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Abstract

Frequency-domain image anomaly detection
methods can substantially enhance anomaly de-
tection performance, however, they still lack an
interpretable theoretical framework to guarantee
the effectiveness of the detection process. We
propose a novel test to detect anomalies in struc-
tural image via a Demeaned Fourier transform
(DFT) under factor model framework, and we
proof its effectiveness. We also briefly give the
asymptotic theories of our test, the asymptotic
theory explains why the test can detect anoma-
lies at both the image and pixel levels within
the theoretical lower bound. Based on our test,
we derive a module called Demeaned Fourier
Sparse (DFS) that effectively enhances detection
performance in unsupervised anomaly detection
tasks, which can construct masks in the Fourier
domain and utilize a distribution-free sampling
method similar to the bootstrap method. The ex-
perimental results indicate that this module can
accurately and efficiently generate effective masks
for reconstruction-based anomaly detection tasks,
thereby enhancing the performance of anomaly
detection methods and validating the effectiveness
of the theoretical framework.

1. Introduction

Anomaly detection techniques, employed to capture anoma-
lous structural changes within data that lead to deviations
from nonanomalous distributions, are widely applied across
various domains (Khan & Alkhathami, 2024; Jiang et al.,
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2023; Wu et al., 2024). The scarcity and diversity of anoma-
lous data present significant challenges to collecting suf-
ficient quantities for model training. Consequently, unsu-
pervised anomaly detection methods, which utilize only
nonanomalous samples as the training set, have emerged as
a key research focus in this field (Zhang et al., 2024; Ristea
et al., 2022; Reiss & Hoshen, 2023). Among these methods,
reconstruction-based anomaly detection represents one of
the mainstream approaches (Zavrtanik et al., 2022; 2021a;
Madan et al., 2023). It detects anomalies by measuring
differences between samples before and after reconstruc-
tion. The underlying assumption is that the model cannot
accurately reconstruct anomalous structures not encountered
during the training phase (Zavrtanik et al., 2021b).

Recently, Kascenas et al. (2023) proposed that anomalies
can be viewed as noise added to the nonanomalous distribu-
tion, i.e., anomalous structures are considered an ‘additive’
phenomenon. Anomalies are detected by calculating the
residuals between the reconstructed and original images.
Furthermore, using residuals for structural change tests is
very common in time series analysis, such as the Chow
test (Toyoda, 1974), Ljung-Box test (Hassani & Yeganegi,
2020), and Breusch-Pagan test (Halunga et al., 2017). By
the same way, anomalies in images can be considered a
form of structural change, since the task can be regarded
as a regression problem like the aforementioned tests. Fu
et al. (2023) used a DFT-based method to detect structural
changes in factor model, they gave a framework in factor
level by capturing information from residuals which con-
tain both the time and individual dimension. However, this
test is not suitable for image anomaly detection tasks, as
anomaly detection in images requires the application of a
multi-dimensional DFT across two cross-sectional dimen-
sions, which differs from the approach used in time series
analysis.

In this paper, we follow the method from Fu et al. (2023)
and incorporate a multi-DFT dual cross-sectional dimension
of positional information as our primary method. we first
demonstrate why anomaly detection can be effectively per-
formed at the factor level using by capturing information
from residuals. We also derive the test for such issue, as
well as asymptotic properties of the statistics under null
hypothesis and alternative hypothesis. The null hypothe-
sis result let us compare with zero spectrum when there
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is no anomaly, the global power and local power of our
test show the effectiveness and the accuracy of our test, re-
spectively. Our method reconsider the similarity between
structure change and image anomaly detection. Following
this motivation, we propose a general optimization module
called the Demeaned Fourier Sparse (DFS) module, which
is specifically designed to enhance reconstruction-based
anomaly detection tasks.

Due to the advantage of residual-based test this module
does not require consistent estimation of anomalous factors
or prior knowledge of anomaly types to effectively detect
anomalous samples. By applying our DFS module, we im-
plemented the unsupervised anomaly detection task, the
result shows our theoretical properties are robust, also the
effectiveness of this module compared to the existing litera-
ture, which highlighting its strong capabilities in real-world
applications.

The contributions of this paper are as follows.

* Theoretical Contributions. Inspired by the structural
changes’ detection of factor models, we propose an ap-
proach for detecting image anomalies by projecting resid-
uals to a multi-fourier space. We derive the asymptotic
properties of our test to ensure theoretical completeness,
which demonstrates why anomaly can be detected at the
factor level by using residuals. We also illustrate how this
theory can be applied to reconstruction-based anomaly
detection issues.

» Practical Contributions. We propose a factor model-
based approach for reconstruction-based anomaly detec-
tion and have developed an effective module called De-
meaned Fourier Sparse (DFS). Our method is simple and
easy to implement. Our experimental results demonstrate
the effectiveness of this approach, which is applicable to
general reconstruction-based anomaly detection task.

The related work of factor models and unsupervised
anomaly detection methods is presented in Appendix A.
Section 2 introduces the hypothesis testing framework and
statistical metrics. The asymptotic properties of the pro-
posed method are detailed in Section 3. In Section 4, we
design the DFS-AD method based on our testing frame-
work. Finally, the experimental results presented in Section
5 demonstrate the accuracy of anomaly detection as well as
the localization capabilities of DFS-AD.

2. Preliminaries

In this section, we propose a test-based approach in the
factor model, which can detect anomalies at the factor level
through residual analysis. The core concept involves apply-
ing the Discrete Fourier Transform (DFT) method to the
factors and residuals from the factor model.

2.1. Hypothesis Testing

For an image X € RH*W it can be interpreted as a se-

quence {Xpy,,h = 1,2,...,H;w = 1,2,..., W}, con-
sisting of observed values, where the (h,w)-th element
represents the pixel located at the (h, w)-th position. We
assume that X}, is generated according to the following
data generating process:

th = /\Zwa + €hw, (1)

where F, is a R x 1 vector of unobserved common factors
(To facilitate the expression of formulas and proofs, we
assume that the direction of the common factor is consistent
with W. In practical implementation, A and F' are mixed and
difficult to distinguish, the factor direction can be arbitrary,
this assumption does not affect our theory or proof), Ap.,
is a R x 1 vector of factor loadings that may vary across
global or local features, R is the factor number, and €., is
the idiosyncratic error. The null hypothesis of no anomaly
is given by:

Ho : Apw = Apoforallh =1,2,...Hand allw = 1,2...W.
The alternative hypothesis is
Hy : Apw # Apo for some h € Hand w € W,

where )\, represents a factor loading that is not anomalous.
W and H denote the sets of indices (h, w) where Ap,, #
Ano- The alternative hypothesis H 4 encompasses various
types of unknown loadings across different factors.

2.2. Test Statistic

Let 5Lw = (Aw — Ano) " F + 4. Then (1) can be written
as

Xnw = MoFuw + . )

Let Fw and 5\h0 denote the estimation of F,, and Apg,
respectively. Then, the estimated residual is given by
Enw = Xnw — Ao Fuw-

Under the null hypothesis Hy, EITW = epy forall A and w,
and (2) represents a normal pixel. Consequently, F, and
A no are consistent estimators of the true common factors £,
and factor loadings Apo. Under the alternative hypothesis
H 4, we have: E}LLw = FJ (Mhw — Aho) + Enw- In this expres-
sion, the first term contains anomalous information. There-
fore, our goal is to estimate (2) and subsequently project the
anomalous signals in the residuals into the spectral space.

Let BX hw = Epw- 1t is straightforward to show that Bis
functioned as an annihilator matrix that project Xy, into
the estimated residual £,,. The following complex-valued
empirical process can then be constructed:
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= Cl(uav) + CQ(U7U)7

where ¢(u,v) is a demeaned Fourier process, and u,v € R
are nuisance parameters such that 27 (% + %) represents
a Fourier frequency. Here, combining the common factors
and the residuals helps prevent the residuals from summing

to zero.
jom (! 1 X ,
o(u,v) = ezzw(ﬁer) i Z Z ezzﬂ(T+W).
m=1n=1

Intuitively, after we project an image into the Fourier do-
main, we can interpret C (u, v) as the “signal” correspond-
ing to the anomalous factor loadings and its behavior is
approximate to a zero spectral under Hy, under H 4 it will
not. Co(u, v) as the “noise”, contributing to a well-defined
asymptotic distribution of the Discrete Fourier Transform
(DFT) under Hj. The anomalous characteristics of Ay, are
reflected through various patterns in the DFT within the
frequency domain. Therefore, we can detect unknown types
of anomalies by analyzing the deviation of the DFT from
the zero spectrum across all frequencies.

In order to ensure the detection of unknown types of anoma-
lies, it is necessary to estimate the order of magnitude that
each u,v € R deviates from C(u,v) and in order to fa-
cilitate the subsequent use of deep learning methods. The
following test statistic is constructed:

D= HW//||C'(u,v)\|2W(u,v)dudv. 4)
R

The weight function W (-) : R — R is a function designed
to ensure the consistent integrability of C'(u,v), and D is a
measure used to evaluate the effectiveness of our test.

3. Asymptotic Theory

This section presents the asymptotic theory underlying
our test statistic and explores some of its key proper-
ties. To address the practical considerations and require-
ments of anomaly detection tasks, we make the following
assumptions:(7) Common factor: The high order moments
of the factor is bounded, and its covariance matrix of factor

loading {)\hw}hH;VlV’w:l is positive definite, and the eigen-
values of the product of their covariance are distinct; (i)
The error term {6hw}hH;VlV’w:1 has weak dependence. (i)
€nw and F, is strong mixing. (iv) the residual terms form
a Martingale Difference Sequence. Such an assumption is
appropriate for anomaly detection, where the objective is to
identify irregular, random, and unpredictable anomalies. (v)
The higher-order moments of the W (-) are finite, this guar-
antees the absolute integrability of the Fourier series. Under
these assumptions, our goal is to maintain as mild condi-
tions as possible. This approach ensures that the theoretical
results remain valid under a broad range of conditions with-
out imposing overly restrictive model specifications, thereby
enhancing the applicability of this approach. Furthermore,
it supports the analysis of anomaly detection tasks within
the deep learning framework. Details of the proofs can be
found in Appendix B.

3.1. Asymptotic Null Distribution

The asymptotic null distribution shows the properties of our
test and its decision-making behavior under non-anomalous
conditions. Under Hj, when the factor loadings are non-
anomalous, we assume that we choose the true number of
factors.

Proposition 3.1. Let & = [—q, q] be a compact subset of R
for any constant ¢ > 0. Under the assumptions mentioned
above and Hy,

C(u,v) = HYV?W=2G(u,v),

as (H,W) — oo, where G(u,v) is a joint mean-zero joint
complex-valued Gaussian process.

Proposition 3.1 demonstrates that under H, the term
Cy(u,v), which represents the anomalous factor load-
ing “noise” in C(u,v) is dominant. ~For any com-
pact set & = [—q,q] with ¢ > 0, VHWC(u,v)
weakly converges to a joint mean-zero, joint complex-
valued Gaussian process. The covariance kernel C

is equivalent to the ]agoduct of the asymptotic vari-

ance of JéW Zle Y et FywenwBep(u, v) and a pseudo-

covariance induced by the Fourier transform.

Based on Proposition 3.1, the asymptotic distribution of the
test statistic D under Hj is given by the following theorem.

Theorem 3.2. When the conditions of Proposition 3.1 hold,
under H,

D4 //HG(um)HQW(u,v) dudv.
R
as (H,W) — oo, where “4 means convergence in distri-
bution.

