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ABSTRACT

Actor-critic (AC) algorithms have been widely adopted in decentralized multi-agent
systems to learn the optimal joint control policy. However, existing decentralized
AC algorithms either need to share agents’ sensitive information, e.g., local actions
and policies , or are not sample and communication-efficient. In this work, we
develop two decentralized AC and natural AC (NAC) algorithms that are sample and
communication-efficient and avoid sharing agents’ local actions and policies . In
both algorithms, agents share only noisy rewards and adopt mini-batch local policy
gradient updates to improve sample and communication efficiency. Particularly
for decentralized NAC, we develop a decentralized Markovian SGD algorithm
with an adaptive mini-batch size to efficiently compute the natural policy gradient.
Under Markovian sampling and linear function approximation, we prove that
the proposed decentralized AC and NAC algorithms achieve the state-of-the-art
sample complexities O(e 2Ine~!) and O(e~3Ine~!), respectively, and achieve
an improved communication complexity O(¢~! Ine~!). Numerical experiments
demonstrate that the proposed algorithms achieve lower sample and communication
complexities than the existing decentralized AC algorithm.

1 INTRODUCTION

Multi-agent reinforcement learning (MARL) has achieved great success in various application
domains, including control (66; 10; 51), robotics (64), wireless sensor networks (24; 67), intelligent
systems (71), etc. In MARL, a set of fully decentralized agents interact with a dynamic environment
following their own policies and collect local rewards, and their goal is to collaboratively learn the
optimal joint policy that achieves the maximum expected accumulated reward.

Classical policy optimization algorithms have been well developed and studied, e.g., policy gradient
(PG) (49), actor-critic (AC) (23) and natural actor-critic (NAC) (37; 7). In particular, AC-type
algorithms are more computationally tractable and efficient as they take advantages of both policy
gradient and value-based updates. However, in the multi-agent setting, decentralized AC is more
challenging to design compared with the centralized AC, as the algorithm updates involve sensitive
agent information, e.g., local actions, rewards and policies, which must be kept locally in the
decentralized learning process. In the existing designs of decentralized AC, the agents need to share
either their local actions (70; 69; 8; 36; 72; 27; 19; 26; 11) or local rewards (15; 33; 32) with their
neighbors, and hence are not desired. This issue is addressed by Algorithm 2 of (70) at the cost of
learning a parameterized model to estimate the averaged reward, yet this approach requires extra
learning effort and the reward estimation can be inaccurate. Moreover, existing decentralized AC
algorithms are not sample and communication-efficient, and do not have finite-time convergence
guarantee, especially under the practical Markovian sampling setting. Therefore, we aim to address
the following important question.

e Ql: Can we develop a decentralized AC algorithm that is convergent, sample and communication-
efficient, and does not require sharing agents’ local actions and policies ?

On the other hand, as an important variant of the decentralized AC, decentralized NAC algorithm has
not been formally developed and rigorously analyzed in the existing literature. In particular, a major
challenge is that we need to develop a fully decentralized and computationally tractable scheme to
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compute the inverse of the high dimensional Fisher information matrix, and this scheme must be both
sample and communication efficient. Hence, we want to ask:

* Q2: Can we develop a computationally tractable and communication-efficient decentralized NAC
algorithm that has a low finite-time sample and communication complexity?

In this study, we provide affirmative answers to the above two questions by developing fully decen-
tralized AC and NAC algorithms that are sample and communication-efficient, and do not reveal
agents’ local actions and policies. We also develop rigorous finite-time analysis of these algorithms
under Markovian sampling. Our contributions are summarized as follows.

Table 1: List of complexities of the existing AC and NAC algorithms for achieving
E[||VJ(w)|?] < eand E[J(w*) — J(w))] < e, respectively.

. Share local Sampling Sample Communication
Algorithm Papers . . - .
action/policy scheme complexity complexity
(54) - iid. O(e39) -
(38) - iid. O™ -
Centralized AC (25) _ 1id. 0(672.5) —
(61) - Markovian O(e *®In®e ) -
(56) - Markovian O(e?9) -
(60) - Markovian O(e ?Ine” ) -
(705 69; 15)
. (72; 27, 26) X Markovian - -
Decentralized AC - —75-27:33) 7 Markovian - =
This work v Markovian ~ O(e “Ine ') O(e "Ine 1)
(54) - iid. O(e™?9) -
Centralized NAC (61) - Markovian  O(e "In”e ") -
(60) - Markovian O(e ®Ine ) -
Decentralized NAC ~ This work v Markovian ~ O(¢ ®Ine™ 1) O(e 'lne™h)

1.1 OUR CONTRIBUTIONS

We develop fully decentralized AC and NAC algorithms and analyze their finite-time sample and
communication complexities under Markovian sampling. Our results and comparisons to existing
works are summarized in Table 1 !. Our decentralized AC and NAC algorithms adopt the following
novel designs to accurately estimate the policy gradient in an efficient way.

* Noisy Rewards: In a decentralized setting, local policy gradients (estimated locally by the agents)
involve the average of all agents’ local rewards. To help agents estimate this averaged reward
without revealing the raw local rewards , we let them share Gaussian-corrupted local rewards with
their neighbor, and the variance of the Gaussian noise can be adjusted by each agent to reach its
desired level.

* Mini-batch Updates: We apply mini-batch Markovian sampling to both the decentralized actor
and critic updates. This approach 1) helps the agents obtain accurate estimations of the corrupted
averaged reward; 2) significantly reduces the variance of policy gradient caused by Markovian
sampling; and 3) significantly reduces the communication frequency and complexity.

Moreover, for our decentralized NAC algorithm, we additionally adopt the following design to
compute the inverse of the Fisher information matrix in an efficient and decentralized way.

* Decentralized Natural Policy Gradient: By reformulating the natural policy gradient as the min-
imizer of a quadratic program, we develop a decentralized SGD with Markovian sampling that
allows the agents to estimate the corresponding local natural gradients by communicating only

'In this table, 6() hides all logarithm factors. In (25), the sample complexity has been established for
various AC-type algorithms, and we compare with the best one. In (70), the Algorithm 1 needs to share local
actions while the Algorithm 2 does not.
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scalar variables with their neighbors. In particular, in order to minimize the sample complexity of
the decentralized SGD, we set the batch size to be exponentially increasing.

Theoretically, for the first time, we provide finite-time convergence analysis of decentralized AC
and NAC algorithms under Markovian sampling. Specifically, we prove that our decentralized AC
and NAC algorithms achieve the overall sample complexities O(e 2Ine~1) and O(e 3 Ine~ 1),
respectively, and both match the state-of-the-art complexities of their centralized versions (60).
Moreover, both decentralized algorithms achieve a significantly reduced overall communication
complexity O(e~! Ine~1). In particular, our analysis involves new technical developments. First, we
need to characterize the bias and variance of (natural) policy gradient and stochastic gradient caused
by the noisy rewards and the inexact local averaging steps, and control them with proper choices of
batch sizes and number of local averaging steps. Second, when using decentralized Markovian SGD
to compute the inverse Fisher information matrix, we need to use an exponentially increasing batch
size to achieve an optimized sample complexity bound. Such a Markovian SGD with adaptive batch
size has not been studied before and can be of independent interest.

1.2 RELATED WORK

Convergence analysis of AC and NAC. In the centralized setting, the AC algorithm was firstly
proposed by (23) and later developed into the natural actor-critic (NAC) algorithm (37; 7). Specifically,
(37) does not provide any convergence result, while (22; 5) and (20; 6; 7) establish the asymptotic
convergence rate of centralized AC and NAC, respectively, which is weaker than our finite-time
convergence results. Furthermore, (54; 25; 38; 61; 56) and (54) establish the finite-time convergence
rate of centralized AC and NAC, respectively. Please refer to Table 1 for their sample complexities.
Moreover, (60) improve the finite-time sample complexities of the above works to the state-of-the-
art result for both centralized AC and NAC by leveraging mini batch sampling, and our sample
complexities match these state-of-the-art results .

In the decentralized setting, a few works have established the almost sure convergence result of
AC (15; 27; 47; 33), but they do not characterize the finite-time convergence rate and the sample
complexity. To the best of our knowledge, there is no formally developed decentralized NAC
algorithm.

Decentralized TD-type algorithms. The finite-time convergence of decentralized TD(0) has been
obtained using i.i.d samples (52; 14; 53; 28) and Markovian samples (46; 53), respectively, without
revealing the agents’ local actions, policies and rewards . Decentralized off-policy TD-type algorithms
have been studied in (34; 45; 9; 12).

Decentralized AC in other MARL settings. Some works apply decentralized AC to other MARL
settings that are very different from ours. For example, (44; 36; 17; 11; 57) studied adversarial game.
(30) studied a mixed cooperative-competitive environment where each agent maximizes its own Q
function (30). (11) proposed Delay-Aware Markov Game which considers delay in Markov game.
(68; 31) studied linear control system and linear quadratic regulators instead of an MDP. (55) studied
sequential prisoner’s dilemmas.

Policy gradient algorithms. Policy gradient (PG) and natural policy gradient (NPG) are popular
policy optimization algorithms. (1) characterizes the iteration complexity (i.e., number of episodes)
of centralized PG and NPG algorithms by assuming access to exact policy gradient. They also
established a sample complexity result O(e %) in the i.i.d. setting for NPG, which is worse than the
state-of-the-art result O (6’3 In 6’1) of both centralized NAC (60) and our decentralized NAC with
Markovian samples. (3) proposes decentralized PG in a simple cooperative MARL setting, where all
the agents share one action and the same policy, and they establish a iteration complexity in the order
of O(e~*). (13; 73) apply decentralized PG to Markov games. (2) applies decentralized NPG to a
different cooperative MARL setting where each agent observes its own state, takes its own action and
has access to these information of its neighbors.

Value-based algorithms. Value-based algorithms have also been develop for MARL. Specifically,
(21; 18) develop distributed Q-learning in a simplified cooperative MARL setting, where the agents
share a joint action. In particular, (18) characterizes the convergence rate of a value function-based
convergence error, which is a different optimality measure from that of AC-type algorithms. (35)
applies distributed Q-learning to another cooperative MARL setting, where each agent observes
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its own state and takes its own action. It establishes an asymptotic convergence guarantee, and no
convergence rate is given. (40) develops a value propagation algorithm that uses primal-dual method
to minimize a soft Bellman error in the MARL setting. Under an assumption that the variance of
the stochastic gradient is uniformly bounded, it establishes a non-asymptotic convergence rate to an
approximate stationary point.

2 REVIEW OF MULTI-AGENT REINFORCEMENT LEARNING

In this section, we first introduce some standard settings of RL. Consider an agent that starts from
an initial state so ~ & and collects a trajectory of Markovian samples {s;, a, R¢}t C S x A X R
by interacting with an underlying environment (with transition kernel P) following a parameterized
policy m,, with induced stationary state distribution . The agent aims to learn an optimal policy
that maximizes the expected accumulated reward J(w) = (1 —v)E[>;2 ' R;|, where v € (0,1)
is a discount factor. The marginal state distribution is denoted as P, (s;) and the visitation measure
is defined as v, (s) := (1 — ) >_,;2( 7' Pu (s = s), both of which depend on the policy parameter
w € § and the transition kernel P. We also define the mixed transition kernel P¢(-|s,a) :=
YP(|s,a) + (1 — v)&(+), whose stationary state distribution is known to be v,.

In the multi-agent RL (MARL) setting, M agents are connected via a fully decentralized network
and interact with a shared environment. The network topology is specified by a doubly stochastic
communication matrix W € RMxM At any time ¢, all the agents share a common state s;. Then,

every agent m takes an action aﬁ’”) following its own current policy ng)(-‘st) parameterized by

wt(m). After all the actions a; 1= {aﬁm)}nj\f:l are taken, the global state s; transfers to a new state
s¢+1 and every agent m receives a local reward Rim). In this MARL setting, each agent m can only
access the global state {s;}+, its own actions {agm)}t and rewards {Rim)}t and policy Wt(m). Next,

). (M)

define the joint policy ¢ (a|s;) := H%:l w§m)(a§m) |s¢) parameterized by w; = [wt(l soeswy U,

and define the average reward R, := 4y S0, R{™. The goal of the agents is to collaboratively
learn the optimal joint policy that maximizes the expected accumulated average reward J(w) :=

1 =E[XZ7' R
with the environment and observing a trajectory of MDP transition samples, which are further used
to learn the optimal joint policy.

S0 ~ f] . Throughout, we consider the setting that the agents keep interacting

3 SAMPLE AND COMMUNICATION-EFFICIENT DECENTRALIZED AC

In this section, we propose a decentralized actor-critic (AC) algorithm that is sample and
communication-efficient and avoids revealing agents’ local actions, policies and raw rewards .

We first consider a direct extension of the centralized AC to the decentralized case. As each agent m
has its own policy (™) it aims to update the policy parameter w ("™ using the local policy gradient
Vem)J(w). Under linear approximation of the value function Vy(s) ~ ¢(s) "6 where ¢(s) is the
feature vector, the local policy gradient has the following stochastic approximation.

Voo J (@)= | Ry 4 70(s4,1) T — d(s0) TO™ [™ (0™ 5:), (1)

where agm) ~ me)('|5t), st41 ~ Pe(-[se,a), 831 ~ P(:|se, a). 2
Here, 0.™ is agent m’s critic parameter and 1" (a{™|s;) = Vom In7\™ (a{"™|s,) is the local
score function. It is clear that both 6™ and ¥{"™ (a{™|s,) can be obtained/computed by agent
m using the local information. However, the average reward R, requires agent m aggregating
the local rewards from all the other agents, which raises concerns. In the existing literature on
decentralized AC, this issue is avoided by either 1) sharing the agents’ actions with each other instead
(705 69; 8; 36; 72; 27; 19; 26; 11), yet the action information is also highly sensitive; or 2) learning a
parameterized model to estimate the average reward (70), which requires extra learning effort and
does not provide an accurate estimation. Hence, we are motivated to develop a simpler approach that
provides accurate estimation of the average reward while avoids sharing raw local rewards .
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1. Efficient Policy Gradient Estimation. We propose a decentralized policy gradient estimation
scheme that improves the sample and communication efficiency and avoids revealing the agents’ local
actions, policies and raw rewards . First, in order for each agent to estimate the average reward R, in

eq. (1), we let each agent m generate a noisy local reward }Nzg”” = R( )(1 + e(m)) and share with

other agents, where et ~ N(0,02,) ?. The noise variance is determined by the agent based on its

desired level. Spec1ﬁcally, every agent m first initializes its local estimation of the averaged reward

R( ™) using its own noisy reward, i.e., R(m) ]:Eim). Then, each agent m performs decentralized

local averaging with its neighbors A/, for T’ iterations, i.e.,

B =S wen, Won By, £=0,1,...,T — 1, 3)

After that, agent m obtains the final estlmate R( ™= 715 T), It can be shown that RE converges
to the averaged noisy reward - i Zm:l Rt exponentlally fast. Ideally, by averaging these noisy
local rewards over the M agents, the variance of the noise in the final estimation will be scaled by a
factor of ﬁ Therefore, to obtain an accurate estimation, the network needs to have a sufficiently
large number of agents, which does not always hold in practice.

To address this issue, we let each agent m collect a mini-batch of N Markovian samples in each
iteration ¢ to estimate the local policy gradient, which then takes the following form.

(t+1)N—1
o —(m) m m m m
Voo dw) =5 > |B" #1000 70 = o(s)To o™ @™ s, @)
i=tN
where EE’") is an estimation of R; obtained by agent m following the process described in eq. (3).

Intuitively, each Egm) is corrupted by a zero-mean noise with variance O(ﬁ) due to averaging over
the agents. Then, the mini-batch samples further help scale the noise variance by a factor of %
Consequently, with a sufficiently large batch size N, we can obtain an accurate estimation of the
averaged reward and hence the policy gradient. To summarize, our decentralized policy gradient
estimation scheme has the following advantages.

