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ABSTRACT

We study mechanism design for selling data as a digital good when the value de-
rived from training AI models follows a scaling law. The seller faces a linear cost
when producing data, while the buyers benefit from additional data with dimin-
ishing returns as data volume increases. This departs from classical auction mod-
els by allowing allocations to be continuous quantities of data rather than binary
outcomes. We first analyze an offline setting in which all buyer types are real-
ized simultaneously, characterizing profit-optimal mechanisms and showing how
virtual-value methods extend to continuous data allocations. We then consider an
online setting with sequential arrivals, where production decisions must be made
under demand uncertainty. We show that myopic allocation and fixed production
plans can be arbitrarily suboptimal, whereas a simple two-stage algorithm that
combines upfront production with adaptive expansion achieves a constant-factor
approximation to the offline optimum. Finally, we study bilateral data trading un-
der asymmetric information, where both the buyer’s value and the seller’s cost
are private. Although the optimal truthful mechanism has a complex structure,
we show that simple and implementable mechanisms recover a constant fraction
of the first-best gain-from-trade. Overall, our results highlight how scaling laws
introduce new algorithmic trade-offs in market design and provide performance
guarantees for data markets under uncertainty.

1 INTRODUCTION

Large-scale datasets serve as central inputs to modern AI systems, with model performance fol-
lowing scaling laws that exhibit diminishing returns as training data volume increases Kaplan et al.
(2020); Iansiti (2021); Rekatsinas et al. (2014); Zheng et al. (2017); Amsterdamer et al. (2011).
Unlike classical goods, data is non-rivalrous. Once collected, the same dataset can be shared with
multiple buyers without depletion, making production costs rather than exclusivity the primary con-
straint. This creates a fundamental trade-off between the costly data production and maximizing
total value across buyers, raising novel mechanism design questions.
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Motivated by these features, we propose a mechanism design framework for selling data as a digital
good, where buyer valuations follow power-law scaling effects observed in machine learning. Our
framework integrates costly data production with allocation decisions under diminishing returns,
requiring new analytical approaches beyond classical auction theory. Our results are summarized as
follows:

1. We study the offline multi-buyer setting, and characterize the profit-optimal mechanism.

2. We study an online setting with sequentially arriving buyers and adaptive data production.
We derive the optimal truthful online mechanism through backward induction, and design
a structurally simple two-stage online mechanism that achieves constant approximation to
the offline optimal profit.

3. We also study a bilateral data trading setting where both the buyer’s value and the seller’s
cost are private. We show that simple mechanisms suffice to achieve constant approxima-
tion to the first-best gain-from-trade welfare.

Together, our results clarify how non-rivalry, scaling laws, and production costs reshape classical
mechanism design insights for data markets.

1.1 RELATED WORK

Data markets and selling information. Admati & Pfleiderer (1986) study the problem of selling in-
formation using a monopolistic model. Subsequently, data markets are studied as distinct economic
institutions by Balazinska et al. (2011). Along this line, Koutris et al. (2015) develop query-based
data pricing models, and Agarwal et al. (2019) study two-sided data marketplaces. In practice, a
variety of data marketplaces have emerged, including AWS Data Exchange Amazon Web Services
(2024) and Snowflake’s data marketplace Snowflake (2024), illustrating the growing commercial-
ization of data. For a comprehensive overview of data markets, we refer the reader to the survey by
Zhang et al. (2024).

Mechanism design for data markets. More recently, data markets have attracted growing attention
from a mechanism design perspective. In this line of work, the designer’s objective is typically either
welfare maximization, as in Grubenmann et al. (2018); Wang et al. (2016); Cao et al. (2017); Rasouli
& Jordan (2021), or revenue maximization, as in Agarwal et al. (2019; 2024); Bonatti et al. (2024).
Notably, Agarwal et al. (2019) depart from much of the earlier literature by modeling buyers as
purchasing improvements in predictive performance rather than raw data itself, while Agarwal et al.
(2024) and Bonatti et al. (2024) incorporate externalities arising from data usage and sharing.

Most work assumes data is a fixed commodity, ignoring production decisions. In practice, data is
often produced on demand (e.g., data sellers on platforms such as Datatang collect datasets through
crowdsourcing Datatang (2024)). Moreover, the quantity of data directly affects buyers’ utility, ex-
hibiting diminishing marginal returns known as scaling laws Kaplan et al. (2020); Iansiti (2021);
Rekatsinas et al. (2014); Zheng et al. (2017); Amsterdamer et al. (2011). Motivated by both empiri-
cal and theoretical evidence, we therefore explicitly model data production as a decision variable.

Combinatorial auctions. Our model can be mapped to a combinatorial auction setting, as studied
in Dobzinski & Nisan (2007a); Dobzinski (2011); Deng et al. (2025). Each unit of data can be
interpreted as an item, where all items are identical, and the value of a bundle depends only on its
cardinality. Under diminishing marginal values, the induced valuation function satisfies the standard
notion of submodularity used in the combinatorial auction literature. Dobzinski & Nisan (2007b)
and Dobzinski et al. (2022) study multi-unit auctions, allowing buyers to be either unit-demand or
multi-demand. In the broader literature on automated mechanism design and differentiable eco-
nomics Sandholm & Likhodedov (2015); Dütting et al. (2024), continuous allocation variables are
often employed to represent probability of item assignment, effectively enabling automated opti-
mization of combinatorial auctions. However, these works typically assume fixed supply and unit-
demand constraints. In contrast, buyers in our model are not unit-demand, data can be sold in
continuous quantities to multiple buyers non-exclusively, and, crucially, the seller’s supply of data is
an endogenous decision rather than exogenously fixed. In the literature on digital goods, Goldberg &
Hartline (2001), Hartline & Roughgarden (2008), and Chen et al. (2014) typically assume unlimited
supply but restrict buyers to be unit-demand, which differs fundamentally from our setting.
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Online mechanisms and approximation guarantees. Our results in Section 3 concern online
data sales. Related online allocation problems are often analyzed using prophet inequalities, which
yield constant-factor approximations via posted-price mechanisms computed from prior distribu-
tions Krengel & Sucheston (1977; 1978); Correa et al. (2019). These results rely on fixed supply
or capacity constraints. In contrast, in our setting the supply of data is endogenous, and fixed pro-
duction decisions based on the prior alone do not yield any approximation guarantee. We show
that dynamic adjustment of data production in response to realized demand is necessary to achieve
constant-factor performance.

Bilateral trade and gain-from-trade. There is a substantial literature on approximating gains from
trade in bilateral settings with one buyer and one seller Brustle et al. (2017); Deng et al. (2022).
These models focus on indivisible goods and do not consider quantity-dependent valuations. Our
bilateral model in Section 4 differs by allowing continuous allocations governed by a scaling law and
by leveraging a multiplicative welfare decomposition that leads to constant-factor approximations
under simple truthful mechanisms.

2 PROFIT-OPTIMAL OFFLINE MECHANISMS

In this section, we study the seller’s optimal mechanism in an offline setting where all buyer types
are realized simultaneously. We consider n buyers with independent private types v1, . . . , vn, where
vi ∼ Fi with density fi. The seller can produce any amount of data at constant marginal cost
c > 0. Producing a dataset of size D ≥ 0 incurs total cost cD. Buyers first report their types,
and then the seller determines the allocation and price. Unlike classical auction models with binary
allocation, the seller here decides the amount of data allocated to each buyer. Data is non-rivalrous:
once produced, the same dataset can be allocated to multiple buyers. The seller’s objective is profit
maximization rather than pure revenue maximization.

Each buyer i receives a continuous allocation xi ≥ 0 as the amount of allocated data, and the
valuation follows the scaling law

Vi(vi, xi) = vi x
α
i , α ∈ (0, 1),

where α is an elasticity parameter capturing diminishing returns to data volume, consistent with
empirical scaling laws in machine learning. If α = 1, the model becomes the standard quasi-linear
utility framework. We assume α is a publicly known constant.

The seller designs a direct-revelation mechanism (x(·), p(·)) with allocation rules x(·) =
(x1(·), . . . , xn(·)) and payments p(·) = (p1(·), . . . , pn(·)) taking reported types as input. Given
reported types v̂1, · · · , v̂n, the utility of buyer i with true type vi is

ui(vi, v̂i, v̂−i) = vi xi(v̂i, v̂−i)
α − pi(v̂i, v̂−i).

If the seller produces a dataset of size D, a feasible allocation must satisfy xi ≤ D for each buyer
i, and producing more data than the largest allocation is never optimal. As a result, in any optimal
mechanism the production level satisfies D = maxi xi.

Incentive compatibility and individual rationality. To incentivize truthful reporting of private
types, the mechanism is constrained by Bayesian incentive compatibility (BIC) and individual ratio-
nality (IR). Formally, denote interim utility of buyer i truthfully reporting vi as

ui(vi) := Ev−i
[ui(vi, vi, v−i)],

it is required that for all vi, v−i,

ui(vi) ≥ Ev−i
[ui(vi, v̂i, v−i)], and ui(vi) ≥ 0.

For each buyer i, define the interim quantity

yi(vi) := Ev−i [xi(vi, v−i)
α] .

Bayesian incentive compatibility implies the envelope characterization

u′i(vi) = yi(vi), ui(vi) = ui(0) +

∫ vi

0

yi(t) dt,
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and, normalizing ui(0) = 0, we obtain the following payment identity

Ev−i
[pi(vi, v−i)] = vi yi(vi)−

∫ vi

0

yi(t) dt. (1)

The mechanism is BIC and IR if and only if yi(vi) is non-decreasing in vi, and the payment identity
is satisfied. A complete derivation is provided in Appendix A.1.
Remark 2.1. As long as the ex-post allocation xi(vi, v−i) is non-decreasing in vi, one can strengthen
the Bayesian incentive compatibility to dominant-strategy incentive compatibility (DSIC) using the
payment rule determined by the ex-post payment identity:

pi(vi, v−i) = vixi(vi, v−i)
α −

∫ vi

0

xi(t, v−i)
α dt.

Seller’s objective. The seller designs the mechanism to maximize the expected profit

Prof = Ev

[
n∑
i=1

pi(v) − c max
i∈[n]

xi(v)

]
.

