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Abstract

We define a generic class of functions that captures most conceivable aggregations
for Message-Passing Graph Neural Networks (MP-GNNs), and prove that any MP-
GNN model with such aggregations induces only a polynomial number of equiva-
lence classes on all graphs - while the number of non-isomorphic graphs is doubly-
exponential (in number of vertices).

Adding a familiar perspective, we observe that merely 2-iterations of Color Refine-
ment (CR) induce at least an exponential number of equivalence classes, making the
aforementioned MP-GNNs relatively infinitely weaker. Previous results state that
MP-GNNs match full CR, however they concern a weak, 'non-uniform’; notion of
distinguishing-power where each graph size may required a different MP-GNN to
distinguish graphs up to that size.

Our results concern both distinguishing between non-equivariant vertices and dis-
tinguishing between non-isomorphic graphs.

1 Introduction

Message-Passing Graph Neural Networks (MP-GNNs) Kipf & Welling (2017); Gilmer et al. (2017)
are a class of parameterized algorithms for graphs, often used as architectures in graph learning
tasks. Such tasks may be learning on graphs that represent molecules and biological structures
Gilmer et al. (2017); Gaudelet et al. (2021), graphs that represent social networks and knowledge
bases Yasunaga et al. (2021), and graphs that represent combinatorial-optimization problems T6n-
shoff & Grohe (2025); Tonshoff et al. (2023). Hence, characterizing the expressivity of MP-GNNs
is of great importance.

An MP-GNN is defined by a sequence of layers Li,...,L,, for some m € N, each layer L; =
(mlpy, agg,, msg,) comprising a message; aggregation; and combination functions. The combination
is implemented always by a Multilayer Perceptron (MLP), and in this paper all MLPs are ReLU-
activated and rationally-weighted. Denote by N¢(v) and v the neighborhood and initial feature of
a vertex v in a graph G, respectively, then v’s value after applying layer ¢+1 is o) == mlp, ., (v®),

agg; 11l mng_l(v(t), w(t))‘w € Ng(v)}})

That is, the layers are applied sequentially, each layer applied in parallel to all vertices: Computing
a message for each neighbor; aggregating the messages; and combining the aggregation value with
the subject-vertex value. Note that the aggregation can be any function on multisets, with a fixed
output-dimension, and in this paper a computable one. For graph-level tasks, an MP-GNN model
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has a final readout step R = (mlpp,aggpr) comprising an aggregation of the final vertices’ values
followed by the operation of a final MLP. Denote the readout value for a graph G by G| then

G = mlpg(aggr{{v™ v e V(G)})

The MLP part of the layers gives MP-GNNs their learnability qualities. The node-level definition
of the algorithm, together with the fixed-dimension output aggregation, mean every GNN model
can technically be applied to graphs of all sizes and degrees. Finally, no order or unique-ids of the
nodes are considered, only the nodes’ features and graph structure, hence GNNs are invariant to
isomorphism.

A necessary condition for an MP-GNN model to express, i.e. approximate, a function is to have
the function’s distinguishing-power i.e. to output different values for every two inputs on which
the function differs. A well-studied algorithm for distinguishing vertices and graphs is the Color
Refinement (CR) algorithm (a.k.a. Weisfeiler-leman algorithm Morgan (1965); Weisfeiler & Leman
(1968), see also Cardon & Crochemore (1982); Paige & Tarjan (1987); Berkholz et al. (2017); Grohe
(2021)): An iterative local algorithm which assigns a color to each node. In each iteration, the color
of each node is updated by adding to it the multiset of its neighbors’ current colors. Given a graph
G, CR runs for |G| iterations by which point maximum granularity of color-classes is reached. The
color of a graph after each iteration is the multiset of current colors of its vertices. For ¢t € N we
denote the algorithm that runs the first ¢ iterations of CR by CR(®),

It is known that the distinguishing-power of MP-GNNs is upper-bounded by that of CR Xu et al.
(2019); Morris et al. (2019); Aamand et al. (2022). It has also been shown there that the CR
bound is tight i.e. there exists an MP-GNN model that distinguishes graphs and vertices if they
are distinguishable by CR, however the proof is in a non-uniform notion: It proves existence of a
distinguishing model per graph size. That setting has limited relevance to practice as it implies
that a learned model can be correct only on graphs of sizes up to the maximum training-graph size.
Such model is less relevant in many practical scenarios: When there are not enough resources to
train on large graphs or when the graphs grow over time.

