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Abstract

Conformal prediction methodology has recently been extended to the covariate shift setting,
where the distribution of covariates differs between training and test data. While existing
results ensure that the prediction sets from these methods achieve marginal coverage above a
nominal level, their coverage rate conditional on the training dataset—referred to as training-
conditional coverage—remains unexplored. In this paper, we address this gap by deriving
upper bounds on the tail of the training-conditional coverage distribution, offering probably
approximately correct (PAC) guarantees for these methods. Our results characterize the
reliability of the prediction sets in terms of the severity of distributional changes and the
size of the training dataset.

1 Introduction

Conformal prediction is a framework for constructing distribution-free and model-agnostic pre-
dictive confidence regions under the exchangeability assumption for the training and test sam-
ples (Vovk et all [2005) (also see |[Shafer and Vovk| (2008); [Vovk et al| (2009); [Vovk (2012)). Let
((X1,Y1), (X2,Y2),...,(Xn, Ys), (Xtest, Yiest)) denote a tuple of exchangeable data points, consisting of a train-
ing sequence of n samples D,, := ((X1,Y7),...,(Xy,Yy)) € (XxY)™ and one test sample (Xiest, Yiest) € X' X V.
For a fixed error rate level «, the conformal prediction framework, provides a prediction set C. (Xiest) for
Yiest that satisfies

P (View € CalXiew)) 21— 0 (1)

where C,, : X — 2 is a data-dependent map. This type of guarantee is referred to as marginal coverage, as
it is averaged over both the training and test data.

One natural direction to stronger results is to provide a coverage guarantee conditional on the test data point
Xtest7 i-e-7

]P (Y:cest S éa (Xtest)|Xtest) Z 1-a.

However, when Xis has a continuous distribution, it has been shown in [Vovk| (2012); [Foygel Barber et al.
(2021)); |Lei and Wasserman)| (2014) that it is émpossible to obtain (non-trivial) distribution-free prediction
regions C, () in the finite-sample regime; relaxed versions of this type of guarantee have been extensively
studied (see |Jung et al|(2022); Gibbs et al.| (2023); Vovk et al.|(2003) and references therein). As a different
approach to stronger guarantees, several results (e.g., [Vovk (2012); Bian and Barber| (2023))) have been
reported on the training-conditional guarantee by conditioning on D,,, which is also more appealing than the
marginal guarantee as can be seen below. Define the following miscoverage rate as a function of the training
data,

P.(Dy) =P (Yies ¢ CalXiew) Da)

Note that the marginal coverage in is equivalent to E[P,(D,,)] < a. The training-conditional guarantees
concern the concentration of the conditional error rate below the nominal level o and they have the following
form, for some small § > 0,

P(P.(D,) >a) <6
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or its asymptotic variants. Roughly speaking, this guarantee means that the (1 — «)-level coverage lower
bounds hold for a generic dataset.

Recently, Barber et al.| (2021) proposed modified versions of jackknife and cross validation (CV), namely
jackknife+ and CV+, which can be used to compute conformal prediction sets. For the K-fold CV+ with ¢
samples in each fold, the training-conditional coverage bound

P (Pe(Dn) > 20 + \/2log(K/6)/£) <6 2)

is established in Bian and Barber| (2023). Additionally, Liang and Barber| (2023)) proposed training-conditional
coverage bounds for jackknife+ and full conformal prediction sets under the assumption that the training
algorithm is symmetric and satisfies certain stability conditions (see Section [4] for more details). In this line of
research, samples are assumed to be i.i.d., which is not only exchangeable but also ergodic and admits some
nice concentration properties. However, this assumption can be violated in the application. In particular,
the input data distribution during deployment can differ from the distribution observed during training.
This phenomenon is called distribution shift and it is a crucial problem in trustworthy machine learning
(see Section . In this regard, split and full conformal prediction methods as the central methods for
distribution-free uncertainty quantification of black-box models have recently been extended to handle a
popular type of distribution shift called covariate shift (Tibshirani et al., [2019). In the covariate shift setting,
the distribution of covariates in the test data differs from the one observed in the training data, but, the
conditional distribution of the response given the features remains the same across the training and test
populations. A similar extension has been made for the jackknife+ method [Prinster et al.| (2022)). However,
these results primarily focus on marginal coverage. Although the weighted conformal prediction methods
(proposed in [Tibshirani et al.| (2019) and [Prinster et al.| (2022))) are guaranteed to keep the marginal coverage
rate above the nominal level, they often reduces the concentration of the training-conditional coverage rate
P(Yiest € C. (Xtest)|Dn) (i-e., coverage rate conditional on the training data D,,) around the nominal level
1 — . In particular, the weighting scheme leads to heavier tails for the training-conditional coverage rate.
This phenomenon is illustrated in Figure [1, where ordinary and weighted conformal methods with 80% target
coverage rate (a = 0.2) are used for constructing prediction intervals under exchangeability and distribution
shift settings, respectively. The distribution shift is introduced artificially via resampling according to an
exponential tilt as in Section 2.3 from [Tibshirani et al.| (2019). It can be observed that the tails of the training
conditional coverage get heavier when the weighting scheme is used to handle the distribution shift. In this
paper, we explore the quality of the weighted conformal prediction sets by computing upper bounds on the
tails of the training-conditional coverage distribution, quantifying the relationship between the tail behavior
and the extent of distribution change. In other words, we examine the efficiency of weighted conformal
prediction methods for a generic training dataset under distribution shift.

We present concentration bounds of the training-conditional coverage for weighted jackknife+ (JAW) (Prinster
et al., [2022), full, and split conformal methods. Regarding the training algorithm, no assumption is made
for the split conformal method. However, full conformal and jackknife+ methods are analyzed under the
assumption of uniform stability as explained below. Let fip, denote the predictor function estimated using
the training data D,,. A training algorithm is called uniformly stable if,

D, — i lleo < B (3)

with 8 = O(1/n) for any two datasets (D,,, D/,) differing in one (training) data sample (Bousquet and
Elisseeff] 2002). This is a stronger notion of algorithmic stability than the (m,n)-stability assumed in Liang
and Barber| (2023). Nevertheless, uniform stability is satisfied by a class of regression models known as RKHS
regression (Bousquet and Elisseeff] |2002), i.e., regularized empirical risk minimization over an RKHS (Paulsen
and Raghupathil [2016} [Scholkopf and Smolal 2002)). Examples of reproducing kernel Hilbert spaces are certain
Sobolev spaces of smooth functions (Wahbay, {1990).
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Figure 1: Histograms of the training-conditional coverage rates are presented for four datasets from the UCI
Machine Learning Repository: Wine Quality (top left), Abalone (top right), Concrete Compressive Strength
(bottom left), and Combined Cycle Power Plant (bottom right). See Appendix [E] for details of this simulation

study.

