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ABSTRACT

Global pooling is one of the most significant operations in many machine learning
models and tasks, whose implementation, however, is often empirical in practice.
In this study, we develop a novel and solid global pooling framework through
the lens of optimal transport. We demonstrate that most existing global pooling
methods are equivalent to solving some specializations of an unbalanced optimal
transport (UOT) problem. Making the parameters of the UOT problem learnable,
we unify various global pooling methods in the same framework, and accord-
ingly, propose a generalized global pooling layer called UOT-Pooling (UOTP)
for neural networks. Besides implementing the UOTP layer based on the clas-
sic Sinkhorn-scaling algorithm, we design new model architectures based on the
Bregman ADMM algorithm, which has comparable complexity but better numer-
ical stability. We test our UOTP layers in several application scenarios, including
multi-instance learning, graph classification, and image classification. In these ap-
plications, our UOTP layers can either imitate conventional global pooling layers
or learn new pooling mechanisms to perform better.

1 INTRODUCTION

As an essential operation of information fusion, global pooling aims to achieve a global representa-
tion for a set of inputs and make the representation invariant to the permutation of the inputs. This
operation has been widely used in many machine learning models. For example, we often leverage
a global pooling operation to aggregate multiple instances into a bag-level representation in multi-
instance learning tasks (Ilse et al., 2018; Yan et al., 2018). Another example is graph embedding.
Graph neural networks apply various pooling layers to merge node embeddings into a global graph
embedding (Ying et al., 2018; Xu et al., 2018). Besides these two cases, global pooling is also nec-
essary for convolutional neural networks (Krizhevsky et al., 2012; He et al., 2016). Therefore, the
design of global pooling operation is a fundamental problem for many applications.

Nowadays, simple global pooling operations like mean-pooling (or called average-pooling) and
max-pooling (Boureau et al., 2010) are commonly used because of their computational efficiency.
The mixture and the concatenation of these simple operations are also considered to improve
their performance (Lee et al., 2016). Recently, many pooling methods, e.g., Network-in-Network
(NIN) (Lin et al., 2013), Set2Set (Vinyals et al., 2015), DeepSet (Zaheer et al., 2017), attention-
pooling (Ilse et al., 2018), and SetTransformer (Lee et al., 2019a), are developed with learnable
parameters and more sophisticated mechanisms. Although the above pooling methods work well
in many scenarios, their theoretical study is far lagged-behind — the principles of the methods
are not well-interpreted, whose rationality and effectiveness are not supported in theory. Without
insightful theoretical guidance, the design and the selection of global pooling are empirical and
time-consuming, often leading to suboptimal performance in practice.

In this study, we propose a novel algorithmic global pooling framework to unify and generalize
many existing global pooling operations through the lens of optimal transport. As illustrated in
Figure 1(a), we revisit a pooling operation from the viewpoint of optimization, formulating it as
optimizing the joint distribution of sample index and feature dimension for weighting and averag-
ing representative “sample-feature” pairs. From the viewpoint of statistical signal processing, this
framework achieves global pooling based on the expectation-maximization principle. We show that
the proposed optimization problem corresponds to an unbalanced optimal transport (UOT) problem.
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(a) The principle of our UOTP layer
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<latexit sha1_base64="hKY7vuflbVKLQcabE6Y6pqua48c=">AAAB/3icbVDNS8MwHE39nPOrKnjxUhzCvIxWhnocCCJ4meA+YKslTdMtLE1Kkgqz9uC/4sWDIl79N7z535huPejmg5DHe78feXl+TIlUtv1tLCwuLa+sltbK6xubW9vmzm5b8kQg3EKcctH1ocSUMNxSRFHcjQWGkU9xxx9d5H7nHgtJOLtV4xi7ERwwEhIElZY8c7/vcxrIcaSv9CHznLu0en2ceWbFrtkTWPPEKUgFFGh65lc/4CiJMFOIQil7jh0rN4VCEURxVu4nEscQjeAA9zRlMMLSTSf5M+tIK4EVcqEPU9ZE/b2RwkjmEfVkBNVQznq5+J/XS1R47qaExYnCDE0fChNqKW7lZVgBERgpOtYEIkF0VgsNoYBI6crKugRn9svzpH1Sc05r9Zt6pXFZ1FECB+AQVIEDzkADXIEmaAEEHsEzeAVvxpPxYrwbH9PRBaPY2QN/YHz+AAFwlhs=</latexit>

z
(K)
1

<latexit sha1_base64="t80BqeGCBeQTBU5GgBF6HxcST1A=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+IQ5mW0Y6jHgSCClwnuA7Za0jTdwtKkJKkwaw/+K148KOLVf8Ob/43Z1oNuPgh5vPf7kZfnx5RIZdvfRmFpeWV1rbhe2tjc2t4xd/fakicC4RbilIuuDyWmhOGWIoribiwwjHyKO/7oYuJ37rGQhLNbNY6xG8EBIyFBUGnJMw/6PqeBHEf6Sh8yr3aXVq5PMs8s21V7CmuRODkpgxxNz/zqBxwlEWYKUShlz7Fj5aZQKIIozkr9ROIYohEc4J6mDEZYuuk0f2YdayWwQi70Ycqaqr83UhjJSUQ9GUE1lPPeRPzP6yUqPHdTwuJEYYZmD4UJtRS3JmVYAREYKTrWBCJBdFYLDaGASOnKSroEZ/7Li6Rdqzqn1fpNvdy4zOsogkNwBCrAAWegAa5AE7QAAo/gGbyCN+PJeDHejY/ZaMHId/bBHxifPwL6lhw=</latexit>

z
(K)
2

<latexit sha1_base64="diCcAQajfkWWjsSuy1L8qlmDB2Q=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjJDW1twUXDjsoJ9QDuUTJppYzPJkGSEMvQf3LhQxK3/486/MX0IKnrgwuGce7n3njDhTBuEPpzc2vrG5lZ+u7Czu7d/UDw8amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2Ek6u537mnSjMpbs00oUGMR4JFjGBjpXZfjeXAGxRLyEV+rVL2IXL9Cqp7dUsqyKtXy9Bz0QIlsEJzUHzvDyVJYyoM4VjrnocSE2RYGUY4nRX6qaYJJhM8oj1LBY6pDrLFtTN4ZpUhjKSyJQxcqN8nMhxrPY1D2xljM9a/vbn4l9dLTVQLMiaS1FBBlouilEMj4fx1OGSKEsOnlmCimL0VkjFWmBgbUMGG8PUp/J+0fderuuWbcqlxuYojD07AKTgHHrgADXANmqAFCLgDD+AJPDvSeXRenNdla85ZzRyDH3DePgGwiY82</latexit>⇢1
<latexit sha1_base64="C9Lj1GHy7n66Zi6McceMxr8jY2s=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ2aY1hZcFNwIbirYB7RDyaSZNjaTDElGKKX/4MaFIm79H3f+jelDUNEDFw7n3Mu990QpZ9og9OGsrK6tb2zmtvLbO7t7+4WDw6aWmSK0QSSXqh1hTTkTtGGY4bSdKoqTiNNWNLqc+a17qjST4taMUxomeCBYzAg2Vmp21VD2rnuFInKRXykFPkSuX0JVr2pJCXnVcgA9F81RBEvUe4X3bl+SLKHCEI617ngoNeEEK8MIp9N8N9M0xWSEB7RjqcAJ1eFkfu0UnlqlD2OpbAkD5+r3iQlOtB4nke1MsBnq395M/MvrZCauhBMm0sxQQRaL4oxDI+HsddhnihLDx5Zgopi9FZIhVpgYG1DehvD1KfyfNH3XK7vBTVCsXSzjyIFjcALOgAfOQQ1cgTpoAALuwAN4As+OdB6dF+d10briLGeOwA84b5/X8Y9Q</latexit>⇢K

Exp
<latexit sha1_base64="gfHQ2glOspUav79mR1a0h4oehAU=">AAACIHicdVDLSsNAFJ3UV62vqEs3g0VwISHR2tZd0Y3LCvYBSSiT6bQdOnkwMxFKyKe48VfcuFBEd/o1TtIGVPTCMIdzz71z5ngRo0Ka5odWWlpeWV0rr1c2Nre2d/Tdva4IY45JB4cs5H0PCcJoQDqSSkb6ESfI9xjpedOrrN+7I1zQMLiVs4i4PhoHdEQxkooa6I3EyZfYfOy5iWmcm9ZF3TwxDTOvHDStMyt1vJANxcxXV9JP04FeLcSwEMNCDK0FUwWLag/0d2cY4tgngcQMCWFbZiTdBHFJMSNpxYkFiRCeojGxFQyQT4Sb5N5SeKSYIRyFXJ1Awpz9PpEgX2TelNJHciJ+9zLyr54dy1HTTWgQxZIEeP7QKGZQhjBLCw4pJ1iymQIIc6q8QjxBHGGpMq2oEIqfwv9B99Sw6kbtplZtXS7iKIMDcAiOgQUaoAWuQRt0AAb34BE8gxftQXvSXrW3ubSkLWb2wY/SPr8AjcegMQ==</latexit>

X

<latexit sha1_base64="KLFUj2cIZ45yld1JeOFifW65Qos=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwIWES0tqCi4IblxXsA5pQJtNJO3QyCTMToYT+hhsXirj1Z9z5N04fgooeuHA4517uvSdMOVMaoQ+rsLa+sblV3C7t7O7tH5QPjzoqySShbZLwRPZCrChngrY105z2UklxHHLaDSfXc797T6ViibjT05QGMR4JFjGCtZF8H/N0jAe5ezGZDcoVZCO3XvVciGy3ihpOw5Aqcho1Dzo2WqACVmgNyu/+MCFZTIUmHCvVd1CqgxxLzQins5KfKZpiMsEj2jdU4JiqIF/cPINnRhnCKJGmhIYL9ftEjmOlpnFoOmOsx+q3Nxf/8vqZjupBzkSaaSrIclGUcagTOA8ADpmkRPOpIZhIZm6FZIwlJtrEVDIhfH0K/ycd13ZqtnfrVZpXqziK4AScgnPggEvQBDegBdqAgBQ8gCfwbGXWo/VivS5bC9Zq5hj8gPX2CR55kb8=</latexit>↵2,k
<latexit sha1_base64="BbtJgo3JEBjeWP4Wjvoy9HF7iuM=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwIWES0tqCi4IblxXsA5pQJtNJO3QyCTMToYT+hhsXirj1Z9z5N04fgooeuHA4517uvSdMOVMaoQ+rsLa+sblV3C7t7O7tH5QPjzoqySShbZLwRPZCrChngrY105z2UklxHHLaDSfXc797T6ViibjT05QGMR4JFjGCtZF8H/N0jAe5czGZDcoVZCO3XvVciGy3ihpOw5Aqcho1Dzo2WqACVmgNyu/+MCFZTIUmHCvVd1CqgxxLzQins5KfKZpiMsEj2jdU4JiqIF/cPINnRhnCKJGmhIYL9ftEjmOlpnFoOmOsx+q3Nxf/8vqZjupBzkSaaSrIclGUcagTOA8ADpmkRPOpIZhIZm6FZIwlJtrEVDIhfH0K/ycd13ZqtnfrVZpXqziK4AScgnPggEvQBDegBdqAgBQ8gCfwbGXWo/VivS5bC9Zq5hj8gPX2CRzykb4=</latexit>↵1,k

