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Abstract
Safe exploration remains a fundamental challenge in reinforcement learning
(RL), limiting the deployment of RL agents in the real world. We propose
Sampling-Based Safe Reinforcement Learning (SBSRL), a model-based RL
algorithm that maintains safety throughout the learning process by enforcing
constraints jointly across a finite set of dynamics samples. This formulation
approximates an intractable worst-case optimization over uncertain dynamics and
enables practical safety guarantees in continuous domains. We further introduce
an exploration strategy based on constraining epistemic uncertainty, eliminating
the need for explicit exploration bonuses. Under regularity conditions, we derive
high-probability guarantees of safety throughout learning and a finite-time sample
complexity bound for recovering a near-optimal policy. Empirically, SBSRL
achieves safe and efficient exploration both in simulation and in real robotic
hardware, and readily extends to practical deep-ensemble implementations that
scale to high-dimensional continuous control problems.

1 Introduction
Reinforcement learning (RL) is a framework for sequential decision-making that has achieved
remarkable success across a wide range of application domains [1, 2, 3, 4, 5, 6]. Despite this
progress, training RL policies during deployment remains challenging due to two fundamental
barriers: sample efficiency and safety. Standard RL algorithms typically require a large number of
interactions with the environment, which is often impractical or costly in physical systems. Moreover,
ensuring safety during training is itself a central challenge: because of epistemic uncertainty about
the system dynamics, the consequences of any action are uncertain; in this sense, every interaction
with the environment is inherently exploratory, and may cause catastrophic failures. Together, these
challenges limit the applicability of RL largely to settings that can be accurately simulated or where
high-quality demonstration data is available.

A key challenge in safe exploration [7] is to satisfy constraints despite uncertainty, while simulta-
neously visiting uncertain regions of the state-action space to gather informative data and improve
performance. Model-based RL provides a natural framework for addressing this tension by explicitly
modeling uncertainty in the learned environment dynamics. Existing approaches [8, 9] typically
use such uncertainty estimates to pessimistically tighten constraints to guarantee safety throughout
learning, and to add uncertainty-driven bonuses to encourage exploration. However, these methods
often (i) introduce excessive conservatism through their constraint tightening, and (ii) require careful
tuning of exploration bonuses to ensure both convergence and effective exploration.

To address these challenges, we propose Sampling-Based Safe Reinforcement Learning (SBSRL),
a model-based algorithm for safe and sample-efficient exploration. SBSRL learns an uncertainty-
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aware dynamics model, leveraging its epistemic uncertainty to drive exploration while also
maintaining safety at all times. Sampling-based methods provide flexible uncertainty estimates,
scale to expressive model classes [10] and admit natural parallelization. SBSRL leverages these
properties to obtain a tractable approximation to the robust optimization problem at the core
of safe exploration: finding a policy that satisfies safety constraints under worst-case dynamics
among a set of plausible models of the environment (see Equation (6)). Rather than solving
this worst-case problem explicitly, SBSRL enforces safety on each sample of the dynamics, as
we illustrate in Figure 1. In addition, rather than adding an exploration bonus to the objective,
SBSRL encodes exploration as a constraint that requires the agent to collect sufficient information
along its trajectories. As a result, exploration is triggered only when a greedy policy is not
informative enough, yielding a simpler and more robust strategy for safe exploration.

Goal

tightened constraint

f1
n

f2
n

fM
n

f⋆

Figure 1: We illustrate a safe exploration task in
which a car with unknown dynamics must learn
to reach a goal while avoiding obstacles (tires).
At each episode n, SBSRL maintains a set of
M dynamics samples f1

n, . . . , f
M
n and enforces

tightened safety constraints jointly across their
corresponding model-generated rollouts, denoted
by transparent cars. For instance, the depicted
policy would lead to constraint violations under
the plausible model fM

n . SBSRL updates its policy
by simulating it in dynamics f1

n, . . . , f
M
n , thereby

ensuring safety under the true system dynamics f⋆.
As more episodes are collected and uncertainty
shrinks, the sampling-based approximation
becomes progressively less conservative, enabling
SBSRL to discover higher-reward trajectories and
ultimately reach the goal.

Our contribution.

• We propose SBSRL, a novel model-based RL
algorithm for safe exploration in continuous
state-action spaces. SBSRL enforces safety
using a finite number of dynamics samples,
and promotes exploration via a constraint on
the epistemic uncertainty.

• We show that when the dynamics are mod-
eled using a Gaussian process, SBSRL guar-
antees safety with high probability. In addi-
tion, we provide a sample-complexity bound
showing that SBSRL obtains near-optimal
policies in a finite number of episodes.

• We empirically validate SBSRL both in
simulation and on hardware. With Gaussian
process dynamics models, consistent with
our theory, SBSRL achieves safe and
efficient exploration. We also introduce
a scalable neural ensemble variant that
enforces constraints jointly across multiple
dynamics and evaluate it in SafetyGym and
RWRL [11, 12]. Finally, we show that these
principles carry over to real-world hardware,
enabling safe online learning in practice.

2 Related Work
Safety in CMDPs. Safety in RL has been
modeled in various ways [13, 14, 15]. Among
these, constrained Markov decision processes
(CMDPs) [16] provide a natural framework, as they enjoy many classical results from planning in
MDPs, and can be used to formulate different notions of safety [17, 18, 19]. Many works address
learning and planning in CMDPs, both in discrete [20, 21, 22] and continuous [23, 24, 25, 26]
state-action spaces. However, these algorithms ensure safety only at convergence, and may violate
constraints during learning. This problem of safely learning, i.e., safe exploration, has been tackled in
tabular CMDPs [27, 28, 29, 30, 31, 32], where strong guarantees are available, but these approaches
do not scale well to continuous problems. Extensions to continuous state-action spaces have been
explored in the model predictive control (MPC) literature [33, 34, 35, 36, 37]. However, these
techniques rely on online planning, requiring the solution of an optimization problem at each step
and thus incurring significant computational cost.

Sampling-based algorithms. Sampling-based methods are popular in robotics for their efficiency
and parallelizability [38, 39, 40], but they remain largely restricted to unconstrained settings.
Notable exceptions include scenario optimization [41, 42], which requires sampling from the true
data-generating process, conformal prediction [43], which typically yields post-hoc guarantees; and
dynamics sampling approaches within MPC [37, 44]. Closely related to our work, Prajapat et al.
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[44] sample functions from GP dynamics models and enforce constraints jointly across all sampled
dynamics within an MPC framework. We apply this principle—to the best of our knowledge, for
the first time—to continuous-domain CMDPs. Existing CMDP methods [24, 8] typically tackle
epistemic uncertainty via worst-case optimization over plausible models. However, this optimization
is generally intractable and approximated via heuristics, sacrificing the original theoretical guarantees.
We close this gap by jointly solving the CMDP across all sampled dynamics and establishing
theoretical guarantees for the resulting algorithm.

Epistemic exploration and optimality. In online learning, purely greedy approaches under a
nominal model may explore inadequately, motivating optimism-based methods [45, 46, 47]. In
constrained settings, however, optimism alone is not sufficient, since the feasible set may fail to expand
enough to include the optimal solution [48, 49]. In the CMDP setting, As et al. [8] propose ActSafe,
an explore-then-commit strategy [50], with simple regret optimality guarantees. However, such pure
exploration approaches prioritize information gathering and may sacrifice reward performance in
the early stages of learning. More recently, Wendl et al. [9] develop an algorithm based on intrinsic
rewards [51] that achieves sublinear cumulative regret. While theoretically grounded, intrinsic reward
methods are often sensitive in practice to the choice of hyperparameters, potentially leading to over-
exploration or premature exploitation. In contrast, our approach encourages exploration through a
constraint on the epistemic uncertainty, allowing the policy to remain greedy whenever the constraint
is satisfied. Akin to our work Prajapat et al. [52] adopts an exploration constraint formulation,
however in an MPC framework, whereas we establish simple regret guarantees in the CMDP setting.

3 Problem Setting
3.1 Constrained Markov Decision Processes
We consider a discrete-time finite-horizon CMDP defined by the tuple ⟨X ,A, T, p, r, c, d, ρ0⟩. The
setsX ⊆ Rdx andA ⊆ Rda denote the state and action spaces, respectively. The episode horizon is T .
The reward and cost functions are assumed to be bounded and given by r : Rdx × Rda → [0, Rmax]
and c : Rdx × Rda → [0, Cmax], respectively. The initial state distribution is denoted as ρ0 and the
transition probability p(· | x, a) is induced by the stochastic dynamics

xt+1 = f⋆(xt, at) + wt, t = 0, . . . , T − 1, (1)

where f⋆ is an unknown function and {wt}T−1
t=0 is a sequence of noise variables taking values inW ⊆

Rdx . The agent selects actions according to a policy π : X → A from a class Π. While finite-horizon
MDPs require time-dependent policies [53], we omit the dependence on t for notational brevity.

Given a policy π and a transition function f , the noisy dynamics (1) induces a trajectory distribution
from which we define the expected reward return Jr(π, f) and cost return Jc(π, f), where the return
of an arbitrary function g : X ×A → R is given by

Jg(π, f) := Eτf
π

[
T−1∑
t=0

g(xt, at)

]
. (2)

Here, the subscript τfπ in the expectation denotes a trajectory rolled out according to the policy
at = π(xt) and the dynamics xt+1 = f(xt, at) + wt. The expectation is taken over the initial state
x0 ∼ ρ0 and the process noise sequence {wt}T−1

t=0 . The goal of the learning agent is to find a policy
that maximizes the expected reward return subject to the expected cost remaining below a threshold
d, both evaluated under the true, unknown dynamics f⋆:

π⋆ ∈ argmax
π∈Π

Jr(π, f
⋆) s.t. Jc(π, f

⋆) ≤ d. (3)

3.2 Task
Since f⋆ is unknown, the agent interacts with the system over multiple episodes to acquire information.
During episode n, the agent executes policy πn and collects a trajectory of length T consisting of
transitions

{
(xn

t , a
n
t , x

n
t+1)

}
T−1
t=0 . Importantly, beyond the final objective in (3), we require safety

during learning: the policy πn selected at each episode must satisfy the constraint despite not
knowing the true dynamics, i.e.,

Jc(πn, f
⋆) ≤ d ∀n ∈ {0, 1, . . . }. (4)
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Our goal is to design an algorithm that collects data to progressively reduce uncertainty about the
system until (3) can be solved up to arbitrary tolerances. The algorithm is designed to provably
(i) satisfy the constraint on the expected cost return at every episode, (ii) terminate after a finite
number of episodes, and (iii) achieve a near-optimal return upon termination. To this end, we make
the following assumptions, which are standard in the safe MBRL literature (see, e.g., Assumptions
4.1-4.5 in [8] and Assumptions 5.1-5.2 in [51]).

3.3 Assumptions

Assumption 1 (Gaussian noise). The process noise is Gaussian i.i.d. with wt
i.i.d.∼ N (0, σ2

wI).