2 Background and Related Work

2.1 Full conformal and split conformal

Define the shorthand D, U (z,y) := ((X1,Y1), (X2,Y2),...,(Xn,Ya), (z,y)) and let fiy ) := T(D, U (z,y))
denote the regression function obtained by running the training algorithm 7' on D,, U (z, ). Define the score
function s(z’,y'; ) := f(u(a’),y") via some arbitrary (measurable) cost function f : Y x Y — R and predictor

function p : X — Y. For instance, s(2’,y’; u) = |y’ — p(z’)| when f(y,v') = |y — ¢’|. For the data multiset
D, = {(X;,Y;) € X x Y :i € [n]} where [n] :={1,2,...,n}, define

S(Dyip) :={s(z’,¢/;p) : (2',y') € Dy}

Observe that if T is symmetric, i.e., T(D) is invariant under permutations of the elements of D for any data
tuple D, then the elements of S(D,, U (Xtests Yiest); f(X,e,Vieer)) @€ exchangeable. Therefore,

N 1
P (S(Xtest7 Y—testv /’L(Xtest,Ytest)) < S(DnU(XtestaYtest)#](Xtest,Ytest))(]' — Oé)) >1—aq,
where FST 1(.) denotes the empirical quantile function of S. Thus,

P (Y;:est S C’iuu(Xtest)) >1-q,
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where the following confidence region is referred to as full conformal in the literature

éiun( ) ={y:s(z,y; M(z,y)) 5(19 U(2,y)3ia, y))(l —a)}
Sy s,y figay) < (11%7#@ y))u{oo}( —a)}, (4)

It is well-known that this approach can be computationally intensive when ) = R since to find out
whether y € C™(z) one needs to train the model with the dataset including (z,%). One simple way to
alleviate this issue is to split the data into training and calibration datasets, namely D,, = Dain ( Deal,
Without loss of generality (when splitting), we assume D' = ((X1,Y7),..., (Xp_m, Yn_m)) and D! =
(Xn—m+t1s Ynem+1), -« -5 (X0, Yn)). In the split conformal method, one first finds the regression predictor
f = T(D%") and treats i as fixed. Note that the elements of S(D U (Xicst, Yiest); /1) are exchangeable.
Hence, we get

P ( (Xtestyyvtesty ) < (IDC““IU(XtesnYtest);ﬂ)(l - Oé)) >1—-a.

Hence, we have P(Yies € C‘Zp“t (Xest)) > 1 — a for

CoPt () = {y s(@,y: ) < Fgpe ;ﬂ)u{oo}(lia)} ?

{o

I
»
IN

(z,y; 1) g(%mlu(x’y);ﬂ)(l - Oz)} :

2.2 Jackknife+

Although the split-conformal approach resolves the computational efficiency problem of the full conformal
method, it is somewhat inefficient in using the data and may not be useful in situations where the number
of samples is limited. A heuristic alternative has long been known in the literature, namely, jackknife or
leave-one-out cross-validation that can provide a compromise between the full conformal and split conformal
methods. In particular,

Cl(x) = {y: s(a,y: i) < EgH (1 — )},

where g = T(D,), &' = {s(X;,Yzp™% = 1 < i < n} and g7t =
T(((X1,Y1), ., (Xio1, Y1), (Xig1, Yig1), ..., (X0, Yy))).  Despite its effectiveness, no general finite-
sample guarantees are known for jackknife. Recently, [Barber et al|(2021) proposed jackknife+, a modified
version of the jackknife for Y = R and f(y,y") = |y — /|, and established (1 — 2«) finite-sample coverage
lower bound for it. Let

A (@) = Y = N (X0)| s i € [n]} U {00},
A7 (@) + Y = (X < i € [n]} U {oo})

C’i“'(m) = [A_—l(w)( @), F‘;(I)( —a)].
In the same paper, an e-inflated version of the jackknife+
éi+’6( )= [Fs l(m)( a) — ¢, Fs+1($)( —a) + €. (6)
is proposed which has 1 — o — 4,/v coverage lower bound (instead of 1 — 2«), if the training procedure satisfies

%?ﬁp(\M(Xteat) A (Xiest)| > €) <v

Also, the jackknife+ has been generalized to CV+ for K-fold cross-validation, and (1 — 2ac — /2/n) coverage
lower bound is established.
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2.3 Conformal prediction under distribution shift

Covariate shift concerns the setting when the covariate distribution changes between training and test data,
while the conditionals remain the same. Specifically, we have

Z; = (X3, V) g Px x Py|x =: P training data;

Ztcst = (Xtcsta Yv‘-ccst) ~ QX X PY|X = Q test data.
This notion has been extensively studied in machine learning (e.g., see |Sugiyama et al.| (2007); |Quinonero-

[Candela et al.| (2008); Sugiyama and Kawanabe| (2012); Wen et al.| (2014); Reddi et al. (2015)); |Chen et al.
(2016) and the references therein).

To handle the covariate shift, a weighted version of conformal prediction was first proposed in the seminal
work by [Tibshirani et al.| (2019). The key assumption is that the likelihood ratio d@Q/dP = dQx /dPx, needs
to be known; we follow the same assumption in this work. This reweighting scheme has been extended to
various settings in conformal prediction [Podkopaev and Ramdas| (2021)); |Lei and Candes| (2021)); [Fannjianga|
let al.; |Guan| (2023)). The general domain adaption problem has also been an active area from a causal
perspective (e.g., |Zhang et al|(2013a); [Peters et al.| (2016); |Gong et al. (2016)); |Chen and Bihlmann| (2021);
Du and Xiang| (2023)).

