumption 2 (Lipschitzness). All the costsf g/, and constraints f g/, are L-Lipschitz. Thus, for
all a;b2 X and for everyt 2 [T], we have:

i@ b L ka bkiji(@ (i L ka bk (11)

Assumption 3  (Feasibility) . The feasible set is non-empty, i.e.X’ 6 ;, as there always exists arx” 2 X
for which (x?) 0, for all t 2 [T].

It is essential to recognize that the objective in COCO and in online learning in CMDPs is the same:
minimizing regret and cumulative constraint violation. This fact enables the solution of CMDPs using
COCO algorithms after appropriate reductions. Inspired by Sinha & Vaze (2024), we utilize a Lyapunov
potential function to regulate the growth of violations and construct a surrogate loss by linearly combining
an upper bound on the change of the Lyapunov function with the cost function.

3.4 Reduction from CMDP to COCO - a simple toy example

We provide a toy example to illustrate the reduction that is central in the upcoming sections. Let us consider
aCMDP G=(T;H;S;A;P;f g, ;fegl.; ) with jSj= S, jAj = A, and with horizon length of two, i.e., let
H =2. Assume §1at the transnyn flgwctlon Pis lfnown SinceGis loop-free, the nite state spaceS can be
writtenas: S= | ,Sh=S S1 S andS¢ S =; for k 6 |. By the de nition given in Section 3.1,
the rst and last layer only contain the xed initial and termlnal state respectively, i.e., Sy = fsgg and
S, = fs,0. Let the intermediate state layer be S; = fx;yg and the nite action space be A = f0; 1g. In this
case, the occupancy vector is:

=[ o(s0;0); o(so;1); 1(x;0); 1(x;1); 1(y;0); 1(y;1): (12)

Moreover, the valid set  will contain any 2 [0;1F° A " satisfying the following constraints:
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Figure 2: Schematic to illustrate the CMDP-COCO reduction. Each CMDP episodet corresponds to one
COCO round. The occupancy measure ; maps to the decision variablex; in the admissible setX, which
equals . The vectors™; and¢; help to de ne the linear cost function  and constraint function  in COCO.

t-th Episode of CMDP t-th Round of COCO

: _ v
@ t@s)/ (s;a) )@ X
__________________________________________________ )
S o =yt
Xt \\\\\\\\\\ - ———: ‘Y;(“\ \\
t; et PO e B e I =
t(Xt = b(t,'ct,' i) X \t ————Xt Y \(X)

LEGEND: Solid arrows := CMDP/COCO internal relations; Dashed arrows := Reduction mapping
:= Valid Occupancy Measures;X := COCO Admissible Set

1. Forh=0: o(sSo;0)+ o(so;1)=1.
P .
2. Forh=1:8°2fxyg, 1(s%0)+ 1(s%1)= _,n o(S0;@)P(s°] So;a).

Any  satisfying the above constraints is realizable by the policy: (aj s) = P _n(53) - \whenever

a0 n(sa%’
20 h(s;@%) > 0. For episodet 2 [T], with losses ¢ (s; @) and constraints cp (s; @), we have the following
de nitions for the cost function ; and the constraint function :

X

t( )= h(s;d) “th(s;a); and (13)
(s>;é=1;h)

()= h(s; @) Cyn (s;a); (14)
(s;ah)

which are linear (and hence convex) in . Thus, one CMDP episode is equivalent to one round in the COCO
problem with the decision { 2 . Figure 2 depicts the general mapping of the CMDP's elements to their
counterparts in a COCO round. The left side shows a CMDP episode with policy ;, occupancy measure

¢, loss vector *y, and constraint vector ¢;. The right side shows a COCO round with decision variable
Xt, admissible setX, cost function ¢, and constraint function ;. The set of valid occupancy measures
in CMDP exactly corresponds to the COCO admissible setX, while the loss and constraint functions are
linearly de ned by *; and ¢;. The solid arrows indicate internal relationships within each framework, while
the dashed arrows indicate the mapping. The violet-dashed arrows show that the CMDP's linearity in
directly corresponds to COCQO's ; and ;.

4 Known Transition Function

When the transition function P is known for the CMDP M , there is no model uncertainty regardingP, but
there will be randomness linked with the next-state sh+1 in an episodet 2 [T]. Throughout this section,
we will use Eqn. 15 and Eqgn. 16 as the de nition of the episodic loss and episodic constraint violation,

10
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respectively, as written below:

llIX l #
V '(so;t) = E “th (Sh;an) an t( JSn)iSh+r P (] Sn;an) ; and (15)
., h=0 4
5( 1
V i(sp;¢) = E Ceh (Sh;an) an  t( jSn)ish+sr P (jShian) : (16)
h=0

4.1 Full Feedback and Known Transition

In addition to the transition function being known, the entire loss vector *; and the constraint vector ¢, are
revealed to the learner at the end of an episode. Consequently, the regr&+y and the cumulative constraint
violation Zt to be minimized in this scenario are given as:

)@- ?

Ry = h ¢ “*4i; and a7
t=1

Zt = hycit: (18)
t=1

Owing to the above de nitions, our optimization problem is to nd an occupancy measure in the space of
all valid occupancy measures, i.e., 2 for all t 2 [T]. We will jointly minimize Eqn. 17 and Eqgn. 18 by
mapping our problem to a corresponding instance of the COCO problem. As already described in Section 3.3,
COCO proceeds as a game of rounds between an online policy and an adversary. Clearly, one COCO
round corresponds to one episode of lengthl in the CMDP. For every t 2 [T], we de ne the cost function

+ . ! Rand constraint function : ! R as:

d( 1
t( )= t(Snh;an) “gh(sn;an) = hy;¢d; and (19)
t( )= t(Sh;@nh) Ceh(Sn;an) = h¢ i (20)
h=0

It is clear from Egn. 19 and Eqn. 20 that ; and  are linear in  (thus, convex). Hence, ; and ; are
indeed Lipschitz continuous with respect to ;. The gradients of {( ;) and {( t) arepr ¢(¢)= "¢ and
r ¢( {)= . Itis easy to see that the maximumL?-norm of *y and ¢; are k™ (k = kg k SHA. Therefore,
the upper bound on the \@Iue of the Lipschitz constantL for Eqn. 19 and Eqn. 20 directly follows from the
gradient norms, i.e., L SHA.

De nition 2 necessitates that  should be a simple polytope withO(S)-many linear constraints, implying

is closed and convex. Since [0;1]° A ", the largest possible Euclidean distance betweenp@my two points
1, » 2 s the diagonal distance of the hypercubg0; 1> A ", which is simply,equal to~ S A H.

Therefore, we have the Euclidean diameter of as: D =sup ., , Kk k="S A H= SHA.

At this juncture, we can now de ne the regret and the cumulative constraint violation of the corresponding

COCO problem as follows:

X X ,
Regret; = t( t) «( %); and (22)
t=1 t=1
CCVt = ()" (22)
t=1
In each episodet 2 [T], we perform the scaling: e; I (& 1'(¢)*, where! > 0. The scaled cost

function e; and the scaled constraint function g, are both !L -Lipschitz forallt 1. Let' :R* ! R* be

11
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Algorithm 2 Full AdaGrad with Known Transition (FAG-K)

Require: L, D, Euclidean projection operator () on

Set the parameters! = 545, = #—, and choose () =exp( ) 1;8 1

Intialize 12  arbitrarily (e.g., uniformly) and set ¢ =0.

Extract the policy  suchthat ((ajs)/ (s;a),8(s;a)2S A .
The adversary decides’; and ¢;.
for h=0;:::;H 1do

The learner plays ay t( jsn).
The learner reaches new states,,; P ( j sp;an) and observessy.; .
end for

The adversary reveals’; and ¢; in full feedback.

Dene ()= h¢y i, and (1) = heci.

Computee; ! ¢,ande ! ().

Compute (= { 1+ e(¢)andb(¢)=¢e( )+ " A el ).
According to Eqn. 25, compute the sub—gradiengr t =1 be( ).

Update v = (¢ (), where (= G422

2 G
=1

end for
return T and 7.

any non-decreasing, di erentiable, and convex Lyapunov function such that' (0) = 0. Also, let ; be the
cumulative constraint violation for the scaled constraint function till the t-th episode, where; =  1+e( ),
t 1 (with o=0). It follows from the convexity of ' ():

(e (O A 03 () e A0 )
=) () (1) A oed ) (23)

It is important to note that the scaling factor ! = ﬁ is introduced to normalize the Lipschitz constants

and the diameter of the decision set . Specically, L is the Lipschitz constant of ; and {, and D is the
Euclidean diameter of . Scaling by! ensures that the gradients ofe; and e, have norm at most!L %,
which simpli es the regret analysis. From the stochastic drift-plus-penalty framework of Neely (2010), we
de ne the surrogate loss as (taking the penalty to bel):

be( 0)=e( )+ el 8t 1L (24)

The surrogate loss combines the scaled cost; with a penalty term ' 9 ()e. The term ' Y ;) acts as an
adaptive weight on the constraint violation: if cumulative violations . are large," U ;) increases, thereby pe-
nalizing violations more heavily in the surrogate loss. This mechanism helps control the growth of constraint
violations over time. By minimizing the surrogate loss by, the algorithm implicitly balances cost minimization
and constraint satisfaction, yielding simultaneous sublinear regret and sublinear hard constraint violation.

