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Abstract

In this paper, we investigate deep feedforward
neural networks with random weights. The input
data matrix X is drawn from a Gaussian mix-
ture model. We demonstrate that certain eigen-
values of the conjugate kernel and neural tangent
kernel may lie outside the support of their lim-
iting spectral measures in the high-dimensional
regime. The existence and asymptotic positions
of such isolated eigenvalues are rigorously ana-
lyzed. Furthermore, we provide a precise char-
acterization of the entrywise limit of the projec-
tion matrix onto the eigenspace associated with
these isolated eigenvalues. Our findings reveal
that the eigenspace captures inherent group fea-
tures present in X . This study offers a quantita-
tive analysis of how group features from the input
data evolve through hidden layers in randomly
weighted neural networks.

1. Introduction

In the last decade, deep neural networks (DNNs) have
demonstrated dominating performance in various machine-
learning tasks such as computer vision (Krizhevsky et al.,
2012; He et al., 2016), natural language processing (Amodei
et al., 2016; Brown, 2020; Graves et al., 2013; Torfi et al.,
2020) and game playing (Silver et al., 2016). One of the
empirical findings is their ability to adapt to the features
present in the training data, which is considered a fundamen-
tal reason for their superior performance (see, for instance,
(Bengio et al., 2013; Donahue et al., 2016; Moniri et al.,
2023)). Nowadays, many theoretical results have been estab-
lished to understand the training and generalization of neural
networks. In particular, significant research efforts (Abbe
et al., 2022; Ba et al., 2022; Bai & Lee, 2019; Damian et al.,
2022; Dandi et al., 2024; Mousavi-Hosseini et al., 2022;
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Radhakrishnan et al., 2022; Shi et al., 2022) have demon-
strated the advantages of feature learning in neural networks.
However, understanding the mechanism of DNNs remains
challenging and the current theoretical framework is incom-
plete, largely due to the heavy over-parameterization and
high non-convexity of modern neural networks (Allen-Zhu
etal., 2019).

Among the theoretical analyses, the Neural Tangent Kernel
(NTK, Jacot et al., 2018) has become a powerful tool for
understanding neural networks. It is well established that
NTK, which is associated with the nonlinear feature map
(Bietti & Mairal, 2019), is able to describe the dynamics of
heavily over-parameterized neural networks under a specific
initialization (Jacot et al., 2018; Du et al., 2019). It also
provides insights into the convergence and generalization
properties of very wide DNNs (Xie et al., 2017). The NTK
theory has also been extended to other network architectures,
such as deep residual networks (Belfer et al., 2024) and deep
attention networks (Hron et al., 2020).

The eigenvalues and eigenvectors of both the NTK and its
closely related counterpart, the Conjugate Kernel (CK), are
crucial in understanding the training behavior and general-
ization performance of the underlying DNN (Fan & Wang,
2020; Yang & Salman, 2019; Yang, 2020; Engel et al., 2023).
A recent line of work has analyzed the spectral properties
of such kernel matrices. For instance, one may refer to Pen-
nington & Worah (2017); Fan & Wang (2020); Wang et al.
(2023); Wang & Zhu (2024); Belfer et al. (2024); Wang et al.
(2024); Murray et al. (2022). The spectral properties of these
kernel matrices, particularly spiked or extreme eigenvalues,
are often closely associated with certain properties of neural
networks, including their memorization capacity (Nguyen
et al., 2021), training and generalization performance (Liao
et al., 2020), and their ability to capture the low-dimensional
signal structure inherent in the learning problem (Benigni
& Péché, 2022; Wang et al., 2024; Ba et al., 2023). We
are interested in investigating the limiting properties of the
isolated eigenvalues and their corresponding eigenvectors
of kernel matrices in the high-dimensional regime. Through
this research, we aim to gain deeper insights into how fea-
tures of the input data propagate through DNNSs.

In this paper, we study the CK and NTK matrices of
deep fully-connected neural networks. Recent studies have
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demonstrated that, as the network width approaches infin-
ity, the empirical CK and NTK converge to their expected
values (Arora et al., 2019; Jacot et al., 2018). Therefore,
we focus exclusively on the expected forms of these kernel
matrices throughout this paper. We assume that the input
data X € RP*™ are independently drawn from a K-class
Gaussian mixture model (GMM) and are independent of
the random weights. The analysis of class-structured data
is common in the literature. For example, Papyan et al.
(2020) demonstrated that when the training error reaches
zero, the last-layer classifiers collapse to the class-means;
Liao & Couillet (2018) conducted a spectral analysis of
the Gram matrix associated with random feature mappings,
while Couillet et al. (2018) analyzed the asymptotic per-
formance of several classical classification methods under
GMM assumptions; Ali et al. (2022) investigated the spec-
tral behavior of the CK in a high-dimensional regime; and
Gu et al. (2024) derived the deterministic equivalents for
both the CK and NTK. Based on the results established by
Gu et al. (2024), we further show that a finite number of
eigenvalues of these kernel matrices lie outside the support
of the limiting measure. Our analysis reveals a possible
phase transition (Baik et al., 2005) that depends on the
choice of activation functions and the differences in covari-
ance among different classes. We also precisely determine
the positions of these isolated eigenvalues and eigenvector
alignments.

In this article, by demonstrating that the eigenvectors associ-
ated with the isolated eigenvalues may contain information
relevant to unsupervised classification (clustering), we es-
tablish a connection between the features of the input data
and neural networks. The techniques employed in this paper
are grounded in random matrix theory, and from a theoreti-
cal perspective, our analysis falls within the framework of
finite-rank deformation models in this field.

Notations: Throughout the paper, we use || - || to denote the
Euclidean norm for vectors and the spectral norm for ma-
trices. The spectrum of a matrix A is denoted by Spec(A).
We denote an all-ones vector of dimension p by 1, and the
identity matrix of size p x p by I,,. For two sequences of
random matrices A = {A,},>1 and B = {B,, },>1, we
denote A ~ B if

1
—trD, (A, — B,,) — 0 and uI(An —B,)us —» 0 a.s.
n

for all deterministic sequences {D,, },>1 and all determin-
istic vectors u; € R™,¢ = 1,2 with bounded norms. The
symbols O(-) and o(-) stand for the standard big-O and little-
o notations. Moreover, if ||A — B|| — 0 almost surely, we
write A = B + 0,.5.(1). The Hadamard product between
two matrices of the same size is denoted by o. The distance
between two sets A, B C C is denoted by dist(A, B). Let
a ® v @ b denote the law of ax + b, where x ~ v is a

random variable (or random vector) following distribution
v. The indicator function is represented by §. For a function
f, we denote its i-th derivative by f(*). Specifically, for
i=1,2, wealsouse f/ = f() and f” = f). Addition-
ally, || f|| = sup,, |f(z)| denotes the supremum norm of f.
The notation 0 may indicate a zero value, a zero vector or
a zero matrix in this paper, changing from line to line. We
use ¢ and C' to denote positive constants, whose values may
change from one line to the next.

