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Abstract

Motivated by distributed machine learning settings such as Federated Learning, we
consider the problem of fitting a statistical model across a distributed collection of
heterogeneous data sets whose similarity structure is encoded by a graph topology.
Precisely, we analyse the case where each node is associated with fitting a sparse
linear model, and edges join two nodes if the difference of their solutions is also
sparse. We propose a method based on Basis Pursuit Denoising with a total
variation penalty, and provide finite sample guarantees for sub-Gaussian design
matrices. Taking the root of the tree as a reference node, we show that if the sparsity
of the differences across nodes is smaller than the sparsity at the root, then recovery
is successful with fewer samples than by solving the problems independently, or
by using methods that rely on a large overlap in the signal supports, such as the
group Lasso. We consider both the noiseless and noisy setting, and numerically
investigate the performance of distributed methods based on Distributed Alternating
Direction Methods of Multipliers (ADMM) and hyperspectral unmixing.

1 Introduction

The wide adoption of mobile phones, wearable and smart devices, has created a influx of data which
requires processing and storage. Due to the size of these datasets and communication limitations, it is
then often not feasible to send all the data to a single computer cluster for storage and processing.
This has motivated the adoption of decentralised methods, such as Federated Learning [3343]], which
involves both storing and processing data locally on edge devices.

This increase in data sources has led to applications that are increasingly high-dimensional. To
be both statistically and computationally efficient in this setting, it is then important to develop
approaches that can exploit the structure within the data. A natural assumption in this case is that
the data is sparse in some sense. For instance, a subset of features is assumed to be responsible for
determining the outcome of interest or, in the case of compressed sensing [[13], the data is assumed to
be generated from a sparse signal.

Fitting statistical models on data collected and stored across a variety of devices presents a number of
computational and statistical challenges. Specifically, the distributed data sets can be heterogeneous
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owing to data coming from different population distributions e.g. each device can have different
geographic locations, specifications and users. Meanwhile, from a computational perspective, it is
often unfeasible, due to network limitations and robustness, to have a single central “master” device
collect and disseminate information. This creates a demand for statistical methodologies which are
both: flexible enough to model potential statistical differences in the underlying data; and can be fit
in a decentralised manner i.e. without the need for a centralised device to collate information.

In this work, we set to investigate the statistical efficiency of a method for jointly fitting a collection
of sparse models across a collection of heterogeneous datasets. More precisely, models are associated
to nodes within a graph, with edges then joining two models if their difference is also assumed to be
sparse. The approach of penalising the differences between models (in an appropriate norm) has, for
instance, been applied within both Federated Learning [28]] and Hyperspectral Denoising [23}|14]] to
encode heterogeneous data. In our case, we consider linear models and obtain precise insights into
when jointly fitting models across heterogeneous datasets yield gains in statistical efficiency over
other methods, such as, the group Lasso and Dirty Model for multi-task learning [24]]. In addition
to being solvable in a centralised manner with standard optimisation packages, the framework we
consider is then directly applicable to decentralised applications, as information only needs to be
communicated across nodes/models/devices which share an edge within the graph.

1.1 Our Contribution

We consider a total variation scheme that penalises differences between models that share an edge
in the graph. This scheme encodes the intuition that if the signal differences are sufficiently sparse
then, to recover all signals in the graph, it is more statistically efficient to first recover a single signal
associated to a particular reference node (root) and then recover the signal differences associated to
edges. Following the celebrated Basis Pursuit algorithm [5], we consider the solution that minimises
the ¢ norm of the model associated to a root node of the tree and the differences between models
that share an edge. We refer to this method as Total Variation Basis Pursuit (TVBP). A noisy variant
similar to Basis Pursuit Denoising [9]] is then considered, where the linear constraint is substituted
for a bound on the /5 norm of the residuals. We call this method as Total Variation Basis Pursuit
Denoising (TVBPD). Note that variants of TVBPD have been successfully applied within the context
of hyperspectral data [23| [14] and thus, this work now provides theoretical justification in this case.