Using equation 1 and integrating by parts yields the standard virtual welfare representation of ex-
pected profit:

Prof = Ev

[
n∑
i=1

ϕi(vi)xi(v)
α − c max

i∈[n]
xi(v)

]
, (2)

where ϕi(vi) = vi− 1−Fi(vi)
fi(vi)

is Myerson’s virtual value for buyer i. The derivation of equation 2 is
provided in Appendix A.2.

Unlike classical multi-buyer auctions, allocations are not mutually exclusive in the data selling set-
ting, and the production cost depends on the largest allocation regardless of the number of buyers
served. This objective captures the central trade-off between expanding data production and the
aggregate revenue generated across buyers.

Optimal structure. The form of the objective immediately implies a pooling structure. Intuitively,
since the production cost depends only on the maximum allocation, to maximize the virtual welfare
in equation 2, the maximal amount should be allocated to all buyers with positive virtual values,
while buyers with negative virtual values receive no allocation. The common data amount depends
on the sum of positive virtual values. When value distributions are regular, i.e., each virtual value
function ϕi(vi) is increasing, this yields a monotone allocation rule, which is indeed optimal. For
irregular distributions, this approach holds by replacing the virtual values with the ironed virtual
values ϕiri (vi) Myerson (1981). Concretely, let Ri(q) := q ·F−1

i (1− q), denoting the revenue curve
in quantile space. Let Ri be the smallest concave function that upper bounds Ri. Then the ironed
virtual value is defined by ϕiri (v) :=

d
dqRi(q)

∣∣
q=1−Fi(v)

.

Before presenting the optimal mechanism, we introduce some notations used throughout the paper.
Define notation (z)+ = max{z, 0}, and define ri as the positively-clipped ironed virtual value of
each buyer i, that is,

ri :=
(
ϕiri (vi)

)
+
.

Theorem 2.2. In the optimal offline mechanism, all buyers with positive ironed virtual values receive
the same allocation. Specifically,

D∗ =
(α
c

n∑
i=1

ri

) 1
1−α

, and x∗i = I[ri > 0]D∗.

Payments are determined by the allocation rule through the payment identity.

The complete proof is provided in Appendix A.3. Operationally, the optimal offline mechanism can
be interpreted as producing a shared dataset of size D∗ and granting non-exclusive access rights to
all eligible buyers, while payments are differentiated across buyers according to their value distribu-
tions.

We remark that the optimal mechanism can be extended to more general valuations in the form of
Vi(vi, xi) = vi · hi(xi), where hi(xi) captures the exploitable return from data volume and is only
assumed to be monotone. We provide an analysis of this generalization in Appendix A.4.
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3 ONLINE DATA PRODUCTION AND PROFIT MAXIMIZATION

We consider an online setting in which buyers arrive sequentially and the seller must make produc-
tion and allocation decisions under demand uncertainty. This differs from the offline model studied
in Section 2, where all buyer types are realized simultaneously and production can be matched ex-
actly to demand.

3.1 MODEL AND PRELIMINARIES

There are n buyers arriving one by one. Each buyer i has a private type vi, independently drawn
from a known distribution Fi. The seller can produce data at constant marginal cost c > 0 and
sell data to buyers. The seller commits ex ante to an online mechanism tailored to the distributions
{Fi}ni=1. At each round i, after observing the reported type v̂i and the current data level Di−1, the
mechanism determines production, allocation, and payment decisions.

Online setting. Initially, the available data amount is D0 = 0. When buyer i arrives, the seller
decides: (i) how much additional data to produce, increasing the available amount from Di−1 to
Di ≥ Di−1 at cost c · (Di −Di−1), and (ii) how much data xi to allocate to buyer i, together with
a payment pi. Feasibility requires xi ≤ Di.

At round i, all decisions depend only on the current data level Di−1 and the reported type v̂i.

Online mechanism. An online mechanism is specified by functions Di(Di−1, v̂i), xi(Di−1, v̂i),
and pi(Di−1, v̂i) for i = 1, . . . , n, which determine production, allocation, and payment at each
round respectively.

Similar to offline model, if buyer i has true type vi and reports v̂i when previous data level is Di−1,
their utility is

ui(vi, v̂i;Di−1) = vi xi(Di−1, v̂i)
α − pi(Di−1, v̂i).

The mechanism must satisfy incentive compatibility (IC) and individual rationality (IR), so that the
seller may assume all reported values are truthful: for all vi, v̂i and Di−1 ∈ [0,+∞),

ui(vi, vi;Di−1) ≥ ui(vi, v̂i;Di−1), ui(vi, vi;Di−1) ≥ 0.

Seller’s Objective. The seller designs an online mechanism seeking to maximize expected profit,
Prof := E[

∑n
i=1 pi − cDn], where the expectation is taken over buyer types vi ∼ Fi and the

induced production, allocation and payment decisions.

Similar to (2), we can rewrite the seller’s expected profit with virtual value functions as Prof =
E[
∑n
i=1 ϕi(vi)x

α
i − cDn].

3.2 OPTIMAL ONLINE MECHANISM

We characterize the profit-optimal online mechanism through backward induction. The optimal
policy takes the form of a dynamic program with a continuous state variable reflecting the current
data level.
Proposition 3.1 (Dynamic programming characterization). For i ∈ [n] and L ≥ 0, define Γi(L) as
the maximum expected profit obtainable from serving buyers i, · · · , n, minus the expected total data
production cost cDn, under the constraint that Di ≥ L (or equivalently, Di−1 = L). In particular,
Γ1(0) is the expected profit of the optimal online mechanism, which we denote by

ONL := Γ1(0).

For any i ∈ [n] and L ≥ 0, Γi(L) is recursively characterized by the following backward induction:

Γi(L) = Evi∼Fi
[max
Di≥L

riD
α
i + Γi+1(Di)],

where we define Γn+1(L) = −cL (i.e. the final total cost) for convenience. Recall that ri =
(ϕiri (vi))+.

Optimal production and allocation rule. Given ri corresponding to reported value vi, define
function

D̄i(ri) := argmax
x≥0

rix
α + Γi+1(x),
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where the optimized objective is concave in x, and the maximum is always achieved at some finite
x. D̄i(ri) denotes the optimal amount of data to produce at round i if no data is carried over from
the previous round, i.e., Di−1 = 0.

For Di−1 ∈ [0,+∞), the production and allocation in the optimal online mechanism for buyer i are

D∗
i (Di−1, vi) = max{Di−1, D̄i(ri)},

x∗i (L, vi) = I[ri > 0]max{Di−1, D̄i(ri)}.

That is, D̄i(vi) can be viewed as a target for data production at round i, such that the seller expands
data production only when the virtual value is large enough so that D̄i(ri) exceeds the current data
amount L.

The complete proof of Proposition 3.1 and the optimal policy is provided in Appendix B.1.

While the dynamic programming approach fully characterizes the profit-optimal online mechanism,
the recursive definition of Γi(L) involves nested optimizations over continuous state spaces, and
no closed-form expression exists beyond restrictive settings. This not only limits its computational
tractability, but also technically prohibits direct analysis of its profit aiming to establish performance
guarantees. Moreover, the decision rules rely on full knowledge of value distributions and arrival
order of buyers in the future, which further hinders its practical implementability. Therefore, we
turn to study structurally simple mechanisms, achieving a constant-factor approximation guarantee
to the benchmark of optimal offline profit. This also implies a lower bound on the optimal online
profit, enabling us to quantify the inherent loss due to online decision making.

3.3 SUBOPTIMALITY OF SIMPLE ONLINE MECHANISMS

Before presenting a constant-factor approximation, we examine two natural classes of online mech-
anisms and show that neither achieves a constant approximation to the optimal online mechanism.
These mechanisms serve as intuitive baselines that illustrate the limitations of online decision mak-
ing in data markets.

Myopic greedy mechanism. The first baseline is the myopic greedy mechanism. Upon observing
buyer i with reported type vi, the mechanism chooses the allocation that maximizes the instanta-
neous profit from this buyer alone, ignoring future buyers. Formally, the allocation is given by

xMG
i (vi) := argmax

x≥0
{ϕiri (vi)xα − cx} =

(
α
c ri

)1/(1−α)
,

The total data production after serving buyer i is Di := max{Di−1, x
MG
i }.

The myopic greedy mechanism is optimal for a single buyer, but fails to account for the non-rivalry
of data when multiple buyers are present.

Theorem 3.2. There exists an instance with n buyers such that the myopic greedy mechanism
achieves at most an O

(
n−

α
1−α
)

fraction of the optimal online profit.

Non-adaptive mechanism. The second baseline is the non-adaptive mechanism. This mechanism
commits ex ante to a fixed data production level and does not adjust production in response to
realized buyer values. Formally, define

DNA
∗ := argmax

x≥0
E

[
n∑
i=1

rix
α − cx

]
=

(
α
c E

[
n∑
i=1

ri

]) 1
1−α

.

The data production level is fixed as D1 = D2 = · · · = Dn = DNA
∗ , with allocation xi = I[ri >

0] ·DNA
∗ .

The non-adaptive mechanism is optimal when buyer values are deterministic, but fails to respond to
stochastic demand.

Theorem 3.3. For any ε > 0, there exists an instance with n ≥ 2 buyers such that any non-adaptive
mechanism achieves at most an ε fraction of the optimal online profit.
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3.4 CONSTANT-FACTOR APPROXIMATION

Theorems 3.2 and 3.3 show that neither per-buyer optimization nor fixed production in advance
suffices in online data markets with scaling-law valuations. These negative results motivate the need
for online mechanisms that combine early data production with adaptive expansion.

We design a simple mechanism which adopts a two-stage structure, addressing demand aggrega-
tion of buyers and adaptive response to stochastic values respectively. In the first stage, the seller
produces an initial amount of data, which only depends on the expected sum of positively-clipped
virtual values, denoted M :=

∑n
i=1 E[ri]. In the second stage, the buyers arrive, and the data

production is adaptively expanded. Similar to the myopic greedy mechanism, the adaptive data pro-
duction in each round only optimizes for the current buyer. We will show that this simple structure
is sufficient to achieve a constant-factor approximation to the offline optimum OFFL.

Two-stage online mechanism. The two-stage mechanism described in Algorithm 1 proceeds in two
phases.

1. Initial phase (before arrivals). Compute

D0 =
(α
c
(1− δ)M

)1/(1−α)
,

where δ ∈ (0, 1) is a constant parameter only depending on α. A specific choice of δ is
given in the proof.