2. Preliminaries

Let xy,...,x, € RP be n random vectors indepen-
dently drawn from one of the K'-class Gaussian mixtures
Ci,...,Ck, that is

x; €Cq = x; ~N(0, p1C,)

for some non-negative definite matrix C,. For each
a € {1,..,K}, class C, has cardinality n,, satisfying
ny + ---nx = n. Write the input features in a matrix
X =[x, ...,x,] € RP*™. We define the fully-connected
DNN with L hidden layers by

1
X, = —=0o(W;X,_1) e R¥**" for ¢=1,..,L,
0 ,—dz @( L4\ p 1)

with weight matrices W, € R%*4-1 (with convention
do = p, Xo = X) and nonlinear activation functions
o1, ...,0r applied entrywise. The CK of the ¢-th layer is
given by the Gram matrix

Kcxp = Kok(X) =E[X] X, € R™",

where the expectation is taken with respect to the random
weights Wy, ..., W . Following Bietti & Mairal (2019)
and Jacot et al. (2018), the CK satisfies that

[Kck,elij = Eloe(u)og(v)] M
with
[KC ,éfl]ii [KC ,Efl]ij
[, o] ~ N <0’ LKCE,Zl]ji [KCE,EIL'J']> ’

while the NTK denoted by K nTk ¢ takes the form

!
Kntke = Kcke + Kntk,e-1 0 Kk o

2
Kntio = Koko=X'X,

where

(Ko olij = Elog(u)oy(v)]-
We consider the high-dimensional regime where n and p
are comparable and assume the following conditions on the
input data, weights and activation functions.

Assumption 2.1. As n — oo, the following conditions
hold:
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e The ratios% — ¢ € (0,00), and R — cq €
(0,1) foreacha € {1,..., K}.

* Denoting C° = Za 1 2C,, C, =C, —C”°and

= \/trCO/p, we have lim,, ., 79 € (0, 00).

» Fora,b € {1,..., K}, itholds that ||C,|| = O(1) and
trC,Ch, = O(p).

This assumption ensures the classification task is feasible
and non-trivial (see Gu et al. (2024) for example).

Assumption 2.2. The random weights W, € R4*P
W € R¥*de-1 are independent. Moreover, the entries
of Wy are i.i.d. and satisfy

E[W,];; =0, E[WZ]?j =1, E[WZ]?j <00
This assumption on the random weights is relatively mild
and holds for many common weights such as i.i.d. standard

Gaussian weights.

Assumption 2.3. Let £ ~ N(0, 1). The activation functions
01, ..., 0 satisfy that

max  E[c(¢)<C, 1<e<L @3

ke{0,1,2,3,4}

for some universal constant C.

The boundness of E[aék) (€)] in (3) is needed to derive the
deterministic equivalents for the CK and NTK. Moreover, as
noted by Gu et al. (2024), for non-differentiable functions,
Assumption 2.3 holds if |oy| is bounded above by some
polynomial function through the application of Gaussian
integration by parts: Eo’(§) = E&o(£). Consequently,
Assumption 2.3 accommodates commonly used activation
functions such as ReLU, Sigmoid, and Tanh, provided that
these activation functions are centered and normalized to
ensure compliance with (3).

Before presenting the preliminary theoretical results, it is
necessary to introduce several key expressions:

¥ = {vitiny = {ll@ll* - Bz}, € R™,
1 K
t:= trCZ} € R¥,
{\/23 a=1 4

1 K
T = {tr CaCb}
p

a,b=1

c RKXK

The following two lemmas, proved by Gu et al. (2024),
provide asymptotic equivalents for the CK and NTK.

Lemma 2.4. (Asymptotic spectral equivalent for the CK
(Gu et al., 2024)). Suppose Assumptions 2.1-2.3 hold. Let
T0,T1..., TL, be a sequence of non-negative numbers satisfy-
ing the recursion:

Ty =

Elo}(e-1€)], €€ {1,...L}.

We further assume E[o¢(1,—1&)] = 0. Then as n — oo, we
have

|1 Kcx,o(X) — §CK,13(X
gc&e =an X' X+ VAV +apl,,

M =0 as.,

&)

where ay g = T — g1 > 0,

=[J/Vp. ¥l €
Qy, Qtt +ag 3T Qy, ot
agat’ Q2

Rnx K+1)

A[ = R(K+1)X(K+1) (6)

for class label vectors J = [j, ..., jrc] € R"E with 5, =
{0z;ec, }1—1. The non-negative scalars oy 1, 0 2, 0 3 sat-
isfy the following recursions:

a1 = Eloj(te—16) P11,

1
aga = Elop(te—18)Pou_1,2 + ZE[UZ’(Te—lf)]QO@LZu

1
Q3 = E[Uz(Tf—lf)]ZW—l,:& + §E[02/(Té—1f)}204%—1,1
@)
with

apa = a1 4E[(0)(10-18))? + 0o(1e-1€) 0] (Te—18)],

ap1 =aoe =1, ag2 =ag3 =0.

Lemma 2.5. (Asymptotic spectral equivalent for the NTK
(Gu et al., 2024)). Suppose Assumptions 2.1-2.3 hold under
the same notation and settings as in Lemma 2.4. Let 7o = 0,
Ty ..., 7, > 0 be a sequence non-negative numbers such
that

Eloy(re-18)]?,

and let /i% = 752 + T'g with kg = 19. Then as n — 00, we
have

tef{1,..,L}

=

| Knri,o(X) — Knrio(X)| = 0 a.s., )
,I?NTK,Z =B X" X + VBV +Bl,,
where B0 = K3 — 13001 > 0 and
B, — Beott! + 5@ 3T Beat| o plrsnx(x+1),
Beot’ Be2
The non-negative scalars 3.1, Be,2, Be,3 satisfy
Be1 = ag1 +E[o)(ni— ) Be-1,1,
B2 = a2+ Eop(e- 15)] Be-1,2, ©
Bus = aus+Eoy(re-1€ )] Be—1,3

'HE[UQI(TZ—K)] ag_1180-1,1

with Bo1 =1, Bo,2 = Bo,3 = 0.
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For an p x p matrix M with real eigenvalues AM > . ..
its empirical spectral distribution is defined as

M
Ay

1
FM(g) = ];#{z =1,..,p, \M <z},

and the probability measure induced by FM is denoted
by pnr. We define the Stieltjes transform of a probability
measure v as

) = [ 5

It admits a natural extension to the lower-half of the complex
space by the fact that

ma(z) =mag(z), z€ CT ={z:2€C, Sz <0}.
Prior to presenting our results, we need the following lemma,
which guarantees the existence of the limiting spectral dis-
tribution of X " X. This lemma is established by Benaych-
Georges & Couillet (2016).
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Figure 1. Spectrum of gcygg under the parameter settings: n =
1200, p = 600, ¢c1 = ¢3 = 0.3,¢c2 =04 and C, = (1 + 2(a —
1)/+/p)I, for a = 1,2, 3. The activation functions for the three
layers are 01 = g2 = 03 = Poly, where Poly(t) = 0.2t> 4 ¢.
The weights W1 € R XP, W, € R%2X9 and W3 € R93* 42
consist of i.i.d. standard normal entries, where d; = d> = 2000,
ds = 1000.

