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ABSTRACT

In dynamic and strategic interactions, ensuring incentive compatibility (IC) is
essential for achieving stable and predictable outcomes. This paper explores online
learning under a novel IC constraint in the context of leader-follower Stackelberg
games with policy recommendation. In these games, the leader announces a
policy to commit to while recommending a policy for the follower to adopt. The
leader’s optimal strategy is captured by the Stackelberg equilibrium, where the
leader’s announced policy maximizes her rewards, and the recommended policy is
incentive-compatible—serving as the follower’s optimal response given the leader’s
commitment. We study the online learning problem from the leader’s perspective,
where she has no prior knowledge of the follower’s reward function and hence
must infer it solely through observed follower actions. To address this problem,
we develop a theory for such games, and propose a provably efficient algorithm
that minimizes regrets with respect to both the leader’s rewards and violations of
the IC constraint. The algorithm integrates the maximum likelihood estimation
of the follower’s response model with optimistic planning over an estimated IC
constraint. Crucially, we establish that our algorithm is robust to misspecification
of the follower’s behavioral parameters, exhibiting graceful degradation where
the performance loss scales linearly with the estimation error. To the best of
our knowledge, this is the first provably efficient online learning algorithm for
incentive-compatible decision-making, highlighting the potential of online learning
in addressing challenges in misaligned multi-agent systems.

1 INTRODUCTION

Incentive compatibility (IC) is fundamental in leader-follower Stackelberg games, ensuring that
agents act as intended within strategic interactions (Myerson, [1979; Hammond, [1979; Roughgarden,
2010). In the context of information design, this concept corresponds to the obedience constraint
(Bergemann & Morris, [2019; [Kamenica & Gentzkow, 2011). In such games, the leader commits
to a policy to influence the follower’s behavior. Without IC, the follower might deviate, rendering
the leader’s strategy suboptimal and destabilizing the system. This challenge is particularly acute in
online (reinforcement) learning settings, where the leader must adapt dynamically while learning
from limited feedback. This paper studies leader-follower interactions under IC constraints within a
sequential decision-making framework. The leader operates with limited visibility, unable to observe
the follower’s rewards, and must infer the follower’s response based on observed actions. The follower,
constrained by bounded rationality (Simon), |1955}|Conliskl 1996} Jones| [1999), selects policies via
entropy-regularized optimization, influenced by the leader’s commitments and recommendations.

We model this problem as a leader-follower game (LFG) (Simaan & Cruz Jr,|1973; Bai et al., [2021};
Zhao et al.| 2023 Zhong et al.,|2023)). At each time step, both agents choose actions and receive
rewards that depend on their joint actions. Each agent aims to adopt an optimal policy that maximizes
their expected cumulative return, considering the strategic decisions of the other. To achieve this,
an agent must infer how the other adapts their policies based on historical actions and leverage this
information to improve their own policy (Zhong et al.,[2023;|Chen et al.| 2023)). In this setting, the
leader commits to a policy 7 over her action space A and provides the follower a recommendation
policy y over the follower’s action space B. After observing 7 and y, the follower strategically selects
her best response policy v™ Y that maximizes her expected rewards by solving a regularized reward
process induced by (7, y). To achieve IC, the leader aims to recommend a policy y that aligns with
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™Y, We quantify the IC violation (ICV) using the total variation (TV) distance between »™¥ and
y, which measures the discrepancy between the leader’s recommendation and the follower’s actual
response. A zero ICV implies the leader precisely predicts and guides the follower’s response. The
leader’s objective is to determine her optimal commitment policy 7* and recommendation policy y*
such that the policy pair (7*, V’T**y*) optimizes her expected total rewards while ensuring IC. This
optimal configuration constitutes a quantal Stackelberg equilibrium (QSE) (McKelvey & Palfrey,
1995; Basar & Olsder, [1998), representing the solution to a bilevel optimization problem where the
leader maximizes her reward subject to the IC constraint that the follower adopts the recommendation.

The introduction of policy recommendation (PR) is particularly relevant in scenarios where the
follower (e.g., a small company) has limited computational resources, while the leader (e.g., a large
company) possesses ample resources. In such cases, it is reasonable to assume the follower’s action
space is finite, and she employs computationally efficient methods, such as one-step mirror descent,
to compute her response policy. The follower incorporates the recommendation into her decision-
making, allowing the leader to guide her behavior via (7, y) and making her decision depend on both
commitment and recommendation. In Appendix [C.I] we provide real-world motivating examples to
illustrate the practical significance of PR in leader-follower dynamics.

Our goal is to design provably efficient algorithms for the leader to learn her optimal policy pair
(7*,y*) in an online setting, using only the limited information available (i.e., joint actions and
the leader’s rewards). A key challenge here is the information asymmetry: the leader observes the
follower’s actions but not her rewards (Chen et al., [2023)). To address this, we establish theoretical
properties of such games and propose algorithms that employ a model-based approach to learn the
follower’s response model through maximum likelihood estimation (MLE), combined with a model-
free least-squares value iteration (LSVI) approach to learn the leader’s optimal value function (Sutton
& Barto, |2018)). To achieve efficient learning, we construct confidence sets for the leader’s reward
function and the follower’s response model to promote exploration (Auer et al.,[2008)), and update
the leader’s policies using optimistic planning. Furthermore, we address the practical challenge of
parameter uncertainty by analyzing the robustness of our algorithm, ensuring graceful degradation in
performance under misspecified behavioral parameters.

Challenges In addition to the challenge stated above, introducing PR to LFG poses new challenges
beyond prior settings. (1) Theoretical foundation: PR changes the game structure, requiring a new
theoretical framework to ensure IC and efficient policy design. The leader has to ensure (approximate)
IC given her estimates of the follower’s reward functions, inferred from historical data, which is new
in literature. (2) Recommendation design: The leader must construct effective recommendations,
which introduces a large and complex design space absent in prior work. (3) Regret analysis:
Unlike standard settings where suboptimality is always nonnegative, in this work, suboptimality can
be negative due to IC constraints. Hence, analyzing and controlling the absolute regret becomes
necessary for robust performance guarantees, but this is absent in the literature. (4) Distribution
shift: PR induces a distribution shift between the follower’s response and quantal response. It is
technically challenging to control the distance between two quantal responses under two different
reward functions, and naively applying standard techniques fails to attain sublinear regret bounds.

Contributions Our key contributions are stated as follows. (1) Ensuring IC: We establish a
novel theoretical framework for LFGs with PR, showing that, to ensure IC, the recommendation
policy should align with some quantal response, providing a solid foundation for algorithm design.
(2) Algorithmic efficiency: We prove our algorithm not only achieves sublinear upper bounds on
regret and ICV regret but also on absolute regret, ensuring statistical efficiency. Furthermore,
we propose a variant that is both statistically and computationally efficient. (3) Regret analysis:
We leverage the invariance property of the follower’s response policies under constant shifts in
reward functions, allowing us to derive a sublinear upper bound on the distance between quantal
responses, addressing the problem of distribution shift introduced by PR. (4) Broader implications:
The framework developed for bridging the gap between standard regret and absolute regret offers
a general technique applicable to a broader range of constrained online learning problems. (5)
Robustness to misspecification: We analyze the impact of misspecified behavioral parameters and
prove our algorithm exhibits graceful degradation, where the regret bound incurs an additional linear
term proportional to the estimation error, confirming our algorithm’s reliability in practical settings.

For a more in-depth discussion of the challenges and contributions, please refer to Appendix



Under review as a conference paper at ICLR 2026

2 RELATED WORK

Our work builds upon the extensive literature on learning in LFG, also known as Stackelberg games,
particularly in online learning settings (Bai et al., 2021} |Kao et al.| 2022} |[Zhong et al.| |[2023}; [Zhao
et al., 2023). A key related work is (Chen et al.| (2023)), which addresses the challenge of a leader
inferring a boundedly rational follower’s policy from historical actions (Simonl [1955). Our work
shares the focus on bounded rationality, which, as highlighted by |Chen et al.|(2023); Haghtalab
et al.|(2016); [Yang et al.|(2012), provides a more tractable and realistic model compared to perfect
rationality (Letchford et al., 2009; Peng et al.,2019). While|Yang et al. (2012} focus on computing
optimal strategies in security games with known parameters, our work addresses the online learning
problem in general-sum leader-follower games with unknown rewards. [Haghtalab et al.| (2016)
explore bounded rationality in learning adversary models. More recently, Haghtalab et al.| (2023)
study Stackelberg games where followers best-respond to calibrated forecasts; in contrast, our
follower observes and responds to specific policy recommendations.

Our work also connects to online multi-agent RL, especially for equilibrium learning in Markov
games. Centralized methods extend single-agent optimism-based techniques (Jin et al., [2020; Bai
et al.,[2020; |Bai & Jin| 2020; Liu et al., [ 2020; Jin et al., [2021b; Huang et al., 2021} |Xie et al., [2020;
Chen et al.| [2021), while decentralized algorithms rely on adversarial bandit tools (Jin et al., 2021a;
Tian et al.l 2021} [Erez et al.| 2022} Liu et al., 2022; |Zhan et al.| |2022; Mao & Basar;,[2023;|Wang et al.|
2023;|Cui et al., [2023). Regarding steering behaviors, Zhang et al.|(2024) use monetary payments to
steer no-regret learners in known games. In contrast, we utilize policy recommendations to incentivize
boundedly rational followers with unknown rewards. Our work refines the bilevel framework of
Chen et al.| (2023) by incorporating policy recommendation. Although related, our emphasis on
incentive-compatible learning presents substantial new technical challenges that necessitate novel
techniques detailed in Section[I]and Appendix [D] Please refer to Appendix [B]for further discussions.

Furthermore, our work draws inspiration from Maximum Entropy Inverse RL (Ziebart et al., 2008
Zhu et al., 2023) and energy-based models (Neu & Szepesvari, 2009} (Choi & Kim, |2012; |Gleave
& Toyer, [2022)). Crucially, our IC formulation aligns with the obedience constraint in mechanism
and information design (Myerson, |1983; Kamenica & Gentzkow, 2011; Bergemann & Morris, [2019).
Unlike these typically static settings, we address the challenge of learning under obedience constraints
with unknown rewards. As estimated constraints allow violations and negative suboptimality, our
novel absolute regret analysis is essential for convergence. This also distinguishes our work from
Mansour et al.| (2015), which explores incentive-compatible bandit exploration in a Bayesian setting.

3 PRELIMINARIES AND PROBLEM FORMULATION

3.1 LEADER-FOLLOWER GAMES (LFG)

We consider an LFG denoted as M = {A, B, u,r}, where A and 13 are the finite action spaces of the
leader and the follower, respectively, and u,r: A x B — [0, 1] are their reward functions. The game
proceeds as follows. At each step, (1) the leader announces a policy 7 € A(A) and recommends a
policy y € int(A(B)) to the follower; (2) the follower observes (7, y) and then selects a response
policy v € A(B) according to (7, y); (3) the leader and follower execute actions a ~ 7 and b ~ v,
respectively; (4) the follower receives a reward r(a, b), unknown to the leader, and the leader receives
areward u(a, b); (5) the leader learns from online data D; = {a;, b;, 7, ¥, ui}ie[t] and update her
strategy. The follower’s reward function is deterministic and known to herself, but unknown to the
leader, while the leader’s reward function is unknown to both agents (Chen et al., [2023; Scheid et al.,
2024). Hence, the leader has to infer the follower’s response model from online data D;.

We give the definition of linear LFG, which assumes a linear structure in rewards (Xie et al., 2020
Zhang et al.| {2021} |Chen et al.} 2023).

Definition 3.1 (Linear LFG). An LFG is linear if there exists a known feature function ¢(-,-) :
Ax B — R% such that the reward functions satisfy u(a, b) = (¢(a,b),9*) and r(a, b) = (¢(a,b), %),
where ¥*, 0* € R are unknown parameters.

In the tabular setting where A, B are finite, we let ¢(a,b) = e(4,5), the canonical basis in R? with
d :=|.A||B|, to ensure notational consistency with linear settings (Jin et al., 2020; Xie et al.,|2020;
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Chen et al., 2023). The bounded reward assumption implies the parameter space © = [0, 1]M!IBI,

‘We then rewrite the reward functions as:
u’l9(ﬂ—7 V) = EaNﬂ,bwu[uﬂ(av b)] = <U197 T™& V>7 T@(ﬂ-a V) = EaNﬂ',lez[rG(av b)} = <’I’9, TR V>a (1)

where (7 ® v)(a,b) = 7(a) - v(b). Given the true parameters ¥* and 6*, we simplify notation as
u(a,b) = (¢(a,b),9*) and r(a, b) = (¢(a,b), 8*), making learning the reward functions equivalent
to estimating * and 6* from ©.

3.2 RESPONSE MODELS AND VALUE FUNCTIONS

Quantal response model In response to the leader’s committed policy 7 and recommended policy
vy, the follower aims to maximize her entropy-regularized expected reward:

pg € argmax g(v|m; ), where g(v|m;0):=E™" [rg(a,b)] +n *H (v). (2)

veA(B)

Here, #(-) is the Shannon entropy, and E™* denotes the expectation over the trajectory (a, b) induced
by (7, v). The optimal policy pj solving (2)) is named the quantal response (QR) policy against 7
with parameter 6. This formulation follows the bounded rationality model of the follower (Simon)
1955; |Conlisk, [1996; Jones| [1999), where she assigns higher probabilities to actions with higher
expected rewards rather than deterministically choosing the optimal action. The parameter > 0
in @ reflects the degree of bounded rationality. As special cases, when n — 0, pj becomes the
uniform distribution over B; when  — oo, 115 becomes the optimal policy of the process induced by
7, meaning that the follower is perfectly rational.

Follower’s response model However, the follower is on the weaker side compared with the leader:
the follower only has access to limited computational resources. To account for this limitation, we
introduce PR, where the leader provides a recommended policy y to the follower. The follower then
updates her policy using a one-step mirror descent approach, leading to the following response model:
7 argAr?ng(V\m y;0), where G(v|m,y;0):=E™" [rg(a,b)] + n~'H (v) = 7D(v|ly), (3)
ve
where D(v||y) is the Kullback-Leibler (KL) divergence between the follower’s policy v and leader’s
recommendation y. The solution v, is the follower’s response policy against (7, y) given parameter
6, which is obtained by a single step of mirror descent, starting from leader’s recommendation y. The
parameter 7 > 0 controls the degree the follower takes leader’s recommendation into consideration.
Specifically, when 7 = 0, the follower does not consider the leader’s recommendation at all.

The KL divergence D(v||y) in the follower’s response model signifies the influence of the
leader’s recommendation y on the follower’s chosen policy v. This structure is particularly relevant
in scenarios mirroring real-world interactions, such as those between large, well-resourced firms
(leaders) and smaller entities (followers) that may lack the computational capacity or comprehensive
market insight to independently derive fully optimal strategies. Consequently, these followers might
adopt simpler heuristic updates, like one-step mirror descent (OMD), rather than solving a complex
optimization problem from scratch.

The response model (3)) arises naturally from this premise: it represents the outcome of the follower
performing an OMD update to optimize their entropy-regularized expected reward (defined in (2)),
using the leader’s recommendation y as the reference point for the descent step. As detailed in
Appendix this OMD process inherently introduces KL divergence, which penalizes deviations
from the leader’s suggested policy. The resulting follower’s policy update in (3] thus reflects a practical
balance between maximizing her own reward and acceding to the leader’s influence, capturing a form
of bounded rationality. This formulation is not only mathematically justified but also reflects common
dynamics observed in various applications (see Appendix [C.I), providing a principled link between
behavioral assumptions (like limited computational capacity leading to OMD) and the structure of
the model, even though the original objective (2) does not explicitly feature a KL term.

Uniqueness of the response policy Due to the regularization in , the response policy v, Y
is uniquely determined. The expected reward E™" [ry(a, )] is linear in v, while —7D(v||y) and
n~1H (v) are strictly concave in v. So G(v|r,y; 0) is strictly concave, ensuring a unique maximizer.

Follower’s value function Let rj (b) = (n(-),r9(-,b)as be the expected reward of the follower
induced by 7, and let ™ (b) = (¢(+,b), w(-)) 4 be the feature mapping induced by 7. The follower’s
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action-value (Q) function Q7 : B — R and value (V) function V¥ € R are respectively given by

QR ) =17 (b) = (67).6), v;”’=<T+n-1>1og{2[y<b>]f+51exp{Qg(b) }} @

—1
beB T

Characterization of the response policy The response policy v,"¥ can be expressed as an exponen-
tial function of the follower’s advantage (A) function Ap"Y : B — R:

vrY(b) = ly()] 7T -exp {(T+ 1Y) 7H - ATV(D)},  where ATY(b) = QF(b) — V7. (5)

Recovering the quantal response model Setting 7 = 0 recovers the standard quantal response:

p (b) = exp{n - AG(b)}, (6)
where the advantage (A) function A} : B — R and the corresponding value (V) function V" € R
are given respectively by A7 (b) = QF (b) — V¥ and V" = n~'log (3 ,cpexp {n- Q5 (0)}).

Leader’s value function Let E™"s " denote the expectation taken over a ~ 7 and b ~ vy’ The
leader’s action-value (U) function Uy : A x B — R and value (W) function Wy J € R are:

Uy(a,b) = ug(a,b) = ($a,b),8), Wi§ =E™" [Uy(a,b)] = (ug, 7 @v5"). (D)

4 INCENTIVE COMPATIBILITY, OPTIMIZATION AND EQUILIBRIUM

4.1 INCENTIVE COMPATIBILITY AND QUANTAL RESPONSE

In the leader-follower game where the follower’s response model is given in (3)), it is evident that the
leader has more power in the sense that she can strategically adjust the recommendation y, which
affects the agent’s response in a way that favors the leader. To regulate the leader, we additionally
impose an incentive compatibility constraint on the leader, which means that the leader hopes that her
recommendation policy y is close to the follower’s true response policy v,.”. Here 6* is the parameter
of the true reward function. In other words, leader’s recommendation is indeed close to the follower’s
best response as in . When y = v,.Y, we say that (7, y) satisfies incentive compatibility given
leader’s policy 7. In this case, we can show (in Theorem [d.1| below) that this particular y coincides
with the follower’s quantal response given m, which is defined in (). Thus, by requiring that the
leader recommends an incentive compatible y, we ensure that follower’s adopts the quantal response
policy, which is a version of optimal policy for the follower.

IC violation To quantify to what extent leader’s recommendation y misses the IC condition, we
introduce concept of Incentive Compatibility Violation (ICV) as follows. Given parameter 6 € O,
for any leader’s policy 7 and recommendation policy y, the ICV is defined as the total variation (TV)
distance (see (20)) between y and v, i.e.,

ICV(m,y;0):=TV(y,vy""). 8

ICV (7, y; 6) measures the discrepancy between the leader’s recommendation policy y and the
follower’s response policy against the leader’s policy 7 and recommendation y, given parameter
6. By definition, ICV is nonnegative, and ICV (r,y;0) = 0 if and only if y = v,Y. In this case,
we say (m,y) is 0-IC. Given a parameter ¢, we define a subset of IT x Y: Zy:={(m,y) € II x YV :
ICV (m,y;6) = 0}, which contains all policy pairs satisfying the §-IC condition.

Zero ICV leads to quantal response We introduce a proposition which proves that the quantal
Y

response policy is a fixed point of the mapping y — v,
Proposition 4.1 (Quantal response as a fixed point). Given any 8 € © and w € 11, the quantal
response (j is the unique fixed point of the mapping vy’ : int(A(B)) — int(A(B)). In other words,

y = pj if and only if y = v, Y. Furthermore, we have V" = V"¢ .
Due to the introduction of a recommendation policy y, V;* = V¥ does not hold in general. However,

Theorem shows that V" = V,"¥ holds when y = pf. This implies that the introduction of a
recommendation policy that is equal to the quantal response does not change the value function.



Under review as a conference paper at ICLR 2026

Thus, the requirement of IC constraint also justifies the assumption of the follower’s response model
in (3). When the leader announces (7, y), it is unclear why the follower is willing to adopt v."
in (3) at first sight. But when the follower additionally believes that the leader aims to achieve IC,
then it is natural for the follower to commit to (3) — doing so will lead to the quantal response
policy when IC is satisfied. Because the quantal response policy is a sensible choice for the follower,
he is thus willing to trust leader’s recommendation and play according to (3). On the other hand,
without imposing IC constraints, the leader’s inference of follower responses can be systematically
manipulated, leading to unreliable estimation and rapidly growing regret (Gan et al.,|2019). These
justify the validity of the follower’s response model and the necessity of IC constraint for the leader.

4.2 POLICY OPTIMIZATION WITH IC CONSTRAINT

Leader’s Goal The leader’s goal is to find the optimal policy pair (7*, y*), such that the following
two conditions are satisfied: (i) (7*, y*) is IC under the true model with parameter 6*, (ii) (7*, y*)
optimizes leader’s expected local return. Mathematically, this problem can be formulated in the form
of a bilevel optimization problem with the IC constraint:

max E™®"6* [ug-(a,b)], such that ICV (r,y; 6*) = 0, 9)

™y
where the follower’s true response policy v,.” is characterized by (3) with § = 6*.

Quantal Stackelberg equilibrium By Theorem 4.1} we know that when y satisfies IC condition with
parameter 0*, we have 7 ® v, = pug.. Therefore, by @) the optimal 77* can be equivalently written
as the solution to the following optimization problem:

max ET®Ho- [ug~(a,b)]. (10)

Thus, 7* corresponds to the leader’s policy under the Quantal Stackelberg Equilibrium (QSE)
of the LFG (McKelvey & Palfrey, |1995; Basar & Olsder, [1998)). That is, 7* is the leader’s reward-
maximizing policy when the follower adopts the quantal response policy.

In summary, the optimal solution (7*, y*) of @]) is characterized by the following two conditions: (i)

(m*,y*) is a QSE of the leader-follower game, and (ii) y* is a fixed point of the mapping y — v,. Y.

When we write v* :=wvy. 'Y , we have uj. = y* = v* = v, . Since y* = v* for the QSE, we can

equivalently write the QSE as (7*,y*) or (7*, v*).