This assumption can be relaxed to sub-Gaussian noise as in Curi et al. [47] by assuming instead
Lipschitz continuous costs and rewards, true dynamics, and policies. The resulting sample complexity
would suffer an exponential-in-horizon amplification governed by the Lipschitz constants. Instead,
we assume Gaussian noise to invoke Kakade et al.’s “Difference of Gaussians” simulation lemma [54]
and obtain tighter sample complexity bounds.

Prior knowledge. In safe exploration, absences of prior knowledge makes safety generally ill-posed,
since no policy can be certified as safe without structural assumptions on the unknown dynamics.
This requirement is standard in the safe learning literature, where it is typically enforced by assuming
access to an initially calibrated model and a corresponding set of safe policies [8, 9]. We therefore
require a prior model class that captures admissible deviations from a nominal dynamics estimate.

Assumption 2 (RKHS with bounded norm). Let Z := X × A. We assume access to a known
prior mean function µ : Z → Rdx and kernel k : Z × Z → R such that, for each component
f⋆
j of the true dynamics f⋆ = (f⋆

1 , . . . , f
⋆
dx
), we have that f⋆

j − µj is an element of the RKHS Hk

induced by the kernel k and has a known bound B > 0 on the RKHS norm, i.e. f⋆
j − µj ∈ Hk and

∥f⋆
j − µj∥k ≤ B, ∀ j ∈ [dx]. Moreover, the kernel satisfies k(z, z) ≤ σmax ∀ z ∈ Z.

Assumption 2 formalizes that the prior model µ is accurate up to a bounded error measured
in RKHS norm. We further require that the prior model class induced by (µ, k,B) admits at
least one policy that is uniformly safe over a class of initial admissible dynamics, defined as
FB

0 := {f | |fj(z) − µj(z)| ≤ B
√
k(z, z) ∀ j ∈ [dx], z ∈ Z}. Note that, by definition of the

RKHS norm, every dynamics function satisfying Assumption 2 must also lie in FB
0 .

Assumption 3 (Feasible safe initialization). There exists a constant ∆ > 0 such that the set
Πprior := {π | Jc(π, f) ≤ d−∆ ∀f ∈ FB

0 } is non-empty.

Together, Assumptions 2 and 3 encode that the prior knowledge is both sufficiently expressive to
contain the true dynamics and sufficiently informative to certify at least one safe policy. In practice,
the prior mean µ, and its corresponding safe initialization, can be obtained in different ways, such
as from an offline dataset D0 or a simulator, with B capturing the resulting model mismatch or
sim-to-real gap. This makes the framework agnostic to the source of prior information, as long as
a meaningful bound on the discrepancy is available.

To establish continuity of the learned dynamics model and ensure finite sample complexity guarantees,
we require two additional regularity assumptions on the prior mean and kernel.

Assumption 4. The prior mean µ and kernel k are Lipschitz continuous on Z with constants Lµ, Lk.

To characterize the complexity of the function class Hk, we introduce the notion of max-
imum information gain for a kernel k with N observations from the set Z as γN (k) :=
maxG⊂Z, |G|≤N

1
2 log det

(
I + σ−2

w KG
)
, where KG := [ k(z, z′) ]z,z′∈G . This quantity measures

the maximum reduction in uncertainty achievable after N observations. To ensure that the exploration
complexity remains finite, we further restrict attention to kernels whose information gain grows
sufficiently slowly with N , as formalized in the following assumption.

Assumption 5. The maximum information gain γN (k) of the kernel k over the set Z satisfies
γ3
N (k) = o(N).

Assumptions 4 and 5 are mild and are satisfied by common kernel choices such as linear and squared
exponential, as well as Matérn kernels with sufficiently large smoothness parameters, when composed
with bounded and Lipschitz continuous feature maps (cf. Appendix A).
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4 Background
Gaussian process dynamics models. For our analysis, we model the unknown dynamics
using Gaussian processes (GPs) built around a known prior mean function µ : Z → Rdx and
kernel k. At episode n, the GP is updated using all data collected in earlier episodes. For each
episode ℓ ∈ {0, . . . , n − 1} and stage t ∈ {0, . . . , T − 1}, let zℓt := (xℓ

t, a
ℓ
t) ∈ Z := X × A and

yℓt := xℓ
t+1 ∈ X . The dataset available at episode n is D0:n−1 =

⋃n−1
ℓ=0 Dℓ,Dℓ = {(zℓt , yℓt )}T−1

t=0 .
Each state coordinate can be modeled independently with a GP. For j ∈ [dx], define the
output vector yn−1,j := [ yℓt,j ](ℓ,t), the mean vector µn−1,j := [µj(z

ℓ
t ) ](ℓ,t), the kernel vector

kn−1(z) := [ k(zℓt , z) ](ℓ,t), and the Gram matrix Kn−1 := [ k(zℓt , z
ℓ′

t′ ) ](ℓ,t),(ℓ′,t′), where (ℓ, t)
ranges over {0, . . . , n − 1} × {0, . . . , T − 1}. Given the prior mean estimate µj and the kernel k,
the posterior mean and variance for component j are obtained via standard GP regression:

µn,j(z) = µj(z) + kn−1(z)
⊤(Kn−1 + σ2

wI)
−1(yn−1,j − µn−1,j)

σ2
n,j(z) = k(z, z)− kn−1(z)

⊤(Kn−1 + σ2
wI)

−1kn−1(z).
(5)

The vector-valued mean and standard deviation are denoted by µn(z) := (µn,1(z), . . . , µn,dx(z))
and σn(z) := (σn,1(z), . . . , σn,dx(z)). We further define the scalar uncertainty measure sn : Z → R
with sn(z) := ∥σn(z)∥. The following Lemma then establishes that a GP model is well-calibrated,
in the sense that the true dynamics lie within the confidence intervals induced by the posterior mean
and variance with high probability.

Lemma 1 (Vector-valued analog of Theorem 2 of Chowdhury and Gopalan [55]). Let Assumptions 1

and 2 hold. For any δ ∈ (0, 1] and n ≥ 0, define βn(δ) := B+σw

√
2(γnT (k) + 1 + ln

(
dx

δ )
)
. Then

with probability at least 1− δ it holds that for all n = 0, 1, 2, ..., for all z ∈ Z and for all j ∈ [dx]
that |µn,j(z)− f⋆

j (z)| ≤ βn(δ)σn,j(z).

These confidence regions are typically used in the literature to conservatively enforce constraints [8].
In our approach, we approximate these regions via sampling.

Approximation via GP sampling. We define a vector-valued sample f̃ = (f̃1, . . . , f̃dx) ∼
GP (µ, k) from the prior GP by concatenating f̃j ∼ GP (µj , k) for j ∈ [dx]. The key idea underlying
our approach is that, by drawing sufficiently many samples, we can ensure with high probability
that at least one is uniformly close to the true dynamics. Drawing continuous function realizations
f̃ ∼ GP (µ, k) is computationally intractable due to their infinite dimensional nature. However, since
we only need to evaluate these functions at the discrete, finite state-action pairs visited by the agent,
several methods can efficiently generate GP samples in practice (cf. Appendix A). We now formalize
a sufficient number of samples to achieve at least one that is ζ-close. To do so, we first introduce
the small-ball probability.

Definition 1 (Small-ball probability; Van Der Vaart and Van Zanten [56]). Let f̃j ∼ GP (0, k).

The small-ball probability is defined by Pr
[∥∥∥f̃j∥∥∥

∞
< ζ
]
=: exp(−ϕ(ζ)) for any ζ > 0 where the

probability is given by the small-ball exponent ϕ : R→ R.

The small-ball exponent can be bounded using properties of the kernel k. See Prajapat et al. [44] for
bounds for common kernel classes.

Lemma 2 (Theorem 1 of Prajapat et al. [44]). Let Assumption 2 hold. Consider any δ ∈ (0, 1] and
ζ > 0. Select M satisfying

M ≥ log(δ)

log(1− exp(−dx( 12B2 + ϕ(ζ))))
.

Let f̃1, . . . , f̃M ∼ GP (µ, k) be function samples from the prior GP. It holds with probability at least

1− δ that for some m ∈ [M ],
∥∥∥f̃m

j − f⋆
j

∥∥∥
∞
≤ ζ ∀j ∈ [dx].

See Appendix B for the proof of Lemma 2. By characterizing the number of samples required to
achieve a ζ-close approximation to an arbitrary function in the RKHS, the above lemma provides
a conservative worst-case bound on the number of GP samples required so that enforcing constraints
on sampled dynamics implies that they also hold on the true unknown dynamics. While this bound
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can be large, it is required to formally guarantee safety with high-probability for a very general class
of problems. In practice, we observe that significantly fewer samples are sufficient to obtain safe
policies. Next, we describe how this bound is used in our algorithm design.

5 Algorithm
Enforcing safety via sampling. Given a well-calibrated model (Lemma 1), satisfying the safety
constraint in each episode n amounts to solving a worst-case optimization given by

max
f∈Fn

Jc(π, f) ≤ d, (6)

whereFn := {f : |µn,j(z)−fj(z)| ≤ βn(δ)σn,j(z) ∀j ∈ [dx]}. Prior work in safe MBRL addresses
this in practice via heuristics [8, 24] or pessimistic cost penalties [9]. We instead approximate this opti-
mization over the classFn with a finite set of M sampled models f̃1, . . . , f̃M drawn i.i.d. from the GP
prior. For sufficiently large M (see Lemma 2), at least one sample is ζ-close to f⋆ with high probabil-
ity, allowing us to ensure safety on the true system by enforcing constraints over the sampled models.

Truncating unlikely samples. Since these samples are drawn from the prior and not yet informed
by data, we refine them online by truncation [37]. At every episode n, each sample is truncated to
lie within the intersection of all previous GP confidence sets,

fm
n,j(z) = clip(fm

n−1,j(z), µn,j(z)− βn(δ)σn,j(z), µn,j(z) + βn(δ)σn,j(z)), (7)

for all z ∈ Z, j ∈ [dx]. For n = 0, we overload the notation and apply Equation 7 to
fm
−1,j := f̃m

j , µ0(z) := µ(z), σ0,j(z) :=
√
k(z, z), and β0(δ) := B, yielding fm

0 ∈ FB
0 ∀m ∈ [M ].

zt

x
t+

1

f? FB0 f̃m fm0 fζ

Figure 2: At the initial episode n = 0, we draw
M samples f̃m from the GP prior. These are then
clipped using the prior bound FB

0 , yielding the
truncated samples fm

0 . Finally, fζ denotes the ζ-
close sample of Lemma 2.

For well-calibrated models (cf. Lemma 1),
truncation can only reduce deviation from f⋆,
thereby preserving the ζ-close sample. This
idea is illustrated in Figure 2.

