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Abstract

Ensuring fairness in matching algorithms is a key challenge in allocating scarce
resources and positions. Focusing on Optimal Transport (OT), we introduce a novel
notion of group fairness requiring that the probability of matching two entities from
any two given groups in the OT plan follows a user-specified target. We develop two
relaxation strategies to solve this constrained problem. The first one involves solv-
ing a penalized OT problem, for which we derive novel finite-sample complexity
guarantees. Our second strategy leverages bi-level optimization to learn a ground
cost that produces a fair OT solution, which can be reused to match new samples.

1 Introduction

Algorithmic matching mechanisms play an increasing role in modern societies, handling the distri-
bution of rare goods by connecting individuals or firms through algorithmic decisions rather than
through price driven markets. Examples of such mechanisms include online job recommendations,
college admissions systems, and kidney allocation circuits. An increasing concern is the fairness
of such mechanisms. For instance, school assignment systems have been criticized for excessively
matching students from privileged backgrounds with elite institutions regardless of their academic
potential [25, 67]. These concerns stem from the fact that the matching decision made by the central
algorithm is not independent of a group-defining attribute such as social background. Although group
fairness has been extensively explored in supervised and unsupervised learning settings [4], extending
these notions to matching problems requires novel formal definitions and algorithmic tools.

In this work, we study group fairness in matching through optimal transport (OT), which has been a
long-standing tool to model matching problems in economics and social sciences since the pioneering
work of Kantorovitch [32, 48, 9, 54, 63, 39]—see Appendix A for a detailed survey of related work.
Our contribution is twofold. Our first contribution is a formal framework for fair optimal transport
under group fairness constraints, featuring two new fairness definitions designed for this setting.
Secondly, we design two algorithms that rely on penalized optimal transport and bi-level optimization,
respectively, to achieve group fairness in optimal transport. For the first approach, we derive a novel
sample complexity bound, which could be of independent interest for general penalized entropic
optimal transport problems. All proofs are given in the Appendix.

2 Formalizing Group Fairness in Optimal Transport

2.1 Optimal Transport

Entropic Optimal Transport. We consider the entropic regularized optimal transport problem
[61, 34, 27, 62, 44] between two probability distributions p and n with ground cost c:

Wi (p,m) == min / c(x,y) dn(z,y) + eKL(rlp@n) |
m€ell(p,n) JRd xRd
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where the minimum is taken over couplings IT(1,n) of i and 7 and where KL denotes the Kullback-
Leibler (KL) divergence (see [19]). If 1 and v are sums of Dirac measures, i.e.,, if u = 1/n Z?:l Ox;
and 7 = 1/m 7", dy, the problem above reduces to

m

n
Wg = glei%z Z IL;;C;; + eKL(II) ,

i=1 j=1
where II := {H € RY™|II1,, = 1/nl,, i, = 1/m1m}, KL(H) = Zij IT;; log IT;; and
C € R™™ with Cj; := c(z;,y;). The KL divergence is strictly convex, and consequently, we

denote the corresponding unique minimizer by IT.(C).

2.2 Fair Optimal Transport

We consider two distributions p € P(X x 8) and 5 € P(Y x W) to be matched, where X and
represent feature spaces while S and WV correspond to sensitive attributes (e.g., gender, ethnicity or
age) defining groups of entities in x and 7 respectively. We restrict ourselves to the case where X" and
) are compact subspaces of R¥ for the rest of this paper. Additionally, W and S are assumed to be
finite sets which we identify, respectively, with {1,..., K,,} and {1,..., Ks}. Weletp; = P(S = i)
and g; = P(W = j) the probability of each group ¢ in 1 and j in ), respectively, and denote by p
and q the resulting distributions over ¥V and S.

Fairness targets. Optimal transport imposes structure on the coupling of two probability distribu-
tions through the cost function, making it more likely to match “nearby” points.

Example 2.1. Consider a school assignment system, in which students are characterized by their
geographic position X € R? and a social status S € {high,low}. Similarly, schools are charac-
terized by geographic positions Y € R? and a prestige level W € {elite, non-elite}. Suppose that
students with S = high are more likely to live near elite schools, which are often situated in privileged
neighborhoods, while students with low social status tend to live near non-elite schools. In this
setting, assigning students to schools using optimal transport with Euclidean cost—minimizing the
distance between students and schools—will result in highly segregated schools.

In this example, the block-sparse structure of the optimal transport plan can be seen as a source of
unfairness, as the matching will be highly correlated with the social status of the students and the
elitist nature of the schools. To define a fair transport plan, we assume that we are given a fairness
target F, which is a K; x K, matrix that specifies, for each pair of groups (s, w) € & x W, the
desired probability of matching members of group s with group w. To be valid, the matrix F' should
itself be a coupling between p and q: it should be non-negative and satisfy the constraints

Ky K
Z st = Ps and Zst = quw
w=1 s=1

for all (s, w). We hence write II(p, q) the set of fairness targets.
Example 2.2. Consider the segregated schooling system introduced in Example 2.1. Letp := P(S =
low) and q := P(W = non-elite). A newly appointed city administrator wishes to strongly limit
social homogamy within public schools, and hence requires 60% of student with low social status to
be matched to elite schools. The fairness target can be written as

0.4xp 0.6 xp

F= q—04xp 1—q—06xp

ey

Cost-Insensitive Fairness. We can now define a notion of fair coupling with respect to a given
fairness target F.