4.3 SUBOPTIMALITY AND ABSOLUTE REGRET

Suboptimality For any (7, y), we define J (7, y) :=(uy-, ™ ® v,.”), which is equal to the leader’s
expected reward when she adopts (7, y), given that the follower responds according to . Recall that
we let Zy- define the set of (r, y) pairs satisfying the §*-IC condition. By (9), we can equivalently
write (7%, y*) as the solution to the optimization problem maxr e z,. J (7, y). Thus, to measure
the performance of (7, y), we define the suboptimality of the policy pair (7, y) as

SubOpt(m,y):=  max_ J(x',y) — J(m,y) = max (ug-, 7' @ pf.) — (ug-, 7 @ v5Y). (11)
(7Y’ ) EZpx 7/ €Il

In particular, when (7', 3’) € Z4~, by Theoremwe know that ¢’ = l/g*/’y/ — u7.. Hence, we can
use the suboptimality in to assess the quality of each (7, y) pair. In particular, (7, y) is optimal
if and only if (7,y) € Zp~ (equivalently, ICV (r, y; 0*) = 0) and SubOpt(r, y) = 0.

Online interaction protocol In the online setting, the leader learns 7* and y* by interacting with
the agent for T episodes, without prior knowledge or data. For any ¢ € [T, in the ¢-th episode, the
leader announces and commiits to 7, recommends y; to the follower, and the follower adopts her

response v4.Y". Then, the leader uses the new dataset {(as, b;, 7, ¥i, u;) }ic[y) to update her strategy.

Standard regret and ICV regret We study online learning on behalf of the leader, without access
to the reward functions of both agents. To measure the performance of a learning algorithm, we
introduce the standard regret based on the suboptimality in and the ICV regret, which are
defined respectively as

Reg(T):= Y SubOpt(m,y:), Reg'"V(T):= > ICV(m, ys;0%). (12)
te[T) te(T]
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Here, Reg(T') measures the cumulative suboptimality in terms of (11) and Reg'®V (T') measures the
cumulative violation of the IC constraint.

In general, we cannot exactly estimate the true parameter 8%, so we cannot exactly reconstruct the set
Zy~ of all IC policy pairs, and cannot guarantee (7, y¢) € Zg- for all ¢ € [T']. Therefore, apart from
evaluating the standard regret, we have to evaluate the extent to which the constraint is violated. We
can use ICV in (8) to quantify the extent to which (7, y) violates the IC constraint in (@) Soitisa
natural idea to define ICV regret as the sum of ICV (7, y; 0*) over all ¢ € [T in (12).

Absolute regret Moreover, as (7, y;) € Zy+ is not necessarily true, it is possible that SubOpt (7, y;)
is negative for some ¢. This can be true when (7, y;) violates the IC constraint. Thus, when
Reg'®V (T) is strictly positive, having a sublinear Reg(T") does not imply that the learning algorithm
finds approximately optimal solutions for the leader in the long run. For example, it is possible

that SubOpt(ms, y;) = —1 for all ¢, and in this case Reg(T") = O \/T)El, but it does not necessarily
guarantee good performance. Therefore, since SubOpt(m, y:) in (12)) is not necessarily nonnegative,
we further introduce the absolute regret, defined as the sum of the absolute values of suboptimality:

Regabs(T) = Z \SubOpt(Wta yt)| (13)
te[T]

The goal of online learning is to output a sequence of policy pairs { (¢, y¢) }+[7] such that the absolute
regret and ICV regret satisfy Reg abs(T") = O(v/T) and Reg"“Y (T') = O(V/T), respectively. When
this is true, we have max{Reg abs(T) /T, Reg'V (T')/T'} converges to zero as T' goes to infinitely.
In other words, the randomized policy (7, V), which is equal to each (¢, ;) uniformly random,
constitutes an approximate QSE of the leader-follower game. In Appendix [5] we will provide the
methodology and a well-formulated algorithm to achieve this goal.

Furthermore, since Reg(T) < Reg™(T)), Reg™™(T) = O(V/T) is a strictly stronger result than
Reg(T) = O(VT). Consequently, there exists a considerable gap between controlling Reg(T) and
Reg®™(T)). To bridge this gap, we establish Theorem which shows that if both Reg(T) =
O(VT) and Reg'“V (T) = O(v/T) hold, then it follows that Reg®™*(T") = O(+/T). The condition
Reg'®V (T) = (5(\/T) is a key ingredient for bridging this gap. This observation justifies the
importance of controlling the ICV regret Reg'®V (T') in constrained optimization settings.

5 METHODOLOGY

Our method combines estimating the reward functions of both agents and optimistic planning based
on these estimates, leveraging ideas from LSVI (Sutton & Barto, |2018)) and MLE (Chen et al.;[2023).

5.1 REWARD FUNCTION ESTIMATION

Leader’s reward function For updating the leader’s reward function (U function), we add a bonus
term to the result of the following ridge regression to encourage exploration (Sutton & Bartol [2018)):

t—1
&y zargmin{Z((qb(ai,bi),m —u;) + ||w||§}, Uy(a,b) = (¢(a,b), &) +Ta,b), (14)

welo, )4 ;5

where we choose the bonus term I'} (a,b) = ay/¢(a,b)T (A;)~é(a,b). We can solve the ridge
regression in by &y = (A) 7! Z:;i o(ai, b;)u;, where Ay := Zf;i d(ai, b)) p(ai, b)) + 1y.
The coefficient a will be specified in the statement of Theorem [6.1]

Follower’s reward function As the leader cannot observe the follower’s rewards, it is necessary

to estimate the follower’s reward function. Note that the follower adopts the response model in (3),
whose closed-form expression is in (5. Thus, when the leader announces (7, y;) and observes the

'Notational clarification: In general, Reg(T) = O(v/T') means there exist a constant C' > 0 and some T
such that for all T > Tp, it holds that | Reg(T)| = C+/T up to a logarithmic factor. In this paper, for simplicity,
we write Reg(T') = O(v/T) to mean the one-sided bound Reg(7) < C+v/T, without absolute values.
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follower’s action b;, we know that b, is generated from a statistical model given in (3)), with parameter
0*. As a result, before the beginning of the ¢-th round, we can estimate 8* based on historical data
{(7i,yi,bi) }iejt—1)- Specifically, suppose 8 € © = [0, 1]¢ is the parameter for the follower’s reward
function. With online data {(7;, y;, b;) }ic[t—1) available to the leader, let @t\/{LE be the MLE that
minimizes the negative log-likelihood function £ () for the follower’s behavior at time ¢, i.e.,

@V‘LE + argmin £;(6), where L:(0 Z log vy Y (b; (15)
0elo,1]4 iclt—1]
The follower’s response mapping can be estimated from the follower’s historical actions via MLE,
like the quantal response mapping in|Chen et al.| (2023)).

In order to achieve sample efficiency in the online setting, we need to leverage the optimism principle
(Abbasi-Yadkori et al.l 2011)), which further necessitates uncertainty quantification. Therefore, we
aim to construct a confidence set that contains #* with high probability (Chen et al.,[2023)). To this
end, we define a confidence set for the parameter 6 of the follower’s reward function:

C6(B)={0e€O: L) < mf Li(0') + B}, (16)

where the parameter 8 > 0 measures the relaxation of MLE. Then, we can choose a parameter
6, from this confidence set C§ (/3), and the estimated reward function for the follower is taken as
7y = 15, with 15 (a,b) = (¢(a,d), 0;) for any (a,b) € A x B.

5.2  OPTIMISTIC VALUE ITERATION

Based on the estimated reward functions in Section we then employ the following two schemes
of optimistic value iteration, to generate the policy pair (7, y;) for the leader at time ¢ € [T7].
Scheme 1: (@,m) ¢+ argmax <(7t,7r ® ug), Y — Mgt, (17)
0ecs (B),mell t
Scheme 2: 7; + arg maX<Ut, T® MMLE> + CyI? (7, uMLE, éMLE),
mell

where Cj; is a constant depending on 7 and 7 as defined in (33)), and the bonus function is defined by

Yt — u‘gj;/[LE7 (18)

P2 (m,;0) = 2(e¢ + CPE?),  where & = ((8C23+4B3)Tr (2] + 1) =7)) ", (19)

with e = (7 + 777! and c?® = ¢ exp(26B4)(2 + eBaexp(26B4))/2. Here, ¢ =
Zf_} Cov™i Vit [¢“”( )] is the covariance matrix, and ™% ¢ = Cov™¥?[$™ (b)] with the expecta-
tion taken by b ~ v, Y. The coefficient 5 will be specified in the statement of Theorem

The design of Scheme 1 (17) is inspired by Theorem[4.1] which claims y = i if and only if y = v V.

.) we use the estimated parameter 6 instead of the true parameter 8 as it is unknown. Recall

that (74, y¢) being IC requires y, = v,!"¥" instead of y, = u;”’yt so in general, (7, ;) is not an IC
t

policy pair. However, we will show that (¢, y;) tends to be an approximately IC policy pair in the
sense that the absolute regret can be sublinear in 7. As a variant of Scheme 1, Scheme 2 is more
computationally efficient than Scheme 1. This is because Scheme 1 needs to explore different values
of @ within C% (3), while Scheme 2 directly uses the MLE #M-E without exploring CL (/3).

We summarize our proposed algorithm named Policy Recommendation with Optimistic Value
Iteration and Maximal Likelihood Estimation (PROM) as follows.

Algorithm 1 Policy Recommendation with OVI and MLE (PROM)

1: Input parameters 7, 7, v, 8. Initialize the dataset D = &.
2: fort=1,...,7 do

3: Update U, by and truncate it to [0, 1]. (Only for Scheme 2) Obtain the MLE b, by .
4:  Solve (7, ;) as the optimal solution to Scheme 1 or Scheme 2 (18).
5: Announce 7; and recommend y; to the follower. Observe the follower’s action b;, choose an

action a; ~ m; and receive a reward ;.
6: Collect a trajectory 7+ = {(m¢, yt, at, by, ut) }. Update the dataset D <+ D U {1 }.
7: end for




Under review as a conference paper at ICLR 2026

6 MAIN RESULTS

In this section, we provide and discuss the theoretical guarantees for PROM (Algorithm [T)). We first
present the regret analysis for the standard setting in Section[6.1] followed by an analysis of robustness
to parameter misspecification in Section[6.2] The detailed proofs are deferred to Appendix [F}

6.1 REGRET ANALYSIS FOR PROM (ALGORITHM [T))

Theorem 6.1 (Standard regret and ICV regret for PROM). In Algorithm |I| we choose o =

C1d\/1og(6dT?/p) for T'*, and B > Cadlog(3T(1 + T? + (1 +¢)T)/p) for T? and 6 € CL(B),
where Cy, Co > 0 are universal constants. For Scheme 1 ({[7) and Scheme 2 (I8)) in Algorithm[I] we

have with probability at least 1 — p that Reg(T) = O(d*v/T) and Reg'®V (T) = O(d2V/T).

Theorem [6.1] establishes that both Scheme 1 and Scheme 2 of Algorithm [TJachieve standard regret
and ICV regret that are sublinear in the time horizon 7" and polynomial in the feature dimension d.
Notably, the regret rate matches the state-of-the-art bound for the unconstrained setting in |Chen et al.
(2023)) where policy recommendation is absent, while we simultaneously ensure sublinear ICV regret.
This indicates that Algorithm [T]efficiently learns the leader’s optimal policy pair while effectively
satisfying the IC constraint. In essence, the goal of ensuring incentive compatibility is achieved
without compromising the statistical efficiency of learning the leader’s optimal policy pair. Beyond
Theorem [6.1] we further show that the absolute regret can also be bounded by a sublinear rate in 7'.

Theorem 6.2. SubOpt(m,y) = ICV(w,y) = 0 if and only if (7,y) is the optimal solution to
problem (@) Furthermore, suppose the follower’s action space B is finite. If Reg(T) = O(\/T) and
Reg'“V(T) = O(V/T), then the absolute regret satisfies Reg*™(T) = O(v/T).

As discussed in Appendix a fundamental challenge in our setting is that the IC constraint allows
for negative suboptimality (i.e., achieving rewards higher than the equilibrium value by violating
constraints), rendering standard regret an insufficient metric for convergence. Theorem [6.2]addresses
this by establishing that absolute regret (which penalizes both suboptimal performance and constraint
violations) is sublinear in 7, provided that both standard regret and ICV regret are sublinear. This
result not only rigorously quantifies the cost of enforcing IC but also ensures that the leader’s policy
converges to the true equilibrium, thereby guaranteeing incentive-compatible learning with provable
efficiency. By bridging the gap between standard regret and absolute regret via the control of IC
violations, Theorem [6.2] provides a novel theoretical framework for constrained online learning. To
the best of our knowledge, this is the first result establishing such a connection, offering insights
applicable to broader classes of constrained decision-making problems.

Corollary 6.3 (Absolute regret for PROM). Suppose the conditions of Theorem |6.1|are satisfied and
the follower’s action space B is finite. Then, for both Scheme 1 and Scheme 2 of Algorithm|[I} we

have the absolute regret Reg™(T') = (A’j(d2 \/'T) with probability at least 1 — p.

Finally, combining Theorem [6.1]and Theorem [6.2] yields Theorem which explicitly characterizes
the absolute regret bound for Algorithm|[I} Crucially, the transformation analysis in Theorem [6.2]
preserves the dependence on the feature dimension d, and hence the dependency of the absolute regret
bound on d remains the same as the regret bound in Theorem[6.1} Consequently, Theorem- 6.3|confirms
that Algorithm |1 achieves an absolute regret that is sublinear in 7" and scales as O(d2) thereby
justifying the sample efficiency of Algorithm [I]in learning the quantal Stackelberg equilibrium.

6.2 ROBUSTNESS TO PARAMETER MISSPECIFICATION

In Section[6.1] we assume the leader knows the follower’s behavioral parameters 7 and 7. While this
assumption is standard in the Stackelberg learning literature (Yang et al.,[2012} [Chen et al.||2023),
in practical scenarios, the leader may only have access to some estimates 77 and 7 which involve
estimation errors. We consider a misspecified setting with (-approximate behavioral parameters,
where the leader only has access to estimates 7 and 7 satisfying |7 — | < ¢ and |7 — 7| < (. Then, a
natural question arises: How does the performance of Algorithm[l|degrade if these parameters are
misspecified? To address this, we analyze the regret of Algorithm [T]under such misspecification,
when it is run using estimated parameters 7) and 7 that deviate from the true values by at most . We
establish the following Theorem [6.4]to show that our framework exhibits graceful degradation.
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Theorem 6.4 (Regrets under misspecification). Suppose Algorithm|l|is run using estimated parame-
ters 1), 7 such that |1 — n|, |7 — 7| < ¢ for some ¢ > 0. Under the assumptions of Theorem|[6.1] we

have Reg(T) < (5(d2\/f +¢T) and Reg'®V(T) < (5(d2\/f + CT) with probability at least 1 — p.

Theorem [6.4] shows that the regret bound incurs an additional linear term scaling with the misspecifi-
cation level . This result implies convergence to an O(()-optimal policy, and reflects the intrinsic
bias of the parameter approximation. Building on Theorem[6.4] we show that this robustness extends
to the more stringent absolute regret metric and implies a PAC sample complexity guarantee.

Corollary 6.5 (Absolute regret under misspecification). Under the conditions of Theorem if the
follower’s action space is finite, the absolute regret satisfies Reg™ (T) < O(d*v/T + CT).

Corollary 6.6 (PAC guarantee). For any € > 0, Algorithm learns a policy pair that is (e + O(())-
optimal with high probability, using a number of samples polynomial in the problem dimensions and

1/€2. The sample complexity to achieve an expected suboptimality gap of € + CpiasC is (5(d4 /€2).

Intrinsic bias and graceful degradation. Compared to Theorem|[6.T] the bound in Theorem [6.4]

has an additional linear term O(¢T"). The additional term is inevitably linear in 7" due to the intrinsic
bias introduced by the parameter approximation errors. This term implies that the average regret
converges to O(() rather than zero. Therefore, Algorithmis robust, as small estimation errors do
not cause catastrophic failure but instead lead to a policy that is O(¢)-optimal. As the estimation
precision improves ({ — 0), the standard no-regret guarantee in Theorem [6.1]is recovered.

PAC interpretation. The regret bound in Theorem [6.4]implies the sample complexity guarantee
in Corollary [6.6] via standard online-to-batch conversion. With a number of samples polynomial in
problem dimensions and e~2, Algorithmcan learn a policy pair that is e-optimal up to an irreducible
approximation error of O((). This highlights that while the O(() bias is unavoidable due to parameter
mismatch, Algorithm[IJremains sample-efficient in reducing the statistical estimation error.

Connection to literature.  The result in Theorem [6.4] parallels the robustness guarantees for
misspecified linear MDPs. For instance, Jin et al.| (2020) show that for (-approximate linear MDPs,
the regret bound naturally includes an additional linear term representing the intrinsic modeling
bias. Notably, unlike the misspecification term in Jin et al.| (2020) which scales with the feature

dimension d, our linear bias term O((T') is independent of d. This is because ¢ here characterizes the
estimation error of scalar behavioral parameters (77, 7), and the sensitivity of the follower’s response
to these parameters is bounded by the magnitude of rewards rather than the ambient dimension of
the feature space. Consequently, Algorithm [I]avoids the amplification of errors in high-dimensional
feature spaces, effectively mitigating the curse of dimensionality related to parameter sensitivity. This
property renders Algorithm [I]particularly robust in large-scale and high-dimensional problems, as
the system bias remains controlled even as the feature dimension increases. Therefore, Algorithm|T]
efficiently learns the best possible policy within the resolution allowed by the parameter precision.

7 CONCLUSION

We introduced online learning for leader-follower Stackelberg games with policy recommendation
under an IC constraint. Our framework enables the leader to commit to a policy while recommending
a policy for the follower, influencing decision-making while maintaining IC. We formulated this
problem as a matrix game and proposed a sample-efficient algorithm that learns the optimal leader
policy pair (quantal Stackelberg equilibrium) while minimizing both the leader’s regret and IC
violations. Our approach integrates MLE of the follower’s response model with optimistic planning,
achieving provable efficiency despite information asymmetry. We proved that our algorithm ensures
sublinear regret in both the leader’s rewards and IC violations (Theorem [6.1]), showing that IC can
be enforced without compromising statistical efficiency. Furthermore, we addressed the challenge
posed by negative suboptimality values by bridging the gap between standard regret and absolute
regret (Theorem [6.2)), proving that sublinear regret and sublinear ICV regret together imply sublinear
absolute regret. Even under parameter misspecification, our algorithm exhibits graceful degradation,
as we show that small estimation errors in behavioral parameters lead to a bounded performance loss
rather than catastrophic failure (Theorem|[6.4). Our work provides a foundation for constrained online
learning problems and opens avenues for future research, including extending to Markov games,
analyzing computational trade-offs, and exploring applications in economic and strategic settings.

10
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A NOTATIONS AND SUMMARY OF ASSUMPTIONS

In this section, we summarize the notations used throughout the paper.

We use the following notations that are generally used in the literature. Let S‘j_ denote the set
of d-dimensional symmetric nonnegative definite matrices, and F(X’) be the class of measurable
functions on X'. We define [N] = {1,..., N}, and for any set X, let | X | denote its cardinality. The
probability simplex over X is A(X). For a random vector z, we use Cov|[z] for its covariance matrix.
The vector norm induced by a matrix P € SZ is denoted as ||| », and < denotes an inequality up to
constant and logarithmic factors.

In this paper, we use the total variation (TV) distance to measure the difference between two policies.
Consider a measurable space ({2, ) and probability measures P and () defined on (2, F). The TV
distance between P and () is defined as

TV(P,Q):=sup |P(A) = Q(A)], (20)
AcF
which is the largest absolute difference between the two probabilities assigned to the same event.
For discrete spaces, we have TV (P, Q) = 3||[P — Q||1 by Proposition 4.2 in|Levin & Peres| (2017),
where || - ||1 is the L;-norm of vectors.

When appropriate without causing ambiguity, we omit the subscript A x B in <-7 > AXB

We also provide the following table of notations (Table [T related to our setting used throughout the
paper, as well as their meanings below.

To improve readability, we also summarize the key assumptions made in this paper in Table [2] below.

B EXTENDED DISCUSSION ON RELATED WORK

In this section, we provide a more detailed discussion of our work’s relationship to the literature on
mechanism design, information design, and recent advances in steering learning agents. We highlight
the unique challenges posed by our setting (e.g., the combination of policy recommendation, incentive
compatibility, information asymmetry and bounded rationality) which distinguishes our contribution
from classical and concurrent works.

B.1 CONNECTION TO MECHANISM DESIGN AND INFORMATION DESIGN

As noted in Section ([T} our Incentive Compatibility (IC) constraint is conceptually equivalent to the
obedience constraint in the mechanism design and information design literature (Myerson, |1983};
Bergemann & Morris, [2019). In the context of Bayesian persuasion (Kamenica & Gentzkow}, 2011),
the sender (leader) designs a signal (recommendation) to influence the receiver’s (follower’s) action.
The revelation principle guarantees that we can restrict attention to direct recommendations where it
is optimal for the receiver to obey.

However, there is a fundamental distinction between these classical settings and our work:

* Static Design vs. Online Learning: The classical literature typically assumes a static
environment where the designer has full knowledge of the agent’s utility function (or the
prior distribution). The goal is to compute an optimal mechanism/signal offline.

* Unknown Rewards: In our setting, the leader does not know the follower’s reward function
(parameter #*) and must learn it from scratch through online interactions. This introduces a
critical challenge: the obedience constraint itself is unknown and must be estimated.

* The Necessity of Absolute Regret: Because the leader optimizes over an estimated con-
straint, the actual IC condition may be violated during the learning process. In constrained
optimization, violating a constraint can sometimes yield rewards higher than the equilibrium
value (negative suboptimality). This phenomenon does not arise in static mechanism design
(where constraints are hard) but is central to our online learning setting. This necessitates
our novel analysis of absolute regret (Theorem [6.2) to ensure convergence to the true
equilibrium.