Constraint tightening. To account for the gap
between this sample and f⋆, we then tighten
the constraint by a ζ-dependent constant and
enforce it jointly across all samples:

Jc(π, f
m
n ) ≤ d−∆ζ ∀m = 1, . . . ,M,

which guarantees safety under the true dynamics
with high probability. Intuitively, the tighten-
ing factor ∆ζ , defined in Algorithm 1, bounds
the discrepancy between returns under f⋆ and
a ζ-close model. This yields a natural tradeoff:
increasing ζ reduces the number of samples M required by Lemma 2 but increases conservatism,
while smaller ζ improves tightness at higher computational cost. We note that truncation is only one
approach for refining GP samples with data. For other approaches, including posterior sampling, we
refer the reader to Section A.

Enforcing exploration as a constraint. Prior safe MBRL methods often encourage exploration via
intrinsic reward bonuses, where the agent maximizes Jr(π, µn) + λexplore

n Jsn(π, µn) [9]. In practice,
these approaches require careful tuning of λexplore

n , and may either over-explore irrelevant regions or
fail to explore sufficiently under model misspecification. In contrast, we decouple reward maximiza-
tion and exploration by enforcing a constraint that the epistemic accumulated along trajectories under
our nominal dynamics exceeds a threshold. Concretely, at episode n, we require the policy to satisfy
Jsn(πn, µn) ≥ dnσ , where dnσ is a prescribed exploration threshold defined in Theorem 2. Importantly,
this constraint becomes inactive when the greedy policy is already sufficiently informative, in which
case no additional exploration is enforced. Moreover, infeasibility of the constraint provides a natural
stopping criterion, certifying that remaining policies induce uniformly low epistemic uncertainty
and linking the exploration threshold directly to the final suboptimality guarantee.

Sampling-Based Safe Reinforcement Learning (SBSRL). We now propose a model-based
reinforcement learning algorithm that combines sampling-based constraint satisfaction with the
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exploration constraint. In particular, as shown in Algorithm 1, at each episode n, the agent selects
the policy πn as

πn = argmax
π∈Π

Jr(π, µn) s.t. Jc(π, f
m
n ) ≤ d−∆ζ ∀m ∈ [M ] and Jsn(π, µn) ≥ dnσ. (8)

Algorithm 1 Sampling-Based Safe Reinforcement Learning (SBSRL)

Require: Confidence parameter δ, closeness threshold ζ ∈ (0, σw∆√
dxT 2Cmax

), exploration threshold
sequence {dnσ}n≥0, prior mean µ and kernel k

1: Dataset D0 ← ∅, episode n← 0

2: Set constraint tightening ∆ζ ← ζ
√
dx

T 2Cmax

σw

3: Set number of dynamics samples M to satisfy the condition of Lemma 2 under µ, k, δ, ζ
4: Draw M dynamics samples f̃1, . . . , f̃M ∼ GP (µ, k)
5: while Problem (8) is feasible do
6: Construct truncated dynamics samples f1

n, . . . , f
M
n according to (7)

7: Select πn by solving Problem (8)
8: D0:n ← D0:n−1 ∪ rollout πn

9: Update model GP(µn+1, σn+1)← D0:n

10: n← n+ 1
11: end while
12: Select π̂ by solving Problem (8) after removing the constraint on Jsn (greedy policy).

In the following, we present our theoretical guarantees for SBSRL. We provide further details
regarding our practical implementation of SBSRL in Section F.

6 Results
We now prove that with high probability, SBSRL satisfies the constraint at all episodes, terminates after
a finite number of steps, and is nearly optimal upon termination. We defer proofs to the supplement.

Our first result shows that solving Problem (8) guarantees safety of the policy πn at all episodes n with
high probability. For this, define the set policies which satisfy the safety constraint of Problem (8) as

Πn
safe := {π ∈ Π | Jc(π, f

m
n ) ≤ d−∆ζ ∀m = 1, . . . ,M}.

Theorem 1 (Safety). Suppose Assumptions 1-3 hold. Consider any δ ∈ (0, 1/2), ζ ∈ (0, σw∆√
dxT 2Cmax

),
and sequence of positive numbers {dnσ}n≥0. Consider running Algorithm 1 given these values. Then,
it holds with probability at least 1 − 2δ that for every episode n, any policy π ∈ Πn

safe satisfies
Jc(π, f

⋆) ≤ d. In particular, this holds for the policy πn selected during episode n and the policy π̂
selected upon algorithm termination.

Moreover, under the success event of Lemma 1, Assumption 3 ensures that the sampled safe set Πn
safe

is non-empty for every episode n ≥ 0 (cf. Appendix A). Consequently, infeasibility can only occur
due to the exploration constraint. This is studied in the following theorem, which bounds the number
of episodes played by the algorithm before termination, leading to near-optimality guarantees. We
next introduce the set of ξ-tightened safe policies under the true dynamics,

Π⋆
ξ := {π ∈ Π | Jc(π, f

⋆) ≤ d− ξ}.

In general, Π⋆
ξ may be disconnected, with some regions that cannot be reached from the initial

safe set Πprior via safe policy updates. We therefore restrict our attention to a connected component
Π⋆,c

ξ ⊆ Π⋆
ξ , defined as follows.

Definition 2. We define Π⋆,c
ξ ⊆ Π⋆

ξ as the subset of Π⋆
ξ satisfying the following path-connectedness

condition with respect to Πprior: for every π ∈ Π⋆,c
ξ there exists a continuous path ρ : [0, 1]→ Π⋆,c

ξ

such that ρ(0) = π and ρ(1) ∈ Πprior. Continuity is with respect to the norm ∥ · ∥∞, defined as,
∥π − π′∥∞ := supx∈X ∥π(x)− π′(x)∥, where ∥ · ∥ denotes the Euclidean norm in the action space.

Similar notions of reachability are standard in the safe online learning literature [28, 57, 52].

7



0.0

0.5

1.0

∑
n
Ĵ
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Figure 4: Evaluation of safety on PENDULUMSWINGUP and CARTPOLESWINGUP. We report mean
and standard deviation of the normalized cumulative returns and maximum cost violations over five
seeds. SBSRL maintains safety throughout training while achieving near-optimal performance.

Theorem 2 (Optimality). Suppose Assumptions 1-5 hold. Fix some δ ∈ (0, 1/2), ζ ∈ (0, σw∆√
dxT 2Cmax

),

ε > 0 and ξ > ε+ ζ
√
dx

T 2Cmax

σw
. Let dnσ = εσw

2GmaxTβn(δ)
with Gmax := max{Cmax, Rmax}, and con-

sider running Algorithm 1. There exists a problem-dependent constant C = C(dx, σmax, Gmax, T, δ)

such that if n̄ is the smallest integer satisfying n̄ ≥ C γn̄T (k)3

ε2 , then with probability at least 1− 2δ
the following hold:

1. There exists n⋆ ≤ n̄ such that Jsn⋆ (π, µn⋆) < dn
⋆

σ ∀π ∈ Πn⋆

safe, i.e. Algorithm 1 terminates at
iteration n⋆.

2. At termination, the policy π̂ returned by Algorithm 1 satisfies

max
π∈Π⋆,c

ξ

Jr(π, f
⋆)− Jr(π̂, f

⋆) ≤ ε. (9)

Π
Π⋆,c
0 Π⋆

ξ

Π⋆
0

Π⋆
ξ

Π0
safe Π⋆,c

ξ

Πn⋆

safe

Figure 3: At termination, Πn⋆

safe ⊇ Π⋆,c
ξ . The set

Π⋆
ξ may be disconnected, and only its reachable

component Π⋆,c
ξ can be identified via safe updates.

The tightening ξ influences connectivity: smaller
values can merge otherwise disconnected regions,
as illustrated for ξ = 0.

The theorem guarantees near-optimality over
the reachable component Π⋆,c

ξ in finite time.
In the definition of ξ, ε accounts for the fact
that the dynamics can only be learned up to a
non-zero error in finite time, while ζ captures
the sampling approximation error and can be re-
duced by increasing the number of samples. At
termination, the infeasibility of the exploration
constraint implies uniformly low epistemic
uncertainty over Πn⋆

safe, allowing us to control the
discrepancy between true, mean, and sampled
dynamics and ensure that reward and cost are
ε-accurate for all safe policies. In particular, this
implies Πn⋆

safe ⊇ Π⋆,c
ξ , as illustrated in Figure 3.

7 Experiments
We empirically evaluate SBSRL in two complementary settings: (i) a GP-based instantiation that
closely aligns with our theory, evaluated in a simulated environment; and (ii) a real-world safe RL
setting, where SBSRL is implemented using deep ensembles. Together, these experiments support our
theoretical findings and demonstrate that these principles can scale in practice to high-dimensional
scenarios. Further extensive empirical evaluation, including comparisons of our deep variant against
state-of-the-art safe exploration algorithms on SafetyGym [11] and RWRL [12], is deferred to the
appendix, together with additional implementation details.

Safety and optimality with GPs. We first conduct an experiment where we use GPs to model
the dynamics. We evaluate SBSRL on the PENDULUMSWINGUP and CARTPOLESWINGUP tasks
from the Deepmind Control Suite [58], following the setup of [8]. As baselines, we consider ActSafe
[8] and a baseline where the constraint is enforced only on the GP posterior mean, rather than
on each sampled dynamics model as prescribed by Problem (8). Results in Figure 4 show that
SBSRL achieves near-optimal performance while satisfying the safety constraint at every iteration
n. In contrast, enforcing constraints on the mean dynamics leads to safety violations in both tasks,
highlighting the importance of accounting for model uncertainty at the planning stage, and validating
dynamics sampling as a way to ensure safety during learning.
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Figure 6: Safe offline-to-online on real-world hardware. We report mean and standard error over
three seeds. The vertical line marks the transition from warm-up (offline prior π0) to online learning.
The cost represents the kinetic energy lost in collisions with the obstacle.

Exploration. We next validate the exploration strategy of SBSRL. Specifically, we consider
the PENDULUMSWINGUP task and compare against two variants of ActSafe that perform pure
exploration for the first n = 3 and n = 5 episodes, respectively, before switching to greedy exploita-
tion. As shown in Figure 5, SBSRL shows superior exploration efficiency in this task, converging
more rapidly to an optimal policy. This stems from the exploration constraint, which promotes
exploration while still allowing reward maximization whenever this is sufficiently informative.
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Figure 5: Evaluation of exploration via an
exploration constraint in the PENDULUM-
SWINGUP task. We report mean and 95
percentile interval over five seeds.

We further illustrate how the choice of d0σ can influence
the behavior of SBSRL. From our theory, smaller values
of d0σ guarantee closer-to-optimal performance at termi-
nation but reduce sample efficiency, which helps explain
why increasing its value may actually improve conver-
gence in practice. It is also interesting to notice that such
a constraint makes little difference in the first training
episode, where the greedy policy is already sufficiently
informative, consistently with our theoretical insights.