2. Online phase (upon arrivals). When buyer i reports vi, compute ri = (ϕiri (v̂i))+ and the
myopic best-response

xMG
i =

(
α
c ri

)1/(1−α)
.

If xMG
i > Di−1, produce additional data to raise the available amount to Di = xMG

i ;
otherwise keep Di = Di−1. Allocate xi = Di to buyer i if ϕi(v̂i) ≥ 0, and charge
payments according to Myerson’s payment identity (1).

The pseudocode of the mechanism is presented in Algorithm 1 in Appendix B.4. Incentive compat-
ibility follows by standard argument on allocation monotonicity.

The two-stage online mechanism has a simpler structure than the optimal online mechanism, fa-
cilitating its practical implementability. The initial production only relies on a single aggregated
expectationM , and the adaptive production in each round only depends on the current buyer’s value
and distribution. Nevertheless, it suffices to achieve a constant approximation to the optimal offline
profit.
Theorem 3.4. Given constant α ∈ (0, 1), taking δ = 1−α

2−α , for any instance, the two-stage online
mechanism (Algorithm 1) achieves expected profit

ALG ≥ 1

(1 + 1
1−α )C 1

1−α

·OFFL

where ALG denotes the expected profit of the two-stage online mechanism, OFFL denotes the
expected profit of the optimal offline mechanism, and C 1

1−α
denotes the best constant in Rosenthal’s

inequality for L
1

1−α space, which only depends on α.

The proof of this theorem utilizes Rosenthal’s inequality, which is stated below. Applying this in-
equality with Xi = ri, we express the optimal offline profit with the left-hand side of the inequality,
while we show that the profit of Algorithm 1 approximates the right-hand side.
Lemma 3.5 (Rosenthal (1970)). Let X1, X2, . . . , Xn be independent non-negative random vari-
ables with E[Xp

i ] < ∞ for some p ≥ 1. Then there exists a constant Cp > 0, depending only on p,
such that

E

[(
n∑
i=1

Xi

)p]
≤ Cpmax

{
n∑
i=1

E[Xp
i ],

(
n∑
i=1

EXi

)p}
.

Specifically, the best constant Cp is given in Ibragimov & Sharakhmetov (2001) as follows: Cp = 2,
for 1 < p < 2; Cp = EZ∼Poisson(1)[Z

p], for p ≥ 2. Asymptotically, Cp = Θ(( p
log p )

p).
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Online-offline profit gap. Since the profit of the two-stage mechanism is a lower bound on the op-
timal online profit, as an immediate corollary of Theorem 3.4, we have that ONL

OFFL ≥
1

(1+ 1
1−α )C 1

1−α

holds for all instances. That is, the optimal online profit is a constant approximation to the optimal
offline profit given constant α ∈ (0, 1). In complement, we show an upper bound on the worst-
case ratio between the optimal online and offline profits, which demonstrates that the requirement
of online decision-making inherently incurs a worst-case profit ratio between the optimal online and
offline profits which is asymptotically exp(Θ( 1

1−α log 1
1−α )).

Theorem 3.6. Given α ∈ (0, 1), for sufficiently large n, there exists an instance with n buyers such
that

ONL

OFFL
≤ 2

1
1−α

C 1
1−α

= e−Θ( 1
1−α log 1

1−α ).

where C 1
1−α

is the best constant in Rosenthal’s inequality.

4 GAIN-FROM-TRADE MAXIMIZATION IN BILATERAL DATA TRADING

In this section, we study a bilateral data trading scenario between a seller and a buyer. Unlike the
previous sections, the seller is now a strategic agent with private information, and the mechanism is
designed by a third-party mediator to maximize social welfare. Although buyer valuations follow the
same scaling-law structure, this shift leads to a fundamentally different mechanism design problem.

4.1 MODEL

There is a single buyer and a single seller. The buyer has a private value v > 0, drawn from a known
distribution FB with density fB . The seller has a private unit cost c > 0, drawn independently
from a known distribution FS with density fS . Both first report their types to a mediator, who then
determines the allocation and payments. If the mechanism allocates x ≥ 0 units of data, the buyer’s
valuation is vxα, where α ∈ (0, 1) is the elasticity parameter, and the seller’s cost is cx.

A bilateral-trading mechanism specifies an allocation rule x(v, c) ≥ 0, a payment pB(v, c) ≥ 0
charged to the buyer, and a payment pS(v, c) ≥ 0 paid to the seller. The buyer’s utility when
reporting v̂ is uB(v, v̂; c) = v x(v̂, c)α− pB(v̂, c), and the seller’s utility reporting ĉ is uS(c, ĉ; v) =
pS(v, ĉ)−c x(v, ĉ). The mechanism is required to be Bayesian incentive compatible and individually
rational for both agents. Additionally, it is constrained by weak budget balance in expectation, i.e.

E[pB(v, c)− pS(v, c)] ≥ 0.

The mediator’s objective is to maximize the expected gain-from-trade (GFT),
GFT = Ev∼FB ,c∼FS [v x(v, c)α − c x(v, c)] .

Virtual-value representation. Under truthfulness, expected payments admit a virtual-value rep-
resentation. Define the buyer’s virtual value ϕB(v) = v − 1−FB(v)

fB(v)
, and the seller’s virtual cost

ϕS(c) = c+ FS(c)
fS(c)

. Then expected payments satisfy

E[pB(v, c)] = E
[
ϕB(v)x(v, c)α

]
, (3)

E[pS(v, c)] = E
[
ϕS(c)x(v, c)

]
. (4)

A complete derivation of the payment identities on both the buyer and seller sides is provided in
Appendix C.1.

4.2 FIRST-BEST AND SECOND-BEST BENCHMARKS

First-best. If v and c are publicly known, the welfare-maximizing allocation solves
maxx≥0{vxα − cx} with solution x∗(v, c) = (αv/c)1/(1−α). This benchmark ignores incentive
and budget-balance constraints and serves as an upper bound on the achievable gain-from-trade.
The resulting first-best GFT is

FB = E
[
(1− α)α

α
1−α · v

1
1−α · c−

α
1−α

]
.
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Second-best. Among mechanisms that are truthful, individually rational, and weakly budget bal-
anced, the optimal (second-best) mechanism can be characterized via a Lagrangian relaxation. There
exists a multiplier λ∗ ≥ 0 such that the second-best allocation is

xSB(v, c) =

(
α
(
v + λ∗ϕB(v)

)
c+ λ∗ϕS(c)

) 1
1−α

,

whenever the numerator and denominator are positive, and 0 otherwise, interpreted using ironed
virtual values when necessary. A formal derivation of the second-best mechanism is given in Ap-
pendix C.2.

While the second-best mechanism is optimal among all truthful and budget-balanced mechanisms,
its dependence on the endogenous multiplier λ∗ obscures its structure and complicates comparison
with the first-best benchmark or with the outcome of other mechanisms. Motivated by this, we
next study simpler mechanisms that admit direct comparison with the first-best gain from trade and
achieve explicit constant-factor approximation guarantees.

4.3 CONSTANT-FACTOR APPROXIMATION TO FIRST-BEST GFT

We now turn to two simple, structurally transparent and natural mechanisms: seller-proposing and
buyer-proposing mechanisms, each of which grants proposal power to one side of the market. Both
mechanisms are truthful and individually rational by construction. In the classical single-item bi-
lateral trading setting, such as Deng et al. (2022), the two mechanisms must be carefully combined
to achieve a constant fraction of first-best GFT. As a critical distinction, in our setting governed by
scaling law, either of these two mechanisms alone suffices to guarantee constant approximation to
first-best GFT, given constant α ∈ (0, 1). In particular, the buyer-proposing mechanism achieves a
1/e approximation ratio for any α ∈ (0, 1).

Seller-proposing mechanism (SellerP). In the seller-proposing mechanism, the seller receives pay-
ment from the buyer directly, and the seller proposes an allocation that maximizes her obtained
virtual surplus based on buyer’s virtual value. Formally, the allocation rule is

xSP(v, c) =
(
αϕB(v)

c

) 1
1−α

+
.

Intuitively, the seller internalizes the buyer’s information through the virtual value transformation,
while treating her own production cost directly. We assume FB is regular for simplicity. For irregu-
lar distributions, ϕB(v) is replaced by its ironed version, and the same applies to the buyer-proposing
mechanism when FS is irregular. All results continue to hold.

Buyer-proposing mechanism (BuyerP). Symmetrically, in the buyer-proposing mechanism, the
buyer pays to the seller directly, and the buyer proposes an allocation that maximizes her obtained
virtual surplus based on the seller’s virtual cost. The resulting allocation rule is

xBP(v, c) =
(

αv
ϕS(c)

) 1
1−α

,

where ϕS(c) is the seller’s virtual cost. Here the buyer responds directly to her own valuation, while
incorporating the seller’s information through the virtual cost transformation.

Approximation guarantees. We obtain constant-factor approximation guarantees for both mech-
anisms. A technical observation is that scaling-law valuations induce a multiplicative decomposi-
tion of the first-best welfare, where buyer-side and seller-side contributions are isolated. A formal
statement of this property is in Lemma C.1. For the GFT of seler-proposing and buyer-proposing
mechanisms, we derive lower bounds in a similar decomposed form, which allows us to simplify the
approximation ratios and focus solely on the contribution from one side in analysis.

Theorem 4.1. The Seller-proposing mechanism achieves an α
1

1−α -approximation to the first-best
gain-from-trade.

Theorem 4.2. The Buyer-proposing mechanism achieves an α
α

1−α -approximation to the first-best
gain-from-trade, and in particular at least an 1/e-approximation.
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As an immediate corollary, the second-best GFT is also at least 1/e of the first-best GFT. Complete
proofs are provided in Appendix C.4 and C.5.

Discussion. These results show that even under bilateral private information and truthfulness con-
straints, a substantial fraction of the first-best welfare can be recovered by mechanisms with very
simple and transparent structure. This highlights how the scaling-law data valuation enables robust,
interpretable welfare guarantees and provides a theoretical foundation for using simple market rules
in data trading environments.