14
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Table 1: Table of notations

Notation

Meaning

A, B

A and B are the leader’s and the follower’s action spaces, respectively, which are both
assumed to be finite.

HaynyR

IT is the class of leader’s policies, which is defined as A(.A), the set of all distributions
over A. ) is the class of leader’s recommendation policies to the follower, which is
defined as int(A(B)), the interior of the set of all distributions over B. YVqr is the class
of all quantal responses as defined in equation@

u,r

u and r are the leader’s and the follower’s reward functions, respectively, which are both
assumed to be within [0, 1].

9,9%,0,0%,0

19 is the parameter of the leader’s reward function. 9™ is the true value of the parameter
9. 0 is the parameter of the follower’s reward function, which determines the follower’s
response mapping (m,y) — v™Y. 0" is the true value of the parameter . © =
[0, 1]'“4”5 I'is the class of the parameters for the leader’s and the follower’s reward
functions.

7 is the leader’s commitment policy and y is the leader’s recommendation policy to the
follower.

g is the quantal response model against the leader’s policy 7 when the parameter of the
follower’s reward function is 6. See equation [2{and equation@

v, Y is the follower’s response model against the leader’s policy 7 and recommendation
policy y when the parameter of the follower’s reward function is 6. See equation@and
equation El

H(v)

The Shannon entropy of a distribution v.

D(¥[ly)

The Kullback-Leibler (KL) divergence of a distribution v with respect to another distri-
bution y.

J(m,y)

J(m,y) is the total expected utility collected by the leader if the follower’s response
model is vy:Y.

Y
Us, Wy

(U, W) functions for the leader under model (7, y,v™Y, 9, 0). See equation

i ™Y ™Y
Q97V9 7A9

(Q, V, A)-functions for the follower under model (7, y, ™Y, ¥, 0). See equationand
equation 4]

Vo', Ag (V, A)-functions for the follower under model (7, y, v™¥, ¢, ) when 7 = 0.

" (b) "= (r(;,b),m(-]b))a.

T y* 7" is the leader’s best policy, and ™ is the leader’s best recommendation policy to the
follower.

By B 4 upper bounds the follower’s value functions. See equationlﬂ_ﬂl
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Table 2: Summary of key assumptions

Assumption

Details

Game Model

Leader-Follower Matrix Game (Stackelberg Game). The leader commits to a
policy 7 and recommends a policy y; the follower responds with a policy v.

Finite Action Spaces

The action spaces A for the leader and B for the follower are both finite.

Linear Reward Structure

The reward functions are linear in a known feature map ¢(a, b): u(a,b) =

(¢(a,b),¥") and r(a, b) = (¢(a,b),0").

Parameter Space

The unknown reward parameters 9, 6 lie in the bounded set [0, 1]% (where
d = | A||B| in the tabular setting).

Follower Behavior

The follower is boundedly rational and adopts a One-step Mirror Descent

(OMD) update based on the leader’s recommendation ¥, resulting in the
response model v, Y.

Known Hyperparameters The rationality parameter 77 and recommendation sensitivity 7 are assumed

to be known to the leader in the main analysis. (Robustness to misspecified
1, T is discussed in Section[6.2).

Observability Bandit feedback: The leader observes the joint action (a, b) and her own

reward u(a, b), but not the follower’s reward r(a, b). The follower observes
the leader’s commitment 7 and recommendation y.

B.2 COMPARISON WITH STEERING IN EQUILIBRIUM

Recent work by|Zhang et al.|(2024) studies the problem of steering no-regret learners to a desired equi-
librium. While both works share the goal of influencing agent behavior, they address fundamentally
different problems with distinct mechanisms and assumptions.

1. Mechanism (Payments vs. Information): Zhang et al.|(2024) rely on monetary payments
to modify the players’ payoff matrices directly, effectively making the desired equilibrium
dominant or more attractive. In contrast, our leader cannot issue payments; she relies solely
on policy recommendation (information) and the follower’s bounded rationality (quantal
response) to achieve alignment via the obedience constraint.

2. Information Structure (Known vs. Unknown): The framework in|Zhang et al.| (2024)
typically assumes the mediator knows the game structure (including players’ utilities) to
compute the necessary payments. Our primary challenge is information asymmetry: the
leader does not know the follower’s reward function and must infer it from bandit feedback.
Algorithms designed for known games cannot solve our learning problem.

3. Agent Model (Dynamics vs. Static Response): Zhang et al.|(2024) assume agents run no-
regret algorithms (e.g., MWU, CFR), focusing on the convergence of learning dynamics
over time. We model the follower as a boundedly rational agent (quantal response)
who responds instance-by-instance based on the current policy and recommendation. This
necessitates fundamentally different analysis techniques, such as handling the distribution
shift between the estimated and true quantal responses (as detailed in Appendix [D.4), which
is not a concern when analyzing no-regret dynamics in fixed games.

B.3 COMPARISON WITH OTHER STACKELBERG LEARNING WORKS

Our work also complements other recent advances in learning Stackelberg equilibria.

* Comparison with |Chen et al./(2023): Our work builds on the bilevel optimization frame-
work of |Chen et al.| (2023)). However, the introduction of policy recommendation (PR)
fundamentally changes the problem. In their setting, the follower’s response depends only
on 7; in ours, it depends on (7, y). This dependency creates a distribution shift between
the follower’s actual response (influenced by y) and the ideal quantal response (which the
leader aims to learn). We develop a novel invariance-based analysis to bridge this gap, a
technical innovation absent in [Chen et al.|(2023).
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* Comparison with Haghtalab et al. (2023): |Haghtalab et al.|(2023) study a setting where
the follower responds to calibrated forecasts of the leader’s actions. In their model, the
follower does not observe the leader’s current commitment directly. In our model, the
follower observes both the commitment 7 and the recommendation . Our focus is on
optimizing the recommendation to satisfy the obedience constraint, rather than calibrating
forecasts over time.

C DISCUSSIONS AND PROPERTIES OF LEADER-FOLLOWER GAMES WITH
POLICY RECOMMENDATION

C.1 MOTIVATING EXAMPLES OF POLICY RECOMMENDATION

The introduction of policy recommendation is meaningful in realistic scenarios where the follower
(e.g., a small company) only has access to limited computational resources, while the leader (e.g.,
a big company) has access to sufficient computational resources. Due to this nature, it is also
reasonable to assume the action space of the follower is finite. In such scenarios, the follower can only
employ computationally efficient methods, such as one-step mirror descent. Additionally, because
the leader possesses ample computational resources, she can use (7, y) to guide or influence the
follower’s behavior. Consequently, the follower also takes the leader’s recommendation policy y into
consideration. As a result, the follower’s response is a function of both the leader’s commitment
policy and the leader’s recommendation policy to the follower.

In real-world scenarios, the phenomena of policy recommendation in leader-follower games are
common in several domains, including but not limited to the following examples.

1. Supply chain management: In supply chains, dominant manufacturers (leader) often
suggest inventory policies to retailers (follower) to optimize overall performance. For
instance, a manufacturer may recommend specific ordering quantities and schedules to
a retailer to minimize costs and prevent stockouts. The retailer, possibly constrained by
limited resources, relies on these recommendations to manage inventory efficiently. This
dynamic aligns with the leader-follower model, where the leader (manufacturer) provides a
policy that the follower (retailer) adopts to achieve mutual benefits.

2. Security resource allocation: In security contexts, authorities (leader) allocate resources
and provide guidelines to security personnel (follower) on optimal patrolling strategies. For
example, law enforcement agencies may develop patrol routes and schedules to maximize
coverage and deterrence, recommending these strategies to officers on duty. The officers
implement these recommended policies, enhancing overall security effectiveness. This
scenario reflects a leader-follower relationship, with the central authority guiding the actions
of individual personnel.

3. Energy distribution networks: In energy markets, central operators (leader) propose con-
sumption plans to consumers (follower) to balance demand and supply. For instance, utility
companies may suggest usage patterns or demand response strategies to consumers during
peak hours to prevent grid overloads. Consumers adjust their energy consumption based
on these recommendations, contributing to grid stability. This interaction exemplifies the
leader-follower model, where the operator leads by recommending policies that consumers
follow.

These examples illustrate the practical significance of policy recommendation mechanisms in leader-
follower dynamics, underscoring the relevance of research in multi-agent decision-making.

C.2 SUBOPTIMALITY OF RECOMMENDATION POLICY

We can also define the suboptimality of recommendation as

SubOpt 10) = G(v; ;0) — G(y; ;0
u pR(ﬂ-ay’ ) urenAa(}l(’j’) (V77T7y7 ) (yaﬂ-ayy )

=Gy Ysmy;0) — Gly;m,y30), 1)

where the second equality is by the follower’s response model . By definition, sincey € Y C A(B),
we have that SubOpty, is always nonnegative. The quantity measures the difference of the follower’s
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expected regularized utility between taking her best response policy v, ¥ under policy pair (m,y)
and the recommended policy y from the leader. In other words, it measures the maximum expected
regularized reward that the follower could obtain by deviating from the leader’s recommended policy
y. If SubOpty (7, y; 0) is very small, then for the follower there is not much difference between taking
v, Y and taking y. Specially, if SubOpty (7, y;6) = 0, the follower’s utility is the same between
taking v, or taking y, and the follower will not benefit from deviating from the recommended
policy y from the leader.

Theorem shows that ICV(rm,y;60) = 0 if and only if SubOpty (7, y;6) = 0. Suppose
SubOpty (7, y;6) = 0, then by definition, y and v;"Y simultaneously maximize G(-;7,y;0).
By the analysis in Section the maximizer of G(-;7,y;6) is unique by strict concavity, and
hence we can immediately have that v,"Y = y. It is also evident that v,"Y = y directly implies
SubOpty (7, y; 6) = 0. Therefore, SubOpty, (7, y; §) = 0 is equivalent to v, = y. Last, by the defi-
nition of ICV (7, y; #) and the property of TV distance, we immediately have that ICV (7, y;60) = 0
if and only if SubOpty, (7, y; ). Theoremimplies that, the IC condition implies that the follower
will not benefit from deviating from the recommended policy. Given the constraint that the leader’s
policy pair (7, y) should be IC, the value of ICV measures to what extent the IC condition is violated.
So we can define the regret of ICV as in equation

Given any fixed 7, we can regard Vg ¥ as a function of y, and if ICV(7,y;0) = 0, then y is actually
a fixed point of the self mapping v, : Y — Y. With this observation, Theorem shows that
the following propositions are equivalent: ICV (7, y; 0) = 0iff y = v,"¥ iff y = pj. This provides
guidance to the design of Scheme 1 and Algorithm 1]

C.3 RELATION TO PROXIMAL POINT ALGORITHM

Recall the theory of proximal point algorithm (PPA) (Rockafellar, [1976; |Giiler, [1991) with Bregman
Divergence. Let F' : X — R be a function satisfying certain conditions. Consider the problem of
minimizing F'(x) over x € X. For any x9 € X, a > 0 and ¢ € N, construct the sequence

Ty11 < argmin {F(z) + o "' D(z||z,) } . (22)
TEX

Then we have a fixed point (of some mapping) z* € argmin, .y F(z).

For any given policy 7 € II and parameter 6 € O, let T : int(A(B)) — int(A(B)) be a mapping
such that

1§ (y) = argmax G(v|m,y;0), (23)

veint(A(B))

where G(v|m,y; 0) is defined in equation [3| 7] maps the leader’s recommendation y to the response
policy of the follower against the leader’s policy 7, and hence we also denote BR (7, y; 0) :=T7 (y) as
the best response of the follower against 7 given parameter 6. Let y;'" € int(A(B)) be a fixed point
of T}7, which satisfies y,"" = T (y;""). Then, for any yo € int(A(B)), we construct a sequence
such that y, 1 = T (y,) forall ¢ € N.

According to the theory of PPA with Bregman Divergence, the sequence {y; };cn convergences to
the (unique) maximizer of g(-|7; #) defined in equation , denoted as yg ., which is the quantal
response 4 against m given parameter ¢. We have yg . = T7(yg ) and hence y . is a fixed point
of T;. By the uniqueness shown later, we have that y,"", the fixed point of T}, is exactly the quantal
response /i against the leader’s policy 7 given parameter 6. In other words, the quantal response 115
is the fixed point of T}, and if the leader takes policy 7 and recommend . to the follower, then the
follower’s response policy will be equal to the leader’s recommendation. See Theorem for the
formal statement and proof. By this important observation, one of the leader’s goals is to make the
follower follow her recommendation so that the game can converge to some equilibrium. In order to
achieve this goal, we hope the leader’s policy pair is within the class {(7, pj.) : 7 € I} C II x ).

C.4 THEORETICAL PROPERTIES OF LEADER-FOLLOWER GAMES WITH POLICY
RECOMMENDATION

In this subsection, we analyze and discuss the properties of leader-follower games with policy recom-
mendation in more detail. The proofs of the results in this subsection are provided in Appendix
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In the sequel, we write Q7 (b) = 77 (b) = (¢™(b), 6) for the R¢ canonical kernel ¢ = e : Ax B — R4
with ¢™(b) = (¢(-,b),7(:)) 4 and parameter § € © = [0,1]¢ with d = |A||B|. The follower’s
response policy is given by v, ¥ (b) oc y(b)™ - exp(e - (¢™(b), fa), where € :=(7 +n~ 1)~ L.

The following Theorem [C.1|provides guidance to the design of Scheme 1 and Algorithm 1]

Proposition C.1 (Quantal response as a fixed point). Given any 0 € © and m € 11, the quantal
response (17 is the unique fixed point of the mapping v, : int(A(B)) — int(A(B)). In other words,

y = pg ifand only if y = vy Y. Furthermore, we have V;J = V;’“g.
Proof. See Appendix [G.1] O

Due to the introduction of a policy recommendation y, V;* = V¥ does not hold in general. However,
Theorem also shows that V- = V"% holds when the recommendation policy y is the quantal
response against 7 given 0, i.e., y = ug. Equivalently, we can write V7 = Veﬂ’” ¢ . This implies that
the introduction of a policy recommendation that is equal to the quantal response does not change the
value function.

The following Theorem [C.2] shows that ICV and the suboptimality of recommendation reach zero
simultaneously.
Proposition C.2. ICV(r,y;0) = 0 if and only if SubOptg (7, y;0) = 0.

Proof. See Appendix|[G.2] O

The following two lemmas show that, if the follower’s action space B is finite, then the quantal
response is in the interior of A(13), and further if the leader’s recommendation policy is some quantal
response, then the follower’s response is also in the interior of A(B). These results will be used in
the proof of Theorem [6.2]

Lemma C.3 (Positive lower bound of the quantal response). Suppose the follower’s action space B
is finite, i.e., |B| < co. Then, forany b € B, m € Il and § € O, we have

15 (b) = p = B[ - exp(—n) > 0. (24)

In other words, the quantal response against any policy m € 11 given any parameter 0 € ©, is
uniformly lower bounded by the positive constant [iy..

Proof. See Appendix |[G.3] O

Before stating Theorem we define Yqr as the class of all quantal responses, i.e.,
Yar:={y e AB) :y =pg,m€1,0 € O}. (25)
In other words, y € Vqr means that there exist some 7 € II and some 6 € © such that y = pg.

Lemma C.4 (Positive lower bound of the follower’s response). Suppose the follower’s action space
B is finite, i.e., |B| < co. Then, foranyb € B, w € I, y € Yqr and 6 € ©, we have

2T
vg?(b) > v, =8|~ s -exp(—n) > 0. (26)
In other words, the follower’s response against any policy m € 1l and any quantal response recom-
mendation y € Yqr given any parameter 0 € ©, is uniformly lower bounded by the positive constant
Vr,.

Proof. See Appendix O

The following Theorem[C.5|can be regarded as some extension to Theorem [C.1} and it will be used to
prove Theorem [6.2]

Lemma C.5. Suppose the follower’s action space B is finite, i.e., |B| < oco. Suppose o € [0, %VL]
where vy, is defined in equation Foranym €Il y € Yqr and 0 € O, if ||y — vy ¥||1 < o, then
4-3™(1+47n)

ly —pglli < — (27)
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Proof. See Appendix [G.5] O

We then use Theorem [C.5]to analyze the relaxation of the ICV constraint. For any 6 € ©, define a
function Fy for o > 0 as
Fy(o) = max ﬂ'TAyg’y. (28)
TV(y,vg¥)<o
Here, the variable o measures the degree of relaxation of the ICV constraint. The 6-ICV condition
corresponds to o = 0, and the condition is relaxed as o increases.

We then turn to analyze the property of the function Fy. Thanks to the entropy regularization in
both the quantal response model equation [2|and the follower’s response model equation WTAV;T Y
and TV (y, v,"?) are both continuous functions of (7,y), and consequently the function Fy (o) is
continuous in o € [0, +00). Also, it is evident that Fy(o) is a non-decreasing function in o. Hence,
we have that o | 0 implies Fy(o) | Fy(0), i.e.,

Fy(o) — Fp(0) = max 7 AvpY —  max 7w Ay |0. (29)
TV(y,v,Y)<co TV (y,vg¥)=0

However, equation [29]is not enough. In order to prove Theorem[6.2] we need a more delicate result
that characterizes the decaying rate in equation[29] Fortunately, we can use Theorem|[C.5|to prove a

stronger result in the following Theorem|[C.6|that Fy (o) — Fy(0) = O(o) for sufficiently small o,
which characterizes the decaying rate in equation

Proposition C.6 (Relaxation of ICV constraint). Suppose the follower’s action space B is finite, i.e.,
|B| < co. Forany 6 € © and any o € |0, %Z/L] where vy, is defined in equation @rsuppose the policy
pair (7, y) satisfies TV (y,v,'Y) < 0. Then, for the function Fy defined in Equation , we have

8-37(1
fole) = o= (2 " iﬂn)> 0 =:Cp o0, (30)
L
where we let Cp:=2 + %ﬁrm)-
Proof. See Appendix [G.6] ]

As a result of Theorem we have shown that Fy(0) — F»(0) = O(o) for o € [0, Tv1.]. We will
then use this result to prove Theorem as given in Appendix

D TECHNICAL CHALLENGES AND CONTRIBUTIONS

Our work addresses a number of technical challenges that arise in leader-follower games (LFG) with
policy recommendation (PR), which are not adequately handled by prior work. We summarize the
key challenges and our corresponding contributions below.

D.1 DEVELOPING A THEORETICAL FRAMEWORK FOR LFG wWITH PR

Prior works lack a formal theoretical foundation for LFG with PR. In contrast, we establish a suite of
key structural properties that underpin the design and analysis of such games (see Appendix [C.4).
These results address fundamental questions about feasibility, tractability, and incentive alignment in
LFG with PR, and are essential to the formulation of our learning algorithm and regret guarantees.

First, Theorem |C.1|shows that the recommendation policy can be restricted to quantal responses
against the leader’s commitment, conditioned on the follower’s estimated parameter. This signifi-
cantly reduces the dimensionality of the recommendation space, enabling practical optimization and
clarifying the leader’s design strategy. Second, Theorem [C.2]formally justifies our ICV formulation,
proving that it aligns with the solution concept in LFG with PR and ensures that the follower has no
incentive to deviate. Third, we analyze the impact of relaxing the IC constraint: Theorem [C.6|quanti-
fies how such relaxation affects the leader’s utility, providing key continuity bounds that are used in
the regret analysis. Together with supporting results (e.g., Theorems[C.3|to[C.6|in Appendix [C.4),
these findings reveal the necessity of a finite follower action space and describe how perturbations in
IC violations decay (e.g., Equation (29)).
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These structural results go beyond previous models that omit recommendation or assume full ra-
tionality, and they are derived using nontrivial techniques including fixed-point characterizations,
variational inequalities, and Lipschitz continuity arguments. They form the theoretical foundation
of our contributions and are essential to understanding the dynamics and optimization of policy
recommendation in LFG.

D.2 DESIGN OF EFFECTIVE RECOMMENDATION POLICY

While existing methods assume that the follower best responds to a committed policy, the introduction
of PR fundamentally changes the leader’s challenge. The leader must now design a recommendation
distribution that both influences the follower’s behavior and satisfies IC. Without further structural
insight, this recommendation space encompasses all probability distributions over policies—rendering
it vast, unstructured, and computationally intractable.

Our analysis provides a principled resolution to this challenge. In Theorem [C.1] we show that the
optimal recommendation corresponds to the quantal response to the leader’s commitment, evaluated
under the follower’s estimated reward parameter 6. This key result yields a substantial reduction in
complexity by restricting the recommendation policy space to a low-dimensional manifold defined by
quantal response equilibria. Moreover, this structure offers clear interpretability: the recommendation
becomes a softened best response, encoding both rationality and uncertainty.

This insight allows the leader to bypass the otherwise intractable optimization over general distribu-
tions. It also informs the design of efficient algorithms that maintain IC by construction, facilitating
convergence and regret analysis. Our structured approach thus bridges the gap between theory and
practice in recommendation-based LFG, offering a scalable and principled method that advances
beyond previous models.

D.3 REGRET ANALYSIS WITH IC CONSTRAINT

In conventional online learning, regret is typically defined relative to a fixed benchmark, and sub-
optimality is nonnegative by definition. However, the presence of IC constraints in our setting
fundamentally alters this landscape: the leader may be forced to deviate from the utility-maximizing
policy in order to maintain IC, potentially incurring negative suboptimality under the standard
definition. As a result, conventional regret notions are no longer suitable for this setting.

To address this, we introduce and analyze the notion of absolute regret, which measures the magnitude
of deviation from the benchmark regardless of sign. Our main theoretical results, Theorem
and Theorem [6.2] establish a novel regret framework tailored to incentive-constrained learning.
Specifically, we prove that sublinear ICV regret implies sublinear absolute regret, connecting the two
through a careful analysis of the structure of LFGs with PR. This connection relies heavily on the
structural results established in Appendix [C.4] particularly the bounds and continuity results related
to constraint relaxation (Theorem [C.6).

One central challenge is to quantify how much performance is lost when the IC constraint is only
approximately satisfied. We address this through Theorems [C.5]and [C.6]in Appendix [C.4] which
rigorously characterize how small violations in IC translate to bounded losses in the leader’s utility.
In addition, the introduction of recommendation policies further complicates the follower’s response,
necessitating detailed mathematical treatment (see Appendices|C.4]and [G)). These technical develop-
ments collectively enable the proof of Theorem[6.2] which provides the first rigorous characterization
of regret under IC constraints in online learning.