Theorem 3.2 presents the asymptotic null distribution of the
test statistic D. It is important to note that the integration
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is carried out over R. While Proposition 3.1 establishes
weak convergence on any compact subset of R, in practical
applications, we use D to ensure that weak convergence
holds as (u, v) tends to infinity.

3.2. Asymptotic Global Power

The asymptotic global power provides the properties and
behaviors of our test under H 4. It also offers an explanation
of the asymptotic limit of the detection performance given
by our test. As the number(size) of pixels(images) being
analyzed increases, the detection task transitions from a
pixel-level analysis to a more comprehensive image-level
analysis.

The number of common factors selected under the alterna-
tive hypothesis H 4 may not be the same as the true value,
but our test still has power in most cases. At the image level,
pixel-based anomaly detection tasks can be formulated as
follows:

X =FAT +¢. 5)

Here, F is the matrix of common factors, composed of
F,, and A is the factor loading matrix, composed of Az, .
Next, We assume that the number of common factors to be
estimated is K.

Proposition 3.3. When K < R for any compact set
5 = [—q,q] with an arbitrarily large constant ¢ > 0,

as (H,W) — o0, sup,, ,es HO(U,U) —C(u,v)|| = 0p(1),

where C(u,v) denotes a nonzero spectrum.

The non-zero spectrum provides the convergence of our test
under H 4, ensuring that the constructed complex-valued
empirical process is significantly different to the zero spec-
trum. Specifically, this means that the estimator C (u,v)
almost surely converges to the true value C(u,v). Intu-
itively, the factor model is under-fitted when K < R. In
such a case, the estimated residuals capture sufficient in-
formation about the unexplained common components. As
a result, the DFT C' (u,v) converges to a complex-valued
process with non-zero mean value. Otherwise, when it is
over-fitted with K > R, our test may has less power.

In practical applications, the goal is typically to reconstruct
the complete image using as little information as possible.
This implies estimating R with a smaller value of K, thereby
promoting information sparsity. In practice, sparsity is often
used to describe the relationship between the information uti-
lized and the information reconstructed. Therefore, within
the context of this analysis, we do not consider the case
where K > R in the asymptotic analysis.

Theorem 3.4. When K < R, P(D > cyw) — 1, as
(H,W) — oo, for any ciyw = o(HW).

Theorem 3.4 presents the properties of the test statistic D
under the alternative hypothesis H 4. It indicates that when

K < R, our test statistic D remains effective for image-
level detection. Specifically, our power increases with the
growth of HW, which enhances its ability to detect devi-
ations from the distribution under Hl,, then increases the
probability of rejecting the null hypothesis under H 4. This
theorem explains why, as the number of pixels (i.e., the
image size) increases, our test is able to detect anomalies at
the image level.

3.3. Asymptotic Local Power

The asymptotic local power provides an asymptotic lower
bound for image anomaly detection. Even when the anomaly
is very small(not under the lower bound), the residual-based
test remains effective. We now consider the following set-
ting for the anomaly factor loadings:

Ha(TeEw) = Ahw = Ano + THW Ghw- (6)

Here, 7w is a scalar that depends on H and W which
controls the strength of the anomalies, while gy, represents
the anomaly features for each pixel (h, w) it represents the
components that deviate from the normal pixel. In general,
Ano 1s not identifiable in the presence of anomalies, as the
anomalies can obscure the true underlying factor loadings.
Thus, we assume that H 11 Zthl Zz,vzl Jhw = 0. It
ensures that gp,, does not introduce a shift in the overall
data, maintaining the balance of the data. In particular, it
indicates that the impact of gy, does not cause significant
effects on Apg. This condition rules out the possibility of
overestimating the number of common factors, as it en-
sures that the anomaly features gy, cannot be eliminated
through projection onto B. Intuitively, this indicates that
the anomaly feature gy, lies in the null space of Apg.

Proposition 3.5. Ler § = [—q,q] be a compact subset
of R for any constant ¢ > 0. Then under assumptions
given above and H 4 (Tgw ) with Tgw = H12)7=1/2 g5
(H,W) = oo,

C(u,v) = HY2W=2(p(u,v) + G(u,v)),

where ¢(u,v) denotes a pseudo-covariance between the
; uh | vw

Fourier series ¢*** (5 +%) and ghwB. and G(u,v) is as

defined in Proposition 3.1.

Taw = H™Y2W~1/2 provides an lower bound for the
estimation with K = R. Proposition 3.5 implies that the
asymptotic distribution of v HW C(u, v) under H 4 (75w )
with K = R is equivalent to a non-centralized complex-
valued Gaussian process ¢(u, v) + G(u, v). When there ex-
ists anomaly, which means ¢(u, v) # 0 for a non-negligible
subset (u,v), C'(u,v) can capture the anomalous behavior
of the factor loadings \y,,, provided that the subset is in-
cluded in §. To ensure the consistency of the DFT for all
u,v € R, we have:
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Theorem 3.6. Under Hu(tgw) with Ttgw =
H\2W=12, ¢(u,v) and G(u,v) are as defined in
Proposition 3.5 and Proposition 3.1

D i>//]RH(;S(u,v)—|—G(u,v)||2W(u,v)dudv,

wd e
as (H,W) — oo, where “— " means convergence in distri-
bution.

Theorem 3.6 provides the asymptotic distribution of D
under the local alternative hypothesis H(7gw ). This
indicates that as long as the proportion of anomalies in
Ahw — Apo 18 not too small, our test still has power. Intu-
itively, even if the anomalous characteristics of the factor
loadings do not accumulate with the increasing sample size,
the spatial information of a single sample still plays a cru-
cial role in detecting anomalous changes. Since our test
effectively leverages spatial information, it is capable of
identifying anomalies at individual pixel locations. This
indicates that our detection method is more sensitive to
smaller anomalies. Furthermore, the theorem establishes
the test’s detection lower bound.

4. Methodology

Based on the aforementioned theory, we propose a hypoth-
esis test along with its corresponding asymptotic theory.
We argue that anomalies can be detected at the factor level
through the analysis of residuals. Given the powerful fit-
ting capabilities of deep learning networks, they are well-
equipped to learn and approximate the factor structure of
pixel-level data within the neural network. This allows for
effective anomaly detection by leveraging the learned factor
representations, facilitating the identification of deviations
from the expected patterns in the data.

In this section, we revisit the theoretical foundations of
anomaly detection tasks based on reconstruction methods.
Reconstruction-based anomaly detection approaches ef-
fectively identify anomalies by accurately reconstructing
nonanomalous samples during the inference phase, while
anomalous samples fail to be reconstructed effectively. We
propose the construction of a mask in the Fourier domain,
which acts as an auxiliary mechanism for anomaly detec-
tion. The mask sparsifies the main information by reducing
the number of estimated common factors and manipulates
the image through element-wise multiplication. The mask
construction follows our proposed progressive theory, and
its selection is iteratively optimized using a joint loss func-
tion. Conceptually, this approach is similar to the bootstrap
method commonly employed in non-parametric statistical
techniques. DFS processes the input image X into X, which
is also an estimate of X . Subsequently, the output of recon-
struction network X,... is used to examine whether the A

Element-wise
Substraction

Input Image Output Image

XRec
£ 0'(1'17) s
Fourier F - Lpeg
Transform ) Reconstruction
DFS Module M Network
-1
> i > F_())
> > .
Element-wise Multiplication Inverse Fourier
N Transform
X in Fourier Domain X in Fourier Domain _X’

Figure 1. Overall framework of our method. The framework has
two components: (1) DFS module is a specific implementation de-
rived from the factor model theory, which adaptively learns Fourier
space masks to construct the nonanomalous factors and residuals.
(2) Reconstruction network aims at reconstructing normal regions.
The predicted anomaly map Pred = X — Xprec.

of each pixel in X belongs to Apo. Figure 1 illustrates the
pipeline of our method:

Assume that each element M}, in the mask matrix M fol-
lows a Bernoulli distribution, i.e., Mp,, ~ Bernoulli(pp,, ),
where py,,, is obtained through iterative optimization within
the module. Specifically, Mp,, = 14(z), where 14(x) is
an indicator function, and A denotes the sample probability
Shw, With the condition sp,, < pp.. This setup ensures
that the mask elements are selected based on the probability
DPhw»> Which is dynamically updated during the optimization
process.

Sampling Method Firstly, we random sampling a tensor
w € REXW from the [0,1] distribution and then map it to
an optimizable variable w via the inverse function of the
sigmoid function o (-). Then sampling sp,, from (0,1). In
fact, there are no restrictions on the sampling distribution,
referring to the Bootstrap method, the sampling distribu-
tion has no restrictions. Theoretically, any commonly used
distribution on the interval (0,1) can be applied.

Decentralization Thus, the probability map p = o (@) can
be constructed using &, where o (+) is the sigmoid function.
The mask elements Mp,, = 14(x) can then be approxi-
mated in the following optimizable form:

M=o0(c(w)—3s), s~ (0,1). (7

Intuitively, as the number of iterations 7' — oo increases,
the sampling of sp,, during the iteration process will con-
verge to the sample mean. This convergence ensures that
the distribution of the sampled values stabilizes, aligning
with the expected values. This concept is consistent with the
Demeaned Fourier process introduced in Section 2.2, Our
goal is to enable the model to optimize the residuals during
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Table 1. Anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric on MvTec-AD. The best and second

best performance are highlighted in bold and underline, respectively.

Category ‘ PatchCore PyramidFlow SSNF DRAEM IFgNet TransFusion ‘ Ours-Base Ours
carpet 98.60/98.79/96.18  91.68/96.49/91.33  98.60/98.21/96.03  96.63/95.71/94.82  94.86/93.92/9587  97.99/96.27/92.27 | 97.27/99.35/91.25  99.00/99.45/96.77
© Grid 98.12/98.31/95.60  86.17/96.11/92.78  99.52/96.10/95.04  99.99/99.34/97.89  100.00/99.19/92.30  100.00/99.58 /98.51 | 99.67/99.08/93.12  100.00/98.90/94.91
E Leather 100.00/99.01/98.69  99.80/97.81/98.37  99.61/97.70/94.83  99.97/98.80/98.23  100.00/98.67 /94.57  100.00/99.11/96.62 | 100.00/99.29/96.68  100.00 / 99.68 / 99.08
Tile 98.91/94.12/87.80  99.39/95.58/88.80  99.90/94.43/87.82  99.92/99.39/97.10  99.93/99.22/95.33  100.00/99.65/98.80 | 99.35/97.77/90.79  100.00/98.69/95.13
Wood 99.10/93.73/88.31  99.50/95.33/88.17  98.81/94.79/91.31  99.61/96.69/91.68  99.39/96.64/90.72  98.95/94.23/94.81 | 100.00/95.18/85.18  99.82/97.52/91.25
Pill 96.29/97.58/93.60  81.49/93.58/76.52  98.09/98.62/94.63  97.50/97.48/91.41  96.54/96.33/91.38  98.34/98.03/97.92 | 91.84/91.63/79.71  99.59/98.79/97.64
Transistor | 100.00/92.94/81.03 92.88/96.71/75.43  94.42/96.11/79.12  92.38/86.22/72.19  94.58/77.71/62.48 99.54/77.04/83.22 96.12/93.45/72.49 99.42/95.32/ 84.98
Cable 99.57/97.50/92.02  75.13/91.32/65.41 96.40/96.94 / 89.21 92.30/95.68/83.63  95.35/97.45/86.40 98.50/98.03/92.71 90.50/93.85/72.03 99.03/98.62/91.10
Zipper 99.41/98.60/96.99  94.70/96.23/86.03  94.61/96.60/94.33  99.91/98.70/96.62  100.00/98.93/94.31  100.00/98.95/96.54 | 95.75/99.32/91.97  98.35/99.25/97.56
a Toothbrush | 99.80/98.03/92.71 95.42/97.01/86.22  90.62/98.39/89.47  99.98/98.63/91.60 100.00/98.76/92.68  100.00/98.09/93.99 | 100.00/95.22/75.13  99.17/99.05/93.62
8 | Metal Nut 99.92/97.90/90.29  77.33/94.70/71.01  99.90/97.01/92.01  99.10/99.18/96.11  98.88/99.21/81.68  100.00/96.62/95.83 | 92.42/96.29/71.29  97.41/96.87/84.97
Hazelnut | 100.00/97.92/91.04 82.20/94.62/81.30  98.22/97.79/87.12  99.99/99.42/95.52  99.82/99.27/91.17  100.00/99.57/98.84 | 95.75/94.73/79.40 ~ 98.57/99.10/93.95
Screw 98.01/99.42/97.90  53.44/86.10/56.11 88.80/98.03/93.59  95.70/98.61/96.49  92.60/97.24/93.05 98.63/99.17/96.79 69.62/97.63/90.44 96.02/99.23 /96.69
Capsule 97.73/98.70/96.41  94.21/98.40/93.92  9421/97.79/9438  97.02/92.88/90.50  94.69/98.88/94.51  99.40/97.96/94.74 | 97.25/97.78/87.67  94.10/96.25/88.18
Bottle 100.00/98.03/95.80  85.70/95.79/79.13  100.00/95.81/86.03  98.59/99.21/96.39  96.51/95.96/90.66  100.00/99.00/97.81 | 100.00/98.30/84.39  99.92/98.05/92.75

