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Abstract

We present algorithms that create coresets in an online setting for clustering problems based
on a wide subset of Bregman divergences. Notably, our coresets have a small additive error,
similar in magnitude to the gap between expected and empirical loss |[Bachem et al.| (2017a)),
and take update time O(d) for every incoming point where d is dimension of the point.
Our first algorithm gives online coresets of size O(poly(k, d, €, 1)) for k-clusterings according
to any p-similar Bregman divergence. We further extend this algorithm to show existence
of a non-parametric coresets, where the coreset size is independent of k, the number of
clusters, for the same subclass of Bregman divergences. Our non-parametric coresets also
function as coresets for non-parametric versions of the Bregman clustering like DP-Means.
While these coresets provide additive error guarantees, they are also significantly smaller
(scaling with O(log n) as opposed to O(d?) for points in R?) than the (relative-error) coresets
obtained in [Bachem et al.| (2015) for DP-Means. We also present experiments to compare
the performance of our algorithms with other sampling techniques.

1 Introduction

Clustering is a frequently used operation in data processing. A canonical definition of the clustering problem
is via the k-median, in which k possible centers need to be proposed such that the sum of distances of
every point to its closest center is minimized. There has been a plethora of work, both theoretical and
practical, devoted to finding efficient and provable clustering algorithms in this k-median setting. Most of
this literature is devoted towards dissimilarity measures that are algorithmically easier to handle e.g. the
various ¢, norms, especially Euclidean.

A mathematically elegant family of dissimilarity measures that have found wide use in statistics are the
Bregman divergences which include the squared Euclidean distance, the Mahalanobis distance, Kullbeck-
Leibler divergence, Itakuro-Saito dissimilarity and many others. While being mathematically satisfying, the
chief drawback of working with Bregman divergences for clustering is algorithmic— most of these divergences
do not satisfy either symmetry or triangle inequality conditions. Hence, developing efficient clustering
algorithms for these divergences has been a much harder problem to tackle. Banerjee et al| (2005)) did a
systematic study of the k-median clustering problem under Bregman divergences, and proposed algorithms
that are generalizations of the Lloyd’s iterative algorithm for the Euclidean k-means problem. However,
scalability remains a major issue. Given that there are no theoretical bounds on the quality of the solution
obtained via the Lloyd’s algorithm in the general Bregman setting, a decent solution is often achieved via
running enough iterations as well as by searching over multiple initializations. This is clearly expensive when
the number of data points is large. This problem is further aggravated when the dimension of the input
points are also high and the number of clusters is not known.

Coresets, a small summaries of data to enable efficient optimization, have been successfully used in many
problems in computational geometry and more recently in machine learning. A coreset is a judiciously
selected (and reweighted) set of points, often from the input points themselves, such that solving the op-
timization problem on the coreset gives a guaranteed approximation to the solution of the optimization
problem on the full data (Lucic et al., 2016)).
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In this work we explore two specific goals in creating coresets for Bregman divergence based clustering. First,
we wish to create the coresets in an online setting, i.e. the decision about each point should be taken when
the point is first consumed by the algorithm from an online stream. Secondly, we show the existence of a
single coreset that works for all values of k, the number of clusters. We further give an algorithmic version of
it under certain assumption. It is not apriori clear that either of these goals are achievable. Coreset creation
strategies, e.g. (Lucic et al} [2016), often require a rough approximation in order to construct the importance
sampling distribution. This route would seem to preclude taking online decisions.

Yet another issue is the dependence of the coreset size on the number of clusters— k, the number of clusters
can be large, and more importantly, it can be unknown, to be determined only after exploratory analysis
with clustering. When the number of clusters is unknown, even the existence of a coreset of sublinear size
is unclear. Recent work by Huang & Vishnoi (2020) shows that for relative error coresets for Euclidean
k-means, a linear dependence of coreset size on k is both sufficient and inevitable.

In this work, we tackle these questions for Bregman divergences. We develop coresets with small additive
error guarantees. Such results have also been obtained in the Euclidean setting by [Bachem et al.| (2018a),
and in the online subspace embedding setting by |(Cohen et al. (2016]). We next show that in the case of
non-parametric clustering, there exists a coreset whose size is independent of k, the parameter representing
number of cluster centers. We utilize the sensitivity framework of [Feldman & Langberg (2011) jointly with
the barrier functions method of [Batson et al| (2012) in order to achieve this. Using an empirical notion of
sensitivity (Baykal et all 2018)) we present an algorithmic version of this result under certain assumptions.
To the best of our knowledge this is the first non-parametric coreset for clustering. A non-parametric coreset
will be useful in problems such as DP-Means clustering (Bachem et al.l 2015) and extreme clustering (Kobren
et al.l 2017)), where number of clusters may not be known apriori. We now formally describe the setup and
list our contributions.

Given A € R"*? where rows are input points in R%. Let ¢ be the mean of A, i.e., p = > ._ (a;/n). For a
query Q C R? the clustering cost on A with respect to Q is defined as,

fa(A) =3 min fo(a;).

i<n

where fq(a;) is a chosen p-similar Bregman divergence (Definition [2.2)). We present algorithms which return
coreset C and set of corresponding weights € such that, ¥X c R?, [X| = k,

[/x(C, Q) — fx(A)] < e(fx(A) + fo(A)) (1)

where, fx(C,) is the weighted cost on points C, i.e., fx(C,Q) = >  ccwifx(ci). The weight w; € Q
corresponds to the point ¢; € C. For points coming in streaming fashion we use A; € R*™*? to represent
the first ¢ points that have arrived. Let ¢; denote the mean point of A;, i.e., @; = ngi(aj/i). Our main
contributions are as follows,

o We present an online algorithm called BregmanFilter (Algorithm ([1])) which ensures property
equation 1| for any X € R¥*4 with at least 0.99 probability. BregmanFilter takes O(d) both
in update time and working space to return a coreset (C,{2) for A. The expected size of the

coreset is O(dk logk (logn +log (f,(A)) —1log (fe, (az)))) (Theorem . For the special case of k-

€22
means clustering, this implies a online coreset of size O (dki#k ( log n+log (f¢(A)) —log (fm (ag))))

(Corollary .

e In a non-parametric clustering problem, the number of clusters are unknown. We first show the exis-
tence of coreset for non-parametric clustering based on Bregman divergence. Under a mild assump-
tion on the data we also present an algorithmic version,NonParametricFilter (Algorithm @),
which creates a coreset (C, Q) based on importance sampling for clustering that ensures equation

VX € R*? where 1 < i < n. The coreset has O(ﬁ(logn + log (fo(A)) — log (f@2(ag)))) ex-
pected points (Theorem [5.1]). This coreset can be used for DP-Means clustering (Theorem [5.12)). For
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dlog(d) > log(log(n)), the expected coreset size is smaller than O(d?k*e~2), the current best known
coreset size for DP-means obtained by Bachem et al.| (2015]), where k* is the optimal number of cen-
ters for DP-Means clustering. Further for the special case of k-means clustering, the non-parametric

coreset (C, Q) for A will have an expected size of O (}2 (logn+log (f,(A)) —log (fe, (ag)))> (Corol-
lary .

e We present experimental results and compare the performance of our coresets with other known
coreset building techniques. The comparison are done on real world datasets to support our theorem
claims.

For A;, the BregmanFilter maintains an online coreset C; with corresponding weights €2;. Online because
for every incoming point a; the algorithm either samples or discards the point before getting the next point.
With this we can also ensure an online guarantee, i.e., |fx(C;) — fx(A;)] < e(fx(Ai) + fyp,(As)), with
constant probability Vi € [n], by taking a union bound over all 4. Note that this is a stronger guarantee and
in this case the expected sample size has an excess multiplicative factor of O(logn).

2 Preliminary

Here we define the notation and the common terms that we use in rest of the paper. The set of the first n
natural number is represented by [n]. A bold lower case letter denotes a vector or a point for e.g. a, and a
bold upper case letter denotes a matrix or set of points as defined by the context for e.g. A. Unless it is
stated otherwise, the matrix A is used to represent n points each in R%. a; denotes the i*” row of matrix A
and a’ denotes its 5 column. We use the notation A; to denote the matrix or a set, formed by the first i
rows or points of A seen till a time in the streaming setting. Given A, the smallest and the largest absolute
values are defined as ||A||min = min; ; |a; ;| and ||A|lmax = max; ; |a; ;|-

In a clustering problem, depending on the type of the input points a function is used from a wide range of
divergence measure called Bregman divergence.

Definition 2.1. Bregman divergence: For any strictly convex, differentiable function ® : Z — R, the
Bregman divergence with respect to ®, Vx,y € Z is,

do(y,x) = ®(y) — ®(x) — VO(x)" (y — x)

We also denote fy(y) = da(y,x). Throughout the paper for some set of centers X in R? and point a € R?
we consider fx(a) as a cost function based on Bregman divergence. Such X are also called query set. We
define it as fx(a) = minkex fx(a) = mingex do(a, x), where dg(-) is some Bregman divergence as defined
above. If the set of points in A have corresponding weights {w, } then Va € A we define fx(a) = wads(a, x).

Unlike squared euclidean distance, not all Bregman divergences follow metric properties. However there is a
wide sub class called p-similar Bregman divergence which can relate to distance measure that follows metric
properties.

Definition 2.2. A Bregman divergence de on domain Z is called a p-similar Bregman divergence for some
w > 0 iff there exists a positive definite matriz M such that, for each x,y € Z

pdpa(y, x) < do(y,x) < dm(y, x)
where dy(y,x) = (y — x)"M(y — x) is the squared Mahalanobis distance.

Going forward, we also denote fM(a) = dm(a,x), and hence, we have ufM(a) < fi(a) < fM(a), ¥x and
Va € A. Due to this we say fx(-) and fM(-) are p-similar. For Euclidean k-means clustering M is just
an identity matrix and g = 1. It is known that a large set of Bregman divergences is p-similar, including
KL-divergence, Itakura-Saito, Relative Entropy, Harmonic etc (Ackermann & Blomer} [2009)). In Table we
list the most common p-similar Bregman divergences, their corresponding M and the u. In each case the A

and v refer to the minimum and maximum values of all coordinates over all points, i.e. the input is a subset
of [\, v]4.
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Table 1: p-similar Bregman divergences (Lucic et al.l [2016).

Divergence Domain I M
Squared-Euclidean R? 1 Iy
Mahalanobisy R4 1 N
Exponential-Loss A v]?cRE e~ =) S
Kullback-Leibler A\ CcRL 2 551
Itakura-Saito A\ v]? c R i‘—z =zl
Harmonic, (a > 0) A v]? c RY iz—iz 6’2&1;6;) I,
Norm-Like, (a > 2) A v]?cRE A ollZe) pa—2],

v 2
Hellinger-Loss [y, v C (=1,1)% 211?32 201 -v)73/21,
*Mahalanobis distance is also a p-similar Bregman divergence with 4 = 1 and M is the
inverse of the covariance matrix.

There are two types of clustering, hard and soft clustering for Bregman divergence (Banerjee et al., 2005]).
In this work, by the term clustering, we only refer to the hard clustering problem.

Coresets: A coreset acts as a small proxy for the original data in the sense that it can be used in place
of the original data for a given optimization problem in order to obtain a provably accurate approximate
solution to the problem. Formally, for a non-negative cost function, say fx(a) where X is a query and
a € A, a set of subsampled and appropriately reweighted points (C, §2) is an € coreset if VX, | >, fx(a) —
Z(a,wé)e(c,ﬂ) wafx(a)| <€) ,ca fx(a) with at least a constant probability for some € > 0. While coresets
are typically defined for relative errors, additive error coresets can also be defined similarly. For e,y > 0,
(C,Q) is an additive (e,7) coreset of A if C contains points from A with corresponding weights in €2, and
VX, | aca fx(a) — 2(57%)6(0’9) wafx (@) < € ,ca fx(a) +~ with at least a constant probability. The
coresets that are presented here satisfies such additive guarantees. For ease of representation, sometime we
will just use fx(C) instead of Z(a,wé)e(c,ﬂ) wafx(a) and fx(A) instead of >, A fx(a).