Our framework establishes a new foundation for online learning with structural constraints and is
broadly applicable to constrained decision-making problems beyond LFG, laying groundwork for
future theoretical and algorithmic advances.

D.4 DISTRIBUTION SHIFT CAUSED BY POLICY RECOMMENDATION

Our work introduces PR, which creates a discrepancy between the follower’s response (FR) and the
quantal response (QR), resulting in a distribution shift not addressed in prior work, including |Chen
et al.| (2023)). This discrepancy presents a key technical challenge: controlling the total variation (TV)
distance between two QRs under different reward functions (see Appendix [H.2] Equation (126)).
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While the method developed in |Chen et al.|(2023) can effectively bound the distance between two
FRs, it cannot directly bound the distance between two QRs. Since the follower’s observed behavior
follows the FR model, Equation (I42) naturally yields a bound on the FR distance. However, applying
MLE to QRs introduces an additional term, (¢ — 1) log C, which leads to a linear regret bound—an
outcome we aim to avoid. Moreover, attempts to relate the FR and QR distances through a constant
factor C' are inherently flawed, as the distribution v, is not identifiable with respect to : different

values of € can induce different QRs while yielding the same FR, rendering such a bound impossible.

To resolve this issue, we leverage the invariance property of FRs under constant shifts in the reward
function (Theorem [J.4)), and establish Equation (I72). We then prove key technical results in
Theorem [J.1] and Theorem which together enable us to bound the QR distance and derive
Equation (126)). This approach relies on novel and nontrivial mathematical techniques, constituting a
significant contribution beyond the scope of |Chen et al.| (2023).

D.5 ROBUSTNESS TO PARAMETER MISSPECIFICATION

In our primary analysis, we assume the leader knows the follower’s behavioral parameters 7 and 7.
However, in practice, these parameters must often be estimated from data, leading to inevitable esti-
mation errors. The core technical challenge lies in quantifying how these parameter errors propagate
through the follower’s nonlinear response model (Eq. [5) and impact the leader’s learning process. The
follower’s response v, 'Y depends on 7 and 7 through complex exponential and normalization terms.
A small perturbation in these parameters could potentially lead to significant shifts in the response
distribution, thereby invalidating the leader’s estimated reward function and ICV measurements.
Standard regret analysis techniques (e.g., for linear bandits) typically assume a well-specified model
and do not directly account for such systematic model mismatch. Therefore, establishing a rigorous
bound on the performance degradation caused by this misspecification requires a delicate sensitivity
analysis of the quantal response equilibrium.

We address this challenge by establishing the graceful degradation property of our algorithm.
Specifically:

1. Lipschitz Continuity Analysis: We rigorously prove that the follower’s response model
is Lipschitz continuous with respect to the behavioral parameters 17 and 7. This effectively
bounds the distribution shift in the follower’s behavior by the parameter estimation error (.

2. Regret Decomposition with Bias: We derive a novel regret bound (Theorem that
explicitly decomposes the total regret into a standard sublinear learning term O(d?+/T') and

a linear systematic bias term (5({ T'). This theoretically confirms that the algorithm does not
fail catastrophically under misspecification but converges to a policy that is optimal up to
the resolution of the parameter estimates.

3. Dimension-Independent Bias: A key insight from our analysis is that the bias term O(¢T))
is independent of the feature dimension d. This contrasts with misspecification in linear
function approximation (e.g., Jin et al.[(2020)), where the bias typically scales with the
problem dimension d. This property highlights the robustness of our approach in large-scale
and high-dimensional settings, as the impact of parameter error does not amplify with the
complexity of the state-action spaces.

D.6 IMPROVED REGRET BOUNDS VIA TIGHTER CONSTANTS

We refine the upper bound for the follower’s value function established in prior work. In particular,
Theorem [K.4] shows that the constant B 4—which upper bounds the follower’s value functions in the
myopic setting—can be reduced by a factor of 2 compared to the bound in|Chen et al.|(2023)). This
seemingly modest refinement has a substantial impact on the regret bounds.

Specifically, B4 appears in the exponent of the term C’E(?’) (see Equation 1) and the regret
expressions in Equations (37) to ), which governs the rate at which the IC approximation
impacts the overall regret. Since 06(3 grows exponentially with B4, the reduction in B 4 leads to an
exponential improvement in the constant factors of the regret bound. This improvement is particularly
significant in settings with tight IC constraints, where exponential terms dominate the convergence
rate.
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The derivation relies on a careful analysis of the Bellman equations for the follower under quantal
response dynamics and exploits structural simplifications available in the myopic regime. This
improvement sharpens existing bounds and enhances the practical viability of regret guarantees in
leader-follower learning with policy recommendation.

E LIMITATIONS AND FUTURE WORK

E.1 LIMITATIONS

Our work is a first theoretical study of incentive-compatible learning with policy recommendations,
and as such, we adopt several modeling assumptions that make the analysis tractable while highlight-
ing the central challenges. We summarize them below and discuss how future work may relax these
assumptions.

Known follower response parameters. We assume that the leader knows the follower’s response
model parameters 7 and 7. While these parameters may not be available in practice, they can often
be estimated from online interaction data. Incorporating parameter uncertainty would introduce an
additional exploration—exploitation tradeoff under IC constraints, which is technically interesting but
beyond the scope of this work. Extending our framework to simultaneously learn these parameters is
a natural and promising research direction.

Finite follower action space. Our main theoretical result (Theorem requires the follower’s
action space B to be finite, since our proof uses Theorems and [C.4] which establish uniform
positive lower bounds only in this setting. This property is critical for achieving regret guarantees
under IC constraints. We conjecture that analogous guarantees may not extend to continuous action
spaces, but a formal treatment of this case remains open. Clarifying this boundary would further
illuminate the fundamental limits of incentive-compatible learning.

Matrix game setting. To make the analysis transparent, we focus on a matrix game rather than a
more general Markov game. This choice is deliberate: it isolates the technical challenges introduced
by IC constraints without additional complexity from dynamic state transitions. We believe our
approach can be extended to Markov games with moderate technical effort, and view this as a valuable
next step.

Myopic follower assumption. We assume that the follower is myopic, optimizing for immediate
reward. This assumption is standard in Stackelberg game formulations and allows us to highlight
the incentive-compatibility aspect of policy recommendations. Nonetheless, extending our results
to farsighted followers (e.g., under discounted utilities as in |Chen et al.| (2023))) is conceptually
straightforward and would broaden the applicability of our framework.

Overall, these assumptions should be seen not as shortcomings, but as natural starting points that
enable a clear theoretical characterization of the problem. Relaxing them provides fertile ground for
future work and could significantly expand the scope of incentive-compatible learning with policy
recommendations.

E.2 FUTURE WORK

While our work focuses on incentive-compatible learning in leader-follower matrix games, several
natural and promising directions remain open for future research.

1. Extension to Markov games. Our current setting considers matrix games, which abstract
away state transitions. Extending the framework to Markov games would allow for modeling
dynamic environments and long-term planning, but also introduces substantial challenges,
such as dealing with temporal credit assignment under incentive constraints.

2. Offline learning with incentive constraints. While our analysis focuses on online learning,
incentive-compatible learning from offline data (e.g., historical leader-follower interactions)
is of both theoretical and practical interest. Adapting our framework to the offline setting
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could enable policy recommendation in domains where online exploration is expensive or
risky.

3. Farsighted follower models. We currently assume the follower is myopic. Modeling far-
sighted followers who optimize cumulative rewards would better capture strategic behaviors
in long-term interactions. This extension would require rethinking the notion of incentive
compatibility and may lead to qualitatively different equilibrium outcomes.

Exploring these directions would broaden the applicability of our approach to more realistic and
complex multi-agent systems, and deepen our understanding of incentive-compatible learning in
dynamic strategic environments.

F REGRET ANALYSIS OF MAIN THEOREMS

F.1 SKETCH OF PROOFS

In this subsection, we provide the sketch of proofs of Theorem[6.T]and Theorem [6.2]

F.1.1 PROOF SKETCH OF THEOREM[6.T]
Firstly, we decompose the suboptimality SubOpt(m, y;) into three terms:
SubOpt(ﬂ't, yt) Z:<U7 71'* ® I/*> — <U7 T ® V;r*tyyt>
= <U - fjty’ﬂ'* [ V*> + <fjt — U,Tl't X V;T*t7yt> + <ﬁt7ﬂ—* ® V* — ® Vg'*t:yt> .

=:5} =:52 =:83

For S} and SZ, we can observe that both of them are an expectation of a difference between two value
functions, with respect to different distributions. Hence, we can utilize the optimistic construction to
derive high probability bounds on S} and S?. Specifically, we have by optimism that S} < 0 with
high probability. Also, by construction, we can upper bound S? by the bonus function I'} plus a
martingale difference sequence with a uniform finite upper bound, and then derive a O(+/T') bound
on the martingale difference sequence by applying the Azuma-Hoeffding inequality. Note that the
analysis of S} and S? are the same for both Scheme 1 and Scheme 2, because they do not involve
difference between two distributions. Then, it suffices to control the bonus function F%.

However, S} is different from S} and S? in the sense that it is the difference between two expectations,
of the same value function but with respect to different distributions. Therefore, we need to control
the difference between two distributions to control S;. As a result, the analysis of S} is different for
Scheme 1 and Scheme 2. Actually, the analysis of S for Scheme 2 is more complicated than that
for Scheme 1, due to the explicit introduction of the bonus function I'? to the objective function in
Scheme 2. Next, we focus on how to bound S} for Scheme 1 and Scheme 2, respectively, by using
the results from response model errors provided in Appendix[J}

Bounding S} for Scheme 1. We can further decompose S = <l~]t, ™ QU —m @) by

3 r7 syt T ts Yt
Sp=(Upm* v —m @) + (U, m @2 —m @ugt¥').
0 04

_.g3,1 _.q3.2
=:5; =:5;

For Sf’l, by the optimality of 7, and 6, in Scheme 1, we have St3’1 < 0. For 53’2, since U, is upper
bounded by 1, we can upper bound S;'? by the TV distance between l/gt’yt and v,.’¥*, denoted
as TV(I/;\F:"% ,vgY"). Then, by applying the results of model response errors in Appendix ﬂ and

confidence sets in Appendix we can upper bound S’f’ 2 by the bonus function I'?.

Hence, we derive the bonus function I'Z as a high probability upper bound on S} for Scheme 1.
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Bounding S} for Scheme 2. Compared with Scheme 1, we decompose S = (Uy, 7* @ v* — 1, ®

Vgt ¥*) in a more complicated way as follows:

Sf’:<(7t,7r*®1/*—7T*®gjz‘>+<(7t,7r*®§/\f>—wt

_.53,3 _834

—.50 -
+W\t_<[7ta77t®yt> (U m @y —me @ vgt¥) .

::S,?’5 ::Sf’b

Similar to Sf’ 2 we can upper bound Sf 3 by the TV distance between v* and ¥;, denoted as
TV (v*,y;). For Sf A, by the optimality of /V[7t as in equation , we can upper bound it by negative
I'Z such that the sum of Sf 3 and Sf s nonpositive, by using the results of quantal response errors
in Theorem For Sf . we observe that it is equal to a I'Z function up to a properly chosen constant
factor. Here the parameter 6 used in T'? is the MLE @M, which can be upper bounded by the
counterpart with the true parameter 8* up to some constant factor. We can observe that Sf % in
Scheme 2 is essentially the same as S:"? in Scheme 1. So we just need to analyze 7%, S2* and S2°
for Scheme 2.

From the above analysis, we can observe that there is only a difference of the constant factor between
the upper bounds on S} for Scheme 1 and Scheme 2. The upper bound is a I'? function, and then it
suffices to control the bonus function I'? within the rate of o (v/T) by using the elliptical potential
lemma.

Finally, by summing the upper bounds on S}, S? and S}, we obtain an upper bound on the regret
Reg(T)) which is O(d?+/T), for both schemes of Algorithm

F.1.2 PROOF SKETCH OF THEOREM[6.2]

Firstly, thanks to the regularization terms, we can show that there exist two constants iy, vy, > 0
such that 7 (b) > pg, and v ) > vy forany b € B, m € I, y € Yqr and 6 € O, as stated in
Theorem|[C.3] and Theorem@], respectlvely These results rely on the condition that 13 is finite. Then,
we develop Theorem C.5]to claim that when y € :))QR and ||y — v,Y||1 is sufficiently small compared
to vy, we can upper bound ||y — i ||1 by [y — vy o'Y]|1 up to some constant, which can be regarded as
some extension to Theorem [C.1]

We then use Theorem [C.5]to analyze the relaxation of the ICV constraint. We define

Fy(o):=_ max T AvgY,
TV(yvg ¥)<o

and we show in Theorem that, if TV (y, v, ") is sufficiently small compared to vy, the degree of
perturbation Fy (o) — Fy(0) can be upper bounded by TV (y, ;) up to some constant.

Under the condition that Reg'®Y (T') = O(v/T'), we can show that the cardinality of the index set
[T]. where TV (y;,vp: ) is large (greater than vy,/4) is O(VT). We let oy = TV (y;, 50",
and then we can control 3=, . 7y (Fp- (o) — Fp-+(0)) under O(VT). For t~such that TV (y, vy ")
is small (no greater than v1,/4), by Theorem and Reg'“V(T) = O(V/T), we can control
> ierry, (Fo- (1) — Fp-(0)) under O(VT). Therefore, we can control Zthl(Fg*(Jt) — Fp+(0))
under O(v/T).
Next, we divide the index set [1'] into two disjoint sets [T']+ and [T']|— where

[T)+ :={t € [T] : SubOpt(ms,y:) > 0}, [T]-:={t € [T] : SubOpt(m,y:) < 0}.
For any ¢ € [T]_, we can observe that |SubOpt(7, y:)| < Fy«(0+) — Fp«(0), and further

> [SubOpt(m, 1) Z (Fy- (00) — Fp+(0)) < O(VT),

te[T] -

25



Under review as a conference paper at ICLR 2026

On the other hand, under the condition that Reg(T") = O(v/T'), we can also control

Z |SubOpt(, y¢)| = Reg(T) + Z |SubOpt(e, ¢ )|
te[T]4 te[T]-

under O (v/T). Therefore, by combining the above results, we can control the absolute regret

Reg®™(T) := Z |SubOpt (7, y¢)| = z |SubOpt(7¢, vz )| + Z |SubOpt (7, )|
te[T] te[T]+ te[T]—

under O(+/T), which completes the proof.
F.2 AUXILIARY LEMMAS FOR THEOREM [6.1]

In order to prove Theorem[6.1] we first provide the following auxiliary lemmas. Thereafter, we will
combine the results from these lemmas to prove Theorem [6.1]in Appendix [F.3]

Lemma F.1 (Leader’s regret bounded by bonus functions, Scheme 1). Under the conditions of
Theorem the leader’s regret Reg(T) for Scheme 1 satisfies

3
Reg(T <2E F (at,bs) + E F (e, Y25 0 2T log (p) (3D
with probability at least 1 — p.

Proof. See Appendix [H.T]for a detailed proof. O

Lemma F.2 (Leader’s regret bounded by bonus functions, Scheme 2). Under the conditions of
Theorem the leader’s regret Reg(T) for Scheme 2 satisﬁes

3
Reg(T <2ZF (as, by) + (14 Cyi - exp (4eB4)) ZF TRy 2T log (p) (32)

with probablllty at least 1 — p. Here, the constant Cy; is deﬁned as
" oY
= CarCye = exp(2n)| B 757 max ¢ iy (33)

by equation and equation where ¢ = (1 +n~1)~! and c? = g2 exp(22Ba)(2 +
xBaexp(2eB4))/2 for x € {n,c}.
Proof. See Appendix [H.2|for a detailed proof. O

Lemma F.3 (ICV regret bounded by bonus functions, for both schemes). Under the conditions of
Theorem the ICV regret Reglcv( ) for both Scheme 1 and Scheme 2 satisfies

RegICV ZSubOptICV Tty Yt) ZF T, Yg; 07). (34)
t=1

with probability at least 1 — p.

Proof. See Appendix [H.3|for a detailed proof. O

Lemma F.4 (Upper bounds on the bonus functions). Under the conditions of Theorem[6.1] the bonus
functions T'' and T'? sansfy

Z T} (az, br) < Crdv/Tdlog(T/d) log(2dT?/(p/3)) (35)
t=1
and
T
3 T3,y 67) < e4/8C28 + 4B \/COdT log (1 + 4B§T/d)
t=1
+C¥)(8C2B + 4B3)Codlog (1 + 4B3T/d) . (36)
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Proof. See Appendix [H:4]for a detailed proof. O

y”

In the sequel, we denote v* := 1/9* Y, where (7, y*) is the equilibrium and 6* is the true parameter.

F.3 PROOF OF THEOREM [6.1]

Proof. We are ready to prove Theorem[6.1]for Scheme 1 and Scheme 2 by using the above lemmas
proven in this section.

Scheme 1. Combining the results of the leader’s regret and the regret of ICV from Theorem |F. 1}
Theorem[F-3]and Theorem[F:4] we have that, with probability at least 1 — p

T T

T
3
Reg(T) =) _ SubOpt(mr, yr) < 2 Z (arbe) + T3 (me ys 07) + 2T10g<p)

t=1 t=1

< 201dy/Tdlog(T/d) log(2dT?/(p/3)) + /2T log(3p~1)

e\/8C28 + 4B2 \/ CodT log (1 + 4B§T/d)

+CB)(8C2B + 4BE)Codlog (1 + 4B3T/d)

= O(dVdT) + O(NT) + O(\/BdT) + O(Bd) = O(d*VT), (37)
and
1 T
Reg'“V(T) < 3 Z (72, ye; 0

IN

1
5\/8028 + 4B} \/CodT log (1 + 4B§T/d)

+ 1C<3>(802ﬁ +4B3)Codlog (1 +4B3T/d) .
O(\/BdT) + O(8d) = O(d*VT), (38)

where we use the fact that 3 = O(d).

The rate (5(d2 V/T) of the leader’s regret Reg(T') matches the regret bound in Theorem 6.1 of |C m
m 3) with the length of horizon H = 1. The regret of ICV Reg'“Y (T') is also O(d2V/T).

Note: The bound on R( g(T') is conditioned on equatlon equation [101} 0* € C§(3) and equa-

tion in Theorem The bound on Reg' e (1 ) is conditioned on equatl()n in The()rem

Scheme 2. By comparing equation and equation we can observe that there is only an

additional factor (1 + Cj; - exp (4eB4)) on Zt 1 T2(my, ye; 0%) for Scheme 2, compared with that of
Scheme 1. Thus, combining the results of the leader s regret and the regret of ICV from Theorem [F2]
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Theorem [F:3|and Theorem [F-4] we have that, with probability at least 1 — p,

T
Reg(T') = _ SubOpt(m, 1)

t=1

<QZF (at, b)) + (1 + C; - exp (4eBa)) ZF Ty Y 0 2T log (2)

< QC’ld\/leog (T/d)log(2dT2/(p/3)) + \/2Tlog (3p~1)

+ (14 Cji - exp (4eBa)) - €4/8C25 + 4B \/C'OdT log (1 + 4B§T/d)

+ (1+ Cyi - exp (4eBa)) - C13(8C2B + 4BE)Codlog (1 + 4B3T/d)

= O(dVdT) + O(T) + O(\/BdT) + O(Bd) = O(>VT). (39)
Therefore, we have completed the proof of Theorem [6.1]for both Scheme 1 and Scheme 2. O

F.4 PROOF OF THEOREM[6.2]

Proof. The proof for the first part is straightforward. For the second part, recall the definition
of ICV that ICV(7,y;0) :=TV(y,;"¥). Under the condition that Reg"™V (T) = O(VT), we

construct a sequence {o¢ }1en Where oy = TV (y, v,!%") for ¢ € N. Then, we immediately have

S0t =O(WT).

For any T' € N, we can divide the index set [T'] into two disjoint sets [T, and [T, as follows:

1 1
[T]a:= {t € [T]: TV(ys,vgi¥) > 41/L} . [Ty = {t € [T]: TV(ys,vpi¥) < 41/L} . (40)
It is evident that [T'] = [T'], U [T], and [T], N [T], = @, so we have the following decomposition:

T

Z(FO*(Ut) — Fy-(0)) = Z (Fp=(0¢) — Fp=(0)) + Z (Fp+(or) — Fp=(0)).  (41)

t=1 te[T]a te[T]y
We aim to show the two terms in the RHS of equation 41|are both (5(\/T ).

We can also decompose and lower bound Reg'“V (T") by

ICV Z TV tugf’M Z TV tugi’yt Z TV yuvgi’yt)
te[T] te[T]a te[Ty
T, Yt ]- Tt,Yt
> Z *I/L + Z TV (ys, v ¥") = i [Tl + Z TV (ye, vg)
te(T)a te[T]y te[T]y
1
> o [Tl “2)
where the first inequality is by the construction of [T], and the last inequality is because the TV

distance is always nonnegative. Then, by the condition that Reg'“Y (T") = O(v/T'), we have that the
cardinality of [T'], as a function of T satisfies

[Ta] < - - Reg'® (T) < BVT), @3)
L
Hence, we have
D (Foe(o) = Fp-(0)) < > 1=|[T]a| < O(VT), (44)
te[T]a t€(T]a

where the first inequality is because Fy(c) — Fy(0) is upper bounded by 1 for any 6 € ©.
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By Theorem and Reg"“V (T = (’3(\/?), we have

Z (Fy«(or) — Fy+ (0 Z Cr-o0,=Cp- Z TV (yi, vgd)

te[T)y te[T], te[T]y
T
<Cp- Y TV(y,vgt")
t=1
= Cr - Reg'™V(T) < O(VT), (45)
where the first inequality is because equation [30|in Theoremg C.6|holds for any o € [0, 211], and

the last inequality is by the condition that Reg'“V(T) = (’)(\/T) Here, the constant factor Cris
defined by Cr :=2 + W as is in Theorem

Combining equation 4] equation[#4]and equation[d3] we have

T

> " (Fo-(01) — Fp-(0)) < O(VT). (46)
t=1
For a sequence (7, y¢),c» We have by equation that
SubOpt(7s, yi) = max 7T Apg. — ) Avgee 47)
For T € N, we can divide the index set [1'] into two disjoint sets [T']+ and [T]_ as follows:
[T+ :={t € [T] : SubOpt(ms, y;) > 0}, [T]-:={t € [T] : SubOpt(ms,ys) <0}  (48)
It is evident that [T] = [T]+ U [T]- and [T+ N [T]— = @. Then, we can decompose the regret by

Reg(T Z SubOpt(7y, yi) = Z SubOpt (7, y4) + Z SubOpt(7¢, yt)
te[T] te[T)s te[T]—
= D [SubOpt(me,ye)l = > |SubOpt(ms, ye)l, (49)
te[T]+ te[T] -
where the second equality is because [T] = [T]4+ U [T]- and [T]4 N [T]- = @, and the third

equality is because |SubOpt(m, y;)| = SubOpt(m,y;) for any t € [T]4 and |SubOpt(m, y1)| =
—SubOpt (7, y¢) forany ¢ € [T]_.

