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Abstract

Self-attention in vision transformers is often thought to perform perceptual group-
ing where tokens attend to other tokens with similar embeddings, which could
correspond to semantically similar features of an object. However, attending to
dissimilar tokens can be beneficial by providing contextual information. We pro-
pose to analyze the query-key interaction by the singular value decomposition of
the interaction matrix (i.e. WqTWk). We find that in many ViTs, especially those
with classification training objectives, early layers attend more to similar tokens,
while late layers show increased attention to dissimilar tokens, providing evidence
corresponding to perceptual grouping and contextualization, respectively. Many of
these interactions between features represented by singular vectors are interpretable
and semantic, such as attention between relevant objects, between parts of an ob-
ject, or between the foreground and background. This offers a novel perspective
on interpreting the attention mechanism, which contributes to understanding how
transformer models utilize context and salient features when processing images.

Figure 1: We propose a new way to study query-key interactions via the singular value decomposition
of the query-key interaction matrix. Many of the modes (i.e. pairs of singular vectors corresponding
to the query and the key respectively), are semantically interpretable. Two example modes are shown.
Top row: ViT layer 8 head 7 mode 2. Bottom row: DINO layer 8 head 9 mode 2. The red channel
indicates the projection value of embedding onto the left singular vector which corresponds to the
query; the cyan channel indicates the projection value of embedding onto the right singular vector
which corresponds to the key.

1 Introduction

Vision transformers (ViTs) are a family of models that have significantly advanced the computer
vision field in recent years [14]]. The core computation of ViTs, self-attention, is designed to promote
interactions between tokens corresponding to relevant image features [14]. But this mechanism
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has different interpretations with open questions such as what "relevant” refers to. Some interpret
"relevant” as tokens within the same object. Highlighting objects in attention maps is usually
considered a desirable property of ViTs [14,[7,19]. However, observations in the language domain
suggest that self-attention contextualizes tokens, such that the same token has different meanings in
different contexts[16]. Contextualization in vision may require a token to receive information not
only from same-category tokens, but also from a wider range of different-category tokens such as
backgrounds or other objects in the scene. Contextual effects also abound in neuroscience, whereby
the responses of neurons and perception are influenced by the context [8,23},144, 25/ 22} 11} 13} [10].
Therefore, two ideas exist regarding self-attention: a token attends to similar tokens, which could
lead to grouping and highlighting the objects; or attends to dissimilar tokens such as backgrounds
and different objects, which could lead to stronger contextualization. The former has been supported
by many studies, while the latter has been largely ignored in previous studies.

Much like all other deep learning models, though ViTs are successful in many applications, researchers
do not have direct access to how information is processed semantically. This issue is particularly
important when deploying transformer-based large language models (LLMs) where safety is a priority.
As such, there have been studies trying to find feature axes (also known as semantic axes) in the
embedding space [18} 5,6, [13,[34,[19]. A general finding is that embeddings in feedforward layers (i.e.
MLP layers) are more semantically interpretable than in self-attention layers [[18,[19]]. It is believed
that the embeddings in the self-attention layers have more superposition, whereas embeddings in the
feedforward layers have less superposition due to the expansion of dimensionality [6]]. Thus, there
has been less focus on finding feature axes in the self-attention layers, and there has been little study
addressing interactions between feature axes. In this study, while addressing the role of self-attention,
we propose that singular vectors of the query-key interaction are pairs of feature directions. Properties
of self-attention heads can be elucidated by studying the properties of their singular modes. We
show that those singular vector pairs help semantically explain the interaction between tokens in the
self-attention layers.

Our main contributions are as follows:

* We identify a role of self-attention in a variety of ViTs. In many ViTs, especially those
with classification training objectives, early layers perform more grouping in which tokens
attend more to similar tokens; late layers perform more contextualizing in which tokens
attend more to dissimilar tokens. However, this observation has some variability among
models and may depend on the training objective: notably, some self-supervised ViTs tend
to increase attention to dissimilar tokens in the last few layers.