Definition 2.3 (F-Fair coupling). Let p € P(X X S) andv € P(Y x W). A coupling m € II(p, v)
is said to be F-fair if for all (s,w) € S x W we have

Tsw (s, w) = Fgy

where gy is the coupling on S X W that is obtained from w by marginalizing over x and y, that is

msw(s,w): =m(X x {s} x Y x {w}) = / dm(x,u,y,t) .
X x{s}xYx{w}
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In other words, a coupling is fair if the amount of mass moved from group s to group w is equal to
F;.,. We denote by Hgir(u, 7) the set of F-fair couplings and define the corresponding fair optimal
transport problem as the problem of finding

II iy € argmin /C(xay) dr(x,y) + eKL(r|[p @) . 2
TFEHEH(H,W)

Proposition 2.4. Assume that p and n have compact support. Then, for any F € I1(p, q), there
exists a unique fair optimal transport plan.

Cost-Sensitive Fairness. In some scenarios, it is desirable to enforce fairness while taking the
ground cost ¢ into account. Instead of requiring that a fraction F;,, of all matches occur between
individuals from groups s and w, we may require that these groups collectively bear a share F,, of
the total transport cost. This leads to the following definition.

Definition 2.5 (Cost Fair OT). Let u € P(X x S)andv € P(Y x W). A coupling m € U(u,v) is
said to be F-cost fair if for for all (s,w) € S x W we have

/ c(z,y)dr(z,u,y,t) = Fgt
Xx{s}xYx{w}

where ¢ := E, gy [c(X,Y)] is the total cost.

Example 2.6. Consider again the segregated school system introduced in previous examples. En-
forcing cost-sensitive fairness in this context involves weighting matches according to the distance
between students and schools, thereby discouraging matches that are overly costly.

Finite-Sample Fair Optimal Transport. Consider two datasets (x;,s;)l; € X x S and
(yi,wi); € Y x W drawn i.i.d. from p and v respectively. The finite sample version of the
fair optimal transport (2) corresponds to replacing p and v by their empirical counterparts, that is,
P =1/03 7 6z, 5y and v, = 1/m Zj Oy, w;)- Let Bgy = (]lsi:sll%_w) € {0,1}™*™ and

the sample problem is thus given by
in Tr[TT" KL(11
min r[ C] +e ( ) 3

sLY(s,w) €SxW, Tr[ll'Byy| = Y Y Iy =F,, . @)

ilsi=s jlwi=w

For cost-sensitive fairness, (4) is replaced by Tr[B,, II" C] = ¢F,,, with ¢ := (nm)~* 3 C;;.
This problem can be solved using a modified Sinkhorn algorithm—see Appendix B for details.

3 Two Strategies for Fair OT

Relaxing Fairness Constraints. Enforcing exact fairness can lead to transport plans with pro-
hibitively high cost. In practice, it is often preferable to allow some tolerance to balance the trade-off
between fairness and overall efficiency. In our setting, we aim to find a transport plan that is fair
while remaining reasonably close to the original plan. To achieve this, we adopt a p-relaxed fairness
approach, requiring that for all (s,w) € S x W, the fairness violation satisfies L (IT) < p, where

2
Lp(ID) := Z (Tr [II'B,,] - st) , (p-relaxed cost-insensitive fairness) (5)
(s,w)ESXW
or
2
Lg(II) := Z (Tr [BstTC} — Cst> , (p-relaxed cost-sensitive fairness) (6)
(s,w)eSXW

and p > 0 is a tolerance level that leads to a relaxation of (3)-(4) where (4) is replaced by Lg (II) < p.
To find optimal transport plans under relaxed fairness constraints, we propose two strategies.
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3.1 Fairness-Penalized OT

Our first strategy is a direct penalization strategy. We solve a penalized version of optimal transport
problem under p-relaxed fairness by introducing a Lagrange multiplier associated to the constraint
Ly (II) < p:

i T
OTg := min Tr [TII" C] + eKL(IT) + ALr(IT) , 7
where A, € > 0 control regularization strength and L (IT) is one of the two fairness penalties intro-
duced in Equations (5)-(6), which may depend on the cost. This is an instance of penalized entropic op-
timal transport which can be solved efficiently using a generalized conditional gradient algorithm [64].

Sample Complexity of Penalized OT. One of the main contributions of our work is to establish
a sample complexity bound for the fairness penalized entropic optimal transport cost, by building
upon results from entropic optimal transport [34, 55]. To formalize this, note that the optimization
problem in (7) can be defined for arbitrary measures & € P(X x 0,1) and 8 € P(Y x 0,1) as
(see Appendix D.2 for a formal definition)

m*(a, ) := min / c(z,y) dr(z,y) + eKL(r||a ® ) + ALp(T) . 8)
mell(a,B) JRrd xRd

For simplicity, we restrict to the simple setting where which K, = K,, = 2 and the fairness penalty
is chosen to be cost-insensitive. We note, however, that our proof extends naturally to the more
general case. Similar to [65] and [34], our proof relies on the fact that the measures are compactly
supported. We also require the following assumption on the ground cost function.

Assumption 1. The cost function ¢ : (X x {0,1}) x (¥ x {0,1}) — R is Lipschitz and C*.

Theorem 3.1. Assume for simplicity that m = n. Under Assumption 1, we have

. o log(n)
E|m* (b, 7n) (mm)| S vk

Comparing our result with existing sample complexity bounds for the unpenalized entropic OT
problem [34, 55], we achieve similar bounds up to a logarithmic factor.

Remark 1. In the formulation above, the cost function is defined on inputs from X x 0,1 and Y x 0, 1
for full generality. By setting the cost function c to be independent of the sensitive attribute, we
recover our original setting.