The subgradient of b is computed as follows:

re=rb( )= E e()+r Yoe()=rh i+ L orh looi®

P+ Qo if g logi > 0;

=) r =
)T N if hy;logi O

(25)

We can upper boundkr (k as:

kr ck=kr b( k= kr eq( gk+" A )kre( )k L 1+ %) : (26)

12
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Algorithm 3  Online AdaGrad policy with adaptive step-sizes

Require: A closed convex setY with Euclidean diameter D, positive step sized g/_, , convex cost functions
f g/, , projection operator Py ().
Sety; 2Y arbitrarily.

Executey; and observe ;.
Su er a cost of ((yi).
Compute sub-gradientr ¢ r  ¢(yi).
Update yi+1 = Py (Yt I t).
end for

By the feasibility condition, we have ( ?) 0 (for all 1), which implies that e ( ?) = 0. Consequently,
the following observation is easily made:

b()=e()+" % )e(?
=) b(N=e(7)8 &L (27)

For any 1, using Eqn. 27 and Eqn. 24 in Eqgn. 23, we have:
() T ) A )e()

9 ) o s
= ") "C 1) b(C) e()
=) () "( 1) b(?» b() e() b(?)
=) () " D+e( ) b(H b() b(7)
Summing the above inequality for 1 t and using' (0) =0, we get:
Xt Xt .. X ,
() " D+t e ) e() b() b()
=1 =1 =1
=) (O +Regret,( ?) Regref( *); (28)

whereRegret, on the LHS and Regref on the RHS of Eqn. 28 refer to the regret for learning the pre-processed
cost functionsf e;g; ;1 and the surrogate loss functionsf byg: 1 respectively.

We utilize the online AdaGradpolicy (Zinkevich, 2003) with adaptive step sizes (Duchi et al., 2011) as a sub-
routine, described in Algorithm 3, to minimize the surrogate regret Regrel?( ?). Let us recall an important
theorem below (given as Theorem 1) from Orabona (2025) and Duchi et al. (2011) that gives the adaptive
regret bound attained by the online AdaGrad policy.

Theorem %.7 Given a sequence of convex cost functiorfs g/_; , the adaptive step size schedule for atl 1.
t= Gp—22_— (D is the diameter of Y), and kr (k. Hence, the regret of Algorithm 3 is given by:
2 bk K2

=1

poBX
Regret; 2D kr ¢k*: (29)
t=1

o<

We name our algorithm in this scenario asFull A daGrad with K nown Transition (FAG-K, and it is formally
presented in Algorithm 2. Using Eqn. 29 from Theorem 1, we can upper bound the surrogate regret as (see
Appendix A.1 for the detailed calculation):

Regref( °) 2DIL IOf(1+ REE (30)

13
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Putting ! = ﬁ, choosing' ({)=exp( () 1;8t 1, and substituting Egn. 30 into the regret decompo-
sition inequality of Egn. 28, we have:
' () +Regret,( ?) Regref( ?)
=) exp( {) 1l+Regret(’) 2DIL pf(1+ exp( 1))
=) Regret( ) 2DIL pf(1+ exp( ¢)+1 exp( 1)
=) Regrey( ) i+ Dtexp( )+l exp( 1)
=) Regret( ) exp( 1) pf 1+ IOf+1: (31)

Setting any pl? forallt 1, the term exp( ) pf 1 in the above inequality, becomes non-positive
for any t 2 [T]. Therefore, we obtain the following upper bound onRegret,( ?) for all t 2 [T]:

Regret ( ?) pf+ 1: (32)
P
Owing to the functions fe;g; 1 being ﬁ—Lipschitz, it is easy to realize that Regret ( ?) = tzl e ()
e (7 L. Foranyt2[T]and < p=, we write this lower bound along with Eqn. 31 to get:
exp( 1) pf 1 +pf+1 %
=) exp( ) 1 pf pf+1+té
p-_
p- 2 t+2+2t
) e )1 Tt S
5 exp( ) Pieo+2t
PLY 5P
1 2pf+2+2t
:) t =In =
21 t
p_— p_—
=) 1 2 TIn 2 T+2+2T ; (33)

where the last line is obtained by setting = ?L? By multiplying ,1 to Egn. 32 and Eqn. 33, we get the
bounds for Egn. 21 and Eqn. 22. It is straightforward to realize that minimizing Eqn. 21 and Egn. 22 is
equivalent to minimizing Eqn. 17 and Eqn. 18. Therefore, we formally state the bounds on Eqn. 17 and
Eqgn. 18 in the theorem below.

Theorem 2. Having! = 55, L pm, D = pSHiA, "(r)=exp( 1) 1, = =, with adversarial
loss and constraints, under full feedback, and known transition, the regret and cumulative constraint violation
(hard) of FAG-K(in Algorithm 2) is bounded, 8t 2 [T] as:

_ p_ p_
R: 2SHA pt+1 andZt 4SHA Tin 2 T+2+2T : (34)

For all the upcoming sections and subsections and for ali 1, the de nitions of the cost function ¢, the
constraint function ¢, and the surrogate function b; will be the same as those of Eqn. 19, Eqgn. 20, and
Eqn. 24 respectively. As a result, the regret decomposition inequality in Eqn. 28 will remain unchanged for
all cases and will come in handy in every situation. The onlineAdaGradpolicy (as in Algorithm 3) with
suitably tailored sub-gradient vectors is used to minimize the surrogate regret in the subsequent cases.

4.2 Bandit Feedback and Known Transition

Here, in this subsection, the loss and constraint costs for only the observed state-action pairs (i.e., only the
corresponding entries of ; and ¢;) are revealed to the learner at the end of an episode. The expected regret

14
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E[R 1] and the expected cumulative constraint violation E[Zt] to be minimized in this case are:

" #
>J ?

ERT =E h ¢ i and (35)
. t=1 #

EZy =E hoci™ (36)
t=1

The learner observes only the values ofl state-action pairs for the vectors™; and ¢;. We employ the widely
popular technique ofimplicit exploration (Kocak et al., 2014; Neu, 2015), i.e., a small value is added to the
importance weight, to construct biased estimators8t 2 [T] and 8h 2 [H] *:

“th (s @)

iy = Gn(s;a)
(s:a)+ t1t(s,a), and b (s;@) = —————

h(s;@)= 1(s; a); 37
B (s:2) sar uEd (37)
where > 0 is an appropriately chosen parameter (to be xed later) and 1;(s;a) is 1 if (s;a) is visited
during episodet and O otherwise. The estimated loss and constraint-cost vectors are respectively de ned as
bt and b, having entries of the form t{h and by, forallt2 [Tlandh2 [H] L.

Clearly, bt and b; both have at most H non-zero entries. The term ; enforces a minimal exploration in the
learner, induces a small bias, and ensures that the variance of the estimator remains bounded (Kocék et al.,
2014; Neu, 2015). This trick is essential for keeping the regret and the violation terms under control. We
state two useful lemmas below.

Lemma 1. The estimators de ned in Eqn. 37 satisfy Et[t{h (s;a)] = % i(s;a), Eilbn (s;@)] =
SR (sia), Bl (5192 e and Bl (8587~

Proof. See Appendix A.2. O
Lemma 2. Show that0 ‘“¢n(s;a) Ei[% (s;a)] \‘;h(s(;z;)a) and0 cuh(s;a)  Efbin (S;a)] %
Proof. See Appendix A.3. O

Again, for this subsection, the regret and the cumulative constraint violation (hard) of the equivalent COCO
problem can be naturally de ned as in Eqn. 21 and Eqgn. 22. It is not possible to compute the exact
subgradient of the surrogate loss under bandit feedback, unlike in the full feedback case. However, we can
de ne a biased estimate of the true sub-gradientr ; (as given in Eqn. 25) of the surrogate loss as follows:

Ibtz(:gtf'o(t)!da; G >0 38)

15 ifG O

whereG = P E:Ol C:h (Sh; an) is the observed constraint violation in the t-th episode. Leth denote the bias

Bector for |bt given as:b = Et[rbt] r (. We can upper bound theL?-norm ofby as: kbhk 'L +!" 9 ) L+
H=  (see Appendix A.4 for detailed calculations). Additionally, it is easy to see that the upper bound

on the L2-norm of P is: 0, i) 1+"' 9 ,) . By the triangle inequality for norms:

t

EP] k bk+krk L+ 9 L+ P h= CFIL 1+ ) (39)

Our proposed algorithm for this section, Bandit A daGrad with K nown Transition (BAG-K, is described in
Algorithm 4. We will use ©; (as given by Eqn. 38) in the online AdaGradpolicy (described in Algorithm 3)
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Algorithm 4 Bandit AdaGrad with Known Transition (BAG-K)
Require: L, D, Euclidean projection operator () on
Set the parameters! = -1-, = ?9%;—%[))2, (=1 H,andchoose (()=exp( () 1,8 1.
Intialize 12 arbitrarily (e.g., uniformly) and set ¢ =
fort=1;:::;T do
Extract the policy  suchthat ((ajs)/ ((s;a),8(s;a)2S A .
The adversary decides’; and ¢;.

