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ABSTRACT

We present a novel neural-networks-based algorithm to compute optimal transport
(OT) plans and maps for general cost functionals. The algorithm is based on a
saddle point reformulation of the OT problem and generalizes prior OT methods
for weak and strong cost functionals. As an application, we construct a functional
to map data distributions with preserving the class-wise structure of data.

1 INTRODUCTION

Optimal transport (OT) is a powerful framework to solve mass-moving and generative modeling
problems for data distributions. Recent works (Korotin et al.,[2022¢; [Rout et al., 2022} |Korotin et al.|
2021b; [Fan et al.}2021a; Daniels et al.l 2021) propose scalable neural methods to compute OT plans
(or maps). They show that the learned transport plan (or map) can be used directly as the generative
model in data synthesis (Rout et al.| 2022) and unpaired learning (Korotin et al.,|2022c; |[Rout et al.,
2022; |Daniels et al., 2021} |Gazdieva et al., [2022). Compared to WGANSs (Arjovsky et al., [2017)
which employ OT cost as the loss for generator (Rout et al.;[2022| §3), these methods provide better
flexibility: the properties of the learned model can be controlled by the transport cost function.

Existing neural OT plan (or map) methods consider distance-based cost functions, e.g., weak or
strong quadratic costs (Korotin et al., 2022¢} |[Fan et al.| [2021a}; |Gazdieva et al., [2022). Such costs
are suitable for the tasks of unpaired image-to-image style translation (Zhu et al., 2017} Figures 1,2)
and image restoration (Lugmayr et al.,[2020). However, they do not take into account the class-wise
structure of data or available side information, e.g., the class labels. As a result, such costs are hardly
applicable to certain tasks such as the dataset transfer where the preservation the class-wise structure
is needed (Figure[I)). We tackle this issue.

Contributions. We propose the extension of neural OT which allows to apply it to previously
unreleased problems. For this, we develop a novel neural-networks-based algorithm to compute
optimal transport plans for general cost functionals (§3). As an example, we construct ( and test
(§06) the functional for mapping data distributions with the preservation the class-wise structure.
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Figure 1: The setup of class-guided dataset transfer. Input P = > «, P, target Q = > £,Q,
distributions are mixtures of NV classes. The task is to learn a transport map T preserving the class.
The learner has the access to labeled input data ~ P and only partially labeled target data ~ Q.

Notation. The notation of our paper is based on that of (Paty & Cuturi, [2020; [Korotin et al., 2022c).
For a compact Hausdorf space S we use P(S) to denote the set of Borel probability distributions on
S. We denote the space of continuous R-valued functions on S endowed with the supremum norm
by C(S). Its dual space is the space M(S) D P(S) of finite signed Borel measures over S. For a
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functional F: M(S) =R U {oco}, we use F*(h) = SUp,ea(s) [fs P(s)dn(s)—F(m)] to denote
its convex conjugate functional 7* : C(S) — R U {oo}.

Let X, Y be compact Hausdorf spaces and P € P(X), Q € P(Y). We use II(P) C P(X x Y)
to denote the subset of probability measures on X x ) which projection onto the first marginal
is P. We use II(P,Q) C II(P) to denote the subset of probability measures (transport plans) on
X x Y with marginals P, Q. For u,v € C(X),C(Y) we write u ® v € C(X x )) to denote the
function u @ v : (z,y) — u(z) + v(y). For a functional F : M(X x ) — R we say that it is
separably *-increasing if for all functions u,v € C(X),C(Y) and any function ¢ € C(X x Y) from
u @ v < ¢ (point-wise) it follows F*(u & v) < F*(c¢). For a measurable map T : X X Z — ), we
denote the associated push-forward operator by Tl. For Q1, Q2 € P(Y) with Y C RP, the (square
of) energy distance £ (Rizzo & Székely, [2016) between them is:

1 1
£%(Q1,Q2) =E[|Y; — Yz — §E|\Y1 - Y| - §EHY2 - Y5, (D

where Y7 ~ Q1,Y] ~ Q1,Ys ~ Qo2, Y5 ~ Qo are independent random vectors. Energy distance (T)
is a particular case of the Maximum Mean Discrepancy (Sejdinovic et al.;[2013)). It equals zero only

when Ql = QQ.

2 PRELIMINARIES

In this section, we provide key concepts of the optimal transport theory. Thought the paper, we
consider compact ¥ =) C RP and P,Q € P(X),P(D).

Strong OT. For a cost function ¢ € C(X x Y), the optimal transport cost between P, Q is

Cost(P, Q) & e /X el y)drtay) )
a ) X

see (Villani, 2008, §1) Problem (2)) admits a minimizer 7* € II(P, Q) which is called an OT plan
(Santambrogiol [2015, Theorem 1.4). It may be not unique (Peyré et al., 2019, Remark 2.3). Intuitively,
the cost function ¢(z, y) measures how hard it is to move a mass piece between points € X and
y € Y. That is, 7* shows how to optimally distribute the mass of P to Q, i.e., with the minimal effort.

For cost functions ¢(z,y) = ||z — y|| and c(z,y) = %[z — y||*, the OT cost @) is called the
Wasserstein-1 (W) and the (square of) Wasserstein-2 (Ws) distance, respectively, see (Villani, 2008,
81) or (Santambrogiol, 2015} §1, 2).

Weak OT. Consider a weak cost function C' : X x P()) — R. Its inputs are a point z € X and a
distribution of y € ). The weak OT cost is (Gozlan et al.|[2017; Backhoff-Veraguas et al.,|2019)

Cost(P,Q) %' inf / C (7 (-|2))dn (), 3)
X

mell(P,Q)
where 7r(+|z) denotes the conditional distribution. Weak formulation (3)) reduces to strong formulation
@) when C(z,p) = fy c(x,y)dp(y). An other example of a weak cost function is the y-weak
quadratic cost C(x, p) = fy ||z — y||?du(y) — 3 Var(p), where v > 0 and Var(y) is the variance

of u, see (Korotin et al.,[2022c| Eq. 5), (Alibert et al., 2019, §5.2), (Gozlan & Juillet, 2020, §5.2) for
details. For this cost, we denote the optimal value of (3) by WQQW and call it yv-weak Wasserstein-2.