The weighted procedures require computing a weight associated with each sample,
aQ 7 Q7
w; = dQ dP( ,L) dQ 5 7/ S I and Wtest = a0 dP( teSt) a0
b (Zest) + X ier 75 (Zi) T (Ziest) + 2 icz ap(Zi)
where Z = [n] for full conformal and jackknife+, and Z C [n] for the split conformal method which corresponds
to the calibration (or hold-out) dataset. In particular, to generalize the full and split conformal methods to

distribution shift setting, according to |Tibshirani et al|(2019)) one needs to replace the empirical CDF used
in construction of @D and

. 1
Fs(t) = n+1

Zl{s <t}, S={s(Z):ieI}U{oo}

seS

by the weighted version

Fg,17/(t) = Weest 1{t = 00} + Zwil{s(Zi) < t}.
i€

Similarly, to extend the jackknife4+ method, |Prinster et a1.| (]2022[) proposes replacing 13‘3_ and Fg+ by their
corresponding weighted versions where wyest is associated to —oo and oo, respectively.

3 Conditional Coverage Guarantees

3.1 Split conformal

The training-conditional coverage guarantee for split conformal method under the i.i.d. setting has been studied
in Vovk (2012); Bian and Barber| (2023)). The proof in this setting relies on the Dvoretzky-Kiefer—-Wolfowitz
(DKW) inequality. The following theorem concerns training-conditional coverage guarantee under covariate
shift, where the extension is made by developing a weighted version of the DKW inequality. Let D, =
(Z1,...,Zy,) € (X x V)™ denote an n-tuple of data points containing both the training and calibration data
sets. Define the training conditional probability of error

Pesplit (Dp) =P (Ytest ¢ C’tht (XteSt)‘Dn) ' "

Theorem 1 Let m < n denote the size of the calibration data set. Assume Q < P and dQ/dP < B < co.
Then,

m

P (Pjp”‘(Dn) > a+ (y/2Blog(4/6) + 2C) B) <.
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for all § > 0, where C > 0 is a universal constant. The probability is taken with respect to P since each entry
in Dy, follows P.

Corollary 1 Relazing the assumption dQ/dP < B to ||dQ/dP| p2 < B via Lemma@, we get

. 2B(20 + 1)
split < <1.
IP><Pe (D) > o+ == >_5, 0<s<1 (8)

To assess the robustness of weighted conformal prediction methods, we compute training-conditional error
bounds with no assumptions on d@/dP. The proof follows from Lemma [4] and the proof of Theorem

Theorem 2 Fiz B,0 >0 and € € (0,1/2). It holds that,

) dQ B dq
spli
prlit(p, ) < a + 30 + 4P (C”D(Ztest) > m) + Owﬁ + P (d.P(ZtESt) > B) ,
with probability at least,

’ € d
1 — 4e=™ 62/(2B%) _ 26727”2 —2P <dg(ztest) > m)

2
— %E ((;g) (anlib)]- {Z%(anlib) S m}),

where = 0 (88 L) < B) - 2

3.2 Full conformal and jackknife+

Let p18 : X — R denote a predictor function parameterized by § € RP. By a slight abuse of notation, let the
map T : Up>1 (X X V)™ — RP denote a training algorithm for estimating /3, hence, 3, = T'(D,,). In this case,
we have fip, = g, -
Assumption 1 (Uniform stability) For alli € [n], we have

Cn

sup ||ﬂT(Zl7---7Zi—1azi+1~--7zn) - ILLT(ZI,-~7Z1;7---7Z71)||OO < 3

21,0020

In the case of the ridge regression Hoerl and Kennard| (1970) with Y = [-1,I] and X = {x : ||z|2 < b}, this
assumption holds with ¢, = 16 bI%/(An), where X denotes the regularization parameter. See Bousquet and
Elisseefl] (2002)) for the general result on the uniform stability of RKHS regression.

Assumption 2 The model is bi-Lipschitz (Lipeomorphism) in parameters, i.e.,

oo S F2|lB =

Fil| = B\l < ll1s = 1

with k1 > 0 and ko < 00.

Remark 1 It is worth noting that if the parameter space © C RP is compact, ® : U — L>®°(X) given
by B — pg is continuously differentiable for some open U DO O, then ko < co. Moreover, the inverse
function theorem (for Banach spaces), gives the sufficient condition under which the inverse is continuously
differentiable over ®(U) and hence k1 > 0.

In the case of linear regression with X = {xz : ||z||2 < b}, one can verify that Assumption [2| holds with k1 = b
and Ro = \/f)b Let Bn = Eﬁn, 6_1‘ = T(Zl,. . -;Zi—lazi+1a .. 7Zn) with Zz = (XZ,Y;) and B—i = Eﬁ—z
Define

FO=D (1) .= Py op (‘Y1 - /‘5,1(‘){1)‘ < t) )

1
F((;)n )(t) = PleQ (’Yl — 'uﬁ,l(Xl)‘ < t) .
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Assumption 3 (Bounded density) F'") < L, and FC;(”) <Lgon.

We introduce the following shorthand:

1 n 2p
A =2 n—1| —+ /55 log— ).
(n7p7 6) K2 Cp—1 <f‘€1 + 2/{% 0g € )

Theorem 3 (Jackknife+ under exchangeability) Under Assumptions ﬂ for all €,6 > 0, it holds
that

P (Pej+(Dn) > o+ logéﬂ + L,,—1 A(n,p, e)) < e+
n

Theorem 4 (Jackknife+ under covariate shift) Assume Q@ < P and dQ/dP < B. Under Assump-
tions {3, for all €,6 > 0, it holds that

B
P <P6J+(Dn) > a4 (\/23 log4/3 + 20) W/g + Lon1 A(n,p, e)> <e4,

where C is a universal constant and A(n,p,€) is the same as in Theorem @

Using the same arguments as in the proof of this theorem, one can get a coverage bound for the CV+ as well.
Unlike (2|) which is meaningful only if the number of samples in each fold ¢ is large, the bound we present in
the following corollary is suitable for cases where £/n — 0.