SetG O
for h=0;:::;H 1do
The learner plays ay t( jsn).
The learner reaches new states,,; P ( j sp;an) and observessy.; .
end for
The adversary ﬁeveals‘t and ¢; in bandit feedback.
Compute G = Ezol Cch (Sh; an) for the observed state-action pairs.
Dene ()= hyii,and ()= heed.
Computee; ! ,ande ! ().

Construct estimators t{;h (s;a@) and by, (s; @) according to Egn. 37.
Compute (= ¢ 1+ &(¢)andbi( )= e( )+ A o)el 1)
Compute ©; by Eqn. 38. .

Update s1 = (¢ Py), where { = Aﬁm:f

2 ‘b
end for
return T and T.
for minimizing the surrogate regret Regrel{)( ?). By the convexity of b , (for all 1), the surrogate regret

Regret?( ?) could be decomposed as:

? )<t ?
Regre( )= b () b(?

=1

Xt
h 7
=1
Xt Xt
= h ZEPJi+ h r E[P i
=1 =1
= h ZEP i+ h 2 b
=1 =1
z iy { z—JF—{
Xt Xt
= h ZE [P i h Zbi; (40)
=1 =1

where T, is simply the regret from Eqn. 29, with E [P ] being used instead okr k, and T is the bias
term. The computations for upper bounding T; and T,, are deferred to Appendix A.5.

Setting  =! P H forall t 1, and from Eqn. 75 and Eqn. 76 of Appendix A.5, we have:

Pst Pz

SR R LR

Regref( ?) E

5 %0 DUty @
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Choosing' () = exp( ¢) 1,8t 1, and putting Eqn. 41 into the regret decompaosition inequality of
Eqn. 28, we observe:

—~

) +Regret,( ?) Regret( ?)
P—- P—

=) exp( ) 1+Regret,( ?) pﬁ exp( )+ %+ ;Z+Dpﬁ exp( )
t t
5 3 exp( ¢) Dt exp( )

=) Regey(?) IZ exp( )+ D Ix exp( ) 5 exp( )

| ¢ jm—
6t 12t
Dt exp( ) exp( ¢)+1+ > + > 5
5 p_— pP— t
=) Regret( 7)) exp( ) 12+ D 12 Dt 1
p P
6t 12t
e (42)
Let k(t)= = 12t+ b’ 1 Y Dt be a function for anyt 1. The maximum of k(t) occurs att = 3+ D)’

T (O+3?
and the maximum value isk(t ) = M)f We express Eqn. 42 asRegret ( 7) exp( ¢)(k(t) 1)+1+

% + 12‘ . With = 3(?+7D)2 forallt 1,theterm k(t) 1 0,so:exp( ¢)(k(t) 1) 0. Therefore,

by choosmg any 3(?+7D)2, we can bound the regret as:

P_— P

Regret( ?) 1+ %+ %; 8t 2 [T]: (43)
Foranyt2 [T],any < 3(iimz,and utilizing the fact that Regret,( ?) %along with Eqn. 42 we obtain
an upper bound on :
P Pz« t
exp( )(k(t) 1)+1+ t+— 3
2 2 2 2
P& P
5 exp( ) k(M) 1+ 5+ —
P P
=) exp( ) 1—k(t)
1 1+ th -+ v
=) ¢+ -—In P=— 2
1 12t + D 12 L Dt
P— 2 Per , Poar
1+ 2+
5 . SIUEDR TSt (44)
2D +1 1 i

T

where the last line is obtained by setting = m We multiply L to Eqn. 43 and Eqn. 44 to obtain

the bounds for Eqn. 21 and Egn. 22. In this scenario, minimizing Eqn. 21 and Eqn. 22 leads to an upper
bound of Eqgn. 35 and Eqn. 36, and we formalize the nal bounds in the following theorem.

Theorem 3. Having! = 4, L pSHA, D= pSHA, "(t)=exp( 1) 1, = m with
adversarial loss and constraints, under bandit feedback, and known transition, the expected regret and expected

cumulative constraint violation (hard) of BAG-K(in Algorithm 4) is bounded, 8t 2 [T] as:

[ 2
P Pix 12’ TSHA 1+ " SHA 1+ T, oT
E[R] 2SHA 1+ —-+ ;and E[Z pP—— In . (45
Ri] >+ 1] P — (45)

17



Published in Transactions on Machine Learning Research (04/2026)

5 Unknown Transition Function

An unknown transition function for the CMDP M presents two signi cant challenges. Firstly, there would

be a randomness linked with the next-states,+; in an episodet 2 [T]. Therefore, the episodic loss in Egn. 1
and episodic constraint violation in Eqn. 2 would be applicable throughout this section. We re-mention them
below for the sake of convenience:

K1 #
V “(so;’t) = E “th(sn;an) an  ¢(jsn);Sh+r P (Jsn;an) ; and
., h=0 "
I-X 1
V t(sp;¢) = E Ceh (Sh;an) an t( Jsn)ish+er P (]snhian) :
h=0

Secondly, the decision space is not known in advance owing to the unknownP . The occupancy measure of
t, I.e., t, is also unknown. We denote by p, the set of occupancy measures whose induced transition
function belongs to a set of transition functions P;.

To tackle both the aforementioned challenges, we resort to maintaining acon dence set for the unknown
transition function P (Burnetas & Katehakis, 1997) and an epoch-doubling strategy (Jin et al., 2020).
Let Xi(s;a) and Y;(sj s;a) denote the total number of visits made by the algorithm to the pair (s;a)
and the triplet (s;a;s?) before the epochi > 1. For any i and any h 2 [H] 1, if we have X;(sn;an)
maxf 1; 2X; 1(sh;an)g, then we increment the epoch index by 1. We de ne the empirical transition function
for the i-th epoch as:

. Y (s?] s; Q)
(D5 arq) = i .
Pi(s’) s:8) maxf 1; X (s;a)g’ (46)
Forany 2 (0;1), let (s s;a) be given by (Jin et al., 2020):
s
P:(s%i s a)ln SATL 14|n SAL
(%] s;a) =2 (S] sia)in n (47)

maxf 1; X (s; a) 1g+3maxf1;xi(s;a) 1g:

Similarly to Jin et al. (2020), for each triple (s;a;s?, we build a con dence set containing all transitions
with ;(s?] s; a) distance from P;(s%]j s;a) as given below:

n o
Pi= B: B(Pjs;a) Pi(s?js;a)  i(s°js;a); 8(s;a;)2Sy A'S pih=0;::i;H 1@ (48)

It is naturally understood that, for i = 1, P; is the set of all transitions such that p, = . In any episode

t 2 [T], we maintain an occupancy measurely and execute the induced policy ; = b, because ; is
unknown. Again, from Jin et al. (2020), we have: The true transition function P is present in the con dence
setPj, i.e., P 2 P;; 8i, with probability at least 1 4 .

5.1 Full Feedback and Unknown Transition

Because of full feedback, we get to know every component of the vectors and ¢; at the end of an episode.
The regret Rt and the hard violation Z1 to be minimized are respectively given by Eqn. 17 and Eqn. 18.
However, since ; is unknown, we cannot computer ; (as in Eqn. 25) like we did in the full feedback case of
Section 4.1. We slightly tweakr ; from Eqgn. 25 to obtain an estimated sub-gradient ofb;( ) as:

( A . .
Mo+ )leg; if byl > 0

r =
‘ Iy if ho:logi O

(49)

Instead of {, we here useh; for sign determination, which is perfectly doable. The norm ofr ; (as given
in Egn. 49) has the same upper bound as given in Eqn. 26, i.ekr ;k L 1+ 'Y ;) . The algorithm
we propose for this section, named-ull AdaGrad with U nknown Transition (FAG-U), is fully described in
Algorithm 5.
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Algorithm 5 Full AdaGrad with Unknown Transition (FAG-U)

Require: L, D, Euclidean projection operator . () on the decision set p,, 2 (0;1).
Set the parameters! = -, = ﬁ and choose' (;)=exp( ) 1,8 1.
Initialize epoch indexi =1 and set ¢ =0.

Initialize P, to be the set of all transition functions.
for h=0;:::;H 1and8(s;a;s)2Sn, A S 141 do
Initialize counters: Xo(s;a) = X4(s;a) = YQ(SO] s;a) = Yi(s?js;a)=0.
Initialize occupancy measureb, (s;a) =
end for
Initialize policy 1 = b
fort=1;:::;T do
The adversary decides’; and ¢;.
for h=0;:::;H 1do
The Iearner plays an t( Jsh).
The learner reaches new states,.; P ( j Sh;an) and observessy . .
Xi(sh;an)  Xi(sh;an)+1.
Yi(sh+1 JSnian)  Yi(Sh+1 jSnian)+1.
if Xi(sh;an) maxfl;2X; 1(sh;an)gthen
i i+l
Initialize new counters 8(s; a;sY) : Xi(s;a) = X;i 1(s;a);Yi(s?js;a) = Y; 1(s°] s;a).
Update the con dence setP; based on Eqn. 48.
end if
end for
The adversary reveals’; and ¢, in full feedback.
Dene ()= hy ', and ()= hyai.
Computee; ! ,andeg ! ()",
Compute (= ¢ 1+ e&(¢)andbi( )= e( )+ A )el ).
According to Egn. 49, compute the subgradientr L

Update b+ = P, (b tr ¢), where = Jq@:.