Regularized OT. The expression inside (2) is a linear functional. It is common to add a lower-semi-
continuous convex regularizer R : M(X x Y) — R U {oo} with weight v > 0:

def n clx m(x T P
Cost(P,Q) £ inf {/XW (z,y)dr(z,y) +YR( )} @

eI (F,Q)

Regularized formulation (@) typically provides several advantages over original formulation (2)). For
example, if R(7) is strictly convex, the expression inside () is a strictly convex functional in 7
and yields the unique OT plan 7*. Besides, regularized OT typically has better sample complexity
(Genevayl 2019; Mena & Niles-Weed, 2019; |Genevay et al.,|2019). Common regularizers are the
entropic (Cuturi, 2013b)), quadratic (Essid & Solomon, 2018), Lasso (Courty et al.,2016), etc.
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General OT. Let F : M(X x V) — R U {+00} be a convex lower-semi-continuous functional.
Assume that there exists 7 € II(P, Q) for which F(7) < co. Consider the problem:

def .
Cost(P,Q) = inf F(m). 5
QY il Fr) ®)
The problem is a generalization of strong OT (2), weak OT (3], regularized OT (@); following (Paty &
Cuturi, [2020), we call problem (3] a general OT problem. Surprisingly, regularized OT (@) represents
the same problem: it is enough to put ¢(x,y) = 0,y = 1 and R(w) = F(r) to obtain (5) from @).
That is, regularized OT (@) and general OT () can be viewed as equivalent formulations.

Existepce and duality. With mild assumptions on JF, problem (3 admits a minimizer 7* (Paty &
Cuturi, [2020, Lemma 1). If F is separately *-increasing, the dual problem is

cou(r,@) =swp | [ u(@aP) + [ oaee) - Fue )], ©

w,v X v
where optimization is performed over u, v € C(X),C()) which are called potentials, see (Paty &
Cuturi, 2020, Theorem 2) for details. Problem @ also admits a pair of minimizers v*, v*. The
popular regularized functionals @) are indeed separately *-increasing, including the OT regularized
with entropy (Paty & Cuturi, 2020, Example 7) or L? (Paty & Cuturi, 2020, Example 8). That is,
formulation (6)) subsumes many known duality formulas for regularized OT.

3 ALGORITHM FOR LEARNING OPTIMAL TRANSPORT PLANS

In this section, we derive an algorithm to solve general OT problem (5)) with neural networks. We
prove that (B) can be reformulated as a saddle point optimization problem (§3:1)) from the solution of
which one may implicitly recover the OT plan 7* (§3.2). We give the proofs in Appendix [A]

3.1 MAXIMIN REFORMULATION OF THE DUAL PROBLEM

In this subsection, we derive the dual form, which is alternative to @ and can be used to get the OT
plan 77*. Our two following theorems constitute the main theoretical idea of our approach.

Theorem 1 (Maximin reformulation of the dual problem). For *-separately increasing convex and
lower-semi-continuous functional F : M(X x V) — RU {400} it holds

Cost(P, Q) =sup infp L(v,m)=sup inf {[]—"(w)—/yv(y)dw(y)}—f—/yv(y)d@(y)}, @)

v WEH() v WEH(P)

where the sup is taken over v €C()) and 7 (y) is the marginal distribution over y of the plan .
From (7) we also see that it is enough to consider values of F in = € II(P) C M(X x )). For

convention, in further derivations we always consider F(7) = 400 for m € M(X x ) \ II(P).
Theorem 2 (Optimal saddle points provide optimal plans). Let v* € argsup, inf crp) L(v, 7) be
any optimal potential. Then for every optimal transport plan ©* € TI(IP, Q) it holds:

7" € arginf L(v*, ). 8)
mell(P)

If F is strictly convex in 7 € II(IP), then £(v*, 7) is strictly convex as a functional of 7. Consequently,
it has a unique minimizer. As a result, expression (§) is an equality. We have the following corollary.

Corollary 1 (Every optimal saddle point provides the optimal transport plan). Assume additionally
that F is strictly convex. Then the unique OT plan satisfies T = arg infﬂen(ﬂ») L(v*, ).

Thanks to our results above, one may solve (7)), obtain the OT plan 7* from the solution (v*, 7*) of
the saddle point problem (7). We propose an algorithm to do this in the next subsections.

3.2 REPLACING MEASURES WITH STOCHASTIC MAPS

Formulation (7) requires optimization over probability measures 7w € II(P). To make it practically
feasible, we reformulate it as the optimization over functions 7' which generate these measures 7.

We introduce a latent space Z = RZ and an atomless measure S € P(Z) onit, e.g., S = N(0, 7).
For every m € P(X X )), there exists a measurable function T = T, : X x £ — Y which
implicitly represents it (Korotin et al.,2022cl §4.1). Such T satisfies T (z, -)4S = = (y|z) for all
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Algorithm 1: Neural optimal transport (NOT) for general cost functionals

Input :distributions IP, QQ, S accessible by samples;

mapping network Ty : R x RS — R%; potential network v, : R® — R;

number of inner iterations Kr; empirical estimator 7 (X, T'(X, Z)) for cost F(T');
Output :learned stochastic OT map Ty representing an OT plan between distributions P, Q;
repeat
Sample batches Y ~ Q, X ~ P and for each x € X sample batch Z[z] ~ S;
L, \71| > m > Uw(TG(x’Z)) - \71| > vu(y);

reX zE€Z[x] yey

x

Update w by using 68% ;

for kr =1,2,..., Ky do
Sample batch X ~ PP and for each 2 € X sample batch Z[z] ~ S;

Lr < FIXTHX.2) = 1 X 2 2 ve(T2));

Update 6 by using aaﬁ—o?;

until not converged,

x € X. That is, given x € X and a random latent vector z ~ S, the function 7" produces sample
Ty (x,2) ~ 7(y|x). In particular, if  ~ P, the random vector [z, T} (z, z)] is distributed as 7. Thus,
every 7 € II(IP) can be implicitly represented as a function 7} : X x Z — ). Note that, in general,
there might exist several suitable functions 77;.