Corollary 2 (CV+) Under Assumptions[1-{3, for all e,6 > 0, it holds that

log(2/6 1 2
PP Du) > a+ [ B opn, ke[~ 4 [Lt0g ) ) <o
2n K1 2K7 €

The following theorem concerns the training-conditional guarantees for the full conformal prediction. We

again introduce a shorthand:
2
E(n,p,€) := cpq1 + 1/2nlog b2
€ K1

Theorem 5 (Full conformal under exchangeability) Under Assumptions ﬂ for all e, § > 0, it holds
that

P (Pg“”(Dn) >a+ % + L, E(n,p, e)) < e+

Theorem 6 (Full conformal under covariate shift) Assume Q < P and dQ/dP < B. Under Assump-
tions [1-{3, for all e,6 > 0, it holds that

B
P (Pg””(Dn) >+ (\/23 log(4/6) + 20) \/ = + Lo E(n,p, e)> <e+d.
n
where C' is a universal constant and E(n,p,€) is the same as in Theorem @

We note that similar to Remark |1} one can relax assumption d@Q/dP < B to ||dQ/dP| p2 < B and in this
case the bounds for the jackknife+ and full conformal methods hold with the slow rate O(1/(d+/n)) instead

of O(log (1/6)/v/n).
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4 Discussion

We have presented training-conditional coverage guarantees for weighted conformal prediction methods under
covariate shift. The split conformal method has been analyzed for the black-box training algorithm while
the full conformal and jackknife+ have been analyzed under three assumptions. Although Assumptions [I]
and [2| have been verified only for the ridge regression in this paper, we conjecture that they are satisfied
by a truncated version of the general RKHS regressions which we leave for future research. Truncated and
sketched versions of the RKHS models have been extensively studied in the previous literature from the
computational efficiency perspective (see [Amini| (2021)); [Williams and Seeger| (2000); |Zhang et al.| (2013b);
Alaoui and Mahoney| (2015); |Cortes et al.| (2010) and references therein). The results in this paper quantify
the training sample size (or calibration sample size for split conformal) needed for the coverage under covariate
shift.

Estimation of the likehood ratio. A natural question here is how to include the error arising from
estimating the likelihood ratios in the analysis. Define

dQ 0 aQ
Vi Yiew ap (%) v 2 ieln] i (Z)

and let s(-) denote a fixed score function. In this case, one needs to include the following term to the weighted
DKW inequalities derived in this paper,

sup Z (w; —w;)1{s(Z;) <t} < Z |w; — ;]

terR i€[n] i€[n]
% m-|
= va
1€[n] 14
Zie[n]( U % i )
- /8%
VS e V=7 (Sie Vi)
/8%
ZzE[n] ’V V‘ ZG[n] Vi=Vi
v v ’

where the concentration properties of this term around zero depends on the estimator of dQ/dP(Z;).

Comparison with the (m,n)-stability. The (m,n)-stability parameters were recently introduced in [Liang
and Barber| (2023) and used to compute training-conditional coverage bounds for inflated full conformal and
jackknife+ prediction intervals under exchangeability. Unlike uniform stability which is a distribution-free
property of a training process, (m,n)-stability depends on both the training algorithm and the distributions
of the data as follows

1/’2% =Ep, ., [iD, (Xtest) = D, (Xtest)]; 9)
m,n ED7z+m ‘MDn (Xl) ﬂDn«l»'m (Xl ) |’ (10)

with Xiest 1L Dy and Doy = ((X1, Y1), ooy (Xt Yoaem)). Although weaker than uniform stability,
these parameters are yet not well-understood in a practical sense. To elaborate on the difference between
this approach and uniform stability, we evaluate their resulting training-conditional bounds for the ridge
regression under exchangeability.

Assume X = {x : ||| < b} and Y = [—1,I]. As stated in the previous section, this regression model satisfies
cn = 160%1%/(An), k1 = b and k2 = \/pb. Hence, we get the following bound for both full conformal and
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jackknife4+ methods,

P (Pe(Dn) > a+ O(n1/2(\/log(1/5)+\/plog(2p/e)))> <e+d.

On the other hand, the following bound is proposed for the ~-inflated jackknife+ in |Liang and Barber| (2023)),

1 out out
P<Pg+,v(Dn)>a+3 log(1/3) _, of Vints- ) g4 o Vo )
mm(m,n)

for all m > 1. We get 9ot = O(mcy) since Y59 < cnyq1/2 by definition (9) and Assumption [1, and
out "+m ! Y% holds according to in Liang and Barber| (2023, Lemma 5.2) . Substituting for ¢",

m,n — m,n—1

in bound ., we obtain

mlnm n

P(Pg+ﬁ(Dn)>a+o< log1/5 1/mc’“><35+0< Mn— 1). (12)

Letting m~2 = (m/n)*/3 to balance the two terms I:Sfl(;{i) and ¢/mc,_1/7, we get m = n*/%. By
plugging m = n?/% into 7 we have

P (ng(Dn) > a+0(n~5(\/log(1/6) + 71/3))> <3640 (nfl/%*l/B) . (13)

This bound, although dimension-free (i.e., does not depend on p), is very slow with respect to the sample
size. In |Liang and Barber| (2023), the same bound as is established for y-inflated full conformal method
except with o2, \; instead of )0 ;. Hence, the same bound as can be obtained for the vy-inflated
full conformal method via Ym = O(mey,).
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A Technical Lemmas: Weighted DKW Inequalities

Let Fgo(z) =Pzoq(s(Z) < ) where s(-) denotes some fixed score function. Define,

Fou(z) =Y wil{s(Z) <z}, ;= ﬂ (14)
n K3 T dQ
i€[n] Zze[n] dP (Z)
11d
where Z; p.
Lemma 1 (Bounded likelihood ratio) Assume Q < P and dQ/dP < B. Then, for all § > 0
£ _ E —né?/(2B?)
P | sup |Fgn(x) — Fo(z)| > 6 +2C <de .
z€R n
where C' > 0 is some universal constant.
Proof: By substituting the formula for @w; in the definition of ﬁ’Qm, we get
b 3T BEIU(Z) < 0)
’ 7 Yictn) @b (Z)
Hence,
1 dQ
sup |Fig.n(2) — Fo(@)] < suwp |~ 37 T2(Z)1s(2) < o} - Fola)| +
xz€ z€R [T icml
1 1 dQ
— — 1| sup|— Z —(Z)1{s(Z;) < =}
d
T Liep (%) weR | AP
1 dQ 1 dQ
= sup |— 1 <z} -F 1-=3Y =z 1
g 32 () £ = Folo) + L= 5 G52 (15)

Regarding the first term we have,

sup - 3 GR(Z)Us(Z) < ) - Fofw)| =sup

[ penise) <o) ar, - p)

[t~ P>‘

where f, € L'(X x Y, P) is defined as f,(z) := %(z)l{s(z) <z}, and P,(A) = %Zie[n] 1{Z, € A} is the
empirical measure.