* Avoid sharing raw rewards: The agents share only noisy rewards fzﬁm) with their neighbors, and
the noise variance can be adjusted based on the desired level such that REm) is unknown to the other
agents. This is in contrast to other decentralized AC algorithms where the agents need to either

share local actions, rewards or collaboratively learn an additional parameterized reward model.

» Sample-efficient: The mini-batch updates help greatly suppress the noise variance of the local
policy gradient in (4) and improve its estimation accuracy. On the other hand, mini-batch policy
gradient also helps reduce the optimization variance caused by Markovian sampling and leads to a
good finite-time sample complexity as we prove later. We note that there is no trade-off between
noise variance and sample efficiency here, because for highly noisy local rewards we can choose a
large batch size to suppress the overall estimation error to the desired level.

* Communication-efficient: The mini-batch updates also significantly reduce the communication
frequency as well as the complexity as we prove later. In comparison, the existing decentralized
AC requires to perform one communication round per Markovian sample.

Remark. We note that the local mini-batch policy gradient update in eq. (4) can be computed in an

accumulative way by the agent when observing the mini-batch of transition samples on the fly. There

is no need to store all these samples and perform a large batch computation.

2. Fully Decentralized Critic Update. The critic parameters of the agents are updated following
the standard decentralized TD-type algorithm. Specifically, consider the ¢-th local critic update of
each agent m. It first collects a mini-batch of N, Markovian samples. Then, starting from a fixed

initialization H(m) = 0_1, agent m performs 7. iterations of decentralized TD updates as follows,

where {s; }+cn follows the transition kernel P and a(m) t(m) (‘|s): fort' =0,1,..., T, — 1,
(t+1)N,—1

tt’+1 = Z Winm et t’ ﬁ Z [ngm) + ’Y¢(5i+1)T9t($) —é(s )TetT’) P(si). (5)

m' €N Ne i=tN.

*More generally, any noise with zero mean and variance o2, will work.
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Then, the updated critic parameter is set to be Gt(m) = Gt@;z To further reduce the consensus error,

we perform additional 7"/ steps of local model averaging, as also adopted in (12). The pseudo code of
the entire decentralized AC algorithm is summarized in Algorithms | and 2 below.

Algorithm 2 Decentralized TD (critic update)
Initialize: Critic parameter 0; o = 0_;.

for critic iterationst’ = 0,1,...,T. — 1 do

» Collect N. Markovian samples following
policy 7, and transition kernel P.
for agents m = 1, ..., M in parallel do

‘ » Send local critic parameters.

Algorithm 1 Decentralized Actor-Critic

Initialize: Actor-critic parameters wg, 0_1.

for actor iterationst = 0,1,...,T — 1 do

» Critic update on 6,: by Algorithm 2.

» Collect N Markovian samples by eq. (2).

for agents m = 1, ..., M in parallel do
» Send noisy local rewards and perform
T’ local average steps following eq. (3).
» Compute the estimated local policy end

gradient V,(m) J (w;) following eq. (4).  for iterations t' — Toyo, T+ T — 1 do
»> Actor update on w;: for agents m = 1, ..., M in parallel do

(m) _ (m) | & m m’
Wi = wp A+ AV J(we). ‘ > 9§,t/)+1 = S ven, W Gi,t/ )

» Decentralized TD update in eq. (5).
end

end

end
end end

Output: wz with T e {1,2,...,T}. Output: 0, = 0y 7.4 7.

4 FINITE-TIME CONVERGENCE ANALYSIS OF DECENTRALIZED AC

In this section, we analyze the finite-time convergence of Algorithm 1 and characterize the sample
and communication complexities. All the notations and universal constants are summarized in
Appendices A & F respectively. We first introduce the following standard assumptions that have been
widely adopted in the existing literature.
Assumption 1. Regarding the transition kernels P, P, denote y1,, v, respectively as their stationary
state distributions under policy 7., and denote P, P¢ respectively as their marginal state distributions.
Then, there exist constants k > 0 and p € (0, 1) such that for all t > 0,
sup dry (]P’ (st ] so=s) ,pw) < kp', supdry (]P’g (st | so=s) ,I/w) < rpt (6)
sES sES
where drvy (P, Q) denotes the total-variation distance between probability measures P and Q.
Assumption 2. There exist constants Cy, Ly, Ly > 0 such that for all w,w € Q, s € Sand a € A,
[t (als)ll < Cy, ¥z (als) — vu(als)ll < Ly|l& — w|| and dry(7z(-|s), 7o (-]s)) < L@ — w].
Assumption 3. There exists Ruya.x > 0 such that for any agent m and any Markovian sample
(s,a,s’), we have 0 < R(m)(s, a,s") < Rmax-
Assumption 4. The feature vectors satisfy ||¢(s)|| < 1 forall s € S. There exists a constant Ay > 0
such that Ain (Esp,, [0(5)0(s)T]) = Ay for all w.

Assumption 5. The communication matrix W € RM*M of the decentralized network is doubly
stochastic, and its second largest singular value satisfies oy € [0, 1).

Assumption | has been widely considered in the existing literature (4; 38; 63; 58; 42; 60; 12) and it
holds for any time-homogeneous Markov chains with finite-state space and any uniformly ergodic
Markov chains. Assumption 2 introduces boundedness and Lipschitzness to the policy and its
associated score function (65; 60), and holds for many parameterized policies such as Gaussian policy
(25) and Boltzman policy (16). Assumption 4 can always hold by normalizing the feature vector ¢(s)
Assumption 5 is widely used in decentralized optimization (43; 41) and multi-agent reinforcement
learning (46; 53; 12), which ensures that all the decentralized agents can reach a global consensus.

With the above assumptions, we obtain the following finite-time convergence result of the decen-
tralized AC algorithm. Throughout, we follow (60; 56) and define the critic approximation error as

approx = SUDy, Esy (Voo () — #(s) " 6*)? where 07 is the optimal critic parameter (see its definition
right before Lemma D.3 in Appendix D). We also define sample complexity as the total number of
Markovian samples required for achieving E[||V.J(w)||?] < . All the universal constants are listed

in Appendix F.
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Theorem 1. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD

in Algorithm 2 following Lemma D.4. Choose a < 1i—, T' > M _ Then, the output of the

4Ly’ — 2In o"jvl
decentralized AC in Algorithm 1 has the following convergence rate.

4-Rmax 2T’ 2 2T )‘B Te 2 ~critic
T—a+4(C4O'W +c58 ow )+466(1—?ﬂ> +W+E+64Cw aplfmx.

Moreover, to achieve EH|VJ(wf)H2] < eforanye > 12805, critic ywe can choose T, N, N, =

approx’
O(e Y and T., T!,T" = O(Ine1). Consequently, the overall sample complexity is T(T.N.+N) =
O(e 2Ine™ 1), and the communication complexities for synchronizing linear model parameters and
rewards are T(T, + T!) = O(e ' Ine 1) and TT' = O(e Ine 1), respectively.

E[HVJ(WT)HQ} < der  deg

Remark. We note that the constraint on € is naturally induced by the critic approximation error. In
particular, if this approximation errors vanish, for example, when the dimension of features equals the
number of states and the parameterized policy space is sufficiently expressive, then we can achieve
arbitrarily small target accuracy.

To the best of our knowledge, Theorem 1 provides the first finite-time analysis of decentralized AC
under Markovian sampling. To elaborate, under any pre-specified variance o2, of the reward noise, our
result shows that the gradient norm asymptotically converges to the order O(N~1 + N1 4 enitic )

approx
which can be made arbitrarily close to the linear model approximation error g;;g';gx by choosing
sufficiently large batch sizes N, N.. In particular, exact gradient convergence can be achieved when
there is no model approximation error. The overall sample complexity of our decentralized AC is
O(e~?Ine~ 1), matching the state-of-the-art complexity result for centralized AC (60). Moreover,
with proper choices of the batch sizes N, N. = O(e~!), the overall communication complexity is

significantly reduced to O(e~!1lne1).

The proof of Theorem 1 relies on developing several new algorithmic and technical developments
to reduce the communication complexity of both the decentralized actor and critic updates while
establishing tight convergence error bounds for both components. We further elaborate on these novel
technical developments below.

* To achieve an overall reduced communication complexity, we adopt mini-batch updates in both the
actor and critic steps to reduce the communication frequency, as opposed to the single sample-based
update adopted in the existing work on decentralized TD learning (46). Specifically, in the analysis
of the decentralized TD described in Algorithm 2 (see Lemma D.4), the mini-batch updates with
batch size O(e~!) substantially improve the communication complexity from O(e~ ' Ine™ 1) to
O(In e~1) while help achieve the state-of-the-art sample complexity. Eventually, this together
with the mini-batch updates in the decentralized actor steps help achieve the desired overall low
communication complexity.

* To achieve the state-of-the-art overall sample complexity, it is critical that the policy gradient
vanishes fast, which further requires a fast convergence of the decentralized TD learning. However,
although the standard 7. decentralized mini-batch TD updates can yield a small convergence error
for the global critic model (i.e., the average of all local critic models), it still suffers from a relatively
large consensus error. To resolve this issue, we introduce an additional 77, global consensus steps
in Algorithm 2 to reduce the consensus error. It is proved that a small number O(In e~ !) of such
steps suffices to yield a desired TD error.

* We inject random noises into the local raw rewards Rim) to protect the information. These noises

introduce additional Markovian bias and variance to the local policy gradients in (4). Fortunately,
as proved in Lemma D.6, by applying mini-batch policy gradient updates, we are able to control
the bias and variance induced by the noisy rewards to an acceptable level that does not affect the
overall sample and communication complexities.

5 DECENTRALIZED NATURAL AC

Natural actor-critic (NAC) is a popular variant of the AC algorithm. It utilizes a Fisher information
matrix to perform a natural policy gradient update, which helps attain the globally optimal solution in
terms of the function value convergence. In this section, we develop a fully decentralized version of
the NAC algorithm that is sample and communication-efficient.
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Algorithm 3 Decentralized Natural Actor-Critic

Initialize: Actor-critic parameters wy, 6_1, natural policy gradient /_1.
for actor iterationst = 0,1,...,T — 1 do
» Critic update on 6,: by Algorithm 2.
for agents m = 1, ..., M in parallel do
for iterations k =0,1,..., K — 1 do
» Collect N k Markovian samples following eq. (2).

» Send }NBE and z( ™) and perform 7" and T, local average steps, respectively.

» Estimate local gradrent @w(m) fus (he1) following eqs. (8) and (4).
» Perform SGD update in eq. (9).
end

» Actor update on w;: w7 = w™ + ah{™.

end

end

unrform { 1

Output: w4 with T ,2,..., T}

A major challenge of developing fully decentralized NAC algorithm is computing the inverse Fisher
information matrix-vector product involved in the natural policy gradient update. To explain, first
recall the exact natural policy gradient update of the centralized NAC algorithm, i.e., wiy1 =
wi + aF (wy) "'V J (wy), where F(w;) := B, u, a,mm, (-fs0) [V (ar|s)i(ar]se) 7] is the Fisher
information matrix. However, in the multi-agent case, it is challenging to perform the natural policy
gradient update in a decentralized manner. This is because the Fisher information matrix F'(w;) is
based on the concatenated multi-agent score vector ¢, (a;|s¢) = [wfl)( (1) [s¢); .. (M)( §M) |s¢)]
and the inverse matrix-vector product F'(w;) =1V .J(w;) is not separable w1th regard to each agent’s
policy parameter dimensions. Next, we develop a fully decentralized scheme to implement the
natural policy gradient update in the multi-agent setting.

First, note that the natural policy gradient update h(w;) := F(w;)"1VJ(w;) is equivalent to the
solution of a quadratic program, i.e.,

h(w) = arg rn’}n fur(h) = %hTF(wt)h — VJ(w) "h. (7

Therefore, we can apply K steps of SGD with Markovian sampling to solve this problem and obtain
an estimated natural policy gradient update. Specifically, starting from the initialization h; 0 = hy_1
(obtained in the previous iteration), in the k-th SGD step, we sample a mini-batch Bt g of Ny

Markovian samples to estimate V f,, (h) as ]\}k D icB, . Ve (ailsi) e (ailsi) The gy — VJ(wt, Bik),
where V.J (wy; By i) is estimated in the same decentralized way as eq. (4) using the mini-batch
of samples B; ;. In particular, each agent m needs to compute the corresponding local gradi-
ent N%c ZieBt,k 2Sm)(agm)|si) [wt(ai\si)—rht’k} — V) J(wy; By i), in which d)t(m)(az(»m) |s;) and
Vom J (wi; By i) can be computed/estimated by the agent m. Then, it suffices to obtain an estimate

of the scalar ¢ (a;|s;) T hy . which can be rewritten as S~ /(™ (a{™|5,)Th{™ . This summa-
tion can be easily estimated by the decentralized agents through local averaging. Specifically, each

agent m locally computes 2" o = ™ (a{™ |3¢)Th$) and performs 7, steps of local averaging,
ie., 31(721 >omrent, W Zi(,l ). £=0,1,...,T. — 1. After that, the quantity Mz(”%) can be

proven to converge to the desired summation E;Vf:l wtm (a; (m) s )Th( ' exponentially fast. Finally,
the local gradient for agent m is approximated as

wim) fuo, (he ) = — Z 1/1(m) (m)| i)Z; (m) — Voo J (wi; Bik)- (8)
kieB,
Then, the agent m performs the following SGD updates to obtain hff”) = hg”;g
Wy = b =0V gom fur (her), k=0, K —1. 9)
3Spec1ﬁcally, the mini-batch B; ;, contains sample indices {tN + Zk, oNkry . N + Z’;,ZO Ny — 1}.



Under review as a conference paper at ICLR 2022

We emphasize that the above mini-batch SGD updates use Markovian samples. In particular, as
shown in Section 6, we need to develop an adaptive batch size scheduling scheme for this SGD in
order to reduce its sample complexity. We summarize the decentralized NAC in Algorithm 3.

6 FINITE-TIME CONVERGENCE ANALYSIS OF DECENTRALIZED NAC

To analyze the decentralized NAC, we introduce the following additional standard assumptions.
Assumption 6. There exists a constant Ag > 0 such that Apin (F(w)) > Arp > 0,Vw € Q.

Assumption 7. There exists C, > 0 such that for w* = arg max,,cq J(w) and any w € Q,

Esnvy, ammo(]5) [(M) 2} < C2

V,(8)my(als)

Assumption 6 ensures that the Fisher information matrix F'(w) is uniformly positive definite, and
is also considered in (65; 29; 62). Assumption 7 regularizes the discrepancy between the stationary
state-action distributions v« (s) 7, (a|s) and v,,(s)7,,(a|s) (54; 59).

We obtain the following finite-time convergence result of the decentralized NAC algorithm.

Throughout, we follow (54; 60; 62) and define the actor approximation error as C;‘gg;{,x

sup, mingEg oy, oo (1s) [ (Vw(als) Th — Au(s, a))Q]. All universal constants are listed in Ap-
pendix F.
Theorem 2. Let Assumptions 1-7 hold and adopt the hyperparameters of the decentralized TD in
2 2
Algorithm 2 following Lemma D.4. Choose hyperparameters o« < min (1, ﬁ%i, %), B8 <1,
2304C7 (k+1—p)
nA%(1—p)(A—nAp /2)(K-1/2

In(3D;C3)

Ino

! In M 1 In3
T221na‘jv1’7]§ff/,’Tzz ®1,K2W,NZ

and Ny, o< (1 —n\p/2)~*/2. Then, the output of Algorithm 3 satisfies

(& )\ (Kﬁl)/4 / / C
J(W) = ]E[‘](wf)] <o +cis (1 - M) + 6190% + 6200% + C2150% + 23

“Ta 2 VN
AB Te/2 iti critic *
+ c22 (]— - ?B) + 01/1 \/ ClGCs;Z%X + C24 approx +C \/ g[ﬁ[z;;;x'

Moreover, to achieve J(w*) — E[J(wz)] < € for any e > 20y, [ei6Cgitic, + 2cou(Soiic 4
20\ /Cactor , we can choose T = O(e™'), N,N. = O(e™?), T, T,, T, T., K = O(lne™"). Con-
sequently, the overall sample complexity is T(T.N. + N) = O(e 3 Ine1), and the communication

complexities for synchronizing linear model parameters and rewards are T(T.+T.) = O(e *Ine™ 1)
and TT' = O(e 1 Ine™1), respectively.