<latexit sha1_base64="q6DFLukZoEoVh0Fedn/d84JHFCo=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwIWES0tqCi4IblxXsA5pQJtNJO3SSDDMToYT+hhsXirj1Z9z5N04fgooeuHA4517uvScUnCmN0IdVWFvf2Nwqbpd2dvf2D8qHRx2VZpLQNkl5KnshVpSzhLY105z2hKQ4DjnthpPrud+9p1KxNLnTU0GDGI8SFjGCtZF8H3MxxoMcXUxmg3IF2citVz0XItutoobTMKSKnEbNg46NFqiAFVqD8rs/TEkW00QTjpXqO0joIMdSM8LprORnigpMJnhE+4YmOKYqyBc3z+CZUYYwSqWpRMOF+n0ix7FS0zg0nTHWY/Xbm4t/ef1MR/UgZ4nINE3IclGUcahTOA8ADpmkRPOpIZhIZm6FZIwlJtrEVDIhfH0K/ycd13ZqtnfrVZpXqziK4AScgnPggEvQBDegBdqAAAEewBN4tjLr0XqxXpetBWs1cwx+wHr7BBtrkb0=</latexit>↵0,k
<latexit sha1_base64="9XZBr5KsXricFoSgZlzhtRj/a0A=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQF5ZEirosunFZwT6giWUymbRDJzNhZiKUEHDjr7hxoYhbf8Kdf+OkzUJbDwxzOOde7r3HjymRyra/jdLS8srqWnm9srG5tb1j7u51JE8Ewm3EKRc9H0pMCcNtRRTFvVhgGPkUd/3xde53H7CQhLM7NYmxF8EhIyFBUGlpYB64lA9dn9NATiL9pa3sPq2NT52TbGBW7bo9hbVInIJUQYHWwPxyA46SCDOFKJSy79ix8lIoFEEUZxU3kTiGaAyHuK8pgxGWXjq9IbOOtRJYIRf6MWVN1d8dKYxkvqKujKAayXkvF//z+okKL72UsDhRmKHZoDChluJWHogVEIGRohNNIBJE72qhERQQKR1bRYfgzJ+8SDpndee83rhtVJtXRRxlcAiOQA044AI0wQ1ogTZA4BE8g1fwZjwZL8a78TErLRlFzz74A+PzB9JZl6E=</latexit>

log P (k�1)

<latexit sha1_base64="Zdtk3PZO+TAAqJiXwaw5xUwi+lY=">AAACA3icbVDLSsNAFJ3UV62vqDvdBItQF5ZEirosunFZ0T6giWUymbRDJzNhZiKUEHDjr7hxoYhbf8Kdf+OkzUKrB4Y5nHMv997jx5RIZdtfRmlhcWl5pbxaWVvf2Nwyt3c6kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74Mve791hIwtmtmsTYi+CQkZAgqLQ0MPdcyoeuz2kgJ5H+0pvsLq2Nj52jbGBW7bo9hfWXOAWpggKtgfnpBhwlEWYKUShl37Fj5aVQKIIozipuInEM0RgOcV9TBiMsvXR6Q2YdaiWwQi70Y8qaqj87UhjJfEVdGUE1kvNeLv7n9RMVnnspYXGiMEOzQWFCLcWtPBArIAIjRSeaQCSI3tVCIyggUjq2ig7BmT/5L+mc1J3TeuO6UW1eFHGUwT44ADXggDPQBFegBdoAgQfwBF7Aq/FoPBtvxvustGQUPbvgF4yPb9cAl6Q=</latexit>

log S(k�1)

<latexit sha1_base64="W1APl/3G6pDJWq+kX+sWWIlnhb8=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCKgNVgipgrGBhLBJ9iDZUjuO2Vh07sh2kKmTgr7AwgBArf4ONf4NTMkDLSZZPd98nn8+PGFXacb6swsLi0vJKcbW0tr6xuWVv77SUiCUmTSyYkB0fKcIoJ01NNSOdSBIU+oy0/fFl5rfviVRU8Bs9iYgXoiGnA4qRNlLf3uv5ggVqEporuU3vksr42D1K+3bZqTpTwHni5qQMcjT69mcvEDgOCdeYIaW6rhNpL0FSU8xIWurFikQIj9GQdA3lKCTKS6b5U3holAAOhDSHazhVf28kKFRZRDMZIj1Ss14m/ud1Yz049xLKo1gTjn8eGsQMagGzMmBAJcGaTQxBWFKTFeIRkghrU1nJlODOfnmetE6q7mm1dl0r1y/yOopgHxyACnDBGaiDK9AATYDBA3gCL+DVerSerTfr/We0YOU7u+APrI9vs4eV5Q==</latexit>

Z(k�1)

<latexit sha1_base64="CV8sylRi40wrtL1Ct808aQPA0RM=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWoC0siRV0W3bisYB/QxDKZTNqhk5kwMxFKyMqNv+LGhSJu/QZ3/o2TNgttPTDM4Zx7ufceP6ZEKtv+NkpLyyura+X1ysbm1vaOubvXkTwRCLcRp1z0fCgxJQy3FVEU92KBYeRT3PXH17nffcBCEs7u1CTGXgSHjIQEQaWlgXnoUj50fU4DOYn0l7pYwew+rY1PnZNsYFbtuj2FtUicglRBgdbA/HIDjpIIM4UolLLv2LHyUigUQRRnFTeROIZoDIe4rymDEZZeOj0js461ElghF/oxZU3V3x0pjGS+pa6MoBrJeS8X//P6iQovvZSwOFGYodmgMKGW4laeiRUQgZGiE00gEkTvaqERFBApnVxFh+DMn7xIOmd157zeuG1Um1dFHGVwAI5ADTjgAjTBDWiBNkDgETyDV/BmPBkvxrvxMSstGUXPPvgD4/MHUg+ZBQ==</latexit>

log ⌘(k�1)

<latexit sha1_base64="xPp23jWN9HBWDnbx0FHR7ejIYnQ=">AAACBXicbVC7TsMwFHXKq5RXgBGGiAqpDFQJqoCxgoWxSPQhNaFyHKe16tiR7SBVURYWfoWFAYRY+Qc2/ganzQAtR7J8dM69uvceP6ZEKtv+NkpLyyura+X1ysbm1vaOubvXkTwRCLcRp1z0fCgxJQy3FVEU92KBYeRT3PXH17nffcBCEs7u1CTGXgSHjIQEQaWlgXnoUj50fU4DOYn0l7pRkt2ntfGpc5INzKpdt6ewFolTkCoo0BqYX27AURJhphCFUvYdO1ZeCoUiiOKs4iYSxxCN4RD3NWUwwtJLp1dk1rFWAivkQj+mrKn6uyOFkcyX1JURVCM57+Xif14/UeGllxIWJwozNBsUJtRS3MojsQIiMFJ0oglEguhdLTSCAiKlg6voEJz5kxdJ56zunNcbt41q86qIowwOwBGoAQdcgCa4AS3QBgg8gmfwCt6MJ+PFeDc+ZqUlo+jZB39gfP4AnHaYow==</latexit>

log µ(k�1)

<latexit sha1_base64="VaK/ysei3jZKyWHs8r3c2oGM+fQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4CRahLiyJFHVZcNNlBfuANobJZNIOncyEmYlQQ9z4K25cKOLWv3Dn3zhps9DWA8MczrmXe+/xY0qksu1vY2l5ZXVtvbRR3tza3tk19/Y7kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74Ove791hIwtmtmsTYjeCQkZAgqLTkmYcDn9NATiL9pQ+Z59yl1fGZc5p5ZsWu2VNYi8QpSAUUaHnm1yDgKIkwU4hCKfuOHSs3hUIRRHFWHiQSxxCN4RD3NWUwwtJNpxdk1olWAivkQj+mrKn6uyOFkcyX1JURVCM57+Xif14/UeGVmxIWJwozNBsUJtRS3MrjsAIiMFJ0oglEguhdLTSCAiKlQyvrEJz5kxdJ57zmXNTqN/VKo1nEUQJH4BhUgQMuQQM0QQu0AQKP4Bm8gjfjyXgx3o2PWemSUfQcgD8wPn8AHJiWrw==</latexit>

z
(k�1)
1

<latexit sha1_base64="32ztRmNTyqq6oRwZFU53Q/94bAU=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIdWFJSlGXBTddVrAPaGOYTCbt0MlMmJkINcSNv+LGhSJu/Qt3/o2TtgttPTDM4Zx7ufceP6ZEKtv+Ngorq2vrG8XN0tb2zu6euX/QkTwRCLcRp1z0fCgxJQy3FVEU92KBYeRT3PXH17nfvcdCEs5u1STGbgSHjIQEQaUlzzwa+JwGchLpL33IvNpdWhmfO2eZZ5btqj2FtUycOSmDOVqe+TUIOEoizBSiUMq+Y8fKTaFQBFGclQaJxDFEYzjEfU0ZjLB00+kFmXWqlcAKudCPKWuq/u5IYSTzJXVlBNVILnq5+J/XT1R45aaExYnCDM0GhQm1FLfyOKyACIwUnWgCkSB6VwuNoIBI6dBKOgRn8eRl0qlVnYtq/aZebjTncRTBMTgBFeCAS9AATdACbYDAI3gGr+DNeDJejHfjY1ZaMOY9h+APjM8fHiSWsA==</latexit>

z
(k�1)
2

<latexit sha1_base64="cgz49f0B/AubxgW1/rozjQlaVzs=">AAACAXicbVDLSgMxFM34rPU16kZwEyxC3ZQZKeqy6MZlBfuAzlgymUwbmkmGJCOUoW78FTcuFHHrX7jzb8y0s9DWAyGHc+7l3nuChFGlHefbWlpeWV1bL22UN7e2d3btvf22EqnEpIUFE7IbIEUY5aSlqWakm0iC4oCRTjC6zv3OA5GKCn6nxwnxYzTgNKIYaSP17UOPiYEXCBaqcWy+rDm5z6qj00nfrjg1Zwq4SNyCVECBZt/+8kKB05hwjRlSquc6ifYzJDXFjEzKXqpIgvAIDUjPUI5iovxsesEEnhglhJGQ5nENp+rvjgzFKl/QVMZID9W8l4v/eb1UR5d+RnmSasLxbFCUMqgFzOOAIZUEazY2BGFJza4QD5FEWJvQyiYEd/7kRdI+q7nntfptvdK4KuIogSNwDKrABRegAW5AE7QABo/gGbyCN+vJerHerY9Z6ZJV9ByAP7A+fwDmu5cv</latexit>

log P (k)

<latexit sha1_base64="2f5qHOOoDUaKuIleQdPFm1gGb5Y=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIdVMSKeqy6MZlRfuAJpbJZNIOncyEmYlQQtz4K25cKOLWv3Dn3zhps9DWA8MczrmXe+/xY0qksu1vo7S0vLK6Vl6vbGxube+Yu3sdyROBcBtxykXPhxJTwnBbEUVxLxYYRj7FXX98lfvdBywk4exOTWLsRXDISEgQVFoamAcu5UPX5zSQk0h/6W12n9bGJ9nArNp1ewprkTgFqYICrYH55QYcJRFmClEoZd+xY+WlUCiCKM4qbiJxDNEYDnFfUwYjLL10ekFmHWslsEIu9GPKmqq/O1IYyXxBXRlBNZLzXi7+5/UTFV54KWFxojBDs0FhQi3FrTwOKyACI0UnmkAkiN7VQiMoIFI6tIoOwZk/eZF0TuvOWb1x06g2L4s4yuAQHIEacMA5aIJr0AJtgMAjeAav4M14Ml6Md+NjVloyip598AfG5w/rXJcy</latexit>

log S(k)