2 G
=1

jShJ]AjJS h+t ) ©

Update policy ¢+ = b
end for
return T and 7.

In Lemma 3, we recall a vital lemma from Jin et al. (2020) regarding how the size of the con dence seP;
gets smaller with time. This lemma plays a pivotal role in bounding a key term in the decomposition of the
surrogate regret.

Lemma 3. Given a collection of transition functions fP 3gs2s such thatP? 2 P;,. Here, we usei; to denote

the index of the epoch to which episode belongs. Letn; = (Sh;an; th (Sh;an); Ceh (Sh;an)) : 01 be the
observation of the learner in episodd, and F; be the -algebra generated by the observation®y;:::;n; 1).
Then, with probability at least1 6 , the following holds:
s
X X _ SAT

Piii(s;a)  ((s;a) =0 HS ATIn 22
t=1 s2S;a2A

whereP;, and by are both F;-measurable.

Again, by the convexity of b , (for all 1), we could decompose the surrogate regreRegreﬁ)( ?) as:
AN, | RN G S B
? )<t ? ><t ? ><[
Regret{)( = b() b(?) hb Sroi+ h b;r i; (50)
=1 =1 =1
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where the rst term Reg is bounded by the regret of AdaGrad used with r ; (as given in Eqn. 49), and the
second term Error quanti es the error of using b to approximate ;. The detailed derivation of the upper
bound on Error is in Appendix A.6. We can upper bound Regref( ?) as (see Appendix A.7 for details):

s — !
Regre®( ?) 1+'9,) 2DIL pf+ ILHS At A . (51)
L _ . 1 P P——r _— .
Choosing’ () =exp( ) 1, putting ! = 55, D =" SHA,L SHA, and substituting Eqn. 51 into
the regret decomposition inequality of Eqn. 28, we get:
s I
exp( ) 1+Regret(?) 1+ exp( ;) 2DIL pf+ ILHS At At
s
=) Regret(?) 1+ exp( 1) pf+ #In SAt +1 exp( )
=) Regret( ) 1+k(®)+exp( )(k(t) 1); (52)
B TV TS
where k(t) = P t+ SHtin SAL  For upper bounding Regret( ?) in Eqn. 52, we need to choose such
that the co-e cient of exp( () is non-positive. In other words, we requirek(t) 1 0 =) ﬁ
Therefore, for any less than or equal toﬁ, we can bound the regret as:
s
Regret( ?) 1+ pf+ s%tln SAt 8t 2 [T]: (53)
Choosing any < ﬁ and combining Regret, ( ?) % with Egn. 52, for any t 2 [T], we obtain:
1+ k()+exp( (k@) 1) %
t
=) exp( 9@ k() 1+k®)+ 3
_ 1+k(t)+ 5
=) exp( 1) 1 k@)
1+k(t)+ &
=)t }In TN (k)(t)2
S I
p_
5 . P T SHTIn SAT
4
S I
In 2+2T+pT+ SH7T|n SAT (54)

4

1

SELIn (21-)
Eqgn. 54, we get the bounds for Eqn. 21 and Eqn. 22. In this scenario, minimizing Egn. 21 and Eqgn. 22 leads
to an upper bound of Eqn. 17 and Eqgn. 18, and we formalize the nal bounds ofFAG-Uin the following
theorem.

On multiplying ! *to Egn. 53 and

The last line is obtained by selecting = 2k(lT) = T
+

Theorem 4. Set the parameters! = i, L pSHA, D = " SHA, = g, and choose’ (1) =

exp( 1) 1. Also, we havek(T) = P T+ SHL|n SAL  Under adversarial loss and constraints, with full

feedback, and unknown transition, the regreR+ and cumulative hard violation Z+ of FAG-Uin Algorithm 5)
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Algorithm 6 Bandit AdaGrad with Unknown Transition (BAG-U)

Require: L, D, Euclidean projection operator . () on the decision set p,, 2 (0;1).
Set the parameters! = 55, = sy, t = ! H, and choose' ( {)=exp( () 1,8t 1

Initialize epoch indexi =1 and set ¢ =0.
Initialize P, to be the set of all transition functions.
for h=0;:::;H 1and8(s;a;8)2S, A S 41 do
Initialize counters: Xo(s;a) = X1(s;a) = YO(SO] s;a) = Yi(s?js;a)=0.
Initialize occupancy measureb, (s;a) =
end for
Initialize policy 1 = b
fort=1;:::;T do
The adversary decides; and ¢;.

JSthAJJS he ]’

SetG O
for h=0;:::;H 1do
The learner plays ay t( jsn).

The learner reaches new states,,; P ( j sp;an) and observessy.; .

Xi(sn;an)  Xi(sn;an)+1.

Yi(Sh+1 j Shian)  Yi(Sh+1 jSnian) +1.

Compute u;(sh;an) = COMP-UQRB; sh; an; Pi).

if Xi(sh;an) maxfl;2X; 1(sh;an)gthen
i i+l
Initialize new counters 8(s; a;sY) : Xi(s;a) = X;i 1(s;a);Yi(s?js;a) = Y; 1(s°] s;a).
Update the con dence setP; based on Eqgn. 48.

end if
end for
The adversary ff,eveals + and ¢; in bandit feedback.
Compute G = E -0 Cth (Sn;an) for the observed state-action pairs.
Dene ()= hy i, and (1) = hyci.
Computee; ! ¢,ande ! ().
Construct estimators t{;h (s;a) and by (s; @) according to Eqgn. 57.
Compute (= ¢ 1+ e&(¢)andbi( )= e( )+ A )el ).

Compute ©; by Eqgn. 58. .

Update by = . (b (P), where (= G¢p—22
2 ', b °?
Update policy ¢+ = b*l.
end for

return T and 7.

are bounded,8t 2 [T], with probability at least1 O ( ) as:

s
R: 2SHA 1+pf+ STI SAt ;and
s ! s !
SHT SAT pP_— SHT SAT

P—
Zy 2SHA 2 T+2

In ——  In 2+2T+ T+ TIn —_— : (55)

5.2 Bandit Feedback and Unknown Transition
In this case, the expected regretE[R 1] and the expected hard cumulative constraint violation E[Z1] to

be minimized are respectively given by Eqn. 35 and Eqgn. 36. Due to the unknown occupancy measure,
estimators cannot be constructed using Eqn. 37. Inspired by Jin et al. (2020), we replace;(s; a) with an
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upper occupancy boundgiven by:

ui(s;a) = rgzax. b t(s; a): (56)

P

Thus, we can now have the following estimators:

Ceh (S; @)

“th (S; @)
u(s;a)+

l{h (s;a) = i(sa) + t1t(s;a); and by (s;@) = 1i(s; @); (57)

where > 0is an appropriately chosen parameter (to be xed later) and 1;(s;a) is 1 if (s;a) is visited
during episodet and O otherwise. The estimated loss and constraint-cost vectors are respectively de ned as
bt and by, having entries of the form t{h and by, forallt2 [T]Jandh 2 [H] 1. Clearly, bt and b; both have

at most H non-zero entries. Unlike Egn. 49, we cannot fully compute the sub-gradient. Hence, we resort to
a biased estimate as follows:

(

b 4 b i .

Ibt: .b'[+ O(t)'bly |fQ> Oa (58)
PR ifG O
P

where G = ::01 Ceh (Sh; an) is the observed constraint violation in the t-th episode. Leth denote the bias
vector of P, which is given by: b = E; [rbt] r . Performing similar calculations as in Appendix A.4, it can
be shown forby and 0, (as given in Eqn. 58) that,

p__ P E
Kok L +1" %)L+ H=(;and P, —— 1+ %) :
t
Thus, implying by the triangle inequality for norms:
E(P] k bk+ kr (k
IL o+ I O(t)L+pﬁ:t+!L 1+ 9 ) : (59)

We chalked the B andit A daGrad with U nknown Transition (BAG-Yalgorithm for this section. It is formally
depicted in Algorithm 6, and the COMP-UQBethod is as given in Algorithm 3 of Jin et al. (2020). By the
convexity of b , (for all 1), the surrogate regretRegret?( ?) could be decomposed into four terms as:

2 )<t 2
Regre( )= b () b(?

h oo
=1
Xt Xt
hb 7ri+ h b:r i
=1 =1
5 ng { - E}rr)r { 7 B'ﬂsl { 7 B'ﬂsz {
X X x X
b %P i+ h b;ri+ hor Pi+ h%P o i (60)
=1 =1 =1 =1

where Reg is simply bounded by the regret of AdaGrad used with 0, (as presented in Egn. 58), Error
is the error of using b, to approximate ;, Biasl measures how much® underestimatesr weighted by
b , and Bias2 measures the error of P relative to r  when weighted by ?.
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With probability at least 1 O ( ) and with = ! P H, we have the following upper bound onRegrel?( ?)
(see Appendix A.8 for detailed calculations):