Sensitivity Score: Given an input and an optimization function, sensitivity scores are defined for every
input points that measures the importance of the point in that optimization function. For a dataset A,
a query space X that denotes candidate solutions to an optimization problem, and a cost function fx(-),
Langberg & Schulman| (2010) define sensitivity scores that capture the relative importance of each point for
the problem and can be used to construct a probability distribution. The coreset is then created by sampling

points according to this distribution. The sensitivity of a point a is defined as s, = supxcx %
X

a’eA

Empirical Sensitivity Score: For the above setup, most of the time the query space X is of infinite
size and it is extremely challenging to compute the sensitivity scores. In such cases we can use empirical

sensitivity scores s, = maxxey % where ) is a finite set of queries such that ) C X.
a’ea X

Online Sensitivity Scores: For inputs coming in a streaming fashion, i.e., the point a; arriving in the i**
instance and so far the algorithm has received A;_,;. Now for a query space X’ and a cost function fx(:) we
define the online sensitivity scores for every such point a; as, sa = supxcy % One can also define
j<i I XA

A clustering problem is called Non-Parametric Clustering when the number of clusters are unknown.

We define (C, Q) to be an (e, v)-additive error coreset for non-parametric clustering if its size is independent
of k (number of centres) and ensures | fx (C) — fx (A)| < efx(A)+7 for all k < n and for all query X € RF*d,

DP-Means: It is similar to facility location-allocation problem. It was introduced by Kulis & Jordan
(2012). Given a dataset A € R"*¢ and a parameter ), the goal of the problem is to find a k € (0,n] and an
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X € RF*? that minimizes the costpp (A, X), which is defined as follows,

— ; L 2
costpp(A, X, k) = Z)I(Iél% la; — x||” + k.

i<n

In this paper we consider an obvious extension of the cost function that depends on the Bregman divergences.
Given a dataset A € R™*? and a parameter ), the goal of the problem is to find X € R¥*? with smallest k
that minimizes the costpp (A, X), which is defined as follows,

COStDp(A,X) = fx(A) + A\k.

Uniform Deviation: Given a distribution D, input set A = {a,,...,a,,} where each a; is an independent
and identically distributed sample from D and a query X the uniform deviation is,

1
Eacpfx(a) — — fx(A)
m
Definition 2.3 (Pseudo-dimension 2018). For a function family F mapping from an arbitrary input space X
to R>g and a distribution P on X. The pseudo-dimension of F is denoted by Pdim(F), is the largest d such

there is a sequence x1, . ..,xq of domain elements from X and a sequence r1,...,rq of reals such that for each
bi,...,bq € {above;below}, there is an f € F such that for alli =1,...,d, we have f(x;) > r; <> b; = above.

3 Related Work

The term coreset was first introduced in (Agarwal et all 2005) and there has been a significant amount of
work on coresets since then. Interested readers can look at (Woodruff et al., [2014; [Bachem et al., 2017b) and
the references therein. Using sensitivities to construct coresets was introduced in (Langberg & Schulman),
2010) and further generalized by (Feldman & Langberg, 2011). Coresets for clustering problems such as k-
means clustering has been extensively studied (Har-Peled & Mazumdar, [2004; (Cohen et al., 2015; Braverman|
let al., [2016; [Feldman et al., [2016; [Bachem et al., [2018aib} Barger & Feldmanl 2020} Feldman et al.l 2020)).
In (Cohen et all 2015)) the author reduces the k-means problem to a constrained low rank approximation
problem. They show that a constant factor approximation can be achieved by just O(e~2log k) size coreset
and for (1 + €) relative error approximation they get coreset of size O(ke~?). In (Barger & Feldman, |2020;
[Feldman et al., 2016) authors discuss a deterministic algorithm for creating coresets for clustering problem
which ensures a relative error approximation. The streaming version of (Barger & Feldman| 2020) returns

a coreset of size O(k572e_2 logn) which ensures a (1 & elogn) relative error approximation. Feldman et.
al., [Feldman et al| (2016) reduce the problem of k-means clustering to ¢5 frequent item approximation.
The streaming version of the algorithm returns a coreset of size O(k*¢~2log®n). In (Bachem et al.| 2018b))
authors give an algorithm which returns a one shot coreset for all £, k-means problem, where p € [1, Pmax]-
Their algorithm creates a grid over the range [1, pmax] and based on the sensitivity at each grid point the
coreset is built. It returns a coreset of size O(16Pmexdk?) for which it takes O(ndk) ensuring (1 + €) relative
error approximation. In (Boutsidis & Magdon-Ismail, [2013; |Cohen et al.l |2015)), authors show that one can
use spectral approximation technique (Batson et al., |2012)) for deterministic feature selection for k-means
problem. In (Bachem et al) [2018a)) authors give an algorithm to create a coreset which only takes O(nd)
time and returns a coreset of size O(dke 2logk) at a cost of small additive error approximation. Their
algorithm can further be extended for clustering based Bregman divergence which are p-similar to squared
Mahalanobis distance. In (Lucic et al.;|2016) the authors give algorithm to create such coresets for both hard
and soft clustering based on p-similar Bregman Divergence. In this paper we present an online algorithm
which is returns just a O(dke 2log k) size coreset with similar guarantees.

There are several online algorithms for k-means clustering (Liberty et all [2016; Lattanzi & Vassilvitskii,
[2017; Bhaskara & Rwanpathiranal 2020). In (Liberty et al.,|2016]) the authors give an online algorithm that
maintains a set of centers such that the k-means cost on these centers is O(W*) where W* is the optimal
k-means cost. Lattanzi et.al., Lattanzi & Vassilvitskii (2017) improve this result and give a robust algorithm
which can also handle outliers in the dataset.
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Algorithm 1 BregmanFilter

Require: Streaming points a;,i =1,2,...,n;7 >0
Ensure: (C,Q)
C():QQ:QOO:Q;S:O
A= Halnmin; V= ”al”max
while i <n do
A = min{\, ||a;||min }; ¥ = max{v, ||a;||max }
Update p; = \/v; Update M; based on (Table
@i = ((i = 1)pi—1 +a;)/i;8 = S+ fMi(ay)

if i =1 then
pi=1

else o
li = 2fi;éal) + ,Lh(lgfl)’pl = min{l,rli}

end if

(ci,wi) = (ai, 1/p;) W. P- Di
v (@,0) else

(Ci, %) = (Ciz1, Q1) U (¢4, w;)

end while

Return (C, Q)

We use theorem 3.2 from Chhaya et.al., (Chhaya et al| (2020b), where authors show that the coreset built
using sensitivity framework has a sampling complexity that only depends on O(SS) instead of O(Slog(S)) in
(Braverman et al.l [2016]), where S is the sum of sensitivity scores. Due to this, our coreset size for clustering
based on p-similar Bregman divergence only has dependence of O(1/u), unlike in (Lucic et al., |2016; |Bachem
et al. [2018a) where the dependence is O(1/u?).

4 Online Coresets for Clustering

We consider that the input points are coming in a streaming manner, i.e., each point on arrival is either
selected to be in the coreset or discarded. We present our first algorithm called It creates a
coreset in an online manner for clustering based on Bregman divergence. The coreset is built via importance
sampling, which is based on sensitivity framework, i.e., we use sensitivity scores to define the sampling
probability of each point. The algorithm starts with the knowledge of Bregman divergence dg. It is important
to note that for a fixed dg if the domain of the input changes, then both the parameters M and p also change
(Ackermann & Blomer], 2009; [Lucic et al.l 2016) (table . This is exactly what happens in our case, because
we only have access to the stream of input. These parameters are important because they are used to
compute an upper bound on the sensitivity scores of every points.

Overview: Under a fixed p-similar Bregman divergence, the input to the algorithm is a stream of points
and an user defined parameter r that depends on € and the VC dimension of query space of the problem,
such that it returns (C, ) which is an e coreset. Here on arrival of every input point say a;, the algorithm
first updates the smallest and largest absolute values as A and v, such that A = ||A;||min and v = ||A; || max-
It also updates the mean ;. Next it computes both the Mahalanobis matrix M; as well as ;. Fortunately,
computing M; and p; requires maintaining only two simple statistic of the data (Table . Using these terms
it computes an upper bound for the sensitivity score, which is then used to decide whether a; should be stored
in the coreset. If selected, the point a; is stored with an appropriate weight w;. At the end of the stream
we get (C, ). Note that this algorithm is online is nature because for every point its sampling decision is
taken before looking at the next incoming point. We present BregmanFilter as algorithm equation

Now we present some supporting lemmas based on which we show the correctness and the corresponding
guarantees of the algorithm. Note that for A; formed by first ¢ data points. The algorithm BregmanFilter
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maintains M; and p; (as per Table[l)) such that, p; fMi(a;) < fx(a;) < fMi(a;), Vx and Va; € A;. Using
this we show a useful observation that is immediate, based on M and p defined in Table

Lemma 4.1. For all Bregman divergences in Table for j <1, pj > p; and My = M.

Proof. At any i*" point we have A = ||A;|lmin and v = ||A;|lmax, i-e., the smallest and largest absolute values
in A;. Further we have ||A;||min > [|Aillmin and ||A;||max < ||Aillmax for j < i. By using the formula for M
for all Bregman divergences given in Table 1 we have M; < M; and p; > p; to be always true for j <i. [

For any Bergman divergence the mean of a set of points always minimizes the sum of Bergman divergences
between the set of points and any other point. Now recall that for all ¢ € [n], we use p; to represent the
mean of the first i points, i.e., p; = qu a;/i. Hence we have the following important observation.

Lemma 4.2. For points arriving in streaming manner, Vi > j we have, f,, (A;) > f,, (Aj).

Proof. We have,

oA =S fola)+ 3 Fola) 2 fo @)+ S forlan) > fo (A)).

r<j j<r<i r<j j<r<i

In (i) we use the fact that ¢; minimizes the sum of Bregman divergence between any point and first j
points. O

Due to lemma[f.J]and lemma[4.2] we have the following lemma which is then used to upper bound the online
sensitivity scores with I; as defined in BregmanFilter.