Lemma 2.6. Suppose Assumption 2.1 holds. For z € C, we
define the resolvents
G(z)=(X"X —zI,)7",

G(z2) = (XX —zI,)"

Then as n — oo, we have

G(2) ~ Q,(2) = codiag {ma(2)1n, }oey  (10)

dv(\), ze CT ={z: 2 € C, Sz > 0}.

and
-1

1 K
- <Ip + ;cama(z)(}'a> ,

(11)

where {m,(2)}X_, € CE is a unique vector such that

G(2) ~ Qy(2) =

F2Qme(2) > 0, 328 (zma(z)) >0, colma(z)| < (%z)fl

and
wma(z) =~ TR
4
ma(z):—ﬁuc (1 +Zcbmb b) (12)
- LuC.Qu(2).
p

Besides, comi(2),...,comk(z) are Stieltjes transforms
of some R -compactly supported probability measures
V1, ..., Vic. The probability measure 1 defined by the Stieljtes

transform
K
z) = ¢ Z CamMq(2)
a=1

is a deterministic probability measure with compact support
K
S =U,_, supp(v,) such that

13)

WxTx — W in distribution, (14)
dist(Spec(X T X), SU{0}) =0 (15)

almost surely. For x € R such that dist(z,S U {0}) > ¢
for some positive constant c, (12) also holds.

According to Lemma 2.4 and Lemma 2.5, the ¢-th layer
of kernel matrices can be approximated by a linear com-
bination of X "X, I, and a low rank matrix. Based on
above results and Lemma A .4, it follows immediately that
HFKCK.Z _ F’ECK,Z” =0 (”FKNTK.I _ F’ENTK,ZH N 0).
Therefore, the LSD of K ck ¢(KnNTK,¢) can be written as
HeK,e = g1 @ D ago (UNTK,e = Be,1 @ 10 D Beo)-

To visualize the ESD of the CK, we present the empirical
spectral distribution of /ECK’;J, in Figure 1, obtained using
the same polynomial activation function across all layers. As
shown, this ESD does not exhibit any isolated eigenvalues.
In the following section, we will investigate scenarios in
which eigenvalues detach from the bulk.

3. Main results: eigen analysis of the CK and
NTK

In this section, we follow the notation established in Lem-
mas 2.4-2.5, and without loss of generality, assume that
a—1 a

x; € C, for
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(a) Eigenvalues histogram of (b) Eigenvalues histogram of
Kcxs Kck,3

Figure 2. Spectra of fIECK,;; and K ck,3 (with the expectation es-
timated from 500 realizations of weights).

This assumption is also adopted in the simulations. We
denote the supports of the limiting spectral measures of
Kcxk,e and KnTk,e by Sck,¢ and Snrk,¢, respectively.
According to Lemma 2.4, Lemma 2.5 and Lemma 2.6, we
have

Sck, = 1S +apo, SNnTK, = Be,1S + Beo.

3.1. Isolated eigenvalues

This subsection provides a precise characterization of the
isolated eigenvalues of the kernel matrices. Based on the
findings from the previous section, it suffices to focus on the
isolated eigenvalues of ?CK, ¢ and %NTK, ¢. To illustrate
this, we visualize the spectra of ﬁc}(, ¢ and K ck ¢ in Figure
2, for the case where C, = (1 +8(a —1)/,/p)I,, with all
other settings kept consistent with those in Figure 1.

We now present the results for the eigenvalues of the CK
and NTK that detach from the bulk of their spectrum, fo-
cusing on the non-trivial case where ay 1 (5¢,1) is bounded
away from zero. The following theorem establishes the
asymptotic behavior of the isolated eigenvalues of K cx ¢.

Theorem 3.1. (Isolated eigenvalues of the CK). Define the
function h}(z) = 1+ 221 Zle Cama(2)trC? and the

Qg1 P

set HY , = {z € C|hj(z) = 0}. Denote
S =SUH! ,U{0},
and

0y 3
p1

where T is defined in (4) and

T'(z) = diag{camq(2) }ff:l .

hi(2)TT(z) + “2447T ()|

Qp

H,(2) = |he ()i +

Under Assumptions 2.1-2.3, if H(p) has a zero eigenvalue
with multiplicity k, and dist(p, S1,¢) > C for some positive

constant C, then K cx ¢ has k, eigenvalues

CK CK
VAR

outside Sck ¢ such that

INSE — (quip+ago)l = 0 as.  (16)

max
0<i<k,—1
Moreover, if there exists a py € S satisfying det H(p4.)
=0and py — p € H ,, where H1(z) is defined in (28),
then there are k:,r eigenvalues of Kck ¢,

CK CK
AGE > > /\jJrk,j*l

outside Sck ¢ such that

max |/\ch§ —(w1p+apo) =0 as.,

0<i<kf -1

7)

where k;” is the multiplicity of zero as an eigenvalue of
H(p+).

Lemma 2.5 shows that the asymptotic properties of the
eigenvalues of the CK matrices also hold for the NTK, up
to a change of the associated coefficients oy ; to /3, ; for
1 = 1,2,3,4. Therefore, we can immediately obtain the
following theorem, which describes the behaviors of the
isolated eigenvalues of the NTK.

Theorem 3.2. (Isolated eigenvalues of the NTK). De-
fine h3(z) =1+ %% Ef;l Cama(2)trC? and the set
Hy = {2 €C]| h%(z) = 0}. Denote S o =S U Hy, U
{0} and

Pes h2(2)TT(z) + @ttTr(z) .
Bea Bea

Suppose Assumptions 2.1-2.3 hold, for p being a solution to
detH,(p) = 0 with mulitiplicity k, and dist(p, S2¢) > C
for some positive constant C, we conclude that there exists
k, eigenvalues of KNTK ¢,

NTK NTK
Nz 2 N

H,(2) = WDk +

outside Sntk ¢ such that

e NG = (Beap+ Beo)l = 0 as.,
where the scalars 3¢ and ;1 are defined in (9) and k,
is the multiplicity of zero as an eigenvalue of H,(p). We
denote H(z) by replacing the «’s in H1(z) with 3’s. For
p+ € 8¢ being a solution to det Ho(2z) = 0and py — p €
Hg,e’ there are k;f eigenvalues of KNTK ¢,

)\?ITK > ..o> \NTK

jAky—1
such that
NTK
max [N = (Beap+ Beo)l = 0 a.s.,
0<i<kf—1

where k;” is the multiplicity of zero as an eigenvalue of
Hs(p+).
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(a) Eigenvector associated with the isolated eigenvalue of

Kcxk,3.