Theorem 2 provides the first finite-time analysis of fully decentralized natural AC algorithm. Our

result proves that the function value optimality gap converges to the order O (Nc_ 12 4 Cgf,gigx +

\/ ggggx), which can be made arbitrarily close to the actor and critic approximation error by choosing
a sufficiently large batch size V.. In particular, exact global optimum can be achieved when there
is no model approximation error. We note that the overall sample complexity of our decentralized
NAC is O(e 3 Ine~!), matching the state-of-the-art complexity result for centralized NAC (60).
Moreover, with the mini-batch updates, the overall communication complexity is significantly reduced
to O(e 1lne 1.

Similar to that of Theorem 1, our analysis of Theorem 2 also leverages the mini-batch decentralized
TD updates to reduce the communication complexity and deal with the bias and variance of the
local policy gradient introduced by noisy rewards. In addition, decentralized NAC uses mini-batch
SGD with Markovian sampling to solve the quadratic problem in eq. (7). Here, we use a special
geometrically increasing batch size scheduling scheme, i.e., Nj o< (1 — nAr/2)"*/2, to achieve

the best possible convergence rate under the total sample budget that Zle Nj, = N and obtain
the desired overall sample complexity result. Such an analysis of SGD with Markovian sampling
under adaptive batch size scheduling has not been studied in the literature and can be of independent
interests.
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Figure 1: Comparison of accumulated discounted reward J(w;) among decentralized AC-type
algorithms in a ring network with sparse connections .

7 EXPERIMENTS

We simulate a fully decentralized ring network with 6 agents. Please refer to Appendix E for
detailed environment setup. We implement four decentralized AC-type algorithms and compare their
performance, namely, our Algorithms | and 3, an existing decentralized AC algorithm (Algorithm 2 of
(70)) that uses a linear model to parameterize the agents’ averaged reward (we name it DAC-RP1 for
decentralized AC with reward parameterization), and our proposed modified version of DAC-RP1 to
incorporate minibatch, which we refer to as DAC-RP100 with batch size N = 100. For our Algorithm
1, we choose T' = 500, T, = 50, T, = 10, N. = 10, T =T, = 5, 3 = 0.5, {o,, }5,_; = 0.1, and
consider batch size choices N = 100, 500, 2000. Algorithm 3 uses the same hyperparameters as
those of Algorithm | except that 7' = 2000 in Algorithm 3. For DAC-RP1, we set learning rates
Bo = 2(t+1)7%, 3, = 5(t + 1)~°® and batch size N = 1 as mentioned in (70). The modified
DAC-RP100 adopts the same learning rates as Algorithm 1 with N = 100.

Figure 1 plots the accumulated reward J(w;) v.s. communication and sample complexity. Each
curve includes 10 repeated experiments, and its upper and lower envelopes denote the 95% and 5%
percentiles of the 10 repetitions, respectively. For our decentralized AC algorithm (left two figures),
its communication and sample complexities for achieving a high accumulated reward are significantly
reduced under a larger batch size /N. This matches our theoretical understanding in Theorem 1 that
alarge N helps reduce the communication frequency and policy gradient variance. In comparison,
DAC-RPI1 (with N = 1) has almost no improvement on the accumulated reward. Moreover, although
the modified DAC-RP100 (with N = 100) outperforms DAC-RP1, its performance is much worse
than our Algorithm | with N = 100. This performance gap is due to two reasons: (i) Both DAC-RP
algorithms suffer from an inaccurate parameterized estimation of the averaged reward, and their mean
relative reward errors are over 100%. In contrast, our noisy averaged reward estimation achieves a
mean relative error in the range of 10~° ~ 10~%;(ii) Both DAC-RP algorithms apply only a single
TD update per-round, and hence suffers from a large mean relative TD error (about 2% and 1%
for DAC-RP1 and DAC-RP100, respectively)whereas our algorithms perform multiple TD learning
updates per-round and achieve a smaller mean relative TD error (about 0.3%). For our decentralized
NAC algorithm (right two figures), one can make similar observations and conclusions.

8 CONCLUSION

We developed fully-decentralized AC and NAC algorithms that are efficient and do not reveal agents’
local actions and policies . The agents share noisy reward information and adopt mini-batch updates
to improve sample and communication efficiency. Under Markovian sampling and linear function
approximation, we proved that our decentralized AC and NAC algorithms achieve the state-of-the-art
sample complexities O(e~2Ine~ 1) and O(e~3In e~ 1), respectively, and they both achieve a small
communication complexity O(e~! Ine~1). Numerical experiments demonstrate that our algorithms
achieve better sample and communication complexity than the existing decentralized AC algorithm
that adopts reward parameterization.

10



Under review as a conference paper at ICLR 2022

REFERENCES

[1] A. Agarwal, S. M. Kakade, J. D. Lee, and G. Mahajan. On the theory of policy gradient methods:
Optimality, approximation, and distribution shift. ArXiv:71908.00261, 2019.

[2] C. Alfano and P. Rebeschini. Dimension-free rates for natural policy gradient in multi-agent
reinforcement learning. ArXiv:2109.11692, 2021.

[3] Q. Bai, M. Agarwal, and V. Aggarwal. Joint optimization of multi-objective reinforcement
learning with policy gradient based algorithm. ArXiv:2105.14125, 2021.

[4] J. Bhandari, D. Russo, and R. Singal. A finite time analysis of temporal difference learning with
linear function approximation. In Proc. Conference on Learning Theory (COLT), volume 75,
pages 1691-1692, 2018.

[5] S. Bhatnagar. An actor—critic algorithm with function approximation for discounted cost
constrained markov decision processes. Systems & Control Letters, 59(12):760-766, 2010.

[6] S. Bhatnagar, M. Ghavamzadeh, M. Lee, and R. S. Sutton. Incremental natural actor-critic
algorithms. In Proc. Advances in Neural Information Processing Systems (NeurIPS), volume 20,
pages 105-112, 2007.

[7] S. Bhatnagar, R. S. Sutton, M. Ghavamzadeh, and M. Lee. Natural actor—critic algorithms.
Automatica, 45(11):2471-2482, 2009.

[8] G. Bono, J. S. Dibangoye, L. Matignon, F. Pereyron, and O. Simonin. Cooperative multi-agent
policy gradient. In Proc. Joint European Conference on Machine Learning and Knowledge
Discovery in Databases (ECML PKDD), pages 459—-476, 2018.

[9] L. Cassano, K. Yuan, and A. H. Sayed. Multi-agent fully decentralized value function learning
with linear convergence rates. IEEE Transactions on Automatic Control, 2020.

[10] B. Chalaki and A. A. Malikopoulos. A hysteretic g-learning coordination framework for
emerging mobility systems in smart cities. ArXiv:2011.03137, 2020.

[11] B. Chen, M. Xu, Z. Liu, L. Li, and D. Zhao. Delay-aware multi-agent reinforcement learning.
ArXiv:2005.05441, 2020.

[12] Z. Chen, Y. Zhou, and R. Chen. Multi-agent off-policy td learning: Finite-time analysis with
near-optimal sample complexity and communication complexity. ArXiv:2103.13147,2021.

[13] C. Daskalakis, D. J. Foster, and N. Golowich. Independent policy gradient methods for
competitive reinforcement learning. ArXiv:2101.04233, 2021.

[14] T. Doan, S. Maguluri, and J. Romberg. Finite-time analysis of distributed TD(0) with linear func-
tion approximation on multi-agent reinforcement learning. In Proc. International Conference
on Machine Learning (ICML), volume 97, pages 1626—1635, 09—15 Jun 2019.

[15] J. Foerster, G. Farquhar, T. Afouras, N. Nardelli, and S. Whiteson. Counterfactual multi-agent
policy gradients. In Proc. Association for the Advancement of Artificial Intelligence (AAAI),
volume 32, 2018.

[16] A. Ghosh and V. Aggarwal. Model free reinforcement learning algorithm for stationary mean
field equilibrium for multiple types of agents. ArXiv:2012.15377, 2020.

[17] D. Hennes, D. Morrill, S. Omidshafiei, R. Munos, J. Perolat, M. Lanctot, A. Gruslys, J.-B.
Lespiau, P. Parmas, E. Duéfiez-Guzmadn, et al. Neural replicator dynamics: Multiagent learning
via hedging policy gradients. In Proc. International Conference on Autonomous Agents and
MultiAgent Systems (AAMAS), pages 492-501, 2020.

[18] P. Heredia, H. Ghadialy, and S. Mou. Finite-sample analysis of distributed g-learning for
multi-agent networks. In 2020 American Control Conference (ACC), pages 3511-3516, 2020.

[19] P.C. Heredia and S. Mou. Distributed multi-agent reinforcement learning by actor-critic method.
IFAC-PapersOnlLine, 52(20):363-368, 2019.

11



Under review as a conference paper at ICLR 2022

[20] S. M. Kakade. A natural policy gradient. In Proc. Advances in Neural Information Processing
Systems (NeurIPS), volume 14, 2001.

[21] S. Kar, J. M. F. Moura, and H. V. Poor. Qd-learning: A collaborative distributed strategy for
multi-agent reinforcement learning through consensus + innovations. IEEE Transactions on
Signal Processing, 61(7):1848-1862, 2013.

[22] V. Konda. Actor-critic algorithms (ph.d. thesis). Department of Electrical Engineering and
Computer Science, Massachusetts Institute of Technology, 2002.

[23] V. R. Konda and J. N. Tsitsiklis. Actor-critic algorithms. In Proc. Advances in Neural
Information Processing Systems (NeurlPS), pages 1008—-1014, 2000.

[24] V. Krishnamurthy, M. Maskery, and G. Yin. Decentralized adaptive filtering algorithms for
sensor activation in an unattended ground sensor network. IEEE Transactions on Signal
Processing, 56(12):6086-6101, 2008.

[25] H. Kumar, A. Koppel, and A. Ribeiro. On the sample complexity of actor-critic method for
reinforcement learning with function approximation. ArXiv:1910.08412, 2019.

[26] Y. Lin, Y. Luo, K. Zhang, Z. Yang, Z. Wang, T. Basar, R. Sandhu, and J. Liu. An asyn-
chronous multi-agent actor-critic algorithm for distributed reinforcement learning. In NeurIlPS
Optimization Foundations for Reinforcement Learning Workshop, 2019.

[27] Y. Lin, K. Zhang, Z. Yang, Z. Wang, T. Basar, R. Sandhu, and J. Liu. A communication-efficient
multi-agent actor-critic algorithm for distributed reinforcement learning. In 2019 IEEE 58th
Conference on Decision and Control (CDC), pages 5562-5567, 2019.

[28] R. Liu and A. Olshevsky. Distributed td (0) with almost no communication. ArXiv:2104.07855,
2021.

[29] Y. Liu, K. Zhang, T. Basar, and W. Yin. An improved analysis of (variance-reduced) policy gra-
dient and natural policy gradient methods. In Proc. Advances in Neural Information Processing
Systems (NeurIPS), volume 33, pages 7624—7636, 2020.

[30] R. Lowe, Y. Wu, A. Tamar, J. Harb, P. Abbeel, and I. Mordatch. Multi-agent actor-critic for
mixed cooperative-competitive environments. ArXiv:1706.02275, 2017.

[31] Y. Luo, Z. Yang, Z. Wang, and M. Kolar. Natural actor-critic converges globally for hierarchical
linear quadratic regulator. ArXiv:1912.06875, 2019.

[32] X. Lyu, Y. Xiao, B. Daley, and C. Amato. Contrasting centralized and decentralized critics in
multi-agent reinforcement learning. ArXiv:2102.04402, 2021.

[33] X. Ma, Y. Yang, C. Li, Y. Lu, Q. Zhao, and Y. Jun. Modeling the interaction between agents in
cooperative multi-agent reinforcement learning. ArXiv:2102.06042, 2021.

[34] S. V. Macua, J. Chen, S. Zazo, and A. H. Sayed. Distributed policy evaluation under multiple
behavior strategies. IEEE Transactions on Automatic Control, 60(5):1260-1274, 2014.

[35] D.J. Ornia and M. Mazo Jr. Event-based communication in multi-agent distributed g-learning.
ArXiv:2109.01417,2021.

[36] J. Perolat, B. Piot, and O. Pietquin. Actor-critic fictitious play in simultaneous move multistage
games. In Proc. International Conference on Artificial Intelligence and Statistics, pages 919—
928, 2018.

[37] J. Peters and S. Schaal. Natural actor-critic. Neurocomputing, 71(7-9):1180-1190, 2008.

[38] S. Qiu, Z. Yang, J. Ye, and Z. Wang. On the finite-time convergence of actor-critic algorithm.
In NeurIPS Optimization Foundations for Reinforcement Learning Workshop, 2019.

[39] W. Qiu, X. Wang, R. Yu, R. Wang, X. He, B. An, S. Obraztsova, and Z. Rabinovich. Rmix:
Learning risk-sensitive policies forcooperative reinforcement learning agents. In Proc. Advances
in Neural Information Processing Systems (NeurlPS), 2021.

12



Under review as a conference paper at ICLR 2022

[40] C. Qu, S. Mannor, H. Xu, Y. Qi, L. Song, and J. Xiong. Value propagation for decentralized
networked deep multi-agent reinforcement learning. In Proc. Advances in Neural Information
Processing Systems (NeurIPS)), pages 1184-1193, 2019.

[41] R. Saha, S. Rini, M. Rao, and A. Goldsmith. Decentralized optimization over noisy, rate-
constrained networks: How to agree by talking about how we disagree. ArXiv:2010.11292,
2020.

[42] M. Shaocong, Z. Yi, and Z. Shaofeng. Variance-reduced off-policy tdc learning: Non-asymptotic
convergence analysis. In Proc. Advances in Neural Information Processing Systems (NeurlPS),
2020.

[43] N. Singh, D. Data, J. George, and S. Diggavi. Squarm-sgd: Communication-efficient momentum
sgd for decentralized optimization. ArXiv:2005.07041, 2020.

[44] S. Srinivasan, M. Lanctot, V. Zambaldi, J. Pérolat, K. Tuyls, R. Munos, and M. Bowling. Actor-
critic policy optimization in partially observable multiagent environments. ArXiv:1810.09026,
2018.

[45] M. S. Stankovi¢ and S. S. Stankovi¢. Multi-agent temporal-difference learning with linear
function approximation: Weak convergence under time-varying network topologies. In Proc.
American Control Conference (ACC), pages 167-172, 2016.

[46] J. Sun, G. Wang, G. B. Giannakis, Q. Yang, and Z. Yang. Finite-sample analysis of decentral-
ized temporal-difference learning with linear function approximation. In Proc. International
Conference on Artificial Intelligence and Statistics (AISTATS), pages 44854495, 2020.

[47] W. Suttle, Z. Yang, K. Zhang, Z. Wang, T. Basar, and J. Liu. A multi-agent off-policy actor-critic
algorithm for distributed reinforcement learning. ArXiv:1903.06372, 2019.