Every measurable function 7" : X x Z — ) is an implicit representation of the measure 77 which is
the joint distribution a random vector [z, T'(z, z)] with z ~ P, z ~ S. Consequently, the optimization
over 7 € II(P) is equivalent to the optimization over measurable functions T : X x Z — ). From
our Theorem [I] we have the following corollary.

Corollary 2. For *-separately increasing, lower-semi-continuous and convex F it holds

Cost(P, Q):sgpir%fz(uT):sgpir%f {f(T)— /X v}(ZT(:c,z))dIP’(x)dS(z)—F /y

v(y)d@<y>} )

where the sup is taken over potentials v € C()) and inf — over measurable functions T : X x Z — ).

Here we identify F(T) = F(mp) and L(v,T) =4 L(v, ).

Following the notation of (Korotin et al.,2022c), we say that functions 7" are stochastic maps (Figure
[6). We say that T is a stochastic OT map if it represents some OT plan 7%, i.e., T* (z,-)iS = 7*(-|z)
holds P-almost surely for all € X'. From Theorem [2]and Corollary [T} we obtain the following result.

Corollary 3 (Optimal saddle points provide stochastic OT maps). Let v* € argsup,, infTE(v, T) be
any optimal potential. Then for every stochastic OT map T™* it holds:

T* € arginf Z(v*, T). (10)
T

If F is strictly convex in 7, we have T* € arginf, L(v*,T) < T* is a stochastic OT map.

From our results it follows that by solving (9) and obtaining an optimal saddle point (v*, T*), one
gets a stochastic OT map 7. To guarantee that all the solutions are OT maps, one may consider
adding strictly convex regularizers to J with some small weight, e.g., the conditional kernel variance
(Korotin et al.,|2022b). Problem (@) replaces the constrained optimization over measures 7 € II(P)
in (7) with optimization over stochastic maps 7" in (9), making it practically feasible.

3.3 GENERIC PRACTICAL OPTIMIZATION PROCEDURE

To approach the problem (9) in practice, we use neural nets Ty : RP x RS — RP and v, : RP — R
to parametrize 7" and v,,, respectively. We train them with the stochastic gradient ascent-descent
(SGAD) by using random batches from [P, Q, S.The optimization procedure is given in Algorithm ]
In the implementation, to update networks 7y and v,,, we use Adam optimizer (Kingma & Ba, 2014).
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Algorithm 2: Neural optimal transport (NOT) with the class-guided cost functional Fa.

Input :distributions P = > a,,P,, Q =" 5,Qy, S accessible by samples (unlabeled);
weights «, are known and samples from each P,,, Q,, are accessible (labeled);
mapping network Ty : R x R¥ — R?; potential network v,, : R? — R;
number of inner iterations Kr;

Output : learned stochastic OT map Ty representing an OT plan between distributions P, Q;

repeat

Sample (unlabeled) batches Y ~ Q, X ~ P and for each x € X sample batch Z[z] ~ S;

Ly + \71| ;{m > Uw(TG(xaz)) - \71| > vw(y):
T z€Z[x] yey

for kr =1,2,..., Ky do
Pick n € {1,2,..., N} at random with probabilities (a1, ..., anN);
Sample (labeled) batches X, ~ P, Y,, ~ Q; for each 2 € X sample batch Z,,[x] ~ S;
Lr + AE( X0, T(Xn, Z0). Vo) = %7 2 zomn 2 Vo(To(z,2));

Update 6 by using 3§9T : zEX, 2€Zp 2]

until not converged,

Our Algonthmlreqmres an empmcal estlmator F for F (T ) Providing such an estimator might be
non-trivial for general . If F(n) = [, C(x, 7(-|z))dP(z), i.e., the cost is weak (3], one may use the

following unbiased Monte-Carlo estimator: F (X, T(X, Z)) ©x)-1 Y pex C(z,T(x, Z[x])),
where C is the respective estimator for the weak cost C' and Z[z] denotes a random batch of latent

vectors z ~ S for a given € X. For strong costs and the y-weak quadratic cost, the estimator C
is given by (Korotin et al., 2022c| Eq. 22 and 23) and our Algorithm|I|for general OT [5]reduces to
the NOT algorithm (Korotin et al.| [2022c| Algorithm 1) for weak or strong OT. Unlike the
predecessor, our algorithm is suitable for general OT formulation (3)). In the next section, we propose
a cost functional Fg (and provide an estimator for it) to solve the class-guided dataset transfer task.

4 CLASS-GUIDED DATASET TRANSFER WITH NEURAL OPTIMAL TRANSPORT

In this section, we show that general cost functionals (3] are useful, for example, for the class-guided
dataset transfer. To begin with, we theoretically formalize the problem setup.

Let each input P and output Q distributions be a mixture of NV distributions (classes) {P,}N_, and
{Qn}N_,, respectively. Thatis P = Zﬁ;l a,P, and Q = Zf:;l 5,Q.,, where a,,, 8, > 0 are the

respective weights (class prior probabilities) satisfying ZnN:1 a, = 1 and 25:1 Bn, = 1. In this
general setup, we aim to find the transport plan 7(z,y) € II(P, Q) for which the classes of z € X
and y € ) are the same for as much pairs (x,y) ~ 7 as possible. That is, its respective stochastic
map T should map each component PP, (class) of P to the respective component Q,, (class) of Q.

The task above is related to domain adaptation or transfer learning problems. It does not always
have a solution with each IP,, exactly mapped to Q,, due to possible prior/posterior shift (Kouw &
Loog, 2018). We aim to find a stochastic map 7" between P and Q satisfying T} (IP,, xS) ~ Q,, for all

n=1,..., N. To solve the above discussed problem, we propose the following functional:
N
= de
Fo(m) = Fo(Tn) © Y an€ (Trt(PaxS), Qu), (11)
n=1

where £ denotes the energy distance (T)). Functional (TT)) is non-negative and attains zero value when
the components of IP are correctly mapped to the respective components of Q (if this is possible).

Theorem 3. Functional F() is convexﬂ in 7w € T1I(P) and *-separably increasing.

In practice, each of the terms £2 (T (P, XxS), Qn) in (TT) admits estimation from samples from .