0.075

0.050

0.025

0.000

-0.025

-0.050
0 200 400 600 800 1000 1200

(b) Eigenvector associated with the isolated eigenvalue of
Kck 3.
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(c) Eigenvector associated with the first eigenvalue of
X'X.

Figure 3. Visualization of the eigenvectors corresponding to the
first eigenvalues of matrices K ck ¢, Kck,¢ and X T X under the
setting of Figure 2. In (a), w, = [—0.643,0.005, 0.693] while in
(c), w1 = [—0.008,0.036, 0.008].

Theorem 3.1 and Theorem 3.2 establish the conditions for
the occurrence of isolated eigenvalues and provide their
asymptotic positions.

3.2. Behaviors of the eigenvectors

The preceding subsection studied the eigenvalues of the
kernel matrices. We now turn our attention to the asymptotic
properties of the eigenvectors associated with the isolated
eigenvalues. Specifically, we provide a detailed analysis
of the CK matrices, as the NTK matrices exhibit a similar
pattern.

We begin with a toy empirical example. Under the same
setting as Figure 2, Figures 3(a)-(b) display the eigenvec-
tors associated with the isolated eigenvalues of /I?CK, 3 and
K ck 3, respectively. Figure 3(c) shows the eigenvector
corresponding to the leading eigenvalue of X X,

From these figures, we can reasonably infer that the eigen-
vectors corresponding to the isolated eigenvalues (Figures
3(a)-(b)) are more informative, as they likely capture rele-
vant information for clustering. In contrast, the eigenvector
depicted in Figure 3 (c) can be reasonably regarded as pure

noise. Inspired by these observations, an interesting ques-
tion arises:

How can we understand the structure of the eigenvector
(or eigenspace) associated with an isolated eigenvalue in
a high-dimensional regime?

We use Span(J) to denote the space spanned by j,,a =
1,..., K. Let Pj be the projection onto Span(J). The
eigenvector associated with the ith isolated eigenvalue \§'%
is denoted by ;. This eigenvector can be decomposed into
a signal part and a random part:

K .

N N N J
u; = PJui -+ (In — PJ)uz = ; <wm\/7% —+ O'a'l)a> s
(18)
where v,, is a random unit vector orthogonal to the j,, and

its entries are identically distributed. The scalar w;, =
T g . - J
u; \/7% measures the cosine between u; and \/T%’ and o,

quantifies the extent of fluctuations in ww%. ‘We denote
wi = {Wiati-

If the isolated eigenvalue A% is simple, it follows from
Wia = @, 22— that

Ve
1 T AT

ST I = 22 %ida _ 2 (g9
Na Na

Thus, if p identified in Theorem 3.1 satisfies that H, (p)
has a simple (multiplicity one) zero eigenvalue, we can
explicitly evaluate w,. Moreover, we say an eigenvector ;
is non-informative for clustering (i.e., it does not contain any
information about J) if max, ﬂj;—;ﬁ = 0q4.5.(1), meaning
that &, becomes asymptotically orthogonal to Span(J). It
is important to note that the eigenvector is not unique, and
essentially, our analysis concerns the asymptotic behavior

of the matrix n—laJ T4 @] J, as described in (19).

Let Aj, ..., \j+x,—1 be a group of isolated eigenvalues of
K cx that converge to the same limit oy 1p + o 0, Where
p is identified in Theorem 3.1. As per Lemma 2.4, the
eigenspace

Span{fti S Sn_1| KCK’g’lAl,i = )\jJri,l’lALi} (20)

is asymptotically equivalent to the eigenspace associated
with eigenvalues of X ' X + aZ%VAgVT that have a de-
terministic limit p. This relatioflship is also illustrated in
Figure 3. In Definition 3.3 below, we present a precise math-
ematical criterion for determining when an eigenspace is
considered informative.

Definition 3.3. (Informative eigenspace). We say the
eigenspace defined in (20) is informative if there is a non
zero matrix A (J) depending on J such that

1 -~
III;JTH/JJ —AJ)[| = 04.5.(1).
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Otherwise if A(J) = 0, then the eigenspace is non-
informative.
Denote by II I, = Ek 1 u the pI‘O_]eC'[IOI‘I onto the

eigenspace deﬁned in (20). Then we can write ]aHp Jp as

1 R 1 T 1
— 5 - 5Ja(X X+a,, VAV — 2I,)" 7,dz
+ 04.5.(1),

2D
where 7, is an open disc such that p belongs to the interior of
7 and 07, is a positively oriented closed circle. Therefore,
it suffices to investigate the asymptotic properties of the
right hand side (RHS) of (21). We establish the following
Theorem 3.4, which provides the asymptotic behavior of
eigenspace H characterized by uTHpv where u and v
are non- random unit vectors.

Theorem 3.4. Suppose the assumptions in Lemma 2.4 hold.
Let AJCK S /\jCJf?€ be a group of isolated eigenvalues of
K cx ¢ converging to the same limit o1 p + g0, where
p is defined in Theorem 3.1. For H,(p), we denote the
left and right eigenvectors corresponding to 0 as (U} ,);
and (U,.,,); respectively, where i ranges from 1 to k,. If
dist(p, S1.¢) is bounded away from 0, then for any non-

random unit vectors u,v € R", we have

w0 = —hj(p)u'Q, (p) JF (p)T " (p) I Q; (p)v
+ 04.5.(1),
where
o )i UL)T
— (Ui,)] 3 Hl( Na=p(Urp)i”

By noticing that %JTQl(z)J = I'(z), one may immedi-
ately derive the following corollary.

Corollary 3.5. Under the same conditions as those in The-
orem 3.4, we have

1 —~
ST = BT (OF () +ous (1), 22

This result identifies the conditions under which the
eigenspace corresponding to the isolated eigenvalues of the
CK matrix are informative. Discussions on non-informative
eigenspace can be found in Remark 3.6 below.

Remark 3.6. For p, satisfying detH, (p+) = 0 and p. —
p € MY ,, it follows that for any non-random unit vectors
u,v € R?, R

uw'Il,, v =04 (1). (23)

When \;,; in Equation (20) has multiplicity one, |jw;||
can be regarded as a measure of the alignment between

a; and Span(J). Furthermore, if 1} (p+) — 0, then |lw;]|
approaches 0 by letting w, v € {j,//p, ..., J ' /+/P}. indi-
cating that it can always be considered as a non-informative
eigenvector.