[48] R. S. Sutton and A. G. Barto. Reinforcement learning: An introduction (Second Edition). 2018.

[49] R. S. Sutton, D. McAllester, S. Singh, and Y. Mansour. Policy gradient methods for rein-
forcement learning with function approximation. In Proc. Advances in Neural Information
Processing Systems (NeurIPS), volume 12, 2000.

[50] R. S. Sutton, D. A. McAllester, S. P. Singh, Y. Mansour, et al. Policy gradient methods for
reinforcement learning with function approximation. In Proc. Advances in Neural Information
Processing Systems (NeurIPS), volume 99, pages 1057-1063, 1999.

[51] E Venturini, F. Mason, F. Pase, F. Chiariotti, A. Testolin, A. Zanella, and M. Zorzi. Distributed
reinforcement learning for flexible and efficient uav swarm control. ArXiv:2103.04666, 2021.

[52] H.-T. Wai, Z. Yang, Z. Wang, and M. Hong. Multi-agent reinforcement learning via double
averaging primal-dual optimization. In Proc. Advances in Neural Information Processing
Systems (NeurIPS), pages 9672-9683, 2018.

[53] G. Wang, S. Lu, G. Giannakis, G. Tesauro, and J. Sun. Decentralized td tracking with linear
function approximation and its finite-time analysis. In Proc. Advances in Neural Information
Processing Systems (NeurIPS), volume 33, 2020.

[54] L. Wang, Q. Cai, Z. Yang, and Z. Wang. Neural policy gradient methods: Global optimality and
rates of convergence. ArXiv:1909.01150, 2019.

[55] W. Wang, J. Hao, Y. Wang, and M. Taylor. Achieving cooperation through deep multiagent
reinforcement learning in sequential prisoner’s dilemmas. In Proc. of International Conference
on Distributed Artificial Intelligence (DAI), pages 1-7, 2019.

[56] Y. F. Wu, W. ZHANG, P. Xu, and Q. Gu. A finite-time analysis of two time-scale actor-critic
methods. In Proc. Advances in Neural Information Processing Systems (NeurIPS), volume 33,
pages 17617-17628, 2020.

[57] B. Xiao, B. Ramasubramanian, and R. Poovendran. Shaping advice in deep multi-agent
reinforcement learning. ArXiv:2103.15941, 2021.

13



Under review as a conference paper at ICLR 2022

[58] T. Xu and Y. Liang. Sample complexity bounds for two timescale value-based reinforcement
learning algorithms. ArXiv:2011.05053, 2020.

[59] T. Xu, Y. Liang, and G. Lan. A primal approach to constrained policy optimization: Global
optimality and finite-time analysis. ArXiv:2011.05869, 2020.

[60] T. Xu, Z. Wang, and Y. Liang. Improving sample complexity bounds for (natural) actor-critic
algorithms. In Proc. Advances in Neural Information Processing Systems (NeurIPS), volume 33,
2020.

[61] T. Xu, Z. Wang, and Y. Liang. Non-asymptotic convergence analysis of two time-scale (natural)
actor-critic algorithms. ArXiv:2005.03557, 2020.

[62] T. Xu, Z. Yang, Z. Wang, and Y. Liang. Doubly robust off-policy actor-critic: Convergence and
optimality. ArXiv:2102.11866, 2021.

[63] T.Xu, S.Zou, and Y. Liang. Two time-scale off-policy td learning: Non-asymptotic analysis over
markovian samples. In Proc. Advances in Neural Information Processing Systems (NeurlPS),
pages 10634—-10644, 2019.

[64] Z. Yan, N. Jouandeau, and A. A. Cherif. A survey and analysis of multi-robot coordination.
International Journal of Advanced Robotic Systems, 10(12):399, 2013.

[65] L. Yang, Q. Zheng, and G. Pan. Sample complexity of policy gradient finding second-order
stationary points. ArXiv:2012.01491, 2020.

[66] E. Yanmaz, M. Quaritsch, S. Yahyanejad, B. Rinner, H. Hellwagner, and C. Bettstetter. Com-
munication and coordination for drone networks. In Proc. International Conference on Ad Hoc
Networks, pages 79-91, 2017.

[67] M. Yuan, Q. Cao, M.-o. Pun, and Y. Chen. Towards user scheduling for 6g: A fairness-oriented
scheduler using multi-agent reinforcement learning. ArXiv:2012.15081, 2020.

[68] H.Zhang, H. Jiang, Y. Luo, and G. Xiao. Data-driven optimal consensus control for discrete-
time multi-agent systems with unknown dynamics using reinforcement learning method. /EEE
Transactions on Industrial Electronics, 64(5):4091-4100, 2016.

[69] K. Zhang, Z. Yang, and T. Basar. Networked multi-agent reinforcement learning in continuous
spaces. In Proc. 2018 IEEE Conference on Decision and Control (CDC), pages 2771-2776.
IEEE, 2018.

[70] K.Zhang,Z. Yang, H. Liu, T. Zhang, and T. Basar. Fully decentralized multi-agent reinforcement
learning with networked agents. In Proc. International Conference on Machine Learning
(ICML), pages 5872-5881, 2018.

[71] W. Zhang, H. Liu, F. Wang, T. Xu, H. Xin, D. Dou, and H. Xiong. Intelligent electric vehicle
charging recommendation based on multi-agent reinforcement learning. ArXiv:2102.07359,
2021.

[72] Y. Zhang and M. M. Zavlanos. Distributed off-policy actor-critic reinforcement learning with
policy consensus. In Proc, Conference on Decision and Control (CDC), pages 4674—4679,
2019.

[73] Y. Zhao, Y. Tian, J. D. Lee, and S. S. Du. Provably efficient policy gradient methods for
two-player zero-sum markov games. ArXiv:2102.08903, 2021.

14



Under review as a conference paper at ICLR 2022

Appendix

Table of Contents
A Notations 15
B Proof of Theorem 1 16
C Proof of Theorem 2 17
D Supporting Lemmas 20
E Experiment Setup and Additional Results 37
E.1 ExperimentSetup . . . . . . . . . . . e 37
E.2 Gradient Norm Convergence Results in Ring Network . . . . . ... ... ... 38
E.3 Additional Experiments in Fully Connected Network . . . . . . ... ... ... 39
E4 Two-agent Cliff Navigation . . . . . ... ... ... ... .. . ...... 40
F Constant scalars 41

A NOTATIONS

Norms: For any vector =, we denote ||z|| as its £2 norm. For any matrix X, we denote || X ||, || X || 7
as its spectral norm and Frobenius norm, respectively.

Difference matrix: A := 1 — ﬁllT, where 1 denotes a column vector that consists of 1s.

Moments of random vectors: For a random vector X, we define its variance and covariance matrix
as Var(X) := E[|X — EX||? and Cov(X) := E([X — EX][X — EX]"), respectively. It is well
known that E|| X||? = Var(X) + ||EX||? and that Var(X) = tr[Cov(X)].

Score function: At any time ¢, The joint score function 1;(a¢|s:) := V,, Inm(as|s;) can be de-

composed into individual score functions ¥{"™ (a{™|s;) 1= Vom In 7™ (a{™|s;) as 1y (as|s;) =

e (@ so), 0™ (@™ s0))
Reward functions: At any time ¢, we denote Rgm) = R™) (s, a4,5,11) and Ry := R(s, a1, S¢41),
where R(s,a,s') = +; Z%Zl R™)(s,a,s).
Policy gradient: The policy gradient theorem (50) shows that
VJ(w)=E,, [Aw(s, a), (s, a)]. (10)

where A, (s,a) = Qu(s,a) — Vi,(s) denotes the advantage function. In the decentralized case,
we have the approximations V,,(s;) &~ ¢(s¢) "0, Qu (s, ar) = Ry + vé(s,,1) "0 where s, ~
P(:|s¢, ar). Therefore, we can stochastically approximate the partial policy gradient as eq. (1), i.e.,
form=1,.., M,

Vot I @) [ Ry +70(s,.0) 01 = 0(s0) 0™ ™ (al™]50).
We also define the following mini-batch stochastic (partial) policy gradient.
Voo T (wi) = % SENY R0, TO™ = 6050 T0™ ™ (a™)sy).

V(W) i= [V J(@e); -+ Voan I (we)]-
Filtrations: We define the following filtrations for Algorithms 1 & 3.
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5, o))

k’=0
B PROOF OF THEOREM 1

Theorem 1. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD

in Algorithm 2 following Lemma D.4. Choose o < ﬁ, T > 21“7]\41 Then, the output of the
decentralized AC in Algorithm 1 has the following convergence rate.
4Rm x Te der | Aeg critic
E|:HVJ H :| - vmax (C40’W +C5620W )+406(1—76> +W+F+64Cw appfr()x'

Moreover, to achieve IE[HVJ(wf)H } < € for any € > 12803) ;;g;;x we can choose T, N, N, =
O(e Y and T.,T!, T" = O(Ine1). Consequently, the overall sample complexity is T(T.N.+N) =
O(e 2Ine™ 1), and the communication complexities for synchronizing linear model parameters and

rewards are T(T. +T!) = O(e ' Ine™t) and TT' = O(e " Ine™ 1), respectively.

Proof. Concatenating all the agents’ actor updates in Algorithm 1, we obtain the joint actor update
wi+1 = wr + aVJ(wy). Then, the item 7 of Lemma D.5 implies that

L
J(wig1) > J(we) + VI (wp) T (wrg1 — we) — %HMM —

= J(wi) + aVJI(w) VI (wy) —

g J(we) + a|| VI (w)||* + aVJ(wt)T(§J(wt) - VJ(w))
— Ly?|| VI (we) — VI (wi)||” = Lsa?||VI ()|

= st + (5 = L0 IV I @I = (5 + Lo [9900) = T1(w0)|P

(iii) a _ )

> J(w) + L IVI@)I? = o[V (wr) = VJ (@)

where (i) and (ii) use the inequalities [|z||* < 2[|z — y||> + 2|jy[[? and 2Ty > —1[|z||* — 3[|y|?
for any z,y € RY, respectively, and (iii) uses the condition that v < z7—. Then, summing up the
inequality above overt = 0,1,...,7T — 1 yields that

T(wr) > J(wo) Z VI (@)% - a Z 19 (we) — VI ()|

Rearranging the equation above and taking expectation on both sides yields that

1 T-1
E[|VJ(@g)|” = 7 D EIVI@)I?
t=0
4 = 2
< Bl (wr) — J(wo)] + 7 > E[[[VI(wr) - @[]
) 4Rua
< — To +4c 40 —|— 405620W + 4cg (1 — *5)
deg | 4cg critic
N N, (11

where (i) uses the item 4 of Lemma D.5 and eq. (39) of Lemma D.6 (The condition of Lemma D.6
that 7" > % holds). This proves the error bound of Theorem 1.
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approx?
make the error bound in (11) smaller than € and also satisfy the conditions of this Theorem and those

inLemmaD.4thatﬁ§min(’\032,/\‘;,203) N, >( +2ﬂ)1920(’§+w

Finally, for any € > 128C7 (sls., it can be easily verified that the following hyperparameter choices

« =min (1, i) =0(1)
. A 4 1—o0o

B =min (@, g E) =0(1)

T = —48];%—‘ =0(eh)
T = —ﬁ max [ In(48c4e™ '), In M” =O(In(e ™))

, [In(48c5B%et 1
T, = (2111(5061))—‘ :O(ln(e ))

[ In(48cge™t) B 1

Te=5ma = /\26/4)—1]W = O(In(e™))

N= _48:7] =0

_ ‘ 2 o —

N, =| max [%7, (é +28) 1926?1[1—J;§AB 1)/)]H =0(e™h) (12)

C PROOF OF THEOREM 2

Theorem 2. Let Assumptions 1-7 hold and adopt the hyperparameters of the decentralized TD in
2
Algorithm 2 following Lemma D.4. Choose hyperparameters o < min (1, 4L>‘JFCQ 3L ) 68 <1,

’ In M . In3 230404(“1 )
= 2lnoy,!’ S 202’ T. > Inot K > In(1-nAp/2)— 1 N > AL (1—p)(1—nAp /2)(K-1)/2

and Ny, «x (1 — 77x\p/2) k/2_ Then, the output of Algorithm 3 satisfies

In(3D,C3)

C23

77)\F (K 1)/4 T, T’ Tr/
) + cr9oy + co00yy + o105 + NiA

J(w*) — E[J(wg)] g% + c18(1 -2E

1 )\B Te/2 C critic critic actor
+ C22 - ] g +Cy ClGCapprox + 024<appr0x approx*

Moreover, to achieve J(w*) — E[J(wz)] < € for any € > 20y [c16CShs . + 2coaCie +
20, /¢actor  we can choose T = O(e™ '), N,N. = O(e?), T, T,, T",T., K = O(Ilne"'). Con-
sequently, the overall sample complexity is T(T.N. + N) = O(e 3 Ine 1), and the communication

complexities for synchronizing linear model parameters and rewards are T(T.+T.) = O(e "t Ine~ 1)
and TT' = O(e~tIne 1), respectively.

Proof. Concatenating all the agents’ actor updates in Algorithm 3, we obtain the joint actor update

wit1 = wy + ahy. Then, the item 7 of Lemma D.5 implies that

L
J(wt+1) Z J(wt) + VJ(wt)T(th — wt) — JHWHJ — th2

L]O[

= J(wr) + aVJ (wr) The = 22 e

(zi) J(wy) + aVJ(wt)TF(wt)71VJ(wt) +aVJ(w) " [hy — hwy))
— Lya®||hy = h(w)||” = Lyo?||F(w) 'V (@)

17
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(@) e «@ Lja? 9 Oéci 2 2
= J(w) + (073) Ta07 Y)HVJ(M)H - (T + Ly )Hht — h(w) ||

(ii) o
> J(wi) + g VI (@) = aC2||he — h(wy)||”
iC?

where (i) uses the notation that /(w;) 2 F(w;)™'VJ(w;) and the inequality that ||z||? < 2||z —
y||2 + 2||y|? for any z,y € R, (ii) uses the item 3 of Lemma D.7 and the inequality that = 'y >

2
Ci l|z||* — ’” |ly||? for any z,y € R, and (iii) uses the condition that o < min (4].:\202 , QC;J )
Taking expectatlon on both sides of the above inequality, summing over ¢t = 0,1,...,7 — 1 and
rearranging, we obtain that
402 4 — 9
= ZEHW P < 2Bl (wr) - 71” Z e = Bl
'L C Rmax A - )/2 /
< T 403} {010 (1 — UTF) + 0110'2Tz + 6120'2T
! A Te C15 Titi
oo™ e (1= 578) "+ et (3

where (i) uses the item 4 of Lemma D.5 and the item 8 of Lemma D.7.

By Assumption 2, In 7, (s, a) is an L,,-smooth function of w. Denote w*:=argmin ., J(w) and
denote E,,» as the unconditional expectation over s ~ v+, a ~ 7, (:|s). We obtain that

E.+ [Inmi41(als) — Inm(als)]

T L
>, [(th Inm(als)) " (wir — wt)] - %EHMH — w?

