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ABSTRACT

Posterior sampling in high-dimensional spaces using generative models holds
significant promise for various applications, including but not limited to inverse
problems and guided generation tasks. Despite many recent developments, gener-
ating diverse posterior samples remains a challenge, as existing methods require
restarting the entire generative process for each new sample, making the procedure
computationally expensive. In this work, we propose efficient posterior sampling
by simulating Langevin dynamics in the noise space of a pre-trained generative
model. By exploiting the mapping between the noise and data spaces which can be
provided by distilled flows or consistency models, our method enables seamless
exploration of the posterior without the need to re-run the full sampling chain,
drastically reducing computational overhead. Theoretically, we prove a guarantee
for the proposed noise-space Langevin dynamics to approximate the posterior,
assuming that the generative model sufficiently approximates the prior distribution.
Our framework is experimentally validated on image restoration tasks involving
noisy linear and nonlinear forward operators applied to LSUN-Bedroom (256 x
256) and ImageNet (64 x 64) datasets. The results demonstrate that our approach
generates high-fidelity samples with enhanced semantic diversity even under a lim-
ited number of function evaluations, offering superior efficiency and performance
compared to existing diffusion-based posterior sampling techniques.

1 INTRODUCTION

Generative models that approximate complex data priors have been leveraged for a range of guided
generation tasks in recent years (Dhariwal & Nichol, 2021; |Chung et al., [2023). Early works focused
on conditional synthesis using Generative Adversarial Networks (GANs) (Goodfellow et al.l [2014;
Mirza & Osinderol, 2014} [Brock et al.,[2019; [Karras et al., 2019} [2020). However, diffusion models
have recently surpassed GANSs as the state of the art in generative modeling (Ho et al.,|[2020;/Song et al.}
2021a), demonstrating superior performance in guided generation tasks (Dhariwal & Nichol, 2021}
Choi et al.; 2021} Ho & Salimans, [2021)). Posterior sampling, as a guided generation framework, has
garnered significant interest (Kawar et al.| [2021}; [2022} |Chung et al.| [2023)), particularly for providing
candidate solutions to noisy inverse problems.

Solving noisy inverse problems involves reconstructing an unknown signal x from noisy measure-
ments y, where the forward model is characterized by the measurement likelihood p(y | x). The
objective is to sample from the posterior distribution p(z | y) « p(y | x)p(z). Such posteriors are of-
ten intractable in practical applications due to the complexity of the prior distribution p(x). However,
learned generative models that approximate complex data priors can enable approximate sampling
from the posterior p(x | y). Early approaches for solving inverse problems using diffusion models to
approximate p(z | y) relied on problem-specific architectures (Saharia et al.,[2022bj [Li et al., 2022}
Lugmayr et al.,[2022) and required training dedicated generative models for each task (Saharia et al.|
2022a; |Shi et al., 2022). In contrast, methods that utilize pre-trained diffusion models as priors for
posterior sampling offer greater flexibility and are training-free (Kawar et al., 202120225 |(Chung
et al.,2022aib; [Wang et al., [2023)), with recent extensions targeting nonlinear inverse problems (Chung
et al.,[2023; [Song et al.| 2023azb; |He et al., 2024)).

In the context of inverse problems, existing methods can be broadly categorized based on whether
they yield a point estimate or multiple estimates. Existing approaches for posterior sampling focus
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Figure 1:(Left) : A schematic representation of posterior sampling via Langevin dynamics in our
proposed framework. The sampling process begins with an initial sa({j)blérom the noise space

and maps to data spacex@ using a deterministic mapperand progressively updates the noise
space input to obtain diverse posterior samp{Baght): Posterior samples generated by our method
and DPS-DM. Our approach exhibits higher perceptual diversity, capturing variations in high-level
features such as lighting, window style, and wall patterns. Uncertain semantic features are highlighted
by red boxes, while persistent properties are shown by green boxes.

primarily on providing point estimate solutions (Chung et al., 2023; He et al., 2024; Song et al.,
2023a;b), lacking the ability to generate a diverse set of posterior samples ef ciently. For instance, a
prominent method, Diffusion Posterior Sampling (DPS) (Chung et al., 2023), predominantly produces
point estimates for both linear and non-linear inverse problems. DPS leverages thg>orivom

a diffusion model and employs multiple denoising steps to transform isotropic Gaussian noise into
a desired image, guided by the observatigngsenerating posterior samples using this method
requires re-running the entire sampling process using unique instantiations of Gaussian noise, which
is computationally prohibitive and inef cient. Therefore, an algorithm that ef ciently accumulates
samples from the posterior is desirable.