Then, for any ¢ € [T]_, we can observe that
|SubOpt (7, y¢)| = —SubOpt(ms, y;) = 7] AVt — max 7T Apg.
< max 7l Av™Y — max ' T Aul.
TV (y,v5¥ ) <o = xen b
= Fyp(0y) — Fy-(0). (50)

Further, we have

> [SubOpt(m, )| < Y (Foe(04) — Fo=(0))

te[T] - te[T] -
< Z (Fo=(01) — Fp=(0)) + Z (Fy-(0¢) — Fp=(0))
telT] 1elT]
T
= (Fo-(01) = Fy- (0)) < O(VT), (51)

t=1

where the second inequality is because Fy« (o) — Fy+(0) is nonnegative for any ¢, and the last
inequality is by equation [46]
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Under the condition that Reg(T') = O(v/T'), we have

> |SubOpt(m, y1)| = Reg(T) + > [SubOpt(m, ye)]
te[T]+ te[T] -

= OWT)+O(NT) = O(T). (52)

Therefore, we have the absolute regret

Regabs(T) = Z |SubOpt(7s, v+ )|

te[T]
= D [SubOpt(m,ye)|+ D |SubOpt(me, )]
te[T)+ te[T]-
= O(VT) + O(VT) = O(VT), (53)
which completes the proof of Theorem[6.2] O

F.5 PROOFS FOR ROBUSTNESS ANALYSIS IN SECTION[6.2]
F.5.1 PROOF OF THEOREM [6.4]

Proof. We analyze the regret decomposition under parameter estimation errors. Let the true behavioral
parameters be 7, 7 and the estimated parameters be 77, 7. We assume the estimation errors are bounded
by (,ie,|f—n| <Cand |7 — 7| < (.

Step 1: Lipschitz Continuity of the Follower’s Response. Recall the closed-form expression for
the follower’s response model derived in Equation (5):

=T Q3 (b)

s [y(®)] 7T exp (S50

VG (bﬂ?ﬂ'): T QT (v) .
S ealy®)] 7 exp (07

Let a(n,7) = (7 +n~*)~'. The exponents become aQj (b) and the power on y(b) becomes Tc.
We observe that the function v,"¥ is a composition of smooth functions (exponential, power, and
normalization) with respect to 1 and 7, provided » > 0 and y(b) > 0. Since the domain of parameters
is compact and the reward function () is bounded, the partial derivatives of v with respect to 17 and 7
are well-defined and bounded. By the mean value theorem, the mapping from (7, 7) to the probability
vector v, ' is Lipschitz continuous. Therefore, there exists a problem-dependent Lipschitz constant
L, > 0 such that for any estimates satisfying the error bound (:

lvg 3, 7) = vg (s )l < Lo (7 =l + |7 = 7[) < 2LuC.

For simplicity of notation, we absorb the constant factor 2 into L, and write the bound as L, .

Step 2: Bias in Leader’s Objective Function. Let J (7, y) denote the leader’s true expected reward

~

under the true parameters, and let J (7, y) denote the expected reward estimated by the leader using 7
and 7. For any policy pair (7, y), the difference between the true and estimated objectives is:

~

T y) = Jmy)l =] > wla)ula,b) (vg ¥ (b5, 7) — vy ¥ (b;7,7))
acA,beB
<> w@)d ] Jula,b)] - vy ¥ (b, 7) — g (5, 7)]
acA beB
< (maxluta0) ) 3 w@lbg " on7) = 5 )l
’ acA

<1-1-L,¢=L,cC.

Here, we used the assumption that the leader’s rewards are bounded in [0, 1]. This establishes a
uniform bias bound for any policy pair.
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Step 3: Regret Decomposition. Let (7%, y*) be the true optimal policy pair that maximizes J(, y)
under the true IC constraint, and let (7, y:) be the policy pair chosen by Algorithm [I|at episode ¢.
The cumulative regret is defined as:

T
Reg(T) =Y (J( J(me,yt)) -
t=1
We decompose the instantaneous regret at step ¢ by adding and subtracting the estimated objective J:

J(r*,y*) = J(me,ye) = (%, y*) = (%, y*) + (T (0%, y") = T(me,ye) + (T (e, 9e) — I (7, ) -

(i) Bias at optimal (ii) Regret on estimated model (iii) Bias at current

Now we bound each term:

1. Bias Terms: From Step 2, we know that |.J(,y) — J(m,4)| < L,¢ holds uniformly.
Therefore, both (i) and (iii) are upper bounded by L, (.

2. Regret on Estimated Model: The sum of term (ii) Zt 1 J(m* Y *) — J (¢, y¢)) represents

the regret of running Algorithm |1 I on the misspecified model J. Since Algorlthm isa
no-regret algorithm for the model it optimizes, by Theorem [6.1] this term is bounded by

O(d2y/T) with high probability.

Summing over T steps, we obtain the bound for the cumulative regret:

Reg(T) < Y (LyC + Lu¢) + O(d*VT)

t=1

= 2L,(T + O(d*VT) = O(d*VT) + O(CT).

Step 4: ICV Regret Decomposition. We now extend the robustness result to ICV regret. The IC

violation at step ¢ is ICV, = TV (y;, vy (n, 7)). Let ICV, = TV(y,, veY (1, 7)) be the ICV
estimated using the misspecified parameters. Using the triangle inequality for TV dlstance and the
Lipschitz property from Step 1:

Tt,Yt t,Yt ~ 1
ICV, —ICV,| < TV(vge” (n, 7), vt ¥ (7,7)) = ,||( 7) = v = 5 LG

This implies ICV,; < ICV, + O(¢). The cumulative ICV regret is:

g V(T Z IV, < Z ICV,; + Z O(¢

The first termi Iat is the ICV regret of the algorithm running on the estimated model parameters.

By Theorem , this term is bounded by (’3(d2 \/T) with high probability. The second term sums to
O(CT). Thus, we have:

Reg'“V(T) < O(d®VT) + O((T).
This completes the proof of Theorem O

F.5.2 PROOF OF COROLLARY[6.3]

Proof. We extend the robustness result to absolute regret. Recall that absolute regret is defined as the
sum of absolute suboptimalities, which accounts for potentially negative regret due to IC violations.

First, we observe that the ICV also degrades linearly with parameter error. The ICV is defined via the

TV distance between the recommendation y and the follower’s response v. Let ICV be the estimated
ICV using 7, 7. By the triangle inequality and the Lipschitz continuity established in Theorem
(Step 1):

ICV, = ICV| = [TV (ye, v(n)) = TV (s, v(7))] < TV(v(n), v(7)) < O(Q).
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Since the algorithm controls the estimated ICV regret ICV, <0 (V/T) (by Theorem , the true
ICV regret is bounded by:

T

L1V (7 ZICVt Z (ICV, + 0(C)) < O(d>VT) + O((T).

Next, we invoke Proposition from our main analysis, which provides the critical link between
standard regret, ICV regret, and absolute regret. Specifically, it establishes that for any policy pair,
the absolute suboptimality is bounded linearly by the standard suboptimality (if positive) and the IC
violation magnitude. Summing over 7', we have the general relationship:

Reg™(T) < Reg(T) + C Reg' ¥ (T),
where C'is a problem-dependent constant. Substituting the bounds for Reg(T") (from Theorem [6.4)

and Reg"“V () (derived above), we obtain:
Reg™™(T) < [O(d*VT) + O(CT)] + ClO(d*VT) + O(CT)]
= O(d?VT) + OKT),
which completes the proof of Corollary [6.5] This confirms that the absolute regret also degrades
gracefully with the parameter estimation error. O

F.5.3 PROOF OF COROLLARY[6.6]

Proof. This result follows from a standard online-to-batch conversion technique, which converts a
cumulative regret bound into a sample complexity guarantee for a randomized stationary policy.

Let the algorithm run for T" episodes. We define the output policy pair (7, §) as a policy uniformly
sampled from the history of played policies {(m,y:)}7_,. The expected suboptimality of this
randomized policy is equal to the average regret of the algorithm:

Reg(T)
o

E; ~unit7] [SubOpt (7, y¢)] =
Substituting the regret bound from Theorem
O(>VT) +O(T)  O(d?)
T VT

where Cl;,s captures the constants in the linear term.

E[SubOpt(7, y)] < + ChiasC,

To achieve a target accuracy of € + CyipsC, Where € is the controllable statistical error and Cl;,sC is
the irreducible bias, we require the statistical term to be at most e:

O(d?)
\/T <e.

Solving for T', we get:
(’) d? ~ (d*

This shows that the number of samples requ1red is polynomial in the problem dimension d and the
inverse squared target accuracy 1/¢2, establishing the polynomial sample complexity in Corollary
6.6l O

G PROOFS OF THEORY IN APPENDIX [C.4]

G.1 PROOF OF THEOREM[C.]]

Proof. We need to solve the equation y = v,"Y. By the expression of the follower’s response model
equation [5] we have for any b € B,

y(8) = V2 (b) = [y(b)] T p{ !

T+n"

T Aé“(b)} . (54)
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By dividing [y(b)] ~1=1 > 0 in both sides, we have

77_1

1 N
O = e { g 4570}, 55

and hence

By letting 7 = 0 in equation[5] we get the quantal response that does not depend on y as

exp {n- Q5 (b)}

g(b) = ———————=—. (57)
M0 = o Vi)
Since both y and 1 are probability distributions over B, we have
ex - Q7% (b exp{n- Q5 (b
Zy(b) = Z eXp {{77 6‘2/077(7?4)}} = Zbeei { {.Vﬂyye}( s =1, (58)
beB bes P U Ve P Ve
and
7r ex - Q7 (b exp{n- Q5 (b
Zﬂa (b) = Z ei{z de/gr})} - Zbesx {{. Vﬂ}e( J =L (59
beB beB P Ve P Ve
Hence, we have
exp {n-Vy} = exp{n-Qf(b)} =exp{n-V;'}. (60)
beB

Since exp : R — R is a one-to-one mapping and the parameter > 0, the last equality implies
Vi =V (61)
Therefore, we have that for any b € B,

y(b) = S0 @i} expin- Q5b)}
exp{n-Vy"'} exp {n -V}

which concludes that y = pj is the unique solution to the equation y = v, Y. Therefore, we can

= g (), (62)

conclude that y = pj if and only if y = v;Y. We can also write uj = l/g e Last, by plugging the
solution y = yj into equation[6T} we immediately obtain

VQTr — V'eﬂal"g, (63)

which completes the proof. O

G.2 PROOF OF THEOREM[C.2]

Proof. Recall that SubOpty, (7, y; 0) is the suboptimality of recommendation defined in equation
as follows:
SubOptp (m, y; 0) := mas G(vim,y;0) = Gly;m,y:6) = Gvg*im,y:0) — Gy m,y;0).
v

Suppose SubOpty, (7, y; §) = 0, then by definition, y and v, simultaneously maximize G(-; 7, y; 0).
By the analysis in Section[3.2] thanks to the regularization in equation 3] the quantal response policy
v, Y is unique for any policies 7 and y given parameter 6. Since 7' Byv is linear in v, —7D(v||y)
and 1~ 1H (v) are both strictly concave in v, G(v; 7, y; 0) defined in equationas the summation of
these three terms, is also strictly concave in v. By the classic result that a strictly concave function on a
convex set has at most one maximize, equation 3|has a unique solution v, € A(B). This means that
the maximizer of G(-; 7, y; 0) is unique, and hence we can immediately have that ;¥ = y. It is also
evident that v, ¥ = y directly implies SubOpty, (7, y; ) = 0. Therefore, SubOpty (7, y;60) = 0 is

Y

equivalent to v,"¥ = y, and then is equivalent to ICV (7, y; §) = 0 by the definition in equation(8] [
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G.3 PROOF OF THEOREM[C 3|

Proof. Recall that the quantal response defined in equation[6|can be written as
exp {1 - Q5 (0)}
Ywesexp{n- Qf(b)}

for any b € B. Dividing both of the numerator and the denominator of equation[64|exp {n - QF (b)} >
0, we have

g (b) = (64)

-1
(b) = (Z exp {n- (QF(t) — QF (b))}> : (65)

veB

Note that Qg(a, b) € [0, 1] for any (a,b) € A x B by assumption, we have QF (b) € [0, 1] for any
b e Band 7 € II. So we have QF (') — QF (b) < 1 for any b, b" € B. Then, we have

0< > exp{n- Q) —Q5(1)} < > exp(n) = |B| - exp(n). (66)

b'eB b'eB

Therefore, combining equation [65] and equation [66] we obtain
pg (b) > 1B|™" - exp(—n) =t pr > 0,
which completes the proof. O
G.4 PROOF OF THEOREM[C.4]
Proof. Recall that the follower’s response defined in equation [5]can be written as
)75 - exp { A= - Q5 0) |
Sesly®)] 7 exp { i - Q50 )

vy Y (b) = (67)

for any b € B. Dividing both of the numerator and the denominator of equation 67| [y(b)] =#n—* -
exp {?}7,1 : Qg(b)} > 0, we have

-1

) = (Z PO e | @) —Qw))}) B

b’eB

Note that Q¢ (a,b) € [0, 1] for any (a,b) € A x B by assumption, we have Q7 (b) € [0, 1] for any
b e Bandm € II. So we have Q7 (b') — Qp(b) < 1 forany b,b’ € B. Also, since y € Yqr. by
equation [24]in Theorem[C.3] we have

1> y(b) > pr,:=|B| ™" - exp(—n) > 0 (69)
for any b € B. So we have 0 < y((l;) < |B| - exp(n). Then, we have
g - 1 s / s
0<bZ€%{ b] 'eXP{H_nl'(Qa(b)—Qe(b))}

1 -
< 3" 11B] - exp(n)] T exp{l} — |B| 7T - exp(n), (70)
bveB T+ nm

where the second inequality is by equation[69] Therefore, combining equation [68]and equation

we obtain
2rn4l

7Y(b) > |B”FE - exp(—n) = v, > 0,
which completes the proof. O

34



Under review as a conference paper at ICLR 2026

G.5 PROOF OF THEOREM[C.3

Proof. Suppose o € [0, 1] and |ly — v ¥||1 < 0. By the definition of the ¢1-norm, we have that,
forall b € B, |y(b) — vy Y (b)| < o, and so

vy (b) —o < y(b) <vy(b) + 0. (71)
Recall the formula for the follower’s response in equation 5]

VE(b) = [y(b)] T -exp{

For the second inequality in equation we have by simple algebra that

O] <o { -Aé“”(b)}*[y@UT

+7771 ]T+n*1

o 1 oy
- 1+[y(b)]m7’1'exp{r+n A”»y(b)} ~eXp{T+nl.A0 (b)}

_ _7 ). L
_<1+Vg’y(b)> exp{q__i_n_1 Ay (b)} (73)

Then, by simple algebra we obtain
14+7n

1477 p
y<b>s(1+ygj(b)) ~exp{n-Az’y<b>}s(1+L) cexp{n- ATV(D)},  (T4)

where the second inequality is because v ¥ (b) > 11, > 0 by equation [26]in Theorem [C.4] Similarly,
for the first inequality in equation [71I] we have that

o 14+71n p 1+71n
y(b) > (1 - Try) ~exp {n- Ay (b)} > (1 - ) exp {n- AgY(b)}. (75
vy (b) vy,

Taking summation over b € B for the above two inequalities, we have

1+7n
1=y < (1 n ;‘L) S exp - ATV(0)), a6)

beB beB
and

1477
1= y(b) <1) Y exp{n- A7Y(b)}, (77)
beB VL beB

respectively. Since AgY(b) = Q7 (b) — V7Y, we further obtain

o 1477 p 14+7n
exp {n- V) < <1+VL) S exp {n- QF(b)) = (1+VL) exp{n- V), (78)

beB
and

P 1+7n P 1+7n
exp {n - Vy""} > (1 - ) Y exp{n-Qf(b)} = (1 - ) cexp{n-Vg'}, (79

L beB L
respectively. Here, V""" is defined in equation and VT is equal to V¥ but is taken with 7 = 0.
Next, by equation[74] we have

o\ exp{n-QF(0)}
(”w) o0 (V)
(1+

14+7n
) ool @O (mro\"T

y(b) <

Sla

IN

Sa
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where the second inequality is by equation[79] Similarly, by equation[73] we have

o\ exp{n- Q5 (b)}
w2 (1-7) T
(1 - %)Hm exp{n-Qs)} (vnL—o\ "
> - - (MU) g (o), 81)

14+7n B Vaus
(1 n L) exp {n - V{'}

where the second inequality is by equation[78] Hence, we have

1477
(W) - 11 Eb),  (82)

v, +0 v, — 0O

v —o 1+7n . "
< > — 1| (b) < y(b) — pg(b) <

and consequently,

MORIHCIE max{\ (

forall b € B.

)

1
v, — cr) 7

v, +o

vy, — 0

14+7n
(”L ”) - 1\} Fb),  (83)

So we have

ly = w5l = ly(b) — 5 ()] < max | (27 MIH mto 1“”1’ g )
- v, 4o "\, —o

beB beB
v, —o 1+7n v to 1+7n

= max ‘ -1 — 1‘
v, +o v, — O

N 14+71n 14+7mn
:max{l—(VL 0) ,(VL+U) —1}, (84)
v, + o v, — O

where the last equality is by noticing that 0 < Zi;g <1< ute

— vp—0o"

)

By calculus, we have that for any o € [0, %I/L],

14+1n
— 2(1
1- (”L U) L2Em) (85)
v, +o 149
and -
i 4-3™(1
(VL+U> —ISM'G- (86)
VL, — 0O VL
Last, by the fact that 2 < 4 - 37", we have
- 4-3"M(1+T1
Iy — gl < 22D o 87
v,
which completes the proof. O

G.6 PROOF OF THEOREMIC.6]
Proof. Since the policy pair (7, y) satisfies TV (y, v5¥) < o, which is equivalently to ||y — v, Y ||; <
20, where o € [0, iuL], we have by equation in Theorem that,
1 43T+
TV(y, 15) = 5lly = ngll < 4870 (88)
L,
Hence, we have
T AvpY — T Apg =1 Ay — T Ay T Ay — 1T A
=7 Ay —y) + 7 Aty — 15) < lly —vg Il + lly — gl

< <2 N 8'3”7(1+T’7)> o (89)

vL
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where the first inequality is by the boundness of the leader’s reward function and the Holder’s
inequality, and the second inequality is by equation[88] Therefore, we have

’

T AV —Fp(0) =7 Av)Y —  max 7w Av)Y =7 Av)Y —maxn' T Apj

0 0 X 0 0 : 0
TV (g, ¥)=0 w el

7 8.37(1
<nT AT — 7T A < (2 + HT’”) .0, (90)
L
where the second equality is because TV (y,v,"Y) = 0 implies v, = y = pj, as shown by

Theorem [C11

Since the last inequality holds for any policy pair (,y) such that TV (y,v,"Y) < o, we can take a
maximum over (7, y) and obtain

.31
Fo(o) = Fp(0) =  max 7 A — Fy(0) < (2+ SRR IC ) I
TV (g <o VL

which completes the proof. O

H PROOFS OF AUXILIARY LEMMAS IN APPENDIX [E.2]

H.l PROOF OF THEOREM [F.I| (LEADER’S REGRET FOR SCHEME 1)

Proof. First of all, we decompose the suboptimality SubOpt (7, y:) at time ¢ into three terms in the
following way.

SubOpt(ms, ) :=(U, 7" @ v") — (U, m ® v ™" )
= (U -Up,m* @)+ (U — Uym @ vgt" ) + (U, m" @ v* —m @ gt ).