The notion by which it is required to have (at least) one model that is correct on graphs of all sizes
is called uniform, and this is the notion of distinguishing-power and expressivity that we consider
in this paper. There, the following are straghitforward:

1. MP-GNNs with m layers do not match the distinguishing-power of CR for graphs of diameter
>m.

2. A trivial sum-aggregation MP-GNN matches CR(!) for diameter-1 graphs.

3. With no restriction on the aggregation function other than being computable and having
a fixed output dimension, MP-GNNs with m layers can match the distinguishing-power of
CR for graphs of diameter < m by having an aggregation that simply implements CR and
encodes the state in one rational number. However, the use of such information for an MLP
- in expressing a target function - is limited.

The above calls for a general characterization of practical aggregations, and for bounding! their
distinguishing-power by a range narrower than [CR()), CR].

Upper bounds that relate directly to function approximation are proved in several works: In terms
of logic Barcel6 et al. (2020); circuit complexity Grohe (2023); or comparative between different
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MP-GNNs sub-classes Rosenbluth et al. (2023); Grohe & Rosenbluth (2024). In all these how-
ever, excluding to some extent (Rosenbluth et al., 2023, Section 6), only specific aggregations are
considered.

In Corso et al. (2020) an inexpressivity result for a general class of aggregations is given, however
it is proved only for one message-pass iteration; it assumes that the feature-domain is the real
numbers - not only finite precision; and it assumes that the aggregation function is continuous.
The domain assumption is unnecessarily permissive - with respect to practice - as operations on
infinite-precision real numbers are incomputable, and the assumption on the aggregation functions
is unnecessarily restrictive as computable functions can be non-continuous.

Recently, a tight bound has been shown Rosenbluth & Grohe (2025) both for the distinguishing-
power and the expressivity of recurrent MP-GNNs (going back to Scarselli et al. (2008); Gallicchio
& Micheli (2010)), highlighting the missing knowledge about (non-rec.) MP-GNNs even further.

New Results

We describe a general class of aggregation functions (Definition 3.1) which contains most conceivable
aggregations, and analyze their effect on the distinguishing-power of MP-GNNs. Denote by A the
class of MP-GNNs comprising (only) such aggregations, denote the number of equivalence classes
that an MP-GNN NNV induces on vertices in graphs of size n, and on the whole graphs, by Nqp(n) and

Ngdp(n) respectively, and similarly for CR® by CRS? (n), CRgl)p (n), then we prove the following.
1. The uniform distinguishing-power of each MP-GNN in A is at most polynomial in the graph
size (Theorem 3.7). Formally,

VN € N Ngp(n) = poly(n), Ngap(n) = poly(n)

As the number of non-isomorphic graphs is doubly-exponential, that upper bound is highly
significant.

2. Observing a lower-bound for CRS?, we add that not only the distinguishing-power of N

is weaker, i.e. there are vertices distinguishable CR(?) and not by A, but it gets infinitely
weaker as the graph size grows (Corollary 3.9). Formally,

N e N lim (™) _ o Nep(n)

"RCRE(m)  CRE, ()

=0

While we focus on MP-GNNs that consist of ReLU-activated MLPs for their message and combi-
nation functions, our results may apply also to other MP-GNNs architectures (Remark 3.6).