In this work, we propose an ef cient framework
for posterior sampling by modeling it as an ex-
ploration process in the noise space of a pre-
trained generative model. Speci cally, we lever-
age measurements from the inverse problem to
guide the initialization of the noise space, ensur-
ing a more targeted exploration. For sampling,
we employ Langevin dynamics directly within
the noise space, taking advantage of the one-
to-one mapping between noise and data spaces
provided by models such as consistency mod-

els (Song et al., 2023c). This deterministic magyq,re 2: Reconstruction time comparison be-
pIng ellmlnates_ th? need for approximating thﬁ'7veen DPS-DM and our method for varying num-
measurement likelihood, and we establish a thes o of hosterior samples. DPS-DM scales poorly
oretical bound on the approximation error f%ith the number of samples, while our method

posterior sampling. maintains a nearly constant time, demonstrating
Sampling in the noise space allows for a progresigni cantly lower computational cost. The corre-

sive accumulation of posterior samples, enablirgponding Number of Function Evaluations (NFEs)

ef cient exploration and resulting in a diversdincluding NFEs for the warmup stage, refer to

set of reconstructions, as demonstrated in Figection 5) values per image are annotated.

ure 1. Furthermore, Figure 2 illustrates the comparison of reconstruction times between our approach
and DPS when generating different numbers of posterior samples per image. While the reconstruction
time for DPS increases rapidly with the number of samples, our method incurs only a negligible
increase, highlighting its computational ef ciency. The key contributions of this work are summarized
as follows:

» We present a posterior sampling method de ned by Langevin dynamics in the noise space
of a pre-trained generative model, enabling ef cient accumulation of samples.

» We provide a theoretical guarantee on the posterior sampling approximation error, which is
bounded by the approximation error of the prior by the pre-trained generative model.
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« Our ef cient accumulation of posterior samples facilitates exploration of the posterior,
yielding high- delity and diverse samples. In experiments, we achieve comparable delity
to diffusion model posterior sampling methods with superior sample diversity.

Notation. We use to stand for the expression of a probability density up to agormalizing constant
to enforce integral one, e.g(x) / F(x) means thap(x) = F(x)=Z whereZ = F(x)dx. For a
mappingT : RY! RY and a distributior®, T4 P stands for the push-forwarded distribution, that is
Tz P(A) = P(T ®A) for any measurable sét. When bothP andTx P has densitydP = pdx,

we also usdy p to denote the density afs P.

2 BACKGROUND

Diffusion models. Sampling from diffusion models (DMs) is accomplished via simulation of the
reverse process corresponding to the forward-time, noising stochastic differential equation (SDE)
dx; = (x;;t)dt+ (t)dW, (Song et al., 2021b), whel, is the standard Brownian motion R

andt 2 [0;1]. Initialized with data from a data-generating distributimg, , diffusion is typically
parameterized such that the terminal distribution of the forward-time SDE is a tractable Gaussian
distribution . This SDE shares marginal densitgswith the probability ow- (PF-)ODE:

dx = (i) 5 (7 logp(x) d )

Score-based generative models are a class of DM which approximatep; (x;) with a neural
network score model. Given such a modg),can be solved in reverse time using numerical ODE
integration techniques (Song et al., 2021a; Karras et al., 2022).

Deterministic diffusion solvers. In contrast to stochastic DM samplers based on Markov chains (Ho

et al., 2020) and SDEs (Song et al., 2021b), deterministic DM solvers primarily focus on simulating
the PF-ODH1). Song et al. (2021a) presented DDIM, an implicit modeling technique yielding a
deterministic mapping between noise and data samples. Subsequent works considered alternate,
higher-order solvers for the PF-ODE (Karras et al., 2022), yielding high-quality samples in fewer
function evaluations.