=:S} =:52 =:53

92)
Next, we will establish upper bounds on the three terms S}, S? and S} in equation [92| with high
probability, respectively.
Before bounding S} and S?, we first establish a high probability upper bound on the estimation

error of the leader’s reward function. In the construction of the estimated reward function U; as in
equation the bonus term I'} defined in Appendix serves as an uncertainty quantifier. Under the
condition of Theorem we instantiate the coefficient o with & = C1d+/log(6d1? /p) in the bonus
term '}, where d = mn = |.A||B| and C1 is a universal constant. By Lemma 5.2 inJin et al.| (2021c)
and [Chen et al.|(2023)), the data compliance condition is satisfied in the online learning process, and
hence when , we have with probability at least 1 — p/3 that, for any ¢ € [T],

Uy(a,b) — Ula,b)| < Tt(a,b), forany (a,b) € Ax B, (93)

where Uy (a,b) = ¢(a,b) T @;. Then, by the construction of Uy, we have that with probability at least
1—p/3,foranyt € [T],

0 < Uy(a,b) — U(a,b) < 2T'} (a,b), forany (a,b) € A x B. 94)

Bounding S;. For S} = (U — U;,7* ® v*) in equation by optimism in equation|94} we have
that, with probability at least 1 — p/3, for any ¢ € [T,

Ula,b) — Up(a,b) <0, V(a,b) € AxB. (95)
So we have by optimism that, with probability at least 1 — p/3, for any ¢ € [T,
St <o. (96)

Bounding S?. For S? = <(~ft -U,m® Vﬂf’yt> in equation by optimism in equation , we have
that, with probability at least 1 — &, for any ¢ € [T,

Ui(a,b) = U(a,b) < 2T} (a,b), V(a,b) € Ax B, 97)
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So we have
S < (2T, m @ vt ¥y = 2 (ay, by) + &, (98)

where
& =20}, m @ vgtV) — 2Ty (ar, by). (99)

Notice that {&;} is a martingale difference sequence satisfying |&;| < 2 for all ¢ € N. Therefore, by
applying the Azuma-Hoeffding inequality, for any € > 0, we have

L —2¢2
P & >« Sexp{ } (100)

Hence, with probability at least 1 — £, we have

d 3
D & < /2T log () (101)
t=1 p

This further implies that, with probability at least 1 — £,

T T

757 <25 T(apby) + 2T log (3) (102)
p

t=1 t=1

Bounding S}. For S} = <Ut, TF QU — M @yl yt> in equation we can further decompose it by

S} = (Uy,m* @v*) — (Up,m @ vj¥)
- <(7t, ™ QUF) — <Ut,7rt ® l/g:’yt> + <l7t,7rt ® ng’yt> <Ut77rt Qg (103)

—.g31 —.g3:2
=5 =:5;

For S7"! in equation|103] we have
53,1
t

<[7t,77* ® Vg:,y*> _ <ﬁt,7rt & yg:,yf,> _ <(7t,ﬂ'* ® u§:> _ <ﬁt77rt ® Vg:,yf,>

IN

sect5 en Vo™ @15) = (Dom © 13 ™)

= (Uum@ug') = (Um0 v; ) = (U m@vi ") — (U m @i ") = 0. (104)

Here, the second equality is by the definition of v* := ug: " and the third equality is by the property
of the equilibrium that y* = ,ug: = l/g: v Then, the first inequality can be guaranteed by the event

that 6* € C§(3). The fourth equality is by the optimality of 0, and 7, in Scheme 1 equation|17| Last,
the fifth equality is by the construction that y, = ,ugt as described in Scheme 1 equation , and

,ugf = Vg*’yt as a result of Theorem
t t

For Sf 2 in equation we have

Sf )2 <Ut,7rt ® ( Yt Vg*t,yt > < <1 ), Tt ® |l/77t7Yt V;T:’Yt|>
zzzﬂ_t a\b Vgtmyt(b)_ T yf | _Z|Vﬂ'hyt V;": yf )|Z7Tt(a|b)
beBacA beB acA
— Z |I/7Tt;'l/t _ 7Tt7'l/t( )‘ _ ”Vm,yt l/g:’yt ||1 =92. TV(Vgtﬂ/t V;r*t,yt)7 (105)
t
beB

where we define 1(a, b) = 1 forany a € Aand b € B. Here the first inequality is by the boundedness
of U, within [0, 1]. The fourth equality is because Vef’y’ (b) and v4!*Y* (b) do not depend on a € A.

The fifth equality is because m¢(-|b) is a probability distribution over A given any fixed action b € B.
The last equality is by the relationship between the TV distance and the ¢;-norm.
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Therefore, by combining equation[T03] equation[I04]and equation[I03] we have
P =87+ 5P <2 TV (g g™, (106)

conditioned on the event that 8* € C§ (). We just need to guarantee that §* € C5(3) holds with
high probability, which has already been shown by equation[T44]in Theorem

Next, we turn to control TV( ToU pptth. Theoremprovides the guarantee that

TV (vg: ", vg ") < f. <\/Tr <(Ef* +1,)] zm,yt,e*) 6. - 9*||zg*+1d> : (107)

where the univariate function f is defined as f.(z) = ex + C: 322 with

C® =e?exp(2cB4)(2+eBa - exp (2¢Ba) ) /2. (108)

We then need to establish an upper bound on H@t — that hopefully does not depend on

t, where »Y = Zf i Cov™ %47 (b)] is the sum of covariance matrices. It suffices to focus on
9”29 By equation as the result of Theoreml we have that, with probability at least

1-9,

~

max { |0 — 0" 5 [|61 — 6

v} <8C28, (109)

if3>Cd 1og((1 + 6T2 + (1+¢)T)5~1) for some universal constant C' > 0. So with probability at
least 1 — &, Equation (109) holds with 3 > Cdlog((1 +eT? + (1 4¢)T)3p~ ).

Furthermore, we have

~ 2
?d §80625+<|‘9tH2+’ 2)

< 8C23 + (Bo + Bo)? = 8C25 + 4B2,. (110)

16 6 = 6. — |l + [0 - 0" o

i+1g

We define ' (7, y; 0) = 2(e€ + 05(2)52) with C1?) = ¢2 exp(2¢Ba)(2 + eBaexp(2¢B4))/2 and,

= ((29+Id) zwe) \/8C23 + 4B2. (111)

where ¥¢ = S2/71 Cov™ivi? [d)’”( )] is the covariance matrix, and ™% ¢ = Cov™¥?[¢™ (b)] with
the expectation taken by b ~ v, "¥

Then, by equation|[107]and equation|[T09} we have that, with probability at least 1 — £, for any ¢ € [T,

TV (vt 7 ) < fe <\/Tr((z§)*+1d) Smeye ) 16 — 9*H2§*+,d>

- / 1
S fs (\/TI‘ ((Ete +Id)Jr Em,yz,o*) . 80625 +4B%> = 5].—‘?(’/7}7yt;0*).

(112)

So with probability at least 1 — £, Equation (109) holds with 8 > Cdlog((1+eT*+ (1+¢)T)3p~?).
Therefore, by combining equation [I06]and equation[I12] we have

SP<2. TV (g, vgi™) < T2 (7, 15 0%) (113)
with high probability, provided that 0* € C¢ (5 ) and equatlon-holds with 3 > Cdlog((1+¢eT? +

(14 )T)3p~1). We just need to guarantee that * € C§ (3) holds with high probability, which has
already been shown by equation[T44]in Theorem[[1]
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Bounding Reg(T") for Scheme 1. For the leader’s regret in Scheme 1, by combining equation
equation[T02]and equation|[TT3] we have that, with high probability,

T T T T
Reg(T) =) SubOpt(my, yr) = Y _ St +>_ S7+Y S}
t=1 t=1 t=1

t=1

T T
. 3
<2 Ti(anbe) + Y Ti(m,yi0") + /27 log (p) (114)
t=1 t=1

That above inequality is conditioned on 6* € C (3) in Theorem L.1] equation[94] equation[101] and
equation [109|holds with 3 > Cdlog((1 +eT? + (1 +¢)T)3p~ ).

Therefore, we have completed the proof of Theorem [F.1] O

H.2 PROOF OF THEOREM [F.2] (LEADER’S REGRET FOR SCHEME 2)

The regret analysis of Scheme 2 in this subsection is different from that of Scheme 1 in Appendix
For Scheme 2, we can first decompose the suboptimality SubOpt(m¢, y:) by equation in the same
way as Scheme 2, but we will further deal with S} in equation[92]in a more complicated way. The
analyses of S} and S? in equationfor Scheme 2 are the same as Scheme 1 in Appendix and
hence are omitted here. So in this subsection we only develop an upper bound on S} in equation
and then derive an upper bound on the leader’s regret Reg(7T').

Proof. Recall that Scheme 2 is described as

Scheme 2: 7; < arg max {<l7t, TR 'ugMLE>.A><B + Cy - T3 (m, NS @ALE)} , (115)
mell t t
Yt < M;%@ILE, Vg < Yt (116)
We define i
?/J\;k = H’g’it\ALEv (117)
and also define the estimated value function
17 . rT s s .M
W= ma { (U7 @ i) s + O TR0 iy ) (118)
By the optimality of 7, in equation [I§]in Scheme 2 and that 7* € II, we have that
£7% r7 m ™ ™M
Wt = <Ut, T ® Mé}f\ﬁLE>AxB + Cii ! F?(’/Tta /L"@\:/ILE; 01& LE)
> <Ut’ ™ ® u;’%‘*/ILE>AxB + Cii - P?(W*a N&LE? éjtv[LE)
= (U7 @G ) oo+ Cii - T2 (", 5 OMLE). (119)

For S} in equation we can further decompose it by
Stg = <(7t771'* ® V*> — <[7ta7rt ® l/g,:’yt>
= (U, 7 @) — (U, 7" @G ) + Uy, m* @ 5;) = Wi

::33'3 ::52’4
+ /W\t — <l7t,ﬂ't ®yt> + <ﬁt,7Tt X yt> — <(7t,71't X I/ﬂ;f"yt> . (120)
=:Sf"5 =:Sf"6

For Sf 3 in equation we have
S0 = (Unn* @v*) = (U @ Ff) = (Un " ® (v = 7)) < (10, ), 7" @ |v* = §)

=Y > m (@)t ®) =G ®) =D W) =G () D 7 (alb) = > [ (b) = F; (b)]
beBacA beB acA beB
= v =yl =2-TV@" 7). (121)
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Here the first inequality is by the boundedness of Uy within [0, 1]. The fourth equality is because v*(b)
and y; (b) do not depend on a € A. The fifth equality is because 7*(|b) is a probability distribution
over A given any fixed action b € . The last equality is by the relationship between the TV distance
and the ¢;-norm.

For Sf’ *in equation , we have
Sit = (U, 7" @ 3;) = W, < (U, 7" @F;) — (U, 7" @ ;) — Ca - T2(x", 55 6;™F)

= —Ci - T{(x", 0", (122)
where the first inequality is by equation [T19]
For Sf ' in equation 120, we have

SP° = <Ut,7Tt @ yp) = <[7t,7ft @) + Cii - Ti (e, ye; oILE) <I7ta77t @ ye)
:Cii'l—‘ (ﬂ’tayhe LE)) (123)

where the second equality is by the definition of Wt in equation
For Sf’ % in equation , we have
Sf’G = <ﬁt,7rt ®yt> — <(~ft,7rt ® Vﬂf’yt> = <ﬁt,7rt @ (yr — vy ¥ > <1 ), Tt @ |yt — V”t’yt|>

=33 mlalb)le(v) = i )] = Y lye(b) = v (5)] 3 7 (ale)

beBacA beB ac A
= " lye(b) — vge P ()] = llye — v ¥ Iy = 2- TV (e, vgi¥). (124)
beB

Here the first inequality is by the boundedness of U; within [0, 1]. The fourth equality is because
y:(b) and v5!*Y* (b) do not depend on a € A. The fifth equality is because 7¢(-|b) is a probability
distrlbutlon over A given any fixed action b € B. The last equality is by the relationship between the
TV distance and the ¢;-norm.

By equation [I21] and equation [T22] we have
S;t 4 S <2 TV ) — G T (", 55 0F)
=2 TV(uj- ifye) — i TE (", 57 01), (125)

where the first equality is because we have vy, Y=g = (3. by Theorem

AML
L a 9
For simplicity, we denote ZMEE := 31
we have

. By equation in Theorem|J.3|for the quantal responses,

ig/ILE+Id>
< CarCyye - f- <\/T ((iM +1,) s W) /8028 + 4Bé>

= CarCyye - S T3 GBI = SCu - T3 573 ), (126)

TV (-, i) < CarCrye - fe (\/TT ((igm +1 ) S ME) || o — o

where we define the constant Cj; as
Cii = CQFCT]/ﬁ = eXp(277)|B| ~+n~1 max W , g (127)
€

by equation and equation [167, where ¢ = (7 + n~1)~L and C\¥ = 22exp(22B4)(2 +
xBaexp(2eBa))/2forxz € {n,e
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So we have
PP+ S <2 TV i) — Cii - TE (", 57 0)
< Cy-T2(x *,g;‘,@VILE) Cyi - T2(*, 553 OMF) = 0, (128)
by noting that y} = ,u;%;lLE as defined in equation (117

By combining equation[120} equation[123] equation [124]and equation[128] we can upper bound S}
by

SP =877 + 5P+ 570 + S0 < Oy - T (my, umE, OE) 4+ 2 TV (g, vp ")
= Cyi - T2 (my, ys; 0MF) + 2 TV (i, v ¥"). (129)

Then, by Theorem |J.3[and equation in Theorem |I.1} we have that, with probability at least 1 — £,
forany ¢t € [T,
D9 41, )

<2f, <\/Tr ((Ef* + Id)T E’Tt’ytﬂ*) -1/8C28 + 4BE_)> =T%(my, y1;0%).

AV Vi) <21, (V T (54 1) o) - [0 - 0

(130)
By Theorem | we have T'Z (m;, ys; @\/ILE) < exp (4eBa) - T2(m, yi; 0*). So we have
S3 = 53’3 + S?A + 53’5 + Stg’ﬁ < Cy ~Ff(7rt,yt;§£v[LE) + T2 (my, 4, 60%)
< Cyi - exp (4eBa) - T2 (my, ye; 0%) + T2 (e, ys; 0%)
= (1+Cj -exp (4eBa)) - TZ(ms, ye; 0%). (131)

By combining equation [96] equation @ and equation m_TZL we have that, with high probability,
T

Reg(T ZSubOpt Tty Yt) ZSl +ZSQ+ZSS

t=1

T T
3
<2 TH(ar,b) + (14 Cii - exp (4eBa)) - Y T7(my,ye;0%) + /2T log (p). (132)
—_ t=1

50 p1, S \/8C23 + 4B%, equationand

That above inequality is conditioned on H@XILE —0*
equation [T0T]

Therefore, we have completed the proof of Theorem [F.2] O
H.3 PROOF OF THEOREM [F.3](REGRET OF ICV FOR BOTH SCHEMES)
Proof. Recall that ICV (m,y;0) :=TV(y,v,Y) and it measures to what extent the IC condition is

violated. Then, it is a natural idea to define the suboptimality of ICV as the value of ICV with the
true parameter 6%, i.e.,

SubOpt' Y (7, y) = ICV (m,y;6%) = TV(y, v3.Y). (133)

For Scheme 1, by the construction of y; in equation | we have y; = uA’ Also, by Theorem C
we have y; = uA implies y; = Vg“yt ie., ,uA is a fixed point of V”t’ Hence, by equation we

have that, with probabﬂlty atleast1 — % for any t € [T,

SubOpt™ Y (74, y:) = TV (ys, vje ) = TV( Tewe vty < r 21, ye; 0%), (134)
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Therefore, we have the regret of ICV for the first 7' steps, with probability at least 1 — £,

T T
1 *
Reg'™V(T) = ) _ SubOpt' ™Y (me, y) < 5 > Ti (e yes67). (135)
t=1 t=1
The above inequality is conditioned on equation[I09]in Theorem [I.1]
For Scheme 2, by the construction of y; in equation , we have y; = u;l;uE. Note that both

Theorem and equation still hold when replacing @\t by BMLE | So we easily get an upper
bound on RegICV(T) for Scheme 2 which is the same as equation for Scheme 1, i.e., the upper
bound in equation[I35]holds for both Scheme 1 and Scheme 2.

Therefore, we have completed the proof of Theorem [F.3] O

H.4 PROOF OF THEOREM [F.4] (BOUNDING THE BONUS FUNCTIONS)

Proof. By the above analysis, in order to reach the two goals, we further need to upper bound the
following bonus functions:

T T

> Ti(anby), Z (76, 913 07)- (136)
t=1

=1

For >"T'!, by using the elliptical potential lemma for vectors (Proposition 1 in [Carpentier et al.
(2020)), we can show that

T
> Ti(ar, br) < Crdy/Tdlog(T/d)log(2dT?/(p/3)) = O(|A||B[>VT).  (137)

t=1

For Y T'?, we need to use the elliptical potential lemma. Recall the following definitions

(Y799) (b) = ¢"(b) — (67, ™ "7),
Tt = Covt s 7 (B)] = Cov™ (Y7 04) )]

Z Cov™ O [(TTovi0 ) ( Z im0

Note that %2 is just a summation of ™% over i € [t — 1], which is a nonnegative definite d-
dimensional matrix, and this gives us a self-normalized process. Therefore, we have from Theorem
the elliptical potential lemma for matrices that

T
3 \/Tr (=0 + 1) mmemtr) < \/CodT log (1-+4B2T/d),
t=1

T
S ((Ef* + Id> DGR > < Cydlog (1 +4B2T/d) ,

where Cy = 4B2 5/ (log(1 + BQ)) and 433) upper bounds Tr (X™¥:¢7). To see why By is a valid
upper bound, we have by definition of ©™%¢" that

Tr (570 ) = T (Covm” (X7 6) (1)]) < max | (0" )0 < 453,
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Therefore, the sum of T'7 (7, y:; 0*) over t € [T] becomes

T T
fo(m, yi; 0°) = €4/8C26 + 4B Z \/Tr ((Ef + Id)T ZWt,yf,,e)
t=1 =

T
+COSC2B+4B3) Y T ((3F + 1) 7w
t=1

£1/8C28 + 4B2 \/ CydT log (1 + 4B;T/d)

+ C(8C2B + 4B3)Codlog (1 + 4B3T/d) (138)

Therefore, we have completed the proof of Theorem O

I CONFIDENCE SET ON THE FOLLOWER’S SIDE

Lemma 1.1 (Confidence set). We define a distance p on © by letting

p(0,6) = max {Dy(vy ¥, 07), (1+2)- Q5 - @3]} (139)

melly
where By upper bounds the follower’s A-, Q-, and V-functions and is specified in equation [204)
Let N,(©, €) be the e-covering number of © with respect to the distance p. That is, N,(©, €) is the

smallest N > 1 with the following property: there exists {9'}16[ ~N) € © such that, for any 9 € 0,
there exists 0 such that p(0,0") < e. Forany § € (0,1), we set 3 > 2log(e3 - N, (0,1~ /

Then, with probability at least 1 — 6, the following properties hold for ct & (B) defined in equation
(i) (Validity) 0* € C§(B);

(ii) (Accuracy) For any 0 € ©,t € [T), it holds that

1
ZD%I PR < 2 (£6) ~ £(0%) ). (140)

Furthermore, for V' {9*, 0}, 0 e o,
ZVar’” 2o [ Q5 (b) — QG (8)] < ACE - (L4(0) = Lu(0%) + B), (141)

where Var™"[Z] = E*v0((Z — E*v°[Z))*| and C.. = £~ + Ba.

Proof. The proof is similar to that of Lemma B.5 in/Chen et al.|(2023)), with the main difference due to
the divergence term in the follower’s response model. We choose filtration F; 1 = o(71*~1) where
o(X) denotes the o-algebra generated by X and 7'*~! is just the history up to ¢ — 1. Let N/,,(©, ¢)
be the covering number for the e-covering net of © with respect to norm p defined in equation

Let O, be the e-covering net of ©. To simplify the notation, we define ¢ = log (N, (0, €)/d). Note

that £,(0) = — S1_] ! eAFY (b)) —Te Y0, 1 log[y; (b;)]. Then, for any ¢ € [T, we have that, with
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probability at least 1 — 4, the following inequality holds for all € O,

t—1 t—1 t—1 t—1
1 " 1 - TE 1 _—_— TE
3 (=L(0) + L£N(6%)) = B} ZEAG Y (b;) + 5 Zlog[yi(bi)] 3 ZEAo* (i) — > Zlog[yi(b )]
i=1 i=1 i=1 i=1
1 t—1 .
=S S(Ap = AR () < Y log BT [exp { S (a7 — A7) b + log (N(0,€)/60)
i1 i1
-1 y7E exp (gAﬂiyyi)
= Ti,Yi i AT T
;logE \/yzs o0 (CATT) + log (NV,(©,¢€)/9)
t—1
= ZlogE’”*yi { 7T”y’/z/r“y’] + log (N,(0,€)/0)
i1
t—1
<= Di(vg¥,vgiY) +1log (N,(0,€)/6), (142)

i=1

where the expectation is taken with respect to the true model. Here, the first inequality holds by
applying Theorem[L.T|and taking a union bound over the e-covering net. The second inequality holds

by noting that log(z) <  — 1 with z = E [. [vg /vo-| and D2 (vg,vp-) = 1 —E [1 /ya/yg*} by
calculation from the definition of the Hellinger distance.

Meanwhile, by the definition of the distance p in equation for any 6, 0 € ©, we have
1Dfi (g vg) — D%I(Vg Vi)

< (Du(yy ¥, vy¥) + DH(yé: g)) | Du(vg Y, v — Dy(v; =Y vg)|
< 2Du(VIY, v ") < 2p(6,6),

where the second inequality holds by noting that the Hellinger distance is no greater than 1, and that
the Hellinger distance satisfies the triangle inequality as a norm, and the last inequality holds by

definition of p. Moreover, by noting that £:(0) = — Et ! eAgiVi(b;) — Te Zz 1 ! logys (b:)], we
have
|£:(0) — /Jt(g)’ <eT max |A7"Y(b') — A”“yb (0")| < 2eT max ||QF Qg”’

i€[t—1] i€[t—1]

where the second inequality holds by noting that |V,"¥ — Vg’y| < [|QF — QFlls by Theorem ,
and the last inequality holds by the definition of p. Therefore, adding an extra term 37e to the
right-hand side of equation|[T42]extends the result to any 6 € © by definition of the covering net ©.
We thus obtain for all § € ©,t € [T] with probability 1 — 0,

1
5(—Et(9)+£t (0%) < — ZDI%I 0V gl ) +1log (N,(0,€)/8) + 3Te. (143)

In the sequel, we take € = T~* and let « = log (N,(©,T~1)/8) + 3. Now, we plug in [ —
arg ming ¢ £4(0') in equation and obtain by the nonnegativity of the Hellinger distance that

;Ct(e*) S einfé £t(6/) + 2t S £t(§MLE) + 2L7 (144)
‘e

which guarantees that our confidence set is indeed valid by letting
B> 20 =2log(e® - N,(©,T71)/6).