5 CONCLUSION AND FUTURE WORK

We studied market design for data trading under scaling-law valuations, focusing on how the non-
rivalrous nature of data and diminishing returns to scale fundamentally alter classical mechanism
design insights. Across offline, online, and bilateral trading settings, we showed that simple mech-
anisms with transparent structure can achieve strong performance guarantees, including constant-
factor approximate optimalities. Our results in the offline setting also extend to more general valua-
tion models.

We outline several promising directions for future research to strengthen the bridge from theoretial
findings to realistic data-market conditions:

Generalization of Utility and Cost Models. Our results for the online and bilateral mechanisms
technically rely on the exact form of power-law scaling of valuations. Future work could generalize
these results to accommodate broader classes of concave utility functions, or incorporate robustness
to misspecified or unknown scaling parameters. Additionally, our current model assumes a linear
cost of data production. Extending the framework to non-linear cost structures or quality-dependent
production costs would better reflect real-world data collection scenarios where acquiring diverse or
high-quality data often incurs higher costs.

Market Complexity and Externalities. Extending the model to capture richer AI market dynamics
offers significant potential. This includes generalizing to many-to-many market settings with mul-
tiple sellers providing heterogeneous data quality or value contributions, as well as incorporating
externalities arising from downstream competition between buyers.

Operational Implementation and Constraints. Finally, it remains an important avenue to align the
model more closely with operational deployment standards. Future work could integrate regulatory
and ethical constraints such as privacy protection, usage control, and data access, into the mechanism
design framework.
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APPENDIX

A MISSING PROOFS IN SECTION 2

A.1 ENVELOPE CHARACTERIZATION FOR SCALING-LAW UTILITIES

In this section, we derive the envelope and payment identities used in Section 2. Consider a direct-
revelation mechanism (x(·), p(·)) with type profile v = (v1, . . . , vn), where buyer i receives alloca-
tion xi(v) ≥ 0 and pays pi(v). Fix a buyer i and fix v−i. If buyer i’s true type is vi and she reports
v̂i, her (ex-post) utility is

ui(vi, v̂i; v−i) = vi xi(v̂i, v−i)
α − pi(v̂i, v−i).

Define the interim allocation and interim payment (as functions of buyer i’s report)

yi(vi) := Ev−i
[xi(vi, v−i)

α] , p̃i(vi) := Ev−i
[pi(vi, v−i)] ,

and the interim truthful utility

Ui(vi) := Ev−i
[vi xi(vi, v−i)

α − pi(vi, v−i)] = viyi(vi)− p̃i(vi).

Bayesian incentive compatibility (BIC) implies that for all vi, v̂i ≥ 0,

Ui(vi) ≥ viyi(v̂i)− p̃i(v̂i).

Applying this inequality twice (once with (vi, v̂i) and once with (v̂i, vi)), for any vi > v′i we obtain

(vi − v′i) yi(v′i) ≤ Ui(vi)− Ui(v′i) ≤ (vi − v′i) yi(vi).

In particular, yi(·) is nondecreasing, andUi is absolutely continuous withU ′
i(vi) = yi(vi) for almost

every vi. Normalizing Ui(0) = 0 (which is without loss under interim IR), we get the envelope
formula

Ui(vi) =

∫ vi

0

yi(t) dt.

Substituting Ui(vi) = viyi(vi)− p̃i(vi) yields the interim payment identity

p̃i(vi) = vi yi(vi)−
∫ vi

0

yi(t) dt,

which is equation 1.

A.2 DERIVATION OF EXPECTED REVENUE AND PROFIT

In this section, we derive the virtual-value representation equation 2. From equation 1, for each
buyer i we have

E[pi(v)] = Evi [viyi(vi)]− Evi
[∫ vi

0

yi(t) dt

]
.

Writing the expectations as integrals (with vi ∼ Fi and density fi),

Evi [viyi(vi)] =
∫ ∞

0

viyi(vi)fi(vi) dvi,

and by Fubini’s theorem,

Evi
[∫ vi

0

yi(t) dt

]
=

∫ ∞

0

yi(t)
(
1− Fi(t)

)
dt =

∫ ∞

0

yi(vi)
1− Fi(vi)
fi(vi)

fi(vi) dvi.

Therefore,

E[pi(v)] =
∫ ∞

0

(
vi −

1− Fi(vi)
fi(vi)

)
yi(vi) fi(vi) dvi.

Define buyer i’s (Myerson) virtual value

ϕi(vi) := vi −
1− Fi(vi)
fi(vi)

.
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Using yi(vi) = Ev−i
[xi(vi, v−i)

α] and the law of iterated expectation, we obtain the standard
virtual-surplus form:

E[pi(v)] = Ev[ϕi(vi)xi(v)α] .
Summing over buyers and subtracting the production cost (in the offline model, the seller produces
D = maxi xi(v) and pays cost cD) gives

E[Prof] = Ev

[
n∑
i=1

ϕi(vi)xi(v)
α − c max

i∈[n]
xi(v)

]
,

which is equation 2.

A.3 PROOF OF THEOREM 2.2

Proof. By equation 2, the seller’s objective is to maximize

Prof = Ev

[
n∑
i=1

ϕi(vi)xi(v)
α − c max

i∈[n]
xi(v)

]
.

For possibly irregular distributions, by Myerson (1981), the virtual values can be replaced by ironed
virtual values under allocation monotonicity, that is,

Prof = Ev

[
n∑
i=1

ϕiri (vi)xi(v)
α − c max

i∈[n]
xi(v)

]
.

Reduction to a single decision variable. Fix a realized type profile (v1, . . . , vn). Let S = {i :
ϕiri (vi) > 0} denote the set of buyers with positive virtual values. For any feasible allocation,
decreasing xi for buyers with ϕiri (vi) ≤ 0 weakly increases profit, so in any optimal solution xi = 0
for all i /∈ S.

For buyers in S, suppose the seller produces a dataset of size D and allocates xi ≤ D to each i ∈ S.
Since the virtual surplus term is increasing in xi for ϕiri (vi) > 0, optimality requires xi = D for all
i ∈ S. Hence the problem reduces to choosing D ≥ 0 to maximize∑

i∈S
ϕiri (vi)D

α − cD,

which equals ∑
i∈[n]

riD
α − cD,

where ri = max{ϕiri (vi), 0}.

Optimal production level. The objective is concave in D. The first-order condition is

αDα−1
∑
i∈S

ri = c,

which yields the unique maximizer

D∗ =
(α
c

∑
i∈S

ri

) 1
1−α

.

Substituting back gives the allocation stated in Theorem 2.2.

Payments. Given the allocation rule, payments are determined by the Bayesian envelope formula.
For each buyer i,

pi(vi, v−i) = vixi(vi, v−i)
α −

∫ vi

0

xi(t, v−i)
α dt,

This completes the proof.
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A.4 EXTENSION TO GENERALIZED VALUATION

In this section, we consider a generalized form of buyers’ valuation for allocated data. For each
buyer i ∈ [n], suppose her valuation given allocation xi ≥ 0 is

Vi(vi, xi) = vi · hi(xi),

where hi(xi) represents the exploitable return of data volume. If hi(xi) = xαi , it recovers our main
setting. We assume that hi(xi) is a publicly known function which is continuous and non-decreasing
in xi, and assume an eventually diminishing return, that is, limxi→∞

hi(xi)
xi

= 0.

We generalize the optimal mechanism in Theorem 2.2 to this setting.

Theorem A.1. In the optimal offline mechanism, all buyers with positive ironed virtual values (i.e.
riϕ

ir
i (vi) > 0) receive the same allocation D∗. Specifically,

D∗(v) = argmax
D≥0

n∑
i=1

ri · hi(D)− cD,

and

xi(v) =

{
D∗(v), ri > 0,

0, otherwise.

Proof. Similar to the proof of Theorem 2.2, the optimal mechanism maximizes

Prof = Ev

[
n∑
i=1

ϕiri (vi)hi(xi(v)) − c max
i∈[n]

xi(v)

]
.

Fix a realized type profile (v1, . . . , vn). Let S = {i : ϕiri (vi) > 0} denote the set of buyers with
positive virtual values. For any feasible allocation, decreasing xi for buyers with ϕiri (vi) ≤ 0 weakly
increases profit, so in any optimal solution xi = 0 for all i /∈ S.

For buyers in S, suppose the seller produces a dataset of size D and allocates xi ≤ D to each i ∈ S.
Since the virtual surplus term is increasing in xi for ϕiri (vi) > 0, optimality requires xi = D for all
i ∈ S. Hence the problem reduces to choosing D ≥ 0 to maximize∑

i∈S
ϕiri (vi)hi(D)− cD,

which equals ∑
i∈[n]

ri hi(D)− cD,

where ri = max{ϕiri (vi), 0}.

Optimal production level. Although the objective is not necessarily concave in D, by the as-
sumption of eventually diminishing return and finiteness of virtual values, we have

lim
D→∞

∑
i∈[n]

ri hi(D)− cD = −∞.

Therefore, there exists a finite optimal solution D∗ = argmaxD≥0

∑
i∈[n] ri hi(D)− cD. If there

are multiple optimal solutions, take the smallest one, which exists by continuity.

Allocation monotonicity. Now we prove that this yields a monotone allocation rule. It suffices
to show that D∗(v) is weakly increasing in each vi. Suppose for contradiction that D∗(vi, v−i) >
D∗(v′i, v−i) for some vi < v′i. Define D1 = D∗(vi, v−i), D2 = D∗(v′i, v−i), and

H1(D) =
∑
j∈[n]

(ϕirj (vj))+hj(D),
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H2(D) = (ϕiri (v
′
i))+hi(D) +

∑
j∈[n]\{i}

(ϕirj (vj))+hj(D).

Then we have

H1(D1)− cD1 > H1(D2)− cD2, H2(D1)− cD1 ≤ H2(D2)− cD2,

where the first inequality is strict because the tie-breaking would be in favor of D2.

By subtraction, we have

H1(D1)−H2(D1) > H1(D2)−H2(D2).

That is,
((ϕiri (vi))+ − (ϕiri (v

′
i))+)(hi(D1)− hi(D2)) > 0

We have hi(D1) ≥ hi(D2) by the monotonicity of hi. Also, since vi < v′i, we have (ϕiri (vi))+ −
(ϕiri (v

′
i))+ ≤ 0. It follows that ((ϕiri (vi))+−(ϕiri (v′i))+)(hi(D1)−hi(D2)) ≤ 0, which contradicts.