Average ‘ 98.96/97.37/92.96  87.27/95.05/82.04  96.78/96.95/90.99

97.91/97.06/92.68

97.54/96.49 / 89.81 99.42/96.75/95.29 ‘ 95.04/96.59/84.10  98.69/98.32/93.24

the iteration process and use the mask to sparsify the main
information.

Sparsification The obtained mask is applied to the test sam-
ple z in the Fourier domain, resulting in a masked image
signal. Since the masking in the Fourier domain targets
global information, it is equivalent to weakening the main
information while increasing the residual, effectively in-
troducing a sparsification operation. Such that (K < R)
ensures the validity of our test. Thus, a binary mask M for
suppressing main information is obtained through decentral-
ization, which adjusts the common factors in the Fourier
space. The real and imaginary parts of the Fourier space
after suppression are given by:

R(z) = R(z) ® M, I(z) = I(x) ® M, (8)

here, ® represents element-wise multiplication. The masked
image is then transformed back into the image domain by
the inverse Fourier transform. For the residual estimation,
this highlights the deviations introduced by anomalies, al-
lowing the detection method to more effectively distinguish
between normal and anomalous patterns.

Optimization In this section, we use the iterative optimiza-
tion process of the loss function to approximate the bootstrap
resampling process. This substitution is conceptually simi-
lar as it transforms the simulation process into an iterative
optimization problem. The training process is constrained
by two main losses: the reconstruction loss Lg.. and the
regularization 10ss Lgey:

L= LRec + aLRega (9)

where L gee = Lo+ Lssiy + Larsam s includes the three
terms, consisting of pixel-wise Lo loss, structural similar-
ity loss Lgsras (Wang et al., 2004), and multiscale gradi-
ent magnitude similarity (MSGMS) loss (Xue et al., 2013)

Larsams. The regularization loss Lreg = ||M |1, aiming
at making the mask more sparse. The L g, is applied in the
first half of the training process. In the second half of the
training process, the mask is fixed, only the L .. is applied
to continue training the reconstruction network.

5. Experiments
5.1. Experimental Settings

Datasets The experiments were performed on two widely
used anomaly detection datasets: (1) MVTec-AD dataset
(Bergmann et al., 2019a) serves as a benchmark for AD,
which contains 10 object categories and 5 texture categories,
totaling 5,354 colour images. (2) VisA dataset (Zou et al.,
2022) is a large industrial anomaly detection dataset that
contains 9,621 normal and 1,200 anomalous samples, cover-
ing 12 objects in 3 domains: Complex structure, Multiple
instances and Single instance. Division of training and test-
ing sets about the datasets can be found in Appendix C.

Implementation Details The framework were implemented
in PyTorch (Paszke et al., 2019) and trained on two datasets
with the same settings. Resolution of all input images are
set to 256 x 256. The reconstruction network is a vanilla
U-Net. Training epochs are set to 800, with batchsize of
2. Adam optimizer are used with an initial learning rate of
104, the learning rate decays with a factor of 0.2 at the 640
and 720 epoch. The regularization coefficient « is set to
10~°. The mask M is binarized at epoch 400 and fixed after
binarization. The binarization strategy is to count NV epochs
before the mask is fixed, when the elements in Mj,,, exceed
the threshold sy,,,, Where sy, denotes the element in s which
illustrated in Equation 7, its count is incremented by 1.
When the 400th epoch ends, if the count of the My, element
is greater than the preset sampling threshold multiplied by
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Table 2. Anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric on VisA. The best and second best

performance are highlighted in bold and underline, respectively.

Category ‘ PatchCore PyramidFlow SSNF DRAEM IFgNet TransFusion Ours-Base Ours
» PCBI1 97.70/99.82/95.03  85.19/98.02/72.88 91.12/99.40/92.69 78.42/85.30/25.64 9529/98.70/78.53  99.96/99.04/96.41 | 97.08/99.45/86.89 97.46/99.42/93.04
= PCB2 95.31/97.80/91.62 94.21/97.42/89.03  92.03/98.21/84.30 89.13/77.04/24.72 96.64/95.75/74.81  99.06/98.98/93.27 | 98.90/98.15/79.23  99.22/98.70/87.33
§ PCB3 97.14/98.43/93.21 81.33/98.20/91.39 88.24/98.15/87.42 89.60/98.83/91.50 94.89/97.82/91.51 98.88/97.92/95.37 | 96.30/98.71/87.66 98.89/99.14/95.34
PCB4 99.52/97.20/87.19  96.22/94.63/81.44 94.82/96.39/82.55 98.11/96.93/81.44 98.80/98.52/91.98 99.75/98.07/92.71 | 99.15/93.14/79.13  99.28/94.59/80.87
Macaroni 1 94.41/99.12/96.72  82.80/98.72/93.89  95.10/99.53/96.12  88.52/99.70/97.41  99.68/99.76/97.98  99.89/99.76/97.87 | 92.46/99.52/97.28  96.94/99.78 / 98.82
0
.E‘- Macaroni 2 70.22/97.20/94.61  73.01/94.03/85.72 83.24/97.05/91.40 77.63/99.69/98.54 86.43/99.90/98.38 98.43/99.80/98.99 | 72.27/97.76/93.51  90.08/99.74 / 98.81
§ Capsules 77.11/98.80/87.22 87.94/96.12/89.60 92.41/99.50/92.94 73.81/98.03/92.23 90.68/99.41/94.58 98.70/99.77/99.37 | 95.23/99.70/95.40  95.92/99.87/98.19
Candle 98.69/98.71/96.42 84.03/87.22/75.54 90.50/98.01/91.30 91.04/95.24/87.52 92.93/97.17/87.94 98.20/98.61/92.72 | 95.89/93.78 /7595 88.44/95.84/89.20
Cashew 97.56/98.20/94.12  93.40/95.93/89.31 87.54/98.20/90.82 90.20/78.33/45.24  90.72/99.19/91.18  92.82/96.54/94.66 | 97.72/99.03/88.92 96.04/98.80/87.36
5, | Chewinggum | 99.22/98.63/91.03 91.33/94.91/82.03 99.00/98.78/90.13  88.23/97.04/70.53 98.96/98.53/83.45 99.98/98.36/91.44 | 96.32/98.58/79.52 97.28/98.29/80.10
=
@ Fryum 94.09/93.41/88.73 91.84/94.02/87.78 97.70/92.42/78.61 86.20/91.63/86.04 92.68/96.61/84.05 98.66/98.98/86.58 | 98.36/95.20/81.94 97.84/94.71/88.93
Pipe fryum 99.69/98.58/97.70  76.93/96.68/88.12 95.13/98.22/92.70 94.72/93.11/90.32  97.78/99.28/93.74  99.90/95.45/96.62 | 98.84/98.54/88.23 98.68/99.41/95.82
Average 93.39/97.99/92.80 86.52/95.46/85.56 92.24/97.82/89.25 87.13/92.57/74.26 94.62/98.39/89.01 98.69/98.44/94.67 ‘ 94.88/97.63/86.13  96.34/98.19/91.15
straightforward as it allows us to translate the theoretical
0 | framework into an optimization problem suitable for train-
ing machine learning models. We evaluate our method using
three metrics. Among them, the image-level area under the
96 1 receiver operator curve (Img-AUROC) reports the perfor-
< e TRy mance of image-level anomaly detection. The pixel-level
o —— mg-. on v lec- —— mg- on Vis, . .
5 o] =@ PIAUROCon MVTecAD  -m- Pix-AUROC on Vish AUROC (Pix-AUROC) and per-region-overlap (PRO) report
£ —#- PRO on MvTec-AD - ”Ro“’" VisA < the performance and the accuracy of pixel-level anomaly
& >~ — e — & ———— O N . A .o
e . localization, respectively. (PS:Note that statistical signifi-
92 4 e " - cance testing of the reported metrics is necessary, since the
i main contribution of this paper lies in the statistical theory.
iy - Moreover, because the method must be validated on practi-
~. e . .
90 1 ~-—— cal detection problems, more comprehensive measures are
01 02 03 04 05 06 07 08 09 required to assess overall performance. In particular, when
Hs

Figure 2. Average performance of anomaly detection and localiza-
tion under different ps.

the number of iterations during the statistical period, it is
assigned to 1, otherwise 0, the preset sampling threshold is
0.5. All experiments were conducted on an NVIDIA RTX
3090 GPU. Details about the hyperparameter selection study
can be found in Appendix D.

Compared Methods We compare our method with feature-
based methods PatchCore (Roth et al., 2022), Pyramid-
Flow (Lei et al., 2023), SSNF (Chiu & Lai, 2023), and
Reconstruction-based methods DRAEM (Zavrtanik et al.,
2021a), IFgNet (Chen et al., 2024), TransFusion (Fucka
et al., 2024), in order to illustrate the effectiveness of DFS
module, we added an extra setting for our method, that is,
removing DFS from our framework (Noted as Ours-Base),
only retaining the reconstruction network.

Evaluation Metrics We use the area under the receiver op-
erating characteristic (ROC) curve at the testing stage as
a substitute for the power of the test statistic D to evalu-
ate the proposed method. This substitution is conceptually

verifying the asymptotic global theory (i.e., for the entire
image), contributions from individual pixel p-values may
be obscured (p-values are poorly adapted to imbalanced
data, as they typically fail to account for anomaly sparsity).
Therefore, we opt to use evaluation metrics commonly em-
ployed in the anomaly detection literature as our assessment
criteria.)

5.2. Benchmarking

Table 1 presents a comprehensive summary of the anomaly
detection and anomaly localization results on the MVTec-
AD dataset. The average scores across all categories demon-
strate that our method is competitive to most of the com-
pared featured-based and reconstruction-based approaches.
Table 2 provides the corresponding results on the VisA
dataset, which are also competitive.