Proof sketch. Our proof works by finding adequate random variables Y,,, Z,, such that
Yo —m*(p,n) <m0 (pn,nn) —m*(p,n) < Zn —m*(p,m) - ©)

Lower bound. We obtain Y,, through linearization of the convex penalty, which is guaranteed to yield
a proper lower bound through the connection between the optimality conditions of our penalized
problem and its linearized counterpart [64]. This linearized problem may then be cast as an entropic
optimal transport problem with modified cost, allowing us to leverage standard results on the sample
complexity of entropic optimal transport [33, 55].

Upper bound. To obtain Z,,, we proceed in two steps. First, we evaluate the optimal population
coupling 7, on the dataset, that is, we consider the random coupling

1 dr*
D @ o (@080 (0510500000, g 0) (10)
ij

and let Z, := [ cdrm} + eKL(T || @ vy) + ALy (7). Observe that 7% does not necessarily

satisfy the marginal constraints that define IT(u,,, 7, ), and, consequently, Z,, is not necessarily
an upper bound of m}. We thus secondly project 7, onto the constraint set. We use the round
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algorlthm proposed by Altschuler et al. [1, Algorithm 2] (see Appendix D.2.2). The rounded coupling
7% = round (7)) now is a valid coupling of the empirical distributions, and we hence use

Z, = /cdﬁ; + eKL(7} ||in @ vn) + L (7)) b

We conclude the proof by using |Z,, — m% | < |Z,, — Zn| + | Zn — m* (1, v)|. The first term can be
bounded using regularity arguments and concentration of the projected coupling, and the second term
using E[Z,,] = m*(u, v), independence of samples, and compactness arguments.

3.2 Bilevel Optimization Formulation

A second strategy builds on cost-learning in optimal transport [49] and consists in solving the bilevel
optimization problem

%niélL'F (H(co),C,F) + A D (cy, cpase) st T(cp) = argminTr[HTCg} + EKL(H) (12)
€ I

where Cy := [ce (%5, Y5 )] denotes a parameterized family of cost matrices, Cpyse : X X YV — R+

is a user-specified baseline cost function, and Z is a discrepancy measure between cost functions that
encourages the learned cost to remain close to the baseline. Problem (12) can be efficiently solved
using gradient-based methods, as its inner component is an entropically regularized optimal transport
problem that is strongly convex over the probability simplex. Typical approaches rely on iterative
differentiation [7, 30, 53, 59] or (approximate) implicit differentiation [20, 21, 24, 35, 47, 60], and
can accommodate a wide variety of parameterized costs. Relevant examples include Mahalanobis
distances, cv(z,y) = (x —y) " M(z — y) where M is a PSD matrix, and their nonlinear counterpart,
co(z,y) = ||dg(x) — do(y)||2, where ¢y : R? — R¥ is a neural network with parameters 6.

Our bilevel cost-learning approach allows for high flexibility and modularity and yields an inter-
pretable cost function, which can be readily reused on new samples. It however requires to solve an
intricate non-convex problem and comes with no theoretical guarantees, in contrast to the penalized
approach. We provide a thorough comparison of both approaches in Appendix C.

4 Numerical Illustrations

We illustrate our algorithms using simulated mixture of Gaussian data, focusing on cost-sensitive
fairness. Figure 1 displays our results for the penalized approach. The left panel shows how the
fairness loss evolves as the penalty increases. We observe that our matching gets increasingly fair
with larger penalties. The center and right panels show the fairness loss as a function function of the
cost difference and KL divergence, respectively, between the fair plan and the unfair plan (that is the
plan computed with A = 0). One notices that lower fairness loss corresponds to higher bias with
respect to the unfair optimal transport plan. We conduct the same experiment with the cost learning
approach. The corresponding results—reported in Appendix E—yield similar conclusions.
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Figure 1: Fairness vs. penalty (left), fairness-cost difference (center) and fairness-KL divergence
(right) trade-offs (w.r.t. the non-penalized problem) with varying sample sizes for the penalized OT
problem with cost-sensitive fairness loss.
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A Related Work

Fairness in Supervised Learning. To model fairness issues, one usually considers in supervised
learning datapoints of the form (X,Y,S) € X x ) x S, where X represents an individuals’ features,
Y is an outcome and S is a sensitive attribute — such as gender, age or income. In its most common
sens, statistical fairness is defined through independence between the sensitive attribute S and the

output of an algorithm f, that is an algorithm is fair if f(X) = Y 1L S. To solve this problem, the
literature on fair supervised learning has considered mutual information based penalties to enforce
independence between the prediction and the sensitive attribute [3, 14, 52], and has also devised
various criteria to be minimized as fairness objectives such as demographic parity (DP) [8, 23] or
equality of odds (EO) [38].

Fairness in Matching Mechanisms. Since the pioneering work of Gale and Shapley [31] on
the stable marriage problem, a series of works have provided theoretical studies of the fairness of
individual preference-based matching mechanisms [2, 43, 11, 22, 10, 12, 51, 70]. In the same time,
a growing body of work has provided empirical assessment of fairness in matching mechanisms
[40, 26, 68, 13, 18, 45, 42].

Fairness and Optimal Transport. Recent work has drawn many fruitful connection between
fairness and optimal transport, mostly by leveraging OT as a tool for obtaining or characterizing
fair algorithms [36, 37, 41, 15, 69, 23] — one of the key insights of this line of research being that
the problem of finding a fair predictor can be framed as a Wasserstein barycenter problem [37, 16].
Closest to our work is the recent article by Nguyen et al. [56], who consider the constrained problem
of finding a Wasserstein barycenter between multiple distributions while controlling the pairwise
differences in distances to the barycenter between distributions. Crucially, their setup does not involve
any sensitive attribute. We address a different problem, namely obtaining transport plans under mass
constraints between groups defined through sensitive attributes. To the best of our knowledge, this
problem is still unstudied.