Given this framework and assuming sub-Gaussian design matrices, we show that statistical savings
can be achieved by TVBP and TVBPD as opposed to solving them either independently or with
methods that consider the union of supports (see Table[I). In the noiseless case, TVBP requires a
total sample complexity of O(s + n?s’) where s is the root sparsity, s’ is the maximum sparsity of
the difference along edges and n is the number of nodes. In contrast, methods like the group Lasso
and Dirty Model [24] have an O(ns) total sample complexity, which matches the case when nodes
do not communicate with each other. Moreover, note that the TVBP approach does not need to know
the true underlying graph G, whereas the optimal stepwise approach does. If the true graph G is
known, TVBP can incorporate this information to yield improved sampled complexity (see Table2]in
Section[2.2)). In the noisy setting, we demonstrate that TVBPD has an ¢; estimation error bounded
as O(y/s + v/ns'), where as the stepwise approach scales as O(s 4 n+/s’), and thus, achieves an
O(y/ns’) saving in this case. While the step wise approach achieves optimal total sample complexity
in the noiseless case, in the noisy setting its estimation scales sub-optimally compared to TVBPD.

Alongside total sample complexity savings over other joint recovery methods, we also show that
TVBP is amenable to decentralised machine learning. Specifically, the objective can be reformulated
with constraints that reflect the graph topology allowing a Distributed Alternating Direction Methods
of Multipliers (ADMM) algorithm [3]] to be applied. Theoretical findings are also supported by
experiments (Section [3.2)) which demonstrate both: TVBP can outperform group Lasso methods [24]
when model differences are sparse; and TVBPD yields qualitative improvements in hyperspectral
unmixing with the real-world AVIRIS Cuprite mine data set.

A key reason for TVBP achieving sample complexity savings over variants of the group Lasso and
Dirty Model [24], is that the matrices associated to each tasks do not need to satisfy an incoherence
condition with respect to their support sets. The incoherence condition is a common assumption
within the analysis of sparse methods like the Lasso (see for instance [49]) and, in short, it requires
the empirical covariance of the design matrix to be invertiable when restricted to co-ordinates in the
signal support set. This immediately implies that the sample size at each task is larger than the support



Method Total Sample Complexity > -, N, | Sim. Recovery | Know G
Independent Basis Pursuit ns + Diam(G)?s’ v X
Stepwise Basis Pursuit s+ ns' X v
Group Lasso [36, 37] ns + Diam(G)?s’ v X
Dirty Model [24]]

GSP [16]

TVBP (this work) s + n?Diam(G)s’ v X

Table 1: Worst case total sample complexities (up-to logarithmic and constant factors) for recovering
a collection of sparse signals {z}},cy on a tree graph G = (V, E) in the noiseless case with sub-
Gaussian design matrices. Sparsity of the root signal |Supp(z7)| < s, sparsity of difference along
edges e = (v,w) € E |Supp(a} — z})| < s'. Sim. Recovery: Whether the method simultaneously
recovers the collection of signals {«} },cy . Know G: Whether the sample complexity listed requires
knowledge of relationship graph G. TVBP: Total Variation Basis Pursuit (T). When the algorithm
does not depend on G and ', the best case of G, s’ can taken.

set of that given task. In contrast, for TVBP an alternative analysis is conducted by reformulating the
problem into a standard basis pursuit objective with an augmented matrix and support set. In this
case, the problem structure can be leveraged to show a Restricted Null Space Property holds when
the sample size at each task scales with the sparsity along the graph edges. This highlights that the
Total Variation penalty encodes a different structure when compared to methods like the group Lasso
and Dirty Model [24]. As shown in the noisy case, this approach can then be generalised through the
Robust Null Space Property (8}, [17]].

1.2 Related Literature

Learning from a collection of heterogeneous datasets can be framed as an instance of multi-task
learning [6]], with applications in distributed contexts gaining increased attention recently. We
highlight the most relevant to our setting. The works [52| 48] have considered models penalised
in an {5 sense according to the network topology to encode prior information. The /5 penalty is
not appropriate for the sparse setting of our work. A number of distributed algorithms have been
developed for the sparse setting, for a full review we refer to [1]]. The works [24} 44,50} 29} 51} 138]
have developed distributed algorithms following the group Lasso setting, in that, the signals are
assumed to be composed of a common shared component plus an individual component. Within
[24! 144} 150] this requires each node to satisfy an incoherence condition, while the setting in [29] 38]]
is a specific case of a star topology within our work. For details on how the incoherence condition
influences the sample complexity see discussion in Section[2.1] The work [40] develops a manifold
lifting algorithm to jointly recover signals in the absence of an incoherence assumption, although no
theoretical guarantees are given.