S

Regret( ?) 2Dpf(1+ "))+ ILHS  Atln SAL 4 % )

+2H15'H0(—‘)p2tln(2:) Lo )t

fH I e %) Hin o o Y): (61)

Substituting Eqn. 61 into the regret decomposition inequality of Eqn. 28, and choosing ( ;) =exp( ) 1,
we have:

S

exp( ) 1+Regret,( ?) 2Dpf(1+ exp( ¢))+ ILHS AtlIn SAt 4. exp( 1)

21+ -
+ PLD Pomesy L it exp( )

t exp( )+ !H Ini+! exp( 1) HInE It exp( ):

Grouping all the terms involving exp( () into one side in the above expression,

s____
_ p___
Regret( ?) exp( ) 2D i+ ILHS At A +p% 2in2=)
! s
ILt t+H mn 1 +20"trums  Acm A
p___
+p% 2tin(2=) IL +!H Ini+1
s
_ P
=) Regret( ?) 2Dpt+!LHS At In SAt +p% 2tin(2=) IL +H Ini+1
s___
_ P
vexp( ) 20"+ ILHS At A +p% 2In(2=)
!
+ IH Ini 1: (62)
_ 9 ——— S
Let m(t):ZDpt+ ILHS Atln SAL + p%p 2tin(2=)+ 'H InY forall t 2 [T]. We can rewrite the
q

regret in Eqn. 62 as: Regret,( ?) 2Dpf+ ILHS Atln SAU + p%p 2tin(2=) L +H InH - +1+

exp( ¢{)(m(t) 1). Thus, having any 1

m{Fy: We can ensure that the regret is nicely bounded with
probability at least 1 O (), as given below:

S

Regret ( ?) 2Dpf+!LHS At In SAt +p%p2tln(2:) IL +!'H Ini+1;8t2[T]: (63)
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Selecting any < ﬁ and combining Regret, ( ?) % with Eqn. 62, we obtain an upper bound on ¢,
for any t 2 [T], with probability at least 1 O ( ) as follows:

S
_ p
o t+ins At A +p% ANE=) IL +H In D s1vexp( O(m() 1) %
S
5 exp( )@ m(t) 1+2D t+1HS At A +p%p 2Ain(=) IL +H |nﬂ+t§
p_ q ——— p___
1+2D t+!ILHS Atln AL + 52" 2tln2=) IL +!H In®+}
1 1+2D T+ ILHS  Atin SAC +p%p2tln(2:) IL +!H In%+§
A 1T m@
s
_ p—
) g 4DpT+2!LHS ATIn AT +p% 2TIn(2=)+2!H in
S !
_ p
In 2+4DpT+2!LHS AT In SAT +p% 2TIn(2=) 2IL +2!H Ini+T ; (64)
o . o o P i —
where the last line is obtained by choosing = (T Putting ! = 55, L SHA,and D = SHA into
Egn. 63 we have8t 2 [T]:
s
P—— 1 SAt 2P ——— 1 H H
Regret( °) 2 SHAt+ = SHtln —— + p— 2tIn(2= pP— + In —+1
gret( ) 2 = =) PSha © 2SHA
s — !
p =
) Regret(?) O ©SHAT+ SHtin AU “”(Hiz) : (65)
. . [ Iy J—— .
Putting ! = 55, L SHA,and D = SHA into Eqn. 64 we obtain:
S
P ¢ ——
. 4sAAaT+ suTin AT LA Parmesye Ll
H SA
s !
P— SAT 4P — 1 1, H
In 2+4 SHAT + SHTIn —— + p— 2T In(2= p——+ —In—+T
= =) P5pat A
S r—
5) 1 0 "SHAT+ sHTI AT . T'”f‘)
S r ]
o =
In "SHAT + SHTIn >AT . %+T : (66)

Scaling back Eqn. 65 and Eqn. 66 by a factor of% respectively attains an upper bound for Eqn. 35 and
Eqgn. 36. We formally state the nal bounds in the theorem below.

Theorem 5. We set the parameters 2 (0;1), = ﬁ ! E 55 L P SHA, D = P SHA, and choose

"(1)=exp( T1) 1 Also,we havem(T)=2Dpf+ ILHS AT In SAT + p%p 2TIn(2=)+ 'H InH.

Having adversarial loss and constraints, under bandit feedback, and unknown transition, the expected regret
and the expected cumulative constraint violation (hard) ofBAG-U(in Algorithm 6) are bounded, 8t 2 [T],
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Figure 3: Comparing the empirical regret and empirical violation of BAG-Uwith its corresponding theoretical
values on an adversarial CMDP instance withS =4, A =3, H = 4. The empirical regret and violation
curves were plotted by averaging over ve independent runs (with di erent seeds) and a95% con dence
interval. The solid red line represents the worst-case theoretical regret and hard violation values, while the
dashed blue line is for the empirical ones.

with probability at least1 O ( ) as:

S —M — r !
E[R] O (SHA)%pf+ SHA SHtln SAt + SHA “”ﬂi) : and (67)
S r
E[z+] O (SHA)%DT+ SHA sHTI AT 4 sha %
S r I
In (SHA)%pT+ SHA SHTIh 22T | SHA %+T (68)

All of our proposed algorithms, i.e., FAG-K BAG-KFAG-Uand BAG-Uperform only one Euclidean projection
onto  per episode. Since is a simple polytope (as given in De nition 2), the projection amounts to
solving a sparse quadratic program with linear ow constraints. In contrast, primal-dual methods (Stradi

et al.,, 2024a;b; 2025a; Mdller et al., 2024) must maintain dual variables and update them at each step,
which requires two expensive coupled updates (e.g., adding regularizers and using approximations to the
Lagrangian). Hence, the computational cost of our updates is lower: one rst-order gradient step followed
by a single projection, without dependence on Slater-type conditions or instance-dependent feasible policies.

6 Experimental Evaluations

We evaluate the performance ofFAG-K BAG-K FAG-UJ and BAG-Un solving CMDP instances. The experi-
ments have been designed as follows: First, a loop-free, nite-horizon (i.e., each episode has lengil, and
episodic CMDP is created by exactly following the setup described in Section 3.1; Second, each algorithm is
implemented to solve the CMDP, tracking the cumulative regret and cumulative hard constraint violation

in the process. We term themempirical regret and empirical violation, i.e., the actual cumulative regret and
actual cumulative hard violation obtained by the learning algorithm while solving a CMDP. On the other
hand, theoretical regret and theoretical violation refer to the worst-case bounds of the algorithms as provided
in Theorem 2 5.
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Figure 4: Theoretical regret (and violation) vs empirical regret (and violation) of BAG-Uon a CMDP with
S=5,A=4,H =5. The empirical curves are averaged over ve runs, with95% con dence intervals.

Figure 5: Theoretical regret (and violation) vs empirical regret (and violation) of BAG-Uon a CMDP with
S=8,A=6,H =6. The empirical curves are averaged over ve runs, with95% con dence intervals.

All algorithms were run for T = 50000 episodes in each experiment. The adversarial losses and constraints
are generated via an Online Gradient Descent (OGD) algorithm (Orabona, 2025), which takes as a gradient
a vector that contains a xed initial vector of losses (or constraints) and the negative product of the policy
played at that round for each state. Each algorithm was executed ve times independently with di erent
random seeds, and we report the average across these runs, along wi#% con dence intervals. The
con dence parameter is set to 0:01 for all experiments. Moreover, all the algorithms have been tested on
three CMDP instances, i.e.,S=4,A=3,H=4;S=5,A=4,H=5;andS=8,A=6,H =6. However,
we only present the evaluation results ofBAG-Un this section (as it is the solution to CQ), while the results
for FAG-K BAG-Kand FAG-Unhave been deferred to Appendix A.9, Appendix A.10, and Appendix A.11.

Figure 3 compares the theoretical regret and violation with the empirical regret and violation of the BAG-U
algorithm that solved the adversarial CMDP with S =4, A =3, H =4. The solid red line represents the
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Table 2: Listing the regret and hard violation bounds of all four algorithms. We use the classig®( ) notation,
which ignores all the logarithmic factors.

Algorithm Transition Feedback | Regret Bound Hard Violation Bound
FAG-K Known Full O(SHA" T) B(SHA" T)
BAG-K Known Bandit O(SHA' T) ®(SHA' T)
FAG-U Unknown Full G(SHA" T) G(SHA" T)
BAG-U | Unknown | Bandit | ®(S(H:AZ' T) ®(StHiA T)

worst-case theoretical regret and hard-violation values ofBAG-Uwhile the dashed blue line represents the
empirical ones. The x-axis captures the number of episodes, and the y-axis represents the cumulative regret
R and the cumulative violation Z;. Similarly, the plots in Figure 4 and Figure 5 compare the theoretical
and empirical performance ofBAG-Un respectively solving the adversarial CMDP withS=5,A=4,H =5
andS=8,A=6,H =6.