Next, we show that our confidence set is also accurate. For equation (43| we have that

ZD%{ P ) < L (E8) ~ L8 41 S 5 (L0) LB 1 B), (149)
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Now, if 0 € Cé (), it follows directly from equationthat

ZDIQ{ iy Yi Vg*mh) <8,

which shows that our confidence set is also valid and gives equation [140]

We next show how to derive the bound for the Q function. Invoking Theorem we have that

1+eBa)’
8 (‘f“‘) D% (Vg,yjyg;y) > <1/9* (AT Ag;y)2>

* * . 2 . 2
(B0 YAz Ap)) = B (0 B igs - qp]),
(146)

where the second ineiahty follows from direct calculation (expansion), and the last equality holds
181

by invoking equation in Theorem. Swappmg the positions of 8* and ) by the exchangeability
of the Hellinger distance leads to another version of the result.

Plugging equationinto the previous accuracy guarantees with C. = ¢! + By, we have

. 2
Zvarﬂuyq QT (b) ZEm 2Yi,0 ( ETrUyL,G _ R0 )[Qg, . gl])
t—
1+eB
<8 < +e A> ZDH ( Yy ?!) < 4052 (Lo(0) — L,(07) + ), (147)
which proves equation Therefore, we have proved equation and equation O

We remark that if § € C5 (), the guarantees in the accuracy result equatlon-ls just 8C23 since
Et(H) - £t(9*) S ,Ct(e) ll’lfgle@ l:t( ) < B

Next, following the analysis of (A.17) in|Chen et al.|(2023)), we have a similar result for the covering
number of O, which is given by

2Beo By
min {€2/(8¢),¢/(1+¢)}

where Bg bounds © in 2-norm and By bounds the feature mapping ¢ in 2-norm for each action pair
(a,b). Using this result, we have the following remark.

Remark 1.2. (myopic and linear case) Suppose that 3 > Cdlog((1+&T? + (1 +¢)T)6~ ) for some
universal constant C' > 0, equation@]fur‘[her implies that

max {

where C. = ¢! 4 By, By is specified in equation [204] and % is a data-dependent covariance
matrix defined as

log NV,,(©,€) < dlog (1 + ) Sdlog (L+¢e/e+(1+¢e)/e), (148)

o <8C28, (149)

t—1
_ Zcovfri,y-;ﬂ [QSTFL (b)], (150)
i=1

where Cov™¥"?[¢™ (b)] represents the covariance matrix of the feature ¢™ with respect to vV We
then use equation and note that (Q}° — Qp:)(b) = ¢™ (b) " (6 — 6*), which leads to equation

J ERRORS OF THE FOLLOWER’S RESPONSE MODELS

The results in this chapter are mostly inspired by |Chen et al.|(2023)), while here we introduce policy
recommendation when the horizon length H = 1. The main difference is due to the introduced
recommendation policy as well as the divergence term in the follower’s response model.
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For leader’s policy pair (7, ) and any parameter § € ©, we define a matrix ¥™¥% as

270 .= Cov™ ¥ [¢7 (b)] = E[(67 (b) — E[¢™ ()]) (67 (b) — E[¢" (b))

where the expectation is taken with respect to b ~ v, (-).

1, (151)

In the following, we denote ¢ :=(7 + 1~ !)~! for simplicity of notation. Then, by equation we
have the follower’s response policy to (7, y) with parameter § € ©, to be

vy (b) = y(b)™* -exp{eAyY(b)}. (152)

To simplify the notation, in the rest of this subsection, we let E = E™M" and E,[-] = E™M || 2]
for any variable z.

Lemma J.1 (Errors of response models). Fix the leader’s policy pair (7,y) € II X Yqr. Let 6* € ©
be the true parameter for the follower’s reward function, and let 0 € © be any estimate of 0* € ©.
Let vp.Y and z/g’y be the follower’s response policy against (7, y) based on 0* and 0, respectively, as
defined in equation Then, we can upper bound the TV distance between v,." and ug Y by

TV (7%, 052%) < <E [|(Q5(6) - QF- (b)) — E[QF(b) — Q5. ()]
+ooe (@50 - @.0) - [50) - . 0)]) ] asy

Also, let pg. and pZ be the quantal response policy against ™ based on 6% and 5, respectively, as
defined in equation|6| Then, we can upper bound the TV distance between pg. and ug by

TV (i3, 15-) < nCar - E[[(Q5 () — Q5 () ~ E[Q5(4) — Q5. ()]

+Car- 0| (@50 - 05 0) - B [0 - Qr0)]) | as

Here we define the constant
- 1
c® = 502 exp(20B4)(2+ 0Ba -exp (20B4)) (155)

for o € {n,e}. The constant B defined in equation is an upper bound on the value functions of
the follower. The constant Cqr defined in equation|l 84| characterizes the relationship between the
quantal response and follower’s response.

The expectations E = E,}g*,y in equation and equation are both taken with respect to the

ollower’s response policy based on the true parameter 0%, i.e., b ~ v;,Y (-).
)4 policy p

Proof. The proof is similar to that of Corollary B.3 in|Chen et al.|(2023)), with the main difference
due to the divergence term in the follower’s response model. Since the leader’s policy pair (7, y) is

fixed, for simplicity, we denote () = Q7. @ = Qg, V=V, V= Vg’“y, A=A}, A= Agvy,
Y ~ Y
v=v," andv = v;"in the sequel.

To begin with, we invoke equation [T71]in Theorem [I-4] and obtain that
TV(v,v) < (v, |A— A+ %exp (5|X — A\)(g— A)2>B < ey, |A— A+ %exp(%BA)(g— A)2>B
~ 2 ~
= B, [|A - A[] + 5 exp (2eBa)E, [(4 - 4)?]
~ g2 ~ ~ 2
= ¢E, [|A— Al] + 5 exp (2eBa) <Varl,(A — A) + (B, [A — A]) )

where the last equality holds by the variance-mean decomposition. Here the expectation and variance
are taken with respect to b ~ v/(-).
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Now, by using Theorem [J.5] we have
E[|A - Al <E[[(Q - Q) —E[Q - Q][] + ' KL(v || »). (156)
For the variance term, we have
Var(A — A) =E[((A- 4) —~E(A - 4))°] =E[(Q- Q) -E[Q-Q))"], (57
where the last equality holds because V' and V do not involve b. Furthermore, we note that
eE,[A— Al = KL(v | D) < 2¢Bjy. (158)

Thus, combining the inequalities above, we have we have
£2

TV(v,9) << E[|(Q - Q) ~E[Q - Ql[] + 5 - exp (2eB4) - E[(@ - Q) —E[Q - Q))’]

+KL(v || 7) + exp (2¢Ba) /2 - (KL(v || 7))
2

<c-E[[(@-Q) ~EQ-Qll| + 5 exp(2:Ba) -E[(@ - Q) ~E[Q-Q))’]
+ (14 eBaexp(2¢Ba)) -KL(V | 9), (159)
where the last inequality holds by KL(v || 7) < 2eBy4.

In the following, we handle the KL divergence term. We calculate the derivative of e ?KL(v || /)
with respect to () and obtain

05 (e *KL(v || 7)) =05 (E[A - A]) = ' (95V —v) =" (T - v).

Here the first equality follows from cE[A — A] = KL(v || D), the second equality holds because v/
and A do not depend on Q and A = Q V. Moreover, the last equality holds because

Voo (Zw(wre exp (e @@))7
beB
and also a@]E[@] = v. We further take a second-order derivative and obtain
035 (e°KL(v || 7)) = e 1057 = diag(v) — T = H,

where the last equality holds for the vector case. Note that the Hessian is upper and lower bounded
by L where L = diag(v) — vv ", which is proved by the following Theorem

Using the upper bound in equation [162]in Theorem[J.2] we have for the KL divergence that
ePKL(v || 7) <1/2-(Q - Q)TH(Q — Q) < exp(2¢Ba) /2- (@ — Q) 'L(Q - Q)

= SR CB) (G ) (diag(v) - 7)(G - )
_ w E[((Q-Q)-E[Q - Q)]

where the first inequality holds by noting that the derivative of the KL-divergence at v = v is zero,
and we upper bound the KL-divergence only by the second order term. Furthermore, the second
inequality holds because H < exp(2¢B4) - L, which is proved by Theorem Therefore, we
conclude for equation [I59)that

2

TV (r,7) < E[|(Q-Q) —E[Q - Q]| + % exp (2¢B4) - E[((Q — Q) — E[Q — Q))°]
+ (14 eBa-exp(2¢Ba)) -KL(v || )
E[[(Q - Q) —E[Q—Q]|]
g2 exp(2eBa) ~ ~ 2
+ f(Qﬂ-EBA - exp (263,4)) E[((Q -Q)-E[Q — Q]) ]
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We now turn to upper bounding TV (uj., ug). By equation in Theorem , we have for the TV
distance between the corresponding quantal responses,

TV(uge,pz) <n- <u§m

< nCar - (V! |A = Al + L exp (] A— A]) - (A- 4)2)

q— A A—Al)-(A—A)?
A=A+ Jexp (A A]) - (A= 4))

< nCar - {B, (|4~ Al + L exp (20B.) - B, [(A - 4)%] }
<nCqr - {E,, Ug— A|] + gexp (27’]BA) . Var,,(g— A) + (]EV[AV — A])2>} )

(160)

where the second inequality is by equation[183|in Theorem [K.1|and the constant Cqr := exp(27) -
|B| 7+7=T is defined in equation

Finally, by plugging equation[T156] equation[I57]and equation [I38]into equation [T60] we have

TV (g 1%) < nCar gexp (2nBa) - (vary(ﬁ — A) + (B [A - A])2) +nCor -Ey [|Z - A\]

= nCqr (;’ exp (2nBa) + = exp (2¢Ba) + nEZBA exp (2(n + E)BA)> -E [((@ - Q)-E[Q - Q])Q}

N}

+1Cqr E[|(@-Q) ~E[Q - Q)]

Zexp(2nB ~ ~ 2
< Cge - TOPEA (5 4 s exp (n.)) - E [(( - @)~ EQ - Q)]
+nCqr - E [I(@*Q)*M@*QH], (161)
where the last inequality uses the fact that € < 7. This finishes the proof of Theorem [J.T] O

Proposition J.2. Let H = diag(v) — v and L = diag(v) — vv'" where v = y™¢ exp(cA) and
v = y"¢ exp(eA) are follower’s responses over B with ||Al| . < Ba, ||Allsc < Ba. Then for any
vector g € RIBl, we have

exp (2¢B4) g ' Lg > g Hg > exp(—2¢Ba) - g' Lg. (162)

Proof. The proof is similar to that of Proposition F.1 in|Chen et al.[(2023)), with the main difference
due to the divergence term in the follower’s response model.

Note that exp (—2eB4) < v(b)/v(b) < exp (2¢B4) for any b € B. Let EV and Var” denote the
expectation and variance under distribution v. Then we have

gTLg = Var”[g(b)] = E”[(9(b) — E*[g(0)])"],
g Hg = Var”[g(0)] = E” [(9(b) — E"[g(8)])"]-
By direct computation, we have
exp (~2¢B.a) - E7[(9(b) — E”[g(b)])"] < exp (~2¢B.a) - E”[(9(b) — E*[g(b)])"]
<E”[(96) —E*[g(0)*] = 9TLg

where the first inequality is true because changing E”[¢(b)] to E*[¢(b)] incurs additional bias, and
the second inequality is true because (b) /v (b) < exp (26 B4). Similarly, we have

s"Lg =B [(90) ~ B o)) < B | (500) - o0 | < e o) 7| (50 - B7L000)]) |

Therefore, we conclude that equation [T62] holds. O
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Lemma J.3 (Errors of response models, further). Under the setting of Theoreml/.1| we assume the
reward function of the follower is a linear function of ¢. Let 0* be the parameter of the true reward

Sunction and let 0 € © be another parameter. Fix any policy pair (w,y). We define a matrix »my.0
as Cov™ ¥ [¢7 (b)), i.e.,

5™ = E[(¢7(b) ~ Eo7(0)]) (67 () ~E[6™(0)]) . (163)
where the expectation is taken with respect to vy ().

We define the univariate function f, forx > 0and o € {n,e} as
folz) = oz + CPa?, (164)

Then, for the TV distance between v,.* and V;f Y we have

™V (v vz) < wmin{ g (T (s or =], ), fo (/T (wismer) - or =], ) },

(165)
and for the TV distance between pg. and ug, we have
V(s 15) < Car - min { f (y/Tr (WS90 9) - |0 = ]|, ), £ (y/Tx (wHsm00" ~ )}
(166)

where ¥ € Si can be any fixed nonnegative definite matrix, W' is the pseudo-inverse of .

Also recall that Cqr is defined in equation By defining

0(3)
C’n/e::max{c’??’), g , (167)

we have that, for any x > 0,
fﬂ(x) S C’r]/e . fE(w)7

and hence we further have

TV (- 5) < CarCopemin {1 (y/Tr (wism09) -0 — ], ). 12 (/1 (wizms) o~ 7], ) }

(168)

This implies that the upper bounds on TV (1/9* , V§ ) and TV (3., ,ug) are the same up to only a
constant factor Cqr - C,, Je

Proof. The proof is similar to that of Corollary B.4 in|Chen et al.| (2023)), Xvith the main difference
due to the divergence term in the follower’s response model. Note that () and @) in Theorem

correspond to T = (o7, faand r™ = (¢™, 0*a, respectively. Let [E denote the expectation taken with
respect to v,.Y(-). Then we have

)-
E[(7(0) ~ () ~EfF®) - 1)) | =
= Tr (zwﬁ (0" =0 =) ) < Te (W) ot - 5, (169)

- QHEMN*

where UT is the pseudo-inverse of U. Moreover, by Jensen’s inequality, we have

e[|t - ) - £ o) - ) || < \/(E[((F“(b) — o) B 0) - 0] )

Tr (UHEme.6” — 9], (170)

Finally, combining equation [I69] equation and Theorem we conclude the proof for

TV (z/g,:y, I/g ¥). We note that a similar result also holds if we swap * and 6.
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Similarly, for TV (7., u%), by plugging the above results into equation in Theorem we have

TV (5., 17) < Ca - min { £, (/Te (wism?) - o = |, ) £, (/T (zm00) - 0" =], )},

which completes the proof. O

The following lemma establishes upper bounds and lower bounds on the TV distance between v, "
and I/g"y, for any 6, 6 € ©. Since we fix the leader’s policy pair 7, y in the analysis, we drop the
superscript 7, y for simplicity, and denote v and 7 as v, ¥ and v,,?, respectively.

Lemma J.4 (TV-distance between follower’s responses). Let v, € A(B) be defined in equation [152]

where A=Q —V and A = Q — V. The TV distance between v and v enjoys the following upper
bound:

~ ~ € ~ ~ 2
TV ?) <o (n]@-Q-¢-1]+5ep ([[@-Q-¢-1))- (@-Q-¢-1)") . Ve,
Here 1 € RIBl s the all-one vector. In particular; setting & = V =V, we have

TV(,7) <e- <y, 1A— Al + %exp (e|A—A]) - (A A)2>B. (171)

Note that when 7 = 0 (and so € = n), the follower’s response ug Y is equal to the corresponding
quantal response ug. Hence, the TV distance between the corresponding quantal responses [ = [ig.
and [ = ug enjoys the following upper bound for any £ € R:

TV (ug-, 13) Sn-<u§u Q—Q—f-l!+§e><p(n!Q—Q—£'1}) (Q-Q—-¢-1) >B-
By setting £ = Vgﬂ’y — V¥, we have

TV (uge, pz) <n- <u5*7

Sn~<u§u

my _ gm0 Y _ AT L (ATY _ AT
ATV — AT+ L exp (nl ATV — AGHI) - (A7 - Ag*y)2>6

X—A|+gexp (n|A — AJ) - (ZfA)2>B. (172)

Besides, the following lower bounds hold:

TV (v, ) c

(1 + 2€BA)

> %<1/,Eexp(fs|ng|) ~|Z7A\>B. (174)

TV(v,v)

Here B is an upper bound on max{||A||sc, |Alle }, which, for example, can be set as in equa-
tion 204

Proof. The proof is similar to that of Lemma G.1 in|Chen et al.| (2023)), with the main difference due
to the divergence term in the follower’s response model. In this proof, to simplify the notation, we
omit the subscript in (-, -as without causing confusion. We first prove the lower bounds. Using the
relation between TV distance and ¢;-norm, we have

l—g‘>:%<y,|l—exp (c(A—A)N)).  a75)

We note that | exp(z) — 1| > (1 —exp(—B))/B - |z| holds for all z € [— B, B]. Thus, for any b € B,
we have

o 1 - 1
TV (v,v) = 5”1/ -V = §<1/,

‘1 — exp (s(ﬁ(b) — A(b)))‘ > 1- GX;;(B;A%BA) )

Hence, combining equation [T75]and equation we have

e |A(b) — A(b)]. (176)

1 ~ 1—exp(—2B ~
5 (| 1—exp (A= A))) = 5 2€<BA A 1A 4)
E ~
25 Troem, A—AD
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where the last inequality holds by noting that

exp(x) —1
exp(z) —14+1 7~ 14z

1 —exp(—z) = , Yz >0.

Therefore, we establish equation

Meanwhile, we note that | exp(z) — 1| > exp(—|x]|) - « holds for all z € R, which indicates that
S (v 1—exp (s(A— A))]) > o (vcexp (—=lA - Al) |3 4],

Thus, we establish equation [174]

It remains to estabhsh an upper bound on the right hand side of equation|[I75] Note that A = Q — V/

and A = Q V. Then, we have

)_x

§<I/,|1—exp(€(g—A))|> 5 ‘l—exp((Q—Q—f/-i—V))D
< S| 1-ep (@~ Q) + 5] e (@ - @) ~ e (@~ @~V +V))])
= S| 1- e (@ - @)+ 3, | exp (G~ V)~ exp (@ - V),

where the inequality is just a split of terms and the last equality holds by the definition v =
¢ exp (¢(Q — V). With a slight abuse of notation, we let y™¢ € RIB! be a vector with (y7¢)(b) =

( (b)) for Vb € B. Using the equality (y7¢, exp(eQ)) = exp(eV') by definition of V, and noting
that V" and V' does not depend on b € B, we further obtain

S 1 exp ((A - )
zéwuwmuQQm>l®mw>|mw«v»www—%w
= L] 1-exp (@~ Q) + 5 exp (V) - | exp (V) — exp (— V)], (177)
Moreover, the second term on the right hand side of equation[T77]can be bounded by the same trick,

) |exp (—eV) —exp(— a\7)| = %exp (—eV) - |exp (5‘7) —exp (eV) |

xp (€
% p(—eV) [ exp (:0) — exp (@) = 3| (mexp (<0 @) ~ )], (178)

where the last equality uses the fact that v = y™° exp(e@Q — V). Plugging equation into
equation gives

%(1/, | 1—exp (5(117A))|> < <1/, | 1—exp (s(@ - Q))|>
< (n1Q-Ql+ 5 - epElQ - QDIQ - Q).

where the last inequality holds by a Taylor expansion of exp(z) — 1 at x = 0. Moreover, note that

adding a constant shift £ 1 to both Q — @) does not change v nor . Hence, we finish the proof of the
upper bound. O

Lemma J.5 (Difference in A-functions). For any b € B, we have
A(b) = A(b) = (B — E) [(r™ = F)(b)] + e D(v|[P),
where D(v|[v) = -E, [A — Z] and T is an estimate of r that generates V.
Proof. The proof is similar to that of Lemma G.4 in|Chen et al.| (2023)), with the main difference due

to the divergence term in the follower’s response model. To simplify the notation, we omit b in the
functions and omit the subscript in (-, -ag.
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We first show that D(v||7) = ¢ - E, [A — A].

D||p) = (v,logv) — (v,log V) = (v, log %> = e (A- E)) =¢-E,[A-4]. (179)

Fix the policy pair (7, y), and by the optimality of v and 7, we can write the difference of V-functions
as follows:

V=V =) +n "Hw) - rDlly) - #,Q) — n~ " H(®@) + rD(7]ly)
= (1,Q = Q)+ (v =7,Q) +n " H(v) = 7D(v|ly) — ' H(D) + TD(7]]y),
where
N '"H(v) — D(v|ly) = =~ (v, logv) — T (v,log V) + T (v, log y)
=~ +7) (v logr) + 7 (v,logy) = —(n~" +7) (v,Telogy +£(Q — V) + 7 (v logy)
=+ 1), Q-V)+1(l—eln™" + 7)) (vlogy) = — (r,Q - V)
and similarly
T HE) — DY) = — (7.0 -V).
So we have
V-V=0Q-Q+{¢-70Q -~ wQ-V)+@Q-V)
Note that here both V and V are real numbers. Then, by direct calculation, we have
(=7.Q) =W Q-V)+({#Q-V)=~(nQ-V - (Q-V)),
where we use th~e fact that (v — v, I7> = 0 since here V represents a scalar multiple of 1. Hence, we
can write V — V as

V-V=rQ-Q)-(ne-V-(Q-V)
=(Q-Q) ~(nA-4A)=¥Q-Q) - D), (180)
where the equality holds by noting that D(v||7) = (v, A — A). Thus, by equation For the
A-function, we have
A-A=Q-V-(Q-V)=(E-E)[Q-Q| +="' D). (181)
Meanwhile, by Q = r™, we have
Q-Q=E [ -ql. (182)

Then, we have

A= A= (B ~F) [r" ~ Q|+ D(v||),

which completes the proof. O

The next lemma establishes a lower bound on the Hellinger distance between v and v.