Federated machine learning [27, 143} |33} 28] is a particular instance of distributed multi-task learning
where a central node (root) holds a global model and other devices collect data and update their model
with the root. Data heterogeneity can negatively impact the performance of methods which assume
homogeneous data, see [33]] for the case of Federated Averaging. This motivates modelling the data
heterogeneity, as recently done within [28]] where the difference in model parameters is penalised at
each step. Our work follows this approach in the case of learning sparse models, and thus, it provides
insights into when an improvement in statistical performance can be achieved over other baseline
methods.

Simultaneously recovering a collection of sparse vectors can also be framed into the multiple
measurement vectors framework [15]], which has been precisely investigated for ¢4 /¢, regularisation
for ¢ > 1. Specifically, ¢ /¢, was investigated within [53] 36} [47]] and ¢; /¢5 in [31} 37]. Other
variants include the Dirty Model of [24], multi-level Lasso of [32] and tree-guided graph Lasso
of [23]]. In the same context, a number of works have investigated variants of greedy pursuit style
algorithms [16} 11} 12} 146]]. These methods assume a large overlap between the signals, with their
analysis often assuming each task satisfies an incoherence condition [36} 24} 37| (see Section @

The total variation penalty is linked with the fused Lasso [53| 21} 45| [7, 142]] and has been widely
applied to images due to it promoting piece-wise continuous signals which avoids blurring. As



far as we are aware, the only work theoretically investigating the total variation penalty as a tool
to link a collection of sparse linear recovery problems has been [10]. This work considers the
penalised noisy setting and gives both asymptotic statistical guarantees and an optimisation algorithm
targeting a smoothed objective. In contrast, we give finite sample guarantees as well as settings
where statistical savings are achieved. The application of hyperspectral unmixing [22, 23| [14] has
successfully integrated the total variation penalty within their analysis. Here, each pixel in an image
can be associated to its own sparse recovery problem, for instance, the presence of minerals [23]] or
the ground class e.g. trees, meadows etc. [14].

2 Noiseless Setting

This section presents results for the noiseless setting. Section [2.T]introduces the setup and details
behind the comparison to other methods in Table[I] Section[2.2] presents analysis for Total Variation
Basis Pursuit alongside descriptions of how refined bounds can be achieved. Section[2.3] presents
experimental results for the noiseless setting. Section[2.4] gives a sketch proof of the main theorem.

2.1 Setup

Consider an undirected graph G = (V, E') with nodes |V| = n and edges £ C V' x V. Denote
the degree of a node v € V by Deg(v) = |{(i,j) € E : ¢ = vorj = v}| and index the nodes
V = {1,...,n} with a root node associated to 1. To each node v € V, associate a signal vector
x¥ € RY. The objective is to estimate the signals {x%},c1 through measurements {y, },cy defined
asy, = A,z € RN where A4, € RNv*d g design matrix. As we now go on to describe, we will
assume the signals are both: sparse x7; for v € V, and related through the graph G. For instance, the
graph G can encode a collection of wearable devices connected through a network. Each node holds
a collection of data (y,, A,) that can, for example, represent some sensor outputs. Alternatively,
in Hyperspectral Denoising, each node v € V' is associated to a pixel in a image and the signal z;
indicates the presence of a mineral or classification of land type. The graph can then encode the
landscape topology.

Following these examples, it is natural that the collection of signals {7} }, <y will have a sparsity
structure related to the graph G. Specifically, if two nodes share an edge e = (v, w) € F then it is
reasonable that only a few co-ordinates will change from 7 to . For instance, in Hyperspectral
Imaging we expect the composition of the ground to change by a few minerals when moving to an
adjacent pixel. This can then be explicitly encoded by assuming difference in the underlying signals
can also be sparse. We encode the structural assumption on the signal within the following definition.

Definition 1 ((G, s, s’) Sparsity). A collection of signals {x} },ev is (G, s, 8')-sparse if the following
is satisfied. The root-node signal support is bounded |Supp(x7¥)| < s. For any edge e = (v,w) € E
the support of the difference is bounded |Supp(x,, — x,,)| < 8.