<latexit sha1_base64="MnUFq2mJEd83v+aao27RUQa3nz8=">AAAB/XicbVA7T8MwGHTKq5RXeGwsFhVSWaoEVcBYwcJYJPoQbagcx2mtOnZkO0glivgrLAwgxMr/YOPf4LYZoOUky6e775PP58eMKu0431ZhaXllda24XtrY3NresXf3WkokEpMmFkzIjo8UYZSTpqaakU4sCYp8Rtr+6Gritx+IVFTwWz2OiRehAachxUgbqW8f9HzBAjWOzJXeZfdpZXSS9e2yU3WmgIvEzUkZ5Gj07a9eIHASEa4xQ0p1XSfWXoqkppiRrNRLFIkRHqEB6RrKUUSUl07TZ/DYKAEMhTSHazhVf2+kKFKTgGYyQnqo5r2J+J/XTXR44aWUx4kmHM8eChMGtYCTKmBAJcGajQ1BWFKTFeIhkghrU1jJlODOf3mRtE6r7lm1dlMr1y/zOorgEByBCnDBOaiDa9AATYDBI3gGr+DNerJerHfrYzZasPKdffAH1ucPyyGVcw==</latexit>

Z(k)

<latexit sha1_base64="sbXmzXUAAFGs5vliaRRORj15vUI=">AAACBHicbVDLSgMxFM34rPU16rKbYBHqpsxIUZcFQVxWsA/ojCWTSdvQTDIkGaEMs3Djr7hxoYhbP8Kdf2OmnYW2Hgg5nHMv994TxIwq7Tjf1srq2vrGZmmrvL2zu7dvHxx2lEgkJm0smJC9ACnCKCdtTTUjvVgSFAWMdIPJVe53H4hUVPA7PY2JH6ERp0OKkTbSwK54TIy8QLBQTSPzpR7RKLtPa5PTbGBXnbozA1wmbkGqoEBrYH95ocBJRLjGDCnVd51Y+ymSmmJGsrKXKBIjPEEj0jeUo4goP50dkcETo4RwKKR5XMOZ+rsjRZHKdzSVEdJjtejl4n9eP9HDSz+lPE404Xg+aJgwqAXME4EhlQRrNjUEYUnNrhCPkURYm9zKJgR38eRl0jmru+f1xm2j2rwu4iiBCjgGNeCCC9AEN6AF2gCDR/AMXsGb9WS9WO/Wx7x0xSp6jsAfWJ8/ZQ2Ylw==</latexit>

log ⌘(k)

<latexit sha1_base64="kWZ1n4mOP/2mAX8+DrS0So/N+RQ=">AAACA3icbVDLSsNAFJ34rPUVdaebYBHqpiRS1GVBFy4r2Ac0sUwmk3boPMLMRCih4MZfceNCEbf+hDv/xkmbhbYeGOZwzr3ce0+YUKK0635bS8srq2vrpY3y5tb2zq69t99WIpUIt5CgQnZDqDAlHLc00RR3E4khCynuhKOr3O88YKmI4Hd6nOCAwQEnMUFQG6lvH/pUDPxQ0EiNmfkyn6WT+6w6Op307Ypbc6dwFolXkAoo0OzbX34kUMow14hCpXqem+ggg1ITRPGk7KcKJxCN4AD3DOWQYRVk0xsmzolRIicW0jyunan6uyODTOUrmkoG9VDNe7n4n9dLdXwZZIQnqcYczQbFKXW0cPJAnIhIjDQdGwKRJGZXBw2hhEib2MomBG/+5EXSPqt557X6bb3SuC7iKIEjcAyqwAMXoAFuQBO0AAKP4Bm8gjfryXqx3q2PWemSVfQcgD+wPn8Ar46YMw==</latexit>

log µ(k)

<latexit sha1_base64="b1NlgqnoNYa2d1BKSdntaFTueDo=">AAAB/3icbVDNS8MwHE3n15xfVcGLl+AQ5mW0MtTjQBCPE9wHbLWkabqFpWlJUmHWHvxXvHhQxKv/hjf/G9OtB918EPJ47/cjL8+LGZXKsr6N0tLyyupaeb2ysbm1vWPu7nVklAhM2jhikeh5SBJGOWkrqhjpxYKg0GOk640vc797T4SkEb9Vk5g4IRpyGlCMlJZc82DgRcyXk1Bf6UPm2ndpbXySuWbVqltTwEViF6QKCrRc82vgRzgJCVeYISn7thUrJ0VCUcxIVhkkksQIj9GQ9DXlKCTSSaf5M3isFR8GkdCHKzhVf2+kKJR5RD0ZIjWS814u/uf1ExVcOCnlcaIIx7OHgoRBFcG8DOhTQbBiE00QFlRnhXiEBMJKV1bRJdjzX14kndO6fVZv3DSqzauijjI4BEegBmxwDprgGrRAG2DwCJ7BK3gznowX4934mI2WjGJnH/yB8fkDMjCWOw==</latexit>
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(b) The BADMM-based UOTP layer

Figure 1: (a) An illustration of the proposed UOTP layer. (b) The BADMM-based UOTP layer (left)
and a single BADMM module (right). The input, model parameters, and intermediate variables are
labeled in red, blue, and black. More details are shown in Section 3.1 and Appendix C.

Moreover, we demonstrate that most existing global pooling operations are specializations of the
UOT problem under different parameter configurations.

By making the parameters of the UOT problem learnable, we design a new generalized global pool-
ing layer for neural networks, called UOT-Pooling (or UOTP for short). Its forward computation
corresponds to solving the UOT problem, while the backpropagation step updates the parameters
of the problem. Besides implementing the UOTP layer based on the well-known Sinkhorn-scaling
algorithm (Cuturi, 2013; Pham et al., 2020), we design a new model architecture based on the Breg-
man alternating direction method of multipliers (Bregman ADMM, or BADMM for short) (Wang
& Banerjee, 2014; Xu, 2020), as shown in Figure 1(b). Each implementation unrolls the iterative
optimization steps of the UOT problem, whose complexity and stability are analyzed quantitatively.
In summary, the contributions of our work include three folds.

Modeling. To our knowledge, we make the first attempt to propose a unified global pooling frame-
work from the viewpoint of computational optimal transport. The proposed UOTP layer owns the
permutation-invariance property and can cover typical global pooing methods.

Algorithm. We propose a Bregman ADMM algorithm to solve the UOT problem and implement a
UOTP layer based on it. Compared to the UOTP implemented based on the Sinkhorn-scaling algo-
rithm, our BADMM-based UOTP layer owns better numerical stability and learning performance.

Application. We test our UOTP layer in multi-instance learning, graph classification, and image
classification. In most situations, our UOTP layers either are comparable to conventional pooling
methods or outperform them, and thus simplify the design and selection of global pooling.

2 PROPOSED UOT-POOLING FRAMEWORK

2.1 A GENERALIZED FORMULATION OF GLOBAL POOLING OPERATIONS

Denote XD = {X ∈ RD×N |N ∈ N} as the space of sample sets. Each X = [x1, ...,xN ] ∈ RD×N

contains N D-dimensional feature vectors. A global pooling operation f : XD 7→ RD maps each
set to a single vector and ensures the output is permutation-invariant, i.e., f(X) = f(Xπ) for
X,Xπ ∈ XD, where Xπ = [xπ(1), ...,xπ(N)] and π is an arbitrary permutation. Following the
work in (Gulcehre et al., 2014; Li et al., 2020; Ko et al., 2021), we assume the input data X to
be nonnegative. Note that, this assumption is reasonable in general because the input data is often
processed by nonnegative activations, like ReLU, sigmoid, and so on. For some pooling methods,
e.g., the max-pooling shown below, the nonnegativeness is even necessary.

Typically, the widely-used mean-pooling takes the average of the input vectors as its output, i.e.,
f(X) = 1

N

∑N
n=1 xn. Another popular pooling operation, max-pooling, concatenates the maxi-

mum of each dimension as its output, i.e., f(X) = ∥Dd=1 maxn{xdn}Nn=1, where xdn is the d-th
element of xn and “∥” represents the concatenation operator. The attention-pooling in (Ilse et al.,
2018) derives a vector on the (N − 1)-Simplex from the input X and outputs the weighted summa-
tion of the input vectors, i.e., f(X) = XaX and aX = softmax(wT tanh(V X))T ∈ ∆N−1.
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For each X , its element xdn corresponds to a “sample-feature” pair. Essentially, the above global
pooling operations would like to predict the significance of such pairs and output their weighted
column-wise average. In particular, denote P = [pdn] ∈ [0, 1]D×N as the joint distribution of the
sample index and the feature dimension. We obtain a generalized formulation of global pooling:

f(X) = (X ⊙ diag−1(P1N )P︸ ︷︷ ︸
P̃=[pn|d]

)1N =
∥∥D
d=1

En∼pn|d [xdn], (1)

where ⊙ is the Hadamard product, diag(·) converts a vector to a diagonal matrix, and 1N represents
the N -dimensional all-one vector. P1N = p is the marginal distribution of P corresponding to
feature dimensions. diag−1(p)P = P̃ = [pn|d] normalizes the rows of P , and the d-th row leads
to the distribution of sample indexes conditioned on the d-th feature dimension. Therefore, we can
interpret (1) as calculating and concatenating the conditional expectation of xdn’s for d = 1, ..., D.

Different pooling operations derive P based on different weighting mechanisms. Mean-pooling
treats each element evenly, and thus, P = [ 1

DN ]. Max-pooling sets P ∈ {0, 1
D}D×N and pdn = 1

D

if and only if n = argmaxm{xdm}Nm=1. Attention-pooling derives P as a learnable rank-one
matrix, i.e., P = 1

D1DaT
X . All these operations set the marginal distribution p = P1N to be

uniform, i.e., p = [ 1D ], while let the other marginal distribution q = P T1D unconstrained.

2.2 GLOBAL POOLING VIA SOLVING UNBALANCED OPTIMAL TRANSPORT PROBLEM

The above analysis implies that we can unify typical pooling operations in an interpretable algo-
rithmic framework, in which all these operations aim at deriving the joint distribution P . From
the viewpoint of statistical signal processing (Turin, 1960), the input signal X is modulated by
P . To keep the modulated signal as informative as possible, many systems, e.g., antenna arrays in
telecommunication systems, keep or enlarge its expected amplitude. Following this “expectation-
maximization” principle, we learn P to maximize the expectation in (1):

P ∗ = arg maxP∈Π(p,q)

∑D

d=1
pdEn∼pn|d [xdn] = arg maxP∈Π(p,q) E(d,n)∼P [xdn]︸ ︷︷ ︸

⟨X,P ⟩

, (2)

where ⟨·, ·⟩ represents the inner product of matrices. p ∈ ∆D−1 and q ∈ ∆N−1 are the distri-
bution of feature dimension and that of sample index, respectively, which determine the marginal
distributions of P , i.e., P ∈ Π(p, q) = {P ≥ 0|P1N = p,P T1D = q}.