Constrained Optimal Transport. Our work borrows from recent developments in constrained
optimal transport, which seeks to enforce structural properties on the transportation plan [17, 6, 58,
50]; for instance, Korman and McCann [46] analyze a variant of optimal transport in which the
amount of mass that can be transported between two units is upper bounded. In particular, we build
on Rakotomamonjy et al. [64] to obtain finite sample guarantees for a penalized optimal transport
problem.
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s B A Modified Sinkhorn Algorithm for Fair Optimal Transport

ss9  The following is an immediate consequence of first order conditions on the Lagrangian of Problem 3.

Proposition B.1. There exists f € R", g € R™ and h = [h,,]s € RE*&w such that the
solution to Problem 3 has the form

II = diag(e"/?) (K © H)diag(e8/°)
where

K := [e‘ciﬂ'/s cand H := Ze ““/EBsw

370 Remark 2. A similar formulation holds for the cost sensitive problem.

a7t Proof. Introducing dual variables f € R, g € R™ and H = (hyy ) s € R¥s*Xw | the Lagrangian
372 writes

E(ILf, g, h) =Tr[II' C] + eKL(II) — f ' (TIL,,, —a) —g' (II' 1, — b)
- Z hs’w |:TI' [HTBsw} - pSQw:| .

373 First order conditions yield for every ¢, j

85(H,f,g,h)

anij = Cij + €1Og (Hlj) +e — 8 — Z hs‘w sw =0

374 which we may rewrite as

IL;; =exp (fi/s) exp ( - 5*1025 +1e7! Z Rsw [Bsw]ij — 1) exp (gj/e)

sw
Ks Ku

=exp (f;/¢) exp(—Cy; /e — 1) H H exp (hsrw [Bsrwrlij /) exp (g5 /€) -
s'=1w'=1
75 Now, remark that for any (i, 7) € {1,...,n}?, thereis only one (s, w) € {1,..., K} x{1,..., K,}
a7e  such that [By,,]; ; # 0. Therefore, in the product Hf;l Hfj,’“;l exp (hs,w, [lew/}ij), there is only
377 one term distinct from 1. As a consequence

Ks Ku Ks Ky
H H exp fw’ s w’ ]17/5> exXp (hs’w"ﬂsi:s’ﬂwj:w’/5>
s'=1w'=1 s’'=1w' =1
Ks Ky
= exp (hs'w'/ﬁ)]ls,-,zs']lezw/
s'=1w'=1
Ks Ky
= Z exXp (hs’w’/g) [Bs’w’]ij .
s'=1lw'=1

s7s  This leads to the matrix form

II = diag(e"/?) (K © H)diag(e8/°)

379 where
K = 670/871
Ks Ky
H = § E ehsw/EBsw
s=1w=1
380 O

11
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Figure 2: Comparison of both approaches.

A fair optimal transport plan can hence be obtained using a modified Sinkhorn algorithm which we
call FairSinkhorn. Define the map

P(u,v) := (Trk[uivj]ij © Bsw) (Ko Bsw)TDsw

The algorithm FairSinkhorn combines projections on the set of marginal constraints with a projec-
tion on the set of fairness constraints, highlighted in blue.

Algorithm 1 FairSinkhorn Algorithm
1: Inputs: Cost C € R"*™, ¢ > 0, marginals (a,b) € R} x R, fairness target F = (F )0 €
[0, 1]K>Ew max iter. T
2: K¢ e C/e1
3: fort=1,...,Tdo
) e ao (Ko TOW®)

5. vtH) po ((K o T(t))Tu(tH))

6 LD « F o @(ulth) vi+D)

70 T s B, w LD = (o)
8

9

»

sw

: end for
. return

II = diag (u(T+1)) (K ® T(TH))diag(v(TH))

Remark 3. Since FairSinkhorn alternates between projections on sets defined by linear constraints,
it is guaranteed to converge [5].

C Which approach should one choose ?

Convexity. While the penalized OT problem is convex, the fair cost learning approach requires
bi-level optimization — hence, the solution is not guaranteed to be unique and algorithms might not
converge easily.

Theoretical Guarantees. Our first approach comes with strong theoretical guarantees, which ensure
a convergence towards the value of the population problem at rate n—'/2. The rate of convergence of
our second approach remains an open problem.

Reusability. When using the first approach, one need to solve a new OT problem for every new

batch of samples. Interestingly, once a cost function that enforces fair matchings is learned, it can be
reuse on any set of points. This also ensures lower variance of fairness metrics (see experiments).
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Interpretability and flexibility. Our second approach learns a parametrized cost function which
can be interpreted and used for subsequent downstream tasks. It also offers greater flexibility, since
the baseline cost function and the discrepancy & can be set by the user.

D Proofs

D.1 Proof of Proposition 2.4

LemmaD.1. Let y € P(X x S)andv € P(Y x W). Let p € P(S) and ¢ € P(W) be obtained
from p and v by marginalizing, respectively,  and y, that is,

p(S = ) = p(X x {s}) (13)
AW =w) = v(Y x {w}). (14)
Finally let ' € TI(p, q).
There exists = € II(y, v) such that 7 is F'—fair, that is

(X x {s} x Y x{w}) = F(S=s,W =w).