We are interested in the total number of samples Nrotal samples = Zv <y Ny required to recover all of
the signals {2} },cv. We begin by describing the total number of samples Ny Samples required by
baseline methods, a summary of which in Table E}

Independent Basis Pursuit For an edge ¢ = (v, w) € E, denote the support of the difference as
Se = supp(x} — x})). Let us suppose for any pair of edges e, e’ € E the supports of the differences
are disjoint from each other S, N S, = @ and the support of the root S, N'S; = 0. Let G be a
tree graph and the integer i,, € {0,...,n — 1} denote the graph distance from node v to the root
agent 1. If each node has sub-Gaussian matrices A, and performed Basis Pursuit independently,
then the number of samples required by agent v to recover x} scales as N,, > s + i, s". The total
sample complexity is at least Nrotal samples = D ey No = N85 +8" >0 oy iy = O(ns+ Diam(G)?s’)
where we lower bound ) |, i, by considering the longest path in the graph including agent 1. The
optimisation problem associated to this approach is then

min ||z, |1 subject to A,x, =y, forv € V,
Ty

which can be solved independently for each agentv € V.

Stepwise Basis Pursuit Consider the support set structure described in Independent Basis Pursuit.
The signals can then be recovered in a stepwise manner with a total sample complexity of O(s + ns’).



Precisely, order s samples can recover the root signal ¥, meanwhile order n x s’ samples can
recover each of the differences associated to the edges. Any node’s signal can then be recovered by
summing up the differences along the edges. This yields a saving from O(ns + n?s’) to O(s + ns’),
which is significant when the difference sparsity s’ is small and the network size n is large. This
embodies the main intuition for the statistical savings that we set to unveil in our work. The associated
optimisation problem in this case requires multiple steps. Let the solution at the root be denoted

Ty = argming .4, ,, —,, |21[|1. For a path graph we recursively solve, with the notation 2;2 =0,

the following sequence of optimisation problems for j = 2,...,n
j—1
mAin A1 subjectto A;A =y; — A;Z7 — Z; ARA;,

with the sequence of solutions here denoted {A i} =

Group Lasso / Dirty Model / GSP The group Lasso [36}37]], Dirty Model [24] and Greedy Pursuit
Style algorithms [[16, [11} 112} 46] from the Multiple Measurement Vector Framework [[15]], assume
an incoherence condition on the matrices A, for v € V, which impacts the total sample complexity.
Namely, for v € V denote the support S, = Supp(z}) C {1,...,d} alongside the design matrix
restricted to the co-ordinates in S, by (A,)s, € RNVv*ISvI The incoherence assumption for the Dirty
Model [24] then requires (Av)gv (A,)s, to be full-rank (invertibility), and thus, N,, > |S,]|. Since
|Sy| = s+ i,s” the lower bound on Nl samples then comes from Independent Basis Pursuit. One
of the associated optimisation problem for the group lasso then takes the form for some A > 0

T1,X250.,Tn
veV

d
min Y ly, = Avzol3 A [((21);, (@), (20)) e
j=1

2.2 Total Variation Basis Pursuit

To simultaneously recover the signals {z} },cy we consider the Total Variation Basis Pursuit (TVBP)
problem. Specifically for a tree-graph G = (V, E) with edges F C V x V, consider:

min  ||z1]]1 + Z |y — xwl||1 subjectto A,z, =y, forve V. (1)
T

T1,L2,...,

e=(v,w)eE

Let us denote a solution to (T) as {zIVEF},cv. Note that G does not have to be equal to the graph

associated to the sparsity of {z}},cy . For instance, we can consider a star graph for G whilst G is
a more complex unknown graph. Furthermore, we highlight that () couples the agents solutions
together in a distinctly different manner when compared to the methods in Section[2.1]e.g. Group
Lasso.

We now upper bound on the number of samples N1, NNon-root Tequired for TVBP to recover the signals.
For the following, we say that if A has independent and identically distributed (i.i.d.) sub-Gaussian
entries, then the i, jth entry A;; satisfies P(|A;;| > t) < Be"‘“z for all £ > 0 for sub-Gaussian
parameters (3 and x. Let us also denote the root sample size as Ngqoot = N1, with all non-root agents
having the same sample size Nxon-root = IV, for v € V\{1}. The proof for the following theorem
can then be found in Appendix[A.T.1]

Theorem 1. Suppose the signals {x}},cv are (G, s,s’)-sparse and the matrices satisfy A, =

\/]1\71&, where {gv}vev each have i.i.d. sub-Gaussian entries. Fix € > 0. If

Nroor 2 max{s,n*Diam(G)s'}(log(d) + log(1/e)) and
Nion-roor 2 nDiam(G)s' (log(d) + log(n/e)),

then with probability greater than 1 — € the TVBP solution with a star graph G is unique and satisfies
xTVBP — o* foranyv € V.

v

Theorem [T] provides conditions on the number of samples held by each agent in order for TVBP to
recover the signals when G is a star topology. As seen in Table |1} the total number of samples in



this case satisfies Ntoul samples = O(s + n?Diam(G)s’). As we now go on to describe, the sample
complexities in Theorem [I|are worst case since we have assumed no prior knowledge of G.