The theoretical results presented above remain valid for the
NTK, as summarized in Theorem 3.7 and Corollary 3.8.
Theorem 3.7. Suppose the assumptions in Lemma 2.5 hold.
Let )\év TK )\é\ka_l be a group of isolated eigenvalues
of KNTK ¢ that converge to the same limit B¢ 1p+ Be,0, and
let ﬁp denote the projection onto the eigenspace spanned
by the eigenvectors associated with these eigenvalues. Here,
p is defined in Theorem 3.2. Suppose Assumptions 2.1-2.3
hold. For H,(p), we denote the left and right eigenvectors
corresponding to 0 as (V ), and (V. .);, respectively,
where i =1, ..., k,. If dist(p, S2.¢) is bounded away from
0, then we have

u'I,v = —hi (p)u' Q, () JF (p)T " (p) I Q; (p)v
+ Oa.s.(]-)a
where
& r)i(Vip)]
— (Vi) 0 Hz( Ne=p(Vrp)i’

Corollary 3.8. Under the same conditions as those in The-
orem 3.7, we have

1 ~ 1 ~
T = ()T ()F + 0. (1)

Remark 3.9. For the NTK, analogous to Remark 3.6, if p
satisfies detH,(p4) = 0 and p; — p € HY ,, then its
associated eigenspace is non-informative. ’

Remark 3.10. We note that Wang et al. (2024) investi-
gated how spiked eigenstructures in the input data propagate
through the hidden layers of a neural network by analyz-
ing the spectrum of the CK, under the assumptions that the
input data contains spiked eigenvalues and that the same
activation function is applied at every layer. In contrast,
our work examines both the CK and NTK. Our analysis
demonstrates that isolated eigenvalues in the kernel matri-
ces may arise from the underlying group structure of the
input features, with the corresponding eigenvectors carrying
useful information, even in the absence of a spiked struc-
ture in the original data as required in Wang et al. (2024).
Additionally, our framework allows for different activation
functions across layers and investigates their effects on the
spectral properties of the kernel matrices.

3.3. Additional simulations and real data analysis

In this subsection, we present additional simulations on
both synthetic GMM and real data to further support our
theoretical findings.
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Figure 4. Eigenvalue histograms ((a)-(b)) and eigenvectors ((c)-
(d)) corresponding to the isolated (largest) eigenvalues of K ck,3
obtained with Poly and ReLLU activation functions. Parameters
settings: n = 2000, p = 3600, ¢1 = ¢3 = 0.2, c2 = ¢4 = 0.3
and C, = (14 8(a —1)//p)I, for a = 1,2,3,4. The width
di1, d2, ds3 are identical to those in Figure 1.

Figures 4(a)-(b) visualize the eigenvalues of ’IZCK 3 under
different activation function settings. In Figure 4(a), all acti-
vation functions are set to Poly, consistent with those used
in Figure 2, whereas in Figure 4(b), all activation functions
are set to ReLU. The ReL.U activation functions have been
normalized and centered to satisfy the conditions specified
in Assumption 2.3. Unlike the results shown in Figure 2(a),
no isolated eigenvalues are observed when all activation
functions are Poly. In contrast, when all activation func-
tions are ReLLU, an isolated eigenvalue emerges. Figures
4(c)-(d) show the eigenvectors corresponding to the largest
eigenvalue in Figure 4(a) and the isolated eigenvalue in
Figure 4(b), respectively. The former appears to be non-
informative, whereas the latter is notably informative.

These observations underscore the critical role of activation
function selection in determining the spectral properties of
the kernel matrix.

Next, we turn to real data analysis. The input data consists

of 1600 randomly selected images from each of the digit
classes 1 and 7 in the MNIST dataset, with the class-specific
mean subtracted from each group. Figure 5(a) displays
the spectrum of the CK, obtained using a three-layer neu-
ral network. The eigenvectors associated with the isolated
eigenvalues are shown in Figure 5(b). The spectrum reveals
four isolated eigenvalues, with the eigenvector correspond-
ing to the largest eigenvalue being informative, while the
other three appear non-informative. These observations are
in line with our theoretical findings.

IS
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(a) Spectrum of gCKﬁ estimated from 500 realizations
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(b) Eigenvectors associated with the isolated eigenvalues.

Figure 5. Eigenvalue histograms (a) and eigenvectors (b) corre-
sponding to the isolated eigenvalue of K ck,3. Activations=[Sin,
ReLU/10, Sin]. The weights W1 € R“*P W, ¢
R2xd Wy € R9>492 consist of i.i.d. standard normal entries,
where di; = 2000, d2 = d3 = 1000.

4. Theoretical insights for machine learning
applications

It is known that the NTK theory leads to concrete conver-
gence and generalization results (Bai & Lee, 2019) of neural
networks. Let y be the true label vector of the training data
and ¢(t) be the prediction at time ¢. In an ultra-wide neural
network with training loss ||y — ¢(t)||?, the time evolution
of the residual y — g(¢) during early training is approx-
imately described by the following ordinary differential
equation (Jacot et al., 2018; Du et al., 2018; 2019):

Co01) = Knrcly — (1), e



Eigen Analysis of Conjugate Kernel and Neural Tangent Kernel

Based on our theoretical results from Theorem 3.7-Remark
3.9, the first-order limits of entries in the isolated eigenvec-
tors of NTK may or may not contain group features (i.e.
informative or non-informative). When the eigenspace as-
sociated with the largest isolated eigenvalue contains group
features, DNNs tend to prioritize learning from this sub-
space. Conversely, when the eigenspace lacks group fea-
tures, DNNs instead prioritize learning irrelevant informa-
tion, diverting attention away from effective group features.
Moreover, Theorem 3.4-Remark 3.6 indicate similar phe-
nomenon of the eigenspace during the DNN’s initialization
step.

5. Conclusion

This paper investigates the spectral properties of the conju-
gate kernel and neural tangent kernel, revealing the evolu-
tion of inherent group features through hidden layers. From
Theorem 3.1 and Theorem 3.2, it can be seen that the oc-
currence of the isolated eigenvalues depends on two key
factors: (1) differences in the covariance matrices between
different classes and (2) the choice of activation functions.
The former shapes the vector ¢ and the matrix 7', while
the latter determines the coefficients a’s (3’s). When iso-
lated eigenvalues are present, these factors also determine
the asymptotic behaviors of the corresponding eigenvec-
tors. This conclusion is further supported by comparing the
simulation results presented in Figures 1-4.

Finally, we discuss several potential directions for future
work. Since our current results rely on the assumption of
GMM-distributed inputs, it is important to explore whether
similar phenomena occur for more general distributions,
particularly those with heavy tails. Additionally, extending
our analysis to other neural network architectures represents
another promising topic for future research.
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A. Appendix

In the later proof, the following lemmas are needed.

Lemma A.1. (Couillet & Benaych-Georges, 2016) Suppose Assumption 2.1 holds and let z € C be a point that is at least a

distance ¢ > 0 away from S. We have

BUTG( = L cum (o2 + o(3): EWTGEN - ES G = 00,

a=1

Lemma A.2. Under Assumption 2.1, for any deterministic w = {u; }?_, with finite Euclidean norm, we have
TG(2) — 0 a.s. forz such that dist(S U {0}, 2) > ¢
where c is a positive constant.

We postpone the proof of Lemma A.2 to the end of this section.

A.1. Proof of Theorem 3.1 and Theorem 3.2

Noting that the asymptotic spectral equivalents for the CK and NTK are identical up to a change of the associated coefficients

a’s to 3’s, we only provide the proof for Theorem 3.1 here and the proof for Theorem 3.2 is exactly the same.