Lemma 4.3. For a fized p-similar Bregman divergence with streaming inputs, let ¢; = qu(aj/i) and M;
is the p.s.d. Mahalanobis matriz for A; (as Table . If 7 <1, then f};fi(Ai) > ngif%j (aj)

Proof.
MiA) = Y (a;—9) Mi(ay — 1)
i<t

(@)

> (aj — ) M;(a; —¢;) + Z (a; — i) "M, _1(a; — ¢:)
j<i—1

T T

> (a;— ) Mi(a; — @)+ Y (a; — i) Mj(a; — ;)
j<i—1

(#9)

> (a;— i) Mi(a; — i) + Z (a; — wi-1)"Mj(a; — pi_1)
j<i—1

> o) M. (as — ©; o) M. (as — 0

> (aj — i) i(a; — i) + Z (a; — ;)" Mj(a; — @)

j<i—1

= > fl(ay)

J<i

In (7) we used the property that M;_; < M;. In (ii) we used the fact that for A;_;, its mean ¢;_; minimizes
the cost. O

As we use [; for building our coreset, so the expected coreset size depends on the sum of /;’s. In the next
lemma we prove that the scores [;’s defined in BregmanFilter upper bound the online sensitivity scores of

a;, i.e., SUpx cprxd W—% and we also show that the sum of /;’s is also bounded.
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Lemma 4.4. For every incoming points a; the l; as defined in BregmanFilter, upper bounds the online
sensitivity score Vi € [n].

u fX(ai) 4
XEREW Ix(Ai—1) + fo, (Ay) <k (2)

Furthermore,

Zli < (810gn+410g (f},}/[(A)) —4log (f (32))>/N'

i<n

Proof. At step 14, let (u;, M;) be the parameters such that, Va; € A and VX, u; fMi(a;) < fx(a;) < fMi(a))
and ¢; = %zy Now for any query X € R**? each point a; € A;_; has some closest point x; € X Now
for such pair {a;, x;}, using the property (|la+b|)? < 2(||al[>+||b]|?) we have fti(p;) < 2fxhi (a])+2 i(a;).
So by taking into account for all the points in A;_; we get (i—1) fx (¢;) < 2 Zaj ca, (X" (a;)+ /) ( a;)) =

2 j")l\(/I i(Aj_1)+2 f}a\fi (A;_1). We use this triangle inequality in the following analysis, which holds ¥X € R¥*4,

.

Ix(ai) (
Ix(Ai1) + fo, (As)

) R (i)
Ix (A1) + fi, (Ad)
2fMi(a;) + 213" (¢03)

IN

= fx(Aiz1) + fo, (As)
< 2N (@) + 2 (Ai) + 2 (Aiy)
N fx(Ais1) + fo, (A )
@) 2fM (@) + A7 A (A1) + A SR (A1)
a pi (SR (i) + 30 ( i)
B 2/ (&) + 2 FYN (Aiy) %f;\(/{i(Ai,l)
R (A 1)+f<p1 (M) pi(fXT (Aicy) + o (A4))
< QfM (al)+ ( i— 1) 4
a Mi(fx (A 1)+f¢7 (A )) pii—1)
Mi(a;) AN (A 4
T Wi Trenkdmiey
(i) sz( i) S
S Ay T mGD
< 2 M “(ai) 8

+ ;
24 ngi fwj '(a)) pi(i = 1)

The inequality (4) is due to p; similarity, i.e., fx(a;) < fx (a;). Next couple of inequalities are by applying
triangle inequality on the numerator. In the (m) inequality we use the u; similarity to get a lower bound on
the denominator term. We get (ii¢) inequality by upper bounding the second and third term by 4/(u;(i—1)).
By the property of Bregman divergence we know that ¢;_; = argminy fx(A;_1) and, so we have f,,(A;) =
foi(Aic1) + foi(ai) = fo,  (Aim1) + fi,(a;). So by induction we get fo,(A;) > ngi fo; (@)

As, f},}/h (Ai) > > i< ij (aj) which can be maintained as a running sum hence Vi, the score l; can be
computed in just one pass.

Next, in order to upper bound ), I;, consider the denominator term of /; as follows,

dofay) = Y fh(ay) + £ (aw)

J<i j<i—1
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5 (1 )

M;;
j<i—1 j<i—1 fes
. fl\:Ii(ai)
> f?fj(aﬁ(HW)
j<ie1 > i<ifer’ (a))
= Y ) +a)
j<i—1
> exp(qi/2) Z fai(ay)
j<i—1
M,
M,
ngi—1 fe;’ (a;)
M
ngi f«Pj' (aj)

we know that >, fg/j[j (aj) > > iciq ij (a;) hence the following product results into a telescopic product
and we get,

Y

exp(q;/2) <

where for inequality (7) we used that ¢; = < 1 and hence we have (14 ¢;) > exp(¢;/2). Now as

e for (a))
xp(q; /2 < —ysn vy Il
2§1¢1ne P(Q/ ) 3/212(32)

So by taking logarithm of both sides we get 2295” q; < 2log (fy(A)) — 2log (fx2 (ag)). Further incor-

porating the terms % we have [; = 2}? + ﬁ Hence, > 5 e li < 4p~(logn + log (f},}/l(A)) -

1
log (fx2 (ag))). Where p = p, < p; and M = M,, = M; for all ¢ < n. O

Note that the upper bounds and the sum are independent of k (#clusters). Now in the next Lemma we
show that by sampling enough points based on I;, we get equation

Lemma 4.5. In BregmanFilter, setting r = O (w), the returned coreset (C,<Q)) satisfies the
following guarantee with at least 0.99 probability VX € RF*x4

1/x(C, Q) — fx(A)] < e(fx(A) + f-(A)) (3)
We proof this lemma by applying Bernstein’s inequality on the following random variables

v (1/p; — 1) fx(a;) with probability p;
] —fx(as) with probability (1 — p;).

A detailed proof is discussed in the appendix (A.1.1)).

Now using the Lemmas [f.4] and [4.5] we have the following main theorem of this section.

Theorem 4.6. For points coming in streaming fashion, BregmanFilter returns a coreset (C,Q) for the
clustering based on Bregman divergence such that for all X € R¥*?, with at least 0.99 probability it ensures
the following guarantee.

[/x(C, Q) = fx(A)] < e(fx(A) + fo(A))

Such a coreset has O(M(logn + log (fM(A)) — log (fx2(a2)))) expected samples.

ne?

BregmanFilter takes O(d) update time and uses O(d) working space.

The expected sample size of the coreset (C, () returned by BregmanFilter is bounded by r Zign l;. Using
Lemmaand Lemmawe obtain the expected sample size to be O (% ( log n+log (f};/I(A)) -

9
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dk(log k) log(1/€)
n2e2

log ( f},}? (ag)))>. Further, by using the p-similarity expected sample size is also O( (logn +

log (4(A)) —log (£, (a2))) ).

The algorithm requires a working space of O(d) which is to maintain the mean(centre) ¢;, u;, M;(sparse
matrix) and the running sum S. Further for every incoming point BregmanFilter only needs to compute the
distance between the point and the current mean hence the update time is just O(d). So the running time of
the entire algorithm is O(nd), which is why it is easy to scale for large n. Note that although Theorem
gives the guarantees at the last instance, but using the same analysis technique one can ensure an equivalent
guarantee at every i*" instance by taking an union bound- this requires an extra multiplicative factor of
log(n) in the sample size. By doing so, (C;, ;) satisfies the following for A;, Vi € [n] and ¥X € RF*? with
at least 0.99 probability,

|fx(Ci, ) — fx(Ai)] < e(fx(Ai) + fp,(A4)) (4)

Note that BregmanFilter returns a smaller coreset C compare to offline coresets Bachem et al.| (2018b));
Lucic et al| (2016]) but at a cost of additive factor approximation that depends on the structure of the
data. Further unlike Bachem et al. (2018a)); Lucic et al.| (2016) our sampling complexity only depends on
1/u. BregmanFilter can be easily generalized to create coresets for weighted clustering where each point a;
has some weight w; such that fx(a;) = w; minkex do(a;,x). While sampling point (say a;) the algorithm
BregmanFilter sets ¢; = a; and w; = w;/p; with probability p;.

4.1 Online Coresets for k-means Clustering

In k-means clustering, most commonly used Bregman divergence measure is the squared euclidean distance.
Now for squared euclidean distance we know that, M; = I and p; = 1,Vi € [n]. So in this case the algorithm
BregmanFilter does not need to maintain M; and p;. In the following corollary we state the guarantee of
BregmanFilter for k-means clustering.

Corollary 4.1. Let A € R™ % such that the points are coming in streaming manner and fed to
BregmanFilter, it returns a coreset (C,€)) which ensures the guarantee equation |1| VX € R¥*4 with prob-
ability at least 0.99 for the k-means problem. Such a coreset has O(M(logn + log (f¢(A)) -
log (fy,(a2)))) expected samples. The update time is O(d) time and uses O(d) as working space.

Proof. The proof follows by combining Lemma [{.4] and Lemma As k-means clustering has M; = I; and
w; =1 for all ¢ < n, the upper bound on the sensitivity scores is just,
f%‘ (al) 8

TSl @) i1

It can be verified by a similar analysis as in the proof of Lemma @ The proof of the second part of Lemma

[44] and Lemma will follow as it is. Further note that k-means is a hard clustering hence the e-net

dk(log k) log(1/¢€) (
62

li

size is O(e~91°8 %) Hence the expected size of C returned by BregmanFilter is O( logn +

log (fo(A)) —log (fe, (ag))>). Further, similar to other p-similar Bregman divergences, here in this case

also the update time is O(d) and uses a working space of O(d). O

5 Coresets for Non-Parametric Clustering

For data coming in an streaming fashion, it is extremely challenging to anticipate the value of k£ with having
some domain knowledge. For such an input one requires to solve a non-parametric clustering problem, i.e.,
the problem is find a clustering as well as a value of k.

Our previous algorithm BregmanFilter requires such k and the size of the coreset returned by it depends
on such k (#clusters). It is mainly due to the union bound we need to take over a set in the query space

10



Under review as submission to TMLR

(e-net). Here we explore the possibility of building a coreset non-parametric clustering problem. Naturally
the size of such coresets are independent of any k. However, it ensures a provable guarantee for any query
X with at most n centers.

Even showing the existence of such a coreset is not obvious. It is not difficult to realize that it is impossible
to get a sublinear sized coreset for non-parametric clustering which ensures a relative error approximation.
The following example illustrates this. Let A be set of n points and let C be a set of size m with weights (2,
where m = o(n). Now for (C, Q) to be a relative error coreset for non-parametric clustering, it must ensure
the following for all X with at most n rows,

Ifx(C,Q) — fx(A)] < efx(A).

However, notice that no matter what the set C is, the above claim is false when X = C. This is because for
such a query X the total cost fx(C, ) =0, whereas fx(A) # 0 since m = o(n).

5.1 Existence of sublinear sized coresets for non-parametric clustering

In this subsection, we show the existence of coreset for non-parametric clustering that ensures an additive
error approximation guarantee. The proof for this will proceed via the probabilistic method— we will design a
set of sampling probabilities that will be used to show the existence of the claimed coreset. The main novelty
here is that the sampling scores are not the usual sensitivity scores [Feldman & Langberg| (2011), which are
defined for all the data points all at once. In contrast, we define the scores iteratively— for every step i, we
define a score for the i*" point, and this score depends on the coreset maintained by the algorithm till this
step, i.e., these scores are also random variables themselves. We will then show a bound on the expected
sample size.

At each step i we define two sensitivity scores called barrier sensitivity scores. We start by defining barrier
sensitivity scores.

Definition 5.1 (Barrier Sensitivity Scores). Let A;_1 be the set first set of (i—1) points and ; = 3, a;/i
be the mean of A;. Let (C;_1,_1) be a weighted subsample of A;_1. At step i, the upper barrier sensitivity
s% = supx r*(X) and the lower barrier sensitivity st = supx r/(X), where:

u B Ix(a;)
riX) = (1+e)fx(Aiz1) = fx(Ci1,Qi-1) + €fy, (A4) ®)
X fx(ai) (6)

T x(Cis, Qi) — (L O fx(Aim1) + efp, (A))

here sup is over all X with at most n centers.

Note that unlike the regular sensitivity scores, the above scores are neither guaranteed to be non-negative
nor bounded by 1, if the sets C,_; and weights 2;_; are arbitrary. Our algorithm will, however, maintain
an invariant (which is effectively the “coreset-property” of (C;_1,;_1)) that guarantees the non-negativity
of the scores.