* We propose a new way to interpret self-attention by analyzing singular modes. Our method
goes beyond finding individual feature axes and extends model explainability to the in-
teraction of pairs of feature directions. This approach therefore constitutes enhancing the
explainability of transformer models.

In section 2, we state the motivations of this study and list related work. In section 3, we empirically
analyze the preference of self-attention between tokens within and between object categories. In
section 4, to study the fundamental properties of the query-key interaction, we propose a Singular
Value Decomposition method. In section 5, we show that many of the decomposed singular modes
are semantic and can be used to interpret the interaction between tokens. In section 6, we discuss the
limitations of this study. In section 7, we discuss the main findings and the significance of this study.
In the supplementary, we provide an extensive set of visualization examples of the singular modes.
Code for this work is available at: https://github.com/schwartz-cnl/Dissecting ViT.

2 Related work

Attention map properties The properties of attention maps have been studied since the invention of
the ViT. The original ViT paper reported that the model attends to image regions that are semantically
meaningful, showing that the [C'LS] token (i.e. a special token originally designed as the final hidden
vector) attends to objects [14]]. Later, a study showed that, in a self-supervised ViT named DINO,
the [C'LS] attention map has a clearer semantic segmentation property, highlighting the object [7].
Following this idea, studies further showed that the attention map of tokens can highlight parts of
an object, and subsequently developed a segmentation algorithm by aggregating attention maps



[31,139]. Another study on the output of self-attention layers indicates that self-attention may perform
perceptual grouping of similar visual objects, rather than highlighting a salient singleton object that
stands out from other objects in the image [29]. Most of these studies focus on the [C'LS] token
attention map or on the outputs of attention maps. Our study, in contrast, seeks to interpret the
interactions between tokens within the self-attention layers, to gain insights about properties such as
grouping and contextualization.

Contextualization Our study is inspired by contextual effects in visual neuroscience, in which
neural responses are modulated by the surrounding context [3\ 8 44]. For instance, the response of a
cortical visual neuron in a given location of the image is suppressed when the surrounding inputs
are inferred statistically similar, but not when the surround is inferred statistically different, thereby
highlighting salient stimuli in which the center stands out from the surround [25} [12]. Some of these
biological surround contextual effects have been observed in convolutional neural networks [28| 32].
Here our goal is not to address biological neural contextual effects in ViTs, but to dissect contextual
interactions in the self-attention layers. It is known that language transformer models have a strong
ability to contextualize tokens [[16]]. However, it’s not clear what kinds of contextualization emerge
in the ViT. In this study, we seek to understand what kinds of interactions occur between a token
and other tokens that carry important contextual information, possibly representing different objects,
different parts of an object, or the background.

Finding feature axes Finding feature axes is crucial for understanding and controlling model
behavior. Since a study found semanticity in the embeddings of feedforward layers in LLMs [18],
studies have primarily focused on identifying feature axes in the feedforward layers, and to a lesser
extent, in self-attention layers. Similar to the findings in LLMs, a ViT study found that feedforward
layers have less mixed concepts and can generate interpretable feature visualizations [[19]. Bills et al.
proposed a gradient-based optimization method to find explainable directions in LL.Ms [3]]. Later,
Bricken et al. proposed a simpler method of sparse autoencoder [6]]; though see [21]]. These methods
have not been extensively applied to ViT studies.

Some studies focused on finding feature directions in the ViTs’ self-attention layers. In downstream
tasks such as semantic segmentation, researchers empirically found that choosing the key embeddings
as features leads to the best performance [37, 2, [1]. A study proposed that the singular value
decomposition of the weight matrix is a natural way to find feature directions in any neural network
[34]. But they only focused on single feature directions (right singular vectors), and did not consider
the feature interaction in the context of self-attention. Another study suggested that singular vectors
of value weights and feedforward weights can be used as features in LLMs, but they did not analyze
the query-key interaction matrix [30]. Another study in the language domain proposed a singular
vector decomposition on the union of the query and key embeddings, but not on the query and key
weights [27].