2 Preliminaries

By N;Q we denote the natural and rational numbers respectively. For m € N we define [m] == {i :
i € N1 <i < m}. For ¢ € Q we denote its bit-length by A(q). For a vector v € Q% we define
A(v) = (g A(v(i)) the bit-length of v. For d,k € N we define Qf := {q : ¢ € Q% A(¢) < k} the

Note that when referring to CR as an upper bound - implying inclusion - we refer to the domain of graphs with
diameter no greater than t: Obviously, when considering graphs of larger diameters, there are nodes distinguishable
by a trivial MP-GNN with ¢ + 1 layers that are not distinguishable by CR(®.
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dimension-d rational vectors of bit-length no greater than k. For a set .S and size m € N we denote
the set of all multisets of size m with elements from S by (( i)), and of any finite size by ((f )) For

a vector v € Q¢ we define dim(v) := d, and for a matrix W € Q%> we define dim(W) = (dy, dg).

Featured Graph

A (vertex) featured graph G = (V(QG), E(G), S, Z(@G)) is a 4-tuple being the usual undirected graph
definition, with the addition of a feature map Z(G) : V(G) — S which maps each vertex to a value
in some set S. For v € V(G) we define Ng(v) = {w € V(G) : vw € E(G)} the neighborhood of v.
For v € V(G) we denote Z(G)(v) also by Z(G,v). We define the order, or size, of a graph G to be
the number of its vertices i.e. |G| = |V(G)|. We define the diameter of a graph G, denoted dia(G),
to be the longest simple path between any two of its vertices. We denote the domain of graphs
featured over a set S by Gg and the set of all featured graphs by G,.. In this paper we consider the
domain of graphs with trivial input-features, and denote it by G, that is,

G = {G|YveV(G) Z(G)(v) = 1}

For k,n € N we define G(n) = {G € G : |G| = n} the graphs in G of size n, G*) = {G € G :
dia(G) = k} the graphs in G of diameter k, and G*)(n) := G(n) NG*) those of size n and diameter
k. We denote the set of all feature maps that map to some set T" by Z7, and we denote the set of
all feature maps by Z,.. Let Gg be a graph domain, a mapping f : G — 2, to new feature maps is
called a feature transformation, and for ¢ € N a mapping f : Gg — Q¢ to d-tuples is called a graph
embedding.

Multilayer Perceptron

A ReLU-activated Multilayer Perceptron (MLP) F' = (I1,...,ln), li = (w;, b;), of I/O dimensions
din; dout, and depth m, is a sequence of rational matrices w; and bias vectors b; such that

dim(w1)(2) = dip, dim(wp,) (1) = dout, Vi > 1 dim(w;)(2) = dim(w;—1)(1),
Vi € [m]dim(b;) = dim(w;)(1)
It defines a function fp : Q%» — Q%ut denoted also by F(z), such that

fr(x) == wp(..ReLU(we (ReLU(wy (x) + b1)) + b2)...) + b

Message-Passing Graph Neural Network

A Message Passing Graph Neural Network (MP-GNN) of depth m and dimensions 7o, {p:, ¢, 7 }ic[m)
N = (mlp;,agg;, msg;),...,(mlp,,,agg,,, msg,,) is a sequence of m triplets, referred to as layers,
such that for ¢ € [m] layer ¢ comprises a message function; an aggregation function; and an MLP,

Pi
msg @ x Q@ > @ agg s () 5 @ i@ @ S @

The message function is usually either (z,y) — y or an MLP, but not necessarily. In this paper
we will assume it is an MLP i.e. the more expressive among the two. The aggregation function
is typically dimension-wise sum; mean; or max, but can also be other functions that operate on a
multiset and have a fixed output-dimension. The sequence of layers defines a feature transformation
fn i Ggro = Zgrm as follows: Let G € Ggro and v € V(G), then we define:
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1. v](\(,)) = NO(G,v) == Z(G)(v) the initial value of v.

