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Abstract

Optimistic Online Learning algorithms have been developed to exploit expert advices as-
sumed optimistically to be always useful. However, it is legitimate to question the relevance
of such advices w.r.t. the learning information provided by gradient-based online algorithms.
We develop in this work the optimistically tempered (OT) online learning framework as
well as OT adaptations of online algorithms. Our algorithms come with sound theoretical
guarantees in the form of dynamic regret bounds and we eventually provide experimental
validation of the usefulness of the OT approach.

1 Introduction

Online learning (OL) is a paradigm in which data is processed sequentially, either because the practitionner
does not collect all data prior to analysis or because the dataset dynamically evolves through time, or simply
because handling batch of data is numerically too demanding. From the seminal work of Zinkevich (2003),
which proposed an online version of the celebrated gradient descent algorithm, OL has been at the core
of many contributions (we refer to Hazan et al., 2007; Duchi et al., 2011; Rakhlin and Sridharan, 2013a
for an overview). The classical performance criterion of an online learning algorithm is the static regret.
Given a sequence of loss functions (¢; : X — R);>1, the static regret compares the efficiency of a sequence
of predictors i = (fi;);>1 to the best fixed strategy: S-Regret;(f1) = ZtT:l L(fiy) — inf, ex Zthl L (o),
T > 0. Classical upper bounds on static regret involve a sub-linear rate. For instance, Zinkevich (2003)
proposed a O(v/T) bound for Online Gradient Descent (OGD) which is valid for convex losses. Hazan et al.
(2007) proved a O(dlog(T")) rate for the Online Newton Step (ONS) algorithm with exp-concave losses when
K C R

Dynamic Regret. Static regret may not be sufficient to assert the efficiency of an online algorithm as the
class of static strategies is limited compared to all possible strategies. Hence the notion of dynamic regret
introduced by Zinkevich (2003) and further developed by Hall and Willett (2013). For any sequence [i of
predictors and any sequence p of dynamic strategies, the dynamic regret is given by

T T
D-Regretp(fi, i) = Y (fu) = Y (), T >1.
t=1 t=1

Dynamic regret has attracted many studies recently, especially when the comparator sequence is p* = (u}) =
(inf ex €e(1))e>1 (worst-case dynamic regret, as in Besbes et al., 2015; Jadbabaie et al., 2015; Yang et al.,
2016; Zhang et al., 2017; 2018b; Zhao and Zhang, 2021) but also for any comparator sequence (universal
dynamic regret, as in Zhao et al., 2020). Those works have established various upper bounds which depend on
measures of the cumulative distance between successive optima. For any horizon T' > 1, for ar71y sequence j, =
(t¢)e>1, Zinkevich (2003) introduced the path length to measure this discrepancy Pr(p) = Zt;ll 12641 — pael]-
Zhang et al. (2017) introduced the squared path length: St(u) = EtT:_f lptee1 — pe||?. Finally, the function
variation has been introduced by Besbes et al. (2015): for any sequence of losses (¢;);>1 (these are provided
by the environment),VA(y) = 23:11 sup,,cgc [[€e+1 (1) — €:(p)||. When using the path length' P := Pp(u*)
of the minimisers pu* = (uf)¢>1, dynamic regret of OGD is at most O(,/7T(1 + P}.)) for convex functions

Isimilar definitions hold for the squared path length and the function variation.
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(Zinkevich, 2003; Yang et al., 2016). We similarly define S5. := Sp(u*).

For strongly convex and smooth functions, Mokhtari et al. (2016) established that the dynamic regret is
O(Pj). Zhang et al. (2017) introduced the Online Multiple Gradient Descent (OMGD) and the Online
Multiple Newton Update (OMNU) which achieved a O(min(Pj, S5)) dynamic regret. Yang et al. (2016)
showed that the O(P}) rate is also reached for convex and smooth functions under the assumption that all
minimisers lie onto the interior of a convex set of interest. Besbes et al. (2015) proved a O(T?/3(V;)'/3)
dynamic regret for OGD with a restarting strategy. Finally, Baby and Wang (2019) improved the rate
to O(T/3(V)2/3) for 1-dimensional square loss with filtering techniques. Note that all the aforementioned
results assume implicitly access to Py, ST, Vi and that a notion of universal dynamic regret has been studied
by Zhang et al. (2018a); Zhao et al. (2020; 2022) to compete with any Pr(u), St(u), Vr(p) rather than Py,
St, Vi

Optimistic online learning (O-OL). Optimistic online learning exploits, at each time step, a (possibly)
history-dependent additional information provided by an expert. Being optimistic in this context is relying
on the fact that the expert advices are relevant and can be exploited within an optimization procedure.
Optimistic online learning can be traced back to Hazan and Kale (2010); Chiang et al. (2012) and has
been further developed by Rakhlin and Sridharan (2013a;b) which introduced the celebrated Optimistic
Mirror Descent (OptMD). Those works involved static regret bound exploiting explicitly the experts’ advice.
Jadbabaie et al. (2015) bridged the gap between dynamic regret and optimistic online learning by providing
an adaptive version of OptMD allowing to obtain dynamic regret bounds for bounded convex functions.

1.1 A general class of online algorithms with expert advices.

O-OL algorithms rely on a trust in available expert advice, which is, for instance, directly incorporated in
the dual space for the OptMD algorithm. More generally, in what follows, we consider the class of gradient-
based online learning (GB-OL) algorithms with judge f whom the update phase consists in a gradient step
alongside the incorporation of additional knowledge through the judge f. With expert advice v (being a
sequence of vectors in RY), a GB-OL algorithm satisfies the pattern of Algorithm 1.

Algorithm 1: A GB-OL algorithm with judge f.
Parameters : Horizon T, step-sizes (1)
Initialisation: Initial point fi; € K, additional information (1) € X
For ¢t in {1,...,7T —1}:
Update fisemp,i+1 = fir — 1V (fir)
Observe vy41,

fier1 = f(EV, fitemp,t41)
Return ji = ({)=1,.. 1

Recovering classical algorithms in the GB-OL framework. The role of the judge f is to determine,
at time ¢, how to combine the expert v with the information provided by the gradient descent fitemp t+1. The
choice of the judge depends on the confidence we have in v. For instance, assume that v, at time ¢ is given
by an approximation of uf_; given by multiple gradient descent steps on ¢;_; (which is assumed accessible at
time t). In this case both OMGD (Zhang et al., 2017) and OGD can be seen as GB-OL algorithms. Indeed,
OMGD is a GB-OL algorithm with judge f(t,v, fitemp,t+1) = Vi+1. This corresponds to the case where the
judge estimates that the additional knowledge is perfectly relevant for the next prediction. OGD is a GB-OL
algorithm with judge f(¢, v, fitemp,t+1) = fitemp,t+1. This corresponds to the case where the judge estimates
that the additional knowledge is useless or adversarial and then chooses to ignore it.

Allowing different types of expert advice, OptMD can also be seen as a GB-OL algorithm when the regulari-
sation function is the squared distance. Then f is f(¢, v, fitemp,t+1) = Btemp,t+1 — NV, Where n is the gradient
step. This judge is less naive than OMGD and OGD on combining additional knowledge and gradient step
while remaining fairly confident in v as it uses this additional knowledge in any case.
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1.2 Optimistically tempered online learning

The general framework of Sec. 1.1 allows characterizing optimistic algorithms as follows: a GB-OL algorithm
is optimistic if expert advice is considered independently of the gradient term and if the judge does not ignore
experts, this covers in particular OptMD and OMGD. However, one may wonder about the case where
experts provide information whose quality is uncertain. It is legitimate to exploit them, but only if we can
attenuate its impact if we realize that this additional knowledge is not useful. We refer to this setting as
optimistically tempered online learning (OT-OL).

In other words, the OT-OL framework aims to provide algorithms with a weaker confidence assumption on
the experts than the optimistic framework. In doing so, we aim to derive algorithms where experts can be
exploited even if one is unsure of their usefulness. OT-OL already appeared for linear losses in Bhaskara
et al. (2020) as a follow-up of Dekel et al. (2017), however, we go a step further by combining tempered
optimism with GB-OL algorithms in a general framework.

A way to fit the OT-OL framework would be to consider online model selection (e.g. Orabona, 2014;
Wintenberger, 2017). Thus, it is possible to attenuate the confidence we have in a single expert relative to
others. However, this approach requires at least two experts with non-similar advice to be efficient. Such
knowledge is not always available in practice because of prohibitive computational costs.

Contributions and outline. In this work, we investigate a different route, we propose novel gradient-
based OT-OL algorithms allowing a single expert, not necessarily trusted. Those algorithms come with
sound theoretical guarantees in the form of D-Regret bounds, while most of the existing guarantees of
online model aggregation (seen as OT-OL procedures) are S-Regret bounds. Thus, our work is in line with
Jadbabaie et al. (2015), while going beyond optimism to reach OT-OL.

Our results are based on: (i) a novel judge named ADJUST (see Sec. 2) fitting the OT-OL framework which
adjusts the candidate predictor (e.g. the OGD update) with respect to the expert advice, (%) the procedure
CONSTRUCT which generates the expert advice from multiple gradient descent steps on the current loss.
This combination yields optimistically tempered (OT) versions of three classical online algorithms: Online
Gradient Descent (OGD, Zinkevich, 2003), Online Newton Step (ONS, Hazan et al., 2007) and AdaGrad
(Duchi et al., 2011). Those optimistically tempered versions allow to adapt S-Regret proofs of Hazan (2019)
to D-Regret proofs. This leads to D-Regret worst-case guarantees that hold for strongly convex losses: in
particular the losses are not necessarily smooth. This focus on non-smooth losses is novel in the dynamic
regret field and has been recently studied by Baby and Wang (2022). Note that our guarantees hold for any
expert advice satisfying technical conditions (notably satisfied by CONSTRUCT but going beyond it).

More precisely, we present fully empirical D-Regret bounds for expert advice v (detailed in Sec. 3) which
depend on Pr(v), St(v) instead of Pr(u*), S(p*). This is noticeable as we do not need to know the true
minimizers to reach an empirical upper bound. Our D-Regret bounds have the following form:

D-Regretr(p, 1) < f (Pr(v), St(v)) + ¢(T).

Our main results are gathered in Thms. 3.1, 3.3 and 3.5. A key takeaway message is that we decorrelate
the impact of the time horizon T' from the impact of the path lengths Pr, S7. Our bounds feature a sum
of two terms: a function ¢g(7T') and a function f(Pr, St) combining the different paths. Those results differ
from the (optimal) state-of-the-art bound for convex functions of Zhang et al. (2018a, Theorem 4) which
is in O(y/T(1 + Pr)). Such a decoupling allows us to pin down more precisely what costs in the learning
process, be it the optimization phase or the complexity of the problem.