Flow models. Continuous normalizing ows (CNFs) represent another class of ODE-based genera-
tive models, using neural networks to approximate the dynamics of a continuous mapping between
noise and data (Chen et al., 2018). Recent extensions focus on learning more direct trajectories (Liu
et al., 2023b) and simulation-free training (Lipman et al., 2023). As with deterministic diffusion
solvers corresponding to the PF-ODE, sampling via these methods requires numerical simulation of
an ODE whose dynamics are de ned by the neural network model.

Consistency models. Ef cient ODE simulation is of particular interest for ef cient sampling from
DMs (Song et al., 2021a; Karras et al., 2022) and CNFs (Lipman et al., 2023). However, fast
numerical ODE solvers still require tens of steps to produce high- delity samples (Lu et al., 2022;
Dockhorn et al., 2022). As a result, score model distillation techniques have arisen to yield fast,
effective samplers from the PF-ODE. Consistency models (CMs) are a prominent class of distilled
DMs that enable single- and few-step sampling (Song et al., 2023c). CMs learn a mépping
(parameterized by) between a point; along the PF-ODE trajectory to the initial state:

Xo = f (x¢;t) fort 2 [0; 1]; (2)

wherexg is a sample fronpgata . Therefore, single-step sampling can be achieved by sampling
X1 and evaluating the CM at;. Multi-step sampling can be achieved by alternating denoising
(via evaluation of the CM) and partial noising, trading off ef ciency for delity.

3 METHODOLOGY

Assume that a pre-trained generative model is given, which provides a one-to-one mayng
the noise space to the data space. The xi@nd noisex; both belong tdRY, andxo = ( x1). The
observation iy, and the goal is to sample the datafrom the posterior distributiop(xojy). We
derive the posterior sampling of the data vecatgwia that of the noise vector;, making use of the

mapping .
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Likelihood and posterior. We consider a general observation model where the conditional law
p(yjxo) is known and differentiable. De ne the negative log conditional likelihoodl a&) :=

log p(yjxo), which is differentiable with respect tq, for xed y. A typical case is the inverse
problem setting: théorward model is

y=AXo)+ n (3)
whereA : RY! RYis the (possibly nonlinear) measurement operator,raistthe additive noise.

For xed y, we aim to samplexo from p(Xojy) = p(yjXo)P(Xo0)=p(y) /' P(yjXo)P(Xo), wherep(xo)
is the true prior distribution of all datey, which we now denote g%, . We also calp(Xojy) the
true posterior ofxy, donated as

Poy (Xo) = P(Xojy) /' P(YiXo0)Pdata (X0): (4)

Posterior approximated via generative model. The true data priopgata iS nonlinear and com-
plicated. Letpmoger denote the prior distribution approximated by a pre-trained generative model

Xo = ( X1), wherex; . A distribution from which samples are easily generated, such as the
standard multi-variate Gaussian, is typically chosen farve choose = N (0;1). In other words,
Pdata Pmodel = # - )

Replacingogata With pmodel in (4) gives themodelposterior ofxq, denotedsy.y , which approximates
the true posterior:

Poy (X0)  Poy(Xo) /' P(YiXo) # (Xo): (6)
Becausep = ( X1), we have thapy,y = & pry; Where, by a change of variable from (6),
Py (X1) /' p(yj ( X1)) (X1): (7)
The distributionpy.y (x1) approximates the posterior distributip(x1jy) in the noise space. When
Pdata = # ,We havepgy = Poy andp( jy) = P1y. When the generative model prior is inexact,

the error in approximating the posterior can be bounded by that in approximating the data prior, see
more in Section 4.

Posterior sampling by Langevin dynamics. It is direct to sample the approximated poste(ior
in the noise space using Langevin dynamics. Speci cally, since we hau¢ / exp(k x1k?=2)

andlogp(yj ( x1)) = Ly(( x1)), the following SDE ofx; will have py,, as its equilibrium
distribution (proved in Lemma A.1):
G = (at by ((x)dt+ | 20w ®)

The sampling in the noise space gives the sampling in the data space by the one-to-one mapping of
the generative model, namety = ( X1).