2. Vt € [m] vj(\t,) = N®(G,v) = mlp, (vj(\t,_l),aggt({{ msgt(vg_l),w%_l)) | we Ng(v)}}))
the value of v after applying the first ¢ layers of V.

3. N(G,v) = N (G,v) the final value of v.

If in addition to its layers N includes a readout step R = (mlpp,aggp), then it defines a graph
embedding;:

N(G) = mipg(aggrf{o"” | v e V(G)})
Color Refinement

Let G € G.. For t > 0 and v € V(G) we define the color of v after t iterations, notated crg) (v),
inductively: The initial value of v is its initial feature, that is,

crg)) (v) = Z(G)(v)

, then, for all t > 0 we define

t t t
er) (v) = (erg (v). fer (w) [ w € Na(v)})
Maximum color-classes granularity is reached after at most |G| iterations, hence we define the color
of v to be
crg(v) = cr‘gl(v)

We define the color of G at iteration ¢, and overall, to be

o (G) = HcrD(v) | v e V(G ], or(G) = crl9(@)
3 Limited by Aggregation

We start with defining the aggregation classes that are our main focus.
Definition 3.1 (Sublinear; Logarithmic, Aggregation). Let d,d € N, agg: ((Qj:l)) — Q% be a
function from a multiset of rational vectors to a single rational vector. We denote by Sqqq : N2 &+ N

the output complexity of agg depending on the number of vectors n and maximum bit-length k of
any vector,

d
Sagg(n, k) = max(X(agg(M)) : M € ((%k))

We say that agg is sublinear, notated o(agg), if and only if for every f : N — N such that f(n) =
o(n) it holds that Sqge(n, f(n)) = o(n).

Similarly, we say that agg is logarithmic, notated vy(agg), if and only if for every f : N — N such
that f(n) = O(logn) it holds that Sqge(n, f(n)) = O(logn).

To our knowledge, the only architectures used in practice with potentially non-logarithmic aggre-
gation are Graph Attention Networks Velickovi¢ et al. (2017) and Graph Transformers Dwivedi
& Bresson (2020) which use softmaz aggregation - involving exponentiation by the input. Most
conceivable aggregation functions are logarithmic, see the following example. The reason for hav-
ing also the sublinear definition is to provide a meaningful distinguishing-power bound for an even
more general class of aggregation functions.



Under review as submission to TMLR

Example 3.2.
The functions sum;avg; max are logarithmic.

Proof. As these aggregations operate on vectors per-dimension, it is enough to show that they are
logarithmic when operating on multisets of scalars.

Let £ : N — N be a function such that k(n) = O(logn), and let M = {q1,...,q.}}, M@) < k(n)
be a multiset of n rationals, each of bit-length at most k(n).

For sum aggregation, by definition
A Xigpn @) < log n2k(n) — (logn) + k(n)

Hence, by assumption on k(n) it holds that

max(\(Sie)  aidhicp € (o ) = OoBm)

By similar argumentation we have that avg aggregation is also logarithmic i.e.
1 Q
max(\( Diepne) : Gaibhicq € (4 ))) = Ollon)

Finally, for max aggregation, by definition

A(max ¢;) < max(A(g;)) < k(n)
i€[n] i€[n]

Hence, by assumption on k(n) it holds that

max()\(rrelax i)t faithiep € (<k((Q;1)))) = O(logn)

We proceed to quantify the distinguishing-power of MP-GNNs and CR®).

Distinguishing-Power.

Let G’ C G be a graph domain, and let N be an MP-GNN, we define the distinguishing-power of
N on G,
Nap(G') = {N(G,v) : G € G',v e V(G)}]

to be the number of vertices equivalence-classes that N induces on G’. Similarly, for CR® we
define
CR{)(G) = [{cr (v) : G € G',v e V(G)}]

For distinguishing between graphs, we define
Ngap(G') = {N(G) : G € G'}, CRgdp( N o= {crP(G): G e g}

When the graph domain is defined with a size parameter, i.e. G’ = G"(n),G” C G, we may refer to
the distinguishing-power as a function f : N — N. For example, for Ngp,, f(n) := Ngp(G"(n)).