= sup
z€R

We note,
1 < [[dQ/dP|3, = / (dQ/dP)* dP < ||dQ/dP|| / dQ/dP dP < B.

according to the Holder’s inequality. Hence, ||dQ/dP|p2 < v/B and byVan Der Vaart and Wellner| (1996,
Theorem 2.14.2) we have

[ faes PD<C[/ 1+ log Ny (c]dQ/dP| o, . L2(P)) de (16)

12
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with some universal constant C' > 0, and N (¢]|dQ/dP|| p2, F, L*(P)) denotes the bracketting number for

function class F = {f, : # € R}. It remains to compute an upper bound for Ny (e, F, LQ(P)). Let tg = —o0
and define,

tiy1 1= sup {t eR: /fQ(z)l{s(z) € (t;,t]} dP < 62} , (17)
where f = dQ/dP. We note that there exists ¢ < oo such that ¢, = co. This is true since t;41 < co implies

/fQ(Z)l{S(Z) € (tistipa]} dP > €, 0<i<j,

according to and dominated convergence theorem. Hence,

G+1E <Y [ PELSE € bt} dP < [ 2 dP = [dQ/aPl,, (13)
1=0

and therefore j + 1 < (||[dQ/dP| p2/€)*. Let k = min{f € Z : t;, = co}. Now define e-brackets as follows

bi ={9(2) : f(2)Us(2) <t:} < g(2) < f(2)1{s(2) <tia}}
where 0 < i < k — 1. Clearly, F C U¥_,b; with by = {f}. Brackets by, ...,b,_1 have size

1/2
(/fZ(z)l{s(z) € (titiv1)} dP> <e, 0<i<k-1

according to and bracket by, has size 0. Hence, we have k+1 brackets in total with size smaller than e. By
(18), we have k — 1 < (||dQ/dP||p2/€)? which implies that Ny (¢, F, L*(P)) < k+ 1 < 2+ (|dQ/dP| p2/¢)?.
Plugging this into , we get

1
Ny (eldQ/dP | pa, F, L*(P)) < 2+ .

/fx (P, PD<2O\/E O’\/> (19)

1/2

Therefore,

<sup
x€ER
since

1 1/2
§(1+2/ (6210g6)> <2
0

Now let Py(f) denote the empirical measure obtained after replacing Z; by some arbitrary Z!. In this case, we
< sup

observe that
/fac n - ‘ /fac n_ n )‘
z€R

< —sup|fga( 7,) fw( )l <

N zeR

1\/1+log(2+1/62)§ 1+ 110g(2+1/62)
/ (] )

sup
zeR

/fw d(P, — P) ’—sup

z€R

3w

Therefore, by McDiarmid’s inequality [McDiarmid et al.| (1989) we get

# (sl 5 -] -2 (] f .-

Combining with (19)), we obtain,
/| B —2ns% /B>
P{sup|[ fo d(P,—P)|>0+C"\/— ] <2e )
z€R n
13

sup
z€R

> 5) < 9~ 2% /B
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Back to , for the second term Hoeffding’s inequality implies

dQ Cons? /B
P 1_*de( Z)| > 6| <2720/ (20)

1€[n]

Combining the bounds for the two terms, we obtain,

P(Sup FQ,n(x)_FQ(x)‘ >§+ 0= > < 4707/ (BY), ]
z€eR n

The following version relaxes the assumption d@Q/dP < B to ||dQ/dP| p2 < K at the cost of slower rates.

Lemma 2 (Alternative version: bounded second moment) Assume Q < P and ||dQ/dP|p2 < K.
Then, for all § >0
. ACK  A(K? —1)
P | sup|Fon(e) - Folw)| >4 | < .
(Zléﬁ Qun(@) = Fo(z)| > ) N

where C > 0 is some universal constant.

Proof: By the same argument that led to in the proof of Lemma [} we get

(Sup/fm (P, PD _2CK _C'K
zER

vnoooVn
Combining this with Markov’s inequality, we obtain

P (s e e -0) < o

This bounds the first term of . Regarding the second term, Chebyshev’s inequality gives

Var (% Zie[n] %(Zﬂ) K2 _1

dQ
Pl|1- < < . 22
ez[:]dP< o) s 52 = oz (22)
The result follows from combining (21)) and ([22)). [ |

In the following, we present yet another version by dropping the dependency on the constant C.

Lemma 3 (Alternative version: bounded likelihood ratio) Assume Q < P and dQ/dP < B. Then,

P <Sup \Fgn(z) — Fo(z) > 5) < (72/5)e~9°/(4B) | 90/ (2B%)
reR

for all 6 > 0.

Proof: To prove this lemma, we compute the upper bound for the first term of differently. According to
Yukich| (1985, Theorem 2.1) and Lafferty et al.| (2008, Theorem 7.86) we get

(sup
z€R

for € < 2/3, where Nyj(e/8,F, L*(P)) denotes the bracketting number for function class F = {f, : € R}.
Similar to the proof of Lemma (1| it can be shown that Ny(e, F, L'(P)) < 24 1/e. Therefore,

(sup
z€R

/fx (P, P‘ >§4Nﬂ(e/8,]-',L1(P)) e~n</B (23)

/fx (P, —P) ‘ ) < 8(1+4/e) e /B < (36/e)e /B,

14
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Combining with for the second term of , we obtain

v (Sup (@) - Fo(o)] > 5) < (72/8)e 8/ AB) 4 9o/
z€R
nd?
< —_ .
_(74/5)exp( 2(B+1)2> [ |

Lemma 4 (Alternative version: unbounded likelihood ratio) Fiz B,§ > 0 and € € (0,1/2). It holds
that,

aQ
P

B

A d
sup |Fg(z) — Fon(z) < 30 + 4IP’( (Ztest) > n> + v + P (djg(ZteSt) > B) ,

z€R

with probability at least,

o o d
]_—46 52/(232) _26 20 _QP(dg(ZtESt) >TL>

8 aQ dQ
_MQE«dP) (@ { @) < })
where n' =nP (%(anlib) < B) - n1/2+5,

Proof: To drop the assumption on dQ/dP, we start by writing X = Xp U X§, where Xp = {x :
dQx /dPx(x) < B}. Define

d
FQ\XB =P (3(Ztest) < Q(Ztest) < B) 5

’dP
S B <o 1<)
Dier gg(Z )1 {%(Zi) < B}

where the summations are taken over calibration data points generated from P. We note,