Therefore, the resulting allocation rule is monotone, and the mechanism satisfies incentive compat-
ibility and individual rationality with payment rule determined by the payment identity.

B MISSING PROOFS IN SECTION 3

B.1 PROOF OF PROPOSITION 3.1

Proof. We prove the dynamic programming characterization by backward induction. Recall that for
each round i ∈ {1, . . . , n + 1} and current data level L ≥ 0 (i.e. Di−1 = L), define Γi(L) as the
maximum expected profit from buyers i, . . . , n minus the total production cost cDn, given that the
data level at the start of round i is L. The boundary condition and recursion are derived as follows.

Base case (i = n+ 1): After all n buyers have been served, no further payments are collected. The
total production cost is c times the final data level Dn. Given that the data level at the start of round
n+ 1 is L (i.e., Dn = L), the profit from round n+ 1 onward is −cL. Thus,

Γn+1(L) = −cL.

Inductive step (i ≤ n): Assume Γi+1(L) correctly represents the maximum expected future profit
from rounds i+1 to nminus cDn, given initial data level L at round i+1. At round i, the initial data
level is L = Di−1. The seller observes buyer i’s reported type v̂i. By incentive compatibility (IC),
we may assume truthful reporting (v̂i = vi ∼ Fi). The seller chooses a production level Di ≥ L
and determines allocation xi and payment pi.

By the virtual welfare representation (analogous to Section 2), under IC and individual rationality
(IR), the expected payment from buyer i satisfies

E[pi | vi, Di] = E [rix
α
i | vi, Di] ,

where ri = (ϕiri (vi))+ is the non-negative ironed virtual value, and ϕiri is the ironed virtual value
function ensuring monotonicity of the allocation rule. For fixedDi, the optimal allocation is xi = Di

if ri > 0 and xi = 0 otherwise, which is monotone in vi due to the ironing procedure. This yields
an immediate expected virtual surplus of riDα

i .

The data is non-rivalrous, so the post-production data level Di carries forward to round i + 1 un-
changed by allocation. The expected future profit from round i + 1 to n is Γi+1(Di). The seller
maximizes the sum of immediate virtual surplus and future profit over Di ≥ L:

max
Di≥L

{riDα
i + Γi+1(Di)} .

Taking expectation over vi ∼ Fi,

Γi(L) = Evi∼Fi

[
max
Di≥L

{riDα
i + Γi+1(Di)}

]
.
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Finiteness and concavity: To show that Γi(L) is well-defined, we prove that the maximized ob-
jective Hi(x) := rix

α + Γi+1(x) is concave in x for each realization of ri, and is maximized at
finite x. Concavity follows by induction: Γn+1(x) = −cx is concave, and if Γi+1 is concave, then
Hi(x) is concave as a non-negative weighted sum of concave functions (xα is concave for α ∈ (0, 1]
and Γi+1 concave by hypothesis). Since c > 0 and virtual values are bounded, Hi(x) → −∞ as
x→∞, ensuring a finite maximizer. Thus, D̄i(ri) = argmaxx≥0Hi(x) exists and is finite.

Optimal policy: Given L and vi, the optimal production level maximizes Hi(xi) subject to xi ≥ L.
By concavity,

D∗
i (L, vi) = max

{
L, D̄i(ri)

}
.

The allocation rule is

x∗i (L, vi) =

{
D∗
i (L, vi) if ri > 0,

0 if ri = 0,

which ensures IC and IR. The payment pi is set via the envelope theorem to satisfy IC and extract
surplus. This policy is optimal by construction of Γi(L).

Finally, Γ1(0) is the expected profit of the optimal online mechanism, denoted ONL.

B.2 PROOF OF THEOREM 3.2

Proof. Consider an instance with n buyers. For each i, let Fi be the degenerate distribution at
vi = 1. Thus, ri = (ϕi(vi))+ = 1 for all i.

Profit of the myopic greedy mechanism. The myopic greedy mechanism solves, in each round i,

xMG
i = argmax

x≥0
{xα − cx} =

(
α
c

) 1
1−α

.

Each buyer receives this amount of data, so the total virtual surplus equals

n∑
i=1

xα = n
(
α
c

) α
1−α

.

Since production is shared, the total cost equals

cmax
i
xi = c

(
α
c

) 1
1−α

= α
(
α
c

) α
1−α

.

Hence the greedy profit is

ALG = (n− α)
(
α
c

) α
1−α

.

Optimal online profit. The optimal online mechanism aggregates demand across all buyers and
the optimal production level is

D∗ = argmax
D≥0
{nDα − cD} =

(
nα
c

) 1
1−α

,

yielding profit

ONL = (1− α)n
1

1−α

(
α
c

) α
1−α

.

Approximation ratio. The ratio of profit between myopic greedy mechanism to optimal online
profit is therefore

ALG

ONL
=

n− α
(1− α)n

1
1−α

= O
(
n−

α
1−α
)
,

which proves the theorem.

17



Published at ICLR 2026 Workshop on AI for Mechanism Design and Strategic Decision Making.

B.3 PROOF OF THEOREM 3.3

Proof. Let H > 1 be a sufficiently large constant to be determined later. Construct the instance
such that each buyer has virtual value ϕi(vi) = H with probability 1

nH and ϕi(vi) = 0 other-
wise. Specifically, each buyer’s value vi follows the truncated equal-revenue distribution with CDF

Fi(vi) =

{
1, vi ≥ H
max{0, 1− 1

nvi
}, vi ∈ [0,H)

.

Expected profit of a non-adaptive mechanism. Consider any non-adaptive mechanism that com-
mits to a production level D before observing buyer values. The expectation of each buyer’s virtual
value is 1

n . Thus, the expected virtual surplus given production level D is

E

[∑
i

ϕi(vi)

]
Dα = Dα.

And the expected profit is
Dα − cD.

This is maximized when taking D = DNA
∗ = (αc )

1
1−α , which yields the optimal profit of any

non-adaptive mechanism:

ALG = (1− α)
(α
c

) α
1−α

.

Optimal online benchmark. Consider an adaptive online mechanism that produces data with a
fixed amount of

D∗ =
(
Hα
c

) 1
1−α

when it sees the first buyer with ϕi(vi) = H , and sells the data to all buyers with ϕi(vi) = H .
Otherwise, it produces 0 amount of data when all buyers’ virtual values are zero. HereD∗ is selected
to maximize the expected profit based on the value distributions.

With probability 1− (1− 1
nH )n ≥ 1

H , at least one buyer has virtual value H . Conditioning on this
event, the adaptive online mechanism’s expected profit is at least

HD∗α − cD∗ = (1− α)
(
α
c

) α
1−α

H
1

1−α .

And when this event does not happen, the online mechanism obtains profit 0.

Taking expectation, this adaptive online mechanism obtains expected profit

(1− α)
(
α
c

) α
1−α

H
1

1−α
(
1−

(
1− 1

nH

)n) ≥ (1− α)
(
α
c

) α
1−α

H
α

1−α ,

which is a lower bound of the optimal online mechanism. That is,

ONL ≥ (1− α)
(
α
c

) α
1−α

H
α

1−α .

Approximation gap. Therefore, for any non-adaptive mechanism,

ALG

ONL
≤ H− α

1−α ,

which tends to 0 when H is sufficiently large. This completes the proof.

B.4 PSEUDOCODE FOR TWO-STAGE ONLINE MECHANISM

18
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Algorithm 1 Two-stage Online Mechanism
1: Input: distributions F1, . . . , Fn, cost c, elasticity α ∈ (0, 1), parameter δ ∈ (0, 1)
2: Compute M =

∑n
i=1 E[ri]

3: Set D0 =
(
α
c (1− δ)M

)1/(1−α)
4: for i = 1 to n do
5: Observe reported value v̂i
6: Compute ri ← max{ϕi(v̂i), 0}
7: if ri > 0 then
8: Set xMG

i ←
(
αri
c

)1/(1−α)
9: Set Di ← max{Di−1, x

MG
i } and allocate xi ← Di

10: Charge payment pi according to Myerson’s payment identity
11: else
12: Set xi ← 0, Di ← Di−1

13: end if
14: end for

B.5 PROOF OF THEOREM 3.4

Proof. We utilize Rosenthal’s inequality (Lemma 3.5) to prove theorem 3.4.

To apply Lemma 3.5, we derive the offline optimal profit, denoted by OFFL, and derive a lower
bound on the expected profit of Algorithm 1 With parameter δ = 1−α

2−α , denoted by ALG, stated in
the following two lemmas.

Lemma B.1. OFFL = (1− α)(αc )
α

1−αE[(
∑
i∈[n] ri)

1
1−α ].

Lemma B.2. ALG ≥ 1−α
2−α (1− α)(

α
c )

α
1−α ·max{

∑
i∈[n] E

[
r

1
1−α

i

]
, (
∑
i∈[n] E[ri])

1
1−α }.

Applying Lemma 3.5, we have E[(
∑
i∈[n] ri)

1
1−α ] ≤ C 1

1−α
·

max{
∑
i∈[n] E

[
r

1
1−α

i

]
, (
∑
i∈[n] E[ri])

1
1−α } holds with constant C 1

1−α
. Connecting with

Lemma B.1 and Lemma B.2, we have OFFL ≤ 2−α
1−αC 1

1−α
·ALG, which implies the theorem.

Below we prove Lemmas B.1 and B.2.

For Lemma B.1, recall that the offline profit-optimal mechanism produces a data amount of

D∗(v1, · · · , vn) = argmax
x≥0

n∑
i=1

max{ϕi(vi)xα, 0} − cx

= (
α

c

n∑
i=1

ri)
1

1−α

And its expected profit is

E[
n∑
i=1

ri ·D∗(v1, · · · , vn)α − cD∗(v1, · · · , vn)]

=E[(1− α)(α
c
)

α
1−α (

n∑
i=1

ri)
1

1−α ]

=(1− α)(α
c
)

α
1−αE[(

n∑
i=1

ri)
1

1−α ].

This proves Lemma B.1.
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Next, we prove Lemma B.2. Let T = (1 − δ)M , recall that D0 = (Tc )
1

1−α . Recall that the two-
stage online mechanism (Algorithm 1) produces data in the online stage only when there is some
ri > T . More specifically, the amount of data at each round is Di = (αc max{T, r1, · · · , ri})

1
1−α .