6
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Main Result

Our fundamental result (Theorem 3.7) is that for any MP-GNN N comprising (only) logarithmic
aggregations, the distinguishing-power of IV is polynomial i.e.

Nap(G(n)) = poly(n), Ngap(G(n)) = poly(n)

, and even if the aggregations are only sublinear then the distinguishing-power is still sub-
exponential i.e.

Nap(G(n)) = 2707, Nyap(G(n)) = 2

For simplicity, several of our definitions and statement to follow concern distinguishing between
vertices, however it is relatively straightforward to adapt them to the setting of distinguishing
between graphs.

To prove our main result, we take the following steps:

1. For any MP-GNN N, we define an information-complexity measure as a function of the
graph size, Ly : N — N, and observe that Nu,(G(n)), Ngap(G(n)) < 258 (Lemma 3.3)

2. We prove that for logarithmic-aggregations and sublinear-aggregations MP-GNNs, it holds
that Ly(n) = O(logn) and Ly(n) = o(n), respectively. (Lemma 3.5)

3. We conclude the result from combining (1) and (2).

Information Complexity.

We measure the information conveyed by the aggregations in an MP-GNN’s computation, as fol-
lows. Let N = (mlpy,agg;, msg;),...,(mlp,,,agg,,, msg,,) be an MP-GNN. For a graph G € G
and a vertex v € V(G) we denote by In(G,v) the sequence of aggregation bits produced by the
aggregations operating on G, v, that is,

In(G,v) = (aggi {w! ™V : w € Na(0) 1), 0

We define the complexity of I, Ly : N — N, to be the maximum bit-length of Iy per graph size,
that is,
Ly(n) :==max (AIn(G,v)): G € G, |G| =n,ve V(G))

The reason for the specific definition of Ly is the following key observation.
Lemma 3.3. Let N be an MP-GNN, then Ng,(G(n)) < 2Ev(™),

Proof. 1t is relatively straightforward, by induction, that
VG,G'e GVv e V(G) W € V(G In(G,v) = IN(G' V) = N(G,v) = N(G,v")

, hence, the distinguishing-power of N is upper-bounded by the number of possible values of Iy,
which in turn is upper-bounded exponentially by the maximum bit-length of Iy . O

The output of the aggregation of each layer in an MP-GNN depends on the output of the com-
putation steps preceding it, hence, in order to calculate the total aggregations’ output-complexity
we need to calculate the intermediate-value complexity through the MP-GNN’s computation steps.
We first show the output-complexity of a single MLP, before considering the complete MP-GNN’s
computation.
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Lemma 3.4. Let F' be an MLP of input dimension d, and let Sp : N — N be the output-size
copmlezity of F, that is, Sp(n) == max(\(F(z)) : x € Q¥ \(x) = n), then Sp(n) = O(n).

Proof. Assume F = (l1,...,ly),l; = (w;i, b;), dim(w;) = (dij1+1,d;). Let Sp, be the output-size
complexity of a single layer I, we show that Sg,(n) = O(n). Assume w.l.o.g that [ = 1. Let 2 € Q&
be an input, define

W1, = max(A(wi (i, 7)) i € [da], j € [di])

the maximum bit-length of any weight, and
Tmar = max(A(z(j)) : j € [d1])
the maximum bit-length of any input element. Then,
A(F(2)) = MReLU((wr - ) + 1)) < Mb1) + Sieuy Ay wn (i, 3)a;) <

A(b1) +dady . max  (Mwi(i,f)x;)) = A(b1) +dady ~ max  ([[log(wi(3,7)z;)[]) =
i€[d2],j€[d1] i€[d2],j€[d1]

A(b1)+dodr ~ max  ([[logwi (i, j) +logx;|]) < A(b1)+dadi ~ max  ([[logwi(i, )|+ [log z;|]) <
i€[dz],j€ld1] i€[da],j€[d1]