We devote the majority of this section to finding the isolated eigenvalues of X"X+a 0 11VA /V'T, which, up to multiplication

by ay 1 and an addition of oy o, constitute the eigenvalues of K ck,¢- In order to find the isolated eigenvalues of X X +

O‘Z% VAV, one only need to solve the determinant equation
det(XTX + a; VAV —2I,) =0

for z away from S; ¢. An application of Lemma A.8 yields that (25) shares the same solutions as
det(a; 1 AV G(2)V + I i) = 0.

According to Lemma 2.6 and the fact that

%JTQl(Z)J = Ddling{n,ma ()}, = ding{ema ()} = (o)

we have

%JTG&)J = %JTQ1<z>J +00.6.(1) = T(2) + 04.5.(1).

Lemma A.1 gives

W G(2)p anma (2)trC2 + 04 5.(1).
a=1
From Lemma A.2, it can be seen that the cross term ﬁJ TG(z)@b vanishes as n — oco. Therefore, we can write
LiTG(z) g LJ'G(z T 0
Vigey < | 37 GO GG [ Ef) o t CQ} +ons (1)
1LyTG()T TG LY cuma(2)rC?
as well as
Igi1+ 0 AVIG(2)V = Hi(2) + 0a.s.(1),
where

_[Hu Hiy| [Tk 4o 1[ozg2tt —1—0453T]1"() [hi(z) — 1]t
Hi(z) = [H21 sz] [ zo‘e T ot T (2) ph%(z) ]

12

(25)

(26)

27)

(28)
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Therefore, it suffices to find the solution of
detH(z) =0 29)

on the real line by (27) and Lemma A.4.

We first consider the case where h}(z) is bounded away from 0. Using the Schur complement formula, we have

detH1 = ngdet (H11 — H521H12H21)

- - (30)
= H%Z Kdet(H11H22 —H;H ) = H%Q Kdetﬂl.

Therefore, if p satisfies that dist(p, Sy ¢) > C for some constant C' and makes H , (p) a singular matrix, with the multiplicity
of the eigenvalue 0 denoted by k,, then according to (5), there exists at least one eigenvalue of X X + a[& VAV that
converges to p almost surely.

If h} () — 0, studying (30) is not suitable because Hj, * = h}(2)'~¥ tends to infinity. We instead consider the matrix

H (z) directly. If (29) has a solution p such that p; — p € HY > then p is a deterministic limit of certain eigenvalues of

Kcxk .

Next, we investigate the number of eigenvalues of K ck ¢ that converge to the limits identified above. By Lemma 2.6,
we see that the eigenvalues of X ' X asymptotically do not escape S U {0}. Therefore, one may find a compact interval
T = [a1,b1] C (a,b) such that, for large enough n, X T X has no eigenvalue in Z with probability one and

{p|detHq(p) =0} N{ar,b1} = 0. (31)
We use D5 to denote the open disc centered at (a1 + b1)/2 and of diameter (b; — aq). Let
Ly = #{zeros of det(X "X + azllVAgVT —zI,)in D3}, Lo:=H#{p|p € D7 and detH(p) = 0}.

Note that the functions det(X ' X + azll VAV - 2I,), detG(z) and det H () are analytic on DS and non-vanishing
on C\R. By Lemma A.5 and the argument principle, we obtain

oL 0.det(XTX +a | VAV —21,)
2mi Jape det(X'X + o VAV —z1I,)
1 O.det(I, + o, VAVTG(2)) 1 9.detG(2)
2 Jops det(I, + o, VAVTG(z) 2w fgp; detG(z)
1 O.det(Ixi1 + a1 AV G(2)V) 1 d.det H 1 (z)
= o oy det(Ix i1 +a, AV G(2)V) = 2 fépg detH(z) b2

almost surely, where D5 is seen as a positively oriented contour. Since both L; and Lo are integers, the multiplicity of an
isolated eigenvalue of X ' X + oz[ll V A,V which has a deterministic limit p, is the same as that of 0 as an eigenvalue

of H(p). Itis straightforward to see that if p. defined in Theorem 3.1 satisfies h} (p+) — 0, then the multiplicity of p
denoted by k; is equal to the multiplicity of 0 as an eigenvalue of H(p4). In the case that b} (p) is away from 0, we have
that H  (p) has a 0 eigenvalue of multiplicity &, by (30). This concludes the proof of Theorem 3.1.

A.2. Proof of Theorem 3.4 and Theorem 3.7

For any closed interval Z C R defined above (31), we have

1
- u'G(2)vdz =0
2mi aD%

almost surely. Lemma A.2 implies that, for any deterministic w and v with finite Euclidean norm,
WGV =u"Q(2)V + 04..(1), v'G(:2)V =v"Q,(2)V + 04..(1).

13



Eigen Analysis of Conjugate Kernel and Neural Tangent Kernel

Then by using Woodbury’s identity, we obtain

1
u' Tz = —— W (XX + o iVAVT —21,)  vdz
2771 6D% ’
1
=—— u' G(2)vdz
27Tl 8D°
) (32)
— a 1w G(2)V (I + a AV G(2)V) AV G(2)vdz
27 aDo ’
1

== P 0w QA VH () AVTQy(2)vdz + 045 (1),
T JoDg

where ﬁz is the projection onto the eigenspace spanned by the eigenvectors corresponding to the eigenvalues of K cxk ¢ that
lie inside Z. Thus what remains to find the limit of (32) is to obtain the deterministic equivalent of H; () A,. Since the
zeros of hy(z) are away from D, we obtain

Hol() = [H2H (2) —H, ' (:)H;
! —~Hi;H;' Hjy +Hyy HoHy'(2)His|

All notations presented here are defined in (28). Therefore, we can write

_ H_l(Z)Ag]u [H_l(Z)Ag]12:|
Hi'(2)A, = |1 L ,
T Eh Al AL
where
[Hi ' (2)Adin = arshy(2)Hy ' (2)T + w2 Hy '(2)t
[H'(2)Agha = aroHy ' (2)t,
—1 - _aé,QaZ,S T -1 042,2tT 1 ?2 T 1 T
[Hl (Z)Adgl - aé,l t F(z)ﬂl (Z)T+ h;(z) + h%(z) a&lt I‘(Z)Hl (Z)tt ’

o2
agp 1 agy

[H1'(2)Ag]2

Observing that u'G(2)V = %[uTQl(z)J 0] + oa_s.(l) @WG(2)V =
evident that only [H | ' (2)A(]1; is needed. Then we deduce that

%[ v1Q,(2)J 0] + 04..(1) ), it becomes
a1 u'Q(2)VHT (2) AV Q(2)v
1 _ _
=yt 1t Qi (2)[ashi(2) Hy ' (2)T + ag2 Hi ' (2)tt7]1J Q1 (2)v + 04.s.(1).
We denote the spectral decomposition of H, (z) as
H,(z) = UT,ZAZUIZ