Furthermore, the optimistically tempered versions of OGD, ONS, and AdaGrad provably satisfy D-Regret
bounds on the loss sequence defined for any ¢ > 1: E,_[¢;] = E[¢; | F;_1] with (F;);>1 a filtration adapted
to the environment and E;_1[¢]. This ensures that our predictors are robust to the randomness of the envi-
ronment. Thus, we define the Dynamic Cumulative Risk (D-C-Risk) (already introduced in Wintenberger,
2024) as follows: for any predictable? sequences i and p of predictors (i.e.,, fi; and y; are F;_; measurable),
we denote Ly = B, [¢], t > 1, and D-C-Riskp (1, 1) = 21—y Le(fie) — Sy Li(pue), T > 1.

Our novel algorithms then satisfy dynamic cumulative risks of the following form: for any predictable se-
quences i and p, any expert advice v, with probability at least 1 — 6,

D-C-Risky (i 1) < F(Pr(v), Sr(v)) + (T 9).

2in the sense that predictors only depend on the past.
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Those results, gathered in Thms. 3.2, 3.4 and 3.6, are universal in the sense that our comparators can be
any predictable sequence and pessimistic as the bound does not involve those comparators.

Finally, we perform experiments (Sec. 4) to assess our algorithm’s efficiency. In particular, we test one of
our methods (OT-OGD) on several real-life datasets to compare its performance to OGD or OMGD. The
comparison with OMGD is particularly relevant since our theoretical results, while slightly weaker than
Zhang et al. (2017); Zhao and Zhang (2021, Corollary 4), have a broader range of application, and require
weaker assumptions than those Zhang et al. (2017) and different than Zhao and Zhang (2021) (strong
convexity vs. convexity and smoothness). We also propose a toy experiment illustrating the interest of using
an OT-OL algorithm instead of OGD and OMGD involving dynamic cumulative risks: tempering the impact
of expert advice is beneficial for learning. We close this work with some additional technical background
(Appendix A), further details on motivation (Appendix B), and we defer to Appendices C and D the proofs
of the results of Sec. 3.

2 A new optimistically tempered judge

Framework. In this work (unless explicitly precised), we use the following mathematical objects and their
associated assumptions. First, the set of predictors X C R is a closed convex set with finite diameter D.
Second, we denote by ||.|| the Euclidean norm on R?. Also, our loss functions (¢;);>1 are A-strongly convex:

V(t, 1, o) € N/{O} x K2, £y(10) — Cepo) < (Vee(p), o — po) — Allpe — pol|*.

Finally, all gradients are bounded by some constant G: V¢t > 1, € K, ||V4 ()] < G.

The ADJuUST algorithm. We introduce an optimistically tempered judge (namely ADJusT, Algorithm 2)
which adjusts a candidate predictor (e.g., obtained through classical OGD) with respect to expert advice.
In what follows, we consider those advice as an additional knowledge which consists in a sequence of vectors
belonging to R?. In the OT-OL spirit, this knowledge has to be carefully infused into the algorithm. To do
so, we exploit the additional knowledge through the notion of performance.

Definition 2.1. We use the notation (x,y)y := x7 Hy to denote the inner product associated to a positive

definite matriz H. For a sequence of additional knowledge v = (v4)1>0, a sequence [liemp = (fitemp,t)t>1 € KN

(the output of a classical online procedure) and for any positive definite matriz H, one defines the performance
Vit1+vt

at time t of fitemp with regards to v, H as follows: we set my := =5~ and

Perf(t, H, fitemp, V) = <ﬂtemp,t+1 — My, Vi1 — Vt>H .

For more details about this notion of performance, we refer to Appendix B.

Understanding the performance. At time ¢, the performance exploits the expert v through m; and
Viy1 — V. The first term is new to the best of our knowledge while the second is similar to Rakhlin and
Sridharan (2013a). Indeed, the expert advice of Rakhlin and Sridharan (2013a) provides information on the
gradient space, and vy;y1 — 1 gives similar information. This point is also highlighted in Jadbabaie et al.
(2015) as their path Dr focuses on the distance between additional and the gradient of their predictor.

We now state the algorithm ADJUST (Algorithm 2) which takes as input fiyemyp, v, H,t as defined in def-
inition 2.1 and outputs an updated predictor fi;41. We denote by Il g¢ the projection over the closed
convex set K with respect to the distance induced by (.,.) . We illustrate in Fig. 1 what ADJUST concretely
performs when H = I, and K = R2.

Fig. 1 is crucial to understand why we call ADJUST an optimistically tempered judge. Indeed, the influence
of the expert advice is seen as follows: if the dynamic 1411 — v points in the same direction as fitemp,t+1
in the referential centered in my;, then ADJUST considers that the expert does not provide an information
which is not contained in the gradient (included in fizemp 41 in & GB-OL algorithm) and choose then ignore
it. Otherwise, Perf(t, I, fitemp, ) < 0, meaning that the expert can provide information not contained in the
gradient, it then adjusts the gradient trajectory w.r.t. the dynamic vy — v¢ of the expert.

The mathematical translation of this analysis is that ADJUST makes fi;41 closer from v;y; than vy, which
implies less confidence on the expert than directly involving v441. This is further developed in Lemma 2.2.
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Algorithm 2: The ADJUST algorithm

Parameters : Time ¢, positive definite H, additional knowledge (v;)i=1..1+1, candidate fizemp t+1
1 Set up m; = V'%M
2 If Perf(t, H, fitemp, ) < 0, then:

Set ﬂt—i—l = arg min H2mt - ﬂtemp,t+1 - /“L”?—I = HiK,H(th - ,atemp,t-i-l)
X

pne
Else:
Set fig41 = argmin || flremp,t+1 — MH?[ = e, g (fitemp,t+1)
neXk

Return ﬂt+1

fusr = 2my = flemp,t41

Figure 1: Action of ADJUST when performance is negative

Lemma 2.2. For all t > 0, any positive definite H, any fitemp t+1, Vi+1, V¢ defined as in ADJUST (algo-
rithm 2): we denote by ||.||% the norm associated to the scalar product (., .)p.

~ 2 ~ 2
We then have: ||fie+1 — vis1 5 < [|ftemp,e+1 — vill7-

Proof of Lemma 2.2. First, if Perf(t + 1, H, fitemp, V) < 0, then fi;41 = Hac g (2my — fieemp,i+1) and one has:
i1 = vepalf = Mo b (2me — fitempe1) = vepa < 11200 = frrempitr — vesally
= || frtemprt1 — vel %
The last line holding thanks to the definition of m,. Second, if Perf(¢, H, fitemp, ) > 0, we use:

Lemma 2.3. We have ¥t 2> 0, || fiemp,t+1 — Vt+1||?{ = || fitemp,t+1 — l/tHiI — 2Perf(t, H, fitemp, V)-

Proof of Lemma 2.3. Recall that m; = % We have:

X 2 N 2
| ttemp,t+1 — Vet HH = || fitemp,t+1 — Mt + My — Vega ||H
JETION 2 _ perf(t. H. i ||Vt*1/t+1H%r
= [|temp,t+1 — mully — Perf(t, H, fuemp, v) + 1
o2
And Hﬂtemp,t-i—l - VtHiI = ”ﬂtemp,t-‘rl - mt”?{ + Perf(t7 H7 ﬂtempy V) + w
ThUS, ||ﬂtemp,t+1 - Vt-&-l”i] = Hﬂtemp,t-i—l - VtHiI - 2Perf(t7 H7 ﬂtempa l/)- O
Finally, |41 — ves1 |5 = [T o (temp 1) = verllzy < litemps1 — viea |3
= ||ftemp,t+1 — ve||% — 2Perf(t, H, Ltemp, V) (by Lemma 2.3)

< |l fitemp+1 — vellzr
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The last line holding because our performance is positive in this case. This concludes the proof. O

Constructing additional knowledge. We formalize the following data-driven procedure to obtain ad-
ditional knowledge. We take inspiration from the OMGD algorithm (Zhang et al., 2017). We name this
procedure CONSTRUCT and detail it in algorithm 3. It consists of applying K > 0 steps of the classical
gradient descent algorithm to obtain a good approximation of the last observed minimum.

Algorithm 3: The CONSTRUCT algorithm.

Parameters : The number K of iterations, step-sizes (1)});=1..x
Current loss function ¢, current point fi;
Initialisation: Set x¢ := [i;

1 For j in 0..K — 1:
2 Update

oA W N

xjy1 = Mo (x5 — 0 VE(x;5))

K
Return vy = & D1 Xj

We recall in Lemma 2.4 a convergence property of the gradient descent algorithm.

Lemma 2.4. Assume the considered steps (1)) verify for all j, ni, - A< n’l . Then for any t we have,
i -1
2 K
C(vin) = be(py) < G D051 1)

Proof is deferred to Appendix C. Remark that it is essential to consider strongly convex functions to obtain
the rate of Lemma 2.4. To satisfy the technical condition on the step sizes, we can consider the step sequence
(5= )e>1 for any a € [0,1].

3 Main results

Outline. We present in this section three optimistically tempered variations of OGD, ONS and AdaGrad
followed by theoretical guarantees for D-Regret and D-C-Risk. Our theoretical result assumes the CON-
STRUCT algorithm but also works for any additional knowledge satisfying technical assumptions (translating
here that the experts’ advice at time ¢ is a good approximation of the minimum at time ¢ — 1).

Proof technique. Proofs concerning the dynamic regret of our methods (resp. Thms. 3.1, 3.3 and 3.5 )
are gathered in Appendix C and consists in an adaptation of the static proofs of OGD, ONS, and AdaGrad
all lying in Hazan (2019). We adapt those proofs using Lemmas 2.2 and 2.4. Proofs concerning the dy-
namic cumulative risk (resp. Thms. 3.2, 3.4 and 3.6) lie in Appendix D and use the same kind of argument
incorporated within the SOCO framework of Wintenberger (2024) described in Appendix D.1.

3.1 Optimistically tempered OGD

Our variation of the OGD, called Optimistically Tempered OGD (OT-OGD), is presented in algorithm 4, it
exploits an additional information (v;); at each time step. Its associated theoretical guarantee for D-Regret
is stated in Thm. 3.1.

Algorithm 4: Projected OT-OGD onto a closed convex space X.