'The functional Fg () is not necessarily strictly convex.
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Proposition 1 (Estimator for £2). Let X,, ~ P,, be a batch of K x samples from class n. For each
x € Xy, let Z,[x] ~ S be a latent batch of size K z. Consider a batch'Y,, ~ Q,, of size Ky. Then

IV def 1 _ _
AE (X T(Xny Zn): Ya) = g y;n%jnzezz[w] ly =T, 2)|

2. (K% —1Kx)-K§ 02 > D Ty -TE Nl a2)

TE€EXp 2€ 20 [a] 2/ EXp\{a} 2 €2,/

is an estimator of £2 (Tﬁ (P, x8S), (@n) up to a constant T-independent shift.

To estimate F¢ ('), one may separately estimate terms £ (T#(P,xS), Q) for each n and sum them
up with weights «,,. We only estimate only n-th term with probability «, at each iteration.

We highlight the two key details of the estimation of which are significantly different from
estimation weak OT costs @ appearing in related works (Korotin et al.| 2022c} [Fan et al., [2021a;
Korotin et al., 2021b)). First, one has to sample not just from the input distribution IP, but separately
from each its component (class) IP,,. Moreover, one also has to be able to separately sample from
the target distribution’s Q components Q,,. This is the part where the guidance (semi-supervision)
happens. We note that to estimate costs such as strong or weak (3), no target samples from Q are
needed at all, i.e., they can be viewed as unsupervised.

In practice, we assume that the learner is given a labeled empirical sample from P for training. In
contrast, we assume that the available samples from Q are only partially labeled (with > 1 labeled
data point per class). That is, we know the class label only for a limited amount of data (Figure[T). In
this case, all n cost terms @I) can still be stochastically estimated. These cost terms are used to learn
the transport map 7} in Algorithm|l| The remaining (unlabeled) samples will be used when training
the potential f,,, as labels are not needed to update the potential in (9). We provide the detailed
procedure for learning with the functional Fg (T1) in Algorithm 2}

5 RELATED WORK

Neural networks for OT. To the best of our knowledge, our method (§3) is the first to compute OT
plans for general cost functionals (5). Our duality formula (O) subsumes previously known formulas
for weak (EI) and strong @]} functionals (Korotin et al., 2022al, Eq. 7), (Korotin et al.,|2021b} Eq. 9),
(Rout et al.| 2022| Eq. 14), (Fan et al.||2021a, Eq. 11), (Henry-Laborderel 2019} Eq. 11), (Gazdieva
et al.} 2022, Eq. 10). For the strong quadratic cost, (Makkuva et al.,|2019)), (Korotin et al., [2021a, Eq.
10) consider analogous to (9) formulations restricted to convex potentials; they use Input Convex
Neural Networks (Amos et al.||2017) to approximate them. These nets are popular in OT (Korotin
et al.,[2021c; Mokrov et al., 20215 |[Fan et al., 2021a; Bunne et al.,[2021}; |Alvarez-Melis et al., [2021))
but OT algorithms based on them are outperformed (Korotin et al.| 2021b) by the above-mentioned
unrestricted formulations. In (Genevay et al., 2016 Seguy et al |2017; Daniels et al., 2021} [Fan
et al| [2021b), the authors propose methods for f-divergence regularized functionals @). The first
two methods recover biased plans which is a notable issue in high dimensions (Korotin et al.| |2021b|
§4.2). Method (Daniels et al.| [2021)) is computationally heavy due to using the Langevin dynamics.

Many approaches in generative learning use OT cost as the loss function to update generative models
(WGAN:Ss (Arjovsky & Bottoul, 2017} |Petzka et al., 2017} Liu et al.l 2019)). They are not related to
our work as they do not compute OT plans (or maps). Importantly, saddle point problems such as (@)
significantly differ from GANSs, see (Gazdieva et al}, 2022, §6.2).

Dataset transfer and domain adaptation. Deep distance-based algorithms (Gretton et al., 2012}
Long et al.l [2015;2017) or adversarial algorithms (Ganin & Lempitsky} [2015}; |Long et al.| [2018)
are common solutions to the domain adaptation problem. Using neural networks, these methods
align probability distributions while maintaining the discriminativity between classes (Wang & Deng|
2018)). Mostly they perform domain adaptation for image data at the feature level and are typically
not used at the pixel level (data space). Pixel-level adaptation is typically performed by common
unsupervised image-to-image translation techniques such as CycleGAN (Zhu et al.l 2017; Hoffman
et al.,[2018} |Almahairi et al.,2018) and UNIT (Huang et al.,|[2018};|Liu et al., 2017).

OT and domain adaptation. Discrete OT solvers (EMD (Nashl 2000; |Courty et al., [2016]),
Sinkhorn (Cuturi, 2013a), etc.) are usually employed to map labeled input samples to the unla-
beled or partially labeled target samples. Combinations with neural feature extractors (Courty et al.,
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Figure 2: The results of mapping two moons using OT with different cost functionals.
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(a) Input x ~ P. (b) Targety ~ Q. (¢) Guided NOT (Fg) [Ours]

Figure 3: Illustration of the mapping between two Gaussian mixtures learned by our Algorithm@

2017} [Redko et al} 2018} [Bhushan Damodaran et al.| 2018) are popular in domain adaptation (Courty]
et al., [2016). The available labels can be used to reconstruct the cost function and catch the data
structure (Courty et al., 2016; [Stuart & Wolfram| 2020} [Liu et al., [2020; [Li et al, [2019). Discrete
OT performs a matching between the given empirical samples and does not provide out-of-sample
estimates. In constrast, our method generalizes to unseen source data and generates new target data.

Conditional generative models. Conditional models, e.g., GAN (Mirza & Osinderol [2014)), Adver-
sarial Autoencoder (Makhzani et al.,[2015), use the labels to apply conditional generation. They are
not relevant to our work as we do not use any label information during the inference. Our learned
mapping is based only on the input content.