For p € 7 such that H , (p) is singular and k, denotes the multiplicity of 0 as an eigenvalue of H , (p), we denote the left
and right eigenvectors corresponding to 0 as (U ,); and (U, ,); respectively, where ¢ ranges from 1 to k,. For a matrix
M (z) = {M;;(2)}[;_,, denote Res(M) = {Res(M;(z))}X,_,. Then we have

lim (z — p)H; () = lim(z — p)UmAz_lUIZ

zZ=p zZ—p
kp T
Ul z)
=1 — bk
Zl_% : Z Ul z (Z)(Ur,z)i

i=1

_ ( z) UlZ)
;E}})Z&' U ;I'ﬂ ( )(Ur,z)i7

14
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where the last equation is obtained by applying the L’Hopital’s rule. Since
(Uip)lHy(p) =0 and  H,(p)(Uy,); =0,
we obtain

[8Z(Ul,z>-ir£1(Z)(Ur,z)i]z:p
=[0. (Ul Z)T}z oH, Z)(UT,Z) (Ul Z) [0-H,(z )]z:p(UT,Z)i + (UZ,Z);rﬂl(Z)[aZ((UT,Z)i)]z:p
(UZZ) [(9 Hl( )]ZZP(UT,Z)i'

It is easy to see that

Q{0 | 22+ 22T | Ly e
_ puTczl(z)J{H;l( >[ajjhe< 4 2 jtﬂn >r—1<z>}JTQ1<z>v
_ ;uTQl(Z)J{Hfl(Z)[Hl(Z) - h}(z)}r*(z)}ﬂ@l(z)v

1

= uTQu(2)I[M7() ~ hHT (T ()] Qi (v,

Now one can conclude by (32) that

uTv = ! Z Res(h% (z)uTQl(z)Jﬂl_l(z)JTQl(z)v) + 04.5.(1)
z€T
kp

.
= QU Y o

.
U T0-H, (]ey U ), DO 0 D)

Thus the proof of Theorem 3.4 is completed. Theorem 3.7 can be proved by the same lines as that of Theorem 3.4.

A.3. Proof of Equation (23)

Now, we consider the case that p;. — p € HY ,, with p being at a distance from S, and detH1(p) = 0. Suppose [[¢]] is
bounded away from 0, we note that lim,_, , H,(z) = %ttTI‘(z) and the RHS is a rank-1 matrix. Hence there are K’ — 1

eigenvalues of H | (p,) converging to 0 almost surely. It is natural to see that the derivative 0, H  (z)|.—,, is well defined
and not close to 0. Based on the above facts and applying the L’Hopital’s rule again, we have

lim (= — p)hb(:)H; ' (2) = lim (= — pa) b} (2)U,.AZ U

z2—p4 2—py
K—1
i ' U,p)i(Up)]
= lim hl(z) lim (z—pg) (Urp p)i
Z—rp4 4 zZ—=p4 ; (UlvPJr)zTEl(z)(Ur,p+)i
Urp)iUip,)!
= lim h P+ P+
z—py o ; w) [0.H(2)).=p, (Ur,p, )i
=0.

If ||¢]| — 0, then p, becomes a removable singularity for h}(z)H; ' (z), thereby ensuring that the residue remains zero.
The conclusion can be obtained by repeating the proof of Theorem 3.4.

A.4. Proof of Lemma A.2
We divide the proof into three steps:
Step 1: Fix > 0. For any z € C with Sz > 7, the expectation Eu"G(z)¢ = o(1).

15
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Step 2: Convergence of u" G(z)% to EuT G(2)1 almost surely.
Step 3: For any 2 such that dist(S U {0}, z) > ¢ for some constant ¢, we also have u' G(2)9) — 0 a.s.

We assume Sz > n > 0if Rz = F > 0. For the case Sz < —n < 0, one only needs to replace 7 by || in the following
proof. Define

X;= X —zjel, G(z)= (X, X, — 2L,)""

where e; € R™ denotes the vector with the kth element being 1 and otherwise being 0. Note that ¢ = Z;;l 1;e;. We can
write

2 =Y u'G(2)yje;.
j=1
Decompose the term Eu' G(2)v;e; as

u'EG(2)¢je; = u'E[G(2) — Gj(2)|¢e; + u EG,(2)ie;.
Since G;(2) is independent of 1/;, we have Eéj(z)z/)jej = EG,(2)E;e; = 0. Let
Xj = [:Ifl, ...,$j,1,wj+1, ...71771}, G](Z) = (X;I-XJ — ZInfl)_l,

—1
rCyy)  EtrCy) XjGj(z)X}>
p p ’

By = (xjx; — 2 — 2] X;Gi(2) X ]z;) ", b = (

where g(j) € {1,..., K'} denotes the class to which x; belongs. All of these quantities are bounded in absolute value by
n —1 Then from Lemma A.6, we get form > 2,

1 1Cy)  EBrCy X,;G,(2)X] \|”
E|BJ — bj|m S TE ij:Bj — :B;FXJGJ(Z)X;rwj — < 9 J
nem p p 33)
=0 ((m°)" %),
and 1
]Ez/J;” = p—mE(m x; —trCy;))" = O (p_%) , m>2. (34)

By the Schur complement formula, we obtain

Yiu' [G(z) — Gj(2)]ej = = [(B; — 27wy — Bju] G;(2) X ] ;]

where w; = [u1, ..., Uj_1,Uj41, ..., Uy]. It follows from (33) and (34) that
Ep; B | =[Bab; (B; — bj)uj| < u; [E[;(8; — ;)]
1
<tusly 105 818, — 57 = w510 (- )

Thus we have

D By Biu; <Y B Biu| < Z ;| = ( 3 1/2> — 0. (35)

j=1 j=1

_ 1 01/2

We write ; = )Zj» Where z; = {z]}¥_, is a random vector with i.i.d. standard Gaussian entries. Denote

2m p

> yldd

i=1

T
E\u]TGij a:j|2m = yj Z;

y] =u]Gj(z >XT0”2 {y/}7_,. Ttis easy to see that ||y, || < u;|[[|G; (=) X, |[|CL2 | = O(n~1). Form > 1, by
1 1

= —EE[|ly'z;]*"|y.] = —EE
pm [| J ]| | J] pm

y4

g(d) — 9(4)
Lemma A.7 it is true that
2m
yj]
§E{C<Zyl|2) —|—CE[XP: i y}} (36)
-1 P i=1 VP !

C ‘y |27n 1
= ,'72mp + CE pmz =0 anp7n )

i |2m

yi

16
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where we use the inequality
P p m
S < (W) =gl = 0,
i=1 i=1
Write Evpju] 3G (= )X x; = Eju (B — bj)Gj(z)X]Ta:j. It can be seen from (33), (34) and (36) that

[Evpju] B;G;(2) X ] a;| < Elpyu] (85 — b;)G;(2) X [ x;] < El;]|8; — bjl|u] G;(2) X ] ;]
< (Bl "EIB; — bj| )7 /E|y] ;]

c 1
<0 E|yTZ'|2:O<r)-
nip ! n°p3/2

This, in conjunction with (35), establishes Step 1.