Example3.1 (Inverse problem with Gaussian nois€pr (3) with white noise, i.e.n N (0; ?1),

we have that, with a constaatlepending orf ;d ),

. 1
Ly(xo) = logp(yjxo) = 55ky A (Xo)k; + c:
The noise-space SDE (8) can be written as

ky A (Xo)k3 p

dx; = X1+ Ty, > dt+ 2dW;:

GivenLy(xo), standard techniques can be used to sample (overdamped) Langevin dyf@mics
Evaluation of the gradient , L (xo) is the major computational cost, requiring differentiation
through the model . One technique to improve sampling ef ciency is to employ a warm-start of
the SDE integration by letting the minimization-only dynamics (usingLy(Xo)) to converge to a
minimum rst, especially when the posterior concentrates around a particular point. We postpone the
algorithmic details to Section 5.

4 THEORY

In this section, we derive the theoretical guarantee of the model pospgsion (6) to the true
posteriomg.y in (4), and also extend to the computed postep@ng by discrete-time SDE integration.
The analysis reveals a conditional number which indicates the intrinsic dif culty of the posterior
sampling problem. All proofs are in Appendix A.
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4.1 TOTAL VARIATION (TV) GUARANTEE AND CONDITION NUMBER

Consider the approximatigb), that is, the pre-trained model generates a data prior distribution
that approximates the true data pnmg. . We quantify the approximation in TV distance, namely

TV(Pdata; # ) ™ 9)

Generation guarantee in terms of TV bound has been derived in several ow-based generative model
works, such as Chen et al. (2023); Li et al. (2024); Huang et al. (2024) on the PF-ODE of a trained
score-based diffusion model (Song et al., 2021b), and Cheng et al. (2024) on the JKO-type ow
model (Xu et al., 2023). The following theorem proved in Appendix A shows that the TV distance
between the model and true posteriors can be bounded proportional to that between the priors.

Theorem 4.1(TV guarantee) Assuming?9), thenTV( poy; poy) 2 y", where
, = R4 P(yiXo) . (10)
P(YjX)Pdata (X)dx
Remark4.1 ( y as a condition number)The constant factory is determined by the true data prior
Pgata @nd the conditional likelihood(yjxo) of the observation, and is independent of the ow model
and the posterior sampling method. Thysquanti es an intrinsic “dif culty” of the posterior
sampling, which can be viewed as a condition number of the problem.

Example4.1 (Well-conditioned problem)Suppose(yjxo) ¢ for anyxo, and on a domain y of
the data space,
Paata ( y) > Fg; and p(yjxo) Co> 0;8x02 vy;
then we have p(Yjx)pdata (X)dXx , P(YjX)Pdata (X)dXx € o, and then
1o,
&

This shows that if the observatigncan be induced from some cohortxf and this cohort is
well-sampled by the data priggaa (the concentration gyaa 0N this cohort is lower bounded by
), plus that the most likely, is not too peaked compared to the likelihood of any ottyewithin
this cohort (the ratio is upper bounded &), then the posterior sampling is well-conditioned.

y

Example4.2 (lll-conditioned problem) Suppose(yjXo) is peaked at one data valug and almost
zero at pther places, and thi§ lies on the tail of the data prior densityae, - This means that the
integral  p(YjXo)Pdata (Xo0)dXo has all the contribution on a nearby neighborhood$bn which

Pgata IS sMall, resulting in a small value on the denominato(idf). Meanwhile, the value of
p(yjx$) is large. In this case,, will take a large value, indicating an intrinsic dif culty of the
problem. Intuitively, the desired data valug for this observatioly is barely represented within the
(unconditional) data distributiopyata , While the generative model can only learn frpg, . Since

the pre-trained unconditional generative model does not have enough knowledge »§ stichhard

for the conditional generative model (based on the unconditional model) to nd such a data value.

4.2 TV GUARANTEE OF THE SAMPLED POSTERIOR

Theorem 4.1 captures the approximation erropgf to the true posterior, wheg.y is the distri-
bution of dataxq when the noise; in noise space achieves the equilibrigq, of the SDE(8).
In practice, we use a numerical solver to sample the SDE in discrete time. The convergence of
discrete-time SDE samplers to its equilibrium distribution has been established under various settings
in the literature. Here, we assume that the discrete-time algorithm to sample the Langevin dynamics
of X1 outputsx; pf;y, which may differ from but is close to the equilibriup,, . Speci cally,

supposelV(Pry; piy) is bounded by som'és.
Lemma 4.2(Sampling error) If TV(P1y;pTy) s, thenTV(Boy;B5y) .