Incorporating knowledge of the signal graph G into the TVBP problem (I)) naturally influences
the total sample complexity required for recovery. Table [2] provides a summary of the total
complexity required in two different cases. Precisely, an improved total sample complexities
can be achieved when: G is a known tree graph, as well as when the non-root design matri-
ces {A,}yev\q1y are the same. When G is a known tree graph, the sample complexity is re-
duced to s + max{n?, nDeg(V\{1})?Diam(G)?}s’ from s + n?Diam(G) previously. In the case
Diam(G) = O(+/n), then an order /ns’ saving in achieved. Meanwhile, if {A, },cy\ {1} are also
equal, then the sample complexity reduces to s + nDeg(1)%s’ which, for constant degree root nodes
Deg(1), matches the optimal stepwise method. This precisely arises due to the null-spaces of the
non-root nodes matrices being equal in this case, allowing the analysis to be simplified. Details of
this are provided within the proof sketch. The assumption that the sensing matrices { A, },ev\ {13
are equal is then natural for compressed sensing and Hyperspectral applications as A, represents the
library of known spectra, and thus, can be identical across the nodes.

Method & Assumptions Total Sample Complexity > ., N, Know G
TVBP s + n’Diam(G)s’ X
TVBP + G Tree s + max{n?, nDeg(V\{1})?Diam(G)?}s’ v
TVBP + G Tree + {A, }oev\ (1} equal s+ nDeg(1)2s’ v

Table 2: Setting as described in Table|I[ Comparing total sample complexity for TVBP with different
assumptions: whether G is a known tree; or G is a known tree and the design matrices {A, },ev\ {13
are identical. Formal results can be found in Theorems [3|and [ within the Appendix [A.T| When the
algorithm depends upon the choice of graph G, the rate given depends upon this choice of G and the
associated sparsity along edges s'.

2.3 Experiments for Noiseless Case

This section presents numerical experiments for Total Variation Basis Pursuit problem (). The
paragraph Statistical Performance focuses on the statistical performance of TVBP, supporting the
results summarised in Table[2] Paragraph Distributed Algorithm outlines how the objective (T)) can
be solved in a decentralised manner.

Statistical Performance Figure 1| plots the probability of recovery against the number of samples
held by non-root nodes N, for v € V\{1} with a fixed number of root agent samples N7 =
|2slog(ed/s)]. Observe, for a path topology and balanced tree topology, once the non-root nodes
have beyond approximately 30 samples, the solution to TVBP finds the correct support for all of
graph sizes. In contrast, the number of samples required to recover a signal with Basis Pursuit at the
same level of sparsity and dimension considered would require at least 80 samples, i.e. 2slog(ed/s).
We therefore save approximately 50 for each non-root problem.

Prob. Of Recovery Vs Num. of Agents Samples p=128, s=12,5'=4 Prob. Of Recovery Vs Num. of Agents Samples p =128, s=12,5'=4
1.0
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Figure 1: Probability of recovery vs number of non-root node samples N,, for v € V\{1}. Problem
setting d = 128, s = 12, ' = 4 and N; = |2slog(ed/s)| = 80, for path (Left) and balance tree
with branches of size 2 (Right). Lines indicates graph sizes with n € {2,4,8,16} for path and
n € {7,15,31} for balanced tree with heights of {2, 3,4} respectively. Solution to reformulated
problem found using CVXOPT. Each point is an average of 20 replications. Signal sampled

from {1, —1}, differences concatenation of s’ values. {4, },cy standard Gaussian and G = G.

6



Distributed Algorithm To solve the optimisation problem (I)) in a decentralised manner an ADMM
algorithm can be formulated, the details of which are given in Appendix The Optimisation Error
for the method is plotted in Figure[2] which is seen to converge with a linear rate. The convergence
for a path topology is slower, reaching a precision of 10~® in 300 iterations for 7 nodes, while the
same size balanced tree topology reaches a precision of 1072, This is expected as the balanced
trees considered are more connected than a path, and thus, information propagates around the nodes
quicker. Larger tree topologies also require additional iterations to reach the same precision, with a
size 63 tree reaching a precision of 10~7-% in 300 iterations.