Parameters : Horizon T, step-sizes (1)
Initialisation: Initial point uy € X, additional information (1) € X
For t in {1,...,T}:
Update firemp t+1 = bt — 1 VE(ft)
Observe 441,
fie41 = ADIUST(t, Ig, (Vi)i=1..t41, fltemp,t+1)
Return i = (fit)¢=0..7
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Note that Algorithm 4 is a GB-OL algorithm with judge ADJUST. This judge aims to be moderated (thus
fitting the OT-OL framework) in the sense that it chooses whether the additional knowledge is used given
the supplementary information it involves with the information provided by the gradient step.

Theorem 3.1. Denote by iy = argmin,,cqc £(p). We assume that our predictors fi are obtained using OT-
OGD (Algorithm 4) with steps n = (GL\/E)t:L.T. We also assume our additional knowledge v to be the output

of CoNsTRUCT (Algorithm 3) used at time t with steps ' = ()\%)jzl_K and K = [/T|. Then, dynamic
regret of OT-OGD with regards to p* = (uf)i—o..1 the true minimisers satisfy :

T T 2
S ~ 32 i) < GPr ) = X810 + SGDVT + S (1t 10s(1 + T)VT.

t=1

Furthermore, this result remains for any additional knowlege v such that for any t, (viy1) — Ce(pf) =

0(log(t)/ V).

Proof is deferred to Appendix C. Thm. 3.1 provides a worst-case guarantee for the dynamic regret of OT-
OGD. An interesting point is that our bound decoupled the influence of the path lengths from the horizon
T, which is not usual in the literature (Zinkevich, 2003 proposed a bound of O(v/T(1 + Pr)) later improved
in Zhang et al. (2018a) in a O(y/T'(1 + Pr)).

Time complexity. Algorithm 4 can be thought independently of CONSTRUCT when experts are given
in advance and satisfy the condition £;(vsy1) — £¢(u) = O(log(t)/v/t). In this case, OT-OGD has a O(T)
complexity. The use of CONSTRUCT within Algorithm 4 allows to obtain a ready-to-use algorithm, but comes
at the cost of an additional time complexity determined by the number of iterations K of Algorithm 3. Here,
K = [\/T] is similar to the time complexity of the subroutine appearing in the OMGD algorithm of Zhang
et al. (2017) with step-size n = 1/v/T. While K depends on the horizon T, we can apply CONSTRUCT at
each time ¢ with the evolutive number of iterations K; = [v/#]. This leads to a D-Regret bound with the
same order of magnitude.

Comparison with literature. If the true minimiser pf is revealed to the learner at time ¢ + 1, then
taking vy11 = ui yields Pr(v) = Pr—1(p*) + ||uf — v1||- This allows us to compare in this case, our results
with those of Zhang et al. (2017). Then, our convergence rate is worse than their O(min(Pr(u*), St(p*)))
while holding with a single strongly convex assumption (no smoothness is required). Our result also holds
with different assumptions than the improved rates of Zhao and Zhang (2021) which requires convexity and
smoothness. Note however that in the GB-OL framework, this deteriorated rate is not surprising as we pay
the shift of an O-OL algorithm (OMGD with judge trusting only the v provided by CONSTRUCT, and not
the gradient descent step) to an OT-OL algorithm which does not require the optimistic assumption that
experts always provide relevant advice. This goes beyond the Optimistic OL framework and highlights the
interest of Algorithm 4.

Role of the path length. Pr(r) Thm. 3.1 does not directly appear in the literature. However in Rakhlin
and Sridharan (2013a, Lemma 3), a similar term appears, involving a sum of the distances in the dual space
between experts and Nature, Jadbabaie et al. (2015) involves a similar term in the context of dynamic OL.
Those terms translate the expert’s impact on the training as well as the interplays between experts and the
environment. In our study, we decoupled the evolution of Pr and its interplays with the environment. Indeed,
in our proofs, we used the following regret decomposition: , if R = 23:1 e (fie) — E;F:l £ (py), then R =

T T T T T T
Sob() =Y ) =Y ) =Y Gvea)+ > b(vigr) = Y (pi) . (A) is dealt via ADJUST and we
t=1 t=1 t=1 t=1 t=1 t=1

=(4) =(B) =(0)
choose to separate the terms (B) and (C). Note however, that if we apply directly convexity and bounded
gradients on the sum (B)+ (C), we recover a O (||vy — pf||) which captures the environment dynamics.
However, assuming directly that v, is closed from pf is optimistic, we then relaxed this assumption to
Ci(vey1) — £e(pg) is small (which is more realistic as v;4q is F; measurable) at the cost of decoupling the
evolution of the expert sequence (B) with the performance of 1411 wrt the past minimizer.

Theorem 3.2. We assume that our predictors i are obtained using OT-OGD(Algorithm 4) with steps
n= (GL\/{)t:L,T. We also assume our additional knowledge v to be the output of CONSTRUCT (Algorithm 3)
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used at time t with steps ' = ()\Lj)jzl.‘K and K = [VT). Then, dynamic cumulative risk satisfies with
probability 1 — 39, for any T > 1, for any sequence (ut)i=1..17 such that p; is Fi_1-measurable:

> Li(ie) = Le(pe) < GPr(v) — ASp(v) + O(VT)
t=1 t=1

where the O hides a log factor. Furthermore, this result remains for any additional knowlege v such that for
any t, L(ver1) — b(uf) = O(log(t)/ V).

Proof is deferred to Appendix D. Thm. 3.2 hold for any predictable sequence of comparators p which are not
involved on the upper bound. This maintains a fully empirical upper bound as predictable sequences are often
unknown due to their dependency on the conditional distribution of data. OT-OGD nearly maintains the
same convergence rate as Thm. 3.1 while shifting D-Regret for D-C-Regret. As long as paths are sublinear,
Thm. 3.2 ensure that the generalization ability of the output of OT-OGD is increasing through time. This
is informative on the robustness to the intrinsic randomness of the learning problem. Note that our result
holds for any sequence p such that p; is F;_;-measurable. We present in Sec. 4.2 a toy experiment that
exploits this additional flexibility by showing not only that it may not be relevant to compare ourselves to
the true minimizers p*, but also that the OT-OL approach outperforms both OGD and OMGD.

3.2 Optimistically tempered Online Newton Step

Algorithm 5 details the OT-ONS algorithm, which is an optimistically tempered version of ONS (Hazan
et al., 2007). We present in Thm. 3.3 its associated D-Regret bound.

Algorithm 5: OT-ONS onto a closed convex space K.

Parameters : Horizon T, step v, > 0.
Initialisation: convex set K, initial point y; € X C R additional information v, € K,Ag = €l
For t in {1,...,T}:
Update A; = A;_; + V:V,/
Set firemp,t+1 = fit — %At_lvt
Observe vy 1
fier1 = ADJUST(t, At v, fltemp,t+1)
Return i = (fi¢)i=o0..7

Theorem 3.3. Denote by py = argmin,cqc £i(p). We assume that our predictors i are obtained using
OT-ONS (Algorithm 5 ) with v = %min {G%,oc}, €= 72—1[)2. We also assume our additional knowledge v
to be the output of CONSTRUCT (Algorithm 3) used at time t with steps n' = (%j)jzl,,;( and K =T. Then,
dynamic regret of OT-ONS with regards to p* = (u )i=o..7 the true minimisers satisfy :

T 2

T
RAAE ;et(ﬂ:) < GPr(v) — ASp(v) +2 (Cj\(d +1)+ dGD) (14 log(T)).

t=1

Furthermore, this result remains for any additional knowlege v such that for any t, € (vep1)—C:(pF) = O(1/t).

Thm. 3.3 can be linked to the Online Multiple Newton Update (OMNU) when v is the output of multiple
Newton steps to approximate p;, one then can consider OT-ONS as an optimistically tempered version of
OMNU. Zhang et al. (2017) proposed a competitive rate of O(min(Pr, St)) for OMNU. While our rate is
weaker than theirs, our results hold with the single assumption of strong convexity. Indeed, Zhang et al.
(2017, Thm 11.) holds under a set of technical assumptions Zhang et al. (2017, Assumption 10) involving
among others, the strict convexity of the losses and holding for problems having small variations of their
successive minima. Our result requires fewer assumptions at the cost of K = T iterations of CONSTRUCT at
each time step. As OT-ONS is an OT-OL algorithm it is expected to recover a deteriorated rate compared
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to OMNU which deals optimistically with experts. Finally, taking K; =t at each time step allows us to not
know in advance the stopping time of OT-ONS and recovers a slightly deteriorated rate of O(dlog(T)?).

Theorem 3.4. We assume that our predictors fi are obtained using OT-ONS(Algorithm 5) with v =

%min{c%, %}, € = 72—11)2. We also assume our additional knowledge v to be the output of CONSTRUCT

(Algorithm 3) used at time t with steps ' = (3)j=1.x and K = T. Then, the dynamic cumulative risk
Aj/d

satisfies with probability 1 — 25, for any T > 1,for any sequence (ut)i=1. 7 such that p; is Fr_1-measurable:

T T
D Lu(fu) =Y Lulpe) < GPr(v) +2G*Sr(v) + O(dlog(T) + log(1/5)),

t=1

where Ly = By_1[€]. This result remains for any additional knowledge v s.t. Vt, by(vip1) — be(uy) = O(1/1).
3.3 Optimistically tempered AdaGrad

Algorithm 6 details the OT-Adagrad algorithm, an optimistically tempered version of AdaGrad (Duchi et al.,

2011) and we present in Thm. 3.5 its associated D-Regret bound. We use the notation A e B to denote the
element-wise multiplication between the matrices A and B.

Algorithm 6: OT-AdaGrad onto a closed convex space X.

Parameters : Horizon T, step n, parameter €.

Initialisation: Initial point u; € K,additional information (v1) € X, Go = ely, Hy = Gé/z

1 Fortin {1,...,T}:

N 0 s

Update Gt = Gt—l + VtVtT
Update H; = argmin {G; e H~! + Tr(H)} = Gi/z
H>=0
Set fitemp,t+1 = fit — anlvt
Observe 441
,at-‘rl = ADJUST(tv Hy,v, ﬂtemp,t—i—l)
Return f = (fit)i=0..

Theorem 3.5. Denote by puy = argmin,,cqc £4(p). We assume that our predictors fi are obtained using OT-

Adagrad (Algorithm 6 ) with with e = %,n = %. We also assume our additional knowledge v to be the

output of CONSTRUCT (Algorithm 3) used at time t with steps ' = ()\ij)jzl__;( and K = T. Then, dynamic
regret of OT-Adagrad with regards to p* = (U} )i—o..7 the true minimisers satisfy :

T T
G?
N _ « < _ . *2 .
;:1 Ce(fue) ;:1 t(py) < GPr(v) — ASp(v) + V2D |1+ \ /Hmé?c Et IVellzr | + 5Y (1 + log(T))

Furthermore, this result remains for any additional knowlege v such that for any t, £y (vi1)—(uy) = O(1/¢).