)

FQ:”IXB =

sup | Fo(r) — FQ,n(x)‘ < sup |Fo(z) — Foa, (x)] + sup ‘FQWB () — Fgnjas (fﬂ)‘
xz€eR z€eR zER

(@) = Fou(a)].

zeR

To upper-bound the first term, we observe that

|FQ($) - FQ|XB | - ' Ztest) < IE) P ( (Ztest < x Ztest) S B) ‘

7

IP’( (Ziest) < x‘dp Ziest) < B) ( (3%(%“) < B) - 1)

d
+]P)< (Ztest < x‘dp Ztest) > B) IP) (d?)(ZteSt) > B> ‘

dQ
S IP (df)<ZtCSt) > B>

IP( (Ztcst < x‘dp Ztcst) > B>
IP)< (Ztest < z‘dP Ztest) < B) |

dq
< P (dP(Ztest) > B)

15
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Regarding the second term, using the same argument as in the proof of Lemma [I} we get
v (Sup |Fojita (@) = Fonjs (0)] < 0+ C'v/Bfng | "B) > 1 e e/ @B
z€R

where np =3, .71 {%(Zi) < B}. Now let n’ =nP (%(anhb) < B) — nl/2%¢ and observe that

]P’(sup ’FQ‘XB (x) — FQ,n‘XB (x)‘ <6+ C’\/B/n’)

z€R

=F (Sup ‘FQWB(&?) — Fonix (90)’ <6+C'VB/np,np > n’)
rER

E (IP’ (Sup Foias (@) — FQniaw (m)‘ <6+ C/\/B/TB‘TLB) 1{np > n’})

zeR
EE(( — 4e —npd? /(QB )1{nBan})
(%) , .
> (1 '8/ >) P(ng > n') > (1 ~gem 52/932)) (1 ~9e2 )
Z 1 4e—n 52/(232) 26—271,25’

where (x) holds according to Hoeffding’s inequality.

For the third term, we note

Wi W) W

W<+ W>

W< W™ — W<W>(z)
[

W<w=> |

<2 =2 24
SITWEWE W) T W we 24)

|Fqnixn (2) = Fon(2)| =

where

W) = 3 G Ao <o { 5% < B
W (e) = X R @0nts(2) < an { G220 > B,
i€l
0 dQ
we = %z %z <nl,
= (152}
> dQ Q
w dP(Z)l{dP( )>B}
i€l

and the inequalty [24] follows from the fact that W<(z) < W< and W~ (z) < W~ for all z € R. Hence,

A A Sier 821 {2(2)> B} . ag
S [Fo,ni s (2) — Figun(@)] <2 ST 3 9P (dp(Ztebt) > B) .
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We note,

3 Yier 83201 d{;z%wn B} (4
dapP

7 Lier 1(Z0) P
n < Z?D(Z)l{jg(&)>3}—IF’(Z?)(Ztest)>B> N
}Lzm;%_ ngﬁ( zn {20 > b} <
Zg(Z)l{dg( )>B}P(Z?,(Ztest)>3 + i‘mgg%)l .
n iz Zg(z)l{jﬁ(zﬂ 7 B} - (B < 2t < n) +
P (i > i) =) 4 3 3500 - (i) <) 42 (G5 )

d
<5+2P (dg%m) > n)

with probability at least

1-2P (Zg(Ztest) > n) - WE ((jg) (anlib)l {Cdl?,(zcalib) S n})a

where in the last step we have used (the proof of) [Durrett| (2019)[Theorem 2.2.11] with ¢ = §/2 and
b, = n twice; once for the first term with X, , = %(Zk)l {%(Zk) > B}, k € Z, and the other time

for the third term with X, , = dQ/dP(Zy), k € Z, and the requirements of the theorem are satisfied by
EdQ/dP(Zcain) = 1 < 0o according to [Durrett| (2019))[Theorem 2.2.14]; also recall that Z C [n] for the split
conformal method corresponds to the calibration dataset. Putting everything together, we have

dQ
dpP

B aQ

sup |Fg(x) — FQn(x) < 30 + 4IP( (Ziest) > n) + o + P (dP(Ztest) > B) ,

z€R

with probability at least,

1 — 4e'8°/2B%) _g=2n* _op (;Zg(ztest) > n)

8 dQ\? d
- WE <<dg) (Zcatin)1 {dg(zcalib) < n}>

B Proof of Theorem 1]

Recall from Section 2.3]

3 (Z)
Fo /(%) = wiest 1{t = 00} + Y _w;l{s(Z;) <w},  wi= 99 (Zoest) + Yooz T2(Z) &)
i€T test ez I

17
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where Z; N P, Ziest ~ @Q, and T denotes the set of indices corresponding to the calibration dataset. We

note

Pe (Dn) =P (thest g Cvzplit (Xtest)

D) =P (5(Xicsts Yiest: )>FQm(1—a)\D )
S P(S(Xtcst;ncst; )> F (]— 7(1)‘D )
=1- Fo(Fgh,(1-a)),

where Fp(z) =Pzq(s(Z) < z) and F m 1s defined according to with index set Z instead of [n]. Using
the weighted DKW inequality from Lemma [1] we get

N , B , /B
FQ( Q_ (1—04))2 Q,m( Q_ (1_04))_6_0\/; >1l—-a—-6-C m Whp.

Hence, we have
B
P (Pe(Dn) >a+4d+ C’\/7> < Jo—mo%/(2B?)
m
for all § > 0, or equivalently,

B2 4 _, [B N\ /B
P(Pe(Dn)>a+ WlOgE—FC m) —P<P6(Dn)>Oz—|—(v2Blog4/5—|—C'> m)
<4

This completes the proof of Theorem

B.1 Proof of Remark [I]
To see (8)), we note that by using Lemma [2] instead of Lemma [I] we get

6CK 4K~ 1)

P(P(Dn) > at8) < o+ =

for all § > 0. Hence,

(500 20 (/)

for all 6 > 0, which implies

0<d6<1.