There has been limited work going beyond single features to studying query-key interactions. A
study focusing on LL.Ms proposed that the corresponding columns of query and key matrices are
interpretable as pairs [13]. However, this approach does not find features beyond the canonical basis
of the query and key embeddings. Another study inferred query-key interactions by jointly visualizing
them in a low dimensional space, but their method does not find interacting feature axes [42]]. Here,
in contrast to previous works, we utilize the singular value decomposition to study the query-key
interactions. We propose that left and right singular vectors of the query-key interaction matrix can
be seen as pairs of interacting feature directions, and study their properties in ViTs.

3 Grouping or contextualizing

Firstly, we empirically study whether an image token (i.e. a patch in the image) attends to tokens
belonging to the same objects, different objects, or background. We utilized a dataset that has been
applied to studying visual salience [24], namely the Odd-One-Out (O3) dataset [29]. This dataset
was also used by Mehrami et al. [29] in their study but they only focused on the output of the
attention layers. However, we use a different experimental design that focuses on the attention maps
of image tokens. The dataset consists of 2001 images that have a group of similar objects (distractors)
and a distinct singleton object (target) (Fig[2] A). Our goal is to examine if the attention map of a
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Figure 2: Attention preference in the Odd-One-Out (O3) dataset [24]. A. An example from the O3
dataset. Two tokens are chosen to correspond to the target and distractor in the image. Attention
maps using two tokens as queries are computed. We examine the overlap between the attention map
of the target, and each of the mask labels of the target, distractor, and background masks. Similarly,
we examine the overlap between the attention map of the distractor, and each of the mask labels of
the distractor, target, and background. B. Ratio of attention on the same objects (target-target and
distractor-distractor attention). The x-axis is normalized layer numbers, from early layers (left) to
late layers (right). C. Ratio of attention on the different objects (target-distractor and distractor-target
attention). D. Ratio of attention on the background (target-to-background and distractor-background
attention)

token of one category (target or distractors) covers more of the same category, different category, or
background.

We chose to study 16 different ViT models from 6 families: the original ViT [14]], DeiT which uses
distillation to learn from a teacher model [38]], CLIP which is jointly trained with a text encoder [33]],
and DINO [[7], SimMIM [40], I-JEPA [4] which are self-supervised models with either contrastive or
mask prediction loss.

In this study, the "attention score" is defined as the dot product of every query and key pair, which
has the shape of the number of tokens by the number of tokens and is defined per attention head.
The "attention map" is the softmax of each query’s attention score reshaped into a 2D image, which
is defined per attention head and token. For each image in the dataset, two tokens are chosen to
represent the target and distractor. They are at the location of the maximum value of the down-scaled
target or distractor mask. Two attention maps are obtained using the two tokens, each is normalized
to sum to 1. Inner products are computed between the two attention maps and three masks, which can
be interpreted as the ratio of attention of an object (target or distractor) on the same object, different
object, or background. We use target-target, target-distractor, target-background, distractor-target,
distractor-distractor, and distractor-background attention to denote the 6 inner products. This measure
is computed per layer, head, and image. The averaged measure is shown in Fig[2] Target-target and
distractor-distractor attention are categorized as "attention on same objects"; target-distractor and
distractor-target attention are categorized as "attention on different objects"; target-to-background
and distractor-to-background attention are categorized as "attention on background". The attention
on the same objects should be dominant if attention is to perform grouping. We find a trend that in
most ViTs the attention on the same objects is dominant in early layers; while there is a trend that in



the deeper layers attention gradually increases on the contextual features such as the background or
different objects. However, this observation has some variability among models and may depend on
the training objective. For example, the self-supervised SImMIM pre-trained on pixel-level mask
prediction shows increased attention on the same objects in later layers. Interestingly, this trend
disappears after fine-tuning on a classification task.

This result provides new evidence that self-attention considers contextual features as much or more
than similar features in deeper layers. In most ViTs, especially with those with classification training
objectives, self-attention prefers the same objects in early layers; in deeper layers, self-attention
shifts to contextual information. As far as the authors are aware, this finding has not been reported in
previous ViT studies [[14}[7} 139} 29].