Through (2), we have connected the global pooling problem to computational optimal transport —
(2) is an optimal transport problem (Villani, 2008), which learns the optimal joint distribution P ∗ to
maximize the expectation of xdn. Plugging P ∗ into (1) leads to a global pooling result of X . Note
that, achieving global pooling merely based on (2) often suffers from some limitations in practice.
Firstly, solving (2) is time-consuming and always leads to sparse solutions because it is a constrained
linear programming problem. A sparse P ∗ tends to filter out some weak but possibly-informative
values in X , which may do harm to downstream tasks. Secondly, solving (2) requires us to know
the marginal distributions p and q in advance, which is either infeasible or too strict in practice.

To make the framework feasible in practice, we improve the smoothness of P ∗ and introduce two
prior distributions (i.e., p0 and q0) to regularize the marginals of P ∗, which leads to the following
unbalanced optimal transport (UOT) problem (Benamou et al., 2015; Pham et al., 2020):

P ∗
uot(X;θ) = arg minP ⟨−X,P ⟩+ α0R(P ) + α1KL(P1N |p0) + α2KL(P T1D|q0). (3)

Here, R(P ) is a smoothness regularizer making the optimal transport problem strictly-convex,
whose significance is controlled by α0. We often set the regularizer to be entropic (Cuturi, 2013),
i.e., R(P ) = ⟨P , logP − 1⟩ =

∑
d,n pdn(log pdn − 1), or quadratic (Blondel et al., 2018), i.e.,

R(P ) = ⟨P ,P ⟩. KL(a|b) = ⟨a, loga− log b⟩− ⟨a−b,1⟩ represents the KL-divergence between
a and b. The two KL-based regularizers in (3) penalize the differences between the marginals of P
and the prior distributions p0 and q0, whose significance is controlled by α1 and α2, respectively.
For convenience, we use θ = {α0, α1, α2,p0, q0} to represent the model parameters.

As shown in (3), the optimal transport P ∗
uot can be viewed as a function of X , whose parameters are

the weights of the regularizers and the prior distributions, i.e., P ∗
uot(X;θ). Plugging it into (1), we

3
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obtain the proposed UOT-Pooling operation:
fuot(X;α0, α1, α2,p0, q0) = (X ⊙ (diag−1(P ∗

uot(X;θ)1N )P ∗
uot(X;θ)))1N , (4)

Our UOT-Pooling satisfies the requirement of permutation-invariance under mild conditions.
Theorem 1. The UOT-Pooling in (4) is permutation-invariant, i.e., fuot(X) = fuot(Xπ) for an
arbitrary permutation π, when the q0 in (3) is a permutation-equivariant function of X .
Corollary 1.1. The UOT-Pooling in (4) is permutation-invariant when the q0 in (3) is uniform, i.e.,
q0 = 1

N 1N for any X ∈ RD×N .

2.3 CONNECTING TO REPRESENTATIVE POOLING OPERATIONS

Our UOT-Pooling provides a unified pooling framework. In particular, we demonstrate that many
existing pooling operations can be formulated as the specializations of (4) under different settings.
Proposition 1 (UOT for typical pooling operations). Given an arbitrary X ∈ RD×N , the mean-
pooling, max-pooling, and the attention-pooling with attention weights aX can be equivalently
achieved by the fuot(X;α0, α1, α2,p0, q0) in (4) under the following configurations:

Pooling methods fuot(X;α0, α1, α2,p0, q0)
Mean-pooling α0, α1, α2 → ∞, p0 = 1

D
1D , q0 = 1

N
1N

Max-pooling α0, α2 → 0, α1 → ∞, p0 = 1
D
1D , q0 = −

Attention-pooling α0, α1, α2 → ∞, p0 = 1
D
1D , q0 = aX

Here, “q0 = −” means that q0 is unconstrained, and α1, α2 → ∞ means the regularizers become
strict equality constraints, rather than ignoring the optimal transport term ⟨−X,P ⟩.
Additionally, the combination of such UOT-Pooling operations reproduces other pooling mecha-
nisms, such as the mixed mean-max pooling operation in (Lee et al., 2016):

fmix(X) = ωMeanPool(X) + (1− ω)MaxPool(X). (5)
When ω ∈ (0, 1) is a learnable scalar, (5) is called “Mixed mean-max pooling”. When ω is param-
eterized as a sigmoid function of X , (5) is called “Gated mean-max pooling”. Such mixed pooling
operations can be achieved by integrating three UOT-Pooling operations in a hierarchical way:
Proposition 2 (Hierarchical UOT for mixed pooling). Given an arbitrary X ∈ RD×N , the
fmix(X) in (5) can be equivalently implemented by fuot([fuot(X;θ1), fuot(X;θ2)];θ3), where θ1 =
{∞,∞,∞, 1

D1D, 1
N 1N}, θ2 = {0,∞, 0, 1

D1D,−}, and θ3 = {∞,∞,∞, 1
D1D, [ω, 1− ω]T }.

The proofs of Theorem 1, Corollary 1.1, and above Propositions are given in Appendix A.

3 IMPLEMENTING LEARNABLE UOT-POOLING LAYERS

Beyond reproducing existing pooling operations, we can implement the UOT-Pooling as a learnable
neural network layer, whose feed-forward computation solves (3) and parameters can be learned via
the backpropagation. Typically, when the smoothness regularizer is entropic, we can implement the
UOTP layer based on the Sinkhorn scaling algorithm (Chizat et al., 2018; Pham et al., 2020). This
algorithm solves the dual problem of (3) iteratively: i) Initialize dual variables as a(0) = 0D and
b(0) = 0N . ii) In the k-th iteration, update current dual variables a(k) and b(k) by

T (k) = exp(a(k)1T
N + 1D(b(k))T +X/α0), p(k) = T (k)1N , q(k) = (T (k))T1D,

a(k+1) =
α1(a

(k) + α0(log p0 − log p(k)))

α0(α0 + α1)
, b(k+1) =

α2(b
(k) + α0(log q0 − log q(k)))

α0(α0 + α2)
.

(6)

iii) After K steps, we obtain P ∗
uot := T (K). Applying the logarithmic stabilization strategy (Chizat

et al., 2018; Schmitzer, 2019), we achieve the exponentiation and scaling in (6) by “LogSumExp”.

The Sinkhorn-based UOTP layer unrolls the above iterative scheme by stacking K Sinkhorn mod-
ules. Each module implements (6), which takes the dual variables as its input and updates them
accordingly. The parameters include: i) prior distributions {p0 ∈ ∆D−1, q0 ∈ ∆N−1}, and
ii) module-specific weights {αi = [αi,k] ∈ (0,∞)K}2i=0, in which {αi,k}2i=0 are parameters of
the k-th module. As shown in (Sun et al., 2016; Amos & Kolter, 2017), introducing layer-specific
parameters improves the model capacity. More details can be found at Appendix B.
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Algorithm 1 UOTPBADMM(X; {αi}2i=0,ρ,p0, q0)

1: Initialization: Primal and auxiliary variable logP (0) = logS(0) = log(p0q
T
0 ), logµ

(0) =

log p0, log η(0) = log q0. Dual variables Z(0) = 0D×N , z(0)
1 = 0D, z(0)

2 = 0N .
2: For k = 0, ...,K − 1 (K BADMM Modules)
3: Update P by (8) (Log-primal update):

When applying the entropic regularizer, set Y = logS(k) + (X −Z(k))/ρk,
When applying the quadratic regularizer, set Y = logS(k)+(X − α0,kS

(k) −Z(k))/ρk,
Update logP (k+1) = (logµ(k) − LogSumExpcol(Y ))1T

N + Y .
4: Update S,µ,η by (9) (Log-auxiliary update):

When applying the entropic regularizer, set Y = (Z(k) + ρk logP
(k+1))(α0,k + ρk),

When applying the quadratic regularizer, set Y = logP (k+1) + (Z(k) − α0,kS
(k+1))ρk,

Update logS(k+1) = 1D(log η(k) − LogSumExprow(Y ))T + Y ,

logµ(k+1) =
ρk logµ(k)+α1,k log p0−z

(k)
1

ρk+α1,k
, log η(k+1) =

ρk log η(k)+α2,k log q0−z
(k)
2

ρk+α2,k
.

5: Update Z, z1, z2 (Dual update): Z(k+1) = Z(k) + α0,k(P
(k+1) − S(k+1)),

z
(k+1)
1 = z

(k)
1 + ρk(µ

(k+1) −P (k+1)1N ), z
(k+1)
2 = z

(k)
2 + ρk(η

(k+1) −S(k+1)T1D).
6: Output: P ∗ := P (K) and apply (4) accordingly.

3.1 PROPOSED BREGMAN ADMM-BASED UOTP LAYER

The Sinkhorn-based UOTP layer is restricted to solve the entropy-regularized UOT problem and
may suffer from numerical instability issues, because the Sinkhorn scaling algorithm is designed for
entropic optimal transport problems and is sensitive to the weight of the entropic regularizer (Xie
et al., 2020). To extend the flexibility of model design and solve the numerical problem, we develop
a new UOTP layer based on the Bregman ADMM algorithm (Wang & Banerjee, 2014; Xu, 2020).
Here, we rewrite (3) in an equivalent format by introducing three auxiliary variables S, µ and η:

minP=S, P1N=µ, ST 1D=η⟨−X,P ⟩+ α0R(P ,S) + α1KL(µ|p0) + α2KL(η|q0). (7)
These three auxiliary variables correspond to the optimal transport P and its marginals. Here, the
original smoothness regularizer R(P ) is rewritten based on the auxiliary variable S. When using
the entropic regularizer, we can set R(P ,S) = ⟨S, logS − 1⟩.1 When using the quadratic regu-
larizer, we set R(P ,S) = ⟨P ,S⟩. This problem can be further rewritten in a Bregman-augmented
Lagrangian form by introducing three dual variables Z, z1, z2 for the three constraints in (7), respec-
tively. Accordingly, we solve the UOT problem by alternating optimization: At the k-th iteration,
we rewrite (7) in the following the Bregman-augmented Lagrangian form for P and update P by

P (k+1) = arg minP∈Π(µ(k),·)⟨−X,P ⟩+ α0R(P ,S(k)) + ⟨Z(k),P − S(k)⟩+ ρKL(P |S(k)). (8)

Here, Π(µ(k), ·) = {P > 0|P1N = µ(k)} is the one-side constraint, and σrow is a row-wise
softmax operation. The KL-divergence term KL(P |S(k)) is the Bregman divergence. Similarly,
given P (k+1), we update the auxiliary variables S, µ and η by

S(k+1) = arg minS∈Π(·,η(k)) α0R(P (k+1),S) + ⟨Z(k),P (k+1) − S⟩+ ρKL(S|P (k+1)),

µ(k+1) = arg minµ α1KL(µ|p0) + ⟨z(k)
1 ,µ− P (k+1)1N ⟩+ ρKL(µ|P (k+1)1N ),

η(k+1) = arg minη α2KL(η|q0) + ⟨z(k)
2 ,η − (S(k+1))T1D⟩+ ρKL(η|(S(k+1))T1D),

(9)

All the optimization problems in (8) and (9) have closed-form solutions. Finally, we update the dual
variables as classic ADMM does. More detailed derivation is given in Appendix C.