Thm. 3.5 nearly recovers the convergence rate of AdaGrad for static regret at the cost of an extra path
length and O(log(T)) factor. Note that, as in Thm. 3.3, the evolutive iteration number K; = ¢ can be chosen
instead of K = T to make the procedure valid for any horizon T' (not necessarily fixed in advance) at the
cost of an extra log factor.

Furthermore, Thm. 3.5 goes beyond the scope of Zhang et al. (2017); Zhao and Zhang (2021), as they do not
consider AdaGrad. Note that our approach is not the first to propose a dynamic regret bound for AdaGrad
(see the recent work of Nazari and Khorram, 2022) however, our approach is, to our knowledge, the first to
propose bounds on the D-C-Risk (Thm. 3.6), informing us on the generalization ability of OT-Adagrad.

Theorem 3.6. We assume that our predictors i are obtained using OT-Adagrad (Algorithm 6 ) with with

€= %, n= %. We also assume our additional knowledge v to be the output of CONSTRUCT (Algorithm 3)
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used at time t with stepsn' = ()\%)jzluK and K =T. Then, dynamic cumulative risk satisfies with probability
1—20, for any T > 1, for any sequence (ut)e=1.7 such that p; is Fr_1-measurable:

T T
> Li(i) =Y Le(p) < GPr(v) + 0 () pin Z IVell37 + log
t=1 t=1

Note that this result still holds for any additional knowlege v such that for any t, €i(viy1) — €e(pf) = O(1/t).

4 Experiments

This section aims to compare the efficiency of our OT-OL algorithms compared to classical methods. We
show here that not being too optimistic w.r.t. expert advices leads to comparable or enhanced numerical
results. We propose two sets of experiments. The first one gathers 4 classical datasets two regression and two
classification problems. Its goal is to assess our algorithm’s efficiency by plotting the averaged cumulative
losses 22:1 £(h;,2z;) /t at any time t. The second experiment is a toy example designed to show that D-
C-Risk is a relevant tool to handle learning processes on noisy problems. For those two experiments, we
compute three algorithms: the celebrated Online Gradient Descent (Zinkevich, 2003, Alg. 1), the OT-OGD
algorithm (Algorithm 4) and a variant of the Online Multiple Gradient Descent (OMGD) algorithm with
decreasing steps (Zhang et al., 2017, Alg. 1).

The reason we computed OMGD is that CONSTRUCT (Algorithm 3) is following the same idea as OMGD
(i.e., performing a gradient descent at each time step for more accurate predictors). An interesting question
is whether OT-OGD provides similar or better results than OMGD. We address this below. Furthermore,
we would expect that using the output of CONSTRUCT as additional knowledge instead of predictor would
provide us additional flexibility in our learning process, is it the case in practice?

4.1 Experiments on real-life datasets

We conduct experiments on a few real-life datasets, in classification and regression. Our objective is twofold:
check the convergence of our learning methods and compare their efficiencies with classical algorithms.
Binary Classification. At each round t the learner receives a data point z; € R? and predicts its label
yr € {—1,+1} using (x4, hy), with h; being the predictor given by the online algorithm of interest. The
adversary reveals the true value y;, then the learner suffers the loss £(hy, 2;) = (1 — ythtTa:t) N with z; = (¢, y¢)
and a4 = a if @ > 0 and a; = 0 otherwise.

Linear Regression. At each round ¢, the learner receives a set of features x; € R? and predicts y, € R
using (x4, hy) with h; being the predictor given by the online algorithm of interest. Then the adversary

reveals the true value y; and the learner suffers the loss £(hy, z;) = (yt - htht)Q with z; = (x¢, yt)-
Datasets. We consider four real-world datasets: two for classification (Breast Cancer and Pima Indians),
and two for regression (Boston Housing and California Housing). All datasets except the Pima Indians have
been directly extracted from sklearn (Pedregosa et al., 2011). Breast Cancer dataset (Street et al., 1993)
is available here and comes from the UCI ML repository as well as the Boston Housing dataset (Belsley
et al., 2005) which can be obtained here. California Housing dataset (Pace and Barry, 1997) comes from
the StatLib repository and is available here. Finally, Pima Indians dataset (Smith et al., 1988) has been
recovered from this Kaggle repository. Note that we randomly permuted the observations to avoid learning
irrelevant human ordering of data (such as date or label).

Parameter settings. We ran our experiments on a 2021 MacBookPro with an M1 chip and 16 Gb RAM.
For OGD, the initialisation point is Oga and the values of the learning rates are set to n = 1/2/m. where
m is the size of the considered dataset. For OMGD, we ran the procedure while, at time ¢, performing a
gradient descent with K = 100 iterations. This auxiliary gradient descent has been performed with steps
(A/2VJ)j=1..k. A ,being an empirical stabiliser set to 0.1/y/m. For OT-OGD, we ran the procedure with
a constant step n = 0.1/y/m. We ran CONSTRUCT to generate our additional knowledge with the iteration
number K = 100 and steps (775-)]:1__;( = (A/2V/j)j=1..k, A ,being an empirical stabiliser set to 0.1/y/m.
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Figure 2: Averaged cumulative losses for all four considered datasets. The x-axis is the time. DOGD
represents OT-OGD.

Quantity of interest. For each dataset, we plot the evolution of the averaged cumulative loss
Z§=1 £(h;, z;) /t as a function of the step ¢t = 1,...,m, where m is the dataset size and h; is the decision
made by the learner h; at step ¢. The results are gathered in Fig. 2.

Empirical findings. On those datasets, OMGD with adaptive steps and OT-OGD seem to perform rather
equivalently, except on the PIMA Indians dataset where OT-OGD outperforms OMGD. On two datasets
(Breast Cancer and California Housing), OT-OGD performs better than OGD, otherwise, both methods
perform similarly. A reason that could explain the efficiency of our method compared to OMGD in the
PIMA Indians dataset is that because this problem is difficult (.e., noisy), the technical condition stated in
(Zhang et al., 2017, Corollary 4) may not be satisfied. This would impeach OMGD to attain competitive
results. Furthermore, note that in any case, OT-OGD is at least as good as OGD or OMGD. The take-home
message is that the OT-OL approach is comparably efficient on those datasets.

4.2 A toy experiment: the Online Quadratic Problem

Theoretical framework. Our problem is set as follows: at each time step ¢, a random variable 6, is drawn.
For all ¢, 6; is such that

Py = £(0; | F4-1) = N(moy,, 7).

We assume that there exists D,,, D, positive values such that for all ¢, (moy,, 0;) € [=Dy/2, Dy, /2] X [0; Dy ].
Finally, we consider the losses ¢,(0) = (6, —0)%. We refer to this framework as the Online Quadratic Problem.

Quantity of interest. We study the D-C-Risk w.r.t. the sequence y; = moy,. We cannot compare ourselves
to the true minimizer p; = 6; because this quantity is not JF;_; measurable. However, we show below that
there exists another meaningful comparator. Indeed, in our setup, we note that moy, was assumed to be
F;—1-measurable so let us see what gives the dynamic cumulative risk for any sequence of predictors (fi;):>o0:

Sy L) — o0 Le(moy,) = S0y Eeoa[(0 — f1e)?] — o0y Eeo1[(0 —moy,)?) = 3271 (jue — moy, ).

The last line holding thanks to a bias-variance tradeoff, this basic calculation shows that for this learning
problem, using (moy,); as comparators instead of the true minimizers leads to a meaningful regret. Yet,
we can derive from the general notion of dynamic regret a comparison between our prediction and the true
mean of the data. One will see in the experiments that OT-OGD can approximate the means better than
classical OGD at high times.

Parameter settings. All our algorithms are using a projection on the ball centered in 0 of diameter D = 10.
For OGD, the initialisation point is Oga and the values of the learning rates are set to n; = 1/2v/t. For OMGD,
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we ran the procedure while, at time ¢, performing a gradient descent with K = 100 iterations. This auxiliary
gradient descent has been performed at time ¢ with steps (A;/2v/7);j=1..x, A+ being an empirical stabiliser
set to 1/2y/t. For OT-OGD, we ran two variants: the first uses CONSTRUCT to generate our additional
knowledge. We run algorithm 4 with steps 1, = 1/2v/f at time . We run CONSTRUCT with, at each time
t, the iteration number K = 100 and steps (ﬂ;)j:l..K = (M/2V/7)j=1.K, A\ being an empirical stabiliser set
to 1/2v/t. The second does not use CONSTRUCT and instead defines at each time t v4,1 ~ N(fiz, 0?) with
01 = 0.4. Similarly, we run algorithm 4 with steps n; = 1/2\/1? at time t.

Experimental framework. We take for any ¢, moy, = sin (%) with w = 200, yet the means are a
deterministic sequence fixed before our study. Then our #; are drawn independently. We also fix for any
t, oy = 0 = 4. We chose K (the number of iterations to acquire our additional knowledge) equal to 100.

Results are gathered in Fig. 3.

1ea Online Quadratic Problem-Risks Online Quadratic Problem-Paths
—— 0OGD —— OT-OGD —— OMGD f|
gl —— OT-0GD Gauss 10° —K‘/_’_/
4 4
o 10 ///’/
2 2 01
o O 103
- 4+ -
102 4
24
10! — 0T-0GD sq_path —— upper path
04 path
05 10 15 20 25 3.0 35 4.0 05 1.0 15 2.0 25 3.0 35 4.0

le5 le5

Figure 3: On the left, cumulative risks of OT-OGD (purple,blue), OMGD (red), OGD (green). On the
right, plot of OT-OGD and its associated paths. The z-axis s the time. sq_path is S¢(v), path is P;(v),
upper_path is GP;(v) — AS¢(v).

Empirical findings. First, OGD fails on this example as the problem is too noisy: OGD fails to detect
any statistical pattern between the successive points. Second, OMGD performs better than OGD but is
significantly worse than OT-OGD (the difference of the dynamic cumulative risks is of magnitude 10*). This
shows that our method, which only uses the output of the auxiliary gradient descent as additional knowledge
(and not as predictors as in OMGD) provides flexibility that translates into a greater performance for
extremely noisy problems. A reason that could explain the efficiency of our method compared to OMGD is
again that the intrinsic noise is so high that the technical condition stated in (Zhang et al., 2017, Cor. 4)
may not be satisfied, which impeaches OMGD to attain a competitive dynamic regret in O(min(P;, S5.)).
Finally, note that interestingly, our variant of OT-OGD (the curve 'DOGD Gauss’ which uses an alternative
source of additional information) provides better results here while we have no theoretical guarantee of its
efficiency. This opens the way to a broader reflection on the choice of additional knowledge within OT-
OGD. In conclusion, this experiment shows that the OT-OL approach outperforms both OGD and OMGD:
exhibiting the interest of treating expert advice with caution instead and granting them full trust.