4 Singular value decomposition of query-key interaction

4.1 Formulation

In the previous section, we empirically study the allocation of self-attention and find that self-attention
does not only do grouping. In this section, we try to find whether this self-attention property can
be better understood by analyzing the underlying computation. The self-attention computation is
formulated as below, following the convention in the field. Each token is first transformed into three
embeddings, namely query, key and value. The output of a self-attention layer is the sum of values
weighted by some similarity measures between query and key. The original transformer model used
the softmax of the dot-product of the key and query [14]:

T

. QK
Attention(Q, K, V) = softmax A\
(Q.K,V) ( N )

where Q, K, V denote the query, key, and value embeddings. They are calculated from linearly
transforming the input sequence X = {x1, ...,xy} € R?*%, where d is the input embedding size, L
is the sequence length,

Q=W,X e R#*F

K = WX € R¥*E

V=W,X e R"*L
where W, € Ré%>d W, € R¥xd W, c R%*? are trainable linear transformations that transform
the input embedding to the key, query, and value space. Sometimes a bias term is also added to the
transformation. Since the bias term does not depend on the input embedding, we do not include it in
our analysis of token interactions. In the formula of the attention output, the part that contains the

query and key interaction is named the attention score. In this case which is based on the dot-product,
the attention score between two tokens x; (query) and x; (key) is

T Tww T
ai; =q; kj =x; Wy Wix;

The attention score solely depends on the combined matrix WqTWk as a whole [[15]], which represents
the query-key interaction. To better understand the behavior of this bilinear form, we factor the matrix
using the singular value decomposition,

W,/ W, =UZV'

where U = {uy,...,ug, } € R¥ is the left singular matrix composed of left singular vectors,
V = {vi,...,vq, } € R¥*9k is the right singular matrix composed of right singular vectors, ¥ =
diag(cy, ..., 04,) € R¥ >k js a diagonal matrix composed of singular values. We will refer to the
nth singular mode as the set {u,,,0,,v,}. Then the attention score between two tokens can be
decomposed into singular modes.

dy,
Tw T T T
x; Wy Wix; = E X; Up0pnV, X;
n=1

Consider the input embeddings projected onto the left and right singular vectors, i.e. X "u,, and x " v,,.

The attention score is non-zero when the two embeddings have a non-zero dot-product with the



corresponding left and right singular vectors within the same singular mode. In other words, if one
embedding happens to be in the direction of a left singular vector, it only attends to tokens that have a
component of the corresponding right singular vector. It can be thought of as a left singular vector
"query" looking for its right singular vector "key".

4.2 Similarity between left and right singular vectors
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Figure 3: Cosine similarity between left and right singular vectors. The cosine similarity is computed
per head and singular mode. The weighted average value of cosine similarity is computed with
weights of corresponding singular values.

To determine if self-attention performs grouping or combines contextual information, we examine
whether tokens in different layers have higher attention scores with similar tokens or dissimilar tokens.
This can be measured for each singular mode by how much the left singular vector is aligned with the
right singular vector, more specifically, the cosine similarity between the left singular vector and the
right singular vector. A high cosine similarity value means tokens attend to similar tokens (to itself if
the value is 1); a low value means tokens attend to dissimilar tokens (to orthogonal tokens if O; to
opposite tokens if negative). The average cosine similarity is weighted by the singular values with the
assumption that singular modes with higher singular values are more influential to the total attention

SCOre COSqypg = » i’ i-cos;. We find that the averaged cosine similarity is high in early layers, and
- J
K3

there is a decreasing trend in deeper layers (Fig3). In some models, the averaged cosine similarity
drops to 0 in some middle layers. The cosine similarity distribution and singular value spectrum of
the vit-base-patch16-224 model is provided in the Supplementary Figures[ST|and[S2]