As shown in Figure 1(b) and Algorithm 1, our BADMM-based UOTP layer implements the above
BADMM algorithm by stacking K feed-forward computational modules. Each module updates the
primal, auxiliary, and dual variables, in which the logarithmic stabilization strategy (Chizat et al.,
2018; Schmitzer, 2019) is applied. Similar to the Sinkhorn-based UOTP layer, our BADMM-based
UOTP layer also owns module-specific weights of regularizers and shared prior distributions. For
the module-specific weights, besides the {αi}2i=0, the BADMM-based UOTP layer contains one
more vector ρ = [ρk] ∈ (0,∞)K , i.e., the weights of the Bregman divergence terms.

1Here, the regularizer’s input is just S, but we still denote it as R(P ,S) for the consistency of notation.
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(b) Comparisons on numerical stability

Figure 2: (a) Given an arbitrary X ∈ R5×10, we approximate the P ∗’s corresponding to the
mean-, max-, and attention-pooling operations. In each subfigure, the matrices from top to bottom
are the ground truth and the P ∗’s obtained by Sinkhorn-and BADMM-based UOTP layers, where
α0 = α1 = α2 = 104 for mean-and attention-pooling, and α0 = α2 = 0.01 and α1 = 104 for max-
pooling. (b) Given X ∈ R5×10, we learn P ∗’s under different configurations and calculate ∥P ∗∥1’s.
Each subfigure shows the ∥P ∗∥1’s, and the white regions correspond to NaN’s. Our BADMM-based
UOTP obtains the same numerical stability for both entropic and quadratic regularizers.

3.2 IMPLEMENTATION DETAILS AND COMPARISONS

Reparametrization for unconstrained optimization. The above UOTP layers have constrained
parameters: {αi}2i=0 and ρ are positive, p0 ∈ ∆D−1, and q0 ∈ ∆N−1. We set {αi =
softplus(βi)}2i=0 and ρ = softplus(τ ), where {βi}2i=0 and τ are unconstrained parameters. For
the prior distributions, we can either fix them as uniform distributions, i.e., p0 = 1

D1D and
q0 = 1

N 1N , or implement them as learnable attention modules, i.e., p0 = softmax(UX1N )

and q0 = softmax(wT tanh(V X)) (Ilse et al., 2018), where U ,V ∈ RD×D and w ∈ RD are
unconstrained. As a result, our UOTP layers can be learned by stochastic gradient descent.

Precision of approximating conventional pooling methods. Proposition 1 demonstrates that our
UOTP layers can approximate, even be equivalent to, some existing pooling operations. We verify
this proposition by the experimental results shown in Figure 2(a). Under the configurations guided
by Proposition 1, we use our UOTP layers to imitate mean-, max-, and attention-pooling operations.
Both the Sinkhorn-based UOTP and the BADMM-based UOTP can reproduce the P ∗ of mean-
pooling perfectly. The Sinkhorn-based UOTP achieves max-pooling with high precision, while
the BADMM-based UOTP approximate max-pooling with some errors. When approximating the
attention-pooling, the BADMM-based UOTP works better than the Sinkhorn-based UOTP.

Numerical stability. We set α1 = α2 and select α0, α1, α2 from {10−5, ..., 104} for for each UOTP
layer. Accordingly, we derive 100 P ∗’s and check whether ∥P ∗∥1 =

∑
d,n |pdn| ≈ 1 and whether

P ∗ contains NaN elements. Figure 2(b) shows that the Sinkhorn-based UOTP merely works under
some configurations. Therefore, in the following experiments, we have to restrict the range of its
parameters in some cases. Our BADMM-based UOTP owns better numerical stability, which avoids
NaN elements and keeps ∥P ∗∥1 ≈ 1.

Convergence and efficiency. Given N D-dimensional samples, the computational complexity of
our UOTP layer is O(KND), where K is the number of Sinkhorn/BADMM modules. As shown
in Figure 3(a), with the increase of K, our UOTP layers reduce the objective of the UOT problem
(i.e., the expectation term ⟨−X,P ⟩ and its regularizers) consistently. When K ≥ 4, the objective
has been reduced significantly, and when K ≥ 8, the objective has tended to convergent.

Both the Sinkhorn-based and the BADMM-based UOTP layers involve two LogSumExp opera-
tions (the most time-consuming operations) per step. In practice, the BADMM-based UOTP may
be slightly slower than the Sinkhorn-based UOTP in general — it requires additional element-wise
exponentiation to get P ,S,µ,η when updating dual variables (Line 5 of Algorithm 1). However,
the runtime of our method is comparable to that of the learning-based pooling methods. Figure 3(b)
shows the rank of various pooling methods on their runtime per batch. We can find that In par-
ticular, for the BADMM-based UOTP layer with K = 8, its runtime is almost the same with that
of DeepSet (Zaheer et al., 2017). For the Sinkhorn-based UOTP layer with K = 4, its runtime
is comparable to that of SAGP (Lee et al., 2019b). When setting K ≤ 8, our UOTP layers are
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Figure 3: Given a batch of 50 sample sets, in which each sample set contains 500, 100-dimensional
samples, we plot: (a) The convergence of our UOTP layers with the increase of K; (b) the averaged
feed-forward runtime of various pooling methods in 10 trials on a single GPU (RTX 3090). (c)
Given a batch of MUTAG graphs, we illustrate dynamics of the corresponding P ∗’s during training.

more efficient than the other pooling methods that stacks multiple computational modules (e.g.,
Set2Set (Vinyals et al., 2015) and DynamicP (Yan et al., 2018)). According to the analysis above,
in the following experiments, we set K = 4 for our UOTP layers, which can achieve a trade-off
between effectiveness and efficiency in most situations.

4 RELATED WORK

Pooling operations. Besides simple pooling operations, e.g., mean/add-pooling, max-pooling, and
their mixtures (Lee et al., 2016), learnable pooling layers, e.g., Network-in-Network (Lin et al.,
2013), Set2Set (Vinyals et al., 2015), DeepSet (Zaheer et al., 2017), and SetTransformer (Lee et al.,
2019a), leverage multi-layer perceptrons, recurrent neural networks, and transformers (Vaswani
et al., 2017) to achieve global pooling. The attention-pooling in (Ilse et al., 2018) and the dynamic-
pooling in (Yan et al., 2018) merge multiple instances based on self-attentive mechanisms. Besides
the above global pooling methods, some local pooling methods, e.g., DiffPool (Ying et al., 2018),
SAGPooling (Lee et al., 2019b), and ASAPooling (Ranjan et al., 2020), are proposed for pooling
graph-structured data. Recently, the OTK in (Mialon et al., 2020) and the WEGL in (Kolouri et al.,
2020) consider the optimal transport between samples and achieve pooling operations for specific
tasks. Different from above methods, our UOTP considers the optimal transport across sample index
and feature dimension, which provides a new and generalized framework of global pooling. Com-
pared with the generalized norm-based pooling (GNP) in (Ko et al., 2021), our UOTP covers more
pooling methods and can be interpreted well as an expectation-maximization strategy.

Optimal transport-based machine learning. Optimal transport (OT) theory (Villani, 2008) has
proven to be useful in machine learning tasks, e.g., distribution matching (Frogner et al., 2015;
Courty et al., 2016), data clustering (Cuturi & Doucet, 2014), and generative modeling (Arjovsky
et al., 2017; Tolstikhin et al., 2018). The discrete OT problem is a linear programming problem (Kus-
ner et al., 2015). By adding an entropic regularizer (Cuturi, 2013), the problem becomes strictly
convex and can be solved by the Sinkhorn scaling algorithm (Sinkhorn & Knopp, 1967). Along this
direction, the stabilized Sinkhorn algorithm (Chizat et al., 2018; Schmitzer, 2019) and the proxi-
mal point method (Xie et al., 2020) solve the entropic OT problem robustly. These algorithms can
be extended to solve UOT problems (Benamou et al., 2015; Pham et al., 2020). Recently, some
neural networks are designed to imitate the Sinkhorn-based algorithms, e.g., the Gumbel-Sinkhorn
network (Mena et al., 2018), the sparse Sinkhorn attention model (Tay et al., 2020), the Sinkhorn
autoencoder (Patrini et al., 2020), and the Sinkhorn-based transformer (Sander et al., 2021). How-
ever, these models ignore the potentials of other algorithms, e.g., the Bregman ADMM (Wang &
Banerjee, 2014; Xu, 2020) and the smoothed semi-dual algorithm (Blondel et al., 2018). None of
them consider implementing global pooling layers as solving the UOT problem.
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Table 1: Comparison on classification accuracy±Std. (%) for different pooling layers.
Pooling Multi-instance learning Graph classification (ADGCL)

Messidor Component Function Process NCII PROTEINS MUTAG COLLAB RDT-B RDT-M5K IMDB-B IMDB-M
Add 74.33±2.56 93.35±0.98 96.26±0.48 97.41±0.21 67.96±0.43 72.97±0.54 89.05±0.86 71.06±0.43 80.00±1.49 50.16±0.97 70.18±0.87 47.56±0.56

Mean 74.42±2.47 93.32±0.99 96.28±0.66 97.20±0.14 64.82±0.52 66.09±0.64 86.53±1.62 72.35±0.44 83.62±1.18 52.44±1.24 70.34±0.38 48.65±0.91
Max 73.92±3.00 93.23±0.76 95.94±0.48 96.71±0.40 65.95±0.76 72.27±0.33 85.90±1.68 73.07±0.57 82.62±1.25 44.34±1.93 70.24±0.54 47.80±0.54

DeepSet 74.42±2.87 93.29±0.95 96.45±0.51 97.64±0.18 66.28±0.72 73.76±0.47 87.84±0.71 69.74±0.66 82.91±1.37 47.45±0.54 70.84±0.71 48.05±0.71
Mixed 73.42±2.29 93.45±0.61 96.41±0.53 96.96±0.25 66.46±0.74 72.25±0.45 87.30±0.87 73.22±0.35 84.36±2.62 46.67±1.63 71.28±0.26 48.07±0.25

GatedMixed 73.25±2.38 93.03±1.02 96.22±0.65 97.01±0.23 63.86±0.76 69.40±1.93 87.94±1.28 71.94±0.40 80.60±3.89 44.78±4.53 70.96±0.60 48.09±0.44
Set2Set 73.58±3.74 93.19±0.95 96.43±0.56 97.16±0.25 65.10±1.12 68.61±1.44 87.77±0.86 72.31±0.73 80.08±5.72 49.85±2.77 70.36±0.85 48.30±0.54

Attention 74.25±3.67 93.22±1.02 96.31±0.66 97.24±0.16 64.35±0.61 67.70±0.95 88.08±1.22 72.57±0.41 81.55±4.39 51.85±0.66 70.60±0.38 47.83±0.78
GatedAtt 73.67±2.23 93.42±0.91 96.51±0.77 97.18±0.14 64.66±0.52 68.16±0.90 86.91±1.79 72.31±0.37 82.55±1.96 51.47±0.82 70.52±0.31 48.67±0.35

DynamicP 73.16±2.12 93.26±1.30 96.47±0.58 97.03±0.14 62.11±0.27 65.86±0.85 85.40±2.81 70.78±0.88 67.51±1.82 32.11±3.85 69.84±0.73 47.59±0.48
GNP 69.92±8.68 91.66±1.96 95.40±1.11 96.26±1.25 68.20±0.48 73.44±0.61 88.37±1.25 72.80±0.58 81.93±2.23 51.80±0.61 70.34±0.83 48.85±0.81

ASAP — — — — 68.09±0.42 70.42±1.45 87.68±1.42 68.20±2.37 73.91±1.50 44.58±0.44 68.33±2.50 43.92±1.13
SAGP — — — — 67.48±0.65 72.63±0.44 87.88±2.22 70.19±0.55 74.12±2.86 46.00±1.74 70.34±0.74 47.04±1.22

UOTPSinkhorn 75.42±2.96 93.29±0.83 96.62±0.48 97.08±0.11 68.27±1.06 73.10±0.22 88.84±1.21 71.20±0.55 81.54±1.38 51.00±0.61 70.74±0.80 47.87±0.43
UOTPBADMM-E 74.83±2.07 93.16±1.02 96.17±0.43 97.15±0.16 66.23±0.50 67.71±1.70 86.82±2.02 73.86±0.44 86.80±1.19 52.25±0.75 71.72±0.88 50.48±0.14
UOTPBADMM-Q 75.08±2.06 93.13±0.94 96.09±0.46 97.08±0.17 66.18±0.76 69.88±0.87 85.42±1.10 74.14±0.24 87.72±1.03 52.79±0.60 72.34±0.50 49.36±0.52

* The top-3 results of each data are bolded and the best result is in red.