T Lwaz 2

= aE,- [Yi(als) "he] — =2—E[|[]?]

g olE, - [wt(a|S)T(ht — h(w))] + oo [wt(a|8)Th(Wt) = Au,(5,0)] + 0By [Ay, (s, 0)]
— Lya?B[[hy = b |*] - Loa?E[|[Fe) Vw0

(i

2 —aCyfB[|he — a()][P] — 0. e

approx

+aE[J(w*) = J(we)] = Lya®E[|[he — h(wy)||] = Lya®AZ2E[||VI(@)|°],
where (i) uses the inequality that ||z||? < 2|z — y||?> + 2||y||? for any =,y € R? and the notation
that h(wy) 2 F(w)~'VJ(wy), (ii) uses Cauchy-Schwarz inequality, the items 3 & 6 of Lemma
D.7, the inequality that E[| X || < /E[||X|?] for any random vector X and the equality that
Ew+[Aw, (s,a)] = E[J(w*) — J(w;)] (See its proof in Lemma 3.2 of (1).). Averaging the inequality

above overt =0, 1,...,7 — 1 and rearranging it yields that
=
J(w*) —E[J(wz)] = T > E[J(w)]
t=0
1 = 2
< EE‘”* [In7r(als) — Inmo(als)] 4+ Cuy /CoS00r + % Z \/ [|he = h(we)]|”]
t=0
Lya T-1 o= )
+ = D B[k~ bl Z V@]
t=0 =0

< %Esww* [KL (7o (-[8)[[m0(-|5)) — KL(mu- (-|s)[|mr(-]5))] + C™ /Cinion

A (Kﬁl)/Z ’ i
n F) + cllo_ZTz +6120_2T +613620_2TC
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A T c riti 1/2

+ 014(1 - IBB) + ]\1]-5 + 16C§p1;r((:)xi|
Ap\ (K—1)/2
+ Lwa |:Clo (1 — LQF)

¢ c riti
+ 014(1 - IBB) + ]\1[5 + 16C§p1;r‘(:)x]

2T, o1 2 o’
+ 1107 + c120° Fc13f07 e

27, 27’ 2 _2T!
+ C120 + Clgﬂ g c

Ly 402Rmax
L {11’7 + c110

MAr ) (K-1)/2
AL Ta

401[, [610 (1 -

A N\ cs .
reu(1-S08) + 7+ et )
(i1) 1

< ﬁEswuw* [KL(WW*(‘S)HWO(IS))]+C*\/ﬁ

Ap\ (K—=1)/4
+O¢[W(1—nTF) + oo + e + \JerzBoTe

c
(1= 225)" 4 [ oo,

4Cy, A ~1)/4 , :
+Lw(1+ Nz ){010(1 : F) +eno’s + e’ +ezfo’c

2
Ap N\ Te/? 7 ALYC2 R
+ c14 (1 - Tﬁ> + —= \/ﬁ + Clﬁcgpprf)x} T Tars
111) C )\ K 1)/4 ’ ’ )\ Tc/2
@ )#‘F C18 (1—77717) + c1907= + copo” +62150’TC+622<1—TBB)
F + Cyy/cr6smis, + caaapprox + C* 1/ Cisrs, (14)

where (i) uses the definition of KL divergence that KL(m-(]s)||mw(:|s)) =
Eoro.(s) [ In 7o+ (a]s) — Inm,(als)|s] and egs. (13) & (54), (ii) uses the condition that o < 1 and
the inequality that \/>_ ", z; < > | \/z; forany n € N* and z1,...,z, > 0, (iii) uses the nota-

. 4Ly C3 Rmax 4cy
tions that c17:=Es~,,_. [KL(WUJ*('|S)H7T0("S))]+T c1s = Cy\/C10 +C10Lw(1+ T ),

4cy
c1g = Cy/ci1 + crily (1 + T;)’ co0 = Cy/C12 + c12Ly (1 + ,\T), co1 = Cy/c13 +
4cy 4cy 4C
Clng (1 Tﬁb), Cog = Cw,/014 + 614Lw (]_ + )\2¢)’ Co3 1= Cw\/Cl + 615Lw( «b)’
4
o4 = C16Ly (1 + 2 ) This proves the error bound of Theorem 2.

Finally, for any € > 2Cy,/ci6(Site. + 2cou(Shue, + 2C*/CI%r it can be verified that the
following hyperparameter choices make the error bound in (14) smaller than e and satisfy all

the conditions of this Theorem and those in Lemma D.4 that 5 < min ( )‘CBQ , /\43’ 2CB) N, >
192C%[14(k—1)p]
()\B +25) Bi P))\B £ ‘
AL Of
=mi =0(1
“ mm( "4L,C2 2LJ> S
A 4 1—-o0
=mi =0(1
f=min(l 3625, 26, ) ~ W
1
2C;
14
T :[ 617—‘ =0
o€
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K= _Inax r In3 41n(14cige™ )
= = A2 W (L= mr/2) ]

- 'In(3D;CF) In(14cige?) 1
T. =] max| 1n(0*1)¢7 1n(031) }:Wo[ln(e )]

, T T InM  In(ldegee )7 .
T =| max [2In(c—1)’ ln(azi)l) H—(’)[ln(e )]

7y [N _ 1

S I ™YE)

+1]| = ome )]

T 2111(146226_1) . . 6_1
fe= ln[(l—ABB/zl)*l]1 =Oln)]

- 2304C5 (k + 1 — p)
_ ¥ _ -2
N = i | = O
_[ 2 192C3[1 + (5 — 1)p] 2 =217 _ (-2
N, = max [(g + 25) 196k H = 0(c7?) (15)

D SUPPORTING LEMMAS

First, we extend the Lemma F.3 of (12) to the Lemma D.1 below. The item 1 of Lemma D.1
generalizes the case n = 1 to any n € NT, the items 2 & 3 remain unchanged, and the item 4 is
added for convenience of our convergence analysis.

Lemma D.1. The doubly stochastic matrix W and the difference matrix A = I — ﬁllT have the
following properties:

L AW™ =W"A=W"— 117 foranyn € N*.
2. The spectral norm of W satisfies |W|| = 1.

3. Foranyz € RM andn € NT, |[W"Az|| < ol ||Az|| (ow is the second largest singular value
of W). Hence, for any H € RM>*M ||W"AH| r < ol || AH| .

4w = 5T < oy

’Wn - ﬁllTHF < o,/ M for anyn € N*.

Proof. The proof of items 2 & 3 can be found in (12). We prove the item 1 and item 4.
We prove item 1 by induction. The case n = 1 of the item 1 can be proved by the following two
equalities, as shown in (12).

AW = (I— %HT)W =W — %llTW =W - %11T

WA = W(I— %nT) =W - %WllT =W - %11T

Suppose the case of n = k holds for a certain k € NT, then the following two equalities proves the
case of n = k + 1 and thus proves the item 1.

1

1
AWRT = (AWRW = (WE - 11T )W = whH - T
( ) M M
1 1
WEHLA — W(WEA) = W(Wk _ llT) — Wk 21T
( ) M M
The item 4 can be proved by the following two inequalities.
n 1 T @ n n (@) n (i) n
[wr— 7| Cwral = s (wradS sw o alle] o, a6)

z:||z]| <1 z:||z]| <1
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O]

Hwn_ 1’| @ wral, NN

M

o i o ) <o on

where (i) uses the item 1, (ii) and (iii) use the item 3 (H = I in (iii)), and (iv) uses the fact that
A has M diagnoal entries 1 — ﬁ and M (M — 1) off-diagnoal entries —ﬁ, which implies that
|A] = 1. O

Next, we extend the Lemma F.2. of (12) to the Lemma D.2 below.

Lemma D.2. Suppose the Markovian samples {s;, a; }i>o are generated following the policy m,, and
transition kernel P’ (can be P or P¢), and s;, ~ P(-|s;, a;). Then, for any deterministic mapping
X:SxAXxS xS = RP¥ (p,ge Nt (s,a,s,3)||lr < Cy and for
any s,5',5€ S,a € A, we have

1 ntn'—1 —112
Bl7 3 Xewonsinsin) -],

i=n'

2
1—
Sn/} gwﬂn,n’ eNT  (18)

n(1 - p)

where X = E[X (s, a;,8i41, 5" 8;| with s; ~ p, (or v,) when P’ = P (or Pe).
i+1 3

Proof. Denote Y (s, a,s') :=Ezp(s.0)[X (5,0, '] which satisfies ||Y (s, a,s')|| < C,
and g~ [Y (si,ai, si+1)] = X. Hence, Lemma FE2 of (12) can be applied to Y (s, a,s’) and
obtain the following inequality

(i 2 8C2(k+1—
e[| 2 Ylswonsen) - X[ fsw] <2120 (19)
n(l—p)
Therefore, we obtain that
n+n’—1
|:H* Z X 527a1732+1a z+1) X‘ ‘{szua2731+1} ntn 71:|
=
71+71 2
— =
= HE[ Z X Szaahs’t-‘rla z-l,-l) X {Siaahsi-‘rl}?:;t :|HF
n+n’—1
+Var|:g Z X(Si7ai7si+17s;+1) {szuahSlJrl ’ﬂ+’ﬂ 71:|
i=n'
n+n 2
9L"S ot [
1 n+n’—1
+ﬁ Z Var[X(SwazaSerla 1+1 ‘{Suawserl} ntn’ 71]
i=n'
(“ n+n’—1 2 02
‘f Z Y (si, i, $i41) — XH += 20)
. e . / (t+1)N-1 n+n’—1 -
where (i) uses the conditional independency among {s;, ; },—, v on {s;, a;, Sit1};— . and (ii)
uses the fact that || X (s;, a;, si+1, 5j1)||F <
Finally, eq. (18) can be proved via the following inequality.
n+n’ 2
I Kt - X[
i=n'
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) n+n 2 02
x
< [H* Y (si, ai, 8i41) —XH Sn’:| + ==
F n

286’%(/&4—1—;}) gﬁ<90£(ﬁ+1—p)
n(1—p) n =  n(l-p

where (i) takes the conditional expectation of eq. (20) on s/, and (ii) uses eq. (19). O]

Next, we prove the following Lemmas D.3 & D.4 on the decentralized TD in Algorithm 2. We first
define the following useful notations.

A = Amin (Esmp, [#(s)B(s) T]) > 0, see Assumption 4.

B(s,s') = (s) [qu»(s') —¢(s)] .

t+1)N.—
ZE t]\2 B(si, 8i41)-

Bu = Espyamm(19).5/~P(15.0) [B(5: 8)]-
b(m)(s7 a,s’) = R(m)(s, a, s")o(s).
b(s,a,s') == 37 Zi\n{l bm) (s, a,s").

b = 1 SN T O (s, a4, i)
b= 4 M i),

be = By ammo (5),5'~P(|ssa) [D(8, @, 7).

0% := B_'b,, which is the optimal critic parameter under policy 7,,.

Lemma D.3. The following bounds hold for Algorithm 2.

1 1B(s, )| | Bellps | Bullp < Cp o= 1+,
160 (s, a, '), 16(s, @y )|, 11BS™ 11, B¢l [1b]| < Cp := R

2. 0T B0 < —22(0||? uniformly for all w, where A :=2(1 — y)\g > 0.

3105 < Ry = % uniformly for all w.

Proof. We first prove the item 1. Notice that for any vectors z,y € RY,

d d d
eyl = ([ D) (wiy)? = | D a? Zyj [yl
=1

i=1 j=1

Hence, we obtain that

1B(s,8")[e = [|6() (v(s') = 6()) " || o = [6(s)[[I7(s") = é(s)| < 1+7:=C,  @1)

1b(s, a, 8[| = R(s, a,s")[|6(s)|| < Rinax := Cb- (22)

The other terms listed in the item 1 can be proved by applying the Jensen’s inequality to the convex
function || - ||.

Next, we prove the item 2, where we use the underlying distribution that s ~ p,, a ~ 7,(+|s),
s' ~ P(-|s,a). We obtain that

07 B0 = B (07 6(s) [yo(s)) — 6(s)] '0)
= B[ (07 6(5) (07 0(s")) | — B[ (07 6(5)) ]
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< (B[ (670()°] + B[ (07 6())°] ) — B [(07 0(5))°]

9y - )R [(076(5))7]

= (1= Eulo(s)o(s) 16

22 oy, e3)

where (i) uses the fact that s, s’ ~ ., which is the stationary state distribution with the transition
kernel P and the policy 7, and (ii) uses Assumption 4 and we denote Ap := 2(1 — y) Ay > 0.

Finally, the item 3 can be proved via the following inequality.

16517 < —<—(05) T B, < 1051 Buill = 65 Ibull < S g el @)
AB AB AB
where (i) uses the item 2. O
Lemma D.4. Under Assumptions 1-5 and choosing < min (802 , A43’ 125];”), N, > (% +
Qﬁ) %W Algorithm 2 has the following convergence rate.
M 2 27’ )\B T C
* ¢ 1
> E[JI65) 0, — 02, |we] < o3 B2er +2M [es (1 - Z28) "+ o). 25)

m=1

Moreover, to achieve Zn]\le E[||0(Tm_~)_T, — 05, ||2|wt] < ¢ we can choose T., T, = O[In(e™)]
and N, = O(e™'). Consequently, the sample complexity is T.N. = O[e 'In(e™!)] and the
communication complexity is T, + T, = O[In(e~1)].

Proof. In Algorithm 2, by averaging the TD update rule (26) over the agents m € M, we obtain that

the averaged critic parameter 0 ;/ := M Z 0( .+ follows the following update rule
M M
Orr41 = M Z [ > W, bl +5(Bt’9§7z +b§'m))}
m’=1
LS~ ), 5Ll v (m) | p(m)
:MZ%? J“BMZ(BVGH’ )
m’/=1 m=1
=0y + 6(Bt’§t,t’ + bt’) (26)

which can be viewed as a centralized TD update using the Markovian samples {s;, a; }; from the
transition kernel P and the joint policy ;. Therefore, Theorem 4 in (60) can be directly applied to
analyze this centralized TD update and obtain the following convergence rate of 6, ;, since all the
conditions of that theorem are met *.

B0z, ~ 2, ] < (1~ 228) " Bl - 0z, )

192(CER% + CH[1 + (k — 1)p]
+ ()\B 26) (1= p)AsN.
Q
(1—ﬂ) (011" + B3) +
(i1) by c
< e (1 - fﬁ) + ;—1 27)

where (i) uses the condition that 5 < 4/\p, the item 3 of Lemma D.3 and the constant that
1920(C% R3+C7 ) [1+(5—1)p]
(1-p)A%

cl = , (1) uses the constant that cg := 2(”9,1 ||2 + Rg).

*We corrected the typo 1 — ATB B, which should be 1 — )‘TB B.
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Next, we consider the consensus error ||AQ, »||% = fo:l ‘0?? — O] ® where we define
O = [Ht(lt,, . Gt(])f ] 7. Note that the critic-step (26) can be rewritten into the following matrix
form

Ouir1 = WOy + B0y B + 5. ;M) =0,1,..., T, — 1, 28)

which further implies that for any ¢ = 0,1,...,T, — 1,

[86ueally £ [Wae. |, e+ BRSO

+8||A6,» B}

(i) M
< (ow + BCB)|| A0 ||, + B[ M S [im2

m=1

(uz) 1+ JW

1260

+ BMCy,

where (i) uses the item 1 of Lemma D.1, (ii) uses the item 3 of Lemma D.1 and the item 1 of Lemma
D.3, (iii) uses the condition that 5 < 1; C‘,’;" and the item 1 of Lemma D.3. Telescoping the inequality

above yields that

1 2 MCy (i) 286MC
| < ( + UW) ﬂ b () 28 b, (29)
r 2 — 0w 1-— O'W
where (i) uses the equality that A©y = O due to the initial condition that ©; ¢ = [0_1; .. .; 6_4]7.