Though we find a general trend that attention changes from attending more to the similar tokens
to dissimilar tokens from early layers to late layers, some ViTs have a more complex trend that
increases attention to similar tokens in the last few layers (Fig[3). Models that have this “concave”
trend are SimMIM-vit-bl6-pretrain, Dino models, Deit models, and huge ViT models. Most of
them either have self-supervised objectives or distillation regularizations. We hypothesize that the
last layers may behave differently because they are closer to the training target, and so the training
objective may have more influence. We think that self-supervised objectives, such as reconstructing
masked patches, require stronger consistency between tokens, and thus more attention is allocated to
similar tokens in the higher layers; while the classification objective requires gathering information
from different aspects of a scene, and thus more attention is allocated to dissimilar tokens. This
hypothesis is supported by the cosine similarity plot (Fig[3) of the SimMIM models, which shows in
the last few layers of the pre-trained model increased attention to similar features. This matches the
observation in the literature, that the SimMIM model has more local attention [41]. However, we
find that the SimMIM model fine-tuned on ImageNet classification has a trend of decreased attention
to similar features, similar to most of the classification models. Although I-JEPA is trained with
a self-supervised objective predicting latent representations, the cosine similarity for the I-JEPA



encoder does not show increased attention to similar tokens in the last few layers. The I-JEPA
model is known to have excellent linear-probing performance, and thus we think it may behave more
similarly to a classification model. The self-supervised objective of I-JEPA may be more apparent in
the I-JEPA predictor (also a transformer). When we run the cosine similarity analysis on the predictor
module instead of the encoder, we find that the cosine similarity is overall high (Supplementary
FigurdS3). The role of the training objective on internal model behavior is an interesting topic for
future research.

It is known that embeddings in transformer models are to some extent anisotropic 26, 20], which
means the expected value of cosine similarity of two random sampled inputs tends to be positive. We
indeed find anisotropy effects in all the models we examined using cosine similarity (Supplementary
Figure [S4) (though see other metrics [35]). If we treat anisotropy level as a baseline for cosine
similarity, the effect shown in Fig[3]still exists but the self-attention is less biased to similar tokens
(Supplementary Figure [S4).

There is a further implication of the singular value decomposition approach. The left and right
singular vectors of each attention head are two incomplete orthonormal bases of embedding. We
suggest that these bases are feature directions since they are intrinsic properties of the self-attention
layer. The query and key embeddings can be made arbitrary, since one can change the basis without
affecting the attention score. However, the singular vectors are invariant to the change of basis.
If an invertible matrix A € R4 acts on the query and key weights as W, — ATW, and
W, — A~'W,, then the attention score does not change but the query and key embeddings change.
The singular vector decomposition of (AT W,)T A=W/ stays the same as decomposing W, W,
Thus singular vectors are uniquely special and may show interesting properties. Due to the sign
ambiguity of the singular value decomposition, we consider the opposite directions of singular vectors
also as feature directions.
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Figure 4: Examples of optimal attention images of singular modes and query and key map in dino-
vitb16. Optimal attention images are found from the Imagenet validation set that induce the largest
attention score (sorted by the product of the maximum of query map and maximum of key map). The
red and cyan channels are the projection values of embedding onto the left and right singular vectors
of a singular mode. They correspond to query and key. The white area is where the query map and
key map overlap. The name code we assign to singular modes specifies the layer, head, and mode
numbers. For example, "L1 H4 M3" means layer 1, head 4, and mode 3. The value below indicates
the cosine similarity between the left and right singular vectors.
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Figure 5: Visualization of a single image with multiple modes. We pick an example dog image from
the ImageNet dataset and use the dino-vitb16 model. Top 6 modes (ordered by the contribution to the
attention score) for example layers and heads are shown. See Supplementary Figure [ST7]for extended
mode visualizations of this image.
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The singular value decomposition of self-attention offers an intuitive way to explain the self-attention
layer. A feature represented by a left singular vector attends to the feature represented by the
corresponding right singular vector. The feature of a singular vector can be found by finding the
image that has the maximum embedding projection on the singular vector. Similarly, the typical
interactions of a singular mode can be identified by finding the image that has the maximum product
of the projections on a singular vector pair. Previous studies on the explainability of deep learning
models only focused on the explainability of single neurons or individual feature axes. The singular
value decomposition extends model explainability to the interaction of pairs of "neurons" (i.e. singular
vectors). Note that this is very different from the standard approach of visualizing the attention map
of the [C'LS] token without addressing interactions between tokens [[14} [7, 31].