P (Pe(Dn) >a+ QK(QCH)) <9,

dy/m

C Proof for Jackknife+

Lemma 5 If Assumption[1] and[9 hold, then

P

Bn _EB’I’L

2K2e?
> 6) < 2pexp | — 5 .
oo nc

n

18
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Proof: Assumption [I] and [2] imply that

sup  ||T(215-- s 2ieeoy2n) =T (21, oy 22 |oo < —.
21500052052 K1

By McDiarmid’s inequality McDiarmid et al.| (1989) we get

N . B 2,%%62
P (IIBn —EBullco > e) —_Pp (HT(Zl, D) =B T(Zay. . Z)| L > e) < 2pexp <— . )
for independent Z; and all e > 0. B

Lemma 6 Under Assumptions[1] and[g we have

2k2 € 1)\?
_Ze) < e (-2 voens m) |

Proof: From Assumption [I] and [2] it follows that

P (ma s, =5

—1

Cpn—1

. (26)

max |- — e <

Also, according to (), we have 181 — B_1llee < € with probability at least 1 — 2pexp(—2x2€2/(nc2_,)). We
note that,

(%)
> e) <P (@ max

(s s -1

—1

29
(%) R _
p IP’</§2 <cn_1Jr 4764” )Ze)
K1 0o
2 2
< 2pexp (—2'%1( ¢ —1> )
n R2Cn—1 R1

where (*) and (**) hold according to Assumptionand , respectively.

C.1 Proof of Theorem 3]

We note,

‘y _ Mgfl(Xtest)‘ + ’#E,i(XteSt) — Hgil(Xtest)‘ } > Oé}a

where the first relation holds according to |Bian and Barber| (2023)). This first step can also be recovered by
letting w; = 1/(n + 1) and @; = 1/n in the first four steps of C.2. Assuming max; |[p5_ — g loo < €, we

obtain
Yi— g (X3) +2€} >C¥}

R 1 <
It (Xiest) 2 R:=) 1
Ca(tt)—{ye nz

i=1

Z ‘y - ‘LL671 (Xtcst)

+2¢) > a}.

D) {y €ER:1— FD (‘y — 'LLB_l(XteSt)
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Assuming HF(”*U - F("’l)H < §, we obtain

éi+(Xtest) 2 {y S R 1 — F(n_l) (‘y - /Jfﬁil(Xtest)

+2e) >a+6}

) >a+5+2eLn1}

D) {y eR:1—FY (‘y - /lBil(Xtcst)
Therefore,

P.(D,) = P(Yiest # €1 (Xiest) D) < P (1= FOD) (| Views = 15, (Xewt)

) < a+5+26Ln_1)
= a+5+2€Ln,1

for D, € AN B where A := {D rmax; [y —ME_1||OO < 6} and B := {D: HF(”_U —F(”_l)H < (5}.

From Lemma @ we know

2K2 € 1\’
P(D,, ¢ A) < 2pexp <_n1 </<agc - fﬁ) > .

Also, according to Dvoretzky—Kiefer-Wolfowitz inequality [Dvoretzky et al.| (1956), we have P(D,, ¢ B) <
2¢21%" | Thus,

> 2K2 € 1 2
P(P.(D <P €y < 97207 4 9 i
(P.(Dp)>a+d+¢) <P((ANB)°) < 2e + pexp( - <2an2€n1 fﬁ) ),

or equivalently,

log(2/6 1 2
P(P.(D,)>a+ MJrQL"_lngcn_l — 4+ %log—p <e+46 N1
2n K1 2K €
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C.2 Proof of Theorem [

We note,

Yi—pg  (Xi)

<)< _a}m
{y ER: En:wl {ms Kiew) = [Yi = 5 (X0)| > 9} <1 a}
Q{yERiiZn;wil{ <’y_ﬂéi(Xtest)‘}<1_a}ﬂ
{yeR:éwil{\%_i(xﬁego—y] > }<1—a}

yGR:Zwil Yi—pp (Xi)| < y,uéi(XteSt)}<loz}

Y —pp  (Xi)

Yi—pp_ (Xi)

Yi—pg (Xi)| < |y —pp_, (Xtest) } <1- 04}

>

= |1 >

—1

{
{
yeR: @il{ Yi—pg (Xi)| = |y — 5, (Xiest) } > a}

Yi —pg_ (X5)

(Xi) =g (X3)

+ ‘Mﬁ—z (Xtest) - /14571 (Xtest)

} > a},
where the first and last relations hold by the definition of ég+(Xtest) and triangle inequality, respectively.
Assuming max; [[pg | — 15 loo < €, we obtain

+ 26} > a}

D {y eR: qu{ Y, — “B,I(Xi) > ’y — “B,l(XtCSt) + 26} > a}
i=1

+2¢) > a}.

< t} and, w; and w; are defined in and , respectively.

‘y - ME,1 (Xtest)

Yi—pz  (Xi)

Z ‘y - 'U/E,l (Xtest)

2 {y eER:1- Fq()nil) (‘y - /-LE_l(Xtest)

where ﬁ'é"_l)(t) =l {
Define,

Vi —pg (X5)

FS V(1) = Pring (V1 — 5, (X0)] <),

Assuming Hﬁ’énfl) - ngl)H < 4, we obtain
oo
éi+(Xtest) ) {y ER:1— Fé”‘l) (‘y _ NB,I(Xtest)‘ + 26) > a4+ 5}

D) {y eR:1-Fy Y (‘y - Mg_l(Xtest)D >a+o+ QGLQm—l}
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Therefore,

P.(D,) = P(Yiew # €1 (Xiea) D) < P (1= FS Y (

Y;;est - ‘LLB,l (Xtest) ) <a+ 0 + 2€LQ,71—1)

=a+0+ 26LQ)n,1

for D,, € ANB(5) where A := {D tmax; [y — 1y loo < e} and B(0) := {D : Hﬁg_l) - Fgl_l)Hoo < 6}.