Opt. Error Vs Iteration for ADMM

Opt. Error Vs Iteration for ADMM

Agents: 7
2 —— Agents: 14
— Agents: 21

Agents: 7
— Agents: 15
— Agents: 31
— Agents: 63

Error from Basis Pursuit Solution (I0g0)
&
s

I, Error from Basis Pursuit Solution (logio)

[}

0 50 100 150 200 250 300 0 50 100 150 200 250 300
ADMM Iterations ADMM Iterations

Figure 2: Optimisation error ||2* — x3p||3 (Log scale) vs Iterations for ADMM method with p = 10
for different graph sizes (lines) and topologies (plots). Here x}p is solution to (T)). Problem parameters
d=2% s=0.1d] and s’ = 4. Left: Balanced trees, branch size 2 and heights {2, 3,4,5}. Right:
Path topology. Agent sample size N1 = 2slog(ep/2s) and N,, = 150 for v # 1. Matrices {A, }vev
i.i.d. standard Gaussian entries, 27 has s values randomly drawn from {+1, —1} and {A?*}.c g each
have s’ i.i.d. standard Gaussian entries, locations chosen at random.

2.4 Proof Sketch for Theorem[I]

This section provides a proof sketch for Theorem 1} For a response y € R and design matrix
A € RN*4 recall that the Basis Pursuit problem is given by

min ||z||; subject to Ax = y. )

Let us denote the solution to () as 2BP. It is known that if y = Az* for some sparse vector z*
supported on S, then the solution to (2)) recovers the signal %7 = 2* if and only if A satisfies the
Restricted Null Space Property with respect to S, that is,

2[[(#)slly < [lz[x for = € Ker(A)\{0}. 3)

In the case A has i.i.d. sub-Gaussian entries and N > |S|c=2log(d/d) for ¢ € (0,1/2), we then have
[[(x)s]l1 < cllz||y with probability greater than 1 — ¢ [17].

The proof for Theorem [I| proceeds in two steps. Firstly, the TVBP problem (I)) is reformulated
into a standard basis pursuit problem (2) with an augmented matrix A, signal z* and support set .S.
Secondly, we show that the Restricted Null Space Property can be satisfied in this case by utilising the
structure of A, z* and S. Each of these steps is described within the following paragraphs. For clarity,
we assume the TVBP problem with G = G, the signal graph G being a tree graph with agent 1 as the

root, and all non root agents with equal design matrix A, = A forv € {2,3,4,5,...,n}. Discussion
on weakening these assumptions is provided at the end, with fulls proofs given in Appendix

Reformulating TVBP problem Let us denote 2; € R? and A; € R? fori = 1,...,n — 1 where
edges e € E are associated to an integer e — i. The TVBP problem (I]) can then be reformulated as

A0 0 .0 o "

n—1 A A Hgy ... Hy A Yo

. A bject t A Hypy A ... Hyy Ay | | ws
xl,{rgir}leeE ||$1H1+;H |1 subject to : ) ’ ] | . .
AV Hng Hng e Av A’ﬂfl Yn

where the matrices {Hij}i}jzlw,n,l take values H;; = A if the jth agent is on the path from agent
1 to the root node 1, and 0 otherwise. The above is equivalent to a Basis Pursuit problem (2)) with



r=(21,A1,A0,...,0,), y = (Y1,Y2,--,Yn), an A € R"¥*"d encoding the linear constraint
above, and sparsity structure S = S1U{ U, ; (Se+4) }. Thatis for an edge e = (v, w) € E the support
S is constructed by off-setting S. = Supp(z} — z,) by an integer (S, +14) ={k+i:k € S.}.

Showing Restricted Null Space Property We begin by noting that if z € Ker(A4)\{0} then
Az =0 AN, =0 for e = (v,w) € E such that v, w # 1, 4)

the second equality being over edges e not connected to the root node. To see this, suppose the edge
e € F is both: associated to the integer 4; and not directly connected to the root 1 ¢ e. Consider the
edge neighbouring e closest to the root, say, ¢’ € E with integer j. We have from z € Ker(A4)\{0}

12[,1131 + gAz + ZszAk =0 and 12[331 + KAJ + Z ij-Ak- =0.
ki k)

Taking the difference of the two equations we get ZAi = 0 since both: j is on the path from ¢ to the
root so H;; = A; and the path from j to the root is shared i.e. Zk# ; Hi;Ap = Zk# HjpAy,.