Both the MVTec-AD and VisA datasets feature complex
structures and a diverse set of anomalies, highlighting the
robustness of our approach and validating the theoretical
foundations underpinning our method. To further assess
the efficacy of the proposed DFS module, we report the
results of the baseline model (Ours-Base) in Table 1 and
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PatchCore SSNF

PyramidFlow

MvTec-AD

DRAEM IFgNet TransFusion  Ours-Base

Figure 3. Qualitative comparison for anomaly localization on two datasets. From left to right: the input images, ground-truth, and the

anomaly maps produced by all compared methods.

Table 2. The improvements achieved by our method over
Ours-Base are 3.65%, 1.73%, and 9.14% for MVTec-AD,
and 1.46%, 0.56%, and 5.02% for VisA, across the Img-
AUROC, pix-AUROC, and PRO metrics, respectively. The
PRO metric, being particularly sensitive to subtle anomalies,
further substantiates the effectiveness of the asymptotic local
power in the asymptotic theory we proposed.

To further validate our proposed asymptotic global power,
we compared our method against baseline approaches on
varying image sizes using the MVTec-AD dataset. The re-
sults in Table 3 demonstrate that, compared to the baselines,
our method maintains high efficacy and exhibits greater
stability as image size increases, thereby confirming the
validity of the proposed asymptotic global theory.

In general, feature-based methods are typically fine-tuned
using pretrained models, leading to relatively stable per-
formance. In contrast, reconstruction-based methods often
require data augmentation during the training process, and
the external images introduced for augmentation tend to lack
sufficient diversity, resulting in inconsistent performance
across different datasets. Guided by the theory we have
proposed, our method constructs a residual using the model
itself to detect anomalies without the need for additional
data, enabling precise anomaly detection. Furthermore, as
shown in Table 4, our approach significantly reduces both
model parameters and floating-point operations compared to
other reconstruction-based methods.(PS:Note that the back-
bone of PatchCore is WideResNet50 (Zagoruyko, 2016), the
coreset subsampling phase of PatchCore uses 1% feature
vectors which are then indexed and stored in GPU memory
to enable a fast search for nearest neighbors during infer-
ence. Therefore, the mechanism of PatchCore makes its
Params and FLOPs varies with the amount of data, therefore

Figure 4. Visualization results of intermediate step in our method.

Table 4 only contains the computational cost of the layer
used for computing features in Patchcore, the core subset of
PatchCore and the kNN search is not reported.)

5.3. Hyperparameter Selection Study

Section 4 mentions that our resampling method is inspired
by the Bootstrap method in nonparametric statistics, which
does not assume a specific distribution for the signal. To
evaluate the influence of the sampling function, we conduct
experiments with different sampling functions, different
means of mask sampling threshold s as well as the number
of sampling epochs N to assess their impact on performance.
The detailed results are provided in Appendix D.2. The
results of sampling functions show that resampling using
uniform and normal distributions yields nearly identical per-
formance. The results of the mean mask sampling threshold
s (us) are shown in Figure 2. As u changes from 0.1 to 0.9,
the three metrics remain nearly identical trends across both
datasets. This indicates that the DFS module is largely un-
affected by the expected value of the sampling distribution.
Additionally, results for varying the number of sampling
epochs NV indicate that performance remains stable as /V in-
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Table 3. Anomaly detection/localization results Img-AUROC / Pix-AUROC / PRO (in %) on MvTec-AD at different resolutions.

Resolution ‘ 256x256 512x512 1024 x 1024

Category ‘ Ours-Base Ours Ours-Base Ours Ours-Base Ours
carpet 97.27/99.35/91.25 99.00/99.45/96.77 77.89/86.57/67.97 98.27/98.66/96.73 | 62.08/76.48/46.53  94.78/95.02/90.11
grid 99.67/99.08/93.12  100.00/98.90/94.91 | 97.33/97.49/79.79  99.67/99.29/96.86 | 96.74/91.22/61.34  100.00/99.40/ 97.69
leather 100.00/99.29/96.68  100.00/99.68 /99.08 | 100.00/99.45/93.82  100.00/99.68/99.35 | 98.06/91.60/87.56  99.18/97.31/97.16
tile 99.35/97.77/90.79  100.00/98.69/95.13 | 96.83/96.67/86.95  100.00/98.58/96.16 | 93.65/88.87/73.62 98.70/96.57/92.84
wood 100.00/95.18 /85.18  99.82/97.52/91.25 63.86/84.21/66.59  99.91/93.93/88.99 | 98.16/85.26/69.69  97.54/90.31/84.33
pill 91.84/91.63/79.71 99.59/98.79 /1 97.64 82.38/74.72/58.93 99.78 /98.55/96.99 | 77.93/58.43/40.51  96.15/94.91/79.84
transistor 96.12/93.45/72.49  99.42/95.32/84.98 87.46/83.69/46.11 97.96/87.09/76.14 | 60.38/62.66/29.21  95.38/75.71/74.58
cable 90.50/93.85/72.03 99.03/98.62/91.10 | 71.44/85.75/50.73 97.34/95.42/84.47 | 52.44/80.73/46.61  94.04/87.00/76.11
zipper 95.75799.32/91.97 98.35/99.25/97.56 97.14/99.09/81.13 95.46/98.58/95.99 | 97.30/92.80/87.50 94.38/97.25/93.71
toothbrush | 100.00/95.22/75.13  99.17/99.05/93.62 92.78/89.78/60.22  100.00/98.70/94.06 | 81.94/82.32/43.05 98.89/97.11/86.00
metal nut | 92.42/96.29/71.29  97.41/96.87/84.97 90.47/95.62/63.76  97.07/91.86/82.40 | 88.51/92.53/52.80  98.68/85.01/79.10
hazelnut 95.75/94.73/79.40  98.57/99.10/93.95 80.00/69.99/53.06  99.07/99.12/96.39 | 68.25/60.73/38.33  98.79/97.91/95.45
screw 69.62/97.63/90.44  96.02/99.20 / 96.69 51.98/96.26/87.43 96.74/97.82/93.77 | 63.05/9591/85.01  96.18/96.32/89.82
capsule 97.25/97.78 / 87.67 94.10/96.25/88.18 87.16/92.80/74.78 97.85/88.76/88.71 | 87.91/91.44/77.31  96.22/67.43/79.97
bottle 100.00/98.30/84.29  99.92/98.05/92.75 | 100.00/97.48/67.35  98.73/95.98/88.37 | 98.41/91.53/42.78  98.89/95.06/85.56
average 95.04/96.59/84.10  98.69/98.32/93.24 85.11/89.97/69.24  98.52/96.13/91.69 | 81.65/82.83/58.79  97.19/91.49/86.82

creases from 5 to 35. To optimize computational efficiency,
we select ;s = 0.5 and N = 5 for our experiments.

5.4. Qualitative Results

Some qualitative comparison results are presented in Figure
3. The proposed DFS-AD demonstrates visually accurate
localization performance. Additionally, the intermediate
steps in our method are visualized in Figure 4. The anoma-
lous image X is initially masked in the Fourier domain
using DFS module. The resulting image X is treated as
the nonanomalous factor and subsequently reconstructed
by the reconstruction network to generate the correspond-
ing nonanomalous sample X r... This approach effectively
removes the abnormal residual, enabling precise anomaly
detection and localization. Further qualitative results are
provided in Appendix E.

Table 4. Computational cost evaluation of comparison methods.
Number of model parameters (Params) and floating-point opera-
tions (FLOPs) are reported.

‘Pa[chCore PyramidFlow ~ SSNF ~ DRAEM  IFgNet TransFusion‘ Ours

22.64
479.20

294.67
243.77

97.42
198.66

69.58
135.23

54.53
148.38

28.37
38.20

24.86
9.24

Params (M)
FLOPs (G)

6. Conclusion

In this work, we propose a novel method for detecting im-
age anomalies using a demeaned Fourier transform (DFT)

and provide a theoretical demonstration of its effectiveness.
The asymptotic theory elucidates why this test can detect
anomalies at both the image and pixel levels within the
theoretical lower bound. Then we discuss the relationship
between the test and practical problems, we propose DFS
as an optimized reconstruction anomaly detection module
and develop the DFS-AD framework. Furthermore, we in-
troduce a Bootstrap-like resampling method to optimize
our framework. We quantitatively and qualitatively demon-
strate the effectiveness of our method in reconstruction-
based anomaly detection tasks.
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A. Related Work

Unsupervised Anomaly Detection Unsupervised Anomaly Detection (AD) can be categorized into reconstruction-based AD
methods, flow-based AD methods, and feature-based AD methods. Reconstruction-based AD methods identify anomalies
by comparing the differences between reconstructed images and the original images. To enhance the reconstruction accuracy
of the network, Bergmann et al. (2019b) utilized the Ly norm and the Structure Similarity Index Measure (SSIM) as
the loss function. Furthermore, AnoGAN (Schlegl et al., 2017) constructs a latent space representing the distribution
of normal images and employs an optimization-based approach to search for the closest embedding of the input image
within this space, then the embedding is decoded to obtain the reconstructed image. In addition, DRAEM (Zavrtanik
et al., 2021a) enhances the network’s reconstruction capability through the use of synthetic anomalies. Moreover, this
method trains a discriminator sub-network to detect anomalies. Considering the potential presence of background noise in
real-world scenarios, IFgNet (Chen et al., 2024) adopts a multi-task framework that enables the network to simultaneously
detect anomalies and extract foreground objects, which can eliminate interference effectively. Recently, to address the
issues of overgeneralization and loss of detail commonly seen in reconstruction models, ? proposed a method based on
a transparency-based diffusion process that improves the detection accuracy significantly. Flow-based methods utilize
pre-trained models to extract features from nonanomalous samples and model their probability distributions, attributing
to the detection of out-of-distribution anomalies. A notable example is PyramidFlow (Lei et al., 2023), which employs
pyramid-like normalizing flows and volume normalization to facilitate high-resolution anomaly localization. Similarly,
Chiu & Lai (2023) introduced a self-supervised normalizing flow-based model that integrates synthetic anomalies into the
flow-based framework. This approach conditionally optimizes the model by maximizing the likelihood of nonanomalous
features while minimizing the likelihood of synthetic anomaly features, allowing the model to capture the distribution
of nonanomalous features more accurately. Feature-based anomaly detection methods detect anomalies by comparing
the differences in features between normal and abnormal images. PatchCore (Roth et al., 2022) extracts a core subset of
patch-level features from training images using a pre-trained network. Anomaly scores are calculated by measuring the
distance between the features of the test images and the core subset. OCGAN (Perera et al., 2019) proposes to add Gaussian
noise to the input, while ARNet (Ye et al., 2020) uses some transformations to erase some important attributes in the images.
However, they do not provide interpretability or theoretical underpinning for the method.

Factor Model Factor models are commonly used for analyzing structured data (Bai & Perron, 1998), such as in finance,
economics (Forni et al., 2000), and weather forecasting. Most studies assume that factor loadings are time-invariant (Bai,
2003), capturing the relationship between observed data and unobserved common factors. In recent years, research in such
field has increasingly focused on testing and estimating factor models with structural changes (Stock & Watson, 2009;
Breitung & Eickmeier, 2011; Cheng et al., 2016). However, such tests and estimations often specify on a certain type of
structural change, like abrupt structural changes or smooth structural changes. Fu et al. (2023) proposed tests for structural
changes in time-varying factor loadings scenarios, considering both abrupt and smooth structural changes. In the context
of common image anomaly detection tasks, the data can be considered structured (Bergmann et al., 2021), as these tasks
usually assume that anomalies occur according to the practical scenario. Compared to economic data, this is reflected
on dimensionality, structural changes in panel data can be mapped to anomalies in images. For example, a structural
change corresponds to anomaly in certain pixel positions within the image, while in panel data it reflects the break in both
cross-sectional level and time-series level.