6 EXPERIMENTS

In this section, we test NOT with our cost functional Fg on toy cases (§6.1) and image data (§6.2).
For comparison, we consider NOT with Euclidean costs (Korotin et al., [2022¢; [Rout et al},[2022;
Korotin et al}, 2021b}; [Fan et al., [2021a) and image-to-image translation models (Isola et al.|[2017;
Huang et al., 2018; [Liu et al., 2017). The code is written in PyTorch framework and will be made
public along with the trained networks. On the image data, our method converges in 5-15 hours on a
Tesla V100 (16 GB). We give the training details (architectures, pre-processing, etc.) in Appendix!?l
Our Algorithmlearns stochastic (one-to-many) transport maps 7T'(z, z). Following (Korotin et al.
§5), we also test deterministic 7'(z, z) = T(z), i.e., do not add a random noise z to input.
This disables stochasticity and yields deterministic (one-fo-one) transport maps « — 1'(z). In
(toy examples), we test only deterministic variant of our method. In §6.2] we test both cases.

6.1 Toy EXAMPLES

The moons. The task is to map two balanced classes of moons (red and green) between P and Q
(circles and crosses in Figure 2a] respectively). The target distribution Q is P rotated by 90 degrees.
The number of randomly picked labeled samples in each target moon 10. The maps with learned by
NOT with the quadratic cost (W5, (Korotin et al., [2022c; Rout et al.,[2022; [Fan et al., 2021a)) and our
functional Fg are given in Figures[2c|and [2d] respectively. For completeness, in Figure [2b] we show
the matching performed by a discrete OT-SI algorithm which learns the transport cost with a neural
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Figure 5: The results of mapping between two notably different datasets (unrelated domains).

net from a known classes’ correspondence 2020). The map for W5 does not preserve the
classes (Figure[2c), while our map solves the task (Figure [2d).

The Gaussians. Here both P, Q are balanced mixtures of 16 Gaussians, and each color denotes a
unique class. The goal is to map Gaussians in IP (Figure 3a) to respective Gaussians in Q (Figure [3b)
which have the same color. The result of our method (10 known target labels per class) is given in
Figure[3c| It correctly maps the classes. NOT for the quadratic cost is not shown as it results in the
identity map (the same image as Figure [3a) which is completely mistaken in classes.

6.2 IMAGE DATA EXPERIMENTS

Datasets. We use MNIST (LeCun & Cortes| [2010), MNIST-M (Ganin & Lempitskyl [2015), Fashion-
MNIST 2017), KMNIST (Clanuwat et al., [2018)) datasets as P, Q. Each dataset has 10
(balanced) classes and the pre-defined train-test split. We consider two cases. In the related domains
case, source and target are close: MNIST — USPS, MNIST — MNIST-M. In the unrelated domains
case, they notably differ: MNIST — KMNIST and FashionMNIST — MNIST. In all the cases, we
use the default class correspondence between the datasets. For completeness, we provide an example
with imbalanced classes and a non-default correspondence in Appendices Hand'(_?l, respectively.

Baselines: We compare our method to principal unsupervised translation models. We consider

(one-to-many) AugCycleGAN(Almahairi et al 2018), MUNIT(Huang et all, [2018). We use the

official implementations with the hyperparameters from the respective papers. Also we test NOT
with Euclidean cost functions: the quadratic cost %Hm — y||? (W3) and the y-weak (one-to-many)
quadratic cost (W3 4, v = %). The above-mentioned methods are unsupervised, i.e., they do not use
the label information. For completeness, we add (one-to-one) OTDD flow (Alvarez-Melis & Fusil
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Image-to-Image

Translation Flows Neural Optimal Transport

Datases (32 x 32) | MUNIT (. é?ell(% AN | OTDD | W2 Wy, ]Ef')’u“r‘;]z [oi -
MNIST — USPS 8297 96.52 8250 | 5627 3433 | 9342 9514
MNIST — MNISTM | 97.95 98.2 - 3877 370 9527 9462
MNIST — KMNIST | 12.27 8.9 336 | 613 682 7920 6101
FMNIST — MNIST 8.93 12.03 1028 | 1096  8.02 8279 8322

Table 1: Accuracy?t of the maps learned by the translation methods in view.

Datasets (32 x 32) | MUNIT (. é?:é N | OTDD | W2 W, fig’u“r‘;]z [Ofu ol
MNIST — USPS 6.36 274 >100 | 460 305 540 2.87
MNIST — MNISTM | 1168 26.87 - 1943 1748 | 1856 6.67
MNIST — KMNIST 8.81 62.19 >100 | 1285 9.46 17.26 9.69
FMNIST — MNIST 791 26.35 >100 | 751 702 7.14 5.26

Table 2: FIDJ of the samples generated by the translation methods in view.

2021;2020). The method employs gradient flows to perform the transfer preserving the class label.
Additionally, we show the results of ICNN-based W5 OT method (Makkuva et al.l|2019; [Korotin
et al| [202Ta) in Appendix [F]

Metrics. All the models are fitted on the train parts of datasets; all the provided qualitative and
quantitative results are exclusively for test (unseen) data. To evaluate the visual quality, we compute
FID (Heusel et al.| [2017)) of the mapped source test set w.r.t. the target test set. To estimate the
accuracy of the mapping we pre-train ResNet18 (He et al.,2016) classifier on the target dataset. We
consider the mapping T correct, if the predicted label for the mapped sample T'(x, z) matches the
corresponding label of z.

Results. Qualitative results are show in Figures[d] 5} FID, accuracy — in Tables 2]and[I] respectively.
To keep the figures simple, for all the models (one-to-one, one-to-many), we plot a single output per
an input. For completeness, we show multiple outputs per an input for our method in Appendix
Note that in our method and OTDD, we use 10 labeled samples per each class in the target distribution.
The other methods under consideration do not use the label information.

In the related domains case (Figure[d), GAN-based methods and NOT with our guided cost Fg show
high accuracy > 90%. However, NOT with strong and weak quadratic costs provides low accuracy
(35-50%). We presume that this is because for these dataset pairs the ground truth OT map for the
(pixel-wise) quadratic cost simply does not preserve the class. This agrees with (Daniels et al., 2021,
Figure 3) which test an entropy-regularized quadratic cost in a similar MNIST—USPS setup. For our
method with guided cost Fg, ablation study on Z size presented in Appendix [D] The OTDD gradient
flows method provides reasonable accuracy on MNIST—USPS. However, OTDD has much higher
FID than the other methods. Visually, the OTDD results are comparable to (Alvarez-Melis & Fusi,
2021}, Figure 3).