The plots in Figure 3, Figure 4, and Figure 5 show that the empirical regret (blue) grows sublinearly and
stays consistently below the theoretical envelope (red). It con rms that the actual regret incurred by BAG-U
is not only %,uglinear but also signi cantly lower than the worst-case bound provided in Theorem 5. The
observed@( T) trend validates the theoretical regret guarantee even under the most challenging conditions:
adversarial losses and constraints, bandit feedback, and unknown transitions. Similarly, the empirical cumu-
lative hard violation (blue) remains sublinear and well below the theoretical curve (red). As the empirical
violation is consistently much less than the theoretical upper bound,BAG-Ue ectively controls constraint
violations in practice, even without access to a strictly feasible policy or Slater's condition. The plots in
Appendix A.9, Appendix A.10, and Appendix A.11 clearly indicate that the observed behavior is consis-
tent: each algorithm achieves sublinear empirical regret and sublinear empirical violation that are orders of
magnitude smaller than their corresponding theoretical bounds.

Visual interpretation of sublinear growth: Note that the empirical curves in Figure 3, Figure 4, and
Figure 5 rTBgilt appear to rise in an approximately straight line over the plotted range. This is expected
because a T function (which is sublinear) can look nearly linear on a standard scale, especially over a
su cient number of episodes, i.e., T 5 50;000. The critical observation is that the empirical curves remain
consistently below the theoretical (' T) limit. Since the red curve itself represents a sublinear upper bound,
the empirical performance is necessarily sublinear as well. For clarity, one could plot the same data on a
log-log scale to make the sublinear growth more visually apparent. However, the linear-scale plots su ce
to con rm that the theoretical bounds are not violated and that the algorithms perform signi cantly better
than the worst-case analysis predicts.

7 Optimality of the bounds

Minimax Optimality: Itis stated in Jin et al. (2018) and Jin et al. (2020) that the regret of an_\rs algorithm
for solving episodic unconstrained adversarial MDPs with full feedback should be at least{ HZ2SAT).
To the best of our knowledge, no regret and violation lower bounds are known for episodic adversarial
CMDPs. For COCO with adversarial constraints, a lower bound of (= T) exists for both regret and
hard constraint violation (Sinhg & Vaze, 2024). Owing to all the aforementioned results frorgn di erent
settings, we believe that the®(" T) regret and violation bounds in our adversarial CMDPs (O(' T) regret
for known transitions) are tight and cannot be improved in the minimax sense. This optimality holds across
all four feedback/transition settings we address, making ours the rst comprehensive set of minimax-optimal
algorithms for adversarial CMDPs with hard cumulative constraint violation, without Slater's condition, and
without access to a strictly feasible policy. The trade-o between regr%t ‘and violation is necessary because
aggressive loss minimization often violates constraints. Our derivedS(" T) bounds show that both can be

2Implementations are available here.
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sublinear, implying that the learner approaches optimality without incurring unbounded violations. This
framework directly applies to budget-constrained settings (e.g., auction bidding): regret quanti es the loss
of utility, and violation tracks the budget overrun. For an easy interpretation, sublinear regret and violation
imply that the average per-episode performance converges to the optimal feasible policy.

Constant Factors:  Like any other well-known algorithm in the vast expanse of online learning in nite-
horizon episodic CMDPs, the e ect of the constants (i.e., every variable apart fromT) can matter in practice.

In Table 2, we re-state all our derived bounds as given in Theorem 2, Theorem 3, Theorem 4, and Theorem 5.
The results of Germano et al. (2023) and Stradi et al. (2024b) arelglot directly comparable with ours because,
although they consider adversarial loss and constraints, their®(" T) bounds are reliant on the slackness
parameter of Slater's condition. However, for the sake of a loose comparison, we mention that both works
have a SH?A fagctor in their bounds. As stated in Theorem 5:1 of Zhu et al. (2025), constant factors of
S2AH3 and H? SA are present both in the regret and violation bounds. Given our challenging problem
setup, the gaps we close, and the optimal bounds we derive without assumptions, we argue that the constants
of SHA and S?H 2A% in our attained results might not be optimal, but are not too bad either. In the light

of this statement, we leave an intriguing open problem as a future work: improving theSHA and SPH:A?
dependence, respectively, for known and unknown transitions in fully adversarial CMDPs. As noted, lower
bounqgs for adversarial CMDPs have not y% been established. However, based on adversarial MDPs scaling
as ( H2§AT), and COCO scaling as( T), we conjecture the lower bound for adversarial CMDPs is
likely ( H SAT).

8 Conclusion

Without access to any strictly feasible policy and Slater's condition, this is the rst work to tackle and
solve the hallowed problem of online learning in nite-horizon episodic CMDPs under adversarial losses and
constraints, bandit feedbagck, and unknown transition dynamics. Our bounds ensure tlbejearner achieves
near-optimal loss (i.e., 8(" T) regret) while keeping total hard violations bounded by 8(" T). In practice,
this means safe exploration in adversarial environments, unlike soft violation, which allows compensatory
negatives. By leveraging a reduction to COCO and building on the techniques introduced by the seminal work
of Sinha & Vaze (2024), we developed simple and e cient algorithms that require only a single Euclidean
projection per episode. Our approach achieves optimal regret and hard cumulative constraint violation
bounds across all four combinations of known-unknown transitions and full-bandit feedback settings without
relying on Slater's condition or any knowledge of a strictly feasible policy. In other words, we make no
additional assumptions except for the standard assumptions in the COCO literature.

Our results not only close several theoretical gaps in the literature but also provide a uni ed, pedagogi-
cally valuable framework for understanding the connections between online learning in CMDPs and COCO.
The construction of biased estimators for bandit feedback settings may also be of independent interest for
future research and educational purposes. Moreover, we validate our theoretical results through rigorous
experiments. This work lays the foundation for more practical and robust constrained reinforcement learn-
ing systems, opening new avenues for exploring the interplay among online learning, constrained convex
optimization, and adversarial CMDPs.

9 Future Directions

One can view our work in the tabular setting, and an interesting idea is extending our guarantees to large
state-action spaces, a typical characteristic of deep RL. Recent frameworks for uncertainty propagation in
model-free RL, such as Wasserstein Actor-Critic (Likmeta et al., 2023) and others (Metelli et al., 2019; Roy
et al., 2026), demonstrate that posterior estimations can be e ectively scaled into large state-action spaces.
Integrating such uncertainty-propagation mechanisms into our algorithms could bridge the gap between
theoretical safety guarantees and practical high-dimensional applications.

Many interesting works couple function approximation with MDPs and CMDPs. For example, in adversar-
ial MDPs with linear thpction approximation (Dai et al., 2023), re ned regret bounds have been derived
that align with our ®( T) rates, thereby enabling linear projections over feature spaces rather than full

28



Published in Transactions on Machine Learning Research (04/2026)

tabular representations. For more general function approximation, safe representation learning in CMDPs
has been explored (Ding & Lavaei, 2023), showing how embeddings can be learned to satisfy constraints
episodically. All these strategies could augment our algorithms in deep RL settings, such as Soft Actor-
Critic (SAC) (Haarnoja et al., 2018) and other actor-critic methods (Chen et al., 2021; Roy et al., 2023;
Yang et al., 2021), by embedding adversarial robustness into the critic network.

It is worth noting that hard constraint is sometimes interpreted more stringently as requiring trajectory-
level or per-episode safety guarantees. For instance, ensuring that with high probability, each trajectory
avoids catastrophic events (e.g., a self-driving car never collides). Our notion of cumulative hard violation,
while still much stronger than soft violation, is an aggregate measure over the entire learning process.
Although our algorithms do not provide high-probability per-trajectory safety, they constitute a foundational
advance in the most challenging adversarial setting without additional assumptions such as Slater's condition.
Obtaining trajectory-wise guarantees under adversarial losses and constraints remains an interesting and
important direction for future work.

As already mentioned, for both known and unknown transitions in fully adversarial CMDPs, improving
our polynomial dependence onS, H, and A remains an appealing direction for future research. While we
handle a single constraint per episode, handling multiple constraints per episode, possibly with con icting
requirements, is an important practical challenge and an attractive extension. Lastly, developing model-free
variants of our algorithms that do not require maintaining a con dence set for the transitions would be
valuable.

Broader Impact Statement

We propose e cient algorithms for constrained online learning in CMDPs that achieve optimal regret and
hard violation bounds in adversarial environments. Thus, this strengthens the theoretical foundations of
safe decision-making in CMDPs. One can apply our algorithms to domains such as healthcare, autonomous
driving, and resource allocation, where respecting safety and budget constraints is critical.

Like any progress in adversarial learning, these methods could be misused in settings such as manipulative
recommendation systems or exploitative bidding strategies. The contributions of this work are primarily
theoretical and not intended for direct deployment in safety-critical systems without multiple layers of safe-
guards. Responsible application requires rigorous testing, domain-speci c validation, and ethical oversight.
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A Appendix

First, we present all omitted proofs, calculations, and algorithmic descriptions in the same order as in the
main paper. We frequem&y make Lﬁe of ﬁome algebraic inequalities throughout the section: (Xa+ b)?
2(a%+ ), 8a; b2pR (%) a+ b b, 8a;b 0, (3) (a+ b+ ¢)? 3@+ P+ c?), 8a;b;c2 R; and
(4) a+b+c 08abc 0.