Proof. Given measurable sets A C X and B C ) let 7w be defined as
F(S=s5W=w)u(A x {s})v(B x {w})
p(S = s)g(W =w)

and let’s check that i) 7 € II(u, v) and ii) 7 is F —fair:

(A x {s} x Bx {w}) :=

i) We want to check that m(A x {s} x ¥ x W) = u(A x {s}) and similarly for the other
marginal. To this end note that

TAx{s}xYxW) =Y

weWw

= (A x {s}) >

wew

(S = 5,W = w)u(A x {sr(Y x {w})
p(S = s)g(W = w)
F(S=s5W=uw)
p(S=s)
where the second equality follows from (14). To finish note that from F' € TI(p, ¢) follows
that Y0\, F(S =8, W =w) = p(S = s). A similar argument shows that 7(X x S x
B x {w}) =v(B x {w}).
ii) To see that 7 is F'—fair note that it is immediate from (13) and (14) that

R {5} x 9 x fup) = TEZ LW lF Ly fu)

=F(S=sW=uw).

O

Proposition D.1. Assume that p and 1 have bounded support. Let F' be a coupling of the marginals
of w and v denoted by p and q defined via (13)-(14). Then there exists a unique F-fair transport plan.

Proof. Assume X and ) to be compact. Similar to the proof of Theorem 1.4. in [66] we can prove
that
A={reP(Xx{0,1} x Y x{0,1}) : mgw = F}

is compact with respect to the weak topology: Let 7,, be a sequence in A. They are probability
measures, so that their mass is 1, and hence they are bounded in the dual of C'(X' x {0, 1} x Y x {0, 1}).
Hence usual weak-x compactness in dual spaces guarantees the existence of a subsequence m,, — 7
converging to a probability m. We just need to check m € A. This may be done by fixing ¢ €
C({0,1} x {0,1}) and from ,, € A it follows that

/¢d7rn = /qﬁd[(wn)sw] = /¢dF: §¢(s,w)F(S: s, W =w).

13
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Now pass to the limit to obtain
/qbdﬂsw = /¢d7r => ¢(s,w)F(S=sW=W)

which shows that 7 € A.

To finish, just note that ITE, = TI(x, ) N A is the intersection of two compact sets (with respect to
weak topology) and Lemma D.1 establishes that it is non-empty. Continuity of the map defining
the transport problem is enough to conclude the existence of a minimizer. Uniqueness is then a
consequence of the strict convexity of KL. O

D.2 Proof of Theorem 3.1

Notations. LetF € RE:*EKw 5 given a fairness target. In what follows, we focus on K, = K, = 2,
and adopt the following notational conventions.

gll(u,t) = ut — F11 flo(uﬂf) = U(]. — t) — Fl(),
So1(u,t) := (1 —u)t — For, &oo(u,t) := (1 —u)(1—1t) — Foo.
Given a measure 7 € M(X x {0,1} x Y x {0,1}), define

Lg(m) = Z (Esw,m)? = Z (/ﬁsw(z,w) dw(m,z,y,w)>2.

s,we{0,1}2 s,we{0,1}2

For any distribution «, 3 over a set X such that « is absolutely continuous with respect to 3 (i.e.,
a < 8), we denote by Z—g the Radon-Nikodym derivative of « with respect to 3, and

da
KL(a||8) = /Xlog <dﬁ<x)> do(z).
Given any two measures &« € M(X x {0,1}) and 8 € M(Y x {0,1}) define

m*(a, B) 1= ﬂerﬁl(igﬁ)@, ) + eKL(7||a @ B) + ALp(7). (15)

The goal is to prove the following result

Theorem D.2. Let X' and )V be compact subsets of R? and let ; and 1) be probability measures on
X x {0,1} and Y x {0, 1}, respectively. Let (z;, s;)?_; be n independent and identically distributed
(i.i.d.) samples from y and let (y;, wj)g?:l be n i.i.d. samples from 7; assume further that the samples
from p are independent from those from 7. Finally, suppose that the cost ¢ is L-Lipschitz and C*°.
Then

E om0 (in, 11n) — m* (s )| < Olog(n)/v/n ), (16)

Proof. Let m%, := m*(u,n) and m}, := m*(tn, ), and 775, be the minimizer attaining the m}_
that is a measure on X' x {0,1} x Y x {0, 1} with marginals x and 7 such that

mi, = (e, m5) + eKL(7l |ln ® n) + ALp(n%,).

Let p5, denote the Radon—-Nikodym density of 7%, with respect to u ® 7 (note that the Kull-
back—Leibler term forces 75, to be absolutely continuous with respect to p @ 7).

The idea is to “sandwich” the random variable m) — mJ_ between two random variables with
expectation upper bounded by O(log(n)/+/n), that is, to find random variables Y;,, Z,, such that

Y, —mi, <m) —mpi < Z, —mpx (17
and
N -1 . -1
E[Y, —m%[] < O(log(n)/vn ) and E[Z, —mi]] < Olog(n)/vn ).
To see that this is enough to establish (16), observe that (17) implies that

Imy, = mZ| < max([Yy —mZ|,|Zn — mZ[) < Yo = mi[ +[Zn — mi|.
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Lower bound. To define Y,, start by observing that by linearizing the fairness penalization, we can
incorporate this linearization into the transport cost, so that the problem is now a proper entropic
optimal transport one. This allows us to leverage existing results on the sample complexity of optimal
transport. Moreover, the convexity of Lr implies that this linearization does yield a lower bound. To
this end note that for any measure 7 € M(X x {0,1} x Y x {0,1}) and any s,w € {0, 1}?, the

inequality 0 < (<€sw» ™= 7r;o>)2 = (<£swa 7T>)2 + (<£Swa 7T;o>)2 - 2<€sw’ 7T> <£Sw7 7Tz>(<>>» implies that