In the unrelated domains case (Figure 5], which is of our main interest, all the methods except our
method do not preserve the class structure since they do not use label information. Consequently, their
accuracy is around 10% (random guess). OTDD does not preserve the class structure and generates
samples with worse FID. Only NOT with our cost Fg preserves the class labels accurately.

Conclusion. Our approach provides FID scores which are better or comparable to principal image-to-
image translation methods. In the related domain case (Figure[d), we provide comparable accuracy
of class preservation. When the domains are unrelated, we notably outperform existing approaches.

6.3 DISCUSSION

Potential Impact. Our method is a generic tool to learn transport maps between data distributions.
In contrast to many other generative models, it allows to control the properties of the learned map via
choosing a task-specific cost functional . Our method could be used for data generation and editing
purposes, and analogously to GANs, have promising positive real-world applications, such as digital
content creation and artistic expression. At the same time, generative models can also be used for
negative data manipulation purposes such as deepfakes. In general, the impact of our work on society
depends on the scope of its application and the task at the hand.

Limitations. To apply our method, one has to provide an estimator F (T) for the functional F which
may be non-trivial. Besides, the construction of a cost functional F for a particular downstream task
may be not straightfoward. This should be taken into account when using the method in practice.

Constructing task-specific functionals F and estimators F is a promising future research avenue.
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7  REPRODUCIBILITY

To ensure the reproducibility of our experiments, we provide the source code in the supplementary
material. For toy experiments run twomoons_toy.ipynb and gaussian_toy.ipynb.
For the dataset transfer experiments §6.2] run dataset_transfer.ipynb and
dataset_transfer_no_z.ipynb. The detailed information about the data preprocessing and
training hyperparameters is presented in §6/and Appendix
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A PROOFS

Proof of Theorem(I] We use the dual form () to derive

Cos(P, Q) = sup {sgp { /X u(a)dB(x) ~ F(u @ )| + /y . }: (13)

el e[ et fimo) - o
sup {Stip [ /X u(a)dB(z) + inf (]-"(77)— /X Xy(u@v)dﬂ'(x,y)>: + /y }_ (15)
sup {supint (#(7) = [ w@ile =)o) = [ spart)) + [ spdow} < ao

s {sup_int (#0) = [ atoyile =)@ = [ vt)int)) + [ otmacw | = an
wup {sup_int (#m)— [ o)) + [ o} = a

sup {ﬂég{m (f(ﬁ)— /y v(y)dﬂ(y)) + /y v } (19)

sgp{m*) /y o(y) d:;f” /y v(y)d@(y>} _ F(r*) = Cost(P,Q). (20)

In line (T3), we group the terms involving the potential w. In line (T4), we express the conjugate
functional F* by using its definition. In transition to line (T3), we replace inf, operator with the
equivalent sup,; operator with the changed sign. In transition to (T6), we put the term [, u(x)dP(x)
under the inf,; operator; we use definition (u®v)(z,y) = u(x)+wv(y) to split the integral over 7(z, y)
into two separate integrals over 7(z) and 7 (y) respectively. In transition to (I7), we restrict the inner
inf; to probability measures 7 € II(IP) which have P as the first marginal, i.e. dr(x) = dP(x). This
provides an upper bound on (T6), in particular, all u-dependent terms vanish, see (I8). As a result,
we remove the sup,, operator in line (I9). In transition to line (Z0) we substitute an optimal plan
7 € II(P,Q) C I(Q) to upper bound (19). Since Cost(P, Q) turns to be both an upper bound @)
and a lower bound (13)) for (T9), we conclude that (7)) holds.

Proof of Theorem[2] Assume that 7* ¢ arginf, o) L(v*,7), ie.,

L*,7*) > inf L(v*,7m) = Cost(P,Q).

Tell(P)

We substitute v* and 7* to £ and see that

Llv* 7*) = [F(r*) - /y oly) dr ()] + /y v(y)dQ(y) = F(x*) = Cost(P, Q),
dQ(y)

which is a contradiction. Thus, the assumption is wrong and (8) holds. O

Proof of Proposition[3] First, we prove that it is *-separately increasing. For 7 € M(X x V) \ II(P)
it holds that F(m) = 4o00. Consequently,

/ c(z,y)dn(z,y) — F(m) = / (u(z) + v(y))dr(z,y) — F(r) = —oc. (21)
XxY XY

When 7 € TI(P) it holds that 7 is a probability measure. We integrate u(x) + v(y) < ¢(z,y) w.r.t. ,
substract () and obtain

/ c(z,y)dr(z,y) — F(m) > / (u(x) + v(y))dw(x,y) — F(m). (22)
xXxY XXY
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By taking the sup of (21I)) and 22) w.r.t. 7 € M(X x )), we obtain F*(c¢) > F*(u @ v)E]
Next, we prove that F is convex. We prove that every term £2 (T,rﬁ(IP’n X S), Qn) is convex in 7.

First, we show that 7 — f,,(7) = T 4(P,, x S) is linear in 7 € II(P).
Pick any 71, ma, 3 € II(P) which lie on the same line. Without loss of generatity we assume that
73 € [m1, Mo, 1.e., M3 = am + (1 — a)my for some « € [0, 1]. We need to show that

fu(ms) = afn(m) + (1 = @) fu(m2). (23)
In what follows, for a random variable U we denote its distribution by Law(U).