5 EXPERIMENTS

In principle, applying our UOTP layers can reduce the difficulty of the design and selection of global
pooling — after learning based on observed data, our UOTP layers may either imitate some exist-
ing global pooling methods or lead to some new pooling layers fitting the data better. To verify
this claim, we test our UOTP layers (UOTPSinkhorn and UOTPBADMM-E with the entropic regular-
izer, and UOTPBADMM-Q with the quadratic regularizer) in three tasks, i.e., multi-instance learning,
graph classification, and image classification. The baselines include i) classic Add-Pooling, Mean-
Pooling, and Max-Pooling; ii) the Mixed-Pooling and the GatedMixed-Pooling in (Lee et al.,
2016); iii) the learnable pooling layers like DeepSet (Zaheer et al., 2017), Set2Set (Vinyals et al.,
2015), DynamicP (Yan et al., 2018), GNP (Ko et al., 2021), and the Attention-Pooling and Gate-
dAttention-Pooling in (Ilse et al., 2018); and iv) SAGP (Lee et al., 2019b) and ASAP (Ranjan
et al., 2020) for graph pooling. We ran our experiments on a server with two RTX3090 GPUs.
Experimental results and implementation details are shown below and in Appendix D.

Multi-instance learning. We consider four MIL tasks, which correspond to a disease diagnose
dataset (Messidor (Decencière et al., 2014)) and three gene ontology categorization datasets (Com-
ponent, Function, and Process (Blaschke et al., 2005)). For each dataset, we learn a bag-level clas-
sifier, which embeds a bag of instances as input, merges the instances’ embeddings via pooling, and
finally, predicts the bag’s label by a classifier. We use the AttentionDeepMIL in (Ilse et al., 2018), a
representative bag-level classifier, as the backbone model and plug different pooling layers into it.

Graph classification. We consider eight representative graph classification datasets in the TU-
Dataset (Morris et al., 2020), including three biochemical molecule datasets (NCII, MUTAG,
and PROTEINS) and five social network datasets (COLLAB, RDT-B, RDT-M5K, IMDB-B, and
IMDB-M). For each dataset, we implement the adversarial graph contrastive learning method
(ADGCL) (Suresh et al., 2021), learning a graph isomorphism network (GIN) (Xu et al., 2018)
to obtain graph embeddings. We apply different pooling operations to the GIN and use the learned
graph embeddings to train an SVM classifier.

Table 1 presents the averaged classification accuracy and the standard deviation achieved by different
methods under 5-fold cross-validation. For the multi-instance learning tasks, the performance of the
UOTP layers is at least comparable to that of the baselines. For the graph classification tasks, our
BADMM-based UOTP layers even achieve the best performance on five social network datasets.
These results indicate that our work simplifies the design and selection of global pooling to some
degree. In particular, none of the baselines perform consistently well across all the datasets, while
our UOTP layers are comparable to the best baselines in most situations, whose performance is
more stable and consistent. Therefore, in many learning tasks, instead of testing various global
pooling methods empirically, we just need to select an algorithm (i.e., Sinkhorn-scaling or Bregman
ADMM) to implement the UOTP layer, which can achieve encouraging performance.

Dynamics and rationality. Take the UOTPBADMM-E layer used for the MUTAG dataset as an exam-
ple. For a validation batch, we visualize the dynamics of the corresponding P ∗’s in different epochs
in Figure 3(c). In the beginning, the P ∗ is relatively dense because the node embeddings are not
fully trained and may not be distinguishable. With the increase of epochs, the P ∗ becomes sparse
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Figure 4: (a) The visualizations of two MUTAG graphs and their P ∗’s. For the “V-shape” sub-
graphs, their submatrices in the P ∗’s are marked by color frames. (b) The visualizations of two
IMDB-B graphs and their P ∗’s. For each graph, its key node connecting two communities and the
corresponding column in the P ∗’s are marked by color frames.

Table 2: Comparisons for ResNets and our ResNets + UOTP on validation accuracy (%)
Learning Strategy ResNet18 ResNet34 ResNet50 ResNet101 ResNet152

Top-5 100 Epochs (A2DP) 89.084 91.433 92.880 93.552 94.048
90 Epochs (A2DP) + 10 Epochs (UOTP) 89.174 91.458 93.006 93.622 94.060

Top-1 100 Epochs (A2DP) 69.762 73.320 76.142 77.386 78.324
90 Epochs (A2DP) + 10 Epochs (UOTP) 69.906 73.426 76.446 77.522 78.446

and focuses more on significant sample-feature pairs. Additionally, to verify the rationality of the
learned P ∗, we visualize some graphs and their P ∗’s in Figure 4. For the “V-shape” subgraphs in
the two MUTAG graphs, we compare the corresponding submatrices shown in their P ∗’s. These
submatrices obey the same pattern, which means that for the subgraphs shared by different samples,
the weights of their node embeddings will be similar. For the key nodes in the two IMDB-B graphs,
their corresponding columns in the P ∗’s are distinguished from other columns. For the nodes be-
longing to different communities, their columns in the P ∗’s own significant clustering structures.

Image classification. Given a ResNet (He et al., 2016), we replace its “adaptive 2D mean-pooling
layer (A2DP)” with our UOTPBADMM-E layer and finetune the modified model on ImageNet (Deng
et al., 2009). In particular, given the output of the last convolution layer of the ResNet, i.e., Xin ∈
RB×C×H×W , our UOTP layer fuses the data and outputs Xout ∈ RB×C×1×1. In this experiments,
we apply a two-stage learning strategy: we first train a ResNet in 90 epochs; and then we replace its
A2DP layer with our UOTP layer; finally, we fix other layers and train our UOTP layer in 10 epochs.
The learning rate is 0.001, and the batch size is 256. Table 2 shows that using our UOTP layer helps
to improve the classification accuracy and the improvement is consistent for different ResNets.

Limitations and future work. The improvements in Table 2 are incremental because we just re-
place a single global pooling layer with our UOTP layer. When training the ResNets with UOTP lay-
ers from scratch, the improvements are not so significant, either — after training ResNet18+UOTP
with 100 epochs, the top-1 accuracy is 69.920% and the top-5 accuracy is 89.198%. Replacing more
local pooling layers with our UOTP layers may bring better performance. However, given a tensor
Xin ∈ RB×C×H×W , a local pooling merges each patch with size (B × C × 2 × 2) and outputs
Xout ∈ RB×C×H

2 ×W
2 , which involves BHW

4 pooling operations. Such a local pooling requires an
efficient CUDA implementation of the UOTP layers, which will be our future work.

6 CONCLUSION

In this work, we studied global pooling through the lens of optimal transport and demonstrated
that many existing global pooling operations correspond to solving a UOT problem with different
configurations. We implemented the UOTP layer based on different algorithms and analyzed their
stability and complexity in details. Experiments verify their feasibility in various learning tasks.
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A DELAYED PROOFS

A.1 PROOF OF THEOREM 1 AND COROLLARY 1.1

Proof. Suppose that q0 be a permutation-equivariant function of X , i.e., q0 = g(X), where
g : XD 7→ ∆N−1 and q0,π = gπ(X) = g(Xπ) for an arbitrary permutation π : {1, ..., N} 7→
{1, ...., N}. In such a situation, if P ∗ is the optimal solution of (3) given X , then P ∗

π must be the
optimal solution of (3) given Xπ because for each term in (3), we have

⟨−X,P ⟩ = ⟨−Xπ,Pπ⟩,
R(P ) = R(Pπ) for both entropic and quadratic cases,
KL(P1N |p0) = KL(Pπ1N |p0), and

KL(P T1D|q0) = KL(P T
π 1D|q0,π) = KL(P T

π 1D|g(Xπ)).

(10)

As a result, P ∗ is also a permutation-equivariant function of X , i.e., P ∗
π (X) = P ∗(Xπ), and

accordingly, we have

fuot(Xπ) =(Xπ ⊙ (diag−1(P ∗(Xπ)1N )P ∗(Xπ)))1N

=(Xπ ⊙ (diag−1(P ∗
π (X)1N )P ∗

π (X)))1N

=(Xπ ⊙ (diag−1(P ∗(X)1N )P ∗
π (X)))1N

=(X ⊙ (diag−1(P ∗(X)1N )P ∗(X)))1N

=fuot(X),

(11)

which completes the proof.

Proof of Corollary 1.1: When q0 is uniform, we have KL(P T1D|q0) = KL(P T
π 1D|q0,π), which

provides a special case satisfying the condition shown in Theorem 1. Accordingly, this setting
also makes the optimal solution P ∗ permutation-equivariant to X and leads to the derivation in
Theorem 1.

A.2 PROOF OF PROPOSITIONS 1 AND 2

Proof. Equivalence to mean-pooling: For (3), when α1, α2 → ∞, p0 = 1
D1D and q0 = 1

N 1N ,
we require the marginals of P ∗ to match with p0 and q0 strictly. Additionally, α0 → ∞ means that
the first term ⟨−X,P ⟩ becomes ignorable compared to the second term α0R(P ). Therefore, the
unbalanced optimization problem in (3) degrades to the following minimization problem:

P ∗ = arg minP∈Π( 1
D 1D, 1

N 1N ) R(P ). (12)

When R(P ) is the entropic or the quadratic regularizer, the objective function is strictly-convex, and
the optimal solution is P ∗ = [ 1

DN ]. Therefore, the corresponding fuot becomes the mean-pooling
operation.