Therefore, we have

ALG = E[
n∑
i=1

rix
α
i − cDn]

= E[
n∑
i=1

riD
α
i − cDn]

≥ (
α

c
)

α
1−αE

[ n∑
i=1

rimax{T, ri}
α

1−α

− αmax{T, r1, · · · , rn}
1

1−α

]
(5)

Here the second equation is because xi = Di whenever ri > 0, and the inequal-
ity is because Di ≥ (αc max{T, ri})

1
1−α and cDn = c(αc max{T, r1, · · · , rn})

1
1−α =

α(αc )
α

1−α max{T, r1, · · · , rn}
1

1−α .

To lower bound ALG, we discuss two cases depending on the maximum of r1, · · · , rn.

Case A. When maxi∈[n] ri > T , we can lower-bound the virtual welfare part,

n∑
i=1

rimax{T, ri}
α

1−α

=

n∑
i=1

ri(T
α

1−α I[ri ≤ T ] + r
α

1−α

i I[ri > T ])

≥
n∑
i=1

ri I[ri ≤ T ]((1− δ)T
α

1−α + δr
α

1−α

i ) +

n∑
i=1

I[ri > T ]r
1

1−α

i .

And we can also lower-bound the cost part,

− αmax{T, r1, · · · , rn}
1

1−α

=− (1− δ)αT
1

1−α − αmax
i∈[n]

(r
1

1−α

i − (1− δ)T
1

1−α )

≥− (1− δ)αT
1

1−α − α
n∑
i=1

I[ri > T ](r
1

1−α

i − (1− δ)T
1

1−α ).

Combining together, we have

n∑
i=1

rimax{T, ri}
α

1−α − αmax{T, r1, · · · , rn}
1

1−α

≥
n∑
i=1

ri I[ri ≤ T ]((1− δ)T
α

1−α + δr
α

1−α

i )− (1− δ)αT
1

1−α

+

n∑
i=1

I[ri > T ](r
1

1−α

i − αr
1

1−α

i + (1− δ)αT
1

1−α ) (6)
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Observe that (1 − α)r
1

1−α

i = maxx≥0 rix
α − αx ≥ ri(T

1
1−α )α − α(T

1
1−α ) for all i ∈ [n], which

implies

n∑
i=1

I[ri > T ](r
1

1−α

i − αr
1

1−α

i + (1− δ)αT
1

1−α )

=δ

n∑
i=1

I[ri > T ](1− α)r
1

1−α

i

+ (1− δ)
n∑
i=1

I[ri > T ]((1− α)r
1

1−α

i + αT
1

1−α )

≥δ
n∑
i=1

I[ri > T ](1− α)r
1

1−α

i + (1− δ)
n∑
i=1

I[ri > T ]riT
α

1−α

Combining with equation 6, we have

n∑
i=1

rimax{T, ri}
α

1−α − αmax{T, r1, · · · , rn}
1

1−α

≥
n∑
i=1

ri I[ri ≤ T ]((1− δ)T
α

1−α + δr
α

1−α

i )

− (1− δ)αT
1

1−α

+ δ

n∑
i=1

I[ri > T ](1− α)r
1

1−α

i

+ (1− δ)
n∑
i=1

I[ri > T ]riT
α

1−α

=(1− δ)(
n∑
i=1

riT
α

1−α − αT
1

1−α )

+ δ

n∑
i=1

(1− α I[ri > T ])r
1

1−α

i

≥(1− δ)
n∑
i=1

riT
α

1−α − αT
1

1−α + δ

n∑
i=1

(1− α)r
1

1−α

i .

Here the inequality is because (1− δ)αT
1

1−α ≤ αT
1

1−α and 1− α I[ri > T ] ≥ 1− α.

Case B. When maxi∈[n] ri ≤ T , we have

n∑
i=1

rimax{T, ri}
α

1−α − αmax{T, r1, · · · , rn}
1

1−α

=

n∑
i=1

riT
α

1−α − αT
1

1−α

=(1− δ)
n∑
i=1

riT
α

1−α − αT
1

1−α + δ

n∑
i=1

riT
α

1−α

≥(1− δ)
n∑
i=1

riT
α

1−α − αT
1

1−α + δ

n∑
i=1

(1− α)r
1

1−α

i ,

where the inequality is because 1− α < 1 and ri ≤ T .
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Combining cases A and B, it always holds that
n∑
i=1

rimax{T, ri}
α

1−α − αmax{T, r1, · · · , rn}
1

1−α

≥(1− δ)
n∑
i=1

riT
α

1−α − αT
1

1−α + δ(1− α)
n∑
i=1

r
1

1−α

i .

Taking expectation, recalling T = (1− δ)M = (1− δ)E [
∑n
i=1 ri], we have

E[
n∑
i=1

rimax{T, ri}
α

1−α − αmax{T, r1, · · · , rn}
1

1−α ]

≥E

[
(1− δ)

n∑
i=1

ri

]
T

α
1−α − αT

1
1−α + δ(1− α)

n∑
i=1

E
[
r

1
1−α

i

]

=T
1

1−α − αT
1

1−α + δ(1− α)
n∑
i=1

E
[
r

1
1−α

i

]

=(1− α)E

[
(1− δ)

n∑
i=1

ri

] 1
1−α

+ δ(1− α)
n∑
i=1

E
[
r

1
1−α

i

]
.

It follows that

E[
n∑
i=1

rimax{T, ri}
α

1−α − αmax{T, r1, · · · , rn}
1

1−α ]

≥(1− α)(1− δ)
1

1−α

(
n∑
i=1

E[ri]

) 1
1−α

+ δ(1− α)
n∑
i=1

E
[
r

1
1−α

i

]
≥(1− α)min{(1− δ)

1
1−α , δ}

·max

{( n∑
i=1

E[ri]
) 1

1−α

,

n∑
i=1

E
[
r

1
1−α

i

]}
.

We have (1− δ)
1

1−α ≥ 1− δ
1−α . Taking δ = 1−α

2−α , we have min{(1− δ)
1

1−α , δ} = 1−α
2−α .

Combining with (5), we have

ALG ≥ (
α

c
)

α
1−α (1− α)1− α

2− α
max

{( n∑
i=1

E[ri]
) 1

1−α

,

n∑
i=1

E
[
r

1
1−α

i

]}
,

which completes the proof of Lemma B.2 and Theorem 3.4.

B.6 PROOF OF THEOREM 3.6

Proof. For convenience, we assume c = α without loss of generality (for general c > 0, it is
equivalent after scaling all values with a multiplicative factor c

α ).

Suppose n is sufficiently large. We construct an instance In with n buyers, such that each buyer’s
virtual value ϕi(vi) independently follows the Bernoulli distribution Bernoulli( 1n ), i.e., ϕi(vi) = 1

with probability 1
n . Specifically, each buyer’s value vi follows the truncated equal-revenue distribu-

tion with CDF Fi(vi) =

{
1, vi ≥ 1

max{0, 1− 1
nvi
}, vi ∈ [0, 1)

.

Our analysis consists of three steps. Firstly, we derive the expected profit ONL(In) of the optimal
online mechanism characterized by Theorem 3.1, and also calculate the expected profit OFFL(In)
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of the optimal offline mechanism. Secondly, we let n tend to infinity, and rewrite the limits of ONL
and OFFL as integrals. Thirdly, we show that the limit of OFFL can be expressed with C 1

1−α
, and

derive an upper bound of 2O( 1
1−α ) on the limit of ONL.

First, we explicitly characterize the optimal online mechanism for instance In solved from the back-
ward induction process in Theorem 3.1.

Recall the recursive characterization from Theorem 3.1: For i = n, · · · , 1,

Γi(L) = Evi∼Fi [max
Di≥L

max{0, ϕi(vi)}Dα
i + Γi+1(Di)]

with Γn+1(L) := −cL = −αL (assuming c = α).

Under instance In, for each i ∈ [n] we have max{0, ϕi(vi)} ∼ Bernoulli( 1n ), so we have

Γi(L) =
1

n
(max
Di≥L

Dα
i + Γi+1(Di)) + (1− 1

n
)(max
Di≥L

Γi+1(Di))

ONL(In) = Γ1(0). We prove the following structural result:

Lemma B.3. Under instance In, for each i = n, · · · , 1, Γi(L) is concave and decreasing in L ∈
[0,+∞). Moreover, there is a threshold Ti := (1 + n−i

n )
1

1−α , such that

Γi(L) =

{
(1− 1

n )Γi+1(L) +
1
n (1− α)(1 +

n−i
n )

1
1−α , L ≤ Ti,

n−i+1
n Lα − αL, L > Ti.

Specifically, the optimal online mechanism for In only produces data at most once. It produces Ti
amount of data when it encounters the first buyer i with vi = 1, and produces nothing if all values
are zero.

We prove Lemma B.3 by induction. For i = n, we can directly calculate

Γn(L) =
1

n
( max
Dn≥L

Dα
n − αDn)− (1− 1

n
)αL

=

{
−(1− 1

n )αL+ 1
n (1− α), L ≤ 1

1
nL

α − αL, L > 1
,

which satisfies the lemma, where Tn = 1. For any i < n, assume for induction that Γi+1(L) satisfies
the lemma.

Firstly, since both Dα
i and Γi+1(Di) are concave in Di, we have Dα

i + Γi+1(Di) is concave in
Di, and it is maximized at some D∗

i ∈ [0,+∞). Then we have maxDi≥LD
α
i + Γi+1(Di) ={

D∗
i
α + Γi+1(D

∗
i ), L ≤ D∗

i

Lα + Γi+1(L), L ≥ D∗
i

, which is concave and decreasing in L. Therefore, Γi(L) =

1
n (maxDi≥LD

α
i + Γi+1(Di)) + (1− 1

n )Γi+1(L) is concave and decreasing in L.

Moreover, by the lemma statement Γi+1(L) is increasing on [0, Ti+1], so Dα
i +Γi+1(Di) is strictly

increasing in Di ∈ [0, Ti+1], which implies that D∗
i ≥ Ti+1. By induction assumption, we have

D∗
i = arg max

Di≥Ti+1

Dα
i + Γi+1(Di)

= arg max
Di≥Ti+1

Dα
i +

n− (i+ 1) + 1

n
Dα
i − αDi

= arg max
Di≥Ti+1

(1 +
n− i
n

)Dα
i − αDi

= (1 +
n− i
n

)
1

1−α = Ti
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Then, for any L ≥ 0, we have

max
Di≥L

Dα
i + Γi+1(Di)

=

{
(1 + n−i

n )D∗
i
α − αD∗

i , L ≤ D∗
i ,

(1 + n−i
n )Lα − αL, L ≥ D∗

i ,

=

{
(1− α)(1 + n−i

n )
1

1−α , L ≤ Ti,
(1 + n−i

n )Lα − αL, L ≥ Ti.