Le(m) > = Lr(ms)+2 D ((Gowr Tho)ow, ) (18)
(s,0)€{0,1}2
=Lr(mi) +(2 D (Cows Tho)bsw ™ — 5. (19)
s,weq{0,1}2

This leads to a lower bound on m, given by

m; > —ALp (W;O) + ﬂ_Iln:iH"<C + 2 Z <§swa W;o>§swa 7T> + 5KL(7T||,U71, & 7771,) =Y, (20)

T2=Nn s,weq{0,1}2

c—a
=moyy

where 1} is an entropic optimal transport problem with cost ¢. From the sample complexity of
optimal transport (see Theorem 18 in [33]) it follows that

By, — | < O(Vi1~
with m_ being the population version of m}, i.e.,

’I/?\”L;O = %{lél}xc + 2A Z <£sw7 7(-;0>£sw7 7T> + EKL(T(”M ® 77)

m=" s,we{0,1}2

1

) 21

To finish the lower bound, note that E[|Y,, — m% |] < O(\/ﬁfl) follows from (21) provided we show
that m%_ = m?, — ALp (7%, ); this is the content of Lemma D.4 that can be found in Appendix D.2.2.

Upper bound. Define the random positive measure

=N 1
7(-:7, = n2 E pgo((l‘i, Si)7 (yj7wj))(s((wi,sz‘)’(yj,wj)) (22)
ij

and define Zn by

Z =, 77) 4+ eKL(Z2 || ttn @ 1) + ALy (7F).

Observe that 7 does not necessarily satisfies the marginal constraints that define II(u, ), and,

consequently, Z,, is not necessarily an upper bound of m. A natural idea is to project 7}, onto the
constraint set. In what follows we interchangeably use the notation 7 to denote (22) and the matrix
with ij entry given by p%. ((z:, ), (y;,w;))/n*. An interesting projection to consider is the one
proposed in [1, Algorithm 2] named Round, reviewed in Appendix D.2.2. Let

7 = Round(7}),
where, similar to 7, the notation 7 denotes both the matrix and the measure
Zij (T3)i30(w4,50),(y; ;) Define
Zy = /cdﬁ;+sKL(ﬁ';Hun®nn) + ALy (7). (23)

By construction, 7 satisfies the marginal constraints, hence it holds that Z,, > m . The remaining
goal is thus to prove E[|Z,, — m*|] < O(log(n)/+/n). To do so the idea is to compare Z,, with Z,,
and Z,, with m’_. In fact, from

|Zn _m;o‘ < ‘Zn - 2n| + |2n _m;o|7

it is sufficient to prove (i) E| Z, — Z,| € O(log(n)//n_ ") and (i) E| Z,,—m% | € O(log(n)/v/n ).
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(). E|Z, — m7_|. LetV;; = ((x;,5),(y;,w;)) and since the samples are i.i.d.,

A K 1 * * *
Ele,m0) = > Euan 5 (Vig)e(Vig)] = (pke, n@m) = (e, 75).
j

Moreover, let di /d (s, ® 1y, ) be the Radon-Nikodym derivative of 7} with respect to i, ® 7,, and,
by definition,

A~k d/ﬁ-:l A K 1 > *
E [KL(TrnHIU‘TL & Wn)] = ]E<10g d(ﬂn Q nn) ) 7Tn> = ﬁ Eij :E#®7] 1ngoo(m7j)poo(‘/i7j)
—{log(pl, )P, @ 1) = (log — %2 1% ) — KL(r |lu @ n).
d(p®mn)

Since X and ) are compact and c is continuous it follows that ¢(V; ;) is uniformly bounded. Further-

more, by Lemma D.6, there exists > 0 such that, u ® n-a.s., % < p;O(V;J-) < r. Consequently, it
follows by Lemma D.5,

max{E|(c, 7, — 72) |, EIKL(F} ||t @ 1) — KL(nk|lu@m)|} € OV~ ). (24

Finally, for the last term, note that 22 — 4% = (z — y)° + 2y(x — y), hence for s,w € {0,1}

Bl (o 7% = (o Tio) 2| < B, T — 750”4 2E [ (o o) (s 7 — )] € O(VR ),
(25)
where we conclude similarly as above using Lemma D.5.

Inequalities (24) and (25) are enough to establish E[|Z,, — m?_|] € O(v/n~") and conclude the proof
of (i).

(ii). E| Zp— Zy|. To obtain a bound on E| Z,, — Z,, | we first translate it into a bound on E||7* — 7% ||.
In fact, Lemma D.7 shows that

E|Z, — Zn| < O(log(n)E|7; — 7411
Moreover [1, Lemma 7] implies that
[T — Tally < 2751 — 1/ndly + 2(|(75) "1 = 1/n1, (26)

and, consequently, to obtain the bound on E|Z,, — 2n| it is enough to show that, in expectation, the
right-hand-side of (26) is O(\/ﬁfl). This last bound essentially reduces to the proof of Lemma 14 of

[65] together with the Cauchy Schwartz inequality — this is made precise in Lemma D.8. O
D.2.1 Review of Round

This section reviews the Round map of [1] defined as: Given M &€ ]R’f;), the matrix G := Round (M)
is obtained via -

. . . 1/n
1. Let M’ := diag(z) M, with 2; := min (1, n(/M)) and r;(M) := (M1)

%

2. Let M” := M'diag(y), with y; := min (1, 47) and ¢;(M") := ((M")71),

3. Output G := M" + qegi—-err,err?, where
err, :=1/n1 —r(M") and err.:=1/nl—c(M").
Lemma D.3. Suppose that exp(—K)/n? < M;; < exp(K)/n? and let G := Round(M). Then
G;j > exp(—4K)/n?.