From the de nition of ' (), we observe that' %) is non-decreasing. Additionally, we havee; 0 due to

the clipping and scaling of the constraints, which implies ; 2 p tforanyt 1 Therefore,

We obtain two relatlons which we also use throughout this section: 1) t: ) ot 9 y); and 2)
@R "9 ()2. Lastly, we present the experimental results of FAG-K BAG-K and FAG-U

A.1 Upper bound of the surrogate regret in Section 4.1

We make use of Eqn. 26 and also of Eqn. 29 from Theorem 1.

v
u

_ Xt
Regref( ?) p2DlLJ

=1

Xt
Popt (L) 1+9 )?

1+79 )°

=1

PX‘

P 2oL 2149 )2

=1
Y
_ Xt
i Pieopi b ro )2
=1

2DIL IOf(1+ REE
A.2 Proof of Lemma 1 in Section 4.2

The random variable 1;(s; a) is Bernoulli with success probability ((s;a). We show via direct calculations,

t(s;a)+ ¢
_  th(s:i@ .
- WEt [1((3,8.)]
“th (S; @)

- t(s;a) + tt(s;a):

Ec[Bn (s;a)] = E 1(s; a)

Also, we can show that
“th (S;8)°
(t(s;a)+ )2
_ t(s;a)
(t(s;a)+ )2
t(s;a)+ ¢
(t(s;a)+ )2
1 .
i(s;a)+

E(Bn (s:8)?] = E 1(s; a)
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Similarly, we can easily prove that E;[b., (s;a)] = % «(s;@) and Ex[bin (550)7]  —eyer

A.3 Proof of Lemma 2 in Section 4.2

By direct calculations, we have:
o (s18)  Edffn (s;)]

= th (s;9) (sa)+ t(s;a)
: (s;a)
= . . 1 _isa
th (S; @) CDE
- _wh(sd)
t(s;a)+
which is always non-negative and' (s;a)  Elfks (s: ) ‘t,;h(s(;;;)a ). Proceeding similarly, we also have:
0 cn(sia) Elon(sia] G

A.4 Bounding the norm of the bias of the gradient estimate in Section 4.2

Recall that bt and b, are biased estimators of ; and ¢;. It is clear from Eqgn. 25 and Eqgn. 38 that the bias
vector by should be given by:
b= EPd r oo
PEPRI+ A ) El Lcsog] U0 A0 I ceisog
UEM] e+ %) Elb lic.sog]l © 1t icciis>og -

where lic,>0g @nd 1 ,cei>o0g are equal tolif G > 0 and h ;locii > 0 respectively (0 otherwise). By the
triangle inequality for norms, we have:

K. k

z— | —{
kbhk ! E[] . o+ l-" % 1) Eilb 1fC‘>$9] ¢ lin ,icei>og }1
Kbycc k
=) k bk k bk+ kb.ck: (69)
2 2
Observe that kb~ K= 1 Et[bt] t =12 Et[bt] “t . Since the squared norm is the sum of the
squared di erences over all the(s; a; h) components, we get from Lemma 2:
R 2 X . X 2 s;a 2
ER] = EBn(sia)] wn(sa) *= %
(siah) sy (ST )

Note that the losses are bounded, i.e.;n (s;a@) 2 [0;1], for all t 2 [T] and for all h 2 [H] ®. Also, in the
earlier expression, the denominator is at least 2, since ((s;a) 0. Therefore, we have:

BB X tz—zlz =" 1 sHa
(sigh) ! (siah )
=) k bk !pWA: (70)
We will now upper bound the term kb.ck in Egn. 69. Decomposingh.c without the norm as follows:
be="! A1) BB lic,s09] & 1t icci>og
" % ¢) Bl Lic,>09] € Lt cicoisog + EelB Lt icciisog] Eelo Lt iceis ogl

" ) Eb] & 1t cqisogt Bt (Lic,sog 1t ouceisog)]
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Applying the triangle inequality on the norm of b,
kbck 1" A1) Edb] & 1 ciccisog + Bl (Lic,sog Lt ecis og)]

We separately bound each term inside the parentheses. For the rst term, we have
Eild] & 1t ccisog K Etl] &k 1 icqisog K Etfr] ek

Again from Lemma 2 and using the fact that ¢ (s;@) 2 [ 1;1], forall t 2 [T] and for all h 2 [H] 1,

KE:[] ek’

2
= Et[bin (s;@)]  cen(s;@)
(siah)

X2 o (s;@)?
(t(s;a)+ 1)?

(s;iah)
X 2 12 X
L= = 1 SHA
(sia;h) t (s;agl )
=) k Ebr] ¢k SHA: (71)

On applying Jensen's inequality to the second term, we obtain:
Etle (Lic,>09 1th (iiceii>og)] Et b (Lic,>09 1t c:iccii>og)
Et Kok (lic,>0g 1t (eciisog)  Et Kok :

Bounding the squareL ?-norm of the sparse vectorb, (i.e., having only H non-zero entries),

B 1 ) 2
Cen (S; @)
kbtk2 = _— 1i(s;a
ho  tSAF s:2)
_ X (559
h=0 (ssa)+ )2
XKt1 H °H
— = —: =) k k= —:
h=o 1 t t
The nal bound on the second term of the parentheses is
=
Etlr (Lic,>0g Lt (iicei>0g)] E: Kok 7t1 (72)
Using Egn. 71 and Eqn. 72 we arrive at
p_!
p_____
kKbhek " ()  SHA+ LU (73)

t

Putting Eqn. 70 and Eqgn. 73 in Eqn. 69, we have the nal upper bound on theL2-norm of the bias as

p_! p_!
kb k !pSHA+!' %) pSHA+—H L+ 9y L+ (74)
t t
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A.5 Upper bounding the component terms in Eqn. 40 of Section 4.2

We will use the Cauchy-Schwarz inequality, which is stated as: for all vector;q2 R, jip;dij k pkkgk.

Xt
Ti= h 7E [P i
=1
v
p f 2
EDP E[P]
=1
Setting =1 pﬁ, for all 1, and from Eqgn. 39, we have:
U
_ux 2
T, '020%l E[P]
=1
_ X H
pZDP !L+!‘°()L+7|_| +I1IL 1+'9 )
=1
v a 4
u " v p_"T > L

piD’fJ 3@ 2 2+ 1o ) |_+7H 1202 140 Q )2A
=1

u p_1 2
_ox
_Peot iz o) L+ 2214 q )2
=1

<

p_ P MX‘ p_p X
piL P+ Pept (L o )+ ' )%+ DIL & 1+ )2

=1 =1

U U
Xt Xt
piL P+ Pept (L o )+ ' )%+ DIL Pt 1+°9 )2

=1

1
iy

\

u
_ _ X _
oL Pa+ P ot 121209 )24+ )2+ oL P12

=1 =1

Xt

o<

1+19 )2

p p i X p i X p p i X
DIL ~ 6t+ DIL 1‘2%J "9 )2+ D sz "9 )2+ DIL 12t + DIL Ey "o )2
=1 =1 =1
On putting ! = ﬁ and employing the non-decreasing property of %),
P P [ S o B
T2 Ry’ gy 22 gy
2 2 D D 2 2
p 6t 1 p

+D 12 "% ) (75)

= E'O(t)+7+
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By the Cauchy-Schwarz inequality, jh “bij k ’k kb k
following upper bound on T,:
)<l ?
T, = h ,b |
=1
Xt
D kb k
=1
Xt P

D IL+!" Q) L+—
=1

X p_
DILt + DIL "% Yy+D!' H
=1 =1

Xt Xt
DILt + DIL Y y)y+D Y )
=1 =1

S+ 5 0+ Dt )

NI~

A.6 Bounding the term Error in Egn. 50 of Section 5.1

From Eqgn. 50, we have:
Xt
Error = h b;r i:

=1

Sincekr ¢k IL 1+'9 ), and by the Cauchy-Schwarz inequality,

Error k bk kr k

I k bk 1+'9% ):

Since b is obtained from a transition function in the con dence set P;
episode ), Lemma 3 implies that with probability at least 1 6 :

s
Xt
k bk HS Atlh =2,

=1

D kb k. Therefore, we have the

(76)

(where i is the epoch index for

wherek k; is the L1-norm. Owing to the fact that k bk k b k,, we get:

S
X X
k b k k bk, HS Atin

=1 =1
Combining all the above results, we have the nal bound on Error as:

S
SAt

SAt

Error ILHS Atln =——  1+"'9 ) : (77)
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A.7 Upper bound of the surrogate regret in Section [5.1]

From Eqn. [50[ and Eqn. we see:

Reg Error

t t

RegretRpL—)Jg Z<ﬁT - PFVT> Z< - pr, Vi)

=1
< V2D, ZHVTH +wLHS,/At1 (1 + @)
=1

t
SAt
\IZ (1+ ¢9¢))° +wLHS Atln —~ (1 + ¢M¢)

= 2DwINt + 2DwL, Zw% +wLHS,/At1 (14 ¢%¢)