Equivalence to max-pooling: For (3), when α0 = α2 → 0, both the entropic term and the KL-
based regularizer on P T1D are ignorable. Additionally, α1 → ∞ and p0 = 1

D1D mean that
P1N = 1

D1D strictly. The problem in (3) becomes

P ∗ = arg maxP∈Π( 1
D 1D,·)⟨X,P ⟩, (13)

whose optimal solution obviously corresponds to setting p∗dn = 1
D if and only if n =

argmaxm{xdm}Mm=1. Therefore, the corresponding fuot becomes the max-pooling operation.

Equivalence to attention-pooling: Similar to the case of mean-pooling, under such a configuration,
the problem in (3) becomes the following minimization problem:

P ∗ = arg maxP∈Π( 1
D 1D,aX) R(P ). (14)

Similar to the case of mean-pooling, when R(P ) is the entropic or the quadratic regularizer, the
objective function is strictly-convex, and the optimal solution is P ∗ = 1

D1DaT
X . Accordingly, the

corresponding fuot becomes the self-attentive pooling operation.
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Algorithm 2 UOTPSinkhorn(X; {αi}2i=0,p0, q0)

1: Initialize a(0) = 0D and b(0) = 0N , Y (0) = 1
α0,0

X .
2: For k = 0, ...,K − 1 (K Sinkhorn Modules)
3: log p = LogSumExpcol(Y

(k)), log q = LogSumExprow(Y
(k)).

4: a(k+1) =
α1,k(a

(k)+α0,k(log p0−log p))
α0,k(α0,k+α1,k)

, b(k+1) =
α2,k(b

(k)+α0,k(log q0−log q))
α0,k(α0,k+α2,k)

.

5: Logarithmic Scaling: Y (k+1) = 1
α0,k

X + a(k+1)1T
N + 1D(b(k+1))T .

6: Output: P ∗ := exp(Y (K)) and apply (4) accordingly.

Equivalence to mixed mean-max pooling: For the mixed mean-max pooling, we have

fmix(X) = ωMeanPool(X) + (1− ω)MaxPool(X)

= ωfuot(X;θ1) + (1− ω)fuot(X;θ2) = [fuot(X;θ1), fuot(X;θ2)]︸ ︷︷ ︸
Y ∈RD×2

[ω, 1− ω]T

=
(
Y ⊙ diag−1

( p0︷ ︸︸ ︷
1
D1D

qT
0︷ ︸︸ ︷

[ω, 1− ω]︸ ︷︷ ︸
P ∗

12

)(
1
D1D[ω, 1− ω]

))
12 = fuot(Y ;θ3).

(15)

Here, the first equation is based on Proposition 1 — we can replace MeanPool(X) and MaxPool(X)
with fuot(X;θ1) and fuot(X;θ2), respectively, where θ1 = {∞,∞,∞, 1

D1D, 1
N 1N} and θ2 =

{0,∞, 0, 1
D1D,−}. The concatenation of fuot(X;θ1) and fuot(X;θ2) is a matrix with size

D × 2, denoted as Y . As shown in the third equation of (15), the fmix(X) in (5) can be rewrit-
ten based on p0 = 1

D1D, q0 = [ω, 1 − ω]T , and the rank-1 matrix P ∗ = p0q
T
0 . The for-

mulation corresponds to passing Y through the third ROTP operation, i.e., fuot(Y ;θ3), where
θ3 = {∞,∞,∞, 1

D1D, [ω, 1− ω]T }.

B THE DETAILS OF SINKHORN SCALING FOR UOT PROBLEM

B.1 THE DUAL FORM OF UOT PROBLEM

In the case of using the entropic regularizer, given the prime form of the UOT problem in (3), we
can formulate its dual form as

mina∈RD,b∈RN α0

∑D,N

d,n=1
exp

(ad + bn + xdn

α1

)
+ F ∗(−a) +G∗(−b), (16)

where

F ∗(a) = maxz∈RD zTa− α1KL(z|p0) = α1⟨exp
( 1

α1
a
)
− 1D,p0⟩.

G∗(b) = maxz∈RN zT b− α2KL(z|q0) = α2⟨exp
( 1

α2
b
)
− 1N , q0⟩.

(17)

Plugging (17) into (16) leads to the dual form in (18):

mina∈RD,b∈RNα0

∑D,N

d,n=1
exp

(
ad + bn + xdn

α0

)
+

α1⟨exp(−
1

α1
a),p0⟩+ α2⟨exp(−

1

α2
b), q0⟩.

(18)

This problem can be solved by the iterative steps shown in (6).

B.2 THE IMPLEMENTATION OF THE SINKHORN-BASED UOTP LAYER

As shown in Algorithm 2, the Sinkhorn-based UOTP layer unrolls the iterative Sinkhorn scaling
by stacking K modules. The Sinkhorn-based UOTP layer unrolls the above iterative scheme by
stacking K modules. Each module implements (6), which takes the dual variables as its input and
updates them accordingly.

14
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C THE DETAILS OF BREGMAN ADMM FOR UOT PROBLEM

For the UOT problem with auxiliary variables (i.e., (7)), we can write its Bregman augmented
Lagrangian form as

minP ,S,µ,η,Z,z1,z2
⟨−X,P ⟩︸ ︷︷ ︸
OT problem

+α0R(P ,S)︸ ︷︷ ︸
Regularizer 1

+α1KL(µ|p0)︸ ︷︷ ︸
Regularizer 2

+α2KL(η|q0)︸ ︷︷ ︸
Regularizer 3

+ (19)

Constraint 1, for T and S︷ ︸︸ ︷
⟨Z,P − S⟩+ ρDiv(P ,S)+

Constraint 2, for µ and T︷ ︸︸ ︷
⟨z1,µ− P1N ⟩+ ρDiv(µ,P1N )+

Constraint 3, for η and S︷ ︸︸ ︷
⟨z2,η − ST1D⟩+ ρDiv(η,ST1N )︸ ︷︷ ︸

Bregman augmented Lagrangian terms

.

Here, Div(·, ·) represents the Bregman divergence term, which is implemented as the KL-divergence
in this work. The second line of (19) contains the Bregman augmented Lagrangian terms, which
correspond to the three constraints in (7).

At the k-th iteration, given current variables {P (k),S(k),µ(k),η(k),Z(k), z
(k)
1 , z

(k)
2 }, we update

them by alternating optimization. When updating the primal variable P , we can ignore Constraint
3 and the three regularizers (because they are unrelated to P ) and write the Constraint 2 explicitly.
Then, the problem becomes:

minP∈Π(µ(k),·) LP

= minP∈Π(µ(k),·)⟨−X,P ⟩+ α0R(P ,S(k)) + ⟨Z(k),P − S(k)⟩+ ρDiv(P ,S(k))︸ ︷︷ ︸
KL(P |S(k))

. (20)

When using the entropic regularizer, R(P ,S(k)) = ⟨S(k), logS(k) −1⟩ is a constant. Applying the
first-order optimality condition, we have

∂LP

∂P
= 0

⇒ ρ logP −X +Z(k) − ρ logS(k) = 0

⇒ P = exp

(
X −Z(k) + ρ logS(k)

ρ

)
Project to Π(µ(k), ·)
===========⇒ P (k+1) = diag(µ(k))σrow

(
X −Z(k) + ρ logS(k)

ρ

)
Logarithmic Update
==========⇒ logP (k+1) = (logµ(k) − LogSumExpcol(Y ))1T

N + Y ,

where Y =
ρ logS(k) +X −Z(k)

ρ
.

(21)

When using the quadratic regularizer, we have R(P ,S(k)) = ⟨P ,S(k)⟩. We obtain the closed-form
solution of P (k+1) by a similar way, just computing Y = ρ logS(k)+X−α0S

(k)−Z(k)

ρ .

Similarly, when updating the auxiliary variable S, we ignore the OT Problem, Constraint 2, and
Regularizers 2 and 3 and write the Constraint 3 explicitly. Then, the problem becomes

minS∈Π(·,η(k)) LS

= minS∈Π(·,η(k)) α0R(P (k+1),S) + ⟨Z(k),P (k+1) − S⟩+ ρDiv(S,P (k+1))︸ ︷︷ ︸
KL(S|P (k+1))

. (22)
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When using the entropic regularizer, R(P (k+1),S) = ⟨S, logS − 1⟩. Applying the first-order
optimality condition, we have

∂LS

∂S
= 0

⇒ (α0 + ρ) logS −Z(k) − ρ logP (k+1) = 0

⇒ S = exp

(
Z(k) + ρ logP (k+1)

α0 + ρ

)
Project to Π(·,η(k))
===========⇒ S(k+1) = σcol

(
Z(k) + ρ logP (k+1)

α0 + ρ

)
diag(η(k))

Logarithmic Update
==========⇒ logS(k+1) = 1D(log η(k) − LogSumExprow(Y ))T + Y ,

where Y =
Z(k) + ρ logP (k+1)

α0 + ρ
.

(23)

Similarly, when R(P (k+1),S) = ⟨P (k+1),S⟩, we can derive S(k+1) by computing Y =

logP (k+1) + Z(k)−α0S
(k+1)

ρ .

When updating the auxiliary variable µ, we ignore the OT Problem, Regularizers 1 and 3, Con-
straints 1 and 3. Then, the problem becomes

minµ Lµ = minµ α1KL(µ|p0) + ⟨z(k)
1 ,µ− P (k+1)1N ⟩+ ρDiv(µ,P (k+1)1N )︸ ︷︷ ︸

KL(µ|P (k+1)1N )

,
(24)

where P (k+1)1N actually equals to µ(k) because of the constraint in (20). Therefore, we have

∂Lµ

∂µ
= 0 ⇒ logµ =

α1 log p0 + ρ logµ(k) − z
(k)
1

α1 + ρ
(25)

Similarly, when updating the auxiliary variable η, we ignore the OT Problem, Regularizers 1 and 2,
Constraints 1 and 2. Then, the problem becomes

minη Lη = minη α1KL(η|q0) + ⟨z(k)
2 ,η − S(k+1)T1D⟩+ ρDiv(η,S(k+1)T1D)︸ ︷︷ ︸

KL(η|S(k+1)T 1D)

,
(26)

where S(k+1)T1D actually equals to η(k) because of the constraint in (22). Therefore, we have

∂Lη

∂η
= 0 ⇒ log η =

α2 log q0 + ρ log η(k) − z
(k)
2

α2 + ρ
(27)

Finally, the dual variables are updated based on the general rule of ADMM algorithm, i.e.,

Z(t+1) = Z(t) + ρ(P (t+1) − S(t+1)),

z
(t+1)
1 = z

(t)
1 + ρ(µ(t+1) − P (t+1)1N ),

z
(t+1)
2 = z

(t)
2 + ρ(η(t+1) − (S(t+1))T1D),

(28)

which is also applied in (Wang & Banerjee, 2014; Ye et al., 2017; Xu, 2020).