The first marginal distribution of each 7; is P. From the gluing lemma (Villani, 2008, §1) it follows
that there exists a triplet of (dependent) random variables (X, Y7, Y2) such that Law (X, Y;) = m;
for i = 1,2. We define Y3 = Y., where r is an independent random variable which takes values in
{1, 2} with probabilities {«, 1 — «}. From the construction of Y3 it follows that Law(X,Y3) is a
mixture of Law(X, Y7) = 71 and Law(X, Y2) = o with weights « and 1 — cv. Thus, Law (X, Y3) =
am + (1 — a)me = w3. We conclude that Law(Y3| X =) = m3(+|z) for P-almost all z € X (recall
that Law (X)) =P). On the other hand, again by the construction, the conditional Law(Y5| X =z) is
a mixture of Law(Y1|X =z) = 7 (-|«) and Law(Y3| X =) = ma(+|2) with weights o and 1 — .
Thus, m3(-|z) = ami(-|z) + (1 — )7 (-|x) holds true for P-almost all x € X.
Consider independent random variables X,, ~ P, and Z ~ S. From the definition of T, we
conclude that Law (T, (2, Z)) = m;(+|x) for P-almost all 2 € X and, since P,, is a component of P,
for P,,-almost all x € X as well. As a result, we define T; = T, (X,,, Z) and derive
Law(T3| X, = z) = m3(|z) = am (|z) + (1 — a)ma(-]z) =
aLaw(T1| X, = z) + (1 — a)Law(T>| X, = z)

for P,,-almost all z € X. Thus, Law(X,,, T5) is also a mixture of Law(X,,,T}) and Law(X,,, T5)
with weights « and 1 — «. In particular, Law(T5) = aLaw(7T1) + (1 — a)Law(73). We note that
Law(T;) = f.(m;) by the definition of f,, and obtain (23).

Second, we highlight that for every v € P()), the functional P(Y) > u — £?(u, ) is convex in p.
Indeed, £? is a particular case of (the square of) Maximum Mean Discrepancy (MMD, (Sejdinovic
et al., |2013)). Therefore, there exists a Hilbert space H and a function ¢ : ) — H (feature map),
such that

£(u,v) = H [ owintn) - [ st H

Since the kernel mean embedding ), ¢(y)dpu(y) is linear in o and || - |3, is convex, we conclude

that £2(yu, v) is convex in . To finish the proof, it remains to combine the fact that 7 — T #(P,, x S)
is linear and £2(-, Q,,) is convex in the first argument.

Proof of Proposition[I] Direct calculation of the expectation of (I2) yields the value
1
1 1 1
E|lY —7(X, 2)]| ~ SBIT(X, 2) - T(X', )| ~ SE|Y ~ Y'|| + JE|Y "] =
2 1 /

where Y)Y’ ~ Q,, and (X, Z), (X', Z") ~ (P, x S) are independent random variables. It remains
to note that 2E||Y" — Y”|| is a T-independent constant. O

The proof is generic and works for any functional which equals +oo outside 7 € P(X x ).
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B EXPERIMENTS DETAILS

DATA PREPOSSESSING. We rescale the images to size 32x32 and normalize their channels to [—1, 1].
For the grayscale images, we repeat their channel 3 times and work with 3-channel images. We do
not apply any augmentations to data. We use the default train-test splits for all the datasets.

TRAINING DETAILS. In our Algorithm [2} we use Adam (Kingma & Bal [2014) optimizer with
Ir = 10~* for both Ty and v,,. The number of inner iterations for Ty is K = 10. Doing
preliminary experiments, we noted that it is sufficient to use small mini-batch sizes Kx, Ky, Kz in
(12). Therefore, we decided to average loss values over K g small independent mini-batches (each
from class n with probability «,,) rather than use a single large batch from one class. This is done
parallel with tensor operations.

Two moons. We use 500 train and 150 test samples for each moon. We use the fully-connected net
with 2 ReLU hidden layers size of 128 for both Ty and v,,. We train the model for 10k iterations of
v, With Kp = 32, Kx = Ky = 2 (K z plays no role as we do not use z here).

Gaussians. We use the fully-connected network with 2 ReLU hidden layers size of 256 for both T}
and v,,. There are 10000 train and 500 test samples in each Gaussian. We train the model for 10k
iterations of v, with Kp = 32, Kx = Ky = 2 (K z plays no role here as well).

Images. We use WGAN-QC discriminator’s ResNet architecture (He et al.,[2016)) for potential v,,.
We use UNeIE] (Ronneberger et al, [2015) as the stochastic transport map Ty (x, z). To condition
it on z, we insert conditional instance normalization (CondIN) layers after each UNet’s upscaling
blockﬂ We use CondIN from AugCycleGAN (Almahairi et al., 2018). In experiments, z is the
128-dimensional standard Gaussian noise.

The batch size is Kp = 32, Kx = Ky = 2, Kz = 2 for training with z. When training without
z, we use the original UNet without conditioning; the batch parameters are the same (KX z does not
matter). Our method converges in ~ 60k iterations of v,,.

For comparison in image domain we use the official implementations with the hyperparameters from
the respective papers: AugCycleGANE] (Almabhairi et al., 2018)), MUNITﬂHuang et al.,[2018). For
comparison with NOT (W2, W ), we use the code shared by the authors of (Korotin et al., 2022c]).

OTDD flow details. As in our method, the number of labeled samples in each class is 10. We
learn the OTDD flow between the labeled source dataset[] and labeled target samples. Note the
OTDD method does not use the unlabeled target samples. As the OTDD method does not produce
out-of-sample estimates, we train UNet to map the source data to the data produced by the OTDD
flow via regression. Then we compute the metrics on test (FID, accuracy) for this mapping network.

3
4
S

github.com/milesial/Pytorch-UNet

github.com/kgkgzrtk/cUNet-Pytorch
github.com/aalmah/augmented_cyclegan

®github.com/NVlabs/MUNIT

"We use only 15k source samples since OTDD is computationally heavy (the authors use 2k samples).

17


github.com/milesial/Pytorch-UNet
github.com/kgkgzrtk/cUNet-Pytorch
github.com/aalmah/augmented_cyclegan
github.com/NVlabs/MUNIT

Under review as a conference paper at ICLR 2023

C ADDITIONAL EXAMPLES OF STOCHASTIC MAPS

In this subsection, we provide additional examples the learned stochastic map for Fg (with z).

T(x1.2)

T(y|x1)

n(y|xz)
m(y[x,)

T(Xn, Z)
P
/' Noise
Figure 6: Implicit representation of 7 € II(P) via function T =T, : XY x Z — .

We consider all the image datasets from the main experiments (§6). The results are shown in Figure[7]
and demonstrate that for a fixed x and different z, our model generates diverse samples.