Safe offline-to-online in the real-world. Finally, we
demonstrate how SBSRL can be successfully deployed
on robotic hardware, as presented in Figure 1 and
detailed in Appendix F. We instantiate SBSRL using
deep ensembles (see Appendix F) and test it on a
highly-dynamic remote-controlled race car operating
at 60 Hz. The combination of high-frequency control
and delays in actuation and motion capture makes this
high-dimensional environment particularly challenging.
This challenge is partially mitigated by using a sliding
window of the five past state measurements, resulting in
an observation of 45 dimensions. Having no prior knowledge would make this task ill-posed (recall
Assumption 3). Therefore, to calibrate our model, we initialize SBSRL offline using a dataset of
real-world trajectories. We then deploy the algorithm online and compare it with a baseline that only
enforces the constraint on the mean critic rather than across the ensemble. The results in Figure 6
show that SBSRL improves the rewards upon the prior policy and maintains safety at all times, while
using the mean estimate incurs higher costs during training.

8 Conclusion
In this work, we propose SBSRL, a novel model-based reinforcement learning algorithm for safe
exploration. SBSRL ensures safety throughout learning by enforcing constraints over a finite set
of sampled dynamics models. When the dynamics are represented by Gaussian processes, this yields
high-probability safety guarantees. Furthermore, we provide a simple regret bound that leverages
a novel strategy for encouraging exploration in CMDPs, namely a constraint on the epistemic
uncertainty which encourages exploration only when the greedy policy is insufficiently informative.
We extensively validate SBSRL both in simulation and on real-world hardware, demonstrating that
its deep RL variant can be scaled to high-dimensional continuous control tasks. Finally, while our

9



work provides a theoretically sound yet practical algorithm for safe exploration in CMDPs, several
challenges remain. First, our work builds on the finite-horizon episodic setting, effectively requiring
manual resets that are difficult to implement in practice. Extending this work to the non-episodic
setting is an exciting direction for future work. In addition, this work builds on the classical expected
accumulated cost formulation of constraints [16]. Extending this work to formulations that enforce
state-wise safety with high-probability for high-dimensional non-linear dynamics and general
policies (e.g., beyond MPC) is an important direction for future theoretical and empirical work.
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A Discussion
We collect here several technical observations that clarify the scope of our assumptions and design
choices. We first discuss the assumptions on the prior kernel.

A.1 Kernels and Unbounded Domains
We first note that the regularity assumptions on the kernel required by Assumptions 4 and 5 are not
restrictive, and can hold despite the fact that the state-action space is unbounded.

In particular, suppose k(z, z′) = k̃(ϕ(z), ϕ(z′)), where ϕ : Z → Z̃ ⊂ Rdz̃ is a bounded and
Lipschitz feature map , and k̃ is Lipschitz on Z̃ (which holds for common kernels such as linear,
squared exponential, and Matérn since Z̃ is bounded). Then k is Lipschitz on Z (thus satisfying
Assumption 4), even if Z is unbounded. Moreover, since the information gain of k on the inputs {zi}
is equal to the information gain of k̃ on the transformed inputs {ϕ(zi)}, the maximum information
gain γN (k) over Z is upper bounded by the maximum information gain of γN (k̃) over the bounded
domain Z̃.

Therefore, for common choices of k̃, such as the squared exponential or linear kernel, γN (k)
grows poly-logarithmically in N [46], and Assumption 5 is also satisfied. For Matérn kernels, the
information gain grows polynomially in N with growth determined by a smoothness parameter, and
satisfies Assumption 5 for sufficiently large choices of the smoothness parameter.

We next provide an overview of possible methods to sample a function realization from a GP in
practice, followed by a discussion on alternative design choices for model updates.

A.2 Sampling from a GP
In practice, the sampling of continuous functions f̃ ∼ GP (µ, k) cannot be implemented directly due
to the infinite-dimensional future space of GPs.

However, we are only interested in the function values at the locations in the state-action space
reached by the agent across all episodes, i.e. {znt }

n≥0
t=0,...,T−1 ⊂ Z . Therefore, for each scalar

sample f̃j , which represents a particular deterministic realization in function space, we are technically
interested in its finite-dimensional marginals: (f̃j(znt ))t,n ∼ N ([µ(znt )]t,n, [k(z

n
t , z

n′

t′ )]t,n,t′,n′).

However, in a sequential control setting, the locations at later timesteps and episodes are not known
in advance, preventing us from constructing this joint distribution upfront. Crucially, Property 1 in
Beckers and Hirche [59] shows that this is equivalent to iteratively sampling each function value by
conditioning the GP on the sample’s own predictions at all previously visited locations, treating them
as noise-free training points. This method, known as sequential pathwise conditioning or forward
sampling, ensures the spatial consistency of the sampled function across episodes. This has been
effectively applied in both scenario-based control [42] and MPC settings [37, 44].
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For completeness, other methods can be used to draw approximate samples from a GP [60, 61].
For instance, one could construct a spectral function approximation of the GP (e.g., via Random
Fourier Features) and draw a finite-dimensional weight vector from the prior. Although this yields an
approximation rather than an exact draw, it defines a global function that can be trivially evaluated at
any desired location, making it highly popular in practice due to its computational efficiency.

A.3 Updating the GP Samples
As explained in Section 5, we draw a finite set of samples from the prior GP, purposefully not
conditioning the underlying function realization on the true data gathered during exploration. To
embed the newly collected information, we instead only truncate our prior samples to lie within the
confidence region established by Lemma 1. This is conceptually similar to Prajapat et al. [37], who
enforce truncation by directly discarding all samples violating the confidence bounds.

A natural alternative to incorporate newly collected data is to occasionally discard the prior samples
and draw new ones from the posterior GP. Since the posterior generally provides a tighter approxima-
tion of the true dynamics than the prior, resampling could potentially reduce the number of samples
M required to obtain a ζ-close model via Lemma 2. However, repeated resampling introduces a more
complex analytical structure, as the sampled models would no longer be coupled across episodes.
Proving safety would require applying Lemma 2 at each resampling step and taking a union bound
over all episodes to control the overall success probability. Remarkably, this still yields a valid
high-probability safety guarantee, since the total number of episodes is bounded by Theorem 2, which
still holds. We note that this alternative (sampling directly from the posterior GP) was employed in
our practical GP experiments (detailed in Appendix F). We adopted this for empirical convenience
and to ensure a fair, direct comparison with our baselines, performing our validation in the exact
same setting as As et al. [8].

Finally, we remark that the episodic truncation is only necessary for our optimality result (specifically
the second claim of Theorem 2); to guarantee safety, we merely need to satisfy the lower-bound on
the number of samples in Lemma 2 (provided Assumption 3 holds, for which is sufficient to perform
a truncation with respect to the prior bound B).

Finally, we clarify the feasibility properties of Algorithm 1.

A.4 Feasibility of the Safety Constraint
One may wonder whether the algorithm could terminate because the safety constraint becomes
infeasible at some earlier episode, rather than due to the exploration constraint. Remarkably, under
the success event of Lemma 1, Assumption 3 ensures that the sampled safe set Πn

safe is non-empty
for every episode n ≥ 0. Consequently, under this event, infeasibility can only occur due to the
exploration constraint.

More specifically, conditioning on the success event of Lemma 1, the truncation procedure is
well-defined and the sequence of confidence sets containing the truncated samples is nested (i.e.
non-increasing). Combined with the truncation defined for the initial episode n = 0, this implies that
for all n ≥ 0 and all m ∈ [M ] the samples fm

n lie in the intersection of the successive confidence
sets, and in particular remain within the initial truncation envelope FB

0 . Thus, by Assumption
3 and the fact that ∆ζ is chosen to satisfy ∆ζ ≤ ∆, any policy π ∈ Πprior must also satisfy
Jc(π, f

m
n ) ≤ d−∆ < d−∆ζ for m = 1, . . . ,M. This means that Πprior ⊆ Πn

safe and thus Πn
safe is

non-empty for all n ≥ 0 by Assumption 3.

Therefore, the safety constraint remains feasible throughout learning, and termination can only occur
due to infeasibility of the exploration constraint.

B Technical Lemmas
In this section, we state and prove some auxiliary lemmas that will be useful in the proofs of our main
results. We start with the proof of Lemma 2, which was already stated in Section 4.

Lemma 2 (Theorem 1 of Prajapat et al. [44]). Let Assumption 2 hold. Consider any δ ∈ (0, 1] and
ζ > 0. Select M satisfying

M ≥ log(δ)

log(1− exp(−dx( 12B2 + ϕ(ζ))))
.
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Let f̃1, . . . , f̃M ∼ GP (µ, k) be function samples from the prior GP. It holds with probability at least

1− δ that for some m ∈ [M ],
∥∥∥f̃m

j − f⋆
j

∥∥∥
∞
≤ ζ ∀j ∈ [dx].

Proof. Lemma 2 is a direct adaptation of Theorem 1 from [44] to our specific setting. To bridge
the two results, we apply a centering transformation, defining the shifted quantities f̄m := f̃m − µ
and f̄⋆ := f⋆ − µ. Because f̃m ∼ GP (µ, k), the centered sample follows a zero-mean Gaussian
process, f̄m ∼ GP (0, k). Similarly, under Assumption 2, the centered ground truth satisfies
∥f̄⋆

j ∥k ≤ B for all j ∈ [dx]. Thus, the conditions for Theorem 1 of [44] are met, and establishing
∥f̄m

j − f̄⋆
j ∥∞ ≤ ζ ∀j ∈ [dx] directly implies ∥f̃m

j − f⋆
j ∥∞ ≤ ζ ∀j ∈ [dx].

Our formulation simplifies the original result in two key ways. First, by applying the theorem to
the prior GP directly rather than on the posterior conditioned on data, we eliminate the reliance on
data-dependent quantities, effectively simplifying their confidence parameter to CD = B2/2. Second,
because Assumption 2 imposes a deterministic bound B on the RKHS norm of the mismatch, we
bypass the need for the probabilistic union bound used in the original paper, allowing our sample
complexity to scale with log(δ) rather than log(δ/2). Finally, we employ the vector-valued extension
discussed in Remark 1 of [44]. To ensure the∞-norm bound holds across all dx independent state
coordinates simultaneously, the marginal probabilities must be multiplied. This introduces the factor
of dx that multiplies the exponent B2/2 + ϕ(ζ) in Lemma 2.

We next present a lemma that generalizes the notation of Lemma B.3 in [51], Lemma A.6 of [8] or
Corollary 3 of [62]. Together with the subsequent corollary, it provides bounds on the discrepancy
between returns under two different dynamics models, which are used in the proofs of safety and
optimality.

Lemma 3. Let Assumptions 1-2 hold. Consider any positive and bounded function g ∈ [0, Gmax].
Let f and f ′ be any pair of dynamics functions. Then, for all n ≥ 0∣∣Jg(π, f)− Jg(π, f

′)
∣∣ ≤ TGmax Eτf

π

[
T−1∑
t=0

∥f ′(xt, π(xt))− f(xt, π(xt))∥
σw

]
where the expectation is rolled out over f , i.e. xt+1 = f(xt, π(xt)) +wt. An analogous bound holds
in terms of an expectation over f ′ with x′

t+1 = f ′(x′
t, π(x

′
t)) + wt:∣∣Jg(π, f)− Jg(π, f

′)
∣∣ ≤ TGmax Eτf′

π

[
T−1∑
t=0

∥f ′(x′
t, π(x

′
t))− f(x′

t, π(x
′
t))∥

σw

]
.