We will sample points based on the upper bounds on the above barrier sensitivity, and show that the resulting
set is a coreset for non-parametric clustering. A similar technique has been used in (Cohen et all 2016) to
build coresets for spectral approximation for matrices. In case of general cost functions, especially Bregman
divergences, getting nontrivial upper bounds (i.e., bounds less than 1) on s} and sﬁ is very challenging.
In order to show the existence result, we assume that we have access to an oracle that returns a upper
bound on these sensitivity scores. Utilizing these upper bounds, we show the existence of coreset for the
non-parametric clustering problem. We later show that under some assumption we can get an upper bound
on these scores and thereby getting an algorithm that returns a desired coreset the problem.

5.1.1 Algorithm Overview:

For every point a;, we assume that the oracle returns 3% and 3! such that §% > s¥ and 3. > st. Define p;
and w; as follows— p; = min{1, "3 + c'5}}, where ¢* = 2+ 1 and ¢ = 2 — 1. Define w; = .-. We sample a;

11
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to be in the coreset with probability p; and give it a weight w; if included. Such a sampled set of points are
going to ensure the guarantee in the following theorem.

Theorem 5.1. Let A € R™*?, for every Bregman divergence dg as in table the above sampling technique
returns a coreset (C, Q) such that VX with at most n centers it ensures.

|/x(C,Q) — fx(A)] < e(fx(A) + f,(A)). (7)

The expected size of such a coreset is O(ﬁ(logn + log (fg/[(A)) — log (f};/zh (az))>).

Note that the above guarantee equation [7] is deterministic, but the coreset size is a random variable. To
prove the above theorem we use the following supporting lemmas. We first show that for each point a;,
if 5% and Ei upper bound the sensitivity scores s}' and sﬁ», then the sampled coreset would guarantee that
equation [ holds for all X with at most n centers.

Lemma 5.2. Suppose the oracle returns 3% and 8 such that, Vi € [n].

sup fx(ai) < g¥
x (I4+e)fx(Aic1) — fx(Cic1, Qizq) +efo, (Ay) = °
su fx(ai) < &

p s

x fx(Cic1,Qic1) — (1 —€) fx(Ai1) +efp, (Ay) — °

Let € > 0. The sampling probability for first point is py = 1, and for the i'" point is p; = min{5;, 1} where
8 =c"8' + '8, such that " =2+ 1 and d =2 — 1.
It maintains,
(Ci, Q) = {(Ci—l’ Qi—1) U (ay, p%) if sampled,
(Ci1,Qi-1), else.

such that VX with at most n centers it guarantees

[ (Cor ) = fx(A0)| < elfx(Ad) + fior (A1)

Proof. We show this by induction. At ¢ = 1 this is true, as we have p; = 1. So we get,

(1—-e)fx(ar) < fx(cr,wi) < (1+€)fx(ar) (8)

where ¢; = a; and w; = 1. Now consider that at ¢ — 1 the tuple (C;_1,;_1) ensures

|fx(Aiz1) = fx(Cio1,Qi-1)] < e(fx(Aiz1) + fo, 1 (Ai1)) 9)

We show that (C;, £2;) also holds a similar guarantee for A;. Recall that we need to show that upon creating
the sampling probability (and weight) by using an upper bound on the barrier sensitivity scores, no matter
whether the random process samples the point a; or not, the tuple (C;, £2;) will ensure the desired guarantee.
Recall that the sampling probability p; = min{1, ¢*5¥ + cléi»}. We first take the case when p; = 1, and hence
c; = a; and w; = 1. So we have,

Ifx(Ai1) = fx(Cic1, Q1) < e(fx(Aim1) + for, (A1)
Fx(A) = fx(C )| < e(fx(Air) + for (Aiiy))
(i)

[fx(Ai) = fx(Ci, )| < e(fx(Ai) + fo, (A))

—~
=

Here, (i) is true because fx(a;) = fx(ci,w;). In (i4) we only increase the RHS, because f,,(A;) >
foi (Aiz1) (Observation and fx(a;) > 0. So, finally we have,

(1 =) fx(Ai) —efp (Ai) < fx(Ci, ) < (14 e)fx(A) +efp, (A

12
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Next when p; < 1 then for the upper bound we use the upper barrier sensitivity definition i.e., s},
p;i > &) > sy

Using the definition of s;', we have that VX,

) @ fx(ai)
P2 W O fx (A — fx(Cin 1) T el (A)
(14 OfxlAr) — fx(Cimt, Qi) +ef () = X2
I+e)fx(Aic1) +efp,(A) > fx(Cimq, Qi 1)+fxp(éi)

Now, if a; is actually sampled, fx(C;_1,1) + &2 = fx(C

(1+6e)fx(Ai1) +efy, (As)
(14 €)fx(Ai) + efp, (Ad)
This shows that the upper bound claim is true with al is sampled in (C;, ;). In case that p; < 1 and a; is

not actually sampled, we have fx(C;, ;) = fx(C;-1,;—1)and hence follows immediately from above. So,
when p; < 1, irrespective of a; being sampled in (C;, ;) or not, the desired upper bound claim for A; holds.

i, ), and hence,
fx(Ci, )
S

>
2 X(C17Qz)

For the lower bound we use the lower barrier sensitivity definition i.e., s! in a similar manner—

l

1 > &
1 > s
fx(ai)
D2 (G (- Ofx(A) T e (A
fx(Cic1, Q1) — (1 —€) fx(Ai- 1)+6f%( i) > fx(ag)
fx(Cio1,Q2i1) > (1 —e)fx(Ai1) —efp, (Ai) + fx(ai)
Ix(Cic1,Qim1) > (1 —e)fx(Ai) —efyp, (A4)

When the point a; is not sampled in (C;,Q;) we have (C;_1,Q;—1) = (C;,£;) and hence we have our
inductive step. If a; does get sampled than fx(C;,Q;) > fx(C;_1,€;—1). Hence in both the cases we have
that

Jx(Ci, ) = (1 =€) fx(Ai) — €fp, (A)
This completes the proof of both the lower and upper bound for the i*" step. O

There are two important points to note from the above lemma.

e Since, the oracle is giving an upper bound on the barrier sensitivity scores, so the coreset guarantees
are deterministic. That is when, p; < 1 then irrespective of a; being sampled in the (C;, ;) or not,
it always ensures the guarantee. It implies that if we run this process multiple times on the same
data stream, then each time we get a different coreset but each coreset ensures the desired guarantee
with probability 1

e Due to the barrier sensitivity score based sampling, the coreset guarantee holds VX, and we do
not require the knowledge of pseudo dimension of the query space. This intuition is similar to the
deterministic spectral sparsification claim in (Batson et al., [2012)).

Next we need to analyze the expected sample size. Note that, unlike the the online sensitivity scores in
BregmanFilter, the barrier sensitivity scores themselves are random variables, and depend both on the
order of the input stream as well as the previous sampling decisions while maintaining (C;_1,€;_1). Next,
we show that the expectation of these scores can be bounded, hence giving a bound on the expected coreset
size. We first present a supporting lemma.

13
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Lemma 5.3. Given non-negative scalars q,r,s,u,v and w, where q,r,s and w are positive, we define a
random variable t as,

. q—u-r with probability p,
Clg—v-r with probability (1 — p).

If qlw =1 then we get,

E|_3 s | put(1—pv—uv s
t+w q+w]  (1—u)(1—-v) q+w
The proof is discussed in the appendix (A.2.1). Let II;_; € {0,1}*~! be the sampling decisions (0 and 1 indi-
cating the not-sampled /sampled decision respectively) that the algorithm made while creating (C;_1,Q;—_1),

based on which the sampling probability of the next point a; is being computed. The i coordinates of II;
will be denoted as 71, ..., 7.

Before bounding the expected barrier sensitivity scores we first show that the at any step 4, the upper bound
on the expected sensitivity barrier score is independent of the sampling choice made by the algorithm in the
previous step for the point a;_;. Recall, ¢* = % +1and c* = % — 1, for which we show a helpful lemma.

Lemma 5.4. For any step j > 1,

fx(aq) < -
pi+1((e/2) fx(Aiz1) + (1 +€/2) fx(Aj) — fx(C;,95)) —
Jx(a;) 1

P (x(Cr )~ (/D) fx(A) — (L /2 /x(A;) = o

Again the proof is delegated to the appendix (A.2.2). Next we show the following lemma which provides a
bound on the expected barrier sensitivity score. The detailed proof is discussed in the appendix (A.2.3)).

Lemma 5.5. For points that are coming in a stream, let i > j+ 1, and let m; 11 denote the sampling choice
that the algorithm has made at (j + 1)1 step. Then we have,

B fx(ai) < fx(ay)
T efo (A | T v efp (A
B fx(ai) < fx(a;)
Tiv1 | 1 S
Vi1t €fip; (As) Yie1,; T €fioi (As)

In the following lemma we bound the expected barrier sensitivity score with a term independent of any
sampling choice made by the algorithm until then. Finally, it yields the expected sample size.

Lemma 5.6. Let A be a set of n points each in R%. For point a; and for all X € R**? we have following
bound Vi € [n],

E [ fx(a;) ] < 2fr (aq) n 12
P04 9 fx(Ain) = fx(Cimt, Qi) + efo (A)] T e i foy () paeli—1)

E [ fx(ai) ] - 2/ (a7) 12
P (G, ) — (U= O fx (M) +efo (A = e i foy () paeli—1)

Proof. Due to lemma [5.5| we show that expected sensitivity score for any a; is independent of the sampling
choice made by the algorithm for a;_; point. We show the result for the upper barrier sensitivity score. The
analysis for the lower barrier sensitivity score is very similar which can be found in the appendix [A:2:4]
Let (1 + €)fx(Ai—1) — fx(Ciz1,Q2i-1) = fx(A} ) where fx(A{ ;) = > ., fx(a]). Here each term
fx(a)) =(1+e —p]-_l)fx(aj) if a; is present in C;_1 else fx(a}) = (1+¢€)fx(a;). Now the expected upper
bound on the upper barrier sensitivity score can be bounded as follows.

14
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.

)

IN

En

Eyy fx(ai) )} (

X (@) }
o fX<A;t1>+6fsoi(A )

H{fx< ALy +efp (A
@ -[2f£fi<ai>+;azaje&1[f“fi<a->+f§‘i<aj>1]‘ | }
T (T4 o fx (A1) — fx(Cimy, Qisr) + efp (Ay) 10
SNEI O zajeAi )]

= Eﬂ’—l II,_
LA F o fx(Aisr) = fx(Cic1, Q1) Fefy, (Ag) 2}
[ 2ifxC(Ain) _ }
+ Eﬂi_l_(l-&-e)fx(A 1) = fx(Ci1, Q1) +efp, (A )HZ_2
() g r2fMi(a;) + A7 3% (Az‘—l)’ _ 2]
e Vilrio1 T €fo. (A) "
-4 M
—1fx (Aioq1) } }
T B LYy €fips (Ad) 2

(iv) r2fMi(a;) + 25 fM(A
< E. fol'(a) + =1/ ( ‘Hz 3]
Vil1,imo €S, (A
[ A (A) - }
u i—3
[ Yie1,i—2 T €fe: (Ai)

+ Eﬂi—2

© L 2/Mi(a;) + 75 %i(Ail)] [ AR (A)
- v Vit1o t+ €fp. (As) CLvi 0 T efei (AG)
o 2f () + S N (A) X (Ai)
 €/2fx(A z—1)+6fgoi(Avi) €/2fx(Ai-1) + €fp, (As)
(”<i) 213 (ay) + 75 /) (Aiy) ﬁf}l\(/h (Ai-1)
T (055" (A 1>+f@z (A))  pae(0.5FK" (Aioy) + [ (A0))
- 2 g,ﬁd(az) . <A;41) . sfy (ﬁ__l)

uiéfgo/(Az‘) pi€ (Z = Dfgi (Ai)  pie(i — 1) fx (A1)
(vii) 2 ( l) 4 N 8
B uq,ef@i (A;)  pie(i—1)  pge(i—1)