5 Conclusion

We introduced the novel Optimistically Tempered Online Learning framework as well as a novel OT judge
ADJUST. This judge is flexible enough to provide three optimistically tempered adaptations of classical
online methods. To obtain sound D-Regret bounds, we required expert advice to be a good approximation
of the local minima. To do so, we exploited CONSTRUCT, however, it is not the only possible choice as we
could use, e.g., the Newton algorithm instead. This may be a more suited choice for learning problems in
small dimensions as Newton methods are known to converge quickly. This leverages an experimental tradeoff
between accuracy and time complexity involving the dimension as a hyperparameter of the problem.
Another promising lead lies in the flexibility of the OT-OL framework when choosing expert advice, as we
can confidently propose novel types of advice knowing they will be ignored by ADJUST if useless. More
precisely, in this work, v focuses on being a good approximation of the minima sequence while our bounds
involve a broader tradeoff between path lengths (i.e., only small shifts are recommended through time) and
being a good approximation of the past minimizers.

12



Under review as submission to TMLR

References

D. Baby and Y.-X. Wang. Online forecasting of total-variation-bounded sequences. Advances in Neural
Information Processing Systems, 32, 2019.

D. Baby and Y.-X. Wang. Optimal dynamic regret in proper online learning with strongly convex losses and
beyond. In International Conference on Artificial Intelligence and Statistics, pages 1805-1845. PMLR,
2022.

D. A. Belsley, E. Kuh, and R. E. Welsch. Regression diagnostics: Identifying influential data and sources of
collinearity. John Wiley & Sons, 2005.

O. Besbes, Y. Gur, and A. Zeevi. Non-stationary stochastic optimization. Operations research, 63(5):
1227-1244, 2015.

A. Bhaskara, A. Cutkosky, R. Kumar, and M. Purohit. Online Learning with Imperfect Hints. In
Proceedings of the 37th International Conference on Machine Learning, pages 822-831, 2020. URL
https://proceedings.mlr.press/v119/bhaskara20a.html.

C.-K. Chiang, T. Yang, C.-J. Lee, M. Mahdavi, C.-J. Lu, R. Jin, and S. Zhu. Online optimization with gradual
variations. In Conference on Learning Theory, pages 6—1. JMLR Workshop and Conference Proceedings,
2012.

O. Dekel, a. flajolet, N. Haghtalab, and P. Jaillet. Online Learning with a Hint. In I. Guyon, U. V.
Luxburg, S. Bengio, H. Wallach, R. Fergus, S. Vishwanathan, and R. Garnett, editors, Advances in Neural
Information Processing Systems, volume 30. Curran Associates, Inc., 2017. URL https://proceedings.
neurips.cc/paper_files/paper/2017/file/22b1£2e0983160db6f7bb9f62f4dbb39-Paper . pdf.

J. Duchi, E. Hazan, and Y. Singer. Adaptive subgradient methods for online learning and stochastic opti-
mization. Journal of machine learning research, 12(7), 2011.

E. Hall and R. Willett. Dynamical models and tracking regret in online convex programming. In International
Conference on Machine Learning, pages 579-587. PMLR, 2013.

E. Hazan. Introduction to online convex optimization. arXiv preprint arXiv:1909.05207, 2019.

E. Hazan and S. Kale. Extracting certainty from uncertainty: Regret bounded by variation in costs. Machine
learning, 80(2):165—-188, 2010.

E. Hazan, A. Agarwal, and S. Kale. Logarithmic regret algorithms for online convex optimization. Machine
Learning, 69(2):169-192, 2007.

A. Jadbabaie, A. Rakhlin, S. Shahrampour, and K. Sridharan. Online optimization: Competing with dy-
namic comparators. In Artificial Intelligence and Statistics, pages 398-406. PMLR, 2015.

A. Mokhtari, S. Shahrampour, A. Jadbabaie, and A. Ribeiro. Online optimization in dynamic environments:
Improved regret rates for strongly convex problems. In 2016 IEEE 55th Conference on Decision and
Control (CDC), pages 7195-7201. IEEE, 2016.

P. Nazari and E. Khorram. Dynamic regret of adaptive gradient methods for strongly convex problems.
Optimization, pages 1-27, 2022.

F. Orabona. Simultaneous Model Selection and Optimization through Parameter-free Stochastic Learning. In
Z. Ghahramani, M. Welling, C. Cortes, N. D. Lawrence, and K. Q. Weinberger, editors, Advances in Neural
Information Processing Systems 27: Annual Conference on Neural Information Processing Systems 2014,
December 8-13 2014, Montreal, Quebec, Canada, pages 1116-1124, 2014. URL https://proceedings.
neurips.cc/paper/2014/hash/0f£8033cf9437c213ee13937b1c4c455-Abstract.html.

R. K. Pace and R. Barry. Sparse spatial autoregressions. Statistics €4 Probability Letters, 33(3):291-297,
1997.

13


https://proceedings.mlr.press/v119/bhaskara20a.html
https://proceedings.neurips.cc/paper_files/paper/2017/file/22b1f2e0983160db6f7bb9f62f4dbb39-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2017/file/22b1f2e0983160db6f7bb9f62f4dbb39-Paper.pdf
https://proceedings.neurips.cc/paper/2014/hash/0ff8033cf9437c213ee13937b1c4c455-Abstract.html
https://proceedings.neurips.cc/paper/2014/hash/0ff8033cf9437c213ee13937b1c4c455-Abstract.html

Under review as submission to TMLR

F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion, O. Grisel, M. Blondel, P. Prettenhofer,
R. Weiss, V. Dubourg, J. Vanderplas, A. Passos, D. Cournapeau, M. Brucher, M. Perrot, and E. Duchesnay.
Scikit-learn: Machine learning in Python. Journal of Machine Learning Research, 12:2825-2830, 2011.

A. Rakhlin and K. Sridharan. Online Learning with Predictable Sequences. In S. Shalev-Shwartz and
I. Steinwart, editors, Proceedings of the 26th Annual Conference on Learning Theory, volume 30 of Pro-
ceedings of Machine Learning Research, pages 993-1019, Princeton, NJ, USA, 12-14 Jun 2013a. PMLR.
URL https://proceedings.mlr.press/v30/Rakhlinl3.html.

S. Rakhlin and K. Sridharan. Optimization, Learning, and Games with Predictable Sequences. In C. Burges,
L. Bottou, M. Welling, Z. Ghahramani, and K. Weinberger, editors, Advances in Neural Information
Processing Systems, volume 26. Curran Associates, Inc., 2013b. URL https://proceedings.neurips.
cc/paper/2013/file/f0dd4a99fba6075a9494772b58f95280-Paper . pdf.

J. W. Smith, J. E. Everhart, W. Dickson, W. C. Knowler, and R. S. Johannes. Using the adap learning
algorithm to forecast the onset of diabetes mellitus. In Proceedings of the annual symposium on computer
application in medical care, page 261. American Medical Informatics Association, 1988.

W. N. Street, W. H. Wolberg, and O. L. Mangasarian. Nuclear feature extraction for breast tumor diagnosis.
In Biomedical image processing and biomedical visualization, volume 1905, pages 861-870. SPIE, 1993.

O. Wintenberger. Optimal learning with bernstein online aggregation. Mach. Learn., 106(1):119-141, 2017.
doi: 10.1007/510994-016-5592-6. URL https://doi.org/10.1007/s10994-016-5592-6.

O. Wintenberger. Stochastic online convex optimization. Application to probabilistic time series forecasting.
Electronic Journal of Statistics, 18(1):429-464, 2024.

T. Yang, L. Zhang, R. Jin, and J. Yi. Tracking slowly moving clairvoyant: Optimal dynamic regret of online
learning with true and noisy gradient. In International Conference on Machine Learning, pages 449-457.
PMLR, 2016.

L. Zhang, T. Yang, J. Yi, R. Jin, and Z.-H. Zhou. Improved dynamic regret for non-degenerate functions.
Advances in Neural Information Processing Systems, 30, 2017.

L. Zhang, S. Lu, and Z.-H. Zhou. Adaptive online learning in dynamic environments. Advances in neural
information processing systems, 31, 2018a.

L. Zhang, T. Yang, R. Jin, and Z.-H. Zhou. Dynamic Regret of Strongly Adaptive Methods. In J. Dy and
A. Krause, editors, Proceedings of the 35th International Conference on Machine Learning, volume 80
of Proceedings of Machine Learning Research, pages 5882-5891. PMLR, 10-15 Jul 2018b. URL https:
//proceedings.mlr.press/v80/zhangl18o.html.

P. Zhao and L. Zhang. Improved analysis for dynamic regret of strongly convex and smooth functions. In
Learning for Dynamics and Control, pages 48-59. PMLR, 2021.

P. Zhao, Y.-J. Zhang, L. Zhang, and Z.-H. Zhou. Dynamic Regret of Convex and Smooth Functions. In
H. Larochelle, M. Ranzato, R. Hadsell, M. Balcan, and H. Lin, editors, Advances in Neural Informa-
tion Processing Systems, volume 33, pages 12510-12520. Curran Associates, Inc., 2020. URL https:
//proceedings.neurips.cc/paper/2020/file/939314105ce8701e67489642ef4d49e8-Paper . pdf.

P. Zhao, Y.-X. Wang, and Z.-H. Zhou. Non-stationary online learning with memory and non-stochastic
control. In International Conference on Artificial Intelligence and Statistics, pages 2101-2133. PMLR,
2022.

M. Zinkevich. Online convex programming and generalized infinitesimal gradient ascent. In Proceedings of
the 20th international conference on machine learning (icml-03), pages 928-936, 2003.