Proof. We give proof for the first inequality. The same argument holds for the second inequality by
swapping f and f ′. Let Jg,t+1(π, f, x) denote the cost-to-go from state x at step t+ 1 under some
dynamics f and policy π:

Jg,t+1(π, f, x) = Eτf
π

[
T−1∑

k=t+1

g(xk, π(xk))

]

We can directly apply Corollary 2 of Sukhija et al. [62] to obtain

Jg(π, f
′)− Jg(π, f) = Eτf

π

[
T−1∑
t=0

(
Jg,t+1(π, f

′, x̃t+1)− Jg,t+1(π, f
′, xt+1)

)]
where the expectation is w.r.t. π under the dynamics f , and

xt+1 = f(xt, π(xt)) + wt,

x̃t+1 = f ′(xt, π(xt)) + wt.

Therefore,

|Jg(π, f ′)− Jg(π, f)| = |Eτf
π

[
T−1∑
t=0

(
Jg,t+1(π, f

′, x̃t+1)− Jg,t+1(π, f
′, xt+1)

)]
|

≤
T−1∑
t=0

Eτf
π

[
|Ewt

[
Jg,t+1(π, f

′, x̃t+1)− Jg,t+1(π, f
′, xt+1) | xt

]
|
]
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Crucially, since wt ∼ N (0, σ2
w) (Assumption 1), we have that xt+1 and x̃t+1 are also gaussian given

xt, so that we can leverage Lemma C.2 of [54]. Furthermore, Jg,t+1(π, f, x) ∈ [0, TGmax] for all
π, f, x, and t. Therefore, given xt,

|Ewt

[
Jg,t+1(π, f

′, x̃t+1)− Jg,t+1(π, f
′, xt+1) | xt

]
|

≤ max
{√

Ewt
[J2

g,t+1(π, f
′, x̃t+1) | xt],

√
Ewt

[J2
g,t+1(π, f

′, xt+1) | xt]
}

×min

{
∥f ′(xt, π(xt))− f(xt, π(xt))∥

σw
, 1

}
([54], Lemma C.2)

≤ TGmax min

{
∥f ′(xt, π(xt))− f(xt, π(xt))∥

σw
, 1

}
.

Summing over t concludes the proof.

Finally, in the case when one of the dynamics functions represents exactly the mean dynamics, i.e.
f ′ = µn, we can continue from the above lemma to give a bound in terms of the predicted uncertainty.
This is formalized in the following corollary. We first define Fn to be the filtration that contains all
the data observed through episode n (i.e. D0:n) and the the realizations of the samples obtained at the
initial episode (i.e. f̃m ∀m ∈ [M ]). Then, overloading the definition of the return in Section 3, we
can define

Jsn(π, f) := Eτf
π

[
T−1∑
t=0

sn(xt, π(xt)) | Fn−1

]
,

where we note that the random variable sn is Fn−1 measurable.

Corollary 1 (Adapted from Lemma B.3 of [51] or Lemma A.6 of [8]). Let Assumptions 1-2 hold.
Consider any positive and bounded function g ∈ [0, Gmax] and fix any policy π ∈ Π. Consider the
GP fit after episode n, characterized by (µn, σn). Let f be any dynamics function satisfying for all
x ∈ X and all j ∈ [dx]:

|µn,j(x, π(x))− fj(x, π(x))| ≤ βn(δ)σn,j(x, π(x)).

where βn is the one defined in Lemma 1. Then,∣∣Jg(π, f)− Jg(π, µn)
∣∣ ≤ λg

n min {Jsn(π, f), Jsn(π, µn)}

where λg
n := GmaxT

βn(δ)
σw

.

Proof. We give the proof for the first inequality, while the second inequality follows analogously
after swapping f and µn.
By applying Lemma 3, we obtain

∣∣Jg(π, f)− Jg(π, µn)
∣∣ ≤ TGmax Eτf

π

[
T−1∑
t=0

∥f(xt, π(xt))− µn(xt, π(xt))∥
σw

]
Then, by our assumption on f lying in the confidence interval defined by (µn, σn, βn), we can bound:

∥f(xt, π(xt))− µn(xt, π(xt))∥ ≤ βn(δ)∥σn(xt, π(xt))∥

Combining this with the above bound finally proves the claim:

∣∣Jg(π, f)− Jg(π, µn)
∣∣ ≤ TGmax Eτf

π

[
T−1∑
t=0

∥f(xt, π(xt))− µn(xt, π(xt))∥
σw

]

≤ GmaxT
βn(δ)

σw
Eτf

π

[
T−1∑
t=0

sn(xt, π(xt)) | Fn−1

]
=: λg

n Jsn(π, f).
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C Proof of Safety
Theorem 1 (Safety). Suppose Assumptions 1-3 hold. Consider any δ ∈ (0, 1/2), ζ ∈ (0, σw∆√

dxT 2Cmax
),

and sequence of positive numbers {dnσ}n≥0. Consider running Algorithm 1 given these values. Then,
it holds with probability at least 1 − 2δ that for every episode n, any policy π ∈ Πn

safe satisfies
Jc(π, f

⋆) ≤ d. In particular, this holds for the policy πn selected during episode n and the policy π̂
selected upon algorithm termination.

Proof. Lemma 3 allows to bound the difference in expected cost between the trajectory sampled from
the true dynamics f⋆ and the one sampled from a truncated sample fm

n , for any m ∈ [M ], obtained
according to the same policy π and the same initial distribution x0:∣∣Jc(π, fm

n )− Jc(π, f
⋆)
∣∣ ≤ TCmax Eτf

π

[
T−1∑
t=0

∥f⋆(xt, π(xt))− fm
n (xt, π(xt))∥

σw

]
(10)

Then, as described in Section 5, the number of samples M in Algorithm 1 is chosen large enough to
ensure that with probability 1− δ there exists a sample fmζ

0 from the GP prior that is ζ− close to f⋆.
Furthermore, under the success event of Lemma 1, which holds with probability 1− δ, the truncation
that we perform at every episode can only bring the samples closer to f⋆, preserving the existence of
a ζ-close dynamics sample. Thus, by taking a union bound over the above events, we can state that
with probability at least 1− 2δ, there exists a ζ-close truncated sample f

mζ
n at any episode n:∥∥f⋆(z)− f

mζ
n (z)

∥∥ < ζ
√
dx ∀z ∈ Z

where the factor
√
dx arises from bounding the ℓ2 norm above in terms of the ℓ∞ norm of Lemma 2.

Thus, conditioned on the existence of the ζ-close sample, we can substitute it in (10) to bound the
difference in expected cost between the trajectory sampled from the true dynamics f⋆ and the ζ-close
sample f

mζ
n under the same policy π and the same initial distribution x0:∣∣Jc(π, fmζ

n )− Jc(π, f
⋆)
∣∣ ≤ TCmax Eτf

π

[
T−1∑
t=0

∥f⋆(xt, π(xt))− f
mζ
n (xt, π(xt))∥

σw

]

≤ ζ
√
dx

T 2Cmax

σw
=: ∆ζ .

This upper bound matches exactly the definition of the tightening ∆ζ that we use when enforcing the
constraints in Problem (8).

We are finally ready to show the desired safety bound. By definition, any policy π ∈ Πn
safe satisfies the

tightened constraints for all truncated samples, i.e. Jc(π, f
m
n ) ≤ d−∆ζ , ∀m ∈M . However,

as shown above, with probability at least 1 − 2δ there exists a ζ-close sample f
mζ
n that satisfies∣∣Jc (π, f⋆)− Jc

(
π, f

mζ
n

)∣∣ ≤ ∆ζ . Rearranging, we obtain

Jc (π, f
⋆) ≤ Jc

(
π, f

mζ
n

)
+∆ζ ≤ d−∆ζ +∆ζ = d, (11)

which proves the claim.

In the following, we provide the proof of Theorem 2. For the sake of exposition, we separate the
two claims of the theorem, proving the first claim (about finite-time termination of Algorithm 1)
in Appendix D, and the second claim (about optimality of the policy returned by Algorithm 1) in
Appendix E.

D Proof of Sample Complexity
Lemma 4. Consider running Algorithm 1 in the setting of Theorem 2, until some finite episode n̄.
Then, with probability at least 1− δ, we have:

n̄−1∑
n=0

E
τf⋆
πn

[
T−1∑
t=0

sn(xt, πn(xt)) | Fn−1

]
≤

n̄−1∑
n=0

T−1∑
t=0

sn(x
n
t , πn(x

n
t )) + T

√
2n̄dxσmax log(1/δ),

(12)

19



where, for each episode n ∈ {0, . . . , n̄−1}, the states xn
t on the right-hand side denote the trajectory

realized by the agent in the environment, while following the policy πn under the true dynamics f⋆.

Proof. Let us define Yn :=
∑T−1

t=0 sn(x
n
t , πn(x

n
t )), so that:

E
τf⋆
πn

[
T−1∑
t=0

sn(xt, πn(xt)) | Fn−1

]
= E

τf⋆
πn

[Yn | Fn−1] . (13)

Next, define

Xn := E
τf⋆
πn

[Yn | Fn−1]− Yn (14)

Then, Xn is a martingale difference sequence, because:

1. E
τf⋆
πn

[Xn | Fn−1] = 0.

2. | Xn |≤ T
√
dxσmax (because Yn ∈

[
0, T
√
dxσmax

]
).

Therefore, we can apply Lemma A.7 of Cesa-Bianchi and Lugosi [63] 2(substituting Ai :=
−T
√
dxσmax and ci := 2T

√
dxσmax in their notation) to get, with probability at least 1− δ:

n̄−1∑
n=0

Xn ≤ T
√

2n̄dxσmax log(1/δ) (15)

The claim follows by rearranging and using the definition of Xn, Yn, and Equation (13).

Next, we restate the first claim of Theorem 2 as follows.

Theorem 3 (Sample Complexity). Suppose Assumptions 1-5 hold. Fix some δ ∈ (0, 1/2), ζ ∈
(0, σw∆√

dxT 2Cmax
), and ε > 0. Let dnσ = εσw

2GmaxTβn(δ)
with Gmax := max{Cmax, Rmax}, and consider

running Algorithm 1. There exists a problem-dependent constant C = C(dx, σmax, Gmax, T, δ) such
that, letting n̄ be the smallest integer satisfying

n̄ ≥ C
γn̄T (k)

3

ε2
, (16)

then, with probability at least 1− 2δ there exists n⋆ ≤ n̄ such that Jsn⋆ (π, µn⋆) < dn
⋆

σ ∀π ∈ Πn⋆

safe,
i.e. Algorithm 1 terminates at iteration n⋆.