Discrete Fourier Transform The Discrete Fourier Transform (DFT) is commonly used in image processing, with the
goal of transforming image information into the spectral domain for further analysis (Rao et al., 2011). The coefficients
in the frequency domain contain global information about the image (Lin et al., 2019). Signal decomposition methods
can be employed to decouple the image’s features in the frequency domain. Li et al. (2023) proposed an embedded
Fourier enhancement method to improve low-light images, aiming to enhance illumination information at the feature level
using Fourier methods. Abdulaal et al. (2021) introduced an asynchronous multivariate time series anomaly detection and
localization method for asynchronous multivariate time series data. Based on the theory of factor models, we reconsider the
theoretical construction of reconstruction-based anomaly detection by projecting the image features into the Fourier domain,
representing the image information as a combination of signal and noise. In this way, we propose a simple and effective
mask-based anomaly detection method.

12
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B. Proofs
B.1. Proof of Proposition 3.1

Let ®(u) be an W x W diagonal matrix, where the m-th diagonal element in ®(u) is (u), with @) (u) = 2 () _
+ ZhH:1 2 (5) representing a demeaned Fourier process. Let ®(v) be an H x H diagonal matrix, where the n-th
diagonal element in ®(v) is (v), with () (v) = ei2 (W) — W Zz;l ei27 (%) representing a demeaned Fourier process.
ais an H x 1 vector with each entry being % The matrix /Ay contains the set of non-anomalous factor loadings. By is a
matrix containing the K largest eigenvalues of the matrix H~'W~'XX T, and A = H~'W~'(AJ Ag)(FT F)Bgl, isa
rotation matrix.

Based on the definition of C' (u, v), under the null hypothesis Hy,

R 0T P (y PET
C(u,v) = d Ii( ) (]IF;; )X@(’U)O‘
AT D (u alIYenyalall Td(u PTo(u)F ET
o R S N g T kP L ) ]e@ma

= Colu,v) + Cy(u,v).

Similar to Sec.2, we decompose the complex-valued empirical process at the matrix level into the form of “signal” and
“noise”. Under the null hypothesis Hy, (2) represents a non-anomalous factor model. Based on this, we consider C, (u, v)
and proceed to decompose it as follows:

T T T
oty = | F (u)F  FTowFFTF

w w w

Ag ®(v)a,

it represents the error between the estimated common factor F and the true factors F. The difference between the common
factor and the residuals is represented as ' — F*A~. This operation is a standard factor model error decomposition, we have

AT (u)(F — FA-L ST o E ET(F — FA-
Cla(u, v) = F'ow)(F-FA )_F O(u)F F'(F—-FA™)

w w w

Ag ®(v)a

FTow)F FT(F - FA) FTo(u)(F - FA)
W W a W

= [C’aa(u, v) — C’ab(u,v)]A_l/loT@(v)a,

A7 A B(v)a

the asymptotically dominant term of C, (u, v) is Cap(u, v). Next, we focus on Cp(u, v). Under the null hypothesis Hy,
~ T A T _T £ T A
we have the expression: F' — FA = [815”5 + FAIS{/SI, LI EA;IFW £ B}y, it represents the error term between the factor

loadings and the true factors, and is modeled through the residuals £ and the matrix Ag, then we have

_ FTo(u)(F — FA)

—Coap(u,v) AT A] B (v)x AT A ®(v)a

W
FTo FANeTE  FT®(u)eAgFTF
= W(U) (e+ HI/(I)/)E + W(u) £ I(;W By A7 A @ (v)a

= —[Cuapa(tt, ) + Copp (1, v)+] By A~EAJ ®(v)ev.
By comparing the orders of the decomposition terms, we identify the asymptotically dominant term:
N £ T -1
Cop (U, v) By A7 A @ (v)a = FT@;};};&AO (AOHA”) AJ ®(v)a according to the definition of A. Now, we proceed to

consider Cy(u, v).

5 _ FTo(u)ed(v)  FTo(u)F FTed(v)




Demeaned Sparse: Efficient Anomaly Detection by Residual Estimate

we obtain the asymptotic dominant term Cj, (u, v). By the way, we combine Clypp (u, 0) By A7HA] @ (v)ar and Cha(u,v)
and have

H W
R R o 1 R
Cha(u,v) — Capp(u,v) By A1 Ag @(v)ar = W Z Z FyenwBe(u,v)
L
HW

h=1w=1
H W 1 H W
= };WZ:I(EU - ATF )sthQD('U/ ’U) + ﬁ 2 1wZ:1ATFwEthSO(U,'U),

where B = limpy w— oo B, the asymptotic leading term of C‘ba(u,v) — C’abc(u, v)B;{%,VA_lAJCP(v)a is given by:
e S S AT Fyenw Beo(u, v). We can therefore conclude that

vH C’(u v 772214 Fuepwp(u,v)B

hlwl

sup
u,vES

= 0,(1).

It represents the difference between v H WC’(um) and the second term, which converges at a rate of o,(1) in the
large sample limit, consistent with the weak convergence theory of the complex-valued empirical process. Let

Ao = plimy y, A, and define Glu,v) = AJ {ﬁ Zle ZZ;V:1 FwBehwgo(u,v)}, it is straightforward to show

that \/Iiiw Zthl Zyzl F, Bepywp(u, v) is asymptotically tight in G(0), where G(d) denotes the space of complex-valued
continuous functions on §. For any uy, us, v1,v2 € §, we apply the Lagrange mean value theorem to obtain:

T & T & Op(u,v) Bcp(u v)
> FuBenw lp(ur,v1) — p(uz, v2)] = > Y FyBep gy & m(ur —uz) + === (€M) (01— v2) |
h=1w=1 h=1w=1
where (£,7) is a point on the intermediate path of (u1,v;) and (us, v2), then
H W 1 2
E H L Fy Ul ﬁ};u]ZIFwBé‘hw(P UQ,UQ)

H W 2
ZZ |FuBenal® (W@,m(ul—mwa“"gj;%,n)(vl—vz)) .
h: w=1

By the assumption that the residual terms form a Martingale Difference Sequence and applying the Cauchy-Schwarz
inequality, we can derive the following:

H W 1 1
1 2 4\ 2 4\ 2 2
== > BIFBe | < max (EF,)') " max (Bllen||') " max |5,
h=1w=1

where the order of last term is O(1). Thus,

—_— Z Z FyBepywp(ug,vy)

hlwl hlwl

< C'l(ur, v1) — (uz,v2)|”,

’UQ)

therefore, \/ﬁ Zthl szvzl F,Bepwp(u,v) is stochastically equicontinuous (Newey, 1991). It ensures the uniform
behavior of the complex-valued empirical process over the space J, as the sample sizes H and W increase, the process
does not exhibit large fluctuations at different points, thus providing essential control conditions for proving the weak
convergence and tightness of the process. Next, let £(u,v) = BF,en,d ' o(u,v), where d is an arbitrary nonrandom vector
with ||d|| = 1. Then, we have: d " [\/blliw Z,Ijzl Zg;l FyyBenwp(u, v)} = \/firiw Zf:l Zg/zl ¢(u,v). We assume that
E[¢(u,v)] = 0. For some r > 2, applying the Cauchy-Schwarz inequality we also have the following bound:

E[l6(u,v)|"] < E[|Beno|[* 12 Elld" Fup(u, v)[']# < oo.

14
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This allows us to handle the higher-order moments and ensure their existence. Let H(u,v) =

Var [\/ﬁ Zthl ZZ,V:1 L(u, v)} > ( for each fixed u, v. Then, according to Central Limit Theorem, we have:

ZZEUU —>N0[)

uvhlwl

Based on the Cramer-Wold device,

G(u,v) =

w
Z AJ FuyBepwp(u,v) 4 N(0,%),

1
VHW h=1w=1
for each fixed u, v, where ¥ = lim g w00 Var (ﬁ Zle Zg/:l A(TFsz-:hw) Kl — fol ei2mur dT) (1 — fol er2mvT dT)} ,
where 7 follows the uniform distribution U/ (0, 1). Given that § is totally bounded, we have: G(u, v) = G(u, v) in G,
where G(u, v) is a joint mean-zero, complex-valued Gaussian process. Therefore, we conclude that: v H wC (u,v) =
G(u,v) in G as (H,W)—oco under Hyp. m
B.2. Proof of Theorem 3.2

Given Proposition 3.1 under H,

2
W (u, v)dudv + op(1),

where 0, (1) denotes a small term that converges to zero in probability. To establish weak convergence, we need to prove

that D converges in distribution to D as (H,W) — oo, there exists a compact subset 6 € R large enough such that
2

I 5 1G(u,v) 12 W (u, v)dudv < 5 . for any positive value €, 6 denotes the complement of § in R and we have:

ﬁ:/[s G(u,v)H2 W (u,v) dudv—&—//r

uvH (u,v) dudv,

and similarly for D:
D://||G(u,v)\|2W(u7v)dudv+// G (w, 0)||> W (u, v) du do.
5 ¢

Thus, we need to show: Ds = IJ5

(u,v)dudv converges in distribution to Dy =
JI5 1G (u,v)[|> W (u,v) dudv; and Dse = ff&
Jf5e 1G (u,0)[|> W (u, v) du do.

We start by analyzing the part over 0:

(u,v H (u,v) dudv converges in distribution to Ds. =

Ds = G’(u,v)HQW(u,v) du dv.

From Proposition 3.1, we know that G (u, v) converges to G (u, v) in distribution as (H, W) — oo, i.e. G(u,v) 4, G(u,v).
To show that Ds converges to Ds, we need to ensure that the integrals of G(u,v) and G(u,v) converge, and that the
integrands remain uniformly integrable. For any fixed u, v, we assume G (u,v) and G(u, v) are integrable. By using Jensen’s
inequality and Fubini’s theorem, we can bound the expectation For some r > 2:

H W r

B e o) <ol B | e

( sup max |p(u,v))" < C.
u,VES
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This inequality ensures that G’ (u, v) is uniformly integrable over §. With the dominated convergence theorem, we can then

show that: /

. . - d . ,
By the dominated convergence theorem, we can establish that: D5 — Ds. Next, we consider the part over ¢:

mcz//o

(u,v H (u,v) du dv) - F (ff(;c G (u,v)||> W (u,v) du dv). By uniform integrability,

W (u,v) dudv 4 //5 |G (u, v)||> W (u, v) du dv.

G(u,v) H2 W (u,v) dudv.

We have that: E (ff(,c

we know: E (ffae

integrable, and by applying the dominated convergence theorem again, we can conclude that: Djse 4, Dsc. By combining
the results from D and Ds., we get:

(u,v H (u,v) du dv) = [[5. EIG(u, v)||> W (u, v) du dv. Therefore, Dse is also uniformly

ﬁ:f)(s—f—ﬁ(;c i)Dg-i—D(;c:D.

A e . oAd
Thus, D converges in distribution to D, i.e. D — D. m

B.3. Proof of Proposition 3.3

Consider the singular value decomposition (SVD) of A: A = USV T where U and V are unitary matrices containing the
left- and right-singular vectors of A, respectively. S is an H x W diagonal matrix with singular values sgw.1, ..., Sgw,L
along the diagonal, arranged in descending order, where L = rank(S). Here, we assume that the first R singular values
exert the most significant influence on the features, thereby preserving the maximum amount of information.
R L
A= Z SHW7RURV}%F + Z SHW’lUl‘/lT = A(R) + A(_R).
r=1 I=R+1
Then we have T T
X =FAR 4 FACR 4
This implies that the factor loading matrix is effectively represented in a R-dimensional space, where the asymptotic
leading terms of A can be captured by the first R singular values. Given A = H W~ (ATA)(FTF)BH%/V, under H 4,
X =FAT +¢e. We can decompose C’(u, v) like what we do in Proposition 3.1:

. T (u PET

) = gt (- F5 ) ot
_ FTo(u) FET FT®(u) FFT
= (]1_ 7 )FATé(v)aJr 57 (H— W >5<I>(v)a

= Co(u,v) + Cy(u,v).