A(b1) +dady (w1,,,,, + Zmaz) < A(b1) +dady (w1,,,, +Zicja A @i) = A(b1) +dadiwy,,,, +dadi A(z) =
SFI (n) = O(n)

It is straightforward that the output-size complexity of a composition of a fixed number of functions
of linear output-size complexity is linear, hence Sr(n) = O(n). O

Lemma 3.5. Let N = (mlpy, agg,, msg;), ..., (mlp,,, agg,,, msg,,) be an MP-GNN, then:

1. If all the aggregations are logarithmic then the complexity is logarithmic, formally
Vi y(agg;) = Ln(n) = O(logn)

2. Similarly, if all the aggregations are sublinear then the total-information complexity of N is
sublinear, formally
Vi o(agg;) = Ly(n) = o(n)

Proof. We prove item (1), the proof of (2) is almost identical. For | € [m] we define
SmS%,Sa%l),S no : N — N the complexities of intermediate outputs throughout the operation
of N: The output after msg;, the output after agg;, and the output of the layer i.e. after mlp;.
Formally,

S5 (n) == max (A(msg,(ND(G,0), N (G, w))) : G € G, |G| =n, ve V(G), we Ne(v))

Syt (n) = max (A(aggl{{ msg, (N (G,v), ND(G,w)) |w e Na()}) : G€G, |Gl =n, ve V(G))
Sy (n) ==max ANV (G,v)): G eq, |G =n, veV(Q))

We prove by induction on [ that V [ € [m] Sﬁf{g), S;[(l), Syw = O(logn). As

Lv(n) = max (Srep Aoz { msg, (NV(G,0), NOD(G,w)) - w € Na(@)})

Geg, |Gl=n,ve V(G))
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and the complexity of a sum of a fixed number of O(logn)-complexity functions is O(logn), the
induction’s statement implies the lemma. For [ = 1, by the initial features all being 1, clearly

JeeN:SyF(n) =c

, hence S;;flg) (n) = O(logn) in a trivial manner. By the assumption on agg, we have S?Vg(gl)(n) =
O(logn). Finally, by Lemma 3.4 and since the complexity of a composition of a function of com-
plexity O(n) over a function of complexity O(logn) is O(logn), we have that Sy (n) = O(logn).
Assuming correctness for | = k < m we prove for [ = k + 1. By Lemma 3.4 and by the induction

assumption, She. ;) (n) is the complexity of a composition of an O(n)-complexity function over the

N (k+1)
concatenation of two O(log n)-complexity functions, which is O(logn). As for S?\ﬁi vy and Sy,
the argumentation is similar to that in the case of [ = 1. O

Remark 3.6. The line of proof of Lemma 3.5 works for every message and combination functions
with output-size complexity O(n) (with n being the function’s input size) - not only for ReLU-
activated MLPs. Hence, the guarantee that Ly(n) = o(n) (with n being the input-graph size), and
subsequently Theorem 3.7, hold for all MP-GNNs architectures that consist of such functions.

Theorem 3.7. Let N = (mlpy, agg;, msg;), ..., (mlp,,, agg,,, msg,,) be an MP-GNN, then:

1. If all aggregations are logarithmic then the distinguishing-power of N is polynomial. For-
mally,

Vi v(agg;) = Nap(G(n)) = poly(n)

2. If all aggregations are sublinear then the distinguishing-power of N is sub-exponential. For-

mally,
Vi o(agg;) = Nap(G(n)) = 2°

3. When N includes a graph readout, i.e. N = (mlp;, agg;, msg;)icim], (Mlpg, aggr), the above
hold also for distinguishing graphs, that is,

Vi v(agg;) A 1(aggr) = Neap(G(n)) = poly(n), Vi o(agg;) A o(aggr) = Neap(G(n)) = 22
Proof. 1. By assumption, Lemma 3.5, and Lemma 3.3.
2. By assumption, Lemma 3.5, and Lemma 3.3.