21 (aq) 12

Miergi f},xh (aj) /Jie(i - 1)

The inequality () is by upper bounding Bregman divergence by squared Mahalanobis distance. The inequal-
ity (ii) is due to applying triangle inequality on the numerator, (a? + b2) < 2(a? + b?). The (iii) equality is
by replacing the denominator with the above definition. The (iv) inequality is by applying the supporting
Lemma By recursively applying Lemma we get the inequality (v) which is independent of the ran-
dom choices made by the algorithm. The inequality (vi) is by using the lower bound on the denominator.
The inequality (vii) an upper bound on the second and the third term. In the final inequality we use the
fact that for any p similar Bregman divergence from |Ackermann & Blomer| (2009); [Lucic et al. (2016) we
have M; < M; for j < i (Lemma . Further by the property of Bregman divergence we know that
foi(Ais1) > fo._ (Ai_1). Hence we have f}Ti(A;) > di<i f%.[j (a;). Notice that the above analysis is also
true for all X. Hence we have this upper bound for all X with at most n centers. So we have the,

fx(ai) - 2fe(ai) N 12
(1 +e)fx(Ai—1) = fx(Ciz1, Q1) + fp, (A4) _Gngif@j(aj) e(i—1)
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Note that the analysis holds for all X. Hence we get the expected upper bound on both the barrier sensitivity
scores. Further, these upper bounds are independent of k, which is number of centers in X or any bicreteria
approximation that usually depends on k. Now as the oracle returns a tight upper bound on the sensitivity
scores which is used to compute the sampling probability of a streaming point, so we can comment about
the expected sample size by bounding the sum of upper bounds of barrier sensitivity scores.

Lemma 5.7. The algorithm returns (C, Q) such that the expected size of C is O (M% ( logn+log (f(‘lpvI (A)) —
log (f},}? (ag)))) .
The detailed proof is discussed in the appendix (A.2.5)). Now we are ready to prove our main theorem.

Proof. of Theorem [5.1] Using lemma and we can now show that the any coreset created by the
algorithm satisfies the guarantees in Theorem Since the coreset guarantees hold deterministically, there
must exist a coreset with size less than the expected bound that satisfies the guarantees. This completes the
existential guarantee stated by Theorem [5.1] O

5.2 Coreset algorithm for non-parametric clustering based on empirical sensitivity

Now as it is not known how to get an oracle that upper bounds the barrier sensitivity scores, we present
a heuristic which works well in practice. We estimate the sensitivity scores using sampling, and call these
empirical sensitivity scores.

We first give an example to show that the sampling probabilities in the online setting need to be upper
bounds to the barrier sensitivity scores.

Example 5.1. Fiz any e € (0,1). Consider a simple setup where the first point is a € RY. Now the algorithm
samples the point in the coreset with probability 1.

Suppose the second point is b € R? and suppose that the upper barrier sensitivity for it, achieved by the query
X*, equals s. That is,

s =supry(X) = ry(X")
X
Now, suppose we sample b with some probability p < s. Thus,
fx+(b)
(1+e)fx-(a) — fx-(a) + e(fp(a) + fo(b))

efx-(a) +e(fo(a) + fo(b)) <

efx-(a) +e(fo(a) + fo(b) < fx«(a)+ fx;(b).,

which violates the coreset property. Hence, when we sample the second point, which happens with probability
p, we do not have a coreset with the desired guarantee.

We next present an example which shows the difficulty of estimating the barrier sensitivity scores by sampling
queries. This will motivate us to make some assumptions about our data.

Example 5.2. For a fized point a; and a query space, let v¥*(X) be a random variable defined as equatz’on@
where X is chosen randomly from the query space. Consider that we do not have access to the sensitivity
score s; = supx 11 (X). Our proposed algorithm is to sample a random set of queries Y uniformly at random
such that the mazimum value of () in Y well approxzimates s;.

Define the empirical upper sensitivity score to be §; = maxxey ri"(X). Note that if X* belongs to Y, then
3; = si, but this is a very low probability event in general. Consider the set B = {X | r(X) > s;/K} for
some K > 1. If the sampled queries do not contain any element in B, then 5; < s;/K. Thus the probability
that this sampling based algorithm obtains an estimate §; that satisfies §; > s;/K is exactly the same as the
probability mass of the set B. Note that the first example shows that with s; = 1, if §; < 1/K, then using
K3; as sampling probabilities, we fail to have a coreset.
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From this we conclude that, in order to use an empirically obtained upper bounds on the sensitivity scores
(called empirical sensitivity scores), we need additional assumptions to show that we get a valid coreset with
desired guarantees. We now state the assumption, originally in (Baykal et al., 2018)).

Let X represent the query space where each query X € X has at most n centers. Now, for each point a; and
X, we consider the following two random variables, 7(X) and r!(X) defined as follows,

o fx (&)
X) = (I +e)fx(Ai1) = fx(Cio1, 1) + €fi, (Ad)
H(X) fx(ai)

- Ix(Ciz1,Qim1) — (1 =€) fx(Ai1) +efp, (Ag)
where the randomness is over X € X. We assume that the CDF of both () and r}(-) are bounded. The
assumption stated below is for 7¢(-). A similar assumption is also considered for 7).

Assumption 5.1. There is a pair of universal constants K and K’ such that for each i € [n], the CDF of
the random variable r*(X) for X € X denoted by G;() satisfies,

Gi(z*/K) < exp(—1/K")
where z* = min{y € [0,1] : G;(y) = 1}.
Further, we consider the above assumption is true for all a; € A. Now the following two lemmas are similar

to lemma 6 and 7 in (Baykal et al., [2018]), using which we get the upper bounds on the sensitivity scores.
Here we state them for completeness. Lemma [5.8] is stated for all i < n.

Lemma 5.8. Let K, K' > 0 be universal constants and let X be the query space as defined above with CDF
G;(-) satisfying the assumption . Let Y = {X1,Xo,..., X, } be a set of m i.i.d. samples each drawn from
X. Let X,+1 be an i.i.d. sample from X then,

P(K maxr(X) < rj'(Xm1)) < exp(—m/K)P(K maxri(X) < rj(Xms1)) < exp(—m/K')

Proof. Let Xyax = argmaxxey, 7' (X), then

*

PUK ot (X) < X)) = [ 0¥ Xonws) < /K1 (Xonin) = 0)P(0)
0
O [T pe "
SO G S E SR
0
o
< / Gi(y/K)™dP(y)
0
(id) z”
< Gy [ ar)
0
= Gi(a*/K)™
< exp(—-m/K’)
Here (¢) is because {X1,Xo,...,X,,} are i.i.d. from Y. Further (i%) is due to the assumption O

Similarly, it is also proved for 7!(). Let there is a finite set ) C X from which we get empirical sensitivity
scores 7% = maxxey r(X) and 7 = maxxey ri(X). Our algorithm uses these scores. Now with the following
lemma we establish that empirical sensitivity scores are good approximations to the true sensitivity scores
s% and st. It is also used to decide the size of the finite set V.

Lemma 5.9. Let § € (0,1), consider the set Y C X of size |Y| > [K'log(n/d)], then

Pxecx(Ji € [n] : KF¥ <r(X)) <6
Pxex(3i € [n] : K7 < 74(X)) <6
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Algorithm 2 NonParametricFilter
Require: a;,i=1,...n;t > 1;e € (0,1); Y = {X1,Xs,..., X0 (0g(n/s)) }
Ensure: (C,Q)
ct=2/e+1;dd=2/e—1;00=0;9=0;Cl=...=0Q, =0
A= HaIHmin; v= ”al”max
while i <n do
X = i, 8o b = max (v, g o)
Update M;; p; = A/v
@i =((i = pi-1 +a;)/i;8 =5+ f3 (ai)
if i =1 then
pi=1
else
7 = maxxey r(X)
7 = maxxcy ri(X)
p; = min{1, (%7 + 7t}

end if
(ciyw;) = (ai, 1/(p:)) if a; is sampled
(®7 O) else
(Ci, Qi) = (Ci—1,Qi-1) U (ciy wi)
end while

Return (C, Q)

Proof. The proof follows from lemma Let the event &; be the event that K - maxx:cy r¥(X’) < r*(X).
Now,

P(€:) = Bxen (K max ri(X') < rf(X) < exp(~ |VI/K)
Hence, by taking union bound over all ¢ € [n], we have that P[-(U;&;)] > 1 — nexp(—|Y|/K’). By choosing
|Y| > [K'log(n/d)], we get that P[-(U;&;)] > 1 — 4. Hence with probability at least 1 — d, the score 7
upper bounds the true score. We can show a similar claim for 7.

O

So with high probability we have an upper bound on (s¥, st) using empirical sensitivity scores (72, 7}). Al-
though the above two lemmas are stated for upper barrier sensitivity scores, they are also true for lower
barrier sensitivity scores. Now we present our second algorithm ([2)) called NonParametricFilter, which
returns a coreset for non-parametric clustering via Bregman divergence. Note that without the above as-
sumptionour algorithm acts as a heuristic. The algorithm requires the query set ) which has O(log(n/J))

queries.
The coreset from the above algorithm ensures the guarantee.

Theorem 5.10. Let A € R"*?, for every Bregman divergence dg as in table NonParametricFilter re-
turns a coreset (C,§2) for non parametric clustering based on de such that YX with at most n centres in RY
it ensures equation [1) with at least 1 — & probability.

|£x(C) = fx(A)] < e(fx(A) + fo(A)). (10)
The size of such a coreset is O(%(logn + log (f},f/I (A)) —log (f(lg/zlz (32)>)) expected samples.
Proof. This is proved by combining the claims of Theorem [5.1] and Lemma [5.9] O

5.2.1 k-means Clustering

As NonParametricFilter returns a coreset for non-parametric clustering, hence it can also be used for
k-means clustering. In this case our algorithm returns a coreset (C,Q), for squared euclidean Bregman
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divergence. The algorithm simply uses I; as M; and 1 as p;. In the following corollary we state the
guarantees that NonParametricFilter ensures for k-means clustering that follows from Theorem [5.1

Corollary 5.1. Let A € R™*? be the points fed to NonParametricFilter for the k-means problem. It
returns a coreset (C,$) which ensures the guarantee equation (1| for any X with at most n centers. The

coresets has O (e% ( logn + log (fW(A)) — log (fw2 (ag))>) expected samples.
This directly follows from Theorem [5.1} and discussed in the appendix [A22:6]

5.2.2 Coresets for DP-Means Clustering

DP-Means clustering is a non-parametric clustering. Here we discuss how NonParametricFilter can also
be used to approximate DP-Means clustering Bachem et al.| (2015). The problem was originally defined for
squared euclidean distances which has a valid generalization in other Bregman divergences. For an input A,
query X with at most n cost of DP-Means cost is defined as follows,

costpp(A,X) = fx(A) + AX].

Here fx(A) is the cost on the entire A based on some Bregman divergences introduced earlier. It is not
difficult to see that the coreset from NonParametricFilter ensures an additive error approximation for this
definition of DP-Means clustering based on pu-similar Bregman divergence. Now we claim that by allowing a
small additive error approximation our coreset size significantly improves upon the coresets for relative error
approximation for DP-Means clustering Bachem et al.| (2015), as in practice O(d?) 3> O(logn). We first the
state the following result.