Proof. We start by conditioning on the success event of Lemma 1, i.e. we assume well-calibration
of the true dynamics f⋆. Under this event, that holds with probability 1− δ, and further noting that
sn(·) = ∥σn(·, π(·))∥ is bounded by

√
dxσmax thanks to Assumption 2, we can apply Corollary 1 to

the scalar function sn(·) and dynamics f⋆, for any n ≥ 0. Thus, we can write for Jsn :

| Jsn(πn, µn)− Jsn(πn, f
⋆) |≤ λs

nJsn(πn, f
⋆),

where λs
n =
√
dxσmaxT

βn(δ)
σw

. Rearranging the terms:

Jsn(πn, µn) ≤ (1 + λs
n) Jsn(πn, f

⋆).

Notice that by our uncertainty constraint we know that before termination Jsn(πn, µn) ≥ dnσ .
Furthermore, using the monotonicity of βn(δ) we can bound dnσ ≥ dn̄σ for all n ≤ n̄. By substituting

2Note that a variance-sensitive inequality (e.g. Freedman or Bernstein inequalities for martingales) would yield a sharper
bound, but Azuma-Hoeffding suffices for our purposes and yields a cleaner proof.
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this and taking the sum over the episodes from 1 to n̄:

n̄dn̄σ ≤
n̄−1∑
n=0

dnσ ≤
n̄−1∑
n=0

Jsn(πn, µn)

≤
n̄−1∑
n=0

(1 + λs
n) Jsn(πn, f

⋆)

=

n̄−1∑
n=0

(1 + λs
n)Eτf⋆

πn

[
T−1∑
t=0

sn(xt, πn(xt)) | Fn−1

]

≤ (1 + λs
n̄)

n̄−1∑
n=0

E
τf⋆
πn

[
T−1∑
t=0

sn(xt, πn(xt)) | Fn−1

]

≤ (1 + λs
n̄)

(
n̄−1∑
n=0

T−1∑
t=0

sn(x
n
t , πn(x

n
t )) + T

√
2n̄dxσmax log(1/δ)

)
(Lemma 4),

≤ (1 + λs
n̄)

√n̄T
√√√√n̄−1∑

n=0

T−1∑
t=0

sn(xn
t , πn(xn

t ))
2 + T

√
2n̄dxσmax log(1/δ)


(Cauchy-Schwarz),

≤ (1 + λs
n̄)

(
√
n̄T

√
Tdxσmax

log(1 + σ−2
w σmax)

γn̄T + T
√
2n̄dxσmax log(1/δ)

)
(Curi et al. [47], Lemma 17),

where we used that λs
n ≤ λs

n̄ due to the monotonicity of βn(δ). Note that the success event of
Lemma 4 holds with probability probability at least 1 − δ, so that taking a union bound with the
success event of Lemma 1 we get that our final guarantee holds with probability at least 1− 2δ. Thus,
dividing both sides for

√
n̄ and taking the square, we obtain:

n̄ ≤ T 2 (1 + λs
n̄)

2

(dn̄σ)
2

(√
dxσmax

log(1 + σ−2
w σmax)

γn̄T +
√

2dxσmax log(1/δ)

)2

≤ 4T 4 (1 + λs
n̄)

2
G2

max

ε2σ2
w

β2
n̄(δ)

(√
dxσmax

log(1 + σ−2
w σmax)

γn̄T +
√
2dxσmax log(1/δ)

)2

.

Therefore, if there exists an integer n̄ that violates the above inequality, the algorithm must have
terminated in one of the previous rounds, which proves the claim. To show that such an integer
exists, note that the calibration coefficient βn(δ) is monotonically increasing in n. Therefore, a finite
integer n̄ violating the above inequality (i.e. satisfying Equation 16) can be found if βn(δ)

4γnT (k)
grows sub-linearly with n (since asymptotically we can omit the low order terms in γnTdx

). By the
definition of βn(δ) from Lemma 1, the quantity β4

n(δ)γnT (k) is of the same order as γ3
nT (k) for

large n. Therefore, the existence of a finite n̄ satisfying Equation (16) is guaranteed by Assumption
5.

E Proof of Optimality
Lemma 5. Let Assumptions 1-2 hold. Then, with probability at least 1− δ we have that for all n ≥ 0
and any truncated sample fm

n :

|Jc(π, f⋆)− Jc(π, f
m
n )| ≤ 2λc

nJsn(π, µn). (17)

Moreover, the same holds for the reward function, i.e. replacing c and λc
n with r and λr

n respectively.

Proof. Under the success event of Lemma 1, which holds with probability 1− δ, and thanks to the
truncation procedure described in Section 5, we can apply Corollary 1 to bound the distance between
the costs attained along the mean dynamics and the ones attained along the trajectory rolled out using
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any of the samples fm
n , in terms of the uncertainty predicted along the mean dynamics. Thus, by

Corollary 1 we immediately get

|Jc(π, fm
n )− Jc(π, µn)| ≤ λc

nJsn(π, µn). (18)

We can then repeat the same argument for the true dynamics, i.e. swapping fm
n with f⋆:

|Jc(π, f⋆)− Jc(π, µn)| ≤ λc
nJsn(π, µn). (19)

Finally, the claim follows by combining the two bounds above.

We are finally ready to prove the second claim of Theorem 2, which can be restated as follows.

Theorem 4. Suppose Assumptions 1-5 hold. Fix some δ ∈ (0, 1/2), ζ ∈ (0, σw∆√
dxT 2Cmax

), ε > 0 and

ξ > ε+ ζ
√
dx

T 2Cmax

σw
. Let dnσ = εσw

2GmaxTβn(δ)
with Gmax := max{Cmax, Rmax}, and consider running

Algorithm 1. Then, with probability at least 1− 2δ, the policy π̂ returned by Algorithm 1 satisfies

Jr(π̃
⋆, f⋆)− Jr(π̂, f

⋆) ≤ ε, (20)

where π̃⋆ is an approximation of the optimal policy defined by the following optimization problem:

π̃⋆ = arg max
π∈Π⋆,c

ξ

Jr(π, f
⋆). (21)

Proof. Let n⋆ denote the termination episode of Algorithm 1, which is guaranteed to be finite by
Theorem 3. First, Lemma 5 allows us to calculate the difference between the expected cost along the
real trajectory and the one generated from any truncated sample, in terms of the expected predicted
uncertainty along the mean dynamics. Note that the bound holds jointly for all n ≥ 0 with probability
at least 1− δ. Thus, conditioning on this event, we can write that for any policy π ∈ Π at episode n⋆:

|Jc(π, f⋆)− Jc(π, f
m
n⋆)| ≤ 2λc

n⋆Jsn⋆ (π, µn⋆). (22)

Note that the bound above holds for any policy π ∈ Π. Then, if the policy also belongs to the set
of safe policies (i.e. π ∈ Πn⋆

safe) we have that it must be Jsn⋆ (π, µn⋆) < dn
⋆

σ , since we assume the
algorithm has terminated due to the uncertainty constraint. However, recalling the definition of dσ,n
and λc

n, we have that dn
⋆

σ = εσw

2GmaxTβn⋆ (δ) and λc
n⋆ = CmaxT

βn⋆ (δ)
σw

. Thus, we can substitute these

in (22) to get that for any policy π ∈ Πn⋆

safe and any truncated dynamics sample fm
n⋆ ,

|Jc (π, f⋆)− Jc (π, f
m
n⋆)| ≤ ε. (23)

In the following, we will also use that for any policy π ∈ Πn⋆

safe we have,

|Jr (π, f⋆)− Jr (π, µn⋆)| ≤ ε

2
, (24)

which can be obtained by repeating the same argument we used to obtain Equation 23, but applied
directly to Equation 19 of Lemma 5, after substituting c with r.

We highlight that in general Equations 23-24 only hold for policies in Πn⋆

safe, since Problem (8) being
infeasible only implies that the uncertainty is lower than dn

⋆

σ on the policies that satisfy the first
constraint (i.e. that belong to Πn⋆

safe). Indeed, upon termination there can still exist some π /∈ Πn⋆

safe
that satisfies the second constraint Jsn⋆ (π, µn⋆) ≥ dn

⋆

σ , so that we cannot conclude that (23) holds
for these policies.

However, Lemma 7 shows that upon termination of the algorithm it holds Π⋆,c
ξ ⊆ Πn⋆

safe. Thus, by the
definition of π̃⋆ ∈ Π⋆,c

ξ and Lemma 7, we get that π̃⋆ ∈ Πn⋆

safe.

This implies that π̃⋆ is also a feasible solution of the problem obtained after removing the exploration
constrain in Problem (8), and hence it achieves a lower reward than π̂:

Jr (π̃
⋆, µn⋆) ≤ Jr (π̂, µn⋆) . (25)
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This allows to prove the following optimality bound that holds for the trajectory at the termination
episode n⋆:

Jr (π̃
⋆, f⋆)− Jr (π̂, f

⋆) = Jr (π̃
⋆, f⋆)− Jr (π̃

⋆, µn⋆)

+ Jr (π̃
⋆, µn⋆)− Jr (π̂, µn⋆)

+ Jr (π̂, µn⋆)− Jr (π̂, f
⋆)

≤ ε,

where we have used the bounds |Jr (π̃⋆, f⋆)−Jr (π̃⋆, µn⋆) | ≤ ε
2 and |Jr (π̂, µn⋆)−Jr (π̂, f⋆) | ≤ ε

2 ,
which follow from Equation 24 combined with π̃⋆, π̂ ∈ Πn⋆

safe.

The above proof, together with that of Theorem 3 in Appendix D concludes the proof of Theorem 2.
In the remainder of this section, we provide the lemmas used in the optimality proof.

Lemma 6 (adapted from Lemma A.3 of [8]). Let Assumptions 1-4 hold, and consider
xt+1 = µn(xt, π(xt)) + wt

x′
t+1 = µn(x

′
t, π

′(x′
t)) + wt

for two policies π, π′ s.t ∥π′ − π∥∞ ≤ επ , assuming the same initial state distribution. Then,
|Jsn(π′, µn)− Jsn(π, µn)| ≤

√
επCπ

where Cn
π = T

(
Ls + TLµn

√
dxσmaxεπ

σw

)
.