On the other hand, the final 7"/ local average steps in Algorithm 2 can be rewritten into the following
matrix form

®t7t'+1 = W@t’t/;t = TcaTc + 1, ce ,TC + TC/ —1.
Hence, the average critic parameter gml does not change in these local average steps, i.e.,
_ 1 ,
O, 1.+1; = @t Tl = M@ITC(WTC)Tl = @t r1="0.T,. (30)
Therefore, we obtain that

M —
E , ||9t(,wil“3.+Té o
m=1

2 ’
= |AG 14117 = IAW O 1, |7

2 M -
= ||9§n%)+T/ — 0t 141
=

7 ’ (”)
QWA 1 3 <
(i) o 1 9BMCIN2 (i

< O_QTC( B b) () ‘25 )2

1
w1 oy €1y

where (i) and (ii) use the items 1 and 3 of Lemma D.1 respectively, (iii) uses eq. (29), (iv) denotes
that co := 2( 2M Cb ) Combining eqs. (27) & (31) yields that

M
]E[H@E”%)m 02" r]) <2 Z 16577 4, — 4+ 2ME[|[0..z, — 02, |*|eo]
m=1 m=
oy B2ea +2M e (1 - %%)TC + -
c

In the inequality above, replacing GEMTZ 7 from Algorithm 2 by its corresponding variable Ht(m) from

Algorithm 1 proves eq. (25). Finally, it can be easily verified that the following hyperparameter

choices make the error bound in (25) smaller than € and also satisfy the conditions of Lemma D.4.
A B 4 1—-0 w

2
N, — max {(% +29) 192C%[1 + (s
B

—1)p] —1| — ot
A= s ,6Mcqe ]—O( )
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In(6Mcse™1)
In[(1-AgB/4) "]
In(33%cae 1) ]

In(oy;')

T. = [ —‘ :O[ln(efl)}

T, = 2[ = (’)[ln(e_l)]

O

Lemma D.5. Forany w,& € Q, s € S and a\™ € A,, (A, denotes the action space for the agent
m), the following properties hold.

1. ||1/)£)m) (al™]s)|| < Cy, where w&m)(a(m)\s) =V, In rm (al™)]s).

2. 05" (@™ ]s) = 48" (@™]s)] < Lyl — ).

3. dry [l (1), 00, ()] < L@ — ™.

4. 0 <V(s),Quls,a) < (1 = 7)Rmax 0 < J(w) < Rmax-

5. d’rv[l/w(-|8), V@("S)] < L,||w — w| where L, := L1+ logp(m_l) +(1=p)t.
6. drv[Qz(s,a),Qu(s,a)] < Lgl|@ — w| where Lg := %

7. J(w) is L y-smooth where Ly := Ryax(4L, + Ly)/(1 — 7).

8. ||V (w)|| < Dy = Ceflmes

9. F(w) is Lp-Lipschitz where L := 2Cy(LzCy + L,Cy + Ly).

10. h(w) is Ly-Lipschitz where Ly, := 2)\}1(DJ)\}1LF +Ly).

Proof. For any w(™ &™) € Q,,, s € S and a(™ € A,,, arbitrarily select wm) =5m) e,

a'™) € A, foreverym’ € {1,..., M}/{m}. Denote w = [w™®; .. ;w™)],& = [&D;... ;5O
a=1[aM,..., a™)]. Notice that the joint score vector has the following decomposition
vu(als) = [ (@V]s); .. (@D]s)]. (32)

Hence, the items 1 & 2 can be proved via the following two inequalities, respectively.

M L.
m) s (m m , (i) (i0)
™ @™ )] < (| S0 198 ()]5)]2 = [l (als)]| < Cy.

m’/=1

15" (@™s) = w5 (@™]s)]| = [z (als) — vu(als)]
< Ll — wl = Lyl — )
where (i) uses Assumption 2.
Next, we prove the item 3. Notice that
drv [Wa('|5)77rw(‘|5)}

Y sup |r5(Als) — o (Als)|
ACA

(i) M M

> sup 1T 7o (Anrls) = T T (Amrls)
A1CAL,AMCAM T 0Ty m/—1

M

w sup ‘ 11 7Tw<m'>(Am’|8)H7Ta<m> (Amls) = T (Amls)

A1CAq,..., ApCAM m’=1,m’'#m
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W sup ot (Amls) = T (Amfs)| = drv [750, (1), 750, (19)]
AmCAm

where (i) denotes that 7, (A|s) = [ 4 Tw(als)da, (ii) uses the relation that X,,e pm Am C A, (iii) uses

our construction that w(™) = &™) € Q... ¥m’ € {1,..., M}/{m}, and (iv) uses A, = A’ to
achieve the supremum. Therefore, the item 2 can be proved via the following inequality.

< - ~(
drv [750), (19), 700 (18)] = drv [ma(-[s), Mo (19)] L & = w]| = L @™ = w™],
where (i) uses Assumption 2.

The item 4 can be proved by the following three inequalities that use Assumption 3.

0< Vi [vat so_s}givmmm:fﬁmx,
t=0

-7
— , ' Riax Rinax
0< Qw(sa a‘) = ]ES/NP(‘ls,a) [R(Sv a,s ) + ’VVw(S )] < Riax + ’71 y = 1_ ’Y,

0 < J(w) = (1 — ’y)Ew [Z’ytﬁt} < (1 — '7) Z’YtRmax = Rmax-
t=0

t=0

The proof of the items 5 — 7 can be found in the proof of Lemma 3, Lemma 4 and Proposition 1 of
(60), respectively.

Next, the item 8 is proved by the following inequality.

[VI(@)[] = [[Esmvy.amms (15 [Qu(s, @)t (als)] |

(1) (it )C Rmax
< EsNVwaaNﬂw( [s) “QW 8 a |H¢“"' ||] w —

where (i) applies Jensen’s inequality, (ii) uses Assumption 2 and the item 4.

Next, the item 9 is proved by the following inequality.

|F(@) — Fw)||

= HESNVW amms (1) [V (als) vz (als) | = Egon, amm(1s) [Ywlals)tbu(als) ]|

(2)

< ||Es~u,rm,a~7rg,(~\s) [¢w(a|8)¢a(a\3)T] - Eswu,\.w,awﬂw('\s) Wa( ww a| ] H
+ Esw/m ,a~y (+]8) [H [wﬁ(a|5) - ¢w(a|s)}¢@(a|s)Tm
+ IESNV7rw ,anTy, (¢]s) [||¢w(a|5)[¢&(a‘5) - ¢w(a‘5)]Tm

(? ’ / Vs (s)mz(als) — vw(s)me,(als)) [wg(a|s)1/)g(a|s)—r]dsdaH +2Cy Ly||w — w|
SxA

< Ca,zb/ vz (s)ma(als) — v (s)m,(als)|dsda + 2Cy Ly || — w||
SxA
= 012&/ vs(s)|ms(als) — mo(als)|dsda

—1—031/ Tw(als)|vs(s) — vu(s)|dsda + 20y Ly||@ — w||
(iii) o~ . B B
< 2LwaHW — w|| + 2LyC¢||w — wH + 2C¢,L¢||w — wH = LFHoJ — w||

where (i) applies triangle inequality and then Jensen’s inequality to the norm || -||, (ii) uses Assumption
2, (iii) uses the equality that [ v, (s)ds = [, 7m.(als)da = 1 as well as the inequlities that
S 4|7z (als) — mo(als)|da = 2dry [ﬂ'w( |s), 7w (+]s)] < 2L @ — wl| (based on Assumption 2) and
that [ v5(s) — vw(s)|ds = 2dry [ (¢|s), vs(+]s)] < 2L, [Jw’ — w]| (based on the item 5).
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Finally, the item 10 is proved by the following inequality

[A(&) = h(w)]|
= ||F@)~'VJ(@) - 1VJ ||
<2||[F(@)~" F(w)*1 @)||+2||F(w) V(@) — VI ()]

22D, ||F@)  [Fw) — F@IF@) | + 2Ly | F@) || - o]

(1) 9 _ e _
S 2-DJ)\F LFHw—wH +2LJ)‘F Hw—w” = Lh|

where (i) uses the items 7 & 8, and (ii) uses the inequality that | F(w) ™| = Apax(F(w)™1) =
Amin[F(w)] 7! < AR! for all w (since F(w) and F(w)~! are positive definite) and the ittm 9.  [J

Next, we bound the approximation error of the following stochastic (partial) policy gradients.

(t+1)N—1
Vo d@) = D [B" #7005 70" = o(s) 0™ 0™ (0™ s, (33)
i1=tN
VJ(w) ~—[€W<I>J(wt)- 3 Vond(wr)], (34)
Vw(m)J(tht k N Z r (m) + v¢( z+1)T9 (m) ¢(Si)T9t(m)] gm) (agm)|8i), (3%5)
168{ k
@J(wt; Bt,k) = [Vwm J(wt); e %w(l\/]) J(wt)] . (36)

Lemma D.6. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD in

Algorithm 2 following Lemma D.4. Choose T' > 3 llrEM - Then, the following properties hold.
n O'W

1. The estimated average reward Rz(-m) has the following bias and variance bound.

M
S ER™ - Ri|R)? <Mo3l R, 37)
m=1
M
S var[B™|R)] <4R2,.7 (38)
m=1
where R; := [Rl(l); e RZ(M)] denotes the joint reward.

2. The stochastic policy gradients have the following error bound.

E[[|VJ(w) - VJ(w)]] <c4aW +05620W yes(1-285)"

M

+ N + F + 1602 ¢t (39)
E[[|VJ(ws; Bew) — VI (w)||*|Fek] <caot +16¢2 S o™ — 65,
m=1

c7 2 ~critic
+ o 160G (40)

where F i, == J[JZ} U a({si7 @iy Siq1, 57415 {egm)}meM}ieu’;,’;oBt.k/)]'

Proof. We will first prove the item 1.

When R; [R(l) R(M)] is given and fixed, the randomness of R(m) R(m)(l —I— e( ))
and V <m)J (wt) defined in eq. (4) only comes from the noises {e %_1. Since {ei M
are independent noises with zero mean and variances 0%, ..., 0%, R : [R(l) . RZ(M)] has the
following moments

E[Ri|R;] = Ri,
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cov[Ri|R;] = dlag[(R(l)) (R(M))Qa?w] = 3.
Hence, R; : [REl) .. ,REm)] = WT'R; (the second “=" comes from eq. (3) and the nota-

tions that R(m) R(m) and that R(m) = R T,) has the moment that E[R |R; ] =wT R; and
Cov [Ri|Ri] =wT'y Z(WT )T. Therefore, eq. (37) can be proved as follows

2 . 1
= HWT R — —11"

M
SOE[R™ - Rilr) = [E[R; - R |R)] =
m=1

, 2 (i
< HWT - %uTH IR;||? < Mol R?

max’

where 1 is a M-dim vector of 1’s, (i) uses the inequality that || R;||* = E%Zl (Rl(m)) < MR?

max

(based on Assumption 3) and the item 4 of Lemma D.1. Then, eq. (38) can be proved as follows

M
S var[R™|R:] = Var[Ri|Ri] = «[(W") TS, W]
m=1

:tr[(WT’ —%HT)&(WT/ ]\1/[11T) }+tr[(WT/)Ei<%11T)}

Hr[(%lf) } +tr[(711T) (711T)}

: 1
T T T T T
1 H +Mtr[w RALT] 4 st

@
< MR

max

—2HwT/ _
(21) ’ 1
< MR, 5203 + MlTZiWT 1+ W(fzg)u[fu

max

(27) 3

S N T
3 M
= sznaxa2 + M Z (Rz(m))2072n
m=1

where (i) uses the equality that tr(Y'T) = tr(Y) and the inequality (41) below in which X =
w1 — 47117 and the m-th entry of v,,, € R is 1 while its other entries are 0, (ii) uses the item 4
of Lemma D.1 and the equality that tr(zy ") = y "z for any =, y € RM, (iii) uses the condition that
T’ > [In M]/[21n(oy;")] and the item 1 of Lemma D.1, (iv) uses Assumption 3.

M
r(XT,X ") =tr(X X)) Z U X T XS0 < oml[1 X 7] Zivm |
m=1 m=1
M
=D (B or|IX|P < MR, X (1)
m=1

Next, we will prove eq. (39) in the item 2, where the error term can be decomposed as follows
[V = V@I < 4 [V (0) — ge]*+4]lg — gi |
(N (1)
— V()| 42)

(ITI) (Iv)

+4

where we use the following notations that

g =[5, (43)
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(t+1)N—1
m 1 5} m m m m
0= D [Ritaosin) 0 — o) 6 ™ (0™ |sa), (44)
i=tN
1 (t+1)N—1
g = D[Rt o(sin) 05, — os0) 00 Junails:), (43)
i=tN
g; = IESNth,aNTrt(‘ls),S'NP(‘ls,a) m(& a, 5/) + V(b(S/)TQZH - ¢(S)T92t]¢t(a|s)|wt} . (46)

Conditioned on the following filtration

]:2 .:O'[]:t U U({Sz;al? z+1}ztt11\2f1 1)]

t+1)N—1
}( )

*U({e m)}meM o<t'<t U {Sv,au Si+1 U {5(t+1)N} U {{6 }meM N 1),

the error term (I) can be bounded as follows.

E[‘WJ(Wt) - gt,kHQ‘}-{}

M
:E[Z H@w(m)J(wt gtk)H ‘]:’}
m=1

0 A MGRLE
=Y ey X @Y -Rwmas)| |7
m=1 i=tN
@)y M p GDN-1 o ,
<2 lEly X ®T-R)ua )]
m=1 i=tN
M v | G+HN-1 T _ Ty ) (g )
ED AT I ATl
m=1 i=tN
(i) & 1 Ty 5
<Y Ely X @7 -R)FEpM @)
m=1 i=tN

1 M (t+1)N-1

DD Var[(B™) = By wl™ (a8™)5,)| 7]

m=1 i=tN

() M, 1 GTON-1 o — , )
<Yl X EEY-RIE)] e @]
m=1 i=tN
M (t+1)N-1 -
m 2 —(m —_
N2 Z Z ||w1L ( )|SZ)H VaI[Ri *R1|.7:ﬂ
m=1 {=tN
(v) Ci) M (t+1)N-1 ) i(t+1)N—1 M -
SN Z [E(R; _R|}—I)] N2 Z Zvarmi | 7]
m=li=tN =N m=1
) / o2
Y B (MAF Bap) + S (4R
= 27’ 4,2
= Cinu (M + 7). @7)

where (i) uses the definitions of @w(m) J(w;) and gt(m) defined in eqgs. (33) & (44) respectively, (ii)
uses the relation that E[| X ||? = Var(X) + ||IEX ||? for any random vector X, (iii) uses the facts that
o™ (0™ |s;), R; € F are fixed while {R }ltt]l\?N ! are random and independent given F7, (iv)
uses the equality that Var(zY) = ijl var(zy;) = Z?Zl y?var(x) = ||y||?var(z) for any random

(m)

scalar = and fixed vector Y = [y1,...,yq] € R? (Here we denote y = ), (agm)|si) € F), v)
applies Jensen’s inequality to the convex function (-)? and uses the item 1 of Lemma D.5 as well as
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the fact that R; € F is fixed, (vi) uses egs. (37) & (38) and the fact that the conditional distribution

of Rﬁm) on R; € F is the same as that on F} since the noise ¢."”

variables.

is independent from any other

Then we bound the error term (II) of eq. (42) as follows.

(t+1)N 1

2
loe =gl = E:HN (o(shan) — o)) (05 = 62,)) 0™ (™)
i=tN
@ 1 (t+1)N—-1 M 2 g(m) (m) (m) 9
sy 2 2l ol 0L e @™l
(i) C3(1+7)? et

> 2l el

i=tN m=1

N
M
Z 6™ — 6z | (48)

where (i) applies Jensen’s inequality to the convex function || - ||

item 1 of Lemma D.5.

, (1) uses Assumption 4 and the

To bound the error term (III) of eq. (42), denote that
X@mi@1@&m@+ﬂ@f¢4¢@wﬂwwm, (49)

which satisfies | X (s, a, s, 35)|| < [|R(s,a,3)| + [|[7(5) + ¢(s Sl (als)]| < Cyp(Rmax +

2Ry) (the second < uses the item 3 of Lemma D.3) and X = ESINW [X(sz, iy Sig1,5541) ’]—'t] =g

where sy, w; € Fp = a({&t(,m)}meM,ogt/gt U{si, i, 80,1, {e }meM N U{sin}) are fixed.
Hence, Lemma D.2 yields that

(t+1N
Elllst -7 1%17) = E[| % Z X(sw a5 5) x| |7]

_ 9C3 (R max+2R9) (k+1—p ).