Similarly, when K < R, we obtain C,, (u, v) is the asymptotic leading term, we can decompose C,, (u, v) as:

Co(t,v) =Cia(u,v) + <W> {11 - }’“(;;‘A‘)T] FAT®(v)o

=Clq(u,v) + C’ab(u, ).

By comparing the order of each decomposed term, we found that C’ab(u, v) serves as the asymptotic leading term. As we
have mentioned A = A + AR we have

AR TARETE  ACRTACRETE
=A,+ A,

16
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Then
(,0) ( > {H_ W] FAT®(v)a
( ) [ Ad) ] FAT®(v)a
( FAb > [ WET][FAQ +FA,] ]1} FAT®(v)a
_ ( ) [ (FA,) TP, + (PA) TRA, + <FAb>TFAb] FAT®(v)a
=Clapa (u, v) Capp (1, 0) = Cope(u,v).

By comparing the order of each decomposed term, the C’aba(u, v) is the asymptotic leading term of Cab (u,v). The same
operation can be applied:

. L FTRAB® T ARFET()FATd(v)a
Caba(“?”) :BH%/V HW2
_, FTRAR T ARFT()FAR® ARFTE FTEA® T A®FTFATS(v)a
- B H2W3 Baw HW?

By spilting A = :A(R) + A1) we have C'aba(u, v) = C’abaa(u, v)+ C’abab(u, v). Obviously é’abaa(u, v) is the asymptotic
leading term of Cypa (u, v).

A L FTRVRSEAY(R) T RT () FVRISRUR &(1)a
Cabaa(u7v) :BH%/V ( ) ( )

HW?
L, FTRVSRAPVR) TRT §()FVRISM Y () TRT fo
— PHW H2W3
. B FTEVRSE (B TRTRVRSRIUMR ¢ (v)a
HW HW2
A _1 1 T
— Cabaalu,v) O((BH{‘}V)(WS(R)V(R) FTo(u)FVEOSE)(VEUR  d(v)a) + o,(1).

Each decomposition term in matrix Cypaq (1, v) has a nonzero order. , thus Cypeq(u, v) = C(u,v) is a non-zero spectrum.m

B.4. Proof of Theorem 3.4

When K < R, C(u,v) is a nonzero spectrum. In the vast majority of cases, C(u,v) is non-zero and meaningful, thus
ensuring that C(u,v) > cgyw holds true in the limit. As (H, W) — oo, D = HW [ |C(u,v)||*W (u,v) du dv. and
caw — 0 Therefore, for the majority of samples, D will inevitably be greater than a small cgryy This leads to the probability
P(D > CHW) — 1m

B.5. Proof of Proposition 3.5

Let g7 is a set of gj., Then under H4(Trw ), €' = € + THWw ghw, and X = FA(—)'— + &T, then

Clu,v) = FTo(u) (H - FFT) FAJ®(v)a + FTI?;(U) (]I — FFT) T ®(v)a

= C" (u,v) + Cj(u,v).
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We can follow the procedure outlined in Proposition 3.1 and decompose ) ! (u,v).

FTow)(F—FA™Y) FTowFFT(F—-FA™Y)

A/ _ _ T
C!(u,v) = W W W Ay @(v)a

FTOoW)F FT(F—FA)  FTo(u)(F — FA)
W W a

= [Coa(u,v) = Coy(u, )] A1 Ag @ (v)ar,

A7 A @(v)a

By comparing the order of each term, we find that C?, (u, v) is the asymptotic leading term of C", (u, v).

FoFA— etet ' F FAJETTF A FTF|
HW HW HW "W
Thus,
R FTow)(F —FA
—C(u,v) AT A D(v)a = (U)IEV )AflAg(I)(v)a
FTo() et Bt + FAT)  Fow) et AFTE] 1 | &
_ SLATIAT
W HW T | Bawd Ao dv)a

== [Caba(u v) + Coy(u, U)} B A~ 4g D(v)a.
By the same way, the C”,,, (u, v) is the asymptotic leading term of C , (u, v). We have

(F— AF)T®(u)et Ay (Ag Ao
HW H

= Clipa(u,v) + Cliy (1, v),

ATFTq)(u)e?TAO (AJAO
aHw H

C! o (u,0) Bty AT1AJ ®(v)a = ) Ay ®(v)a + ) 1Ay @(v)a

and C",,, (u, v) is the asymptotic leading term. Next, we consider C (u, v).

Ci(u,v) = FTo(u) (H - FFT) T d(v)a

W w

B FTo(u)etd(v)o B FTow)F FTetd(v)a
B W W W
= Cy,(u,v) — Cpp(u,v).

By comparing the order, we obtain Cj,, (u, v) is the asymptotic leading term of C}(u, v), then we decompose 4 (u, v).
I () = (F— AF)T®(u)etd(v)o n ATFT®(u)ef®(v)a
w w
= Oigaa (u’ U) + Clgab(uv ’U)’

and the asymptotic leading term is C%_, (u,v), then we combine the asymptotic terms C}_, (u,v) and —C",,, (u,v) and
obtain

ATFTo()etd(v)a  ATFTO(u)ef Ay, AJ Ao

él,)ab(“7”) - C’ébbb(uvv) = W — ik ( o

)" g (v)a

1 H W H W
= T Z Z AT FuenwBo(u,v) + W Z ATF Fw JhwBe(u,v).
h=1w=1 =1w=1
‘We have
1 H W
sup || VAW (u.v) wBio(,0) = o ST AT FuF] gnaBelu,0)|| = 0,(1).
u,ve h 1w=1 h=1w=1
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Let G(u,v) = - S S A FuenwBeo(u,v) and ¢(u,v) = o Si_ W A FyF ghw Bo(u,v). As we
have mentioned in Proposition 3.1 that G (u, v) = G(u,v), Such that

) 1 H W

¢(u7 U) = T Z Z A[—)erFJgth(p(u? U)
HW h=1w=1
| AW
= HW Z Z AJ(EUFJ - U/ )gthSO u, U + p— Z Z AO 1/Jpgth<p(u 1})
h=1w=1 h 1w=1
We  have H'w—! Zthl ZUVLl Ghw = 0 it is  straightforward to  show  that

2
E [ Sy S AT (PuF)] = ¥r)gnu Be(u,0)| = 0,and B || by S S04 AT (FuFy = vr)gna Bio(u, o) =
O(H~'W~1). Thus,

H W
1
HW Z Z A(T(FUJFJ —Yr)ghwBe(u,v)|| = OP(H71/2W71/2)~

h=1w=1

sup
u,vEH

It follows that ¢(u, v) = ¢(u, v), where ¢(u,v) denotes a pseudo-covariance between the Fourier series 2 (7 + %) and
ghwB. So we have VHW C(u,v) = é(u,v) + G(u,v) under H 4 (Tgw) with 7y = H-Y2W=1/2. m
B.6. Proof of Theorem 3.6
Under Ha (prw ):Ha(THw ) = Ahw = Ao + THW ghw- By Proposition 3.5, we have
VHWC (u,v) = ¢(u,v) + G(u,v).

By the continuous mapping theorem, we have
// IVHW C (u,v)||*W (u, v) du dv 4 // p(w, v) + G(u,v)||*W (u, v) du dv.
5 s

By similar arguments in the Proof of Theorem 3.2, it follows

D2 [ [ ot + Gl o) PW ) dude

C. The Division of Datasets

MVTec-AD Dataset: MVTec-AD dataset (Bergmann et al., 2019a) is collected for real-world industrial production scenarios
unsupervised anomaly detection. There are 10 object types: Bottle, Cable, Capsule, Hazelnut, Metal Nut, Pill, Screw,
Toothbrush, Transistor, Zipper. And 5 texture types: Carpet, Grid, Leather, Tile, Wood. The dataset has totaling 5,354
images with pixel-level annotations. Among them, the training set contains 3,629 anomaly-free images, and the testing set
contains 1,725 images with both normal and anomaly samples.

VisA Dataset: VisA dataset (Zou et al., 2022) is a large dataset collected for industrial anomaly detection, covering 12
objects in 3 domains: Complex structure, Multiple instances and Single instance. Among them, Complex structure domain
has 4 objects: PCB1, PCB2, PCB3, PCB4. Multiple instances domain has 4 objects: Macaroni 1, Macaroni 2, Capsules,
Candles. Single instance domain has 4 objects: Cashew, Chewing gum, Fryum, Pipe fryum. The dataset has 10,821 images
with pixel-level annotations. Among them, the training set contains 8,721 anomaly-free images, and the testing set contains
2,100 images with both normal and anomaly samples.

D. Hyperparameter Selection Study Results
D.1. Hyperparameter Selection Settings

Equation 7 defined the decentralization strategy. This section reports the results of different sampling functions of mask
sampling threshold s, different mean of mask sampling threshold s, as well as the number of sampling epochs IN. We first
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conduct experiments with standard uniform (U (0, 1)) and standard normal distribution (N (0, 1)) sampling functions with
the same setting of 11 on MvTec-AD dataset, where (s changes from 0.1 to 0.9 increasing by 0.1 at a time, and the number
of sampling epochs IV are both set to 5 by default. Then we further conduct experiments for different ;.5 on VisA dataset, as
well as different V on both MvTec-AD and VisA dataset where sampling function is set to uniform distribution by default.
When exploring one of the two hyperparameters, the other is set to the default, the settings are as follows: the us changes
from 0.1 to 0.9 increasing by 0.1 at a time, and the number of sampling epochs /N changes from 5 to 35, increasing by 5 at a
time, the default p is 0.5, and the default IV is 5. Meanwhile, we conducted parameter selection experiments for different
regularization coefficients «

D.2. Detailed Results

Table 5. Detailed anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric of different ps on
MvTec-AD under sampling function with Uniform Distribution.