3. The definition of Ly (n); Lemma 3.3; and Lemma 3.5, can be adapted to include the output-
bits of the readout aggregation, aggp, and refer to graph embeddings rather than feature
transformations. All relatively straightforward.

O

Comparison to Color Refinement

The absolute-terms upper bounds in Theorem 3.7 are meaningful on their own, considering that
the total number of non-isomorphic graphs of size n, |G(n)|, is doubly-exponential. In previous
studies, the distinguishing-power of MP-GNNs has been compared to the distinguishing-power of
CR, where it was shown to either match it or not, depending on the setting, with no quantification
given for the gap in the latter case. As CR is meaningful and well-studied, we proceed to put
Theorem 3.7 in its perspective. To be precise, we compare the distinguishing-power of (already)
sublinear-aggregations MP-GNNs to the distinguishing-power of merely two iterations of CR, on
diameter-2 graphs, i.e. to CRS?(Q (2)). We start with the following observation.

9
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Lemma 3.8. Let n € N, then

CRY (G (2n +1)) > (’”"‘ 1), CR® (G (2n + 1)) > <”+”_ 1)

n—1 gdp n—1

Proof. We look at a two-level star graph of size 2n+1, where we denote the center by v, the vertices
of the first level by w;, i € [n] and those of the second level by w;, i € [n]. We define

Kn, = {(ko,... kn), ki € [0..n],sum(k;) = n}

all the possible choices, with repetition, of n elements from n + 1 types. For K € K,, we define G
to be the graph where v is connected to all w’s, and there are k; of the u’s that are connected to
i of the w’s. In other words v has k; neighbors of degree i (+1). Formally, Gk € G is defined as
follows:

V(G) = {v} U{ul, ce Unt U{wl, ce W}
EG)={vu;:i¢€ [n]}U{uZw] :j €n],i > Ehe[j,l]kh}, Ve e V(G) Z(G)(x) =1
Finally, for n € N we define
Ggc(2n+1)={Gx : KeK,, neN}Cg

the set of all graphs of the form above, of size 2n + 1. Observe that
G (2n +1)| = n+n-—1
r B n—1

, as it is the number of options to choose with repetition n elements - the number of u vertices - out
of n possible types - the possible number of neighbors. Also, it is relatively straightforward that

VG, G € Ge(2n+1) o (v) # B (v), VG, G € Ge(2n+1) P (G) # r@ (&)
0

Combined with Lemma 3.3, we arrive at the following sufficient condition for an MP-GNN hav-
ing weaker distinguishing-power than CRS?(Q(Q)), and combined with Theorem 3.7 we have the

following measure of the gap between sublinear-aggregations MP-GNNs and CR% (G (2)).

Corollary 3.9. Let N = (mlpy, agg;, msg;), ..., (mlp,,, agg,,, msg,,) be an MP-GNN, then:

n—1

2 graphs that are distinguishable by CR®) and not by N. Formally,

1. If there ezists n € N such that Ly(2n+1) < [log (2"_1” then there are vertices in diameter-

2n—1
IneN: Ly@2n+1) < {bg(:_l)-‘ = 3G, eG? veV(@), v eV(@):

cr(G2) (v) # crg,)(v’) AN(G,v) = N(G',v)

2. Moreover, if Yi o(agg;) then the distinguishing-power of N is relatively infinitely weaker
than that of CR®. Formally,

Vi o(agg;) = lim Nap(G(n))

n— 00 (2) (2) =0
CRg, (G2 (n))

10
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3. When N includes a graph readout, i.e. N = (mlp;, agg;, msg;)ic(m], (Mlpg, aggg), the above
hold also for distinguishing graphs, that is:

a. Let LGN be an adaptation of Ly that includes the bits of aggg, then

n—1

IneN:LGN2n+1) < {log (2” a 1)} =
3G,G" € 6P (@) £ P (G AN(G) = N(G)