Proof. From Lemma 5 of [62] (Difference in Policy Performance) applied on the µn dynamics
(instead of f⋆ as in the original notation) we have

Jsn(π
′, µn)− Jsn(π, µn) = Eτµn

π′

[
T−1∑
t=0

Asn,t(π, x
′
t, π

′(x′
t))

]
where Asn,t(π, x

′
t, π

′(x′
t)) = Eτπ

[
sn(x

′
t, π

′(x′
t)) + Jsn,t+1(π, µn, x

′
t+1)− Jsn,t(π, µn, x

′
t)
]
. No-

tice that we can rewrite Jsn,t(π, µn, x
′
t) = sn(x

′
t, π(x

′
t)) + Eτπ [Jsn,t+1(π, µn, x̃t+1)] for x̃t+1 =

µn(x
′
t, π(x

′
t)) + wt. We can thus substitute this in the above to get:

Jsn(π
′, µn)− Jsn(π, µn) = Eτµn

π′

[
T−1∑
t=0

Asn,t(π, x
′
t, π

′(x′
t))

]

= Eτµn
π′

[
T−1∑
t=0

(sn(x
′
t, π

′(x′
t))− sn(x

′
t, π(x

′
t)))

]

+ Eτµn
π′

[
T−1∑
t=0

Ex′
t+1|x′

t,π
′(x′

t)

[
Jsn,k+1(π, µn, x

′
t+1)

]
− Ex̃t+1|x′

t,π(x
′
t)
[Jsn,k+1(π, µn, x̃t+1)]

]
(i)

≤ Eτµn
π′

[
T−1∑
t=0

min
{
Ls∥π′(x′

t)− π(x′
t)∥1/2, 2

√
dxσmax

}]

+ Eτµn
π′

[
T−1∑
t=0

{√
Ex′

t+1|x′
t,π

′(x′
t)

[
J2
sn,k+1(π, µn, x′

t+1)
]

×min
{∥µn(x

′
t, π

′(x′
t))− µn(x

′
t, π(x

′
t))∥

σw
, 1
}}]

([54], Lemma C.2)

(ii)

≤ Eτµn
π′

[
T−1∑
t=0

{
min

{
Ls∥π′(x′

t)− π(x′
t)∥1/2, 2

√
dxσmax

}
+ T

√
dxσmax min

{Lµn
∥π′(x′

t)− π(x′
t)∥

σw
, 1
}}]

≤ Eτµn
π′

[
T−1∑
t=0

{
Ls∥π′(x′

t)− π(x′
t)∥1/2 + T

√
dxσmax

Lµn∥π′(x′
t)− π(x′

t)∥
σw

}]
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where in (i)-(ii) we used the Hölder bounds provided by Lemma 8. Finally, using that ∥π′ − π∥∞ ≤
επ by assumption we get

Jsn(π
′, µn)− Jsn(π, µn) ≤ Eτµn

π′

[
T−1∑
t=0

{
Ls∥π′(x′

t)− π(x′
t)∥1/2

+ T
√
dxσmax

Lµn
∥π′(x′

t)− π(x′
t)∥

σw

}]

≤
√
επT

(
Ls + TLµn

√
dxσmaxεπ

σw

)
=:
√
επC

n
π .

Lemma 7. Let Assumptions 1-5 hold. Fix n⋆ as in (16) and ε, ζ and ξ as in Theorem 4. Then, at
episode n⋆, it holds Π⋆,c

ξ ⊆ Πn⋆

safe.

Proof. Assume, for the sake of contradiction, that Π⋆,c
ξ \ Πn⋆

safe is nonempty. First, we can choose
επ > 0 sufficiently small to satisfy 2

√
επC

n⋆

π λc
n⋆ ≤ ξ − ε−∆ζ , where Cn⋆

π is defined in Lemma 6
and constant (since we consider a fixed n⋆. Then, under the hypothesis that Π⋆,c

ξ \Πn⋆

safe is nonempty
and under the definition of path-connectedness of Π⋆,c

ξ , there exists πsafe ∈ Πn⋆

safe and π′ ∈ Π⋆,c
ξ \Πn⋆

safe

such that ∥π′ − πsafe∥∞ ≤ επ. This is because by the definition of path-connectedness of Π⋆,c
ξ , we

can connect a policy in Π⋆,c
ξ \Πn⋆

safe to some policy in Πprior ⊆ Πn⋆

safe with a continuous line ρ in the
policy space, and then choose along this line πsafe and π′ arbitrarily close and such that they lie right
inside and right outside of Πn⋆

safe respectively.

For these policies we can then apply Lemma 6 to bound:

Jsn⋆ (π
′, µn⋆) ≤ Jsn⋆ (πsafe, µn⋆) +

√
επCπ.

This bound can be substituted in when evaluating (22) along the trajectories generated by π′(as
remember that (22) holds ∀π ∈ Π):

|Jc(π′, f⋆)− Jc(π
′, fm

n⋆)| ≤ 2λc
n⋆Jsn⋆ (π

′, µn⋆) (26)

≤ 2λc
n⋆

(
Jsn⋆ (πsafe, µn⋆) +

√
επC

n⋆

π

)
(27)

≤ 2λc
n⋆

(
dn

⋆

σ +
√
επC

n⋆

π

)
(28)

≤ ε+ 2
√
επC

n⋆

π λc
n⋆ ≤ ξ −∆ζ . (29)

From this it follows, for all m ∈ [M ]:

Jc (π
′, fm

n⋆) ≤ Jc (π
′, f⋆) + ξ −∆ζ ≤ d− ξ + ξ −∆ζ ≤ d−∆ζ . (30)

This means that π′ ∈ Πn⋆

safe, which is a contradiction, thus proving the statement.

Lemma 8. Under assumption 4, we have for all z, z′ ∈ Z and n ≥ 0 that |sn(z) − sn(z
′)| ≤

Ls∥z − z′∥1/2 and |µn(z) − µn(z
′)| ≤ Lµn

∥z − z′∥, where Ls :=
√
2dxLk and Lµn

:=√∑dx

j=1

(
Lµ +

√
nTLk

∥yn,j−µj∥
σ2
w

)2
.
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Proof. For sn we can write:

|sn(z)− sn(z
′)| =| ∥σn(z)∥ − ∥σn(z

′)∥ |
(i)

≤ ∥σn(z)− σn(z
′)∥

=

√√√√ dx∑
j=1

(σn,j(z)− σn,j(z′))2

(ii)

≤
√
dx
√
k(z, z)− k(z, z′) + k(z′, z′)− k(z′, z)

(iii)

≤
√
2dxLk∥z − z′∥1/2

where (i) follows from the reverse triangular inequality, (ii) follows by applying Lemma 12 of Curi
et al. [47] componentwise to the scalars σn,j (note that this does not rely on having a bounded
domain), and (iii) follows from Assumption 4.

For the mean, we can write for each j ∈ [dx]:

|µn,j(z)− µn,j(z
′)| ≤ |µj(z)− µj(z

′)|+ ∥kn(z)− kn(z
′)∥∥

(
Kn + σ2

wI
)−1

(yn,j − µj)∥

≤ Lµ∥z − z′∥+ 1

σ2
w

∥yn,j − µj∥∥kn(z)− kn(z
′)∥

≤ Lµ∥z − z′∥+ 1

σ2
w

∥yn,j − µj∥
√
nT max

i∈[nT ]
| k(zi, z)− k(zi, z

′) |

≤ Lµ∥z − z′∥+ 1

σ2
w

∥yn,j − µj∥
√
nTLk∥z − z′∥

≤
(
Lµ +

√
nTLk

∥yn,j − µj∥
σ2
w

)
∥z − z′∥

Therefore, ∥µn(z)− µn(z
′)∥ ≤ Lµn

∥z − z′∥.

F Experiment Details
In this section, we provide additional details about the experimental evaluation presented in Section 7.

F.1 GP Experiments
The code for reproducing our experiments is available at this repository, which includes further details
on the implementation, experimental setup, and hyperparameters. All experiments were conducted
using a single NVIDIA RTX 4090 GPU per run, along with 5 CPU cores and 40GB of RAM. Under
this setup, each experiment completes in under 1.5 hours.

Implementation details. In the GP implementation, we approximate Problem (8) with the following
unconstrained optimization problem

argmax
π∈Π

Jr(π, µn) − λc

M∑
m=1

max (Jc(π, f
m
n )− d+∆ζ , 0)− λσ max (dnσ − Jsn(π, µn), 0) .

where λc and λσ are penalty coefficients used to discourage constraints violations. Note that unlike a
proper primal-dual implementation, we fix these values in our experiments (as is done in [8]). We
solve the resulting optimization problem using the iCEM [64] optimizer. Following [8], we roll out a
sequence of actions {at}T−1

t=0 on the learned GP model using the TS1 scheme of [10]. Moreover, we
maintain M particles, and given the state (smt , amt ) for the m-th particle, we determine the next state
smt+1 by sampling from N

(
µn(s

m
t , amt ), σ2

n(s
m
t , amt )

)
. This differs from the pathwise conditioning

procedure described in Appendix A, as it injects independent noise at each timestep; however, it is
computationally more efficient, as it avoids conditioning on previously observed data. Therefore, for
each action sequence {at}T−1

t=0 we obtain M trajectories, which are used to evaluate Jc(π, f
m
n ) and

enforce the safety constraint. Finally, the exploration constraint is implemented using a metric that
combines epistemic and aleatoric uncertainty [62, 8], and following Algorithm 1 it is deactivated
once it becomes infeasible (up to some threshold).
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Figure 7: GP experiments demonstrating the effectiveness of using sampling to incentivize safety.
The curves report mean and 95 percentile interval over five seeds, while the bar charts visualize mean
and standard deviation of the normalized cumulative returns and maximum cost violations over five
seeds.

Design choices. The sampling method described above differs from our theory, in that we resample
the dynamics directly from the posterior and avoid projecting them onto the confidence bound, rather
than maintaining a fixed set of prior samples refined via truncation as analyzed in Section 5. As
discussed in Appendix A, our safety guarantee naturally extends to this resampling scheme via a
union bound across episodes. We adopt this posterior-sampling approach to ensure a fair and direct
comparison with our baselines, allowing us to faithfully replicate the experimental setup of As et al.
[8]. As a second simplification, we keep the exploration threshold dnσ fixed across episodes rather
than progressively tightening it. Although both variants are implemented in our code, we found
empirically that this simplification preserves performance while improving training stability. Overall,
these design choices simplify our implementation without altering the qualitative behavior predicted
by our theoretical analysis. Finally, we fixed the number of samples to M = 30 across all experiments.
As explained in Section 5, our approach induces a natural trade-off between computational cost and
conservatism: since using more samples than prescribed by Lemma 2 does not compromise safety, one
can in principle select the largest number of samples permitted by the available computational budget,
and subsequently choose the constraint tightening accordingly. For instance, in our experiments we
match the number of samples used by [8] to ensure comparable computational cost. Under this setup,
we then empirically observe that smaller constraint tightenings than those required by ActSafe are
sufficient to maintain safety.

Experimental setup. We evaluate SBSRL on the PENDULUM and CARTPOLE environments, focus-
ing on the SWINGUP task. In CARTPOLE, following [8], we assume access to an initial offline dataset
to ensure safe initialization (as required by Assumptions 2–3), whereas no such prior is required for
PENDULUM. For completeness, Figure 7 complements Figure 4, including both cumulative rewards
and training curves for the same safety experiment. Among the considered baselines, ActSafe includes
an initial purely exploratory phase, during which rewards are not optimized, before transitioning
to exploitation until the end of the simulation. In Figure 5 we report two possible choices of the
transition episode.