Category \ e = 0.1 e =02 He =0.3 s =04 He = 0.5 ps = 0.6 e = 0.7 s = 0.8 e = 0.9

carpet 97.99/99.59/97.46  99.16/99.51/97.29  93.10/99.43/97.61 96.11/99.55/97.37  99.00/99.45/96.77  97.03/99.50/97.46 ~ 98.07/99.43/97.38  99.36/99.33/96.96  95.71/99.17/95.75

Grid 100.00/99.07/95.60  100.00/99.02/95.67  100.00/99.07/96.03  100.00/99.15/96.24  100.00/98.90/94.91  99.83/98.31/91.64  99.83/98.03/90.23  98.75/98.11/91.22  95.91/97.55/90.10
Leather 100.00/99.57/98.79  90.46/98.91/97.38  100.00/99.55/98.78  100.00/99.68/99.12  100.00/99.68/99.08 ~ 100.00/99.67/99.11  100.00/99.67/99.11  100.00/99.68/99.17  100.00/99.69 / 99.24
Tile 100.00/98.88/95.93  100.00/98.68/95.15  100.00/98.46/94.44  100.00/98.72/95.35 100.00/98.69/95.13  100.00/98.40/94.95 100.00/98.49/94.86  100.00/98.76/95.38 ~ 99.82/98.48/94.94
‘Wood 100.00/97.61/92.37  100.00/96.91/91.39  99.82/97.27/91.72  99.74/97.24/91.37  99.82/97.52/91.25  99.82/96.39/90.65  99.91/96.66/91.71 99.82/96.44/91.87  99.56/96.42/92.38
Pill 99.15/98.91/96.58  99.59/99.11/97.48  98.91/99.00/97.54  99.51/98.91/97.53  99.59/98.79/97.64  99.32/98.73/97.70 ~ 98.47/98.59/97.51 98.61/98.54/97.48  94.84/98.29/97.11
Transistor | 98.62/94.75/82.43  99.29/94.73/84.15  99.33/95.27/84.55  99.67/94.41/84.11 99.42/95.32/84.98  98.92/96.10/86.33  98.88/96.06/85.79  98.62/96.67/86.20  98.67/95.67/85.63
Cable 95.80/96.14/8523  97.40/97.67/88.63  98.16/98.31/90.36  98.52/98.50/91.46  99.03/98.62/91.10  99.46/98.54/92.00  98.80/98.60/91.49  98.67/98.79/92.78  97.62/98.76/92.59

Zipper 98.98/99.28/96.03  98.50/99.28/96.50  98.69/99.35/97.52  95.48/99.33/97.59  98.35/99.25/97.56  98.21/99.23/97.50  98.35/99.14/97.43  98.19/98.87/96.81 93.17/98.33/95.19
Toothbrush | 100.00/98.23/89.54  99.44/98.51/91.85  99.72/98.48/91.19  100.00/99.03/94.45  99.17/99.05/93.62  100.00/99.23/95.01  100.00/99.21/94.98  100.00/99.23/94.92  100.00/99.24 / 94.81
Metal Nut | 97.12/96.99/84.89  97.75/96.57/85.07  97.90/96.42/83.71 97.12/96.60/85.31 97.41/96.87/84.97  97.56/97.09/86.12  96.63/97.12/86.03  96.63/96.82/85.50  94.82/96.80/84.79
Hazelnut 99.93/98.99/93.92  98.32/99.07/93.71 99.89/99.25/94.39  98.82/99.05/93.74  98.57/99.10/93.95  98.82/99.00/93.73  98.82/99.11/93.79  99.14/99.09/93.52  98.71/99.25/94.44
Screw 85.00/97.96/91.58  92.38/98.11/91.62  92.21/98.55/94.36  93.93/98.91/95.69  96.02/99.23/96.69  94.32/99.24/96.74  94.63/99.13/96.33  90.72/98.98/95.47  87.93/98.72/94.40
Capsule 96.17/91.14/81.96  94.73/95.79/86.96  94.89/96.60/88.00 ~ 94.18/96.12/88.04 ~ 94.10/96.25/88.18  94.30/96.53/88.24  93.82/97.28/89.60  94.38/97.63/90.78  95.97/97.77/91.73
Bottle 99.84/98.03/92.71 99.92/97.87/92.11 99.68/97.87/92.18  99.68/97.69/91.61 99.92/98.05/92.75  99.92/97.97/92.72  100.00/97.82/92.40  100.00/97.82/92.20  100.00/97.78 /91.90

Average 97.91/97.68/91.67  97.80/97.98/92.33  98.15/98.19/92.83  98.18/98.19/93.27  98.69/98.32/93.24  98.50/98.26/93.33  98.41/98.29/93.24  98.19/98.32/93.35  96.85/98.13/93.00

Table 6. Detailed anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric of different ps on
MvTec-AD under sampling function with Normal Distribution.

Category | e =0.1 e =02 e =03 e = 0.4 e =05 e =06 pe = 0.7 fe = 0.8 e = 0.9

carpet 99.52/99.53/97.13  97.03/99.44/96.92  95.47/99.19/95.63  98.48/99.43/96.91 99.40/99.49/96.89  96.79/99.43/97.01 94.82/99.30/96.62  89.04/98.53/94.41 72.79795.65/ 84.69

Grid 100.00/99.04/96.36  99.92/99.11/96.39  99.83/99.14/96.68  100.00/98.98/95.58 100.00/98.43/93.16 ~ 99.50/97.35/86.77  98.66/97.35/87.03  98.83/97.57/87.38  98.58/97.65/90.84
Leather 100.00/99.64/98.94  100.00/99.69/99.20  100.00/99.68/99.23  100.00/99.68/99.19  100.00/99.68/99.18  100.00/99.68/99.20  100.00/99.68/99.24  100.00/99.66/99.22  99.93/99.52/99.01
Tile 93.25/96.99/93.78  100.00/98.51/94.92  99.86/98.70/95.66  100.00/98.68/95.22  100.00/98.64/95.29  100.00/98.40/95.36  100.00/97.80/93.50  99.68/98.26/94.88 ~ 99.93/96.67/91.75
Wood 100.00/97.35/91.15  100.00/97.49/91.81  99.56/96.18/90.74  99.74/96.76/91.05 ~ 99.30/96.67/91.30  100.00/96.64/91.76 ~ 100.00/96.39/91.45 100.00/96.21/91.42  98.25/95.34/90.10
Pill 95.36/98.72/95.91 99.32/98.78/96.49  99.97/98.89/97.26  99.65/98.78/97.58  99.18/98.68/97.77  97.98/98.56/97.36  98.17/98.51/97.37  92.20/98.54/97.36  97.49/98.48/97.12

Transistor | 99.42/96.64/85.07  99.38/95.59/84.96  99.33/95.31/84.75  99.42/95.00/84.69  99.17/95.28/85.38  99.12/95.57/85.80  98.92/95.39/85.49  98.58/96.02/85.74  98.62/95.65/86.35
Cable 98.65/98.54/91.17  98.24/98.35/90.59  98.71/98.32/90.53  97.75/98.49/91.15  98.61/98.29/90.39  98.67/98.37/90.82  97.88/98.51/91.44  98.29/98.80/92.50  99.12/98.73/92.39
Zipper 95.67/99.32/97.24  98.77/99.33/97.57  95.61/99.28/97.74  95.77/99.17/97.50  95.56/99.10/97.35  95.64/98.85/96.95  93.78/98.46/95.69  91.65/98.00/94.43  92.99/98.18/95.00

Toothbrush | 100.00/99.11/90.90  100.00/99.05/93.70  100.00/99.01/94.48  100.00/99.10/94.87  100.00/99.27/95.19  100.00/99.24/95.13  99.72/99.26/9520  99.72/99.28/95.16  100.00/99.26 /95.16

Metal Nut | 96.68/96.46/83.19  96.73/97.27/85.01 97.02/96.15/84.26  97.56/96.90/85.53  97.31/96.89/85.79  95.85/96.62/85.08  96.87/96.23/84.49  96.73/96.38/84.54  94.48/96.41/83.76

Hazelnut 98.61/98.55/93.28  98.43/99.03/93.93  98.43/99.04/94.15  98.57/99.02/94.33  98.82/99.00/94.00  98.96/99.19/93.97  99.11/99.40/94.54  99.21/99.39/94.06  99.11/99.31/94.05
Screw 87.09/98.31/92.97  93.11/98.66/94.70  93.65/98.85/9533  92.91/99.20/96.72  94.77/99.39/97.16  94.20/99.37/97.20  93.87/99.21/96.71 91.23/99.22/96.46  94.10/99.22/96.51
Capsule 96.13/95.67/88.72  97.25/96.13/87.62  94.89/95.24/87.64  93.18/96.88/88.69  93.94/96.39/88.20  94.65/97.10/89.07  93.82/96.22/88.42  93.74/97.14/89.56  94.26/97.12/89.59
Bottle 99.92/98.51/93.91 99.92/98.39/93.68  100.00/97.89/92.31  99.52/98.08/92.68  99.92/98.05/92.98  99.92/97.82/92.33  99.92/97.73/92.10  99.92/97.75/92.02  99.92/97.75/92.03

Average 97.35/98.16/92.65  98.54/98.32/93.17  98.16/98.06/93.09  98.17/98.28/93.45  98.40/98.22/93.34  98.09/98.15/92.92  97.70/97.96/92.62  96.59/98.05/92.61 95.97/97.66/91.89
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Figure 5. Average performance of anomaly detection and localization of the mask sampling function with uniform distribution and normal
distribution as the ps changes, U represents uniform distribution, N represents normal distribution.

Table 7. Detailed anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric on VisA under different ps.

Category ‘ s =01 e =02 =03 e =04 e =05 s =06 s = 0.7 e =08 s =09

PCBI 98.03/99.43/91.76  98.32/99.38/91.77  97.00/99.37/91.33  97.30/99.53/92.77 97.46/99.42/93.04 98.34/99.58/93.78 98.15/99.60/93.74  97.32/99.57/93.78  97.51/99.55/93.61
PCB2 99.43/98.61/86.74 99.38/98.59/86.52 99.53/98.46/84.49 99.17/98.73/88.74 99.22/98.70/87.33  98.60/98.88/90.30  99.01/99.03/91.27  99.16/99.01/91.54  98.50/98.98 /90.97
PCB3 98.78/99.22/94.35 98.42/99.21/94.56 98.25/99.13/94.56 98.68/99.21/94.95 98.89/99.14/9534  99.00/99.25/95.23 99.29/99.26/95.04 98.94/99.23/94.75  97.41/99.22/94.36
PCB4 99.53/96.23/84.98  99.36/93.21/77.71  99.27/94.45/79.99 99.31/93.62/77.98 99.28/94.59/80.87 99.06/96.37/82.61 99.24/97.54/85.67 99.42/97.67/86.61 ~ 99.72/98.08 / 87.78
Macaroni 1 | 96.50/99.73/98.57  96.75/99.72/98.37 97.58/99.74/98.59  97.84/99.72/98.41 96.94/99.78/98.82  97.51/99.80/98.83  95.36/99.68/97.48 96.02/99.66/96.89  94.38/99.59/96.27
Macaroni 2 | 91.44/99.78/99.16  88.22/99.67/98.91  89.85/99.74/98.99  91.14/99.79/99.16  90.08/99.74/98.81  93.76/99.82/99.24 ~ 87.62/99.81/99.14  84.61/99.83/99.11  83.47/99.81/99.04
Capsules | 96.22/99.69/98.00 95.50/99.77/97.88  96.37/99.82/97.97 97.13/99.85/98.46 95.92/99.87/98.19  94.80/99.87/98.35 93.50/99.85/98.59 92.72/99.87/98.30 92.57/99.84/97.48
Candle 94.67/94.68/87.65 93.49/94.72/87.08 89.55/95.96/87.18 88.95/96.28/88.47 88.44/9584/89.20 85.71/95.28/88.93 88.52/95.85/89.23 89.08/95.74/88.53  88.22/95.72/88.68
Cashew | 97.28/97.62/83.92 98.00/98.93/85.69 97.06/98.71/84.51 97.40/99.15/88.24 96.04/98.80/87.36 94.62/98.93/88.92 97.88/99.18/88.26  99.28/99.21/90.10  97.96/99.11/89.39
Chewinggum | 97.54/97.82/76.77 98.08/97.70/76.34 97.36/98.10/78.29  97.40/98.11/78.79  97.28/98.29/80.10 97.52/98.45/81.98 97.78/98.46/84.03 97.20/98.49/83.72  96.02/98.33/82.81
Fryum 97.96/95.34/88.91  99.04/94.30/88.84 99.62/94.26/88.63 98.92/94.95/88.54 97.84/94.71/88.93 98.32/94.68/88.56 98.12/95.76/89.20 97.18/96.42/89.96  90.04/96.81/91.65
Pipe fryum | 97.66/99.31/94.91  97.62/99.35/94.94 98.12/99.35/94.96 96.88/99.39/95.48 98.68/99.41/95.82 98.20/99.39/95.97 98.18/99.46/95.75 97.58/99.43/96.03  96.36/99.46 /95.80

Average ‘ 97.09/98.12/90.48  96.85/97.88/89.88  96.63/98.09/89.96 96.68/98.19/90.83 96.34/98.19/91.15 96.29/98.36/91.89  96.05/98.62/92.28  95.71/98.68/92.44  94.35/98.71/92.32

Table 8. Detailed anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric on MvTec-AD under
different V.