50
N{—p) 0

Next, we bound the error term (IV) of eq. (42). Notice that
- VJ (wt)

= ., | (R(s:0.3) + [0(3) = 6()] 702, — [Bl5.0,3) + Ve, () = Vi (5)] ) v(als) e
= B, [ (V[06)T02, — Vi )] = [6(5) 702, — Vi (5)] )ulals) . (51)
Hence,
I

Ig7 = VI @)l? = ||Bo, [(+[6) 70, = Ve (3)] = [6(5) 765, = Vi ()] )tlals)

(V66702 Vi (3)] — [6() 702, — Ve (5)] il Je]
< 2038, [ 070z, Vi )|+ o510z, ~ Vi) [
= 20247 /8 s o) 70z, — Ve (E)HQVt(s)m(a\s)P(g\s, a)dsdads
+2C3E,, |

2
Wt:|
(#i1)

2
< QC’wW/ H¢(§)T9:,t —th(E)H vi(s)me(als)Pe(5]s, a)dsdads
SXAXS

CE.[

0(5) 70, = Vi (5)|
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+2C2E,, [ ‘¢(5)T9;;t v (S)HQ)%}

(i)
2 922 (v + 1)E., [

(v) .

< ACTGoess (52)
where (i) applies Jensen’s inequality to the convex function || - ||, (ii) uses the inequality that
lz + yl|> < 2||z]|®> + 2|y||? for any =,y € R9, (iii) uses the inequality that P(s'|s,a) <
Y Pe(s']s,a); Vs, s € S,a € A, (iv) uses the equality that [, v4(s)m(als)Pe (3]s, a)dsda =
v4(8), and (v) uses the notation that (S := sup,, By, [|Vis(s) — ¢(s) T 05 |2] Substituting egs.
(47).(48),(50)&(52) into eq. (42) yields that

E[||VJ(w:) — VI (wi)||*F]

o(o)76z, — Vo) Jo4]

M
SO (Mot + ) #1603 3 o — oz,
m=1

3602 (Ruax + 2Re)(k + 1 — p)

2 ~criti
+ N5 +16C2grie
M
= el + C—]\; +1602 3" [|6i™ — 6z, || + 16C3 e (53)
m=1

where Ht(m) ,wy € Fy are fixed, and we take the conditional expectation of eq. (47) on F; C F; and
2 2 _
denote that ¢4 := 4M CwanaX, cr = 16C’er2na)f2 36C¢(R"’a"1ri};0) (wt1=p) Substituting eq.

(25) into the unconditional expectation of eq. (53) yields that
= 2
E[||VI(we) = VI (we)]|7]

r, G 27! 3
< C40% + N + 1603, (gW ﬁ%g +2M [Cg (1 — —5) 4 FD + 16Ci ;lr)gigx
= C40'W + CSBQUW + 06(1 — —ﬂ) ‘ _|_ N _|_ F + IGCwsz}rﬁgirf)xv

where we denote that c5 := 16c5,C2, ¢ := 32Mc3C?, cg 1= 32M(31C’2. This proves eq. (39).
Equatlon (40) can be proved in the same way as that of provmg eq. (53). There are two differences.
First, VJ(wt, B, 1) uses the minibatch B j, of size N}, while VJ(wt) uses batch51ze N. Second, eq.
(40) is conditioned on the filtration F; , := o [J—'.tUO'({SZ, Qi, Sit+1,58 i+1’ {6' }meM }zEU TB, )]
which includes not only the filtration J; use by eq. (53) but also the minibatches Uk, Bt N , used by
the previous (k — 1) SGD steps. O
T/ > In M T > ln(BDJCi)

C2 ’ - 21n(0;vl)’ - ln(a;vl) ’
n3 2304C;, (k+1—p) _k/2 .
K 2 grasperae N 2 (=) (i /3 (=172 and Ny, < (1 —n\p/2)7*/2, the involved
quantities have the following properties, where I, denotes the expectation under the underlying
distributions that s ~ v, a ~ m,(+|s).

Lemma D.7. Implementing Algorithm 3 with n <

~

CAF < x| F(@)] = [|[FW)]) < €2, V.

N

3 <1-nCj < |1 = nF(w H<1_77)‘F’SO77<2>\F

3. O < |F(w)™ Y < ARh Forany w,z € R%, 27 F(w) ™tz > C;2||x||2.

N

h@)] < 9@ < 2

5. h(w) = argminE,, [ (vu(als) Th — Au(s, ))2] s0

h
Eo [ (vw(als) Th(w) — Au(s, a))Q] < gactor ywhere s ~ Uy, @ ~ T(+]$).

approx

0
s
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E,~ [ww(a|s)Th(w) — Aw(s,a)] > —C\/Con, Vw.

7 N, — N(1—nAp/2)E-1=F/2(1\ /1—nXp/2) 57603;(»@4-1—,))
sk 1—(1- w/z)w = T Ed-p

8. hy approximates the natural gradient h(w;) with the following error bound.

Ay (K—1)/2 , ,
E[||he — h(wt)H | <o (1 - UTF) + 11007 + craofl + 01352012;}
A \Te a5 critic
(1= 500) 7+ 5+ e Y

Proof. The item 1 is proved by the following inequality.
(@) i
A ZAninlF(@)] < Amax[F@)] & [F @)
)
B [0 als)als) )| < B [[[otals)|[otals) ] < €3,

where (i) uses Assumption 6, (ii) uses the fact that F'(w) is positive definite implied by Assumption 6,
(iil) applies Jensen’s inequality to the convex function || - || and (iv) uses Assumption 2.

Next we will prove the item 2. On one hand,

(@)
)\min [I - UF(W)] =1- 77)‘max [F(W)] 2 1- an[; Z (55)

1
2’

where (i) uses the item 1, (ii) uses the condition that

Amin [I = nF(w)] < Amax [I — nF(w)] @ [I —nF W) =TI —nAnin[F(w)] <1—nAp, (56)

where (i) uses the fact that I — nF'(w) is positive definite based on eq. (55). Hence, egs. (55) & (56)
prove the item 2.

The item 3 can be proved by the fact that F'(w)~! is positive definite with minimum eigenvalue
Amax[F(w)] 7t > Cy ? and maximum eigenvalue A\pin[F(w)] ™! < AL! implied by the item 1.

The item 4 can be proved by the following inequality.

B = [F) TI@)| < [[Fe DIV € A5 95w € A7 Dy,
where (1) uses the item 3 and (ii) uses the item 8 of Lemma D.5.
Next we will prove item 5.

Consider the following function of 2 € R% .
1 2
fulz) = iEw [(ww(a|s)Tx — A, (s, a)) ]

= %xT]Ew [ww(a|s)ww(a|s)—r}x — Eo [Au(s, a)¢w(a|s)]—|—x + %Ew [Au(s,a)?]

1 1 2
= 5o  F@)r = VJ(w) '@+ 5Eu[Au(s,a)’]

Since V2 f(w) = F(w) is positive definite, f is strongly convex quardratic and thus it has unique
minimizer h(w) = F(w)~'VJ(w) obtained by solving h from the equation V f,,(h) = F(w)h —
VJ(w) = 0. Hence,

E. [[[dw(als) Thiw) — Au(s,a)|)%]
= min B [(u(als) Th = Au(s,0))’]

< Sgp m}}n E. [(¢w(a|s)Th — A, (s, a))Q] = o (57)

approx
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which proves the item 5.

The item 6 can be proved by the following inequality.
E,~ [Aw(s, a) — ww(a|5)Th(w)]
_ / Voo (8) - (a]8) [Aur (5, @) — Yio(als) Th(w)] dsda

= GSM S,a) — GSTOJ saa
= [ vatmatal ST 4, 5,0) = v als) ) s

_ (7) (als) s.a) — als) T h(w
=B [l [Ae(5:0) — bulals) ()]

< \/Ew[(”“(‘%“(‘”s))z} VE[(Au(5.0) — dulals) Th(w))T] £ O, Jamer (58)

Vi, (8)my(als)

where (i) uses Assumption 7 and the item 5. Multiplying —1 to the above inequality proves the item
6.

Next, the item 7 can be proved as follows.

(1 —nAp/2)" "2
w_o(1—nAp/2)7F /2

N /R T2

1—(1—nAp/2)K/2
Q 2304C;)(k + 1 — p) (1 —nAp/2)E=D2(n\p/2)
~AR(L = p)(1 = nAp/2)K-D/2 1+/1—n\p/2
57603,(& +1-0p)
= N1

N, 2N

where (i) uses the conditions that N, oc (1 — nAp/2)~%/2 and ZkK:_Ol N;, = N and (ii) uses the
2304C7 (k+1—p)
A% (1—p) (1~ 77>\F/2)(K e

condition that N >

Finally, we will prove the item 8. Until the end of this proof, we use the underlying distribution that
a; ~ m(+|8i),8i41 ~ Pe(:]84,a;) for tN < i < (t +1)N — 1 in the ¢-th iteration of the multi-agent
NAC algorithm (Algorithm 1).

The local averaging steps of z; ¢ : [z(lp), PN zij)]T yield the following consensus error bound.
M @
S (A 202 = Az B = AW T 202 L W A2 € o3
m=1
(9 o, S () () T ()72
S oy Z = ZZ[t (a; " |s:) ht,k}
m=1
T,
Cioy Z I < Cloiy
where Zp, 1= M Zm 1%, T , (1) and (ii) use the items 1 and 3 of Lemma D. 1 respectively, (iii) uses

the equality that ||A]| = 1, and (iv) uses the item 1 of Lemma D.5.

Then, we define the following stochastic gradients of function f,,.

Vestom fu (e 1) 7= Z ™ (@™ |si)ve(ailsi) Theg — Voom I (wi Buk)
lEBtk

V fon (hi ) ::E § P (aglsi) b (aslsi) Theg — VI (wi; Big)
? t,k
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iV o0 fur (Rer)]

:[~w(1)fwt(ht k).
Vst fuoy (i) 7= Z ™ (™ s:) 7,T) Vet I (wi; Big),
l€61k
- T
(M)fw.‘,(h’t,k)] )

V fu (P ) =V fuo, (B )i -V
where V ,(m) J (we; By i) and vJ (wy; By 1) are defined in egs. (35) & (36) respectively. Hence

19 Fu (o) = ¥ o ()|

M A~
= Ve fun (hen) =
m=1
Yelailsi) e 9™ (ailsq)

- Z Hi
1€EB: K
_ETZ)'(/)Em)(a'i|5i)H2

Ol S el
’ (59)

Vet fur (he) |

N i€By,r m=1
(m) M
G S S~ < MR
1€Bt rm=1
2M — Mz Zr,, (ii) uses the item 1 of

where (i) uses the equality that ¢y (a;|s;) " her = 3,c00 2 T =

Lemma D.5.
Since, wy, hyk € Fip while {54, a;}iep, , are random. Hence
E[||V fur (he) = V fu (he )| | Fei
1 2
[HNi Z wt(a”‘si)%(ai'&)—r]ht k= VJ(wi; B k) (we)he g + VI (wy) ‘}—t,k}
iGBt k
Q2|5 X [alstals)T] - | Tl |
1€B8 k
+ 2B [ ||V (wi; Bow) — VI (@) |*| For]
K23 1
Dorf| 5 X Weladsetads)T] - Pl |Fu] leal?
kieB, .
+ 2B [||V I (@i3 Bi) = VI @o)||*[ Fer]
(ii) 18C4 (K +1—p , . y
ﬁ,f(l = sl + 2c103F + 2 o+ 820 Z 16 = 02, 1" + 32C7 Copprens
(60)
2||z||? + 2||y||? for any z,y € R¢ (i) uses

where (i) uses the inequalities that ||z

i iti +yl? <
the fact that h;, € JF;y, and (iii) uses eq. (40) and applies Lemma D.2 to the quantity that
(s,a,8",8) = ¢i(als)yi(als) " in whichw, € Fy y is fixed and || X (s, a, 8, 3)||r < CF.

X ) )
Combining egs. (59) & (60) yields that
B[V fu (he.) = ¥ fu (e )| Frok]

V fur (e )| Fok]

§2E[H§fwt(ht,k) - %fwt h‘t k H2|]:t’k} + 2E[H%fwt(ht’k)
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Therefore,
E[||hegs1 — hiwo)||*| Fer]
= E[||hts = 1V fu, (hex) = Blewn) ||| Fer]

AR ep — 0 Fa (e ) — o) 2| Fok]
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(iii)

< (14nAp)(1— 77/\F)2||ht,k: - h(wt)HQ

20 (s 2 or. | 36(k+1—p) 2 2T
—(C {ZM z 7} h 4

+ e (O 2l + T Ml + deaoy
4C7 m) * iti

+ T 04CY § o8 62, |” + 6403 e, )
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where (i) uses the inequality that ||z +y|? < (1+nAp)||z||? +[14+ (nAr) 1]||y||? for any z,y € RY,
(ii) uses the notation that Vf,, (h) = F(w;)h — VJ(w;) = F(w)[h — h(w)] and the fact that
w, he ) € Fi 1, (iil) uses eq. (61) and the item 2 of this Lemma, (iv) uses the conditions that T, >

n 2 . . . 4 2 -
: (3D‘f“’) and the item 7 of this Lemma, and (v) uses the notation that ¢g := %W + c7.
In(o,) A% (1-p)
Then, taking unconditional expectation of the above inequality and iteratingitover k = 0,1,..., K—1
yield that
2 2
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NAF 8n AR\ K-1-k
< (1 25) B[ g - b + 52 ; (1- 20
¢ M 2
4 72,27, 9 27" 2 (m) * 2 ~criti
(com2oil- + - et #1608 STE[0™ 65, |] + 1603 )
m=1

() A 2
2 (1= Y B — o)

35



Under review as a conference paper at ICLR 2022

M
;6 (CwM%ﬁsz +eaodt +16C2 Y B[00 — o5, ||1] + 160@(;;21‘2“)
m=1

8ncoll — (1 — nAp/2)K/? &

N)\F(l — \/1 —n)\F/2) k=0

(i) A K 16 .
< (1= 555) Bl = heoll'] + 5 (CIMPo + uolf” + 16030

(1 B 7))\71,) (K—1-k)/2
2

25603, ( QTC’ﬂQC YoM [c <1 B Ajﬂ)TC N 2}) n 8ncy
Az \Twm ’ 8 NJ) " NAp(1 — /T —hp/2)2
< (1= 1) By — )] + 5 (CEMPOR +eacfl + 10030
956C2 ;o , 128¢
v 2T! 59 Ap o 9
3 (UW 3 c2+2M{C3(1— - B) n N]) + Nt (62)

%”’3(1 =) By — b )|+ )]+~ b))

(CwMQ 2 4 cyodl +160¢<§;g;gx)

AZ
+ B (e o[ (1-20) " + £]) + 3ot
© 3(1 B 77)‘7F) E[||fe-1 — h(wt71)H2] 6/\D2J (1 - MTF)
;26 (CAM202T 1 40T + 1602 ¢Ente )
25A6;i (o aer v 20 [eo(1- 328) "+ ) fifi?ici)’i

where (i) uses the notation that h,o = hy, the item 7 of this Lemma and the inequality
that ZK ! (1 — ")‘J)K ok < n}\%, (ii) uses Lemma D.4, (iii) uses the inequality that

1 _ (144/1-nAp/2)? 16 . . . .
/i (INE/2)2 < VL implied by the item 2 of this Lemma, (iv) uses
the inequality that ||z + y + 2[|* < 3||z||® + 3||y||* + 3||z]|%, Vz,y, 2 € RY, and (v) uses the items 4
of this Lemma. Taking unconditional expectation of the above inequality and iterating it over ¢ yield
that
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51/\2;*5, (03545202 + 2M[C3(1 = %BB)TC + ED Jm
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where (i) uses the inequality that 3(1 — nAp/2)% < 1 implied by the condition that

K > M% (ii) uses eq. (62) with ¢ = 0, (iii) uses the condition that N >
2304C7) (k+1—p)

A% (1—p)(1—nAp/2)(K-D/2

2||h(wo)||” < 2||h_1||” +2D3A5 (* uses the item 4 of this Lemma) and that 3(1 — nAg/2)K < 1,

as well as the inequalities that Hh,l — h(wo)H2 < 2Hh,1H2 +

4 2 2
: L 2 |, 14D2 cor2 __48CyM 48 _ T68¢2C),
(iv) denotes that 1o := 2||[h_1[|* + =2 + &5, 11 = —5—, 12 := S5, €13 = — o,
F » F F F
1536 Mc3C2 1536Mcy C2 768C2 . . .
Clg 1= ——7—%, 15 1= ——7——>, ¢16 := —=—=. This proves the item 8 of this Lemma. O
F F F

E EXPERIMENT SETUP AND ADDITIONAL RESULTS

In this section, we present all the details of experiment setup and additional experiment results.