14


https://proceedings.mlr.press/v30/Rakhlin13.html
https://proceedings.neurips.cc/paper/2013/file/f0dd4a99fba6075a9494772b58f95280-Paper.pdf
https://proceedings.neurips.cc/paper/2013/file/f0dd4a99fba6075a9494772b58f95280-Paper.pdf
https://doi.org/10.1007/s10994-016-5592-6
https://proceedings.mlr.press/v80/zhang18o.html
https://proceedings.mlr.press/v80/zhang18o.html
https://proceedings.neurips.cc/paper/2020/file/939314105ce8701e67489642ef4d49e8-Paper.pdf
https://proceedings.neurips.cc/paper/2020/file/939314105ce8701e67489642ef4d49e8-Paper.pdf

Under review as submission to TMLR

A Technical background

A.1 Azuma-Hoeffding’s inequality

One recalls the celebrated Azuma- Hoeffding inequality

Proposition A.1. Let {Xo, X1, } be a martingale with respect to filtration {Fo,F1,---}. Assume there
are predictable processes {Ag, A1, -} and { By, By, ...} with respect to {Fo,F1,---}, i.e. for allt, Ay, By are
Fi_1-measuradble, and constants 0 < cy1,co, -+ < 00 such that

A <Xy - X4 1 <By and By —A;<c¢

almost surely. Then for all € > 0,

2¢2
P(|Xn—X0| ZG)SQEXP —W
t=1"t

In this work we use Azuma-Hoeffding’s bound in the particular case where A;, B; are constants almost surely.

B Inspiration for our notion of performance

Let n = (n¢)4=1..7) be a positive step sequence.

We denote by fi,t > 1 the sequence of predictors defined by the classical projected OGD:

fre1 = Tlac (fie — Ve (fir))

Theorem B.1. Dynamic regret of projected OGD on a closed convexr K for convex losses with steps n =
(Nt )t=1..7) with regards to = (¢)i=0..7 € KT satisfies :

T T T
D b)) = > b)) <Y (V) fue — )
t=1 t=1 t=1
D2 G2 <& T Perf t, i1,
<o + = e — Z (t, o M)_
e t=1 t=1 Nt
Proof. First, convexity of the losses gives us :
T T T
Dol (i) = e () < (Ve (1), frr = pie)
t=1 t=1 t=1

To control the right hand side of this bound we use:

A 2 A~ A~ 2
ferr — pell” < N\ — eVl () — o]
A~ 2 N N ~ 2
= |lfue — pell” = 206 (Vs (Re) , fue — i) + 07 |V (1) |

Hence:
~ 2 ~ 2 ~ ~ A~
e = peeall” < Mae = pell” = 206 (Ve (Re) e — pae) + 17 G — 2Perf (¢, i, 1)

So:

A~ 2 A~ 2 ~
—ml? - - G2 Perf(t, fi
<V€t (ﬂt),/ftt . /”'t> < ||:U/t /’[’t” ||:ut+1 /’Lt+1|| + Ui _ Cr ( H /J/)
277,5 2 77t
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Summing on ¢ gives (assuming 1/ny = 0):

T

1 G? Perf(t
D (Ve () s fre — o) <Z\Iut el 2 ( >+QZW > — MM)
t=1

20 2 t=1 t=1
T T
1 1 ez Perf(t, i, j)
)
; 2n 2m 2 £ nt ;

B SIS Perf(uﬂ,u)
o 2 " ur
t=1 t=1

O

One can also have a stronger result for A-strongly convex functions with the following additional assumption:

We assume that our steps 7; are such that:

l—/\< 1

Nt T M-

Theorem B.2. Dynamic regret of projected OGD on a closed convex X with steps n = (1;)i=1..17) with
regards to p1 = (j1¢)=o0.7 € KT satisfies :

d N 4 G2 & a Perf (¢, fi, p)
;ét(ut)—zft(ﬂ _7222 Zim .

t=1

Proof. The proof is roughly the same than the one for the previous bound. We remark that thanks to strong
convexity, one now has :

T
St () —

So the arguments of the previous proof provide us:

gl
s

T
<D AV () s i — ) = Ml — el
t=1

d = 1~ (1 R e
th(/:‘t)_zzt(ﬂ't) < 22(77_)\> e — pe® = S
t=1 t=1

U

= t=1 N1t Mt

T PN N

s ne Ve ()| Perf(t, i, p)
t=1 2 Tt
U e =l s = fua |

<52
2 =1 -1 m
T A
Z |V€t fu)ll”  Perf(t, fi, 1)

A telescopic argument and bound over the gradients provides us the final result.

Remark B.3. We focus in three specific cases where performance can be linked to classical quantities:

16
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o First is just a remark : we totally recover the classical OGD bound for static regret when one has
pt+1 = pt for any t.

o Second, if our OGD predicts well the minimiser p* after a certain time, i.e. fort > to, fizy1 ~ pi .
Then one has

1
ZPerf (t, i, _72 ‘|Mt+1 Mt” -
m

so our result ensures that in this case, OGD has been able to tame the geometry induced by the lis
to generate a momentum greater than Sk /m

o Finally let us consider the overfitting case i.e, for each t, i1 ~ py. Then:

a A 1o g — 11
> Pert(t frp) ~ —5 o S <
t=1 t=1 Ui

So overfitting will penalise our OGD with at most a factor 8t /nr

n

However, even if our bounds gives us an intuition on how is the OGD interacting with its environment. One
cannot control it directly. If we assume having additional information at each time steps, this notion of
performance can help us to enhance OGD.

C Proofs of deterministic results
In this section we use the shortcut V; := V& (f).

C.1 Proof of Lemma 2.4

Proof. Let t > 0. Recall that v,y is defined as the Polyak averaging v;y; 1= % Zf(=1 x;. First, we remark
that by convexity of £;:

K
C(Vig1) — be(pg) = & ZXJ Z t(x5) — e (pf)-

Because CONSTRUCT is a gradient descent with steps (n;-)jzl_,K on the A-strongly convex function ¢;, one
has for any j, the classical route of proof for static regret bound for strongly convex functions described in
(Hazan, 2019, Theorem 3.3). One then has the following, which concludes the proof:

=
=

C.2 A general route of proof

We exhibit in Eq. (1) a general pattern of proof we use several times in this work to bound the dynamic
regret. This pattern also structures this document.

T T T T T T T T
Z&t(ﬂt) - th(u;) = th(ﬂt) - Z Ce(ve) + Z Z (Vet1) Z (Ves1) Z
t=1 t=1 t=1 t=1 t=1 t=1 t=1 t=1

=(4) =(B) =(0)

17
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Those terms are dealt as follows.

o (A) is controlled by the effect of ADJUST on OGD,ONS,Adagrad. It allows to transform the static
guarantees of those algorithms (as stated in Hazan, 2019) into dynamic ones.

o (B) is controlled by the convexity assumptions made on the ¢;s and involve terms like Pr, St.

o (C) is handled by the way we designed v.

Our proofs in the rest of this section are based on this general scheme.

Note that we used the sequence p* = (1} )1>1 as comparators here in order to control (C) via the CONSTRUCT
algorithm. This has two implications: (i) our results then holds when using any comparator sequence as we
control the worst case dynamic regret and (%) we can also involve directly any other comparator sequence p
within the proof, at the cost of letting (C) unconstrained. We would then need an algorithm different from
CONSTRUCT in order to make vy close to .

C.3 Proof of Thm 3.1

Proposition C.1. The sequence of predictors (fiy);>o0 obtained through DOGD on a closed convexr K with
steps 1 = (0t )1=1..7) with regards to the additional informations v = (v¢)i=o..7 € KT satisfies :

T

T T
N D? G?
E Ce(fie) — E () < 5=+ — D> -
t=1

=1 nr 2 t=1

Proof. We fix t > 0. For the sake of clarity, we rename fiemp := fliemp,i+1 = it — e VI () (Where firemp 141
is defined in algorithm 4).

Thanks to convexity of the losses, one has:

Dol = D) <3 (V). fue — 1)
t=1

t=1 t=1

To control this last sum, our intermediary goal is now to control ||fis11 — v¢41]|? in function of || — v
To do so, we first exploit Lemma 2.2 which stipulates that ||fiz+1 — ve41|1* < ||fitemp — v¢]|?. Then we control

(Ve () , e — 1)

One has:
1 = vigal® < [l ftemp — viell?

= [|fue — 0Vl (fue) — ||

= [l — vell® = 2me (Ve (fue) s fie — i) + 02 ||V e ()|
Hence:

. 2 . 2 AN A
||Mt+1 - Vt+1|| < ||Mt - Vt” — 21 <Vft (Mt) y Ut — Vt> + 7715202-

So:

A 2 qn _ 2 2
< e — vil|” = || g1 — vaga | +77tG ’

(Ve (1) , fr — v) o, 5

Summing on ¢, gives

18
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S i) - 3 ) €3 e - wl? (5~ 5) e

t t) — t t t — Vi

=1 =1 =1 2y 2m 2
D 2

_2777 ?tzzlﬁt

Hence the final result.

Now we are able to prove our result:

Proof of Thm. 3.1

Proof. We control the terms presented in Eq. (1). proposition C.1 ensures us that:

D G2 &
(A) < — + —

277T 2
3

< 5GD\/T,

Ui
t=1

The last line holding thanks to the definition of n and that Zthl % < 2VT.

We now have to deal with (B) and (C) of Eq. (1).
(B) is handled using the strong convexity of ¢; for any ¢ :

C(ve) = (Vi) < V(W) T (v = vesr) = Alvegr — vl
<NIVLO|vers = vel] = M|verr — vel)? Cauchy-Schwarz

< Glvesr = vill = Mver — il
Summing over all ¢ gives us :
(B) < GPr(v) — ASr(v).

To deal with (C), we exploit Lemma 2.4. Indeed, our choice of steps ensure us that at each step j: & — A =

j
AG—-1) = . We have at each time ¢:

b (V1) — Ce(pg) S K Z KZ*

< G? (1 + 1og(K)).
- MK

j—1

Finally:

G2(1 + log(K)
€)<T——7—

VT(1 +log(14T))

2
<
A

19
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The last line holding because K = [v/T].
Combining the bounds of (A),(B),(C) concludes the proof.

C.4 Proof of Thm 3.3

We need first to introduce on exp-concave funtion.

Definition C.2. A function f: R™ — R is a exp-concave over a conver X if the function g = exp(—af) is
concave on K.

One also recalls the following lemma coming from (Hazan, 2019, Lemma 4.3)

Lemma C.3. Let f: X — R be an a-exp-concave function, and D, G denote the diameter of X and a bound
on the (sub)gradients of f respectively. The following holds for all v < %min {w%,a} and all x,y € X :

) 2 £(3) + VI (x = y) + 2 (x = 3) VIOV (x - y).

One now states a key preliminary result of this section (proposition C.4) whoch exploits the exp-concavity
property.

Proposition C.4. We assume our loss functions £, to be o exp-concave. Let {fis} being the output of D-ONS

(algorithm 5) with v = %min {G%, a} , €= ﬁ. We then have, for T > 4 and any additional knowledge

v:

T
§jamoawos2<i+ap>m%uw

t=1

Proof. The proof is similar to the one of (Hazan, 2019, Thm 4.5) which holds for static regret. We prove
Lemma C.5 which is an adaptation of (Hazan, 2019, Lemma 4.6).