In a similar manner to Basis Pursuit, the constraints (@) are used to control the norms ||(z1)s, ||1 and

[[(Ae)s, |l1 fore € EN{e € E : 1 € e}. Precisely, if A1 € RM1*d and A € RNomonxd both i i.d.
sub-Gaussian with N7 2 slog(1/0) and Nxonroot 2, 8" 10g(1/9), then ||(z1)s, |1 < ||#1]1/4 and
[(Ae)s. |1 < [[Ae|l1/4 with high probability. Controlling the norm for the edges e € E connected
to the root 1 € e is then more technical. In short, if N1, Nxonroot = Deg(1)%s’log(1/8) then

[(Ae)s.ll1 < (llzalls + [[Acl1) /4Deg(1). Summing up the bounds gives

1 1 1
(@)l = ()l + Y (A < gllzalli+ 35 Do lAch = 2l
ecE ecE

as required. When the matrices {A,},cv\(1} are different the condition (#) may no longer be

satisfied, and thus, an alternative analysis is required. Meanwhile, if G is a star and does not equal G,

a different sparsity set S is considered where the support along edges are swapped s’ — Diam(G)s'.

3 Noisy Setting

This section demonstrates how the TVBP problem can be extended to the noisy setting, Section
[3.T]introduces Total Variation Basis Pursuit Denoising (TVBPD) alongside theoretical guarantees.
Section [3.2] presents experiments investigating the performance of TVBPD.

3.1 Total Variation Basis Pursuit Denoising

Let us assume that y, = A,z + ¢, for v € V. In this case the equality constraint in the TVBP
problem (T)) is swapped for a softer penalisation, leading to the Total Variation Basis Pursuit Denoising

(TVBPD) problem for a graph G = (V, E ) and penalisation 7 > 0

niin llz1|lx + Z |z — Zwl|1 subject to Z | Avzy — y0ll3 < 72 (5)

Ty fveV ~
e=(v,w)EE veV

The equality constraint A,x, = y,, at each agent v € V' in (I)) is now swapped with an upper bound
on the deviation || 4,2, — y,||3. Given this problem, we now provide gaurantees on the ¢; estimator
error for the solution of (§). The proof of the following Theorem is in Appendix [3.1]

Theorem 2. Suppose G is a tree graph, the signals {x*}vev are (G, s, s')—sparse and y, =

Azt + €, for v € V. Assume that A, = A, /~/N, where {A,}vev each have i.i.d. sub-Gaussian
entries. Fixe > 0. Ifn> > >, |ley||3/n and

Nroor 2 s( log(d) +1log(1/€)) and  Nyon-roor = n23'(log(d) + log(n/e))7
then with probability greater than 1 — € the solution to (3) with G=G satisfies

ler —aili+ D0 (e —z) = (@) —2)lh S (V5 + Deg(G)Vans ).

e=(v,w)eEE



Theorem 2| gives conditions on the sample size so a bound on the ¢; estimation error can be achieved.
For the stepwise approach in Sectionthe £1 estimation error scales as /s + n x \/s'. Therefore,
TVBPD yields an order v/n saving in £, estimation error over the step wise approach. This highlights
two sample size regimes. When the total sample size is O(s + ns’), the step wise approach is
provably feasible and the estimation error is O(+/s + nv/s’). Meanwhile, when the total sample size
is O(s+n3s’), TVBPD is provably feasible and the estimation is O(+/s + v/ns’). The gap in sample
size requirements between the noisy case with TVBPD O(s + n3s’) and the noiseless case with
TVBP O(s + n?Diam(G)s’) is due to a different proof technique for TVBPD. We leave extending
the techniques for analysing TVBP to the case of TVBPD to future work.

3.2 Experiments for Total Variation Basis Pursuit Denoising

This section present simulation results for the Total Variation Basis Pursuit Denoising problem (3)).
The following paragraphs, respectively, describe results for synthetic and real data.

Synthetic Data. Figure [3|plots the ¢; estimation error for Total Variation Basis Pursuit Denoising,
group Lasso and the Dirty Model of [24]], against the number of agents for both path and balanced
tree topologies. As the number of agents grows, the estimation error for the group Lasso methods
grows quicker than the total variation approach. The group Lasso variants perform poorly here due to
the union of supports growing with the number of agents, and thus, the small overlap between agent’s
supports.