Some example modes from dino-vitb16 are shown in Fig. ff] For each mode, we show the top 8 images
in the Imagenet (Hugging Face version) [36] validation set that induce the largest attention score.
For each image, a query map (red channel in the figure) and a key map (cyan channel in the figure)
are obtained by projecting the embedding onto the left and right singular vectors. The embedding is
obtained from the input of the self-attention layer, i.e. the output of the layer normalization. Each
map tells what information the left or right singular vector represents. Jointly, the highlighted regions
in the query map attend to the highlighted regions in the key map. In other words, the information
in the highlighted regions of the key map flows to the highlighted regions of the query map. More
examples are shown for a range of ViT architectures in the Supplementary Figures[S3]-[ST6]

In early layers, singular vectors usually represent low-level visual features like color or texture, and
sometimes positional encoding. In higher layers, singular vectors can represent more complex visual
features like parts of objects or whole objects. As shown in the previous sections, high attention
scores can be induced between similar tokens (more often in early layers) or dissimilar tokens (more
often in late layers). The correspondence to image structure for similar and dissimilar tokens can be
seen in the query and key maps. For the modes with high cosine similarity, query and key maps are



similar which could represent color, texture, parts, objects, or positional encoding. For the modes
with low cosine similarity, query and key maps look different which could represent different object
parts, different objects, or foreground and background. Some examples include: in "L6 H4 M1" the
animal face (query) attends to eyes, nose and mouth (key); in "L7 H7 M9" the lower part of a car
attends to the upper part of a car and wheels; in "L8 H9 M2" the fish or other things in hand attend to
human; in "L10 H10 M1" the background attends to the food.

To show the hierarchical information process across layers, we show an example dog image and
example attention heads along with optimal images for top modes in Fig. [5] The late layers capture
more semantic information such as the parts of a dog or animal, and a hand with an animal. The early
layers capture low-level properties like color. We show more examples in Supplementary Figure
ST7HS 19

The attention between dissimilar tokens could be thought of as providing contextual information to
a given token. In the part-to-part case, finding more parts of an object increases the confidence of
finding the object and helps merge smaller concepts into a larger concept. In the object-to-object
case, an object attending to a different object could add additional attributes to it, for example, a
fish attending a human may add the attribute "be held" to the fish tokens, which helps understanding
of the whole scene. These interactions between tokens, though conceptually simple, as far as the
authors are aware, have not been reported before this study. This result further supports the idea
that self-attention combines contextual information from dissimilar tokens such as backgrounds or
different objects.
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Figure 6: The probability that the left and right singular vectors highlight the same object in maximum
attention images.

Finally, we study whether tokens prefer to attend to the same object or different objects at the singular
mode level. We choose to use a semantic segmentation dataset, namely ADE20K [43]]. We first find
the top 5 images that induce maximum attention of a singular mode, then find the optimal objects in
each image that have the maximum projections on the left and right singular vectors per object area.
The probability of the left and right singular vectors having the same optimal object is computed with
the weight of singular values, following the same method in the previous experiment. We find that, in
early layers, there is a higher probability that the left and right singular vectors attend to the same
object; in late layers, the probability is lower, though the variability between models is considerably
large (Fig. [6). This result further supports that self-attention performs more grouping in early layers;
in late layers, tokens attend to different objects which could contextualize the token with background
information.

6 Limitation

We are aware of some limitations of this study and interesting open questions that remain. There
is behavioral variability between the models, which may be due to the distinct training objectives.
Identifying how the training paradigm alters the learned embedding space is a potential future



direction to explore. We have focused on the query-key interactions in the self-attention, and future
studies could address the role of the value matrix.