Category | N=5 N=10 N=15 N =20 N=2 N =30 N =35
carpet | 99.00/99.45/96.77  97.71/99.49/97.18  99.16/99.40/97.18  91.93/99.20/96.00  87.96/98.94/95.14  98.39/99.43/97.05  98.84/99.51/97.20
Grid | 100.00/98.90/94.91 99.92/98.91/95.61  100.00/98.93/95.11 99.75/98.98/95.18  99.83/98.96/95.50  99.75/98.96/95.26  99.92/98.99 /9537
Leather | 100.00/99.68/99.08 100.00/99.64/98.96 100.00/99.67/99.10 100.00/99.67/99.11 100.00/99.67/99.10  100.00/99.66/99.05 100.00/99.67/99.10
Tile 100.00/98.69/95.13  100.00/98.12/93.29  100.00/98.40/94.29  100.00/98.80/95.74 100.00/97.79/92.57 100.00/98.75/95.72  100.00/98.78 /95.21
Wood | 99.82/97.52/9125  99.47/9584/89.61  99.47/97.20/91.07  99.39/94.68/87.71  100.00/97.01/90.99 99.47/9588/9035  99.82/96.27/89.77
Pill 99.59/98.79/97.64  99.37/98.82/97.48  99.73/98.79/97.58  99.73/98.79/97.53  99.56/98.74/97.56  99.65/98.79/97.66  99.54/98.76/97.59
Transistor | 99.42/9532/8498  99.25/9530/8461  99.58/95.18/84.63  99.25/9533/8470  99.50/9539/8535  99.42/9527/8457  99.25/95.04/84.99
Cable | 99.03/98.62/91.10  98.54/9828/90.23  98.58/98.38/90.85  99.06/98.47/90.97  98.29/98.59/91.89  98.43/9845/91.35  98.76/98.43 /90.89
Zipper | 98.35/9925/97.56  95.67/99.23/9746  98.53/99.28/97.58  9598/99.27/97.54  98.71/99.31/97.57  95.69/99.24/97.52  97.11/99.24/97.39
Toothbrush | 99.17/99.05/93.62  100.00/99.21/94.84 100.00/99.20/94.92 100.00/99.15/94.95 100.00/99.21/95.06 100.00/99.19/94.80  100.00/99.18 / 94.95
Metal Nut | 97.41/96.87/8497  97.02/96.82/85.14  97.90/97.01/86.09  97.36/96.73/84.57  97.07/97.02/84.98  97.17/96.78/85.32  97.36/96.85/85.25
Hazelnut | 98.57/99.10/93.95  99.29/98.82/93.26  98.36/98.93/93.57  97.89/99.16/94.10  98.64/98.98/93.43  98.64/98.91/93.50  98.68/99.01/93.98
Screw | 96.02/99.23/96.69  93.85/99.28/9691  93.65/99.15/9643  94.02/99.16/96.50  94.16/99.16/96.52  9455/99.17/96.60  93.54/99.07/96.04
Capsule | 94.10/9625/88.18  94.34/96.84/88.30  94.22/9522/87.41  93.58/96.48/88.19  O4.18/96.76/88.65 94.30/96.73/88.07  94.30/96.89/88.35
Botle | 99.92/98.05/92.75  99.84/98.06/92.74  99.84/98.06/92.87  99.76/98.08/92.78  100.00/98.06/92.72 99.84/98.06/92.81  99.84/98.03/92.66
Average | 98.69/98.32/9324  98.28/98.18/93.04  98.60/98.19/9325  97.85/98.13/93.04  97.86/98.24/93.14  98.35/9822/9331  98.46/98.25/93.25
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Table 9. Detailed anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric on VisA under different V.

Category N=5 N =10 N=15 N =20 N =25 N =30 N =35

PCB1 97.46/99.42/93.04 97.51/99.49/93.29 98.11/99.46/93.42 97.69/99.43/93.12 97.70/99.44/92.76  97.55/99.45/93.01  98.19/99.50/93.72
PCB2 99.22/98.70/87.33  99.11/98.27/83.12  99.22/98.78/88.76  98.86/98.42/84.79  99.43/98.46/84.68 99.58/98.57/86.14  99.01/98.10/82.24
PCB3 98.89/99.14/9534  98.85/99.10/95.41  99.01/99.09/95.44 99.06/99.23/95.15 99.17/99.18/95.30  98.90/99.27/95.39  98.82/99.21/95.35
PCB4 99.28/94.59/80.87  99.21/94.96/80.08 99.12/93.89/78.62 99.17/94.11/79.26  99.25/93.78/78.00  99.41/94.20/79.06 99.13/94.00/79.36
Macaroni 1 | 96.94/99.78/98.82  97.04/99.76/98.64  96.90/99.77/98.71  97.17/99.72/98.20  96.63/99.78/98.66  97.35/99.76/98.55  96.46/99.79 / 98.49
Macaroni 2 | 90.08/99.74/98.81 87.98/99.73/98.90 89.76/99.72/98.84  89.78/99.72/98.78  87.63/99.72/98.82  89.59/99.74/98.93  89.59/99.75/98.94
Capsules 95.92/99.87/98.19  95.77/99.86/98.58  95.95/99.88/98.33  95.98/99.88/98.38  96.88/99.87/98.44 95.73/99.88/98.40 96.45/99.87/98.37
Candle 88.44/95.84/89.20 87.06/95.56/89.20 87.40/95.68/88.93 86.90/95.48/89.18 86.89/95.63/88.55 88.06/95.58/89.18 87.30/95.46/88.38
Cashew 96.04/98.80/87.36  95.64/98.81/88.46 96.70/99.17/89.77 95.84/99.16/88.28 95.86/99.13/88.24 94.82/99.05/88.19 94.34/99.06 / 88.07
Chewinggum | 97.28/98.29/80.10 98.56/98.39/80.69 98.74/98.25/80.15 98.74/98.32/80.41 97.86/98.25/79.77 98.34/98.41/80.36  97.70/98.50/79.96
Fryum 97.84/94.71/88.93 98.98/94.87/89.08 99.56/94.83/89.45 97.92/9523/89.71 98.88/94.92/89.25 99.36/94.98/89.35 98.74/94.81/89.26
Pipe fryum | 98.68/99.41/9582 98.46/99.32/95.49 98.34/99.36/95.32 98.92/99.27/95.93 98.88/99.41/95.71 98.02/99.40/95.80 98.34/99.31/95.37

Average 96.34/98.19/91.15  96.18/98.18/90.91  96.57/98.16/91.31  96.34/98.16/90.93  96.25/98.13/90.68 96.39/98.19/91.03  96.17/98.11/90.63

Table 10. Detailed anomaly detection/localization results with Img-AUROC / Pix-AUROC / PRO (in %) metric on MvTec-AD under

different cv.

Category ‘ a=1le—2 a=1le—3 a=le—4 a=1le—5 a=1le—6 a=1le—-7 a=1e—8
carpet 65.17/89.93/84.99  65.77/92.34/84.61 79.21/96.16/86.39  95.95/98.68/93.79  99.00/99.45/96.77 97.15/99.14/96.08  97.99/99.28/96.94
Grid 100.00/99.31/93.59 100.00/99.31/93.39  98.50/96.16/84.33  99.83/98.03/89.63  100.00/98.90/94.91  100.00/99.21/96.25  99.42/99.20/95.41
Leather 100.00/99.67/98.12  100.00/99.68/98.52  100.00/99.69/98.19  100.00/99.59/99.15  100.00/99.68/99.08 100.00/99.52/97.91  100.00/99.62/98.83
Tile 96.07/97.76 /92.53 98.70/97.83/92.82  9423/87.81/72.86  100.00/97.82/94.01 100.00/98.69/95.13  99.13/97.68/93.36  99.42/96.86/91.80
Wood 100.00/95.51/88.55  96.75/93.52/86.31 97.46/91.57/82.31 98.77/95.42/90.09  99.82/97.52/91.25  100.00/95.61/89.36  100.00/94.72 / 86.83
Pill 94.76/90.26/81.69  94.33/88.49/79.56  98.94/98.68/96.56  98.15/98.59/97.54  99.59/98.79/97.64  99.07/97.69/92.43 97.27/89.58/83.11
Transistor 99.75/96.61 / 83.25 99.71/96.91/83.75 98.88/96.05/85.53  99.12/95.10/85.02  99.42/95.32/84.98 99.87/96.36/84.57  99.87/95.43/83.58
Cable 98.16/98.39/89.14  98.20/98.43/88.79  99.53/98.07/89.13  95.91/98.02/90.50  99.03/98.62/91.10 ~ 98.84/98.24/86.98  98.63/98.18/85.29
Zipper 98.69/99.32/94.01 96.32/99.31/93.77 95.04/98.60/95.96  98.48/98.86/96.81 98.35/99.25/97.56  97.11/99.31/97.30  97.64/99.33/97.19
Toothbrush | 100.00/99.22/95.66  99.44/99.33/95.64  99.72/99.26/95.32  100.00/99.17/95.01 ~ 99.17/99.05/93.62  100.00/99.18/94.67  100.00/99.18 / 94.49
Metal Nut 95.65/96.42/74.36  95.89/96.40/75.66  95.99/94.44/83.17  93.26/94.62/83.35 97.41/96.87/84.97 96.14/96.38/75.24  93.21/95.26/69.19
Hazelnut 97.54/98.41/88.22  97.43/98.31/8292  97.64/98.19/88.04  98.82/99.26/94.23 98.57/99.10/93.95 95.64/95.54/86.40  97.86/92.97/81.64
Screw 91.10/98.98/95.57  94.45/98.95/95.42  93.20/98.97/95.58  96.23/99.53/97.80  96.02/99.23 / 96.69 86.94/98.57/93.09  77.06/97.79/89.28
Capsule 95.69/98.12/90.58  94.81/98.18/90.62  94.58/96.84/88.57  94.26/96.41/87.64  94.10/96.25/88.18 96.89/98.61/93.25 97.05/98.56 /93.39
Bottle 99.92/98.68/88.78  100.00/98.69/89.27 100.00/98.22/93.22  100.00/97.64/91.75  99.92/98.05/92.75  100.00/98.66/93.48 100.00/98.63/92.82
Average 95.50/97.10/89.27  95.45/97.04/88.74  96.19/96.58 /89.01 97.92/97.78/92.42  98.69/98.32/9324  97.79/97.98/91.36  97.03/96.97 / 89.32
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E. More Qualitative Results

This section reports more qualitative Results on the MvTec-AD and VisA dataset. Figure 6 depicted results from different
categories of the compared methods. Figure 7 depicted intermediate step and anomaly localization results under different
sampling function and different 1. Due to the different sparsity of different channel masks, some X will show color cast or
brightness reduction.
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Figure 6. Qualitative comparison for anomaly localization on two datasets. From left to right: the input images, ground-truth, and the
anomaly maps produced by all compared methods.
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Figure 7. Intermediate step and anomaly localization results under different sampling function and different 5.
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