Lemma 5.11. The coreset (C,Q) from NonParametricFilter ensures the following for all X with at most
n centers in R?,

lcostpp(C,X) — costpp(A, X)| < €(fx(A) + fo(A))
Proof. Notice that if one applies DP-Means on the coreset from NonParametricFilter we get the following,

|costDp(C,X) — costDp(A7X)| = |fX(C) — fX(A)| <e(fx(A)+ f,(A))

The last inequality is by Theorem [5.1] O

Now due to Lemma [5.11] we have the following Theorem.

Theorem 5.12. For e € (0,1) the coreset (C, ) ensures, costpp(A,X¢g) < costpp(A,Xa) + e(fxc(A) +

fxa(A)+2f,(A)). with high probability, where Xc and X a are the optimal cluster centers for the DP-Means
clustering on (C,Q)) and A. The expected size of the coreset is O( . (log n—+log (f}ovI (A))—log (fxz (32)))) .

1
e

Proof. Let X¢ and X are the optimal centers for DP-Means clustering on C and A respectively. Now we
know that,

costpp(A,Xc) — €(fxc(A) + fo(A)) costpp(C,Xc)

costpp(C,Xa)

costpp(A,Xa) + e(fxa(A)+ fo(A))
( ) +e(fx

c(fxc(A) + fxa(A) +2f,(A)).

ININ NN

COStDP(A,Xc) COStDP A,XA

6 Uniform Deviation

Our first result showed an additive error coreset for Bregman clustering. It is a natural question to ask
whether an additive error that is a function of f,,(A) is useful. In this section we provide evidence that when
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looking at Bregman clustering from the generalization perspective, the generalization error obtained is also
a function of f,(A). This implies that clustering by using coresets of the training data (rather than the full
data) does not increase the generalization gap.

For a given distribution of input sets and a learnt model, the uniform deviation is the difference between
the expected loss and the average empirical loss over a set of samples from the distribution of inputs. It is
used to understand the generalization error by a trained model. In this section we show that for clustering
based on any p-similar Bregman divergence the uniform deviation is bounded. For a distribution D over an
input space in R? and some p-similar Bregman divergence (Table , let £ = Eaepla] and 02 = Eacp[fe(a)].
Bachem et al.|(2017a) showed that for k-means clustering using Euclidean distance, if W <t < oo,
then with sufficiently large number of samples A = {ay,...,a,,} where each a; is an i.i.d. sample from D

and m = () (%) we get the following VX € R¥*? with a constant probability,

> fx(a) —Elfx(a)]| < e(o® + E[fx(a)]) (11)

m
i=1

’ m
This essentially implies that there is an additive error approximation on the generalization error by a model
trained on a large input set. We show that a similar result is also true for other p-similar Bregman divergence.
The additive term (e - 02) in the generalization error is very similar to the additive term (e - f,(A)) in our
coresets guarantees equation m

Given the D, the randomness is always over the samples from D. So we use E[-] instead of Eaep[]. We

consider that for any p-similar Bregman divergence we know the parameters M and g for D such that

for all a ~ D and x € RY, ufM(a) < fy(a) < fM(a). We also consider the following assumption is true.
E[M@?]
— 51 + - <t<oo (12)

H=0m H
Here, ¢ = Ela],03; = E[(a — &)TM(a — ¢)] and for all a ~ D, féM(a) = (a—&TM(a — &). Consider
A ={ay,...,a,} be m independent samples from D. Now for a point a ~ D and X € R¥*¢ we define

We analyze a family of functions G mapping from an input space R? to R that captures a measure between
the cost of a point a ~ D and a statistical cost of D. We first state the following lemma, whose proof is

discussed in the appendix

Lemma 6.1. Let k € N. Let D be a distribution on R? with i and 0 same as defined above. For a p-similar

Bregman divergence, for any point a ~ D, and any X € R*¥*? ye define gx(a) as,
fx(a)
a)=——"—"—"——. 13
) = o Bl a) "

Let s(a) = %2(1\%) + %. Then we have gx(a) < s(a) for all X € R¥*4 and E[s(a)?] = O(t).

For the family of function G = {gx(-) | X € R**?} let Pdim(G) < p < co. Now due to above lemma we can
use the main framework of Bachem et al.| (2017a) which is stated as follows,

Theorem 6.2. Lete € (0,1) and G be a family of functions from a to R>q, where a ~ D such that Pdim(G) <
p < o0o. For every a and X € R¥*4_ et s(a) be a function such that, supx gx(a) < s(a). Let ay,...,a, be
1

M 2
BUCRT 195 < ¢ and P(55 Y2 s(a;)? > 1) < 1/4.

254
wron

Then for all X € R¥*4 with at least 0.99 probability we have,

2m i.i.d. samples from D where m = O (z—’;) such that

m

3" fx(as) ~ Elfx(@)]| < e(o? + Elx () (14)
i=1

The proof of can be found in the appendix [A-3:2]

20



Under review as submission to TMLR

7 Experiments

We now show the empirical performance of BregFilter (our BregmanFilter) as well as a heuristic version
of NonParametricFilter (NP-Filter). Since there are no existing online baselines for this problem, we
compare it against the offline coreset algorithms on real datasets. It is important to note that theoretically
our coreset can never perform better than the offline coreset algorithm. Intuitively this simply is because an
offline algorithm has more knowledge from the complete data before deciding the sampling probability. Here
we investigate whether the performance of the BregFilter and the NP-Filter matches the performance of
the offline algorithms. We compare against the following coreset algorithms:

1) TwoPass: It is a two pass algorithm similar to BregmanFilter. Here the algorithm knows ¢ from one
pass and in the second pass it computes the sampling probability by using ¢ instead of ¢; for all ¢ € [n].

2) LWCS: Tt is the offline lightweight coreset algorithm as stated in [Bachem et al.| (2015)).

3) RelCoreset: It is an Offline sampling method that uses bi-criteria approximation Lucic et al.| (2016)). The
resultant coreset ensures relative error approximation.

4) Leverage: It is just a heuristic online sampling algorithm. Here we do Online leverage score sampling
method as in |Chhaya et al.| (2020a).

We compare the performance on the following datasets:

1) KDD(BIO-TRAIN): 145,751 points with 74 features. We consider k = {100,200} and squared Euclidean as
the Bregman divergence (see Figure . We further consider that the data points are arriving in a streaming
fashion. On this dataset we compare the performance of BregFilter with other algorithms.

2) MNIST: 60,000 points in 784 dimension digits dataset. Here we consider k = {5,10,25,50} and rel-
ative entropy as Bregman divergence (see Figure . On this dataset we compare a heuristic version of
NonParametricFilter with Uniform and TwoPass sampling algorithms.

Using each of the above described algorithm, we first subsample coresets of different sizes. Once we have
the coreset, we run the weighted k-means++ |Arthur & Vassilvitskii (2007)) on them to obtain the centers.
We then use these centers and compute the quantization error (Cy) on the full data set. We also compute
quantization error by running k-means++ on the full data set (Cy). Finally we report the Relative-Error

n=|Cs = Cyl/Cy.

The n mentioned in the Figure [1] is average over 10 runs of each of the algorithms. Figure [1| shows the
change in 7 with the increase in the coreset size for k = {100,200} on KDD(BIO-TRAIN) datasets for k-means
clustering. As the coreset size increases the 7 decreases for all the algorithms. As expected, the offline
methods LWCS and RelCoreset perform relatively better than our BregFilter. Further we also compare
with online version of Leverage score sampling. Although the plot shows Leverage is competitive with our
method, but the coresets from Leverage do not have any provable guarantee and it is not difficult to show a
bad input where BregFilter will out perform Leverage. Lastly, our sampling method performs equivalent
to TwoPass. Our online sampling method BregFilter shows competitive performance with the best known
offline methods. Further the coresets having provable guarantee and update time of O(d) makes it superior
to other online methods.

For comparing the performance of non-parametric coreseﬂ We run TwoPass, Uniform and NP-Filter on
MNIST. In Uniform we sample each point with probability r/n, where r is a parameter used to control the
coreset size and n is the number of input points. Now to capture the notion of coreset for non-parametric clus-
tering we run k-means—+-+ on every coreset from each method for various values of k = {5, 10, 25,50}. Finally
we compute the relative error n as described above. The computation of empirical sensitivity scores makes
the NonParametricFilter computationaly expensive. The running time is O(n2) So we run NP-Filter
(heuristic version of NonParametricFilter) where we use the upper bound of the expected barrier sensitiv-
TR ; : : u _ mu Qfxi(ai) 12

ity scores as in Lemma to sample every point, i.e., 7' = 7' = Mezjq fi/;j oy T

for all i € [n].

Lcoreset for non-parametric clustering.
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Figure 1: Relative error v/s coreset size for squared Euclidean k-means clustering. We do not hope to beat
the offline methods. However, we are at par with them. We are one pass.

Hence the running time of NP-Filter is just O(nd) and the sampling complexity of the returned coreset is
controlled by the distortion parameter e. Now for every value of ¢ we run 5 instances of the algorithms and
report the average n for every value of k. Notice that as we increase €, the 7 also increases. This is due the
fact that the coreset size inversely depends on €, so a high e results to a smaller coreset and as a result it
incurs higher n. It is evident from figure [2| that even our heuristic outperforms the Uniform and performs

equivalent to TwoPass.
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o ©
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Figure 2: Change in 1 with respect to #centers k for various e.

8 Conclusion

Here we presented online coreset for clustering based on Bregman divergences. We also present the first
algorithm for non-parametric coreset for the same problem. The algorithm leverages upon additive error
approximation, and uses barrier functions and empirical sensitivity scores.

Broader Impact Statement

We do not foresee any potential negative impact.
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A Appendix

In this paper we use the following theorems in our analysis.

Theorem A.1 (Bernstein’s inequality 2009). Let the scalar random variables x1,xa,... ,x, be independent
that satisfy ¥i € [n], |z; —E[z;]| <b. Let X =, ; and let 0® = >, 0 be the variance of X. Then for any
t>0,

Pr(X > E[X]+1t) < exp <2c7_+tbt/3>

Theorem A.2 (2020b)). Let A be the dataset, X be the query space of dimension D, and for x € X, let
fx(+) be the cost function. Let s; be the sensitivity of the 3" row of A, and the sum of sensitivities be S.
Let (e,6) € (0,1). Let r be such that

S 1 1
r> O(?(Dbgz —|—log5)>

C be a matriz of r rows, each sampled i.i.d from A such that each a; € C is chosen to be a;, with weight

S with probability %, for j € [n]. Then C is an e-coreset of A for function f(), with probability at least

s
TS8j

1-4.

We use the above Theorem to bound our coreset size. Note that the Theorem considers a multinomial
sample where a point &; in coreset C is a; and weight % for j € [n] with probability %’ Instead in our
approach we get &; as a;, with weight 1/ min{1,rs;}, with probability min{1,rs;} or it is (), with weight 0,
with probability 1 — min{1,rs;}. However, the same Theorem as above applies.

A.1 Online Coresets for Clustering
Here we discuss the proofs of the supporting lemmas to claim of the main theorem

A.1.1 Proof of Lemma

Proof. For some fixed (query) X € R¥*? consider the following random variable.

v — (1/p; — 1) fx(a;) with probability p;
o~ fx(ar) with probability (1 — p;)

Note that E[w;] = 0 and with p; = 1 we get |w;| = 0. The algorithm uses the sampling probability
p; = min{rl;,1}. Now we bound the term |w;|. In the case when p; < 1 and a; is sampled we have,

1

lwi| < —fx(a;)

_ Ix(a0)
’I’li
O (fx(Ai) + fo,(Ad)) fx (i)
- rfx(a;)
o (Ux(Aiy) + fo,(A)
r
_ Ux(A)+ [,(A)
o r
(7) is by replacing [; with a smaller term, M]—Bf%a}i(&)) In the last inequality is because f,(A) > fo, (A;).