From Lemma [6] we know

23} [ e 1)°
P(D,, ¢ A) < 2pexp <_nl (KQC : _lﬁ) )
n—

Also, according to weighted DKW inequality from Lemma [I] we have

B .
P (Dn ¢ B (5 + 20,/)) < 478/ 2B
n
Thus,
B —ns?/(2B?)
P|P.(D,)>a+d+e+2C - < e
2r3 € 1\°
9 e
+ P exp ( n <2LQ7H1I€20n1 K)l) ’

or equivalently,

1 B 1 2
P(P.(D,)>a+ | /2Blog=+2C | \/= +2Lgm 1k2cn i | — + 4~ log =
o n K1 2k5 €

<e+9d. [ |

D Proof for full conformal

Lemma 7 Under Assumptions[]] and[g, we have

2K7€2
P (s, 5| > ) < e (-235).

pl
nc’!L

Proof: According to Lemma |5, we have ||3,L — B, |lse < € with probability at least 1 — 2pexp (_2:5;‘62). It
follows from Assumption [2] that,

A —_

Bn_ﬁn

2 2.2
> 6) < 2pexp (— K;G ) . |
o0

2
nKrycy,

> ) <P (ke

P (||us, — b3,
We need the following notation for the proof of Theorem [}
BXtesmy = T(((X17 Yl)v SRR (Xna }/’n)7 (Xtest7 y)))
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D.1 Proof of Theorem

We note,

N 1<
fu E
Ca H(XteSt) 2 {y < R : E i—1 1 { }/z o #thcspy (XZ) Z ’y o 'uBchs:,y (XteSt) } = a}

> {vem:lya

(Xtest)

Q{yGR —Z { +cn+1}>a}

where the first and last relations hold according to the definition of CE““(Xtest) and Assumption |1} Assuming

g, — Hg, |l < €, we obtain
+Cng1+ 26} > a}

+ Cn+1 +26> > a}.

7n (Xz) = 771 (Xtest)

Cf‘ﬂ (Xtest) {y eR: Zn: 1{

2 {y eR:1-F™ (‘y - MEn(Xtest)

Assuming HF(") —F < J, we obtain

o0

Gl (X oy) D {y eER:1—F™ (‘y — p15 (Xiest)| + Cny1 + 2e) > a+ 5}

> {y eR:1— F® (‘y 15 (Xiest) ) > a6+ (2e+ an)Ln}.

Therefore,
Pe(Dn) - IP)(}/test ¢ CA(fqu(Xtest)‘Dn)
< P (1 - F(n) ( thest - FLE (Xtest)
=a+0+ (2¢+cpp1)Lln

) <a+0+ (2e+ cn+1)Ln)

for D,, € AN B where A := {D g, — vz llo < e} and B := {D : HF(”) —F®
we know P(D,, ¢ A) < 2pexp ( ):%jz ) Also, according to Dvoretzky—Kiefer—Wolfowitz inequality, we have
P(D, ¢ B) < 2¢=219°  Thus,

< 5}. From Lemma|§|,

P(P.(D,) >a+d+e) <P((ANDB)°) < 2e7270° 4 9pexp <— (Hl(e/Ln_CﬂH)> > ;

V2nkacy,

or equivalently,

log(2/0 2 Kz Cn
]I”(Pe(Dn)>oz+ %+Ln <Cn+1+1/2nlogpm>> <ets
n € K1
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D.2 Proof of Theorem

We note,

éiuu(Xtest):{yeR:Zwil Y — 1 (Xi)| < |y —pg . (Xtest)}<1—a}

BXtest v

Yi— gy, 0| < |y —nay, (Kee)|} <1 0‘}

Yi—pg, (X5)

n
= {y Ry {|Y-my 0] 2y, (e[} > }

N ”LLB"" (XZ) N MBXtestﬂJ (X’L) Z

‘y — s, (Xtest) + ‘MBH (Xtest) - H@Xtcshy (Xtest) } > Oz}

Y — pg, (Xi)

) {y ER: Zwl{
=1

where the first and last relations hold according to the definition of C™(X,.s) (under covariate shift) and
Assumption Assuming ||ps — p7 [loo <€, we obtain
+cnt1 + 26} > a}

éflull(XteSt) :_) {’y cR: szl{
i=1
+ Cn+1 +26) > a}.

2 {y eER:1- Fégn) (’y - MEn(Xtest)

> ‘y - ,UBH(Xtest)‘ + Cn-l—l} > Oz},

Yi — pz (Xi)

Z ’y - ,UIBH (Xtest)

Assuming HFC(QH) - Fé")

< J, we obtain
o0

CE (X 2 {y R 1= R |y = i, (Xiew)

+cn+1+26) >a+§}

D {y cR:1-— F((Qn) (‘y — ,UEH(Xtest)

) >a+0+ (2 + cn_‘_l)LQ,n}.
Therefore,
Pe(Dn) - IP(}/test ¢ églll(Xtest)‘Dn)
S ]P (1 - chn) ( thest - /JJEn (Xtest)
= o+ 5 + (26 + Cn-}—l)LQ,n

) <a+0+ (2¢+ Cn+1)LQyn>

for D,, € AN B(6) where A = {D g, = bz Ll < e} and B(5) := {D : Hﬁéﬂ) — R

< 5}. From

2.2
nnzcn

P (Dn ¢ B (5 +2C4/ B)) < 40/ (2B%)
n

B 2 2 m(e/LQ n — Cn+1) 2
P|P.(D,) >a+8+20y=4¢| <4e /B L opex —( ’ ,
( (Dn) Vo, ) p exp e,
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Lemma we know P(D,, ¢ A) < 2pexp (f 2rjc” ) Also, according to weighted DKW inequality from

Lemma |1} we have

Thus,
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or equivalently,

P (Pe(Dn) > o+ (\/2Blog4/5+20> 1/ g +Lon <cn+1 + 2nlog2—p Hz%)) <e+d.

€ K1

E Experiment Details for Figure [1]

The sizes of the training, calibration, and test datasets are 525, 225, and 247, respectively, for the Wine
Quality, Abalone, and Combined Cycle Power Plant datasets. For the Concrete Compressive Strength dataset,
the corresponding sizes are 360, 155, and 169. Distribution shift is introduced following the approach of
Tibshirani et al. (2019), by resampling data points with probabilities proportional to exp(z ' 3), where

Buwine quality = [0.5,1,0,0,0,0,0,0,0,0,0],
Babalone = [0,10,10,0,0,0,0,0],

Bces = [0.01,0.01,0,0,0,0,0,0],

Boepp = [0.2,0,0,0].
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