Lemma C.5. Let {ji;} being the output of algorithm 5 with v = %min {G%,a} , €= ,Yz—lDQ, We then have,
for T > 4 and any additional knowledge v:

T T

1
> (i) = be(mn) < <+GD> 14+ VAV )
t=1 a t=1

Proof. We fix t > 1 and we first apply Lemma C.3:

Ce(fig) — L (vg) < V;—(ﬂt — ) — %(ﬂt - Vt)TVtV;r(ﬂt — )

Recalling the definition of fitemp t+1, Substracting by v and multiplying by A; gives us:

N N 1 -
Mtemp,t+1 — Vi = bt — Vg — ;At 1vt (2)
and:

1
Ay (ﬂtemp,t+1 - Vt) = A (ﬂt - Vt) - ;Vt (3)
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Multiplying the transpose of Eq. (2) by Eq. (3) gives us

2 1
= (e —) Ay (e — ) — ;V: (fie — ve) + ?V:Aflvt- (4)

(ﬂtemp,t+1 - Vt)T At (ﬂtemp,tJrl - Vt)

Our goal is to lower bound the term on left hand-side of this equality. To do so, we first remark

T N N
Vt) A, (,utemp,t-i-l - Vt) = ||Mtemp,t+1 - Vt”it

(ﬂtemp,t-l—l -
2
- Vt”At Z

Because A; is a positive definite matrix, Lemma 2.2 holds, which allows us to say that || Gtemp, t+1

A1 — Vt+1||,24,y Thus:

N T o N
(Mtemp,t+1 - Vt) Ay (Mtemp,t+1 - Vt) > ||Mt+1 - Vt+1||At

T o
—vi1) Ar (flegr — Vig1)

= (ﬂt+1
This fact together with Eq. (4) gives:
Vi (fu—w) < % FATIV + % (fie — ve) " Ay (u — 1)
- % (i1 — vip1) " Ar (fpr — vigr)

Now, summing up over t = 1 to T we get that

JIVe+ % (1 — 1) Ay (1 — 1)

T L 7
T (s T
;Vt (e —m) < ﬂzvt A

T
+%Z [t —l/t = A1) (e — 1)
t=2
% (A1 —vrr) " Az (firer —vria)
1 T ~y T
<5 VIATY 5 (=) ViV (=)
v t=1 2 t=1
% (11— )" (A1 = VYY) (1 — 1)

In the last inequality we use the fact that A, — A;_1 = VtV;r , and the fact that the matrix Ar is PSD to
bound the last term before the inequality by 0. Thus,

T 1 I

th fir) — e(ve) < 2 ZVTA Wit o 5 (m —v)’ (A1 = V1V]) (u1 — 1)

t=1 t=1

Using that A1 — V1V1 =cl,, ¢ = 2D2 and that X has a finite diameter D gives us :

T
D belie) = Le(ve)

IN

T
1
2vajA Vot 2 F D%

T
1 T 1
<= A; —
_22 vt+27

Since v = 1 min {ﬁ, a} we have % <2 (é + GD). This gives the lemma.
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The rest of the proof now follows the exact same route than (Hazan, 2019, Thm 4.5).

Proof of proposition C.4 First we show that the term Zthl vjAglvt is upper bounded by a telescoping
sum. Notice that

ViAW, = A7 eV V] = A7 e (A — Ay )

where for matrices A, B € R"*" we denote by Ae B =3"" | 3% | A;;B;; = Tr (ABT), which is equivalent
to the inner product of these matrices as vectors in R,

For real numbers a,b € R, the first order Taylor expansion of the logarithm of b at a implies a~!(a — b) <
log 7. An analogous fact holds for positive semidefinite matrices, i.e., A le(A—B) <log %, where |A]
denotes the determinant of the matrix A (this is proved in Hazan, 2019, Lemma 4.7). Using this fact we

have

T T
SVIATIY =) A ev,V]
t=1 t=1

T

t=1
T
A Az
< I =1
= 2 A B 1Al

Since Ar = Zthl V.V, +¢el, and |V, < G, the largest eigenvalue of Az is at most TG? + e. Hence
the determinant of Ar can be bounded by |Ar| < (TG2 + s)d. Hence recalling that ¢ = WzilDQ and v =
%min{c%,a}, for T >4

T d

TG?
> VIA'V, <log (é_”) < dlog (TG*y*D? +1) < dlogT
t=1

Plugging into Lemma C.5 we obtain

) 1
St i) < (£ +GD) @log T+ 1)

t=1

which implies the theorem for d > 1,7 > 4.

We now can prove Thm. 3.3.

Proof of Thm. 3.3.

Proof. We control the terms presented in Eq. (1). To deal with (A), we exploit proposition C.4 knowing
that a A\-strongly convex function with its gradient bounded by G is \/G? exp-concave:

(A) <2 <Cf + GD> d(1 + log(T))

We now have to deal with (B) and (C) of Eq. (1).
(B) is handled using the strong convexity of ¢; for any ¢ :
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C(ve) — C(vegr) < V() T (v — vig1) = Mlvegr — el
< IVl ()| Ve — vel| — M|vess — vl Cauchy-Schwarz

< Glvesr = vil| = Mvers — vl P
Summing over all ¢ gives us :

(B) S GPT<Z/) - )\ST<Z/)

To deal with (C), we exploit Lemma 2.4. Indeed, our choice of steps ensure us that at each step j: 77% A=
J
Ai-1) =

G2 -
be(vesr) = beluy) < 5= Z -

< G? (1+1og( ))
- MK

Finally:

G%(1 +log(K))
AK

(1 +log(T))

o)<r

2

The last line holding because K =T
Combining the bounds on (A),(B),(C) concludes the proof.

C.5 Proof of Thm 3.5

We first start with a key result for our study of dynamic Adagrad.

Proposition C.6. We assume our loss functions s to be convex. Let {[i;} being the output of D-Adagrad

(algorithm 6) with e = %, n= %. We then have, for any additional knowledge v:

T
2 () = ) < VD | 1+ g NVl

where H = {X € R™" | Tr(X) <1,X =0} and for a fized H, ||p||3? = T H 'y where H™1 refers to the
Moore-Penrose pseudoinverse.

Proof. The proof follows the route of (Hazan, 2019, Thm 5.12) for the full-matrix version of Adagrad. As for
dynamic ONS, our only work consists in modifying a lemma of Hazan’s proof (Hazan, 2019, Lemma 5.13),
the rest holding similarly.

For the sake of completeness, we state all the lemma of interest in this proof, most of them are directly
extracted from (Hazan, 2019, Sec.5.6). We start with (Hazan, 2019, Lemma 11).
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Lemma C.7. For Hrp the last output of Adagrad, we have

[ min S IV4li7 = To(ttr)

We present now our lemma of interest (Hazan, 2019, Lemma 5.13)

Lemma C.8.

T
1

Ef )—¢ <2D Gre Hy" + Tr(Hr) —E

t=1 (i) = ) T2 (T. o+ Te(Hr) 27775:1

Proof. First, recall that Et 10 (fie) — e(vy) < Zt LV (g — ).

By the definition of fitemp 41 :
fltemp,t+1 — Ve = fly — Vp — UHt_lvt
and multipying by H; gives:
H,; (ﬂtemp,t+1 - Vt) = H; (ﬂt - l/t) - th~
Multiplying the transpose of Eq. (5) by Eq. (6) we get

A T N
(Mtemp,t+1 - Vt) H; (Mtemp,tJrl - Vt)

= Hi—1) (i —vi) -

= (u —ve) Hy(u — ) — 20V, (e — v) + V] H 'V,

Focusing on the left-hand side of the equality, one remarks that:

(ﬂtemp,t+1 - Vt)T H, (ﬂtemp,t+1 - Vt) = Hﬂtemp,tJrl -

Since H; is a PD matrix, one can apply Lemma 2.2 to obtain that ||fi+1 — Vt+1||%{t < || Btemp,t+1 —

Applying this result gives:

(ﬂtemp,t+1 - Vt)T H, (ﬂtcmp,t-g-l - Vt) > ||ﬂt+1 - Vt+1||§_1t

This fact together with Eq. (7) gives

n
VT Gie =) < GVTHV+ o (e = vl = s = v,

Now, summing up over t = 1 to T" we get that

T
YV —wm) <
t=1

1 T

T

n - 1 . 2 . 2

2 20 VIVt gl =l 53 (1= el = e = el ) =
t=1

T

NJ\J

t=1

24

1

~ 2
% | ftt+1 — Vt+1||HT

(7)

Vt||%1,,-

T
1
g YV H; 'V, + V2D + %Z (e —ve) " (Hy — Hy_y) (i — 1) -
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In the last inequality we used the fact that e = % and bounded || 1 — v1|| by D*.

We now prove that Zle VIH; 'V, < (GreHy"' + Tr(Hr)). To this end, define the functions
U (H)=V,V] « H ' Uy(H) = Tr(H).

By definition, Hy is the minimizer of Zf:o W, over H which can be related to a FTL strategy. Thus, using
(Hazan, 2019, Lemma 5.4), we have that

T T
D VIH V=) U (Hy)
t=1 =1

T
< Z Wy (Hr) + Vo (Hr) — Yo (Ho)

=Gre Hy' + Tr (Hr)
This concludes the proof O

Lemma C.8 gives us two terms to be bounded. To do so, we use (Hazan, 2019, Lemmas 5.14,5.15) to conclude
the proof. Those lemmas are gathered below.

Lemma C.9. For algorithm 6, the following holds
Gre H;' <Tr(Hr).

Lej{nma C.10. Recall that D the FEuclidean diameter of XK. Then the following bound holds,
et Ixe = x|y, g, , < D* Tx (Hr).

Now combining Lemma C.8 with the above two lemmas, and using n = % appropriately, we obtain the
theorem.

O

We now can prove Thm. 3.5.
Proof of Thm. 3.5.

Proof. We control the terms presented in Eq. (1). To deal with (A), we exploit proposition C.6:

A)<v2D |1 i *2
(A)<V2D |1+ gg%;”thH

We now have to deal with (B) and (C) of Eq. (1).

(B) is handled using the strong convexity of ¢; for any ¢ :

C(ve) = G(vegr) < V() T (v — vig1) = Mlveer — nl?
< IVl (W) || Ve — vel| — Allvess — vl Cauchy-Schwarz

< Gllvesr — vl = Mvesr — >
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Summing over all ¢ gives us :

(B) < GPr(v) — ASr(v).