Here ¢ = ¢, is the mean of the entire data A. Next if the point a; is not sampled then we know for sure
that p; < 1, hence we have that,

1 > 7l
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rfx(ai)
T (fx(Asor) + fo, (Ag))
(fx(A) + fo(A))

r

IN

Sofx(ag)

Say, b = (fx(A) + f,(A))/r, so |w;| < b. Next we bound the var(d_, ., w;) = EzSnE[wf] Note that for a
single term when p; < 1, E[w?] is,

Elw?] = (pi(1/pi — 1)+ (1 —pi)) fx(a:)’
< plifx(az‘)2
_ fx(ai)?
Tli
< (fx(Ai_1) + fo, (As)) fx (a;)?
- rfx(a;)
_ Ux(Air) £ S (Ad)) fx(ai)
< fx(ai)(fx(A) + f,(A))

So we get,

var(Yw) = Y Efwd]

L ifx(ai)(fx(f)Jrfw(A))
(A Ux(A) + £,(A))
o UxlA)+ fo(A)?

Now by applying Bernstein’s inequality on > ., w; with t = €(fx(A) + f,(A)) we bound the proba-
bility P = Pr<| Fx(C, Q) — (fx(A)] > e(fx(A) + MA))) as follows,

o —E(fx(A) + [,(A)) )
= P\ (A) + Fo(A)2/3r + 2(fx (A) + o (A))r

e ((G;f%)

So to get the above event with at least 0.99 probability it is enough to set r to be O(}z) Note that the

above is guaranteed for a fixed X € R¥*4,

Now we show that coreset (C,2) can be made strong coreset by taking a union bound over a set of queries.
We take a union bound over the €/2-net of R¥*¢ [Woodruff et al.| (2014); Lucic et al. (2016). Such a net
will have at most O(e~91°8F) queries. To ensure a strong a coreset guarantee it is enough to set r as

0 (dk(log k)210g(1/e)>. O

€
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A.2 Coresets for Non-Parametric Clustering

A.2.1 Proof of Lemma (5.3

Proof. The proof is fairly straight forward. Using simple algebra (similar to (Sherman & Morrison, (1950)
we have,

1 B 1 ur(q+w)™2
qg+w—ur  qg+w 1—wur(g+w)!
1 U 1
= e TRt
1 B 1 (g 4+ w)~?
g+w—vr  q+w 1—ovr(g+w)!
1

_ v -1
= q+w+ Tt w)

-l M ()

So we get,

A.2.2 Proof of Lemma 5.4l

Proof. In order to show this we define the following notations. Let A; represent the set of ¢ points seen by
the algorithm so far. For some X and for some j < n, we define two scalars (}'; and (f ; as follows,

€

B= A+ (L4 D) fx(Ay)  and ¢ = 2 fx (A + (L 5)fx(Ay)

So we have (', = (1 +¢€) fx(A;) and (fl = (1 —¢)fx(A;). It is clear that for j <4 — 1 we have (** ; ; > (¥

=15 = 5j,j
and (5_17 ;i < C]l»,j. Further two more scalars +;'; and %5,73, are defined as follows,

v =¢ - fx(Cy, Q) and 4L = fx(Cy, Q) — ¢

Note that 7, = (14 €)fx(Ai) — fx(Ci, Q) and 7 ; = fx(Ci, Q) — (1 — €) fx(A;). For j <i—1 we get

Yit1; = 7, and ’yLLj > fy;,j. Let, dj11 = % If pj41 <1, then we have p;11 > ¢, 87,1 > cys7y4, and
hence we have the following for upper barrier,
pian > cfx(ajr1) < " fx(aj+1) o Ix(@4)
2 S o (Ayt) = A1y + e (Ayt) = A1y + cfn (A
Therefore,
djt1 1
'YﬁLj + €fw (Ai) T
Let % = hj,,, which is bounded by C% Similarly for the lower barrier we have,
pies > fx(aji1) c fx(aj+1) o dfx(@j)
j+1 = = > .
Vigt€fern (Ajr1) T vigy +efon (Ajrn) T vy +efp, (Ad)
So we get,
djt1 <1
’714—1,3' +efoi(Ay) T
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A.2.3 Proof of Lemma 5.5

Proof For brevity, going forward, we denote hé— 41 = v’ijf?(A-)' Recall that Lemm showed that
i1, TE e (A

hl 1 o

J+1 =

To apply Lemma we set ¢ = iy, 7 = djr1/h¥ ;5 = fx(a;) and w = €f,, (A;). Further let u =
h;_H( —pj+1(1 +€/2)),v = —=h¥ 1pj+1(1 +€/2) and p = p;j41. Note that from the above substitution we

— — AU u+(1—p)v—uv
q+w =1land ¢ =7, 4. To prove the corollary we need the RH28 of the lemma % < 0.
After substituting every term we we get, p7+1h7“(h”1(gfﬁa’ﬁx(lﬂm) )=</2)  Now if pj+1 > 1/(1 4+ ¢/2)

then this term is non positive, else when ¢* = 2 + 1 the term remains non-positive. As m; 1 € {0,1} is the
sampling choice made by the algorithm for a; ;. So we have,

E

Ti+1

fx(ai) < fx(ay)
Yy a1 T €foi (M) | T vy +efp (Ad)

A similar analysis also follows for the lower barrier. We use Lemma by setting ¢ = ~} T =

dj+1/h§+17 s = fx(a;) and w = €f,,(A;). Further let u = —hﬁl(l —pi+1(1 —¢€/2)),v h]+1pj+1( —€/2))
and p = pjy1. By these substitution we have, q_:w = 1 and the random variable ¢t = ~!_ 1,j41- Let
mj+1 € {0,1} is the random sampling choice made by the algorithm for a; ;. Now for ¢! = 2 — 1 we get,

E

T+

Ix(ai) < fx(ay)
’Yzl’fl,j+1 +efo (Ai) | T ’YLLJ‘ +efpi (Ad)

A.2.4 Proof of Lemma

Proof. We use Lemma [5.5] to get the expected upper bound on the sensitivity scores i.e.,

sup Ix(ai)
(I+e)fx(Aim1) = fx(Ci1, Qi) + €fp, (Ay)
sup fx(a;)

X fx(Ciz1,Qi-1) — (1 — ) fx(Ai—1) + €fp, (A4)

Let (14 €)fx(Ai—1) — fx(Ciz1,Qi-1) = [x(A},) where fx(Aj ) = > ., fx(a}). Here each term
fx(a¥) = (1+e —p{l)fx(aj) if a; is present in C,,l else fx(a}) = (1+¢)fx(a;). Now the expected upper
bound on the upper barrier sensitivity score can be bounded as follows.

fx(ai) @ Ix (a)
B fx(A?_1)+€f¢i(A')} = IEnil{fx( i—1)+€f@i(A'):|

@ —[2f£fi<ai>+z P Y ean ) + A @)

- T (o fx(Aiy) = fx(Cict, Qi) + ef, (A) ‘ 1_2}
2@+ i—lzajeAi )]

= E._, IT; _»
L1+ e) fx(Ai1) — [x(Ciz1, Q1) + €fp, (A4) }
[ ﬁfx (A1) ‘

- Em*l_(lJre)fx(A 1) = [x(Ciz1,Qim1) +efy, (A )HI_Q}

@) g [2f M (a;) + 25 f3 (Ai—l)’ 4 ]

B e Vit io1 +efoi (Ag) 2
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[ AR (A) - }
" i—2
LYo +€fp, (Ad)
‘Hi 3

+ Emf1

E. :
Tl s Tefe (A

[ A (A)
'sz Li—2 T €fpi (Ai)

+ Eﬂi—2

Hi—3:|

@) 2f; Mi(a;) + xi(Ai—l) %f;l\(/li(Ai—l)

= B Vit1o t+ €fp. (As) ] Fro [%u—l,o + €fp. (Ai)

B 2f£fi(a¢)+% xi(Aifl) N ﬁf;l\(/h(Aiq)
€/2fx(Ai—1) +efp, (As) €/2fx(Ai1) + €fp, (A)

W)  2fMi(a;) + A7 M (A) ﬁf?f"’ (Ai-1)

T (0.5 (A 1) + fsm (Ai))  pae(05FX7 (Aiq) + fl (AY)
257 (ay) Mi(Ai_1) S (A1)

C e e AR D A

wi)  2fMi(a;) 4 8

a Mléfgoi (A;)  pae(i—1)  pie(i — 1)

213 (a;) 12

pie D [y (ag) - picli=1)

The inequality () is by upper bounding Bregman divergence by squared Mahalanobis distance. The inequal-
ity (ii) is due to applying triangle inequality on the numerator, (a? + b2) < 2(a? + b?). The (iii) equality is
by replacing the denominator with the above definition. The (iv) inequality is by applying the supporting
Lemma By recursively applying Lemma [5.3] we get the inequality (v) which is independent of the ran-
dom choices made by the algorithm. The inequality (vi) is by using the lower bound on the denominator.
The inequality (vii) an upper bound on the second and the third term. In the final inequality we use the
fact that for any p similar Bregman divergence from |Ackermann & Blomer| (2009); [Lucic et al. (2016) we
have M; < M; for j < i (Lemma . Further by the property of Bregman divergence we know that
foi(Ais1) > foo_ (Ai_1). Hence we have f}i(A;) > di<i f}p\;[j (a;). Notice that the above analysis is also
true for all X. Hence we have this upper bound for all X with at most n centers. So we have the,

fx(a;) < 2f,. (a;) N 12
(L+e)fx(Aim1) = fx(Cic1, Qic1) + fo, (Ad) ] T €, fo, ()  e(i—1)

]EHi—l

Now let (fx(Ci—1,Q-1)— (1 —€)fx(Ai_1) = fx(Al_,) where fx(Al_,) = doj<io1 fx(a b). Here each term
fx(aé-) = (pj_1 —1+4¢)fx(a;) if a; is present in C,_; else fx(aé-) = (—1+¢)fx(a;). Now the expected upper
bound on the lower sensitivity score is,

fx () } 9 [ 3 (a) }
Eq. Erm.
T | AL )t efo(An] = U (AL + /s (A
(i) 20 @) + 7 T ea,, I (@) + XM )]
=~ Eﬂ'i 1 ™, H22:|
Lfx(Ciz1,Qi-1) — (1 =€) fxx "(Aim1) +efp, (A)
e [2f£§i<ai>+% M(Ai)] .
T x(Cim, Q1) — (=€) fx(Aim1) + ef i (AY) i2}
L B | T fx (Ai) , }
T fx(Con, Qimn) — (L= ) fx(Aimy) + efp (A 172
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@) [2f3 (a;) + = o (A1) ’ ]
- i — i—2
' Y11+ efp (Ad)

+ E.. [ %f)lzdl (Ai—l) L 2:|
o _714—1,1'—1 +efp (M)

(i) [2fMi(q,) + & fMi(A,
< Eﬂ‘i_g Pi l( ) 1—1J i ( 1) ’H13:|
L Vicni—2 tefe (AY)

- 4 M
A A

v B, [ T A His}

[Vic1,i—2 T €fioi (As)
@ o [+ %(Am)] [;ﬁfﬁ“i(Au)
B ’ 7£71,0+6f<m(Ai) ° ’YLl,O"‘efsai(Ai)
B 2f£fi(ai>+i;%fxi<Ai_1>+ /X (A1)

€/2fx(Ai—1) +efp, (Ai)  €/2fx(Ai1) + €efy, (Ay)

) 2f3b () + A (Aia) /X (Ais)
T (05 (A) + fRT(AY) (051K (Ais) + £31(AY)
_ 2/ (a;) 12

pie i fo () el =)

The inequality (i) is by upper bounding Bregman divergence by squared Mahalanobis distance. The in-
equality (i) is due to applying triangle inequality on the numerator. The (iii) equality is by replacing the
denominator with the above definition. The (iv) inequality is by applying the supporting Lemma By
recursively applying Lemma we get the inequality (v) which is independent of the random choices made
by the algorithm. The inequality (vi) is by using the lower bound on the denominator and from here the
analysis is same as the upper bound analysis. So we have the following,

fx(ai) < 21 (a;) 12
(I+e)fx(Aim1) = fx(Cim1, Qi) + fo, (M) ] T e >i<i () mae(i—1)

Eni—l

A.2.5 Proof of Lemma [5.7]

Proof. First we bound the expected sampling probability of each a; i.e., Ex,_, [p;].