The lemma is by Data Processing Inequality, and together with Theorem 4.1 it directly leads to the
following corollary on the TV guarantee of the sampled posterior.

Corollary 4.3 (TV of sampled posterior)Assuming9) and TV (p1.y; piy)
TV( Po;y 5 pg;y) 2 y" +"s!

's, then

5
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5 ALGORITHM

Numerical integration of the Langevin dynamics. To numerically integrate the noise-space SDE

(8), one can use standard SDE solvers. We adopt the Euler-Maruyama (EM) scheme. Ddite

the time step, and denote the discrete sequenge aéz',i =0;1; . The EM scheme gives, with
"N (0;1),

Zitl = @a )zi gi + p27 i; gi =T I—y(XO)jX1=z': (11)

See Algorithm 1 for an outline of our approach using EM. However, any general numerical scheme
for solving SDEs can be applied; see Table A.4 in Appendix C for a comparison between our method
using EM discretization and exponential integrator (El) (Hochbruck & Ostermann, 2010). An initial
value ofz® in the noise space is also required. We adopt a warm-start procedure to initialize sampling;
additional details are provided below.
Computation of r x;Ly(Xo). The computa- Algorithm 1 Posterior Sampling in Noise Space
tion of the loss gradient depends on the tygRequire: Forward modeA, measurement, loss
of generative model representing the mappingfunctionLy, pre-trained noise-to-data map
. For instance, if is computed by solving number of stepsl, step size , and initialx$

an ODE driven by a normalizing ow, thenits fori=0;:::;N do

gradient can be computed using the adjoint sen- x|, (x)

sitivity method (Chen et al., 2018). If is a DM g r LiLy(xh)

or CM sampling scheme, one can backpropagate i p (6; 1

through the nested function calls to the genera- x'fl x| (X + g)+ p 5 i

tive model. Since we use one- or few-step CM
sampling to represent in the experiments, we
take the latter approach to compute; Ly (Xo).

Choice of initial value and warm-start. A natural choice for the initial noise space vakfe

can be a generic sampé (the noise space prior). However, while this will correspond to a
high-likelihood sample according to the data prior (given a well-trained generative model), it may
be far from the data posterior. As such, one may warm-start the sampler by optirbizixg)

with respect toc; using standard optimization techniques such as gradient descent or Adam. In all
experiments, we warm start sampling uskigsteps of Adam optimization, initializing EM sampling
with z° being the optimization output. See Appendix B.1 for further detail.

Computational requirements. The main computational burden is with respect to the computation
of the loss gradient x, Ly(Xo), which requires differentiating through the mapping This can
be alleviated by choosing a which consists of a small number of function evaluations (NFES).
Additional computational burden is due to burn-in/warm start to y#8ldhe initial value of EM
simulation. Therefore, the total NFEs to simul&testeps of EM (i.e., to yieldN samples) is

(K + N), where isthe NFEs required to evaluate However, this burden is amortized over EM
sampling, as progressive EM simulation yields increasingly fewer overall NFEs per sample, which
asymptotically approaches(the NFEs required to computé). Therefore, we representusing
CM sampling, which can be accomplished for 1 or 2. While multi-step (> 1) CM sampling
is typically stochastic (Song et al., 2023c), we x the noise in each step to result in a deterministic
mapping. See Appendix B.1 for details.

Role of EM step size . The step size of EM,, controls the time scales over which the Langevin
dynamics are simulated with respect to the number of EM steps. Largsults in more rapid
exploration of the posterior, potentially leading to more diverse samples over shorter timescales.
However, must also be kept small enough to ensure the stability of EM sampling. Therefore, this
hyper-parameter provides a degree of control over the diversity of samples provided by the proposed
algorithm. Choosing large while maintaining stability can yield diverse samples, potentially
revealing particularly uncertain semantic features within the posterior.

end for

6 EXPERIMENTS

Baselines.We categorize the baselines into two groufl3.DM-based methods:Diffusion Posterior
Sampling (DPS) (Chung et al., 2023), Loss-Guided Diffusion (LGD) (Song et al., 2023b), and
Manifold-Preserving Guided Diffusion (MPGD) (He et al., 2024). These methods employ stronger
priors compared to our approach, making them inherently stronger baselines and rendering the
comparison across different backbones unfair.
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