< 2DwLVt + 2DwLVt - "¢) + wLHS [ Atln (iAt) (14 M)
= (1+¢"¢)) <2DwL\/{t+ wLHS | Atln <55At>> : (78)

A.8 Bounding the components of Eqn. [60]in Section [5.2]

We set Ay = wv/H for all t € [T, to bound each component of Eqn. First, we bound the term “Reg”:

Reg = Z(ﬁl’ - PF@O <v2D Z Hﬁr ’
=1 =1
t
<vap, |3 1+ ot ?
=1 T
= @DW\J Z (1+ ilfgr))z
=1 T
- \/ﬁDw t 2
NG \IT;(HMG))

<2DVE+2D, | Y oHGr)?
=1

< 2DVE+2DVE - oG)
= 2DV (14 ¢"¢) - (79)
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We have the bound on “Error” from Eqn. as,

t
~ SAt
Error = Z(pT — pt, Vi) <wLHS | Atln (5) (T4 eHG)). (80)
=1
From Section we know that ||be| = HEt[ﬁd - VtH < wL+wpH¢) (L + VH/At). Now, we upper bound
the term “Biasl”,
t

Biasl = Z<ﬁ1’,vl' - 61’)

=1

t
= Z@rvvr —Ec[Vil) + ) _(pe, Ec[Vi] = Vi)
=1

]~

I
=

T

t t
Z P B vr VT>*Z<FA7DET[VT]*VT>' (81)
=1 =1
T1 T2
It is easily seen that T» = ET 1 (P, Ex [@ | — Vi) = ET 1(Pr,br). By the Cauchy-Schwarz inequality:

t
Z ([Pl - llbel
o
Z [[b |

W(L + \/E/AT) ZQOI%CT)
=1

< wL +wt(L + VH/A) pHG).
Finally, we have on putting Ay = wv/H for all t € [T] that:
T» SwL +wLt - o) +t- o).
We define a random variable X7 = (pr,Eq [ﬁT] — §T> for all 7 € [t]. Here, py is Fr—1-measurable and

E<[] = E[- | Fxr—1] is the conditional expectation. By construction, E¢[X:] = 0, so {X7}t_; is a martingale
difference sequence adapted to the filtration {F¢ }. For each 7, we have | X¢| < n¢, where ny = /2\—‘:) (1+¢H¢)).

Considering € = \/2 In(2/6) - ZT 1 n2, where 6 € (0,1), and applying the Azuma-Hoeffding inequality, we
get: T1 < w\/% In (2/6). Therefore, we have the following upper bound on “Biasl”:

2(1+ ¢H¢))
vH

Biasl < 2t1n (2/0) — wL — wLt - pH¢) — t - H¢). (82)

Before proceeding to bound the term “Bias2”, we state and prove the following lemma, which is a slightly
different form of Lemma 1 from [Neu| (2015). The proof draws inspiration from the techniques given in the
proof of Lemma 1 of |Neu| (2015).

Lemma 4. For all t € [T] and for all h € [H] 7, let {axn} be a sequence such that each ayp € [0,2A¢S™A
is Fr-measurable. Then, with probability at least 1 — O(4), we get:

Z Z ath(s,a (ct h(s,a) — prls, a)Ct h(s,a)) < Hln?, and

t= l(sah)

pt(s,a) H
Z Z atn(s,a (Eth(s a) — t(s,a)gt’h(s’a)> < Hlng.

t=1 (s,a,h)
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Proof. Recall é <In(1+ 2) for all x > 0. For any pair (s,a) and let A = 2A¢, we get:

ceh(s,a)
ur(s,a) + A¢
ceh(s,a)
= ue(s,a) + Accen(s, a)

Ct,n(s,a)

L(s,a)  2MiGaw
A 1 +AtCt,h(Sva)

ue(s,a)

1 N Acgn(s,a)le(s, a)

Cth(s,a) = 1¢(s,a)

1¢(s,a)

IN

For all h € [H]™1, let us have
Jn = Z at,h(s,a)egn(s,a), and

(s,a,h)
_ pe(s,a)
Jeh = Z ozt,h(s,a)Ut(&a)ct,h(s,a).
(s,a,h)

By Eqn. [83] we have:

~

ath(s,a Aceh(s,a)le(s,a
= [eXp(Jt,h)} <Eglexp| Y awn(s,0) (1+ t‘hit(s)a)t( )>
(s,a,h) ’

<E| I (1+ a,n(5,0)ctn (s, a)le(s, a)
| (s.a,h) ( ut(s, a) )
—E 14 Y Qeh(s0)cun(sa)k(s,a)

B ut,h(s,a)

L (s.a,h)
=14 Jin < exp(Jin)-
The second inequality is because aln(1 + b) < In(1 + ab) for all b > —1 and « € [0, 1], and we apply it with

a= ‘]"'"T(s"a) which is in [0, 1] by the condition aqn(s,a) € [0,2A¢]. The first arises since 1¢(s, a)1¢(s5ay = 0
for any s # sHor a # a” On using Markov’s inequality, we get:

LA H 5 [ (&
P> (Juh—Jin) > <5)] < = E|exp <Z(Jt,h - Jt,h)ﬂ
t=1 L t=1
5 r T-1 R
= E |exp <Z<Jt’h — Jt,h)) Er [exp (JT,h — JT,h)]]
L t=1
5 r T-1
< 47 Elexp <Z(Jt,h - Jt,h))]
L t=1
0
<< = 84
<zt (5)
On applying the union bound over all h € [H]™!, we have the following holds with probability at least
1- 0(6)5
T - pe(s,a) _H—l T . I
Z_: Z agn(s,a) | é(s,a) — (5. 0) ceh(s,a) | = Z Z(Jt,h —Jen) < n—.
t=1 (s,a,h) h=0 t=1
Similarly, we can also show that Zthl > (s.ah) @th(s,a) (Zt,h(s, a) — 3223 len(s, a)) <Hln %. O
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Recall the definitions of @t and V¢ from Section and Section

S wle + PGy, if Ce > 0, wly + pHC)wer, if (pr,wer) > 0,
Vi = ~ i nd Vi= op e~
wly, if Ce <0, wly, if (pr,wer) < 0.

We perform the decomposition below for “Bias2”:

t
Bias2 = Z(p?@r -V

=1

= pr%zr + @'%Cr)w’c} “Lgceso0p — wly — ‘PI%CT)WCT ’ 1{ﬁ,wct§o}>
=

L1

t
= Z e‘l’ + w Z QDI%CT pI:E 1{Ct>0} 1{@,&(& @0}> . (85)

=1 =1

Lo

Note that p%,a) € [0,1] C [0,2A+] for Ay > 1/2. Since ‘Lﬁgg < 1 and lrn(s,a) € [0,1], the term
Y e P a) (S:Ei 3 —1) fun(s,a) < 0. Thus,

R T

(s,a,h) ux (s, a)

Using Lemma [4] with a; n(s,a) = p'-_ﬁ%, a), we have with probability at least 1 — O(0):

—wS (5 — ) <w o5, a) (Lon(s,a) — pT(S’a)ér,h(s,a) §len£. (86)
=1 0

=G ur(s,a)

We split Ly = w >t o¢) (058 - Lice>0y —Cr - L wctlE:O}> into two components as:

Ly =w (Z PG (P er —ex) - Liesop) — D @G (0 - (1{@,wct S0y 1{ct>0})>> : (87)
=1 =1

First Term of Lp: Again, as STg :; <1, so:

(P58 —er) < Y p'tha (cr (s,a) _ pe(s0) Cr(s,a)) .

(s.2) uT(s7a)

With probability at least 1 — O(J), on using Lemma |4 we have:

> et — e < 3t B o) (unlsea) - 0 ernsa) ) < o) Hn . (65)
=1 =1

e ur(s,a) ]

Second Term of Ly: Let Fy = 1{@ wce S50} — 14c,>03- Note that [F¢| < 1 for all 7. Additionally, since pH
is a probability distribution and each component of er lies in [—1,1], we have |{p5&r)| < 1. Therefore,

St 96 (05 - (L oourmoy — He0y )| < Tomy 076 - 10580 - 1Fel < 4oy oG0) < £+ 660

Hence, we have an upper bound on L, as

H
Ly <wpH¢) - Hln - —wt- OG- (89)
Combining Eqn. 86| and Eqn. B9 we obtain an upper bound on “Bias2”:
H H
Bias2 < wH In - + we¢e) - Hin < —wt o). (90)
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A.9 Results of FAG-K
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Figure 6: Theoretical regret (and violation) vs empirical regret (and violation) of FAG-K on a CMDP with
S =4, A= 3, H=4. The empirical curves are averaged over five runs, with 95% confidence intervals.
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Figure 7: Theoretical regret (and violation) vs empirical regret (and violation) of FAG-K on a CMDP with
S =5, A=4, H=>5. The empirical curves are averaged over five runs, with 95% confidence intervals.
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Figure 8: Theoretical regret (and violation) vs empirical regret (and violation) of FAG-K on a CMDP with
S =8, A=6, H=06. The empirical curves are averaged over five runs, with 95% confidence intervals.
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