E.1 EXPERIMENT SETUP

We simulate a fully decentralized ring network with 6 fully decentralized agents, using communication
matrix with diagonal entries 0.4 and off-diagnonal entries 0.3. The shared state space contains 5
states and each agent can take 2 actions. We adopt the softmax policy 7, (a|s) o< €¥=-=. The entries
of the transition kernel and the reward functions are independently generated from the standard
Gaussian distribution (with proper normalization of the absolute value for the transition kernel). We
use the rows of a 5-dimensional identity matrix as state features. We set the discount factor v = 0.95.

We implement and compare four decentralized AC-type algorithms in this multi-agent MDP: our
decentralized AC in Algorithm 1, our decentralized NAC in Algorithm 3, an existing decentralized
AC algorithm (Algorithm 2 of (70)) that uses a linear model to parameterize the agents’ averaged
reward R(s,a,s’) = Y, \ifi(s,a,s’) (we name it DAC-RP1 for decentralized AC with reward
parameterization) °, and our proposed modified version of DAC-RP1 to incorporate minibatch,
which we refer to as DAC-RP100 with batch size N = 100. For our Algorithm 1, we choose
T =500, T, = 50, T, =10, N. = 10, 7" =T, = 5, 3 = 0.5, {0 }5,_; = 0.1, and consider
batch size choices N = 100, 500, 2000. Algorithm 3 uses the same hyperparameters as those of
Algorithm 1 except that 7' = 2000 in Algorithm 3. We select o = 10, 50, 200 for Algorithm 1 with
N =100, 500, 2000 respectively, and T, = 5, o = 0.1, 0.5, 2, n = 0.04, 0.2, 0.8, K = 50, 100, 200,
N = 2,5,10 for Algorithm 3 with N = 100, 500, 2000, respectively. For DAC-RP1 that was
originally designed for discount factor v = 1, we slightly adjust it to fit our setting where 0 < v < 1°,

>The original algorithm in (70) uses the parameterization R(s,a) = >_, A fi(s, a), and we extend to our
setting where the rewards also depend on the next state s’.
8(70) defined the Q-function Qg(s,a) = E [Fi41 — J(0)] for policy parameter 6 and used the temporal

differences 6; = iy — pi + Vig1(vi) — Vi(vi) and gfg = Ri(A\) — pb + Viga(v)) — Vi(v}) for critic
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Figure 2: Comparison of || V.J(w;)||> among decentralized AC-type algorithms for ring network .

For this adjusted DAC-RP1, we select diminishing stepsizes 85 = 2(t + 1)7%9, 8, = 5(t + 1) 798
as recommended in (70) and use the rows of a 1600-dimensional identity matrix as the reward
features { fi(s,a,s’) : s,s' € S,a € A} (i =1,2,...,1600) to fully express R(s,a, s") over all the
5 x 26 x 5 = 1600 triplets (s, a, s'). DAC-RP100 has batchsizes 100 and 10 for actor and critic
updates respectively, and selects constant stepsizes 3, = 0.5, By = 10. This setting is similar to
Algorithm 1 with N = 100 to inspect the reason of performance difference between Algorithm | and
DAC-RPI. All the algorithms are repeated 10 times using initial state 0 and the same initial actor
parameter wy generated from standard Gaussian distribution.

E.2 GRADIENT NORM CONVERGENCE RESULTS IN RING NETWORK

Figure 2 plots ||VJ(w;)|? v.s. communication complexity (¢(T,. + T, + T") = 65t, t(T. + T. +
T' + T,) = 70t and 2t for Algorithms 1 & 3, and both DAC-RP algorithms, respectively)’ and
sample complexity (t(7.N. + N), 2t and 110t for both of our AC-type algorithms, DAC-RP1 and
DAC-RP100, respectively).® For each curve, its upper and lower envelopes denote the 95% and 5%
percentiles of the 10 repetitions, respectively.

Similar to the result of accumulative reward .J (w; ) shown in Figure 1, it can be seen from Figure 2 that
the communication and sample efficiency of both our decentralized AC and NAC algorithms improve
with larger batchsize due to reduced gradient variance, which matches our understanding in Theorems
1 & 2. Our decentralized AC and NAC algorithms significantly outperform DAC-RP1 which has
batchsize 1. Using mini-batch, DAC-RP100 outperforms a lot than DAC-RP1, and converges to
critical points earlier than Algorithm 1. However, it can be seen from Figure 1 that such early
convergence turns out to have much lower J(w;) than Algorithm 1 with N = 100 and N, = 10.
Such a performance gap is caused by two reasons: (i) Both DAC-RP1 and DAC-RP100 suffer from
an inaccurate parameterized estimation of the averaged reward, and the mean relative estimation
errors of both DAC-RP1 and DAC-RP100 are over 100% °. In contrast, our noisy averaged reward
estimation achieves a mean relative error in the range of 107> ~ 10~%. 10 ; (ii) Both DAC-RP1

update and actor update respectively. To fit 0 < v < 1, we use 0; = riyy + YVip1(vi) — Vi(vi) and
0i = Re(M\Y) + yVig1 (v)) — Vi(v}) where ué ~ J(6:) is removed since Qq(s, a) = E(7++1). In addition, we
used two different chains generated from transition kernels P, P¢ respectively for critic update and actor update
as in our Algorithm 1.

"Each update of our decentralized AC uses T. + T and T’ communication rounds for synchronizing critic
model and rewards, respectively. Each update of our decentralized NAC uses T, + T, T, T, communication
rounds for synchronizing critic model, rewards and scalar z, respectively. Each update of both DAC-RP1 and
DAC-RP100 uses 1 communication round for synchronizing v and A respectively.

8DAC-RP1 uses 1 sample for actor and critic updates respectively. DAC-RP100 uses 100 and 10 samples for
actor and critic updates respectively.

The relative reward estlmatlon error at the ¢-th iteration of both DAC- RPl and DAC-RP100 is de-
fined as A/B where A = Mls\ l M DI cs DoacalR(s,a,8") = >, )\ fz(s a,s)]* and B =

\s|2\A\ D e 2aacA R(s,a,s)"

19At the ¢-th iteration of Algorlthms 1 & 3, we focus on T‘(m) =% tht}\,N ! R( as the estimation of

ZE%}@N 'R, since 1ts estlmatlon error affects the accuracy of the policy

(r" =)

the batch-averaged reward 7+ = +

gradient (4). The relative estimation error is defined as

MF% m=1
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and DAC-RP100 apply only a single TD update per-round, and hence suffers from a larger mean
TD learning error (about 2% and 1% for DAC-RP1 and DAC-RP100, respectively), whereas our
algorithms perform multiple TD learning updates per-round and achieve a smaller mean relative error
(about 0.3% and 0.07% for our decentralized AC and NAC respectively) '!. All these relative errors
are averaged over iterations.

E.3 ADDITIONAL EXPERIMENTS IN FULLY CONNECTED NETWORK

To investigate the effect of network topology on the performance of our algorithms, we also conduct
the above experiments on a fully connected network with 6 fully decentralized agents, using commu-
nication matrix with diagonal entries 0.4 and all the other entries 0.12. The MDP environment and all
the hyperparameters are the same as the above experiments for ring network. Figures 3 & 4 plot the
learning curves of the optimality gap J* — J(w;) and ||VJ (w;)||? respectively for fully connected
network. To make comparison, we plot J* — J(w;) and ||V.J(w;)|| in Figures 5 & 2 respectively for
the above experiments with ring network. It can be seen by comparing these figures that network
topology does not much affect the performance of these algorithms, so the conclusions for ring
network that we summarized right before this subsection also holds for fully connected network.
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< 0.75 DAC-RP1 . N
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0 1 2 3 0 1 2 3 0.0 0.5 1.0 0.0 0.5 1.0
Communication  le4 Sample le5 Communication le5 Sample le6
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Figure 3: Comparison of optimality gap J(w*) — J(w;) among decentralized AC-type algorithms in
fully connected network.
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Figure 4: Comparison of | V.J(w;)||? among decentralized AC-type algorithms in fully connected

network.
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Figure 5: Comparison of optimality gap J(w*) — J(w;) among decentralized AC-type algorithms in

ring network.

The TD error at the ¢-th iteration is defined as m ZM
wt

0™ — 0z, 11

m=1
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E.4 TwO-AGENT CLIFF NAVIGATION

In this subsection, we test our algorithms in solv-
ing a two-agent Cliff Navigation problem (39)
in a grid-world environment. This problem is
adapted from its single-agent version (see Ex-
ample 6.6 of (48)). As illustrated in Figure 6,
two agents start from the starting point “S” on
a 3 x 4 grid and aim to reach the destination
“D”. Here, global state is defined as the joint lo-
cation of the two agents, and there are in total 5 " X "Lg W
(3 x 4)% = 144 global states. In most states,
an agent can choose to move up, down, left or
right by one step and receives —1 reward. How-
ever, once an agent falls into the cliff “X”, it
will return to the starting point “S” and receives
—100 reward. When an agent reaches “D”, it
will always stay at “D”, and receives 0 reward
if the other agent also reaches/stays at “D”, or
receives —0.5 reward otherwise. If an agent is not at “X” or “D” and selects a direction that points
outside the grid, then it stays in the previous location and receives —1 reward. The optimal path
for both agents is the red path shown in Figure 6, which has the minimum accumulative reward
J* = —0.1855 under the discount factor v = 0.95.

For our Algorithm 1, we choose T' = 500, T, = 50, T, = 10, N. = 10, 7" =T, = 5, 8 = 0.5,
{om}8,_; = 0.1, and consider batch size choices N = 100,500, 2000. Our Algorithm 3 uses the
same hyperparameters as those of Algorithm 1 except that we choose T" = 2000. We select a =
1,5, 20 for Algorithm 1 with N = 100, 500, 2000 respectively, and 17>, = 5, o = 0.002, 0.01, 0.04,
n = 0.002,0.01,0.04, K = 50,100, 200, N, = 2,5, 10 for Algorithm 3 with N = 100, 500, 2000,
respectively. For DAC-RP1, we select 7' = 10000, 3, = 10(¢ 4+ 1)~%¢ and 3y = 5(t + 1)~°. For
DAC-RP100, we use 7' = 2000 and batchsizes 100 and 10 for actor and critic updates respectively,
and selects constant stepsizes 3, = 0.5, B9 = 1. This setting is similar to Algorithm 1 with N = 100
to inspect performance difference between Algorithm 1 and DAC-RP1.

Figure 6: Two-agent cliff navigation. (“S”, “X”,
“D” denote starting point, cliff and destination re-
spectively. The optimal path is shown in red.)
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Figure 7: Comparison of optimality gap J(w*) — J(w;) among decentralized AC-type algorithms on
cliff navigation.
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Figure 8: Comparison of optimality gap J(w*) — J(w;) among decentralized AC-type algorithms on
cliff navigation.
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We plot J* — J(w;) and ||V.J(w;)|| in Figures 7 & 8 respectively. It can be seen from these figures
that both our Algorithm 1 & Algorithm 3 significantly reduce the function value gap J* — J(w;), and
their convergence is faster with a larger batchsize. In contrast, the function value gaps of DAC-RP1
and DAC-RP100 do not decrease sufficiently and converge to a high value. In particular, since
DAC-RP100 achieves a larger function value gap than our Algorithm 1 with N = 100 while their
hyperparameter choices are similar, we attribute this performance gap to the inaccurate average
reward estimation and TD error, as we analyzed in Appendix E.2.

F CONSTANT SCALARS

The following global constants are frequently used.

M: The number of agents.

~: Discount rate.

Rmax: The reward bound such that 0 < R("™)(s,a,5') < Ruyax for any s,s’ € Sanda € A
(Assumption 3). Hence, 0 < E(m)(s, a,s'), Rl(m),ﬁi < Riax.

ow € [0,1): The second largest singular value of W.

*

w* := max,, J(w) denotes the optimal policy parameter.

The following constants are defined in Lemma D.3.
Cp:=1++.

Cy = Rpax.

Mg = Amin (Bsmp, [0(5)0(s) T]) > 0 satisfies Assumption 4.
A = 2(1 — )Xy > 0. (Assumption 4 implies that Ay > 0.)

. 2C
Ry := SV

The policy-related norm bounds and Lipschitz parameters are defined as follows.

Cy, Ly, Ly > 0 defined in Assumption 2: Forall s € S, a € A and w,®, ||¢,(als)]] < Cy,
[V (als) — vu(als)|| < Ly [|& — wll and dry (75 (]5), 70 (+]s)) < Lalld — w]].

Ly := L[l +log, (k™) + (1 = p)~}].

. 2Rpaxly
LQ = 1_3,7 .

LJ = Rmax(4Lu + L’l/))/(l - ’Y)

CyR
D = P max'
J T—

Lp:= QCw(L,,rC¢ + Ll,Cw + Lw).

Ly := 2)\;1(DJ)\;1LF + Ly) where Ap := inf,cq Amin[F(w)] > 0 (Amin denotes the minimum
eigenvalue) which satisfies Assumption 6.

The following constants are defined to simplify the notations in the proof.

1920(CE R3+C7 ) [1+(k—1)p)
(1-p)A% ’

2
o)

C1 =

Co 1= 2(
c3 = 2(”0,1 H2 + Rg) where 6_1 is the initial parameter of decentralized TD (Algorithm 2).

Cy = ZLMC%R2

max*
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cs = 16620,3}.
Cg ‘= 32MCgCi

36C7, (Rmax+2Rp)> (k+1—p)

cr = 1603)R2 72+ 5

max

cg = 32M01012p.

18C75, D% (k+1—p)

Cg = A%(l—p) + c7.
c10 == 2[|h_1|* + 1§§3 + c?%% where h_ is the initial natural gradient of Algorithm 3.
__48CciM?
C11 = )\QF
C12 = %.
15 = 768;§C¢,
F
__ 1536McsC
C14 = T
- 1536§éc10,3,
F
768C2
Clg :— )\%w .

17 = Bone [KL (o (J3)][mo(15))] + 222557,

c18 1= Cw,/Cu) + CloLw 1+ /\%w

Clg9 = Cwy/Cll + C11Lw 1+ 2

a0 1= Cy/C12 + c1aLy

Co1 1= Cw./clg + C13Lw 1+ 32

Cog 1= C¢\/C14 + C14L¢, 1+ AQ}«;

(
(
(
(145
(
(

4
Co3 1— C¢,/Cl5 + 015L¢ 1+ /\io

4C3
Coq = ClﬁLw (1 + )\f:))
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