L_1 Error Vs Number of Agents, s'=4 L_1 Error Vs Number of Agents, s'=4

—e— Group Lasso
TV BP Denoising
—+— Dirty Model

—e— Group Lasso
TV BP Denoising
—+— Dirty Model

102

(Signal) L_1 Error
(Signal) L_1 Error

1004 ¥

2 4 6 8 10 12 14 16 7 13 21 31 43
Number of Agents Number of Agents

Figure 3: /; estimation error ) . ||z, — 2|1 (log;, scale) against number of agents for Total
Variation Basis Pursuit Denoising solved using SPGL1 Python package (Yellow), group Lasso (blue)
and Dirty Model of [24] (Green). Left: Path topology. Right: Balanced tree topology height 2
branching rate {2, 3,4, 5,6}. The same i.i.d. standard Gaussian matrix was associated to each node
with N,, = 200 for v € V, with parameters were d = 29 s =25and s’ = 4. Signal at the root x7}
and differences {x} — T*w }(v,w)cr sampled from {-+1, —1} with no overlap in supports.

Hyperspectral Unmixing. We apply Total Variation Basis Pursuit Denoising to the popular AVIRIS
Cuprite mine reflectance dataset https://aviris. jpl.nasa.gov/data/free_data.html with
a subset of the USGS library splibO7 [26]. As signals can be associated to pixels in a 2-dimensional
image, it is natural to consider the total variation associated with a grid topology. Computing the total
variation explicitly in this case can be computationally expensive, see for instance [39]]. We therefore
simplify the objective by tilling the image into groups of n = 4 pixels arranged in a 2x2 grid, with
each group considered independently. This is common approach within parallel rendering techniques,
see for instance [34], and is justified in our case as the signals are likely most strongly correlated
with their neighbours in the graph. Note that this also allows our approach to scale to larger images
as the algorithm can be run on each tile in an embarrassingly parallel manner. More details of the
experiment are in Appendix

We considered four methods: applying Basis Pursuit Denoising to each pixel independently; Total
Variation Denoising (3)) applied to the groups of 4 pixels as described previously; the group Lasso
applied to the groups of 4 pixels described previously.; and a baseline Hyperspectral algorithm
SUNnSAL [2]. Figure[d]then gives plots of the coefficients associated to two minerals for three of
the methods. Additional plots associated to four minerals and the four methods have been Figure [6]
Appendix [B.2] Recall, by combining pixels the aim is to estimate more accurate coefficients than
from denoising them independently. Indeed for the Hematite, Andradite and Polyhalite minerals, less
noise is present for the total variation approach, alongside larger and brighter clusters. This is also in
comparison to SUNnSAL, where the images for Andradite and Polyhalite from the total variation


https://aviris.jpl.nasa.gov/data/free_data.html

approach have less noise and brighter clusters. Although, we note that combining groups of pixels in
this manner can cause the images to appear at a lower resolution.

A d adlte Tutal Varatc (U 001) Ane d ad\tE \ndepende nt (0 001) Andrad\te SU SAL (0. 001)

Polyha\ te Total Varat\on (0 001) Polyhallte Independent (0 001) Polyha\lte SUnSAL (0. 001'
o

Figure 4: Coefficients associated to the minerals Andradite (top), and Polyhalite (bottom). Methods
are, left: Total Variation Basis Pursuit Denoising applied to 2x2 pixel tiles with n = 0.001; Middle:
Basis Pursuit Denoising applied independently to each pixel with = 0.001. right: SUNnSAL with
regularisation of 0.001. Yellow pixels indicate higher values.

4 Conclusion

In this work we investigated total variation penalty methods to jointly learn a collection of sparse
linear models over heterogeneous data. We assumed a graph-based sparse structure for the signals,
where the signal at the root and the signal differences along edges are sparse. This setting differs from
previous work on solving collections of sparse problems, which assume large overlapping supports
between signals. We demonstrated (in noiseless and noisy settings) that statistical savings can be
achieved over group Lasso methods as well as solving each problem independently, in addition to
developing a distributed ADMM algorithm for solving the objective function in the noiseless case.

The theoretical results currently suggest having identical matrices for non-root agents is more sample
efficient over having different matrices (Table [2]and proof sketch Section[2.4). A natural direction is
to investigate whether this is a limitation of the analysis, or fundamental to using the Total Variation
penalty. Following this work, a distributed ADMM algorithm can also be developed for Total
Variation Basis Pursuit Denoising optimisation problem (3)).
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