Exploration constraint We provide an ablation study on the choice of d0σ in Figure 8. While the
theoretical definition of dnσ in Theorem 2 is difficult to estimate in practice, we find that SBSRL is not
overly sensitive to its exact value. Choosing an intermediate value (neither too large nor too small)
can improve performance; however, safety is not affected, since it is, at least in theory (ignoring

26



0.0

0.5

1.0

∑
n
Ĵ
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Ĵ
c
(π
n
)
−
d

PENDULUMSWINGUP

0.0

0.5

1.0

∑
n
Ĵ
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Figure 8: GP experiments ablating different values of d0σ in the exploration constraint. The bar charts
report the mean and standard deviation over five seeds for the normalized cumulative return and
maximum cost violation.

approximation errors introduced by solving the constrained optimization problem), decoupled from
exploration. Empirically, Figure 8 shows how setting d0σ too large can deteriorate performance, since
the constraint is deactivated early and the behavior quickly converges to that of d0σ = 0. Conversely,
choosing it very small can in principle lead to better asymptotic performance as suggested by
Theorem 2, but it also increases sample complexity and thus can ultimately reduce the cumulative
reward, as illustrated in the figure.

Rewards and constraints. We adopt reward and constraint definitions consistent with prior work
on safe model-based reinforcement learning [8]. For both PENDULUM and CARTPOLE environments,
let θ denote the pole angle, ω its angular velocity, and u the control input. We define the angular
deviation from a desired target angle θtarget as ∆θ = θ − θtarget. In the PENDULUM environment, the
objective penalizes deviations from the target configuration as well as large angular velocities and
control inputs. The reward and cost are given by

rPendulum = −
(
∆θ2 + 0.1ω2 + 0.02u2

)
, cPendulum = |ω|, d = 6.

For the CARTPOLE system, we additionally consider the cart position p and velocity v. The reward
encourages stabilization of both the pole and the cart while penalizing control effort:

rCartpole = −
(
∆θ2 + p2 + 0.1

(
v2 + ω2

))
− 0.01u2,

while the cost captures violations of a position constraint on the cart,

cCartpole = |p|, d = 1.5.

F.2 Hardware Experiment
While Gaussian Processes closely align with our theoretical framework, their cubic complexity in
the number of data points limits scalability to high-dimensional control tasks. To address this, we
also consider a scalable instantiation of SBSRL based on neural network dynamics models, enabling
application to hardware, but also to standard continuous control benchmarks [11, 12]. The code for
this implementation is available at this repository.

Implementation details. We instantiate SBSRL within a model-based actor-critic framework
inspired by MBPO [65]. The system dynamics are modeled using a probabilistic ensemble of
neural networks [66, 10], which enables multiple predictions of the dynamics for enforcing safety
and provides an estimate of epistemic uncertainty [67] via the empirical standard deviation across
ensemble members, which we exploit to implement the exploration constraint. To approximately
solve Problem (8), we employ a mixture of real and model generated rollouts, and perform a fixed
number of interleaved actor-critic updates, following standard practice in model-based RL [65]. In
contrast to standard MBPO-style implementations, in order to approximate the sampling-based nature
of our method we retain all ensemble predictions during rollouts, effectively simulating multiple
dynamics realizations and enforcing safety constraints across them. To support this, we augment the
cost critic to condition on the index m of the dynamics sample, thereby approximating

Jc(π, f
m
n ) ≈ Eπ,x∼ρ0 [Qc(x, π(x),m)] .

Exploiting the structural similarity between Jc and Jsn , we adopt the same approach to estimate the
cumulative uncertainty along trajectories

Jsn(π, f
m
n ) ≈ Eπ,x∼ρ0 [Qσ(x, π(x),m)] .

This enables seamless integration of the exploration constraint within a standard actor-critic pipeline.

27

https://anonymous.4open.science/r/safe-learning-SBSRL/README.md


Design choices. Constraint satisfaction is enforced using an Augmented Lagrangian method [68],
which provides strong empirical performance, consistent with prior work [69, 24], although other
solvers could be used in principle. Furthermore, while the theoretical analysis prescribes a sample size
M satisfying Lemma 2 for GPs, we found that fixing M = 5 across all experiments (both on hardware
and in simulation) was sufficient for the implementation using deep neural networks to capture
uncertainty while maintaining computational efficiency. Finally, note that in this implementation both
reward and cost functions are unknown and therefore estimated via learned critics, as is standard in
actor-critic methods.

Hardware setup. We follow the experiment setup of Wendl et al. [9] and evaluate SBSRL on a
highly-dynamic remote-controlled race car operating at 60 Hz. States are observed through a motion
capture systems that tracks the vehicle trajectory and sends real-time measurements to the controller.
While the underlying system is characterized by a 7-dimensional state and a 2-dimensional action
space, we concatenate past observations and control inputs using a sliding window. This mitigates
delays arising from both actuation and motion capture, resulting in a 45-dimensional state-action
representation. Such a representation is challenging for GP-based methods and motivates the use of
deep ensembles. The task is to reach a target position while satisfying safety constraints, represented
by obstacles that must be avoided by the vehicle (see Figure 1). Constraint violations are quantified
using measurements from the motion capture system, and represent the kinetic energy dissipated
during plastic collisions with the obstacles. The budget is set to d = 15, allowing for minor contacts
with the tires while penalizing large collisions. In order to initialize our algorithm with a prior model
that approximately satisfies Assumptions 2 and 3, we first collect 25K real-world transitions using a
safe but suboptimal policy. This dataset is then used to empirically calibrate the model (and critics)
of SBSRL offline. Finally, we deploy SBSRL online on the real system. At each episode, a policy is
rolled-out on the real system to collect more data, which is added to the replay buffer to update the
model before the next episode. We repeat the experiment for 75 episodes with three random seeds
and report the mean and standard error of the cumulative rewards and costs after each iteration n in
Figure 6. We compare SBSRL against a version of the same algorithm that does not use pessimism to
enforce safety, i.e. it only enforces the constraint on the mean critic rather than across the ensemble.
To ensure a fair comparison, both methods are initialized with the same offline prior, which includes
the dynamics model and critics that were trained on the offline dataset.

G Additional Experiments

G.1 Experiments in Simulated Environments
We further evaluate SBSRL on standard continuous control benchmarks, including SafetyGym [11]
and RWRL [12]. In these experiments, we follow the setup of [70, 9]; we refer the reader to these
works for a detailed description of the tasks and environments. For these experiments we use a single
NVIDIA RTX 4090 GPU per run, with 5 CPU cores and 40 GB of RAM. Multiple random seeds are
executed in parallel via a Slurm cluster. This setup enables us to train our algorithm in less than an
hour and a half for each experiment.

Safe offline-to-online. Ensuring safety when training neural network dynamics models from scratch
is challenging without prior knowledge, as the initial model is typically poorly calibrated [8]. Our
theoretical framework assumes access to a sufficiently good prior (cf. Assumptions 2 and 3), which
is not directly satisfied in this setting. To address this, we adopt an offline-to-online training pipeline.
However, note that our theory is agnostic to how such a prior is obtained, so that alternative approaches
such as sim-to-real could also be considered. Specifically, we assume access to an initial dataset
collected by a suboptimal (and potentially unsafe) behavior policy. We first run our algorithm in an
offline setting (i.e. using only the offline data) to learn a (empirically) calibrated dynamics model
and associated critics. These are then used to initialize the online phase, allowing the agent to begin
learning from a reliable model. The only modification required to run SBSRL offline is to set dnσ = 0,
thereby deactivating the exploration constraint. This choice reflects the offline RL setting, where
the agent should remain close to the data distribution rather than be encouraged to explore. If one
instead wishes to impose explicit exploration penalties during the offline phase, as suggested by Yu
et al. [71], our framework can naturally accommodate this by reversing the exploration constraint. In
our experiments, however, this was not necessary, allowing us to retain a single practical algorithm
for the full offline-to-online pipeline. To fairly validate SBSRL accounting for the variability in the
offline initialization, we generate multiple priors by running 5 independent offline training seeds on
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the same dataset. For each resulting prior, we then run 5 independent online training seeds. This
results in a total of 25 runs per experiment, all of which are reported in our evaluation.

Benchmarks and baselines. We evaluate our method on several tasks from the RWRL bench-
mark [12] and SafetyGym [11]. In Figure 9, we compare SBSRL against two baselines from the
literature. First, we consider MBPO [65], which also serves as the base architecture for our imple-
mentation, as explained in the previous section. MBPO is a model-based actor-critic method that uses
a neural network ensemble to model the dynamics and generates rollouts via the TS1 scheme of [10],
randomly selecting a different ensemble member at each step. Notably, MBPO does not incorporate
additional pessimism to enforce safety, which results in cost violations in some tasks. Second, we
compare against SOOPER [9], a recent state-of-the-art safe RL algorithm. Its implementation is
also based on an MBPO-like architecture, enabling a direct and fair comparison. In particular, we
initialize both MBPO and SOOPER with a prior policy and backup critics that are constructed from
the same offline run used to initialize SBSRL. Across all experiments, SBSRL maintains safety at all
episodes throughout training while improving rewards over the safe baselines. The plots report the
mean and 95% empirical percentile intervals over 25 runs, generated from 5 different offline priors as
described above.

Constraint satisfaction through sampling. In Figure 10 we provide a comparison of SBSRL
against a mean baseline that only uses the mean of the multiple critic predictions across ensemble
members for planning, rather than accounting for each sampled dynamics model. The results show
that SBSRL achieves comparable task performance while consistently satisfying the safety constraints
across all runs. We report the mean and 95% empirical percentile intervals over all 25 runs, highlight-
ing robustness of SBSRL to the offline prior. This explains the apparent high variance at initialization
and provides a more informative measure of robustness than reporting standard errors alone.
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Figure 9: Learning curves comparing SBSRL against standard baselines. The performance is
evaluated in the environments GOTOGOAL, RACECAR, HUMANOID, CARTPOLE and QUADRUPED .
We report the mean and 95 percentile interval.
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Ĵ
c
(π
n
)

GOTOGOAL
SBSRL Mean π0

0 50 100 150 200

Iteration n

50

100

150

Ĵ
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Figure 10: Learning curves comparing SBSRL against the mean baseline. The performance is
evaluated in the environments GOTOGOAL, RACECAR, HUMANOID, CARTPOLE and QUADRUPED.
We report the mean and 95 percentile interval.

31


	Introduction
	Related Work
	Problem Setting
	Constrained Markov Decision Processes
	Task
	Assumptions

	Background
	Algorithm
	Results
	Experiments
	Conclusion
	Discussion
	Kernels and Unbounded Domains
	Sampling from a GP
	Updating the GP Samples
	Feasibility of the Safety Constraint

	Technical Lemmas
	Proof of Safety
	Proof of Sample Complexity
	Proof of Optimality
	Experiment Details
	GP Experiments
	Hardware Experiment

	Additional Experiments
	Experiments in Simulated Environments