Proof. First observe that
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Claim 1. exp(—2K)/n* < M; < M;; < exp(K)/n?.
To see this let M; denote the ith line of M and similarly for M’. We have that
Mz/ = ZCZMZ S Mi, since ZT; S 1.

which shows that M; < M;; < exp(K)/n>.

To obtain the lower bound suppose that z; < 1 (otherwise there is nothing to prove). In this case we

have M/ = Tl(/ JZ) M; and, from the upper bounds on M,

ri(M) = Z M;; < nexp(K)/n?).

As a consequence,
1/n
ML>—
Y~ n(exp(K)/n?)

thus establishing claim 1.

M;j = exp(—K)M;; > exp(—2K)/n?,

Claim 2. exp(—4K)/n* < M{; < M]; < exp(K)/n*.

To prove Claim 2 we argue as in Claim 1.

Claim 3. The vectors err, and err, are both non-negative.

To see this just observe that after step 1, row i of M’ satisfies r;(M’) < 1/n and, since diag(y)

diag(1), step 2 can only decrease ;. A similar reasoning shows that ¢;(M") < 1/n.

D.2.2 Technical Lemmas
Lemma D.4. Let 7% be a minimizer of

;rllgb F(m) = (¢,m) + eKL(r||p ® n) + ALp(7) := mJ.

T2=T1]

Then 7% also minimizes

min Fr () := (e, m) +eKL(nl|u ® 1) + ALr(m%,) + (2 > (G T ) T —

m
T2=1 s,we{0,1}2

=min(c+2X Y (Eow T )su, m) + eKL(| [ @ 1) = Alr ()
T2 =1 s,we{0,1}2
=m* — A\Cp(m?).

*

and, consequently, m%, — A\Cp(75,) = m.

<
O

27)

oy

(28)

Proof. The proof is inspired by the one from [64, Proposition 2.1]. Assume 7, minimizes Eq. (27).

The presence of entropic regularization implies that 75, < @ ® 7. Let

gL = 2 Z <£sw77r;o>§sw-

s,w€{0,1}2
We already know that for any 7 € II(u, n)
Lp(m) = Lr(7) + (gL, 7 — 7).

) ( dm*, )
gkL =108 | ——~ | >
d(p @)

we prove, for any 7 € TI(u, n),

KL(m||p @n) > KL(7[[n@n) + (gke, 7 — 75),

Define
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520

521
522

524
525

526

527

528

529
530

531
532
533

534

535

with convex analysis', and thus
F(m) > F(m%,) + (¢ + Agr + egke, ™ — 75,).
Consequently, for any 7 € II(u,n) such that 7 < p ® n?,
(c+Agr +egkL, ™ — 75,) >0,
otherwise, forr € [0,1], 7, = (1—r)7wi +rm € II(p, n)N{v; v < p®n}, we could find r* € (0, 1],

such that F'(m,+) < F(x%). In fact, by contradiction, assume (¢ + A\gr, + egxr, ™ — 75,) < 0, as

lim, o+ M = (c+ Agr + egxL, ™ — 72 ), we have, by continuity, the existence of a
sufﬁ01ently small r* € (0, 1] such that F'(m,~) < F(w},). Moreover, as Fy, (%) = F(n},), for any
m € I(u,m)

Fr(m) > Fr(n3,) + (c+ Agr + egx, ™ — 75) > Fr(nl,).

Hence, 7% is also a minimizer of Eq. (28). O

Lemma D.5. Suppose a € L> (i ® n) is such that {a, p ® ) = 0. Then,
El(a, ptn @) € O(V ') and  Ea, jip @1a)° € On"),

Proof. Let G,, denote the set of all permutation on n elements. By counting terms, we observe that

1 n
<anu'n®nn> = - Z ﬁz kask a(k),Wa(k)))‘

! geES, =

In fact, there are (n — 1)! permutations o € &,, satisfying o(i) = j because there are (n — 1)!
ways to permute the rest. Hence, the contribution of the specific a((Xx, Sk), (Yo(r); Wo))) is

weighted by -~ M % Now, we observe that for any fixed permutation o, the joint law

((X1, 51), (Y. 0(1 ))  ((Xny Sn), (Yon), We(n))) is identical to that of Vi, ..., V;, where
Vie ~ 1 ® n are 1ndependent and identically distributed. Thus,

2
1 1 1|
El{a, @0l € — Y ~E|Y a(Vi)| = ~E|Y_ a(Vi) a(vw)
ocES, k=1 k=1
1 lall o (uen)
n Vn

ceS, k=1 k=1 k=1
< iEZn:a(V) Ll AT O
— n? n

Lemma D.6. If X and ) are compact, then there exists r, s > 0° such that, U ® n-a.s.,

Lo (Vi) < d <M
-<p i) ST an - <—<n
P s = d(pn ®1n)
If 7 is singular with respect to & ® 7, the inequality is trivial. Assume 7 < p ® 7, we define for
€ [0,1], 7 = (1 — r)7i + r7 € II(n,n) and ¢(r) = KL(7r||pn ® n). By convexity of ¢, ¢(r) >
@(0) + rlim;,_, o+ M. We compute the previous directional limit using the monotone convergence
theorem as in Csiszar [19, Lemma 2.1].
2If instead mr is singular with respect to 1 @ 7, then F (1) = Fr,(m) = o0, so such measures are trivially
excluded from being minimizers of either functional.
3only depending on the size of the ambiant space and the entropic regularization magnitude.
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Proof. u Lemma D.4 shows that 7% is a solution of an optimal transport problem with a continuous
cost ¢. Moreover, p5, = exp(pk, @ ¥, — ¢) (see Theorem 4.2. [57]) and, from Lemma 4.11 in
[57], the functions ¢ and ¥} can be assumed to be continuous (since ¢ is). The result for p%_, now
follows from the compactness of A and ).