Vi o(agg;) = lim Nyap(G(n)) =0

n oo 2
=% CRG,(G2)(n))
Remark 3.10. In items (2);(3) of Corollary 3.9 we combined the result for Ngp(G(n)) and ob-

servation for CRS?(Q(Q) (n)) (and same for graph-embeddings) directly, that is, we compared the
distinguishing-powers on different graph domains. This is not weaker than our general state-
ment but, for what it’s worth, stronger, as it is straightforward by definition that Ng,(G(n)) >

Nap(G@ (n)) and CRE)(G(n)) > CRD(GP (n)).

4 Concluding Remarks

We have introduced an output-size complexity property for aggregation functions, satisfied by most
conceivable aggregations, and shown that it has the effect of restricting MP-GNN models to distin-
guish merely a polynomial number of equivalence classes, or a sub-exponential number in case of
an even more general property, both when distinguishing between vertices and when distinguishing
between graphs. Given that the number of non-equivariant vertices or non-isomorphic graphs is
doubly-exponential, these bounds are significant.

We proceeded to take a familiar perspective and considered the well-studied distinguishing-power
of the Color Refinement algorithm, already known to upper-bound all MP-GNNs, as a reference
point. We have observed that CR®), i.e. merely 2 iterations of CR, is not only stronger than
even our more general class of MP-GNNs, making CR(!) a tight bound 2, but is relatively infinitely
stronger, as it is at least exponential. This is in stark contrast to non-uniform distinguishing-power
results Xu et al. (2019); Morris et al. (2019); Aamand et al. (2022), as well as to uniform results
for recurrent MP-GNNs Rosenbluth & Grohe (2025).

A consequence of our results is that every function in every function-class that is subsumed
by logarithmic-aggregations MP-GNNs, does not distinguish more than a polynomial number of
equivalence-classes.

To practice, an immediate implication of our results is that if the unknown target function assumes
a greater-than polynomial number of values in the graph size then it is simply impossible for a
logarithmic-aggregations MP-GNN model to even distinguish between all vertices or graphs that
are assigned a different value by the function, let alone assign them the specific function’s values.
When the target function assumes an exponential number of values, it is impossible already for
sublinear-aggregations MP-GNNs to make the required distinguishments.

While we focus on MP-GNNs with ReLU-activated MLPs for message and combination functions,
our results hold for all MP-GNNs comprising message and combination functions with output-size
complexity O(n).

2when the graph diameter does not exceed the number of CR iterations.
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Our goal is to understand fundamental expressivity bounds of MP-GNNs - regardless of aggregations
specifics. To that end, the following remain open for further research:

1. We have not addressed aggregations that have enough output bits to represent the number
of all possible graphs. There, (full) CR distinguishing-power is potentially given for free
- the aggregation function can simply implement CR, and the question to study is that
of expressivity i.e. approximating a target function - computing a specific value for each
vertex or graph. It is clear that the fixed number of MLP-runs in an MP-GNN with rational
weights is a limiting factor, as a runtime-complexity upper bound of

O(n2 - aggregation output-size complexity) + total aggregation-runtime

on the run of any MP-GNN should be relatively straightforward. However, a tighter bound,
or perhaps one in terms other than runtime-complexity, for the expressivity of MP-GNNs
with arbitrary computable aggregations, can be interesting.

2. We have not analyzed the output-size complexity of softmax aggregation. Potentially it
is linear, rather than logarithmic or sublinear, as it involves exponentiation by the input,
however, a careful examination of the computation - taking into account the normalization
and the actual algorithm for computing it - may prove otherwise.

3. We have not analyzed the output-size complexity of MLPs with non-ReLU activations such
as sigmoid or tanh. There again, an exponentiation by the input is involved, potentially
leading to an exponential rather than linear output-size complexity of the MLP, yet further
analysis is required for a clear characterization.

12
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