Er, . [pi] = c“En, ,[3Y]+ B, ,[5]
® 2" f 3T (a;) 12¢% 2c! fMi(ay) 12!
T e fey () e =) e () (i = 1)
82 (1) 48

1i€% )iz ij (a;) wi€2(i —1)

The inequality (i) is because the oracle returns a tight upper bound on the actual barrier sensitivity scores.
Now we bound the total expected sample size,

81 (a;) 48
Z Elpi] < d;ﬂ( +,ui62(i—1)>

™.
3<i<n 1i€* 3 i< foi” (a5)
48logn N Z ( 8fMi(ay) )
2 M
Hi€ 3<i<n pi€? Ejgi feo; (a;)
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Because of the subtlety that E[ps] > 1, hence in the above analysis we bound sum from 3 to n. Let the term
for (ai)
ngi fi/yl'j (@)
consider the term >, f%.[j (a;) as follows,

> fal(ay) > xwaj)(wz ola) )

j<i j<i—1 j<i—1 fsl'fj (aj)
v fM*(ai)
by (14 o)
jgzz;l o Zjiiij(aj)
=Y Miay)(1+g)
j<i—1
> exp(qi/2) > [h(ay)
j<i—1
ngif}a\;[j(aj)
ngzel ij(aj)

= ¢; < 1. In the following analysis we bound summation of this term i.e., Y .. ¢;. For that

Y

exp(¢i/2) <

In (i) we use the fact that, for ¢; < 1, (1 4+ ¢;) > exp(¢;/2). Now as we know that ngi ij (a;) >

> j<i1 f},}f ’(a;) hence following product results into a telescopic product and we get,

> ien o0 (25)
xp(q; /2 < —ysn 7y I
3S1:£ne p(qi/2) M )
SY(A)
T fRhi(a)

Now taking log in both sides we get > 5, ¢; < 2log (f};/[(A)) — 2log (f};g? (a2)). Now with p; = ps =1

we have the following bound on the expected samples.

3 Elpd < 2+ - (3logn +log (£31(A)) —log (£ (ax)))

1<i<n

Here we consider that Vi € [n] we have p = p, < p; and M = M,, = M; as the p-similar Bregaman
divergence parameters for A. Note that the coreset size is independent of k and d. Hence the resultant
coreset ensures the desired guarantee equation [1| for all X with at most n centers in R¢. The expected size

of the coreset is O(Hb(logn +log (fY(A)) — log ([ (32)))>~ J

A.2.6 Proof of Lemma [5.1tk-means Clustering

Proof. We prove it using the Lemmas [5.2] .6} 5.9 and [5-8] As for k-means clustering we have M; = I; and
w; = 1 for each ¢ < n, hence Vi € [n] the expected upper bound on both lower and upper barrier sensitivity
scores are,

2fp, (a;) n 12
62;‘9‘ fo;(a;)  e(i—1)
It can be verified by a similar analysis as in the proof and [A224] of Lemma and The rest of

the lemma’s proof follows as it is and we get a required guarantee. The NonParametricFilter returns a

coreset of O (612 ( logn + log (f,(A)) —log (f,, (ag)))) expected samples. O
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A.3 Uniform Deviation

A.3.1 Proof of Lemma

Proof. For any a € R? and X € R**? we have,

Ax@) 0 fx(a)

o +E[fx@)] =  pulom+E[M(a)])

) 2fM(a) +2/¢(€)
p(om +E[fR(a)])
2fM(a) + 2E[fX' ()]

p(om + E[f}(a)])

() 2/ (a) + AE[f}M (a)] + 4E[f}! (a)]
= plom + E[fF(a)])
2fM(a) + don + 4E[fX!(a)]
plom + E[fR(a)])
U@ 8

Hom H

—
INS

IN

Here (4) is by using upper bound (on the numerator) and lower bound (on the denominator) of the Bregman
divergence using squared Mahalanobis distance. In (i) and (iii) we use the fact that (a + b)? < 2(a? + b?).
Next we bound E[s(a)?].

2/M@) 8\
pon

E[s(a)’] = E <+

4fM(@)? 64 321 (a)
= Bl + 5+t ——
Py K p2on
_ EUfM@)% 64 | 32E[fM(a)]
 pPoiy 12 pPonm
4E[fM(a)?
< 7[% § )]+9—S<t
H=0m 2
We get the last equality because E| ng (a)] = oM and by the assumption equation O

A.3.2 Proof of Theorem
Proof. The proof of is same as the proof of Theorem 5 in|[Bachem et al.|(2017a)). Hence, here we only present
proof sketch.

As E[s(a)] < ¢, hence on 2m i.i.d. samples {a;,...,a,} by Markov we get 7 fol s(a;)? < O(t) with at
least a constant probability.

The rest of the proof is based on a double sampling approach. Let a,,11,am42,...,a2,; be an additional
m independent samples from D and let hq, ho, ..., h,, be independent random variables uniformly sampled
from {—1,1}. If E[s(a)?] < t, the probability of equation [14] not holding can be bounded by the probability
that there exists a gx(-) € G such that

Y i (9x(ai) = gx(am+i)| = € (15)
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We first provide the intuition for some function g € G and then show how we extend it to all g € G.

While the function g(a) is not bounded, for a given sample aj,as, ..., as;,, each g(a;) is contained within
[0,s(a;)]. Given the sample aj,as,...,as,, the random variable h; - (g(a;) — g(a;+m) is bounded in 0 +
max{s(a;), s(a;+m)} and has zero mean. Hence, given independent samples aj,as, ..., ag,, the probability

of equation [I5] occurring for a single g € G can be bounded using Hoeffding’s inequality by,

1 —2me?
Pl D hi-(gx(ai) — gx(amsi))| <e| < 2exp (;n > iem max{s(ai),s(ai+m)}>

< 2e —me”
= XP| T =
ﬁ Zngm s(a;)

From lemma as we know E[s(a)?] < t, so for m € Q (%) we can ensure above event with at least 0.99
probability. Finally using Pdim(G) < p we take a union to ensure that the above event with at least 0.99
probability. So we get m € Q (E—Z) O

i<m

A.4 More experiments

Here we discuss some more experimental results. We run our algorithms to compare with other baseline
coreset creation algorithms. Once the coreset is obtained from each of the sampling methods, we run weighted
k-means++ clustering (Arthur & Vassilvitskii, [2007) on them for various values of k and get the centers.
These centers are considered as initial centres while running k-means clustering on the coreset and finally
obtain the centres. Once these centers are obtained, we compute the quantization error on the entire dataset
Cs, with respect to the corresponding centers. We also run a similar k-means clustering on the entire data

for the same values of £ and get the quantization error from those centres, i.e., Cy. Finally we report the
|Cs—Cy|

relative error n, i.e., n = o

A.4.1 BregmanFilter

We compare the performance of BregFilter (our BregmanFilter) with Uniform and TwoPass on the fol-
lowing datasets.

1. MNIST: 60,000 points in 784 dimension digits dataset.

2. KDD(BIO-TRAIN): 145,751 points with 74 features.

3. SONGS: 515,345 songs from the Million song dataset with 90 features.
In the figure |3| we show the change in relative error (1) with respect to the change in the coreset size (% of
data). Here we consider relative entropy (or KL divergence) as Bregman divergence and run the sampling
methods on the MNIST dataset. As the data has a natural clustering of 10 digits, hence we use k = {5, 10}.

We run the sampling algorithms for various coreset sizes. We run 5 random instances for each each coreset
size and here we report the average of their 7.

We also run the sampling methods on KDD(BIO-TRAIN) and SONGS, considering squared FEuclidean distance
as the Bregman divergence. In the figure 4| we report the average n of the 5 runs, for k¥ = {100,200}. The
plot shows the change in relative error () with change in coreset size (% of data).

In all these cases, as per the expectation we do see an improvement in 7 as coreset size increases. Fur-
ther we also notice that the performance of the BregFilter is equivalent to TwoPass and outperforms the
performance of Uniform.

A.4.2 NonParametricFilter

Now we compare the performance of a heuristic version of NonParametricFilter called NP-Filter with
Uniform, Offline and TwoPass on KDD(BIO-TRAIN) dataset. The Offline is the lightweight coreset from
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MNIST (K=10) MNIST (K=5)
—@- Uniform —@- Uniform
0101 ~@- TwoPass [0:0401 -0~ TwoPass
—— BregFilter —Je— Bregrilter
0.035 A
0.08 A
0.030 A
0.06 0.025 A
0.020 A
0.04 A
0.015 A
0,024 0.010 1
0.005 A
0.5 1.0 1.5 2.0 2.5 3.0 0.5 1.0 1.5 2.0 2.5 3.0
% of data % of data

Figure 3: Relative error v/s coreset size for KL divergence.

KDD: BIO-TRAIN (K=100)

KDD: BIO-TRAIN (K=200)

< 34 —-@- Uniform
B * TwoPass
—_

BregFi
5o —#— BregFilter
)
2
I
(]
o

—@- Uniform
* TwoPass

—J— BregFilter

SONGS (K=100)

SONGS (K=200)

0.30 A
-@- Uniform
0.25 - -0~ TwoPass
—J— BregFilter

Relative Error n

—@- Uniform
-0~ TwoPass

—J— BregFilter

025 050 075 1.00
% of data

025 050 075 1.00
% of data

Figure 4: Relative error v/s coreset size. Squared Euclidean Distance as Bregman Divergence.

(Bachem et all,|2018a). Here for the comparison we do not consider the assumption Instead use simply
use the expected upper bounds as shown in lemma[5.6] Further for NP-Filter the coreset size is controlled
by €. Now once we get a coreset from NP-Filter, we set the desired parameters of other sampling methods
to get similar coreset size. Here once the coreset is obtained from each of the sampling methods, we get
Now on each coreset, we run k-clustering for various values of

the relative error 7 as described above.

k = {50,100, 200,300} to capture the non-parametric nature of the coreset.
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£=1.00 =050 o2

Relative Error
Relative Error 1

Relative Error

Figure 5: Change in Relative Error n with respect to number of centers k for various values of e.

For each of the algorithms and for each value of € we run 5 random instances, compute n = ICsciCpl and

report the average n value. We consider ¢ = {1.0,0.75,0.5,0.25}, for which we have {500, 850, 1650 5500}
expected samples. Figure [f] shows the change in the value of Relative Error n with respect to the change
in number of centers k, for various values of e. With decrease in ¢ we can note that the value of 0 also
decreases. This is because as the € increases, the coreset size reduces, which results to a high 7. Now an
interesting point to note is that the 1 remains significantly smaller than e for the same coreset across various
values of k. Even though our algorithm is heuristic, but this plot reflects the non-parametric nature of our
coreset from importance sampling. Note that, even though 0ffline outperforms NP-Filter, but they are

very close.
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