Recall that Γi(L) = 1
n (maxDi≥LD

α
i +Γi+1(Di))+(1− 1

n )(maxDi≥L Γi+1(Di)). Since Γi+1(Di)
is decreasing, we have maxDi≥L Γi+1(Di) = Γi+1(L), and combining with the equation above, we
have

Γi(L) =

{
(1− 1

n )Γi+1(L) +
1
n (1− α)(1 +

n−i
n )

1
1−α , L ≤ Ti,

(1− 1
n )Γi+1(L) +

1
n ((1 +

n−i
n )Lα − αL), L ≥ Ti,

=

{
(1− 1

n )Γi+1(L) +
1
n (1− α)(1 +

n−i
n )

1
1−α , L ≤ Ti,

(1− 1
n )(

n−i
n Lα − αL) + 1

n ((1 +
n−i
n )Lα − αL), L ≥ Ti,

=

{
(1− 1

n )Γi+1(L) +
1
n (1− α)(1 +

n−i
n )

1
1−α , L ≤ Ti,

n−i+1
n Lα − αL, L ≥ Ti.

That is, Γi(L) satisfies the lemma. By induction, Lemma B.3 holds for all i ∈ [n].

By Lemma B.3, we obtain

ONL(In) = Γ1(0) =

n∑
i=1

(1− 1

n
)i−1 1

n
(1− α)(1 + n− i

n
)

1
1−α . (7)

Next, we derive OFFL(In):

OFFL(In) = Ev1,··· ,vn [(1− α)(
∑
i∈[n]

ϕi(vi))
1

1−α ] = (1− α)EZ∼Binomial(n, 1n )[Z
1

1−α ]. (8)

Now we consider the limit case when n tends to infinity. From (7), we have

lim
n→∞

ONL(In) = lim
n→∞

n∑
i=1

(1− 1

n
)i−1 1

n
(1− α)(1 + n− i

n
)

1
1−α

= (1− α)
∫ 1

0

e−t(2− t)
1

1−α dt.

From (8), we have

lim
n→∞

OFFL(In) = lim
n→∞

(1− α)EZ∼Binomial(n, 1n )[Z
1

1−α ]

= (1− α)EZ∼Poisson(1)[Z
1

1−α ]

= (1− α)C 1
1−α

.

Finally, since
∫ 1

0
e−t(2− t)

1
1−α dt <

∫ 1

0
e−t2

1
1−α dt = (1− e−1)2

1
1−α < 2

1
1−α , we have

lim
n→∞

ONL(In)

OFFL(In)
=

∫ 1

0
e−t(2− t)

1
1−α dt

C 1
1−α

<
2

1
1−α

C 1
1−α

.

Therefore, for sufficiently large n, we have ONL(In)
OFFL(In)

≤ 2
1

1−α

C 1
1−α

, which completes the proof.
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C MISSING PROOFS IN SECTION 4

C.1 PROOF OF PAYMENT IDENTITIES

We derive the expected payment identities and virtual value representations in section 4.1.

Buyer side. Fix c and view the buyer as a single-parameter agent with value v. Let uB(v, c) denote
the buyer’s utility when truthfully reporting v. Incentive compatibility and individual rationality
implies the envelope condition

∂

∂v
uB(v, c) = x(v, c)α, uB(0, c) = 0,

hence

uB(v, c) =

∫ v

0

x(t, c)α dt.

Using uB(v, c) = vx(v, c)α − pB(v, c), the payment rule is

pB(v, c) = vx(v, c)α −
∫ v

0

x(t, c)α dt.

Taking expectation and applying Fubini’s theorem,

Ev,c[pB(v, c)] = Ev,c[vx(v, c)α]− Ec
[∫ ∞

0

x(t, c)α(1− FB(t))dt
]

= Ev,c
[(
v − 1− FB(v)

fB(v)

)
x(v, c)α

]
.

Defining ϕB(v) = v − 1−FB(v)
fB(v)

yields

Ev,c[pB(v, c)] = Ev,c
[
ϕB(v)x(v, c)α

]
.

Seller side. Fix v and treat the seller as a single-parameter agent with cost c. Let uS(c, v) denote
the seller’s utility when truthfully reporting c. Incentive compatibility and individual rationality
implies

∂

∂c
uS(c, v) = −x(v, c), uS(∞, v) = 0,

so

uS(c, v) =

∫ ∞

c

x(v, t) dt.

Since uS(c, v) = pS(v, c)− cx(v, c), we have

pS(v, c) = cx(v, c) +

∫ ∞

c

x(v, t) dt.

Taking expectation,

Ev,c[pS(v, c)] = Ev,c[cx(v, c)] + Ev
[∫ ∞

0

x(v, t)FS(t) dt

]
= Ev,c

[(
c+

FS(c)

fS(c)

)
x(v, c)

]
.

Defining ϕS(c) = c+ FS(c)
fS(c)

gives

Ev,c[pS(v, c)] = Ev,c
[
ϕS(c)x(v, c)

]
.
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C.2 DERIVATION OF SECOND BEST MECHANISM

Using the virtual value and virtual cost functions, the weak budget-balance constraint can be rewrit-
ten as:

Ev,c
[
ϕB(v) · x(v, c)α − ϕS(c) · x(v, c)

]
≥ 0.

where ϕB(v) is the buyer’s virtual value and ϕS(c) is the seller’s virtual cost. We characterize the
second-best mechanism via a Lagrangian relaxation of the budget balance constraint. Let λ ≥ 0
denote the Lagrange multiplier associated with this constraint. The resulting relaxed problem can
be written as:

max
x(·,·)

Ev,c
[
(v + λϕB(v)) · x(v, c)α − (c+ λϕS(c)) · x(v, c)

]
. (9)

The unique maximizer for equation 9 is given by

x(v, c) =

(
α(v + λϕB(v))

c+ λϕS(c)

) 1
1−α

whenever the numerator and denominator are positive, and x(v, c) = 0 otherwise. This yields the
allocation rule of second-best mechanism stated in Section 4.2. When FB is regular, since ϕB(v) is
increasing in v and λ ≥ 0, the numerator is increasing in v. Similarly, when FS is regular (for virtual
cost), ϕS(c) is increasing in c, and the denominator is increasing in c. For irregular distributions, the
virtual value or virtual cost function is replaced by the ironed version to ensure monotonicity.

By construction, the allocation is monotone increasing in v and decreasing in c, hence implementable
by a truthful and individually rational mechanism. The payments follow from Myerson’s payment
identities.

Finally, since the budget balance constraint is linear and the relaxed problem is concave, strong
duality holds. Therefore, there exists a multiplier λ∗ ≥ 0 such that the budget balance constraint
holds with equality, which completes the characterization of the second-best mechanism.

C.3 PREPARATIONS FOR THEOREM 4.1 AND THEOREM 4.2

Before proving Theorem 4.1 and Theorem 4.2, we formally state the welfare decomposition tech-
nique in the following technical lemma.
Lemma C.1. Given α ∈ (0, 1), define function

W (v, c) := max
x≥0

v · xα − cx

for v ∈ (−∞,+∞) and c ∈ (0,+∞), i.e., the first-best GFT when buyer has value v and seller has
cost c. Here we allow v to be negative for technical convenience. Then we have

W (v, c) = (1− α)α
α

1−α · (v)
1

1−α

+ · c−
α

1−α ,

which is achieved by x = (αvc )
1

1−α

+ .

Specifically, define WB(v) := (v)
1

1−α

+ and WS(c) := c−
α

1−α , we can write W (v, c) as

W (v, c) = (1− α)α
α

1−α ·WB(v) ·WS(c).

Then the first-best gain-from-trade can be expressed as

FB = (1− α)α
α

1−α · Ev∼FB [WB(v)] · Ec∼FS [WS(c)].

Proof. For v ≤ 0, we have maxx≥0 v · xα − cx ≤ 0, so the maximum is W (v, c) = 0, obtained
with x = 0. For v > 0, by solving maxx≥0 v · xα − cx with first order condition, the maximum

is obtained at x = (αvc )
1

1−α . Combining the two cases, the optimal solution is x = (αvc )
1

1−α

+ . It
follows

W (v, c) = (1− α)α
α

1−α · (v)
1

1−α

+ · c−
α

1−α

= (1− α)α
α

1−α ·WB(v) ·WS(c).
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By definition of FB, we have

FB = Ev∼FB ,c∼FS [W (v, c)]

= Ev∼FB ,c∼FS [1− α)α
α

1−α ·WB(v) ·WS(c)]

= (1− α)α
α

1−α · Ev∼FB [WB(v)] · Ec∼FS [WS(c)].

The last equation is because v, c are independent.

We will also apply the following Hardy’s inequality.
Lemma C.2 (Hardy (1920)). Let f(x) be a non-negative integrable function on [0, a]. Define
F (x) =

∫ x
0
f(t)dt. Then for any p < 0 or p > 1,∫ a

0

(F (x)
x )pdx ≤ ( p

p−1 )
p

∫ a

0

(f(x))pdx.

C.4 PROOF OF THEOREM 4.1

Proof. For convenience, we assume FB is regular for now, and we will show that this is without
loss of generality later.

Firstly, since the gain-from-trade SellerP is at least seller’s expected utility, which can be expressed
as seller’s virtual surplus, we have

SellerP ≥ SellerU := Ev∼FB ,c∼FS [max
x≥0

ϕB(v)xα − cx]

= Ev∼FB ,c∼FS [W (ϕB(v), c)]

= Ev∼FB ,c∼FS [(1− α)α
α

1−α ·WB(ϕB(v)) ·WS(c)]

= (1− α)α
α

1−αEv∼FB [WB(ϕB(v))]Ec∼FS [WS(c)].

Here the third equation is by Lemma C.1, the fourth equation is by the independence of v and c.