Ely :cj\

According to the Borel-Cantelli lemma, it suffices to prove that for any € > 0, the probability P(|u" G (z)9¥—Eu' G (2)| >
) = O(p~'7¢) to establish Step 2, where c is a positive constant. Let £y denote expectation and E; denote conditional
expectation with respect to the o-field generated by x4, ..., ;. Using the Schur complement formula again, we write

n

TG(2)p —Fu'G(2)p = > (B; —E;_1)u' G(2)3

Jj=1

(E; —E;_)[u"G(2)p — u'G;(2) (v — e;1);)]

M=

<.
I
—

M=

(Bj — Bj_1)[—u; B + uiBix) X ;G + i Bju) G X j + Bjul G X ;@) X ;Gap)]

<.
Il
=

M=

(Ej —Ej—1)lvj1 +vj2 + Vi3 + vjals

<.
Il
—_

where ¥; = [th1, ..., 951,941, ..., ¥u]. According to Lemma A.7, we have

n 4 2 n
Z (Ej —Ej_1)v| < CE(ZEWMQ) + CZ]E|’)’J'1\4
] =1

j=1
n 2 n
C 21,12 c a4
() + 53 sy
j=1 j=1
1
<n4p2>'

4 n 2 n
¢ T c 4T
< 4<Zu§Easj Xjszpﬂ) + s > ulEle] X ;G

K i=1

IA

Q

Similarly, we obtain

n

E| Y (B —E; 1)

j=1

Denote ro = ijGj(z)X ]T It is apparent that
I7i )12 =r]7; =] G(2) X | X,;G;(2);.

According to Lemma A.1 and the identity

Gi(2)X ] X;G;(2) = G4(2) + 2G;(2)G;(2) = G(2) + 2L 122
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we get form > 1,

m

E|lr; | < cE (w}cxz)X;XjGj(zwj - Ew}axz)X;XjGj(z)wj)m (BTG () XTX G (2)0p;)

m 1 m
< cxa(\w}cj(zwj ~BY]G | + T [WTIG5(2) — Gl ~ BNTIG () - G| )
+ ol SELZEEy, |y clpgl e e
— o),

where we use Lemma A.1 and the observations that

K
Edj;I'GJ(Zi_ZG ( )¢ _ Za:l CCLZFZ(I(_Z)Z] ma(Z )]trcz + 0(1),
me(z)
o z2—Z /)\— 3 dval )_dlst %S, 2)

Following a similar argument as in (36), we have for m > 1,
T 2m T 2m T 2m ||r]||m+ ||,,,j||2m 1
E|ijjijj| :E‘T‘jwﬂ :EEHTJ$7| |Xj] SCEp—m =0 pim .
Therefore, we have Z?Zl (E; —E;_1)7v;2 — 0 as. by showing that

4 c nu22 nu4 1
SIS £ o)
774[(;79 j;pQ n'p?

n

D (B — i)y

Jj=1

E

Similarly, for m > 1, it can be obtained that

1 1
E"YjS‘Qm Ely;Bju TG XT?BJ‘Qm < = m 2m m\/ 1P4mE|y x| = (nﬁmpgm> (37)

m m 1 1
E|yjal*™ = E|Bju] G; X jwj@] X ;G ;" < W\/E|y}xj|4m|r}$j|4m = O(UIO’WPQ’”) (3%)

)

4 n
SO(E; - B 1) gc(zﬂaw) +c2ﬂ«:m4| (p nzo)

j=1 j=1

and

One can conclude by Lemma A.7 that

n

Z(]Ej —Ej_1)v;3

Jj=1

4 n 2 n
1
< C(ZE%3|2> FeS Byl = o(pgnm
j=1

Jj=1

and

Combining the results above, one can conclude that

“

n

D (B —Bja) [vjn +vi2 + Vs + 4] | >
j=1

4

Y[t + iz + iz + V4

n

Z — Ej1)%k

j=1

4

5|2
ey

k
1
:O<n2°p2>'
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Hence, the proof of Step 2 is completed. Moreover, for any z with 8z < 0, we can obtain the result by replacing 7 by |$z|
in the proof. Although we assume z is fixed, the same conclusion also holds for 77 = 7,, converging to O sufficiently slowly
such as 77, = (logn) ™!, when Rz is bounded away from S U {0}. We notice that w' G(z)%) is an analytic function on any
open set O C C if dist(Spec(X T X), O) is away from 0. Recall that dist(Spec(X " X),S U {0}) — 0 almost surely, for
z € O with 0 < |Qz| < n,, and dist(S U {0}, Rz) > ¢ for some positive constant c. It is clear that

[uTG(2)¢] < [u'G(2)p —u"G(z +in)Y| + [u"G(z + i)Y = 0 a.s.
Therefore, we conclude Step 3 and complete the proof of Lemma A.2.

A.5. Auxiliary lemmas

This section contains several established results from previous work which are needed in our proof.

Lemma A.3. (Theorem A.43 in Bai & Silverstein (2010)). Let A and B be two n x n Hermitian matrices, and let F4 and
FB denote their respective empirical spectral distributions. Then

1
|FA — FB|| < —rank(A — B).
n
Lemma A.4. (Theorem A.46 in Bai & Silverstein (2010)). Let A and B be two Hermitian matrices. Then
max [A;(A) = A(B)| < |[A - Bj.

Lemma A.5. Let f1, fo, ... be analytic on D, a connected open set of C, satisfying | fn(2)| < M for every n and z in D, and
fn(z) converges, as n — oo for each z in a subset of D having a limit point in D. Then there exists a function f, analytic in
D for which f,(z) — f(z2) and f](z) — f'(z) for all z € D. Moreover, on any set bounded by a contour interior to D
the convergence is uniform and f,,(z) is uniformly bounded by 2M [ ¢, where ¢ is the distance between the contour and the
boundary of D.

The proof of Lemma A.5 can be found in Bai & Silverstein (2004).

Lemma A.6. (Lemma 2.2 in Bai & Silverstein (2004)). For z = (21, ..., 2,| " with i.i.d. standardized random entries, C' is
an n X n matrix, we have, for any m > 2,

E|zTCz — trC|™ < C[(E|z [*trCC*) ¥ + E|z|*™tr(CC*) % ].

Lemma A.7. (Burkholder’s inequality). Let {x},} be a complex martingale difference sequence with respect to the increasing
o-field { Fy.}. Then for any m > 2,

E ‘Z xk‘m <cpE (ZE(|$;€|2|}})>% + cm ZEL&:k\m

Lemma A.8. (Sylverster’s determinant identity). If A and B are matrices of sizes m X n and n X m, then

det(I,, + AB) = det(I,, + BA).
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