‘o[ 12/3]/|c]4]3] 17
B R 2
o1 2@ As s =g 7
BRI/ GHEL” 7
B.rRATEY ¢

s
S|
Sl ¢

VNG s o
+LLE LI
L i

/
{
)
T
1)

LDONRNPY

g
8
1]
§
3
g8
&

Qﬂ#MWM@

S
-]
S
S

-
K .
34
Al
NUUREiva

(c) MNIST to KMNIST (d) FMNIST to MNIST

Y~Q T(x,24) T(x,2z3) T(X,22) T(X,21) T(x,20) X~P

oMIBAEL AT 7
16 | 5EI15 o0 )

(b) MNIST to MNIST-M

&
£
Z
7]
=
a]
95}

13 P

rro ©e6000o

N
N PR —

PSS
A b 4L
~%
R

o
B

]

S
v,

DVAIRNE
ﬁaﬂn““" 9?“@’ ®

1
!
|
/
1
/
/

Y~Q T(x,24) T(x,23) T(X,22) T(X,21) T(x,20) X~P
Y ~Q T(x,24) T(x,23) T(x,22) T(x,21) T(X,20) X~P
LR N ey
o6 o :
N2 NN g
Oq (09 |0 |0 [0d vy

MRS

w?‘%‘ )

v

R Ty

Figure 7: Stochastic transport maps Ty(x, z) learned by our Algorithm Additional examples.
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D ABLATION STUDY OF THE LATENT SPACE DIMENSION

In this subsection, we study the structure of the learned stochastic map for Fg with different latent
space dimensions Z. We consider MNIST — USPS transfer task (10 classes). The results are shown
in Figures [8] P]and Table[3] As it can be seen, our model performs comparably for different Z.
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Figure 8: MNIST — USPS translation with functional Fg and varying Z = 1,4, 8, 16, 32, 64.
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Figure 9: Stochastic transport maps Ty(x, z) learned by our Algorithmwith different sizes of Z.
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Metrics Z=1|Z=4|2Z=8|2=16 | Z2=32 | Z =064
Accuracy | 86.96 93.48 91.82 92.08 92.25 92.95
FID 4.90 5.88 4.63 3.80 4.34 4.61

Table 3: Accuracyt and FIDJ of the stochastic maps MNIST — USPS learned by the our translation
method with different noise size Z.
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E IMBALANCED CLASSES

In this subsection, we study the behaviour of the optimal map for Fg when the classes are imbalanced
in input and target domains. Since out method learns a transport map from P to Q, it should capture
the class balance of the Q regardless of the class balance in P. We check this below.

We consider MNIST — USPS datasets with n = 3 classes in MNIST and n = 3 classes in USPS.
We assume that the class probabilities are vy = aig = %, a3 =0and By = By = B3 = % That is,
there is no class 3 in the source dataset and it is not used anywhere during training. In turn, the target
class 3 is not used when training 7y but is used when training f,,. All the hyperparameters here are
the same as in the previous MNIST — USPS experiments with 10 known labels in target classes.
The results are shown in Figure [TOajand[TTa] We present deterministic (no z) and stochastic (with z)
maps.

Our cost functional Fg stimulates the map to maximally preserve the input class. However, to
transport P to QQ, the model must change the class balance. We show the confusion matrix for learned
maps Ty in Figures[T0b} [TTP] It illustrates that model maximally preserves the input classes 0, 1 and
uniformly distributes the input classes 0 and 1 into the class 2, as suggested by our cost functional.

n=0 n=0 n=0 n=0 n=0 n=1 n=1 n=1 n=1 n=1
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(a) Examples of transported digits x — Ty (). (b) Confusion matrix of Tp(x).

Figure 10: Imbalanced MNIST — USPS translation with functional Fg (deterministic, no z2).
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Figure 11: Imbalanced MNIST — USPS translation with functional g (stochastic, with z).
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F ICNN-BASED DATASET TRANSFER

For completeness, we show the performance of ICNN-based method for the strong (2)) quadratic
transport cost ¢(z,y) = %Hx — y||? on the dataset transfer task. We use the non-minimax version
(Korotin et al., [202Ta)) of the ICNN-based method by (Makkuva et al.,[2019). We employ the publicly
available code and dense ICNN architectures from the Wasserstein-2 benchmark repositoryﬂ The
batch size is K5 = 32, total number of iterations is 100k, Ir = 3 - 102, and the Adam optimizer is
used. The datasets are preprocessed as in the other experiments, see Appendix [B]

The qualitative results for MNIST—USPS and FashionMNIST—MNIST transfer are given in Figure
[T2] The results are reasonable in the first case (related domains). However, they are visually unpleasant
in the second case (unrelated domains). This is expected as the second case is notably harder. More
generally, as derived in the Wasserstein-2 benchmark (Korotin et al.}[2021b)), the ICNN models do not
work well in the pixel space due to the poor expressiveness of ICNN architectures. The ICNN method
achieved 18.8% accuracy and >100 FID in the FMNIST—MNIST transfer, and 35.6% and accuracy
and 13.9 FID in the MNIST—USPS case. All the metrics are much worse than those achieved by our
3 4

1

l

0

ey

general OT method with the class-guided functional F¢;, see Table[I] 2] for comparison.
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(a) MNIST—USPS transfer. (b) FMNIST—MNIST transfer.
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Figure 12: Results of ICNN-based method applied to the dataset transfer task.

G NON-DEFAULT CLASS CORRESPONDENCE

To show that our method can work with any arbitrary correspondence between datasets, we also
consider FMNIST—MNIST dataset transfer with the following non-default correspondence between
the dataset classes:

0-9,1-0,2-1,3-2,4-3,5+-4,6-5,7-6,8>7,9> 8.

In this experiment, we use the same architectures and data preprocessing as in dataset transfer tasks;
see Appendix [B] We use our F¢; (TT)) as the cost functional and learn a deterministic transport map 7'
(no z). In this setting, our method produce comparable results to the previously reported in Section 6]
accuracy equal to 83.1, and FID 6.69. The qualitative results are given in Figure I3}

TiAT A
1910\ 234567 ¥
720 (1234567 %

Figure 13: FMNIST—MNIST mapping with F¢ no z cost, classes are permuted.

8github .com/iamalexkorotin/Wasserstein2Benchmark
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