The result for 7 follows from Lemma D.3 and the fact that 7}, is a probability, i.e., (75 );; < 1. O
Lemma D.7. If X and ) are compact, then

|Zn = Zn| < O(log(n)) |7}, — 74

Proof. Denote, for any i, j € [n]°, Vi = (@i, 81), (y5,w;))

|Zn = Znl = (e = 71) + € (KL [1tn @ 1) = KL(7 1t @ 1)) + A (L (7)) = L (7))
< lelloollmy, = Tl + & [KL(7R [ n @ 1n) — KL ||pn @ 0) | + X | Lr(75) = Lr(75)] -

We bound the two remaining terms as follows. First, by Lemma D.6, there exists r, s > 0 such that,

* d,
1 ® n-as., % <pi (Vi) <rand % < ey < n?.
(i)
Lo(n) —Lr(@) 22 DY (o T — Th),
s,we{0,1}2
and

‘CF(ﬁ-:z) - ﬁF(ﬁ-;) > <2 Z <£swaﬁ-2>€swaﬁ-; - ﬁ-:l>7

s,we{0,1}2

hence, for n sufficiently large,

e () = Lo(rn)l < 2max{] Y (Ewinulloo | D (Eow TdésullooHITh — 7l

s,we{0,1}2 s,we{0,1}2
< 8max{[|7} oo, 177 oo HITH — 77 11
<OoM)|xy — 73,

where we used the fact that £, € [—1, 1], Vs, w € {0, 1}.

(ii) Similarly as in Lemma D.4, we can prove

KL © 1) = KL i 1) > o (7272 ) 73 =),
and

KL © 1) = K i ) > o (772 ) 7 = ),
hence, for n sufficiently large,

I KL(73 | ptn, ®@ ) — KL(77 [ 10 @ 1)
drm* dm*
< max{|| log (") cos || l0g (") oo Hlmn =l |ln < O(log(n))||7n—7n]1-
{ll A ) lloos |l T lloo HI 1 (log(n)) || 1
O

Lemma D.8. Let 7 be an n x n matrix with ij entry defined by (7);; = pX (x4, y;)/n* where
p*, is a continuous function satisfying (p’_(z,-),n) = (p% (-, y), u) = 1*. Then

E|7il—1/n1]i <O ) and E|@5)T1—1/nl]; < O/ ).

*This condition is a consequence of 75, € II(x, 7).
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Proof. We consider only the bound of ||7%1 — 1/n1||; since the other is analogous. Note that

71 = 1/n1ly = Z 1/n - 1/?122 )ij| = 1/nz:l1 - 1/nzpoo (@i, ;)]

\/Z 1—1/712]0DQ zi,Y;)) \/ Z 1*1/712170@ iy y5))

where the inequality follows from Cauchy-Schwartz. To finish note that the proof of Lemma 14 in
[65] only relies on the marginal constraints (p%_(z,-),n) = (p%, (-, y), x) = 1 and the boundedness
of p,. Consequently,

‘<om™)

1
E=Y (1-1/n) pi(wiy)
i J
and the result then follows by Jensen’s inequality. O

E Experimental details and results for cost learning

E.1 Experimental details

Data X and Y are generated from mixtures of two bivariate Gaussian components, the sensitive
attribute serving as an indicator of the Gaussian component from which each sample originates. In
all the experiments, the strength of the entropic regularization is fixed at € = 1 and only fairness
regularization varies. The base cost used is the squared euclidean distance.

For the penalized approach, the problem is solved by using the implementation of the Generalized Con-
ditional Gradient algorithm provided by the Python package Python Optimal Transport (POT) [28, 29].

For the cost learning approach, the problem is solved using Adam algorithm with a learning rate fixed
at 5 x 1073, The inner problem is solved using the POT implementation of the Sinkhorn algorithm.
The gradient of the bilevel objective is computed by backpropagation in the Sinkhorn iterations.

E.2 Results for the cost learning approach

o Sam 1 " o o
6.10 ple size 6.10 \ 6.10 \
%3 e, —°— 129 %) ° U(/)) o,
O 6.05 <¢—359 O 6.05 \ Q 6.05 1 \
— o 599 -e — ° o | — ° °
§ 6.00 1 \ § 6.00 \ § 6.00 \
0. 0, 0,
a ] a a ]
£ 5.95 e £ 5.95 N £ 595 N
o= — = (N o .,
(U @ L ] (c (] (U (]
[, 5.90 [, 5.90 [, 5.90
5.85 1 5.85 1 5.85 1
10° 102 10t 1073 1072 107! 10° 10! 10-5 10-3 107!
A Cost difference KL divergence

Figure 3: Fairness vs. penalty (left), and fairness-KL divergence (center) and fairness-cost difference
(right) trade-offs (w.r.t. the non penalized problem) for varying sample sizes for the cost-learning
algorithm with cost-sensitive fairness loss.
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