To deal with (C), we exploit Lemma 2.4. Indeed, our choice of steps ensure us that at each step j: 77% A=
A1) =

K

b(vepr) — be(pg) < — Z —/\KZ—

G(l + log(K))
K

Finally:

G?*(1 + log(K))
AK

(1+log(T))

o)<r

DY

The last line holding because K =T
Combining the bounds on (A),(B),(C) concludes the proof.

O
D Proofs of probabilistic results
D.1 The SOCO framework
In what follows, for a certain filtration (¥;)¢>1, we denote by E,_1[.] := E[. | F;—1]. SOCO’s framework has

been introduced in Wintenberger (2024). It focuses on a more general notion of regret presented below.

Definition D.1. For loss function ¢, we denote by (F¢): a filtration s.t. ¢, is Fi-measurable. For some
predictors (fi)i=1. 7 € X we define the dynamic averaged regret with regards to (ut)i=1. 7 € KT as follows:

D-Av-Regrety := ZEt 1[0 (fr)] ZEt 1[0 (1at)]
t=1

We use SOCO here with the two following assumptions:

(H1) The diameter of X is D < oo so that [z —y| < D,z,y € X, and the functions ¢; are continuously
differentiable over X a.s. and the gradients are bounded by G < 00 : sup,cy ||Vl (2)|| < G as.t > 1

(H2) The random loss functions (¢;) are stochastically exp-concave i.e. it exists a > 0 such that, for any
p1, pe € K:

Eo1l6s(2)] < Eor (o)) + Eeor [Vu(12)" (12 = )] = SEeoa | (Thap) (2 — m))*], wy e %

Remark D.2. A \-strongly convex function with its gradients bounded by G in absolute value is o stochas-
tically exp-concave with o = \/G?

Note that Prop 3 of SOCO is valid for dynamic regret:
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Lemma D.3 ((Wintenberger 2021, Proposition 3)). For any decision sequence (fiz); € KT, () € (XT)2,
under (H1) and (H2), with probability 1 — 6, it holds for any B >0 and any T > 1

Ve ()" (i — o)

M=

ZEt 1[0 (fu ZEt 1[0 ()] <

t=1

o+
Il

1

M\Q

T > o
Z (Vﬁt [Lt ,ut)) + 3 log (5*1)

: i {(V& (fu)" (ﬂt#t))z}

D.2 Proof of Thm. 3.2

Our goal is now to combine this property with our dynamic OGD. To do so, we want to control the quadratic
terms in Lemma D.3. This is the goal of proposition D.4.

Proposition D.4. For any decision sequence (fi)t, any sequence (u): such that for any t; (fig, pe) is Fr_1-
measurable, with probability 1 — 29, it holds for any T > 1

T
G2
ZEt 1[4 (1 ZEt 16 ()] < z:: ,Ut — ) + (2((?D)2 + 6/\> log ((5*1)

Proof. We define a = A/G? and Y, = V4 ()" (i — ju) remark that |Y;| < GD a.s, we then exploit a
corollary of a Poissonian inequality stated in (Wintenberger, 2024, Eq. (7)). With probability 1 — ¢ we have:

D OYP <2 B[V +2(GD)? log(1/9)

t=1 t=1

Thus, taking an union bound to make hold this inequality simultaneously with the one of Lemma D.3 and
taking 3 such that 35 — a = 0 gives us with probability 1 — 24:

T
G2
ZEt 16 (f1)] Z]Et 1[0 ()] < z:: v ()" (e — o) + (2(C?D)2 + 6)\) log (671)
This concludes the proof. O

We are now able to prove Thm. 3.2:

Proof of Thm. 3.2.

Proof. We first state that for any (fi, pe):
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T

Z]Et 1 gt ,LLt ZEt 1 Et Ht ZEt 1 ft(ut) *gt(ut)]

IA
MHZ
H

o~
Il
A

—1 [6 () — Ce(ve)] + ZEt—l [Ce(ve) = Le(veta)]

t=1

I
M=
=

o~
I
-

=51 =S5

+ ZEt—l (s (Vi) — Le(pi)]

:=S3

The sum S is controlled by applying proposition D.4. Then the sum Zthl V(1) T (fir — v¢) is handled by
proposition C.1. We then obtain with our specific choice of steps:

2

S < SGD\/T + (2(GD)2 + 6C§\> log (07) = O(VT).

To control the two last sums, we exploit some arguments provided in Thm. 3.1. More precisely we use the
bounds designed to control the sum (B) and (C) in the Thm. 3.1’s’ proof. We then have for any ¢ > 0, by
strong convexity of the losses:

U(ve) = Le(vig1) < Gllvegr — viel| = Mlvega — e .

Also, our choice of steps gives for any j: ni’ —A=A(FG-1)= . Then, using Lemma 2.4 gives:

K G2
Ci(vigr) — b (pg) < Z =

_¢ log<K>>.
- AK

K

S

Then, applying our conditional expectations, recalling that K = [v/T | and summing over t gives us.

1 [Glvess — vell = Mvesr — vel*]

HMH

2

S3 < %ﬁu +log(1+T)) = O(VT).

To conclude the proof, one remarks that if one defines

T

My = 3 By [Gllvies — vell = M — vil1?] = (GPr(v) = ASz(v))
t=1

28

—1 [Ce () — Le(pf)] with py = argmin,,cq £¢(p)
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Then:

1 [Gllvers = vill = Mvesr = vel|*] = My + GPr(v) — ASr(v)

I\M‘ﬂ

(My)¢>0 is a martingale and furthermore for any ¢ > 0, —AD? < Gllvggr — vt — Mveer — 1/,5||2 <GD.

=M;—M; 1
Thus, applying Azuma-Hoeffding’s inequality gives us, with probability 1 — ¢ that My < O(v/T)
So with probability 1 — &, one has Sy < GPr(v) — ASt(v) + O(VT).
Applying an union bound on the bounds of 57, 52 and summing the bound of Sy, S, S5 concludes the proof.
O

D.3 Proof of Thm. 3.4

Proof. We first state that for any (i, fut):

T

ZEt 1[0 ()] Z]Et ()] =Y By [Ce(fu) — ()]

t=1

1 [ () — Le(py)] with pff = argmin, eqc £ (1)

nMﬂ

T T
Z 1 [ (fe) — e (vegr)] + Zth Ce(Veq1) — Le(pg)]

t=1

=5 :=Sa

The sum S is controlled by applying Lemma D.3. We then obtain with Y; = (V4, it — v¢41) with probability
1-6:

2 log(1/96).

“Etflmﬂ +3

T BT
g; 52;

The first sum is controlled by an intermediary result given in Lemma C.5, the second by Cauchy-Schwarz,
we then have:

ZYt Z t — Vi, ) + (Ve 0y — v q1)
t=1
1 & v 1
< %Z TA lvt 52 /,Lt—l/t VtVtT (ﬂt—Vt)"F%-i‘GPT(V)
t=1 t=1

Recall that, because v = § min(&5,/4), £ <2 (2 + GD), one has Zthl VIA7'V, <2(8 +GD) dlog(T).

Finally, one has:

1
5

T
(&%

16

t:l

ZY}<2(1+8+GD>dIOg /,Lt—Vt) +GPT(V)

t=1
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Plus, remarking that:

(V] (e —10))" = (V] (= ve1) + V] s —0))” < 2Y2 +2(V] (i — 1))

< 2Y72 + 2Gvpsn — w?

Summing on ¢ and reorganising the previous bounds finally gives:

S Eea[Y7]+ 5 log(1/6) + O(dlog(T))

T
S1 < GPr(v)+ 2G2ST(I/) + ﬁ%aﬂl ZY? + b
t=1

Finally, because |Y;| < GD a.s, we exploit a corollary of a Poissonian inequality stated in (Wintenberger,
2024, Eq. (7)). With probability 1 — § we have:

D Y2 <2> By a[Y] + 2(GD)? log(1/5) (8)

= t=1

Thus, taking an union bound and f such that 38 — a/2 = 0 gives us with probability 1 — 20:

S; < O(dlog(T)) + GPr(v) + G2Sr(v) + (1; + IQ(ZY(GDF) log(1/6)

Finally, to control S5, we reuse the arguments provided in Thm. 3.3. More precisely, we use that the step
size of CONSTRUCT allow us to use Lemma 2.4 to claim that for any ¢ > 0:

G? &
b(vi1) — be(py) < N 277;
j=1

_ G2(1+log(K))
= NK

Then, because K = T', applying our conditional expectations and summing over t gives us.

2

Sy < %(1 +log(T)) = O(log(T)).

Summing S7 and S5 concludes the proof.

D.4 Proof of Thm. 3.6

Proof. We first state that for any (fi, pe):

30



Under review as submission to TMLR

ZEt 1 ft Z]Et 1 gt Ht Z]Et 1 et(,ut) —ft(,ut)]

t=1

1[0 (i) — Ce(py)) with gy = argming g €(p)

HMH

T
Z 1 (1) — Ce(veg)] ZEt 1[G (1) = be(p)]

::Sl ::Sz

The sum S is controlled by applying Lemma D.3. We then obtain with Y; = (Vy, fis — v¢11) with probability
1-96:

T ﬂ T )
SZYt+§Z P Og, [vA + ﬂlog(l/é).
t=1 t=1

The first sum is controlled by an intermediary result given in proposition C.6, the second by Cauchy-Schwarz,
we then have:

ZYt Z ¢ — Ve, ) + (Ve 0y — veq1)

t=1

. *2
<v2D[1+ lzrfnelglczt:”thH +GPrp(v)

Reorganising the previous bounds finally gives:

RS 2
S, < GPr(v 52 YR [V + Blog(l/é)

Finally, because |Y;| < GD a.s, we exploit a corollary of a Poissonian inequality stated in (Wintenberger,
2024, Eq. (7)). With probability 1 — § we have:

ZW < 221& 1[Y2] 4+ 2(GD)?1og(1/6) (9)

Thus, taking an union bound and S such that 35 — a = 0 gives us with probability 1 — 24:

2 2
< . *2 “ o 2
Sy <Vv2D |1+ /Ignel% §t IVellzr | + GPr(v) + (a +5(GD) )1og(1/5)

31



Under review as submission to TMLR

Finally, to control Ss, we reuse the arguments provided in Thm. 3.3. More precisely, we use that the step
size of CONSTRUCT allow us to use Lemma 2.4 to claim that for any ¢ > 0:

G? &
be(vesr) = beluy) < 5= >
j=1

_ G2(1+log(K))
= NK

Then, because K = T', applying our conditional expectations and summing over ¢ gives us.

G2
$2 < = (1+10g(T)) = O(log(T)).

Summing S; and Sy concludes the proof.
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