D MORE EXPERIMENTAL RESULTS AND IMPLEMENTATION DETAILS

D.1 BASIC INFORMATION OF DATASETS AND SETTINGS FOR LEARNING BACKBONE MODELS

For the backbone models used in each learning task, e.g., the AttentionDeepMIL in (Ilse et al., 2018)
for MIL and the GIN (Xu et al., 2018) for graph embedding, we determine their hyperparameters
(such as epochs, batch size, learning rate, and so on) based on the typical settings used in existing
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Table 3: The basic information of the MIL datasets and the hyperparameters for learning

Dataset
Statistics of data Hyperparameters

Instance #total #positive #negative #total Minimum Maximum Epochs Batch Learning Weight
dimension bags bags bags instances bag size bag size size rate decay

Messidor 687 1200 654 546 12352 8 12 50 128 0.0005 0.005
Component 200 3130 423 2707 36894 1 53 50 128 0.0005 0.005

Function 200 5242 443 4799 55536 1 51 50 128 0.0005 0.005
Process 200 11718 757 10961 118417 1 57 50 128 0.0005 0.005

Table 4: The basic information of the graph datasets and the hyperparameters of ADGCL

Dataset
Statistics of data Hyperparameters of ADGCL

#Graphs Average Average #Classes Node attribute Augmentation Epochs Batch Learning
#nodes #edges dimension methods* size rate

NCI1 4110 29.87 32.30 2 1 LED 20 32 0.001
PROTEINS 1113 39.06 72.82 2 1 LED 20 32 0.001

MUTAG 188 17.93 19.79 2 1 LED 20 32 0.001
COLLAB 5000 74.49 2457.78 3 1 LED 100 32 0.001

RDT-B 2000 429.63 497.75 2 1 LED 150 32 0.001
RDT-M5K 4999 508.52 594.87 5 1 LED 20 32 0.001
IMDB-B 1000 19.77 96.53 2 1 LED 20 32 0.001
IMDB-M 1500 13.00 65.94 3 1 LED 20 32 0.001

* “LED” for learnable edge drop.

methods, i.e., Attention-based deep MIL2 (Ilse et al., 2018) and ADGCL3 (Suresh et al., 2021). For
the ADGCL, we connect the GIN with a linear SVM classifier. For the hyperparameters of the SVM
classifier, we use the default settings shown in the code of the authors. In summary, Tables 3 and 4
show the basic information of the datasets and the settings for learning backbone models. It should
be noted that all the models (associated with different pooling operations) are trained in 5 trials, and
each method uses the same random seed in each trial.

D.2 SETTINGS OF POOLING LAYERS

For the pooling layers used in our experiments, some of them are parametrized by attention mod-
ules, and thus, need to set hidden dimension h. For these pooling layers, we use their default settings
shown in the corresponding references (Ilse et al., 2018; Yan et al., 2018; Lee et al., 2016). Specif-
ically, we set h = 64 in the MIL experiment and h = 32 in the graph embedding experiment,
respectively.

Additionally, as aforementioned, the configurations of our UOTP layers include i) the number of
stacked modules K; ii) fixing or learning p0 and q0; iii) whether predefining α0 for the Sinkhorn-
based UOTP for avoiding numerical instability. Table 5 lists the configurations used in our exper-
iments. We can find that our UOTP layers are robust to their hyperparameters in most situations,
which can be configured easily. In particular, in most situations, we can simply set p0 and q0 as
fixed uniform distributions, K = 4 or 8, and make α0 unconstrained for the BADMM-based UOTP
layers. In the cases that the Sinkhorn-based UOTP is unstable, we have to set α0 as a large
number.

D.3 MORE EXPERIMENTAL RESULTS

Robustness to K. Our UOTP layers are simple and robust. Essentially, they only have one hyper-
parameter — the number of stacked modules K. Applying a large K will lead to highly-precise
solutions to equation 3 but take more time on both feed-forward computation and backpropagation.
Fortunately, in most situations, our UOTP layers can obtain encouraging performance with small
K’s, which achieves a good trade-off between effectiveness and efficiency. Figure 5 shows the
averaged classification accuracy of different UOTP layers on the 12 datasets with respect to K’s.
The performance of our UOTP layers is stable — when K ∈ [4, 8], the change of the averaged
classification accuracy is smaller than 0.4%. This result shows the robustness to the setting of K.

2https://github.com/AMLab-Amsterdam/AttentionDeepMIL
3https://github.com/susheels/adgcl
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Table 5: The configurations of our UOTP layers

Task Dataset UOTPSinkhorn UOTPBADMM-E/B
α0 p0 q0 K α0 p0 q0 K

MIL

Messidor — Fixed Fixed 4 — Fixed Fixed 4
Component — Fixed Fixed 4 — Fixed Fixed 4

Function — Fixed Fixed 4 — Fixed Fixed 4
Process — Fixed Fixed 4 — Fixed Fixed 4
NCI1 — Fixed Fixed 4 — Fixed Fixed 4

PROTEINS 2000 Fixed Fixed 4 — Fixed Fixed 4
MUTAG — Fixed Fixed 4 — Fixed Fixed 4

Graph COLLAB 1010 Fixed Fixed 4 — Fixed Fixed 4
Embedding RDT-B 1012 Fixed Fixed 4 — Fixed Fixed 4

RDT-M5K 1010 Fixed Fixed 4 — Fixed Fixed 4
IMDB-B 1012 Fixed Fixed 4 — Fixed Fixed 4
IMDB-M 1011 Fixed Fixed 4 — Fixed Fixed 4

1 “—” means α0 is a learnable parameters.
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Figure 5: The averaged classification accuracy for the 12 datasets achieved by our UOTP layers
under different K’s.

Robustness to prior distributions’ settings. Besides K, we also consider the settings of the prior
distributions (i.e., p0 and q0). As mentioned in Section 3.2, we can fix them as uniform distributions
or learn them as parametric models. Take the NCI1 dataset as an example. Table 6 presents the
learning results of our methods under different settings of p0 and q0. We can find that our UOT-
Pooling layers are robust to their settings — the learning results do not change a lot under different
settings. Therefore, in the above experiments, we fix p0 and q0 as uniform distributions. Under this
simple setting, our pooling methods have already achieved encouraging results.

The optimal performance achieved by grid search. The results in Table 1 are achieved by setting
K = 4 empirically. To explore the optimal performance of our method, for each dataset, we apply
the grid search method to find the optimal K in the range [0, 16], and show the results in Table 7.
We can find that the results of our UOTP layers are further improved.
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Table 6: The impacts of p0 and q0 on classification accuracy (%)
Layer p0 q0 K NCI1

Sinkhorn

Fixed Fixed 4 68.27±1.06
Learned Fixed 4 67.97±0.48

Fixed Learned 4 69.86±0.45
Learned Learned 4 68.60±0.15

BADMM-E

Fixed Fixed 4 66.23±0.50
Learned Fixed 4 65.96±0.22

Fixed Learned 4 66.37±0.63
Learned Learned 4 65.11±0.74

BADMM-Q

Fixed Fixed 4 66.18±0.76
Learned Fixed 4 65.56±0.56

Fixed Learned 4 66.24±0.89
Learned Learned 4 65.40±0.88

Table 7: Comparison on classification accuracy±Std. (%) for different pooling layers.
Pooling Multi-instance learning Graph classification (ADGCL)

Messidor Component Function Process NCII PROTEINS MUTAG COLLAB RDT-B RDT-M5K IMDB-B IMDB-M
Add 74.33±2.56 93.35±0.98 96.26±0.48 97.41±0.21 67.96±0.43 72.97±0.54 89.05±0.86 71.06±0.43 80.00±1.49 50.16±0.97 70.18±0.87 47.56±0.56

Mean 74.42±2.47 93.32±0.99 96.28±0.66 97.20±0.14 64.82±0.52 66.09±0.64 86.53±1.62 72.35±0.44 83.62±1.18 52.44±1.24 70.34±0.38 48.65±0.91
Max 73.92±3.00 93.23±0.76 95.94±0.48 96.71±0.40 65.95±0.76 72.27±0.33 85.90±1.68 73.07±0.57 82.62±1.25 44.34±1.93 70.24±0.54 47.80±0.54

DeepSet 74.42±2.87 93.29±0.95 96.45±0.51 97.64±0.18 66.28±0.72 73.76±0.47 87.84±0.71 69.74±0.66 82.91±1.37 47.45±0.54 70.84±0.71 48.05±0.71
Mixed 73.42±2.29 93.45±0.61 96.41±0.53 96.96±0.25 66.46±0.74 72.25±0.45 87.30±0.87 73.22±0.35 84.36±2.62 46.67±1.63 71.28±0.26 48.07±0.25

GatedMixed 73.25±2.38 93.03±1.02 96.22±0.65 97.01±0.23 63.86±0.76 69.40±1.93 87.94±1.28 71.94±0.40 80.60±3.89 44.78±4.53 70.96±0.60 48.09±0.44
Set2Set 73.58±3.74 93.19±0.95 96.43±0.56 97.16±0.25 65.10±1.12 68.61±1.44 87.77±0.86 72.31±0.73 80.08±5.72 49.85±2.77 70.36±0.85 48.30±0.54

Attention 74.25±3.67 93.22±1.02 96.31±0.66 97.24±0.16 64.35±0.61 67.70±0.95 88.08±1.22 72.57±0.41 81.55±4.39 51.85±0.66 70.60±0.38 47.83±0.78
GatedAtt 73.67±2.23 93.42±0.91 96.51±0.77 97.18±0.14 64.66±0.52 68.16±0.90 86.91±1.79 72.31±0.37 82.55±1.96 51.47±0.82 70.52±0.31 48.67±0.35

DynamicP 73.16±2.12 93.26±1.30 96.47±0.58 97.03±0.14 62.11±0.27 65.86±0.85 85.40±2.81 70.78±0.88 67.51±1.82 32.11±3.85 69.84±0.73 47.59±0.48
GNP 69.92±8.68 91.66±1.96 95.40±1.11 96.26±1.25 68.20±0.48 73.44±0.61 88.37±1.25 72.80±0.58 81.93±2.23 51.80±0.61 70.34±0.83 48.85±0.81

ASAP — — — — 68.09±0.42 70.42±1.45 87.68±1.42 68.20±2.37 73.91±1.50 44.58±0.44 68.33±2.50 43.92±1.13
SAGP — — — — 67.48±0.65 72.63±0.44 87.88±2.22 70.19±0.55 74.12±2.86 46.00±1.74 70.34±0.74 47.04±1.22

UOTPSinkhorn
(K = 16) (K = 10) (K = 4) (K = 10) (K = 8) (K = 8) (K = 4) (K = 4) (K = 4) (K = 8) (K = 4) (K = 8)
75.92±2.39 93.67±0.80 96.62±0.48 97.18±0.15 68.44±0.50 73.36±0.71 88.84±1.21 71.20±0.55 81.54±1.38 52.04±1.06 70.74±0.80 47.95±0.52

UOTPBADMM-E
(K = 14) (K = 13) (K = 16) (K = 4) (K = 8) (K = 8) (K = 7) (K = 4) (K = 4) (K = 8) (K = 8) (K = 4)
75.75±2.00 93.39±0.72 96.45±0.52 97.15±0.16 66.41±0.73 70.55±1.06 88.95±1.01 73.86±0.44 86.80±1.19 52.81±0.79 72.56±0.51 50.48±0.14

UOTPBADMM-Q
(K = 11) (K = 16) (K = 8) (K = 4) (K = 4) (K = 14) (K = 5) (K = 4) (K = 8) (K = 4) (K = 4) (K = 8)
75.50±2.29 93.35±0.83 96.34±0.56 97.08±0.17 66.18±0.76 71.77±0.85 87.92±1.11 74.14±0.24 88.81±0.79 52.79±0.60 72.34±0.50 49.81±0.64

* The top-3 results of each data are bolded and the best result is in red.
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