7 Discussion

Inspired by the observation that self-attention gathers information from relevant tokens within an
object, and the importance of contextualization in neuroscience, we study fundamental properties of
token interaction inside self-attention layers in ViTs. Both empirical analysis of the Odd-One-Out
(O3) dataset, and singular decomposition analysis of singular modes for the Imagenet dataset, show
that in early layers the attention score is higher between similar tokens, while in late layers the
attention score is higher between dissimilar tokens.

The singular decomposition analysis provides a new perspective on the explainability of ViTs. Two
directions (left and right singular vectors) in the embedding space could be analyzed in pairs to
interpret the interaction between tokens. Using this method, we find interesting semantic interactions
such as part-to-part attention, object-to-object attention, and foreground-to-background attention
which have not been reported in previous studies. Our reported findings provide evidence that self-
attention in vision transformers is not only about gathering information between tokens with similar
embeddings, but a variety of interactions between a token and its context. The method of analyzing
singular vectors can be easily adapted to study token interactions in transformer networks trained
on other modalities like language. Adapting this method to real-world applications can increase
transparency of what the transformer models are capturing.
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A Supplemental material

google/vit-base-patchl16-224

Figure S1: Histogram of cosine similarity between the left and right singular vector in ViT-base-
patch16-224. The yellow layers are earlier layers; the blue layers are later layers. The red line
indicates 95% confidence interval, which is calculated from embeddings sampled from a random
distribution.

Figure S2: Singular value spectrum (blue) and cosine similarity (red) in ViT-base-patch16-224. Row
number indicates layer number. Column number indicates head number. The dotted line indicates
95% confidence interval, which is calculated from embeddings sampled from a random distribution.
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Figure S4: Anisotropy effects in ViTs. A. Averaged embedding cosine similarity between the center
tokens of different images from the Imagenet validation set. Consisting with previous studies, the
cosine similarities are all positive, which is referred to as anisotropy or cone effect. B. Considering A
as the baseline, relative cosine similarity is defined as subtracting cosine similarity between left and

right singular vectors by the embedding cosine similarity in A.
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Figure S5: Examples of semantic singular modes in ViT-base-patch16-224 (part 1).
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Figure S7: Examples of semantic singular modes in ViT-base-patch16-224 (part 3).
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Figure S17: Singular mode maps of a dog image in dino-vitb16. We hand-pick modes to show the
variety of information interactions within this image. The left two columns are the original image
and corresponding singular mode maps. Other columns are the top 8 images that induce the highest
attention through the corresponding mode.
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Figure S18: Singular mode maps of a car image in dino-vitb16. We hand-pick modes to show the
variety of information interactions within this image. The left two columns are the original image
and corresponding singular mode maps. Other columns are the top 8 images that induce the highest
attention through the corresponding mode.
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Figure S19: Singular mode maps of a human image in dino-vitb16. We hand-pick modes to show the
variety of information interactions within this image. The left two columns are the original image
and corresponding singular mode maps. Other columns are the top 8 images that induce the highest
attention through the corresponding mode.

30



NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract accurately reflects the contributions and scope. We explicitly
highlight the main contributions in the introduction.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: See section 6 (Limitation).
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer:

Justification: We don’t have theoretical results, but we write out in detail our use of the SVD
to interpret query-key interactions.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Our experiments use publicly available datasets, and the experiment details are
provided in the paper.

Guidelines:
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The answer NA means that the paper does not include experiments.

If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The code will be made publicly available upon acceptance. The online
repository is being finalized for readability.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.
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* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All experimental details are provided. Our experiments do not require training
a new model.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

 The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: For readability, we do not draw errors in the main figures. We added distribution
plots with confidence intervals in supplementary figures 1 and 2.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: Our experiments do not require compute resources beyond a personal computer
with a GPU.
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9.

10.

11.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: All image datasets used in the experiments are publicly available. We use the
Imagenet version available on Hugging Face.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: See the end of the discussion section.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
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Answer: [NA]
Justification: We use existing models and datasets. We do not see high risk in our analysis.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cited all the datasets and models used in the paper. We noted that the
Imagenet and models were obtained from Hugging Face.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
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15.

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve research with human subjects and therefore does
not include an IRB.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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