Lemma J.6 (Hellinger distance between quantal responses). Let v and U be defined in equation[I52]
We let Dy (-, -) denote the Hellinger distance between two probability distributions. Then, we have
2
€ ~
Di (D) > ——— (v, (A= A)?) .
H(V)V)_8(1+EBA)2 <Va( )>B

Proof. The proof is similar to that of Lemma G.2 in|Chen et al.| (2023)), with the main difference due
to the divergence term in the follower’s response model. In this proof, to simplify the notation, we
omit the subscript in (-, -a. By the definition of the Hellinger distance, we have

DA, ) = (v, (1 = V7)) = 5| 1—exp (/2 (A~ A) )
2

— oxp (— 2 _ ~
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where the first inequality follows from | exp(z) — 1| > (1 — exp(—B))|z|/B for any |x| < B, and
the last inequality holds by noting that
exp(z) — 1

x
1— —z) = > Ve >0
exp(~2) exp(z) —1+17 1+2a’ e

which concludes the proof. O

K OTHER THEORETICAL RESULTS FOR LEADER-FOLLOWER GAMES WITH
POLICY RECOMMENDATION

Lemma K.1. Fix the parameter 8 € © and the policy pair (7,y) where 7 € Il and y € Yqg.
Then, the follower’s response v, 'Y can upper bound the corresponding quantal response j; up to a
constant. Specially, for any b € B, we have

1z (b) < Cor - V3 (b), (183)

where we define the constant factor

Car =exp(2n) - |B|77n T (184)

Proof. Recall that the follower’s response defined in equation [5|can be written as

)7 exp { b - Q5 )}

vg Y (b) = -
T sl e k@50
T —1
_ W]’*“.{l.w_ﬂ}
- (2 ko exp s (@) —QF0) ) sy
for any b € B. Taking 7 = 0 leads to the corresponding quantal response (1
-1
pg (b) = (Z exp {n - (Q5 (V) —Q’é(b))}> : (186)
beB

So we have

i) _ Sves [43] 7 exn{ = - @5 - g0}

= — - (187)
vy (b) Ywesexpin - (QF (V) —QF(b))}
Since y € Yqr. by Theorem we have that, for any b € B,
y(b) > pr,:=|B|™" - exp(—n) > 0. (188)
For the numerator of equation we have
y(b’)] T { 1 N
Z exp § ——— (@5 (b)) — Q5 (b))
frrt [y(b) T+
17T 1 EEE 1
< - - . = . T+n—1 . 189
_Z[HL] eXp{r+n1 1} B - pr, ™ eXp{7+n1}’ (189)

b'eB

where the inequality is by equation [188] y(b’') < 1 and the fact that Q7 (b') — Q7 (b) < 1 for any
b,b' € B. Similarly, for the denominator of equation[187] we have

D exp{n (QF1) —Q5(0)} > D exp{n- (1)} = B|-exp{-n},  (190)

b'eB b'eB
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where the inequality is because Qj (') — Q7 (b) > —1 for any b,b’ € B. Finally, combining
equation[I87] equation [I89]and equation[I90} we have

THORS B - pr, 7 'eXP{%,rl} A -eXp{Ti,fl}

vg ' (b) ~ |B| - exp {7} a exp {—n}
|B| 75T - exp(n) 7T -exp{fﬁrl} .
= oy = exp(2n) BT, (19D)
where we use pp, 1= m in equation We then immediately have
5 (6) < exp(2n) - |B]75T - vg Y (b), (192)
which completes the proof. O

Note that by Theorem [C.3|and Theorem [C.4] we can easily derive such a constant that plays the same
role as Cqp in Theorem However, the dependency of Cqp on |B| in Theorem [K.1is better than
such a constant.

Lemma K.2. Fix the policy pair (7, y). Then, for any 0, 6 € ©, we have
V¥ = V¥ < 1QF — QF [l (193)

Proof. Since the policy pair (,y) is fixed, we denote V = V¥ and V= Vg Y. By definition and
equation 3] we have

V= y/rélgf(B){Wv Q) +n 1) =D ||y)}, o)
V= Jmax {0, Q)5 +n "H) — 7D/ |ly)},

where the maximizers are v and v, respectively. Then, by the optimality condition of equation [194]
we have

V= Q)s+n "Hv)—1Dvlly) = (V,Q)s +n "H(@) — 7D([@ly), (195)
V= (2.Q)s+n "H@) —rD@E|ly) = (v,Q)s + 17 'Hw) —7DWlly).  (196)
So we have
V=V <wQs+n " Hv) - DWlly) - (v,Q)s —n~ " H(¥) + D(|ly) = (v, Q - @(}159,7)
and
V=V2>@Q)s+n "HE) - DY) - (7,Q)s —n 'H(@) + DE|ly) = (7,Q - QNJ(>1%-8)

Therefore, we have
’V—V‘SmaX{‘<V,Q—QV>B <;aQ_@>B‘}SmaX{<V7 Q_QDB’ <Za|Q_©‘>B}
< max {[1Q = Qlloes 1Q = Qlloe } = 1Q = @l (199)

which completes the proof. O

)

Lemma K.3. Let p = {p; };c[n] be any probability distribution over [n], and the constant o € [0, 1).
Then, we have

1< Z pe < ntve, (200)
i1€[n]

Furthermore, the lower bound can be achieved by a degenerate distribution at any i € [n], and the
upper bound can be achieved by the uniform distribution over [n].
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Proof. This can be simply proved by the method of Lagrange multipliers, and hence the proof is
omitted here. 0

Lemma K.4 (Ranges of Q-, V-, and A- functions). For any fixed policy pair (m,y), let Q, V and A
denote the follower’s Q-, V-, and A-functions, respectively. Then, for any b € B, we have

0<Q() <1, (201)
0<V <1+ntlog|Bl, (202)
1< A®D) <14+n"tlog|Bl. (203)
Therefore,
Ba:=1+7""log|B| (204)
upper bounds the follower’s Q-, V-, and A-functions, i.e.,
max{||Ql oo, [V, [[Allc } < Ba. (205)

Proof. Under the assumption of the reward functions, we have 0 < Q7 (b) < 1forany b € B, 7w € II
and 0 € ©.

By the definition of V""" in equation we have

Vit = e tog (Soesly®] T e { g })

T+n7t
= e og (X,eply(d)] ™ exp{e - Q5 (b)}) -

For the upper bound of V", we have
V¥ < e og (yeply (b)) exp {e}) < e 'log (exp {e} |B]'™7)

1—7e _
log(|B)) =1+mn Hog |B].

Here, the first inequality is by Q7 (b) < 1 forany b € B, w € Il and 6 € O. The second inequality is
by using the second inequality in Theoremwith n=|Bl,p=yand o = Te.

For the lower bound of V¥, we have
Vo > e 'log (Zbes[y(b)]” exp {e - O}) =c"log (ZbeB[y(b)]TE)
> e tlog (1) = 0.

Here, the first inequality is by 0 < Q7 (b) for any b € B, m € Il and # € O. The second inequality is
by using the first inequality in Theorem [K.3|with n = |B|, p = y and o = Te.

Therefore, we have
0< V¥ <1+n'log|B|

and hence |V,"Y| <1+ n~'log|B].

For || A/, we can simply have
[Alloe = 1Q = Vllso < 1Qllcc + IVl < 2+ 17" log|B].

However, we will show that we can obtain a sharper upper bound on || A||». By the definition of
V¥ in equation 4] we have

AZY(b) = VY = QF(b) = e log (X4 eply(V)] ™ exp {e - QF (1')}) — e~ ' log (exp {e - QF (b)})
Ly ((2oresly®)] exp {e - QF ()}
—te (e )
=" og (X eply(0)] ™ exp {e - (QF (V) — Q7 (5))}) -
For the upper bound of A;"¥(b), we have
AFY(b) = o (5 )™ exp =+ (QF(E) — Q5(0))
< e log (S enly®))™ exp e - 1) < e log (exp {e} 1B )

1—7e _
. log(|B))=1+mn 110g|B|.

56



Under review as a conference paper at ICLR 2026

Here, the first inequality is by QF (') — Q7 (b) < 1 forany b,b’ € B, m € Il and # € ©. The second
inequality is by using the second inequality in Theorem|[K.3|with n = |B|, p = y and a = Te.

For the lower bound of Aj™¥(b), we have

AgU(b) = e og (X cply(®)]™ exp{e - (QF (b)) — Q5 (b))})
> e og (X eply()]) ™ exp{e - (—1)}) > e 'log (exp{—c} 1) = —1.

Here, the first inequality is by Q7 (b') — Q7 (b) > —1 for any b,0’ € B, 7 € Il and 6 € ©. The
second inequality is by using the first inequality in Theorem withn = |B|,p =y and a = Te.

Therefore, for any b € 5, we have

~1 < AZY(b) < 1+n 'log|B,

and hence || Ap"Y||oc < max{| —1],|1+n 'log|B||} =1+ n 'log|B].
Therefore, we have shown that

Ba:=1+7n""log|B|
upper bounds the follower’s Q-, V-, and A-functions, i.e.,

max{[|Ql[cc; [V]; [[Alloc} < Ba,

which completes the proof. O

A remarkable observation from this result is that the upper bound B :=1 + 1~ !log|B| on the
follower’s Q-, V-, and A-functions does not depend on the temperature 7 of the divergence term in
the follower’s response model. Moreover, this upper bound is half less than the upper bound (A.12)
of |Chen et al|(2023)) when the length of horizon is H = 1.

The following Theoremcharacterizes how the follower’s response policy v, ¥ changes by the
change of the leader’s recommendation policy y which is a quantal response, given any fixed leader’s
policy 7 and the parameter 6 are fixed. The result aligns with the intuition that a small difference

between y; and y, corresponds to a small difference between v, ¥ and v, "¥>.

Proposition K.5. Fix the leader’s policy m € 11 and the parameter § € ©. Let the recommendation
policies yy and yo be any two quantal responses, i.e., y1,y2 € Vqr, where Yqr is the class of all
quantal responses as defined in equation 25| Then, there exists a constant C' > 0 such that

TV (v, ¥, vy ¥?) < C- ( TV(y1,y2) + TV(yl,yz)) . (206)

Specially, we can take

2
c :=max{*2f exple(1 + Ba))v/Sreexp(e) B | TEeXp(38)|B|2_TE} ,
which is independent of y1,y2, , 0.

Proof. By the expression of the follower’s response v, 'Y as presented in equation |5, we have

0 = WO e { AT | where A7(0) = QF(0) V. 207
Q5 (b) = r5(b) = " Byey, (208)
s —  r— 1 -
Vet = s (Sesb0 T T e { g f). e
For simplicity of notation, we denote
95 (b)==exp{e-Qj(b)} € [Lexp(e)],  hg(y):=exp{e-V;"'} € [1,exp(eBa)],
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and then we have the follower’s response policy to be

[y(0)]"® - exp {e - QF (b)}

i) = T e (e Q)
WO ) b go) O ge
Soweply®)] g5 (') exp{e-V, Y} hg(y)

Then, we have

vy (b) — v " (0)] = ‘ [ ()" ~§/g<b> [y2(0))" - 95 (b) ‘

hg (y1 hg (y2)
| B O () — a8 )
=4 hg (y1) - b (y2)
T s i (7 5 42) ~ (8" -5 ()
< exp(e) - | ()] - 1 ) — O] - 15 00)] = exp(e) - 77 (b o).

@211)

where we use the fact that g7 (b) € [1,exp(e)] and hj (y) € [1, exp(eBa)]. Here we denote
g (03 y1,92) = [y (07 - hg (y2) — [w2(0)]™ - hg (y2)] - (212)

Since hj (y) :=exp{e- Vy"¥} = 3, cply(b)]™® - g5 (b), we have

11 (y1) — hg (y2)| = > [ (0] - g5 (0) = > _[y2(b)]” = > g — [2(0)]™)
beB beB beB
<> lgg () - ([ (o)™ ) < Zsup 95 ()] - [([y2 (D) = [y2(0)] )]
beB beB®
<exp(e) - D (0] — [y2(0)]™°| < exp(e) - dre(y1,2), (213)
beB
where we denote the Te-distance between y; and y- as
dre(y1,y2) = > [l (0] = [ya2(0)7°] - (214)

beB

For any o € [0, 1] and the given recommendation policies ¥, y2, we have a corresponding separation
of the follower’s action space B3 as follows:

BZ (y1,y2) :=={b € B : [y (D)™ — [y2(0)]"*| < o}, (215)
BZ (y1,y2) :={b € B : |[y1 (0)]™" — [52(0)]"°| = o}, (216)
and it is evident that B = BZ (y1, y2) U B (y1,y2) and BZ (y1,y2) N BL(y1,92) = @

(i) Forany b € Bg (y1, y2), we turn to show that, there exists a finite constant C,, > 0 such that
Jo bsy1,92) = 1ly1 (0] - hg (y2) — [y2(0)]™ - hg (y1)] < Co - [ (D)™ — [y2(D)]*] . (217)
Since b € BE (y1, y2), we have [[y1(b)] — [y2(b)]"*| > o, and hence

|[y2 (0)]7 - 2 (y2) — [y2(0)]"° - R (yo)| _ [[y2 (D)]7 - o (y2) — [y2(D)]™ - o (1))
[[y1(0)]7 = [ya(b)]7] - a

[y O - 1 (o)l + [ly2 (O™ - Ayl _ 2exp(eBa) _ 218)

<

where we use the fact that hjj (y) € [1,exp(eBa)] for any y € Y. So we have

1 (D)) - hg (y2) = [y2(0)]™ - g (y1)] < 2expleBa) [[y1(0)]™ = [y (0)]]
= Co - [ (O)]™ = 2 (0)], (219)
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where we take C,, = M.

Therefore, we have

o fFbyny) = > O] b () = [y2(0)]7 - kg ()]

beBE (y1,y2) beBY (y1,y2)

<O Y O] = [y20)]7

bEBL (y1,2)
< Co- Sl O — [1a0)) ™ = Co - drelyn o). (220)
beB
(ii) For any b € BZ (y1,y2), we turn to establish an upper bound on

TGy, y2) =y (D)) - hg (y2) — [y2(b)]™ - hg (y1)] -

Since b € BZ (y1, y2), we have |[y1(b)]™ — [y2(b)]™¢| < o, and hence
=0 <[] = [p2(0)]" <o (221)

|
< (w201 +0) - h (y2) = [y2(0)]™" - hg (y1) = [y2(0)]™" - (hg (y2) — hg (y1)) + 0 - hg (y2)
S T

2 g
[y2(0)]™ - G (y2) = hg (y1)| + 0 - hg(y2) < exp(e) - dre(yn1,y2) + 0 - h’é(yz()z,zz)

where the inequalities are by equation[213] equation[221]and the fact that [y2(b)]7 < 1.
IF [y (8)]7 - 1 (32) — (b)) - A (1) < 0. then we have

f3 O y1,y2) = [y1 ()] - hg (y2) — [y2(b)]™ - hg (y1)| = [y2(0)]™ - hg (1) — [y1(D)]"° - h (y2)
1(b)]

|
< ([ O] +0) - h (1) = [y (0)]° - h (y2) = [y (0)]™" - (hg (Y1) — hg (y2)) + 0 - hg (1)
<[y O] - [hg (Y1) — hg (y2)| + 0 - hg (y1) < exp(e) - dre(y1,y2) + 0 - hj (1),
(223)
where the inequalities are by equation equation and the fact that [y (b)]™® < 1.
By equation 222]and equation 223] we have
f5 (byy1,y2) < exp(e) - dre(y1,y2) + o - max{hg (y1), hg (y2)}
<exp(e) - dre(v1,y2) + 0 - exp(eBa). (224)
Therefore, we have
S by = Y O] kg (y2) — [y2(0)]7 - kg (1)
bEBZ (y1,y2) bEB (y1,y2)
< Y A{exple) drc(yr,y2) + 0 exp(eBa)} <Y {exp(e) - dre(y1,y2) + 0 - exp(eBa)}
beBZ (y1,Y2) beB
= |B| - {exp(e) - drc(y1,y2) + 0 - exp(eBa)}. (225)

Combining equation[220]and equation[225] we have
Sy = > B+ D> f5bivnys)
beB beBY (y1,y2) beBZ (y1,y2)
< C - dre(y1,y2) + [B] - {exp(e) - dre(y1,y2) + 0 - exp(eBa)}

_ 2€Xp(€BA) ' de(ylvyZ)
g

+ ‘B‘ exp(SBA) co+ ‘B‘ exp(s) ' de(ylayZ)a
(226)
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which holds for any o € [0, 1] and the given recommendation policies y1, . By calculus, we have
that the RHS of equation [226]reaches its minimum when

:\/2exp<sBA>-dTe<y1,yg>:\/2-d75(y1,y2> o o)
|B| N min-

|B| exp(eBa)

Plugging equation 227]into equation 226 we have

> 17 by ue)

beB

2exp(eBy) - dre(y1,y2)

Omin

IA

+ |Blexp(eBa) - Omin + |B|exp(€) - dre(y1,12)

2exp(eBa) - dre(y1,y2)

2 'd‘r )
— + |Blexp(eBa) 75@1 v2)

+ |B| exp(g) . d‘re(ylayQ)

2-dre (¥1,y2) |B]|
18]
=V 8‘8‘ exp(gBA) V de(ylva) + ‘B| eXp(g) : de(ylva)' (228)

Finally, we turn to show that there exists a constant C' such that d(y1, y2) defined in equationm
satisfies

dec(yr,2) =D _ |1 (0] = [12(0)] ] < C - [ly1 — 21
beB

By Lagrange’s mean value theorem, we have that

[y (0] = [y (0| _ TE
1 (0)] = [w2(0)]]  — (min{y(b), y2(b)})! 7
< TE < TE < _T€
= (minye gy, o3 {y(0)}) 7 T (mingeyr{y(0)}) =7 T pp
(229)
where iy, := W The inequalities holds by y1,y2 € Vqr and equationin Theorem

Therefore, we have

dre(y1.y2) = > [ O] — [0 < S — s = [52(0)]|

beB ves ML

1 Tsz|y1 )”:F'Hyl*mnl, (230)
L

beB

where the inequality holds by equation 229
Finally, combining equation 228]and equation 230} we have

ng(b; Y1,92) < \/8|B|exp(eBa)v/ dre(y1,y2) + [Blexp(e) - dre(y1,y2)
beB

re
8|B|exp(€BA)\/1TE [y1 — yalli + |Blexp(e) - == - ly1 — 92[lx
My, My,

< exp(eBa)v/8reexp(e)[B2=V/ yr — y2ll1 + reexp(26)|B* 7|y — goll. (23D

Combining equation [21T]and equation[231] we have

v = vyl = g (0) = v ()] < exp(e) - Y £7 (b, v2)

beB beB

< exp(e(L + Ba))V/8reexp(e)[B2=7V/ lyr — y2ll1 + me exp(3) B> |y1 — g1
(232)
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Finally, we have

TV(V;T 11171/;7,112) — ”V‘fr Y1 V;TﬂUQHI
V2 1 1 .
< 25 exp(e(L + Ba))V/re exp(e) B Sllyr — walls + 57e exp(32)| B yn - vals
V2 —
< -5 exp(e(1+ Ba))y/8reexp(e) B>~/ TV (y1, 32) + 7e exp(32) [B* 7TV (1, 92)

<0 (VIVL 1) + TV, 1)) (233)

where the constant

2
C'1=max { % exp(e(1 + Ba))/8reexp(e) B>~ , e eXp(36)|B|2_TE} :
which completes the proof. O

L OTHER AUXILIARY PROPOSITIONS

Lemma L.1 (Lemma A.4 in|Foster et al.|(2021)). For any sequence of real-valued random variables
(Xt)ie[r) adapted to a filtration (Fi),e(r), it holds with probability at least 1 — § for all t € [T that

ZX <Zlog

Lemma L.2 (Elliptical potential lemma for matrices, Lemma G.10 in|Chen et al.|(2023)). Suppose
U=y U =U;_4 +th0r X; € S+, and TI‘ Xt) < L, then

T
- LT/ LT
T LX) ~dlog (14 =—
; r (Ui Xe) \/1og T+ L/N ( * )\d>

i—1]) +1log(67H).

and also

L/A LT

Lemma L.3. Under the conditions of Theorem we further have
L?/)\? LT
Z [T (U4 X)) < ;.d%og? <1+)
= log? (14 L/) Ad

Proof. Since X; € S‘i, we have that X; and U;_; are both symmetric nonnegative definite matrices.

Hence, U, ", X, is also a symmetric nonnegative definite matrix. So we have Tr (Ut_f1 X;) >0 for
each t € [T]. Therefore, by the result of Theorem we have

2
L2/ LT
Tr (UZL X <——1"7 . lo 1+) 234
; AN t)] Sl (141 ¢ % ( Y (234)

T
> (U X))
t=1

which completes the proof. O
Proposition L.4. For any 0, 0 c O, mell,y €)Y, we have

2™ < exp (2eBy) - Em”g,
and also

Ff (7T7 Y, 0) < exp (4€BA) : F? (7T7 Y, 5)
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Proof. This is similar to Proposition D.1 in |Chen et al.|(2023), but with difference parameters.

By Theorem we have [[Ag"?(-)|| < Ba and [[AZY(-)|| < Ba.

To see how we derive the upper bound, we note that by definition T2 (r, y, 0) = 2(c¢ + C{¥¢2) with

¢ = \/Tr ((=0+ 1) sm0) - \f8C28 + 4B,

Furthermore, by definition of »™u9 and E?, we have
Eﬂ'i’yi,e — Covﬂ'z‘,yi,@ [d)m (b)] _ Z ¢7Ti (b/) . Hm,yi,@(b/, b/l) . ¢7ri (b//)T
b/’b//

< exp(2:Ba) Y " (H) - HV O, 0) - 67 (0)T = exp (2eBa) 5T,
bl ,b//

and similarly,

t—1 i—1
B =) Covm ¥l [gmi(p)] =Y ¢m() - HT O, 6) g™ (b")T
i=1

i=1b',b"
t—1 _ _

<exp(2eBa) Y Y ¢ (V) - HO (W 7)™ ()T = exp (2eBa) B,
i=1 b b

where we define H™%:0 (1, ") = diag(v™¥"¢) — v™9:0,79:0 | a5 the Hessian matrix corresponding
to v™ Y% Here, the inequalities hold by invoking Theorem and a lower bound follows similarly
by invoking the lower bound in Theorem[J.2}

Therefore, we have for I'? that

I?(rm,y,0) = 25\/Tr ((Ef + Id)T zwﬁ) \/8C2B + 4B3
2
+20® <\/ Tr ((Ef +1,) Ew-ﬂ) \/8C28 + 4Bg>
_ i .
< 2eexp (2¢By) \/Tr ((Zf + Id) E”’y)9> -1/8C28 + 4B}
_ + .
+ 209 exp (4B 4) <\/ Tr <(2f + Id) zw,y,e) \/8C28 + 4Bg>

< exp (4eBa) - Ti(m, vy, 5))

2

which completes the proof. O
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