By Lemma C.1, similarly, we express the first-best gain-from-trade as

FB = (1− α)α
α

1−αEv∼FB [WB(v)]Ec∼FS [WS(c)].

Combining together, we obtain

SellerU

FB
=

Ev∼FB [WB(ϕB(v))]

Ev∼FB [WB(v)]
.

Therefore, we aim to prove that

inf
FB

Ev∼FB [WB(ϕB(v))]

Ev∼FB [WB(v)]
≥ α

1
1−α .

For convenience, we express a distribution FB in quantile space. Define quantile function vB(q) =
(FB)−1(1 − q). vB(q) is weakly decreasing in q ∈ [0, 1]. Viewing q as a random variable, it is
well-known that the distribution of vB(q) is FB when q is drawn from U [0, 1]. We can rewrite

Ev∼FB [WB(ϕB(v))]

Ev∼FB [WB(v)]
=

Eq∼U [0,1][W
B(ϕB(vB(q)))]

Eq∼U [0,1][WB(vB(q))]
.

Define the revenue curve RB(q) = q · vB(q), it holds that (RB)′(q) = ϕB(vB(q)). It follows that
vB(q) = RB(q)

q = 1
q

(∫ q
0
ϕB(vB(t))dt

)
. For convenience define the virtual value in quantile space

ψ(q) = ϕB(vB(q)), a distribution FB is regular if and only if ψ(q) is non-increasing in q ∈ [0, 1].

Now we show that the assumption that FB is regular is without loss of generality. Suppose FB is
an irregular distribution, then we replace ϕB(v) with the ironed virtual value ϕBir (v) in the above
derivation, and it leads to a ratio

SellerU

FB
=

Ev∼FB [WB(ϕBir (v))]

Ev∼FB [WB(v)]
.
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Now consider a regular distribution such that its virtual value in quantile space is ψ+(q) =
ϕBir (v

B(q)). Denote this distribution by FB+ , and define vB+(q) denoting its corresponding quantile
function, and RB+(q) denoting its revenue curve. By Myerson (1981), RB+(q) is the upper convex

hull of RB(q). Therefore, vB+(q) =
RB

+(q)

q ≥ RB(q)
q = vB(q). Then we have

Ev∼FB [WB(ϕBir (v))]

Ev∼FB [WB(v)]
=

Eq∼U [0,1][W
B(ϕBir (v

B(q)))]

Eq∼U [0,1][WB(vB(q))]
≥

Eq∼U [0,1][W
B(ψ+(q))]

Eq∼U [0,1][WB(vB+(q))]
=

Ev∼FB
+
[WB(ϕB+(v))]

Ev∼FB
+
[WB(v)]

,

where the inequality is because ϕBir (v
B(q)) = ψ+(q) but vB(q) ≤ vB+(q), and WB is non-

decreasing. That is, there is a regular distribution FB+ leading to a (weakly) worse ratio than the
irregular distribution FB , so it is without loss of generality to only consider regular distributions in
our worst-case analysis.

Similarly, we can also assume the virtual values to be non-negative, i.e. ψ(q) ≥ 0. The reason
is, supposing that ψ(q) < 0 for some q, we can define ψ+(q) = max{ψ(q), 0} and consider the
value distribution FB+ given by vB+(q) = 1

q

(∫ q
0
ψ+(t)dt

)
. We have vB+(q) = 1

q

(∫ q
0
ψ+(t)dt

)
≥

1
q

(∫ q
0
ψ(t)dt

)
= vB(q). It follows that Eq∼U [0,1][W

B(ψ(q))dq] = Eq∼U [0,1][W
B(ψ+(t))] but

Eq∼U [0,1][W
B(vB(q))] ≤ Eq∼U [0,1][W

B(vB+(q))], that is, the constructed distribution with non-
negative virtual values is weakly worse.

Now we analyze the worst case, focusing on regular distributions with non-negative virtual values.
We rewrite

SellerU

FB
=
Eq∼U [0,1][W

B(ϕB(vB(q)))]

Eq∼U [0,1][WB(vB(q))]

=

∫ 1

0
WB(ψ(q))dq∫ 1

0
WB( 1q

∫ q
0
ψ(t)dt)dq

.

Recall that WB(v) = max{v, 0}
1

1−α . We have∫ 1

0
WB(ψ(q))dq∫ 1

0
WB( 1q

∫ q
0
ψ(t)dt)dq

=

∫ 1

0
(ψ(q))

1
1−α dq∫ 1

0
( 1q
∫ q
0
ψ(t)dt)

1
1−α dq

.

By Hardy’s inequality (Lemma C.2), we have∫ 1

0

(
1

q

∫ q

0

ψ(t)dt)
1

1−α dq ≤(
1

1−α
1

1−α − 1
)

1
1−α

∫ 1

0

(ψ(q))
1

1−α dq

=(
1

α
)

1
1−α

∫ 1

0

(ψ(q))
1

1−α dq.

It follows that

inf
FB

Ev∼FB [WB(ϕB(v))]

Ev∼FB [WB(v)]

= inf
ψ(·)

∫ 1

0
(ψ(q))

1
1−α dq∫ 1

0
( 1q
∫ q
0
ψ(t)dt)

1
1−α dq

≥α
1

1−α .

That is, SellerP
FB ≥ SellerU

FB ≥ α
1

1−α for any distribution FB . This completes the proof of Theo-
rem 4.1.

C.5 PROOF OF THEOREM 4.2

Proof. For convenience, we assume the distribution FS is regular for virtual cost, i.e., ϕS(c) is
non-decreasing in c. Later we will show that this is without loss of generality.
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Similar to the proof of Theorem 4.1, we can lower-bound the gain-from-trade BuyerP by buyer’s
utility in buyer-proposing mechanism, equal to the virtual surplus

BuyerP ≥ BuyerU := Ev∼FB ,c∼FS [max
x≥0

vxα − ϕS(c)x]

= Ev∼FB ,c∼FS [W (v, ϕS(c))]

= (1− α)α
α

1−αEv∼FB [WB(v)]Ec∼FS [WS(ϕS(c))].

The second and third equalities are by Lemma C.1 and independence of v and c.

By Lemma C.1, the first-best gain-from-trade can be expressed as

FB = (1− α)α
α

1−αEv∼FB [WB(v)]Ec∼FS [WS(c)].

Therefore, we have

BuyerU

FB
=

Ec∼FS [WS(ϕS(c))]

Ec∼FS [WS(c)]
.

And we aim to prove that

inf
FS

Ec∼FS [WS(ϕS(c))]

Ec∼FS [WS(c)]
≥ α

α
1−α .

Without loss of generality, assume the support of FS is non-negative and bounded. For convenience,
we express the distribution FS in quantile space. Define quantile function cS(q) = (FS)−1(q).
cS(q) is weakly increasing in q ∈ [0, 1]. Viewing q as a random variable, it is known that the
distribution of cS(q) is FS when q is drawn from U [0, 1].

Define the cost curve RS(q) = q · cS(q), it holds that (RS)′(q) = ϕS(cS(q)). It follows that
cS(q) = RS(q)

q = 1
q

(∫ q
0
ϕS(cS(t))dt

)
.

Now we show that assuming FS is regular for virtual cost is without loss of generality, sim-
ilar to the proof of Theorem 4.1. Suppose FS is not regular for virtual cost, i.e., ϕS(cS(q))
is not increasing in q. we replace ϕS(c) by ϕSir(c) in the derivation above, which leads to a

ratio BuyerU
FB =

Ec∼FS [WS(ϕS
ir(c))]

Ec∼FS [WS(c)]
. Define FS− as the distribution with virtual cost in quan-

tile space ψ−(q) = ϕSir(c(q)). Its cost curve RS−(q) is the lower convex hull of RS(q),
and its quantile function is cS−(q) = 1

qR
S
−(q) ≤ 1

qR
S(q) = c(q). Since WS(c) =

c−
α

1−α is decreasing in c, it holds that WS(cS(q)) ≤ WS(cS−(q)) for q ∈ [0, 1]. Then
we have Ec∼FS [WS(ϕSir(c))] = Eq∼U [0,1][W

S(ϕSir(c(q)))] = Eq∼U [0,1][W
S(ψ−(q))] =

Ec∼FS
−
[WS(ϕSir(c))], but Ec∼FS [WS(c)] = Eq∼U [0,1][W

S(cS(q))] ≤ Eq∼U [0,1][W
S(cS−(q))] =

Ec∼FS
−
[WS(c)]. That is, FS− is a weakly worse distribution that is regular for virtual cost. There-

fore, we only need to consider regular distributions in worst-case analysis.

Now we analyze the worst case, focusing on regular distributions. For convenience define ψ(q) =
ϕS(cS(q)), then ψ(q) is non-decreasing in q ∈ [0, 1]. We can rewrite

Ec∼FS [WS(ϕS(c))]

Ec∼FS [WS(c)]
=
Eq∼U [0,1][W

S(ϕS(cS(q)))]

Eq∼U [0,1][WS(cS(q))]

=

∫ 1

0
WS(ψ(q))dq∫ 1

0
WS( 1q

∫ q
0
ψ(t)dt)dq

=

∫ 1

0
(ψ(q))−

α
1−α dq∫ 1

0
( 1q
∫ q
0
ψ(t)dt)−

α
1−α dq

.

Here we recall that WS(c) = c−
α

1−α .
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We have that ψ(q) is non-negative since FS is non-negative. Applying Lemma C.2 with p =
− α

1−α < 0, we have ∫ 1

0
( 1q
∫ q
0
ψ(t)dt)−

α
1−α dq∫ 1

0
(ψ(q))−

α
1−α dq

≤ (
− α

1−α
− α

1−α − 1
)−

α
1−α

= α− α
1−α .

It follows that

inf
FS

Ec∼FS [WS(ϕS(c))]

Ec∼FS [WS(c)]

= inf
ψ(·)

∫ 1

0
(ψ(q))−

α
1−α dq∫ 1

0
( 1q
∫ q
0
ψ(t)dt)−

α
1−α dq

≥α
α

1−α .

That is, BuyerP
FB ≥ BuyerU

FB ≥ α
α

1−α for all distribution FS .

Finally, since α = (1 + 1−α
α )−1 and (1 + 1−α

α )
α

1−α ≤ e, we have α
α

1−α = 1

(1+ 1−α
α )

α
1−α
≥ 1

e .

This completes the proof.
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